Bipartite Matching is in NC

Abhranil Chatterjee*  Sumanta Ghosh!  Rohit Gurjar!  Roshan Raj®
Thomas Thierauf 1

July 1, 2026

Abstract

We show that the bipartite matching problem is in NC. We extend the result to weighted
bipartite matching and the computation of the noncommutative rank of a symbolic matrix. In
particular, this implies that the decision version of linear matroid intersection is in NC as well.
The techniques are based on the polynomial method, inspired from a construction of subspace
design by Guruswami and Kopparty (Combinatorica 2016).

1 Introduction

Bipartite matching lies at the heart of two important questions in complexity theory: parallelization
and derandomization. The problem has long been known to have deterministic polynomial-time
algorithms [Kuhb55, [FF56], [HK73]. The classical augmenting path paradigm underlying these al-
gorithms appears inherently sequential, the best known parallel algorithm based on augmenting
paths runs in O(n?/3) time using polynomially many parallel processors [GPV88]. Consequently,
bipartite matching became one of the first and most extensively studied problems in parallel com-
plexity.

A different approach came from the algebraic formulation of the matching problem due to
Edmonds [Edm67] and Tutte [Tut47]. Combining this formulation with the polynomial identity
lemma [Sch80} [Zip79| [DL78, [Ore22], Lovasz |[Lov79] gave a randomized algorithm for bipartite
matching. The algorithm simply substitutes a random number (from a small range) for every edge
in the bi-adjacency matrix and computes the rank of the resulting matrix. As rank computation
was known to admit NC-algorithms [Ber84|, [Csa76], this placed the bipartite matching problem
in the complexity class RNC (randomized NC). This was one of the earliest applications of the
polynomial identity lemma in algorithms and complexity theory.
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The above algorithm solves the decision version, but not the search version. That is, it can
decide if the graph has a perfect matching, but does not construct a perfect matching. Note that
the standard search-to-decision reduction is sequential, and so far no NC-reduction from search to
decision is known. Interestingly, Lovdsz’s algorithm also extends to the weighted version: given a
bipartite graph with edge weights, it can output the weight of the maximum (or minimum) weight
perfect matching (but does not construct the matching). Karp, Upfal, Wigderson [KUWS86] and
Mulmuley, Vazirani, Vazirani [MVV87] used this fact and solved the search problem via an RNC
reduction from search to finding the minimum weight of any perfect matching. Mulmuley, Vazirani,
Vazirani [MVV87] invented the famous Isolation Lemma for this, which since then, has found
numerous applications in algorithms and complexity. The Isolation Lemma states that if edges
are assigned weights randomly from a small range, then the minimum weight perfect matching is
unique. This uniqueness was crucial for constructing a perfect matching.

Together, these algorithms [Lov79, KUW86, [MVV8T7] established bipartite matching as a text-
book problem for studying both parallel computation and randomness in algorithms. A natural
question arises: does there exist an efficient deterministic parallel (NC) algorithm, which has been
open since then. We expect a positive answer because some widely believed complexity theoretic
conjectures are known to imply derandomization [NW94] [DSY08| [GKSS22], that is, problems with
efficient randomized algorithms should also have efficient deterministic algorithms. Polynomial
identity testing and Isolation Lemma have since become central problems in the study of deran-
domization. In particular, as a special case of these derandomization questions, bipartite matching
has attracted a lot of attention. Another reason for this interest in bipartite matching is that many
important problems including DF'S tree construction, maxflow, subtree isomorphism NC-reduce to
it (see [KRO8, Chapter 14, 15]).

Deterministic NC-algorithms have been found for matching in many special cases including the
case of planar graphs [DKR10, [GK87, [AHTO07, [DK98| [TV12] [AV20] [Sani8, BEG24]. In the last
decade, a major progress was made for bipartite matching where it was shown to be in quasi-NC
(polylog time on quasi-polynomially many processors) [FGT19, [FGT21], which was later extended
to non-bipartite matching as well [ST17]. In this work, we resolve the question completely by
showing that bipartite matching (decision as well as search version) is in NC. Our result also
extends to the weighted version.

Theorem 1.1. The problem of finding a mazimum weight perfect matching in a bipartite
graph with polynomially bounded edge weights s in NC.

Our first step is an algorithm for deciding whether a given bipartite graph has a perfect matching.
This can be viewed as a derandomization of Lovasz’s algorithm. We first augment the bi-adjacency
matrix with a few additional columns which are made up of n—1 identity matrices Next, we replace
each nonzero entry with a Vandermonde matrix with appropriate parameters, and each zero entry
with a zero matrix. We call the obtained matrix as the matching matriz, and we prove that it has
full row rank if and only if the graph has a perfect matching.

The algorithm easily generalizes to the weighted case. For any edge e in the graph with weight
w(e), we multiply the corresponding Vandermonde matrix with t*(¢) where t is an indeterminate.
Then we multiply the weighted matching matrix with its transpose and compute its determinant,
which is a polynomial in t. We show that the maximum weight of any perfect matching in the



graph can be obtained from the degree of this polynomial. The degree is not exactly related to
the maximum weight, but is close to a multiple of the maximum weight. We show this using
LP duality for bipartite matching. As mentioned earlier, rank and determinant computation is in
NC? [Ber84), [Csa76|, even over the polynomial ring.

Note that this does not immediately imply an NC-algorithm for finding a perfect matching.
Interestingly, the algorithm of Fenner, Gurjar, and Thierauf [FGT2I] can be viewed as an NC-
reduction from (weighted) search to computing the maximum/minimum weight of any perfect
matching (also observed in [GG17], see Section for more details). Thus, we also get an NC-
algorithm for finding a maximum weight perfect matching. Note that other versions of the matching
problem, such as maximum-cardinality matching and maximum-weight matching, NC-reduce to
maximum-weight perfect matching (see, for example, [GKMT17]).

1.1 Non-commutative rank

In the context of bipartite matching, Edmonds introduced the following problem: let x1,x2,...,Xm
be variables. Given a set of n X n matrices Aj,A,,..., A, over a field F, compute the rank
of } ; Aixq (over the rational function field F(x)). Equivalently, find the maximum rank of a
matrix in the linear span of Aj,Aj,...,A,, (assuming F is large enough). This problem has a
randomized polynomial-time algorithm using the polynomial identity lemma [Sch&0), [DL78| [Ore22)
Zip79|, but no deterministic polynomial-time algorithm is known so far. Valiant [Val79] has shown
that Edmonds’ problem captures the polynomial identity testing problem for algebraic formulas.

We can reduce bipartite matching to Edmonds’ problem as follows. Given a bipartite graph
G = (V,E), for every edge e = (i,j) € E construct an n x n matrix A, such that A.(i,j) =1 and all
its other entries are zero. Define Ag = ZeEE AcXe. It turns out that rank(Ag) is same as the size
of the maximum matching [Edm67]. This means that when Ag is not full rank, then there is an
easily verifiable certificate for that — the Hall block i.e., a set of s rows whose nonzero entries are
contained in a set of at most s — 1 columns. The general Edmonds’ problem has an easily verifiable
certificate for full rank — some numbers «q,..., &y with Z]. Ao being full rank. But, no such
efficiently verifiable short certificate is known for rank not being full.

Non-commutative Edmonds’ problem is an analogue of Edmonds’ problem, which admits effi-
ciently verifiable certificates for both ‘yes’ and ‘no’ instances. The problem has received a lot of
attention in the last decade. It asks for computing the non-commautative rank of a symbolic matrix.
There are several equivalent formulations of non-commutative rank (see [GGdOW20], [QS18] and
references therein). We first describe the formulation based on shrunk subspace, which provides a
certificate for the no instance, similar to a Hall block in a bipartite graph.

Definition 1.2. Gwen a set of n x n matrices A ={A1,A2,...,An} over a field F, a subspace
U < F" s called a c-shrunk subspace of A, for some c € N, if there exists a subspace W < TF™
of dimenston dim(U) — ¢ such that for every 1 <i<m,

Ai(U) <W.

The non-commutative rank (nc-rank) of > ; Aix; is defined to be n —c, where c s the largest
number for which A has a c-shrunk subspace.



In particular, if }_; Ajx; does not have full nc-rank then there is a c-shrunk subspace with ¢ > 1.
The second formulation is based on a certificate for the ‘yes’ instance — a matrix substitution for
every variable. For this definition, the underlying field is assumed to be large enough.

Definition 1.3. Given a set of n xn matrices A ={A1,A2,...,Am} over a field F, the nc-rank
of 3 ; Aixi 1s the largest number v such that there exist d x d matrices Ty, Ty,..., Tim, for some
d >0, so that ) ;A; ®T; has rank rd.E|

For an equivalence between the two definitions, see [IQS17, IQS18]. In our bipartite matching
algorithm, in the augmented bi-adjacency matrix, we substitute a matrix for each edge. In that
sense, the algorithm is actually deciding whether the symbolic matrix A defined above has full
nc-rank. It just so happens that for a bipartite graph G, the symbolic matrix Ag satisfies

rank(Ag) = nc-rank(Ag).

This can be shown by using a Hall block to construct a shrunk subspace for Ag.

The correspondence between bipartite matching and non-commutative rank extends beyond
certificates for ‘yes’ and ‘no’ instances. In the last decade, several polynomial-time algorithms have
been found for computing non-commutative rank, most of which can be viewed as analogues of
some bipartite matching algorithms.

e The first algorithm of Garg, Gurvits, Oliveira, Wigderson [GGdOW16] was based on the
matrix scaling algorithm [Sin64, [LSWO8]| that approximates the permanent of a non-negative
matrix, and in particular, can decide the existence of a perfect matching.

e The Wong-sequence based algorithm of Ivanyos, Qiao, and Subrahmanyam [IQS18] can be
viewed as an analogue of the augmenting path algorithm for bipartite matching [Kuh55), [FF56].

e The algorithm of Hamada and Hirai [HH21] is an analogue of submodular minimization, which
captures bipartite matching.

e Arvind, Chatterjee, and Mukhopadhyay [ACM24| gave another algorithm based on PIT for
non-commutative ABPs and some other ideas in [IQS18].

Despite the existence of multiple polynomial-time algorithms, no NC-algorithm is known for
computing nc-rank. The crucial ingredient of our bipartite matching algorithm is the concept of a
Hall block. Its correspondence with shrunk subspace allows us to lift our ideas to non-commutative
rank.

Recall that our algorithm for bipartite matching substitutes a Vandermonde matrix for each
edge variable. This is possible because each edge variable appears in exactly one entry in the
matrix ) , AeX.. When matrices {A;} are arbitrary, each entry can involve multiple variables, and
this interaction of Vandermonde matrices seems difficult to handle. Our first step is to use Hirai’s
reduction [Hirl9)] for the non-commutative rank problem, reducing it to a special case with block
structure. More precisely, the reduction is to the nc-rank of an mn x mn symbolic matrix of the
form

(AijXij)iy

!The maximum rank obtained by evaluating on d x d matrices is always a multiple of d [IQS17].



where each A; j is an n xn matrix. By appropriately generalizing the ideas from bipartite matching,
we get an NC-algorithm for deciding whether a given symbolic matrix of the above form has full
nc-rank.

Theorem 1.4. Gwen matrices A1,A2,...,Am € F™*™, the problem of deciding whether
> i Aixi has full nc-rank is in NC.

There is a well-known NC-reduction from computing the nc-rank to deciding if nc-rank is full
(see [GGdOW?20l, Appendix A.3]).

Linear matroid intersection. The linear matroid intersection problem is a generalization of bi-
partite matching, which asks whether two given linear matroids have a common base. Equivalently,
for two given k X m matrices (k < m) M; and M;, the problem is to determine whether there is
a subset of k column indices such that the corresponding set of columns is linearly independent in
both the matrices. The linear matroid intersection problem captures several combinatorial prob-
lems such as, edge-disjoint spanning trees, r-arborescence, rainbow spanning trees. Linear matroid
union and partitioning also reduce to it (see [Sch03b|). Linear matroid intersection is known to be
RNC [NSV94| and quasi-NC [GT20], but not in NC.

Gurvits [Gur04] showed that the linear matroid intersection problem (NC)-reduces to non-
commutative rank computation. The reduction gives the following symbolic matrix:

> MM,
i=1

where My (i), M2 (1) are the i-th columns of My, M;. Thus, our NC-algorithm for nc-rank also
implies an NC-algorithm for the decision version of the linear matroid intersection.

1.2 Origins of the main ideas

The proofs for bipartite matching decision and nc-rank computation use the folded Wronskian
criterion of linear independence of polynomials and the Hall’'s Theorem (and its appropriate gener-
alization for non-commutative rank). The origin of this technique lies in some powerful ideas from
coding theory, namely that of folded Reed-Solomon codes and subspace designs. Folded Reed-
Solomon (FRS) codes are a variants of Reed-Solomon codes which are known for achieving list
decoding capacity [GRO08, [PV05]. In the context of list-decoding, a pseudorandom object called
subspace design was introduced in [GX13] and explicit constructions were given in [GK16]. One
of their constructions was based on FRS codes.

Three seemingly different problems concerning explicit constructions of combinatorially optimal
codes have been studied recently.

e Codes meeting Generalized Singleton Bound (GSB) [ST23]. GSB is a combinatorial bound
on the best list size one can get from any code with a given rate and error bound. In recent
breakthrough work [CZ25], it was shown that FRS codes or the so called subspace designable
codes come arbitrarily close to GSB.



e MR tensor codes [GHK™17|. These are codes which have the same correctable erasure pat-
terns as the tensor product of two generic linear codes. [GHK'17| gave a combinatorial
characterization of the correctable erasure patterns in a special case called (m,n,1,b)-MR.

e GZP({) codes [BGM23| (motivated by GM-MDS conjecture [DSY14]). These are codes whose
generator matrix has all maximal minors nonzero, and it can achieve any pattern of zeros
via row transformations, as long as the pattern of zeros do not enforce a maximal minor

to be zero. Such patterns of zeros are naturally characterized by a generalization of Hall’s
Theorem [DSY14].

In a beautiful work, [BGM23|] showed that the combinatorial characterizations in the three codes
are equivalent, and so are the questions of their construction. Though [CZ25] showed that FRS
codes come arbitrarily close to meeting GSB, it appears that they cannot meet GSB exactly for
any folding parameter or equivalently, cannot be used to construct (m,n,1,b)-MR Tensor codes.
Nevertheless, the near-optimality of FRS codes turned out to be sufficient for algorithmic purposes.
Building on [CZ25), [LMS25], [BCDZ26|] used FRS codes/subspace designs to develop an algorithm
for testing correctable erasure patterns for (m,n,1,b)-MR tensor codes. The algorithm is algebraic
and can be easily seen to be in NC.

Our starting point was the algorithm of [BCDZ26|. Via the equivalence with GZP({) codes and
the associated generalized Hall Theorem, we showed that bipartite matching reduces to testing cor-
rectable erasure patterns for (m,n,1,b)-MR tensor codes. The algorithm presented in Appendix
is derived from this reduction. The algorithm in [BCDZ26] is supposed to work for all MR tensor
codes, but assuming a matroid-theoretic conjecture. We observed that, even without the conjec-
ture, it can be interpreted as an algorithm for computing the nc-rank of a special class of symbolic
matrices. This class contains the matrices that can be obtained from taking subsets of columns
from (aij)ij ® (xi,j)i,; for some a;; € F and variables {x;;}. Our main insight was that both
linear matroid intersection and noncommutative rank for arbitrary symbolic matrices reduce to
this special class.

The proofs presented in this paper are based on the polynomial method inspired from Guruswami-
Kopparty’s [GK16|] construction of subspace designs. They essentially boil down to the following
amazing fact [GK16]: polynomials which have many disjoint high-multiplicity (or high folded-
multiplicity) zeroes are linearly independent. Our proof can also be written using subspace designs.

Organization of the paper. Section [2]introduces necessary preliminaries. Section and
give NC algorithms for deciding existence of a perfect matching in a bipartite graph, computing the
maximum weight of a perfect matching, and deciding whether nc-rank of a given symbolic matrix is
full, respectively. Appendix [A]gives an alternative NC algorithm for deciding existence of a perfect
matching with slightly better parameters (presented using subspace designs).

2 Preliminaries

For a number n € N, we denote [n] = {1,2,...,n}. Parallel complexity classes are NC*, for
k € N, that consist of all problems computable by uniform polynomial-size boolean circuits of



depth O(log*n). Class NC is defined as NC = Uy eyNCF.
Let G = (V,E) be a graph. All graphs considered in this paper are undirected. For v € V, the
neighbors of v in G are denoted by N(v),

Nv)={weV|(v,w)eEL
For a set S C V, we denote the neighbors of S by N(S),
N(S) = | N().
veEV

If G is bipartite, we have a partition V = L UR. We say that G is balanced if L and R have the
same size, n = |L| = |[R|. The bi-adjacency matriz of G is the n x n matrix A = (a; ;) where

1, if (i,j) € K,
Gij = .
0, otherwise.

In a graph G = (V,E), a matching M C E is a subset of edges with no two edges sharing an
endpoint. A matching which covers every vertex is called a perfect matching. Let

PM ={G | G has a perfect matching }.

Clearly only balanced bipartite graphs can have perfect matchings. If G = (LUR, E) is an unbalanced
bipartite graph, say with || < [R|, we say that matching M is left-saturating, if M covers all nodes
in L.

For any weight assignment w: E — N on the edges of a graph, the weight of a matching M is
defined to be the sum of weights of all the edges in M, i.e., w(M) =} .\, w(e).

2.1 Hall’s Theorem

Hall’s Theorem gives a characterization for the existence of a perfect matching in bipartite graphs.
Theorem 2.1 (Philip Hall, 1935). Let G = (LUR,E) be a balanced bipartite graph.
GePM < VSCL IN(S)I>ISI

For a balanced bipartite graph G = (LUR,E) with |L| = |R| =n, aset S C L is called a Hall
block, if IN(S)| < |S|. A Hall block is a witness that G has no perfect matching. In the bi-adjacency
matrix A of G, the submatrix As of A that consists of the rows indexed by Hall block S, there are
exactly |[N(S)| nonzero columns. Hence, for |S| = s, there are t = n — |N(S)| > n — s zero columns
in As.

Corollary 2.2. Bipartite graph G = (LUR,E) has a Hall block if and only of the bi-adjacency

matriz A of G has a s X t zero submatriz, where s +t > n.

A generalization of the Hall’s Theorem gives a certificate of a symbolic matrix not having full
non-commutative rank (see [GGdOW20, Theorem 1.4]).

Theorem 2.3 ([GGAOW?20], [FR04]). Given n x n matrices Aq,...,Ay over I, consider the
symbolic matriz A = ) , Aixi. A 1s not of full non-commutative rank if and only if there
ezist non-singular matrices B, C over F such that the symbolic matriz BAC has a s x t block
of zeros where s+t > n.



2.2 Folded Vandermonde matrix

We will use a special Vandermonde matrix over field F that we call folded Vandermonde matrix.
It is a rectangular D X r matrix with two parameters &,y € F. The y-folded Vandermonde
matriz V(o) is defined as

1 1 1
o oy oy !
Vie)=| o (xy)? (xy™1)?
“Dfl (Oﬂ/)Df] ((xyrfl)Df1

When « # 0 and 7y has order > r, the elements in the second row are pairwise different and V(«)
has full rank.

2.3 Folded Wronskian matrix

Let p1(x),p2(x),...,ps(x) € F[x] be polynomials of degree < d and |F| > d. A tool to determine
whether these polynomials are linearly independent is the classical Wronskian matrix, an s x s
matrix that has the derivatives pg) - (x) as entries. It is known that the Wronskian has full rank,
its determinant in non-zero, if and only if p;(x), p2(x),...,ps(x) are linearly independent.

We will instead use a folded Wronskian matrix that was introduced by Guruswami and Kop-
party [GK16]. For some parameter vy € F and polynomials py(x),p2(x),...,ps(x) € Flx], the
v-folded Wronskian matriz Wy (p1,p2,...,Ps) is defined as

p1(x) p2(x) e Ps(x)
P1(vx) p2lyx) -+ pslyx)
W, (P1,P2y-,Ps) = P1(Y2X) pZ(YZX) Ps(YZX)
pi(ysT'x) pa(vs %) e ps(vTX)

Also the folded Wronskian matrix gives a criterion to decide linear independence of polynomials.

Lemma 2.4 (Folded Wronskian Lemma [GK16]). Let pi(x),p2(x),...,ps(x) be polynomials of
degree at most d. Lety € F have order more than d. Then p1(x),p2(x),...,ps(x) are linearly
independent if and only if det(W, (p1,p2,...,Ps))(X) 25 a nonzero polynomial.

Proof. If p1(x),p2(x),...,ps(x) are linearly dependent then the same linear dependence holds
among the columns of W, (p1,p2,...,Ps), and thus, its determinant is zero.

Now, suppose pi(x),p2(x),...,ps(x) are linearly independent. Then d +1 > s. Let P be
an (d + 1) x s matrix whose i-th column has the coefficients of pi(x). Let V be the y-folded
Vandermonde matrix V(1) with dimensions (d + 1) x s. Observe that

W,y (p1,P2y--+,ps) = VT diag(1,%,...,x%) P,



where diag(1,x,...,x%) is the diagonal matrix with entries 1,%,...,x¢ on the diagonal. Using the
Cauchy-Binet formula, we can write

det(Wy (p1,p2,--,Ps))(x) = D det(Vs)det(Ps)x™S), (2.1)
SCla+1]

|S|=s
where Vs and Ps are the submatrices of V and P, respectively, obtained by taking rows correspond-
ing to set S and W(S) = } ;.s(i —1). Observe that det(Vs) is nonzero for every S. Hence, the
minimum degree term in ([2.1)) will come from all those sets S* for which

w(S*) =min{w(S)|S C[d+1], IS| =s, det(Ps) #0}.

There will be a unique such S*, because in a matroid with distinct weights on elements, the
minimum weight base is unique (see e.g., [Sch03b]). Thus, the determinant is nonzero. O

Using the Folded Wronskian Lemma, we can get an interesting fact about roots of a linear space
of polynomials.

Definition 2.5 (r-folded root). An element « € F is an r-folded root of polynomial p(x) with
respect to an element y € F, if p(ay') =0 for each 0 < ¢ <1 —1.
For a linear space of polynomials P C F[x], an element o € F s an r-folded root of P with
respect to v, if & ts an r-folded root of some polynomial p(x) € P with respect to y.
Furthermore, let Z.(P,«) denote the number of linearly independent polynomzials in P for
which « s an r-folded root.

The choice of v in the definition of an r-folded root will always be clear from the context. Our
proofs mainly rely on the following bound on the number of r-folded roots of a space of polynomials.

Lemma 2.6 ([GK16]). Let T CF and o,y € F be such that the set
(ot e T, 0<<r—1}

has [T|r distinct elements and vy has order more than D. Let P C F[x|<P be a linear space of
polynomzials of degree at most D and of dimension s and let v > s.

1. The number of r-folded roots of P in T with respect to y is at most sD/(r —s+1).

2. More generally,

sD
< ——. .
Y zpa < 2 (2.2)
xeT
Proof. Let p1(x),p2(x),...,ps(x) € Flx] be a basis for P. By Lemma the Wronskian determi-
nant D(x) = det(W, (p1,P2,...,Ps))(x) is nonzero.

1. Let ¢ € T be an r-folded root of some po(x) € P. Since po(x) is linearly dependent on
p1(x),p2(x),...,ps(x), we can do a column transformation on W, (p1,p2,...,Ps) so that one
of its columns becomes

(Po(x), Po(¥X), -, Po(¥YS'x)).



Note that the determinant will only change by a nonzero constant factor. Hence, it still has
the same roots. Now, observe that setting x as any element in {«, xy,..., xy" °} makes the
po-column completely zero. This means that each element in {«y'};—] is a root of Dg(x).
That is, each r-folded root of P gives r —s + 1 distinct roots of Ds(x). The degree of Dy(x) is
at most sD. Since the degree is an upper bound on the number of roots, we get the desired

bound on the number of r-folded roots.

2. For the more general bound let « € T and let q = Z.(P, «). Then « is an r-folded root of some
linearly independent polynomials g1(x), g2(x),...,94(x) € P. Since g1(x), g2(x),...,gq(x)
are linearly dependent on pj(x),p2(x),...,ps(x), we can do a column transformation on
W, (p1,P2,...,Ps) so that q of its columns become

(91 (X)) g1 (YX)) -+ 01 (Vs_]x))) sy (gq(x), Qq(YX)» ceey ngs—1x)).

Again, the determinant will only change by a nonzero constant factor. Now, observe that
setting x as any element in
{oy xyy ooy oey™ %}
makes all the columns corresponding to g1, 92,...,dq completely zero. This means that
each element in {ay*}j_§ is a root of Ds(x) with multiplicity q. So, we conclude that the
polynomial D, (s) has at least
(r—s+1)) Z.(P,a)

xeT
roots (counting with multiplicity). The degree of Ds(x) is at most sD. Hence, we get (2.2). O

Remark. The first part of Lemma[2.§ suffices for the NC algorithm of the bipartite match-
ing presented in Section [§ We require the more general statement to compute the non-
commutative rank in NC in Section [3.

2.4 An NC reduction from search to weighted decision

As mentioned in the introduction, the algorithm of Fenner, Gurjar, and Thierauf [FGT21] can be
viewed as an NC reduction from search to computing the minimum weight of a perfect matching.
We explain the idea briefly.

Their algorithm goes in logn rounds. In the i-th round, they assign weights on the current
graph G;i_; and and define G; to be the union of minimum weight perfect matchings in G;_;. The
final weights in their scheme become quasi-polynomial because they do not have a way to compute
these graphs in each round and thus, they just combine the weight functions from logn rounds on
different scales. Given an oracle to compute the minimum weight of a perfect matching, we can use
it to compute the union of minimum weight perfect matchings as follows. Let w* be the minimum
weight of a perfect matching. In parallel, for each edge e, subtract its weight by 1 and compute
the minimum weight of a perfect matching. If the weight is w* — 1, then e is a part of a minimum
weight perfect matching. In each round, they try polynomially many different weight functions. In
the i-th round, there is at least one weight function which ensures that the obtained graph Gj; has
no cycles of length at most 2t+'. This weight function can be identified by computing the length of

10



the shortest cycle in each possible graph G;. This, in turn, reduces to the shortest path problem,
which is in NC (see, e.g., [DNS81]). As they prove, Giogn—1 is a perfect matching. This idea works
as is with an oracle for computing maximum weight of a perfect matching as well.

3 Bipartite matching decision

Let G(LU R,E) be a balanced bipartite graph with n = |L| = |R| and let A be its bi-adjacency
matrix. We will construct a matching matriz M(G) such that M(G) has full rank if and only if G
has a perfect matching.

First, we extend A to A by attaching n(n—1) columns to it. We define the extension matrix Ay
as

M1 0

Ao

Matrix A has n rows. The 1-block in each row has length n—1. Hence, Ay has n(n—1) columns.
All other entries are 0. Combining A and Ao, we define the n x n? extension matrix A= (A Ag).
We construct the matching matrix M(G) from A by replacing the 1’s in A by folded D x r
Vandermonde matrices, for parameters D, r specified below. Let v € F be an element of order at
least nr. We choose o1, x2,...,x,2 € IF, i.e. one value for every column of R, such that the set

{ogy'[1<j<n? 0<t<r—1}

has n?r distinct elements. Hence, I should be a field of size at least n’r.

Now define M(G) by replacing every 1 in column j of A by the D x r y-folded Vandermonde

matrix V(«;), for j =1,2,... ,n?, and each 0 by a D x r zero-matrix. Hence, M(G) is a nD x n’r

matrix. Similar as A, we can view M(G) as being composed of two parts, M(G) = (Mo M;),
where My are the first nr columns of M(G) coming from bi-adjacency matrix A, and M are the
remaining n(n — 1)r columns coming from the extension matrix Ao.

Matrix M(G) would be square if we would choose D as nr. However, we need M(G) to be
rectangular with slightly less rows. Hence, we have a further parameter 6 and we let

D =n(r—29).
We will see below that our arguments work when we choose the parameters such that
§>n and r>n?b.
Hence & =n and r = n3 4 1 is a valid choice.

Example. For n =3 consider the 3 x 3 bi-adjacency matriz A of a bipartite graph G,

1 10
A=11 0 1
0 11

11



The extension matriz A 1s

110 1100 00
A=[1 01 001100
o1 1 000011
Then we get the matching matriz M(G),
V(CX]) V((Xz) 0 V(O(4) V((X5) 0 0 0 0
M(G) = | V(1) 0 V(es) 0 0 Viag) V(e7) 0 0
0 V(OQ) V((X3) 0 0 0 0 V((Xg) V(O(c;)

We show that the rank of M(G) determines the existence of a perfect matching in G.

Theorem 3.1. Let G = (LUR,E) be a balanced bipartite graph. Then
G € PM & M(G) has full rank.

Proof. For one direction, we show that if G does not have a perfect matching then M(G) does not

have full row rank.
By Theorem there is a Hall block S C L with |N(S)| < |S|. Consider the row blocks in M(G)
corresponding to S. The total number of rows in these blocks will be

DIS| = n(r — 8)|S| = nr|S| — nd|S| > nr|S| — n?s.

We count the number of columns that have any nonzero entry in these rows. Recall that M(G) =
(Mo M) as explained above. Within My we have 7|N(S)| nonzero columns and (n — 1)7|S]
within M. In total, number of nonzero columns in M(G) in these rows is

TIN(S) + (n—1)7S| <r(S|—=1) + (n—1)7|S| =nr|S| —.

As 1 > n?5, we get that number of columns with nonzero entries is strictly less than number of
rows. Thus, this set of rows cannot have full row rank.

For the other direction, we prove the contrapositive. Suppose M(G) = (Mo M) does not have
full row rank. Then there is a vector p € F™P representing a linear dependency among the rows
of M(G), i.e.

p"™M(G) = 0. (3.1)

Let us split p into blocks as p = (p1,P2,---,Pn), Where p; € FP. Some of the p;’s might be
zero vectors. Without loss of generality, let p1,p2,...,ps be nonzero, for some s < n, and the
rest of the vectors be zero. We view each p; as the coefficient vector of a polynomial p;(x) of
degree deg(pi) = D — 1. Equation gives us roots of the p;’s:

e From the M;-part of M(G), we get pJ V(o;) =0, forj =n+(i—1)(n—1)+1,...,n+i(n—1),
for each i € [s]. Hence, polynomial p;(x) has the following n — 1 elements as r-folded roots

{In+{i-1Tn-1DN+1<j<n+in-1)%L (3.2)

12



e From the My-part of M(G), we get

> piViw) =0, (33)

ielsl:(i,j)€E

for each j € [n]. Define polynomial q;(x) as

G = >  plx). (3.4)

From (3.3) we get that qj(o;) = 0. In fact,
o is an r-folded root of qj(x), (3.5)
for each j € [n].

Note that for j € N([s]), the sum in is empty, and hence q; is zero. For j € N([s]), there
are summands in , still they might cancel each other. We show next that this is not the case:
the polynomials pi(x),p2(x),...,Pps(x) are linearly independent, and hence, polynomials q; are
nonzero for j € N([s]).

Claim 3.2. py(x),p2(x)y...,ps(x) are linearly independent.

Proof. Let P = span{p;(x),p2(x),...,ps(x)} have dimension { < s. From Lemma the number
of r-folded roots of P in {&;}; is at most

{D-—1) - n(r—29%)
r—0+1 r—{0+1

< {n.

The last inequality is because 6 > n, and thus, r—0 < r—{+1. On the other hand, the total number
of r-folded roots of pi(x),p2(x),...,ps(x) given in (3.2)) is s(n — 1). Thus, we have {n > s(n —1).

Hence, we get

n

This implies { > s, which proves Claim O

>s—1.

3w

Now, we know that P = span{p;(x),p2(x),...,ps(x)} has dimension s. Let us count the r-folded
roots of P.

e The total number of r-folded roots of p;(x), p2(x),...,ps(x) given in (3.2) is s(n —1).

e From , we have an r-folded root of P for every j € [n] for which the polynomial q;(x) is
nonzero. Since pi(x),p2(x),...,ps(x) are linearly independent, the number of such polyno-
mials q; is precisely

{j | (i,j) € E for some i € [s]}| = |N([s])].

Hence, we get |N[s]| many r-folded roots of P.
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In total, the number of r-folded roots of P is at least s(n — 1) + |N[s]|. On the other hand, from
Lemma we have that the number of r-folded roots of P in {; |j € n?]} is at most

s(D—1) r—5
— <N | — ] < sn.
r—s+1 r—s+1

The last inequality is because & > n > s. Comparing the lower and upper bounds, we have
s(n—1)+IN[s]| < sn = [N[s]| < s.
Thus, from Hall’s Theorem (Theorem , G does not have perfect matching. O

Given bipartite graph G, the matching matrix M(G) can be efficiently constructed in parallel.
Also the rank of a matrix can be computed in NC. Therefore we get the main result of this section.

Corollary 3.3. Bipartite perfect matching (decision) is in NC2.

4 Weighted bipartite matching in NC

Let G(LUR, E) be a balanced bipartite graph with n = |L| = |R| and w : E — N be a weight function
on the edges. We give an NC-algorithm that computes the weight of the maximum weight perfect
matching (if one exists).

We generalize the matching matrix M (G) from Sectionto a weighted matching matriz M(G,w).
We take again the bi-adjacency matrix A of G and its n x n? extension matrix A= (AAp). Asin
Section [3] we choose v € F and oy, atp,..., %2 € F and parameters r,8 and let again

D =n(r—-29).

We replace the 1’s in A by folded D x r Vandermonde matrices, where we additionally put the
weights in the A-part of A. That is, in columns j = 1,2,...,n of A, we replace a 1 in position (i,j)
by t"#1V(«;), where t is an indeterminate. Formally, for 1 <i<mand 1 <j < n?,

W) V(g) ifj<nand (i,j) € E
the (i,)-th block of M(G,w) = { V(a;) Hfm—1i+T<j<(m—T)A+1)+1

0 otherwise,

Example. In the example from Section@ matriz M(G,w) looks as follows,

Wi V(i) tWh2V(ag) 0 V(xg) V(es) 0 0 0 0
tW2 V(o) 0 tW23V(o3) 0 0 V(xg) V() 0 0
0 tW32V(xy) t™33V(az) 0 0 0 0 V(iag) V(oo)

Hence, M(G,w) is a nD x n?r matrix.
Let us choose parameters 6 and r such that

§>n and T>4n35W,
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where W is the maximum weight of any edge. Hence § =n and r = 4n*W + 1 is a valid choice.
With M(G) or M(G,w) we can again associate a bipartite graph G™® that we call the blow-up
graph of G. It is defined via its nD x n?r bi-adjacency matrix A™®, where

(A"%);; = [M(G)i; #O1l.

The definition given below gives an alternative construction of G™° that starts from G and makes
copies of nodes and edges.

Definition 4.1 (Blow-up graph G™°). Let G(LUR,E) be a balanced bipartite graph with n =
IL| = |R|. The blow-up graph G™° of G is the following bipartite graph.:

e For each u; € L make D copies ui1,...,Ui,D.

e For each vj € R make v copies vj1,...,Vj .

e For each (ui,v;) € E, put an edge (uip,Vvj,q), for every p € D and q € [r].

o Add n(n — 1)r additional vertices on the right {a; 4|1 <1<n, 1<qg< (n—T)r}
e Put edge (Ui p,ayiq), for every p € [D] and q € [(n—1)r].

Let W be the induced weight function on the edges of G™°, that for any edge (ui,v;) in G,
gives all the edges (uip,Vi,q) the same weight w(u,v;). For the edges (u; p,ai q) connected to
additional vertices, we give them weight zero.

To determine the maximum weight of a perfect matching in G, we will consider the degree of
det(M(G,w)M(G,w)T) (as a polynomial in t). Define

D, (t) = det(M(G, w)M(G,w)").

Let w* be the weight of a maximum weight perfect matching M* in G. By lifting M* to the
blow-up graph G™°, one can get a left-saturating matching M* with weight W(’I\/\l*) = rw*. One
may hope that M* is a maximum weight left-saturating matching in G™° and deg(D,,) = 2rw*.
Unfortunately this does not hold in general.

e There are examples where G™® has left-saturating matchings that have weight larger than rw*.

e In D,,, the terms that come from the large weight left-saturating matchings might cancel each
other and hence, deg(D,,) might actually be much smaller than 2rw*.

We will show upper and lower bounds on deg(D,,). These bounds turn out to be good enough to
finally determine w*.

To analyze the degree deg(D,, ), we will use the LP dual solution. Let us first write the primal
and dual LP for bipartite (left-saturating) matching, where the right side has possibly more vertices
than the left side.
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Primal LP Dual LP
(Maximum weight left-saturating matching) (Node Potentials)

max Z w(u,v) Xuy min Z Yu + Z Zy

(w,v)€E uel vER
st Y =1 Vuel st Yutz ey V) €E
v:(u,v)EE Yu € R Yuel
Z Xuw <1 WeR z, >0 Vv € R
u:(u,v)EE
Xuy > 0 V(u,v) € E

Note that the dual constraint z, > 0 can be skipped in the case of a balanced bipartite graph.

Lemma 4.2. Let w* be the weight of a mazimum matching in a balanced bipartite graph.
Then there exists an optimal dual solution (y,z) with objective value w* such thaty < 0 and
z > 0. Moreover, the absolute values of all the dual values s bounded by 2nW, where W 1s
the mazimum weight of any edge.

Proof. 1t is known that optimal dual values can be computed as shortest distances in a directed
graph based on a maximum weight perfect matching, where edge distances are the given weights
or their negative ([Iri60], also see [San09], [Sch03a, Chapter 17]). This means that the dual values
are in the range (—mW,nW). To ensure y < 0 and z > 0, we can simply add an appropriately
large number to all the z values and subtract the same number from all the y values. The solution
remains optimal and in the range (—2nW, 2nW). O

The following well known characterization of maximum weight perfect matchings comes from
LP duality and it will be useful for us. For a given bipartite graph G with a weight function w and
a feasible dual solution (y,z), an edge (u,V) is said to be tight if y,, + z, = w(u,v).

Lemma 4.3. Suppose we are given a balanced bipartite graph G with weight function w and
a feasible dual solution (y,z). If there ts a perfect matching that consists only of tight edges
then it i1s a mazimum weight perfect matching in G, its weight is same as the sum of all
the dual values, and the dual solution is optimal. Moreover, any maximum weight perfect
matching in G consists only of tight edges.

Now, we come to bounding the degree of D,,(t).

Lemma 4.4. Let w* be the weight of the mazimum weight perfect matching and W be the
mazimum weight of any edge in G. Then

|deg (D (1)) — 2rw*| < 4n35W. (4.1)

Proof. Let R be the set of right side vertices of G™®. Recall that M (G, w) is a nD x n’r matrix.
We index the columns of M(G,w) by R in the natural way. For a subset S C R of cardinality nD,
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let M(G,w)I[S] be the square submatrix formed by taking columns indexed by S in M(G,w). By
the Cauchy-Binet formula, we know that

Dy(t)= )  det(M(G,w)IS])>. (4.2)
SCn?r]
|S|=mD
Observe that det(M(G,w)[S]) is a sum over all perfect matchings in G™®[S], the graph obtained
from G™® by deleting all right side vertices outside S. Hence, the degree of det(M (G, w)[S]) is upper
bounded by the maximum weight of a perfect matching in G™?[S], which is also a left-saturating
matching in G™®. So, we conclude that the degree of D,,(t) can be at most twice the maximum
weight of any left saturating matching.

Claim 4.5. The mazimum weight of any left-saturating matching in G™° is bounded by
™W* 4 2n?5W.

Proof. Consider an optimal dual solution (y,z) for G,w, where y < 0, z > 0, and all values are
in the range (—2nW,2nW) by Lemma We construct a dual solution for G™?® as follows: for
any left (right) side vertex u (v) in G, all its copies get the same dual value y, (z,). For any
additional vertex a; 4 on the right side, its dual value is assigned as —yj (this makes the edge
(uj,p, aj,q) tight). Let us denote this dual solution as (i,Z). Observe that ({,Z) is a feasible dual
solution for G™®, . Any feasible dual solution gives an upper bound on the maximum weight of
any left-saturating matching. The upper bound is

DZqurrsz—(n—])rZyu:r(Zyu+Zz\,)—nSZyu

uel vER uel uel VvER uel
< 1w+ 2n3 W

This proves Claim O
As discussed above, this gives an upper bound on deg(D,,(t)),
deg(Dyy (1)) < 2rw* +4n35W. (4.3)

Next, we prove a lower bound on deg(D,,(t)). Clearly, there is a left-saturating matching of
weight Tw* in G™°. However it is not clear if the corresponding term t2™" will appear with a
nonzero coefficient in D,, (t). What we need to show is that a term with large enough power of t
will have a nonzero coefficient. We will reduce this task to the unweighted case using LP duality.

Let H be the subgraph of G that consists of the tight edges according to the dual solution (y, z).
Similarly let H' be the subgraph of G™® that consists of the tight edges according to the lifted dual
solution (J,Z), as defined in the proof of Claim Recall that by construction of ({j,Zz), all edges
(uj,p, aj,q) are tight. Hence, we have H' = H™3.

By Lemma graph H contains all perfect matchings of G of weight w*. Hence, the matching
matrix M(H) must have full row rank by Theorem Note that our choice of parameters 6 and r
also fullfills the conditions from Section Let S be a subset of nD columns such that det(M(H)[S])
is nonzero. Clearly, H™®[S] must have a perfect matching. Since H™?[S] consists of the tight edges
of G™?[S], by Lemma we have the following for the dual values.
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Observation 4.6. The restriction of ({j,Z) on the vertices of G™°[S] is an optimal dual solution
for it. Moreover, the sum of the dual values gives the mazimum weight of a perfect matching
in GMO[S].

Let Ws be the maximum weight of any perfect matching in G™%[S],
Ws = max{W(T) | T is a perfect matching in G™®[S]}.

Claim 4.7. The coeffictent of the term tvs in det(M(G,w)I[S]) is det(M(H)[S]), which is
nonzero. Thus, deg(det(M(G,w)[S])) = Ws.

Proof. Recall that H™®[S] precisely consists of the tight edges of G™°[S]. Hence, from Lemma
the set of maximum weight perfect matchings in G™°[S] is the same as the set of perfect matchings
in H™3[S]. Since the determinant of a square matrix is a sum over perfect matchings, we get the first
part the claim. For the second part, observe that the degree cannot be larger than the maximum
weight of a perfect matching,. O

The next step is to show a lower bound on Wg. Then we will argue that deg(D,,(t)) > 2Wws.

Consider again a maximum weight perfect matching M* in G with weight w*. It can be lifted
to a left-saturating matching M* in G™® of weight Tw* such that it covers the following nD nodes
on the right side of G™°:

' ={vi,q1<j<n,1<qg<r}U{ajq|1<j<n,1<qg<D-—r}

The sum of the dual values for G™%[S'] is

DZgu—l—rZz\,—(D—r)Zyu:r(Zyu—FZZ\,)zrvv*.

uel VER uel uel vER

Recall that G™® has n?r vertices on the right side and |S| = |S/| = nD = n?r —n?5. Therefore
S can be obtained from S’ by dropping at most n?5 vertices from {vj,q} and adding at most n?s
vertices from {a; q}. Hence, the sum of the dual values for G"?[S] and G™°[S’] differ by at most
n?5 - 2nW = 2n386W. By Observation Ws is equal to the sum of dual values in G™?[S].
Hence, we get the lower bound
Ws > Tw* — 2n35W. (4.4)

To get a lower bound for deg(D,,(t)), observe that for any subset S* which maximizes the
degree of det(M(G,w)[S*]), we have deg(det(M(G,w)[S*])) > deg(det(M(G,w)[S])) = Ws (using
Claim. Also note that the highest degree term in (det(M (G, w)[S*]))? has a positive coefﬁcien
Thus, the highest degree terms for all optimal subsets S* cannot cancel each other in

det (D, (1)) = Z det(M(G, w)[S])?.

SCn2r]
|S|=nD

2assuming the underlying field is rationals
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Hence, we conclude that deg(D,, (t)) > 2ws. By (4.4), we get that
deg(Dsyy (1)) > 2rw* —4n35W. (4.5)

Now (|4.1)) follows from (4.3) and (4.5). .

Lemma shows the way how to compute the weight of the maximum weight perfect match-
ing w* in G. Since we chose T > 4n35W, by (4.1)) we get

deg(Dy(t) .| _1

2r 2°
Therefore, we have
deg(D
w* = closest integer to eg(TW(t))’

As explained in Section when we can compute the maximum weight of a perfect matching,
we can also construct a maximum weight perfect matching. The algorithm described in Section [2.4
goes in O(logn) rounds, and in each round, it makes multiple parallel calls to the subroutine
computing maximum weight. Hence, we get the main result of this section.

Theorem 4.8. A mazimum weight perfect matching in a weighted bipartite graph can be
computed in NC3.

Clearly, this works as well in the unweighted case.

Corollary 4.9. A perfect matching in a bipartite graph can be computed in NC3.

5 Non-commutative rank in NC

In this section, we prove Theorem That is, given n x n matrices Ay,...,Ay,, we design an
NC-algorithm to decide whether the symbolic matrix ZIL Aixq has full nc-rank. First, we will
use a reduction from [Hirl9, Appendix A.1] that reduces nc-rank computation for the general case
to a symbolic matrix in a special block form.

Lemma 5.1 ([Hirl9, Appendix A.1]). For any gwen n xn matrices A1,Az,...,An, the matriz
> ™, Aixi has full non-commutative rank if and only if the following symbolic matriz does

A1X1,1 Ix12 0
A2x21 Ixz2 Ix23
A3zX3,1 0 Ix33
)
Am—lxm—l,l 0 Ixm—l,m—l Ixm—l,m
AmXm,1 0 e 0 [ Xm,m

where 1 is the n x n identity matriz.
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Thus, it suffices to test the non-commutative rank of an mn x mn symbolic matrix of the form
A= (Agixii)i,

where each A;j is n x n. Following the construction from bipartite matching, our goal is to
construct an nc-rank-certificate matrix N(A) such that it has full row rank if and only if A has
full non-commutative rank.

First, we add additional columns to extend A to an m x nm? block-symbolic matrix A where
each block is 1 x n.

Araxia .. ArmXim Iz oo Iz mnoa

Izo1 -+ 1z mn—1 O

)
I

0

Am,] Xm,1 ... Am,mxm,m IZm,] e IZm,mnfl

We construct the nc-rank-certificate matrix N(A) from A by evaluating A on D x r folded
Vandermonde matrices, for parameters D, r specified below.

Let v € F be an element of order > nmr. We choose oy, x2,...,xym2 € F, i.e. one value for
every block-column of ,I, such that the set

{ogy*[T<j<nm? 0<e<r—1}

has nm?r distinct elements. Hence, F should be a field of size > nm?

Now define N(A) as an evaluation of A where we substitute each variable in block-column j
of A by the D x r y-folded Vandermonde matrix V(oy), for j = 1,2,. ..,nm?, and each 0 by a
D x 1 zero-matrix. More precisely, the nc-rank-certificate matrix N(.A) has m x nm? blocks of size
nD x nr such that For 1 <i<mand 1 <j < nm?,

T.

Aij ®V(O(j) fj<m
the (i,j)-th block of N(A) =< Ixn ® V() if (nm—1)i—-1)+m<j<(nm—T)i+m

0 otherwise.

Matrix N(A) would be square if we would choose D = nmr. However, we need N(A) to be
rectangular with slightly fewer rows. Hence, we have a further parameter & and we let

D =nm(r—3). (5.1)
We will see below that our arguments work when we choose the parameters such that
§>mn and r>m?n?s. (5.2)

Hence 5 = mn and r = m3n3 + 1 is a valid choice.
We show that the row rank of N(A) determines whether A has full non-commutative rank.
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Theorem 5.2. Given n x n matrices Ay j, for i,j € [m], define the mn x mn symbolic matriz
A by
A= (Aijxiii-

Then
A has full nc-rank < N(A) has full rank.

Proof. For one direction, we show that if A does not have full non-commutative rank then N(.A)
does not have full row rank. From the characterization of nc-rank (Theorem , there are two
mn X mn non-singular matrices B and C over F such that BAC has an all zero submatrix of size
a X b where a+ b > mn + 1. Since B is non-singular, there must exist a partition, S1,S2,...,Sn
of [mn] with each part of size n such that for each i € [m], the n x n sub-matrix with rows from
S; and columns from (i — 1)n + 1 to in is non-singular. Let B be the mn x mn non-singular
block-diagonal matrix with these m submatrices as blocks. As A has the block structure with one
variable appearing in exactly one block, we can substitute B with B such that BAC has a zero
submatrix of size a x b where a+b > mn+ 1. Similarly, we can substitute C with a block diagonal
matrix. Hence, we can assume, without loss of generality, that B and C are block diagonal with

n X n matrices as blocks, say By,By,...,By and Cy,Cy,...,Cy,. Let us define
B'=B®Ip
and
C 0 0 0
0 Imno1®B7! 0 0
C'= 0 0 Imn—1 ®Bz_] 0 ® I,.
0 0 0 -+ Imn-1 ®By/

Clearly, B/, C’' are non-singular. Consider B'N(A)C’. It will have a block of zeros of size aD x br
in the first mnr columns. Among the last (mn — 1)mnr columns, these aD rows will have at most
a(mn — 1)r nonzero columns. Thus, we get a zero block of size

(amn(r—29)) x (br + (mn—1)mnr — a(mn — 1)r).

Adding the two dimensions,

a(mn(r—238))+br+ (mn—T)mnr—a(mn—1)r = m?’n’r—mnr+ ar+br+a—amnd

> m?n’r+r—amnd.

The last inequality is because a +b > mn + 1. As a < mn and r > m?n?5, we get a block of
zeros whose sum of dimensions is larger than the number of columns, i.e., m?n?r. Thus the matrix
N(A) cannot have full row rank.

To prove the other direction, we show that if A is of full non-commutative rank then the

nc-rank-certificate matrix N(.A) has full row rank.
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For the sake of contradiction, assume that N(A) = (No N;) does not have full row rank where
Ny contains the first mnr columns (i.e. the evaluation of the symbolic matrix A) and N; contains
the remaining columns. Then there is a vector p € F"™P representing a linear dependency among
the rows of N(A), i.e.

P'N(A) =0 ie. p'(Nyg Ny)=0. (5.3)

Let us split p into blocks as

P= (p1,1"")p1,n)p2,1)---)pZ,n»---apm,h---)pm,n)s

where each pix € FP. Some of the Pi,;’s may have dependency. For T < i < m, Let d; be the
dimension of the span{p; 1,...,Pin}. Define A:= ZE] d;.

Let us view each p;x as the coefficient vector of a polynomial p; i (x) of degree D — 1. Let
P = span{p; i (x)}i,x.- Equation gives us roots of the p; y’s:

e Asp'-N;=0,wegetforeach 1 <i<m,m+({i—-1)nm—-1)+1<j<m+i(nm—1)and
1<k<mn,
p-ir,kv(‘x]')zo)

i.e., polynomial p; i (x) has o as an r-folded root. That means, for each 1 < i < m and
m+{i—1)(mm—-1)+1<j<m+i(nm—1), we have

Zr(’P» (X]') > di.

From this, we get

Y Z(Pyoy) > (nm—1)) di=(nm—1A. (5.4)
j=m+1 i=1

e Moreover, p"'No = 0, which implies Zi‘k Pi,kALj (K, V() =0, for each 1 < j < m and
1 < ¢ <n. Therefore, foreach 1 <j < mand 1 < { <n, the polynomial Zi‘k Agj(k, O)pix(x)
has o; as an r-folded root. That means, for each 1 <j <m

Z,(P, ;) > dim {Z Ak Opix(x):1<e< n} : (5.5)

ik

Now we prove that span{p; x}x + - + span{pm, kJx is a direct sum. Let P = span{pi i (x)},k
have dimension q. We need to prove q = A. First, observe that from Lemma [2.6), we have

2
nm q(D—1) r—6

The last inequality is because § > mn > q.

Claim 5.3.
dim(P) = A.
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Proof. Combining (5.6) with (5.4), we get gnm > (nm — 1)A. We can write
qg>Amm—1)/nm=A—A/nm>A-1.
This means q > A, which proves the claim. U

Now, we know that P has dimension q = A. Let us lower bound the sum Z]“; Z.(P, o).
From 1) we get Z]“; Z.(P,o;) > L, where

L= Zdlm {ZAi,j(k,ﬂ)pi,k(x) o1 S { S Tl} .
j=1 i,k

This is the same as
m m
Z rank (Z PiAi,j> y (57)
j=1 i=1

where P; is the matrix with coefficient vectors of pi 1,pi,2,...,Pi,n as columns.

Now, we prove a lower bound on this number. Let U be a block-diagonal matrix with Py, P2,...,Pm
as the blocks on the diagonal. Note that rank(U) = A. Let Aj; be an mn x n matrix whose i-th
block is Ay ;.

Claim 5.4. rank(} ", PiA;;) = rank(UA;).

Proof. Clearly any vector in ker(UA;) is also inker(} ", PiA; ;). We now argue the other way. Let
Z{L PiAi; x = 0, for some x € F™. This gives us p; +p2+---+pm = 0 for some p; € colspan(P;).

But, using Claim [5.3} it must be that p; = p, =+ = p; = 0. Thus, we get that x is in the kernel
of PiAij foreach 1 <i<m. O

Now, observe that the quantity in lb is equal to Z]”;] rank(UA;). Let us define Ri)j as an
m x m block matrix with (i,j) block as A;; and other blocks as 0. Z]TL rank(UA;) is nothing but

the dimension of the image of rowspan(U) under the matrices {K{j}i,j.

If A has full nc-rank, then clearly A" (the transpose of .A) also has full nc-rank. From shrunk-
subspace criterion (Definition|1.2)), if AT has full nc-rank, then the dimension of any subspace would
not shrink under the matrices {AiT,j}i»i' In particular, the dimension of the image of colspan(UT)
under the matrices {KiT,j}i»i must be at least rank(U) = A, and Z)n;] rank(UA;) = L > A. Thus,
we get
m
D Zi(Pyx) > L= A (5.8)
=

Combining ((5.4) and ([5.8)), we have
2

nm
Z Z:(P,x;) > nmA.
j=1

—_

This together with (5.6)) gives a contradiction, as q = A. O
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Given a symbolic matrix ) |, Aixi, we can construct the nc-rank-certificate matrix N(A)
from the description of the corresponding block-symbolic matrix A = (A;;Xi,j)1,j (as described in
Lernma in NC. Also the rank of a matrix can be computed in NC. Therefore, we get the main
result of this section.

Corollary 5.5. Deciding if a symbolic matriz Y ;" ; Aixi is of full nc-rank is in NC2.
As mentioned in the introduction, linear matroid intersection reduces to nc-rank.

Corollary 5.6. Deciding if two given linear matroids have a common base is in NC2.
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A Bipartite matching via subspace design

In this section, we give an alternative NC-algorithm to decide if a given bipartite graph has a perfect
matching, and present it using subspace designs. This algorithm and its proof of correctness can
also be presented using the folded Vandermonde, like in Section Note that in Section 3| we
reduced bipartite matching to rank computation of a matrix of size O(n®). Here, we get a smaller
matrix of size O(n*). We start by defining subspace designs and describe an explicit construction.

Definition A.1 (Subspace design [GK16]). A collection of subspaces Hi,Hy,...,Hy C FP is
called a (k,K) subspace design, if for every subspace W C FP of dimension k, we have

m
Y dim(H; n W) < K.
j=1

Guruswami and Kopparty [GK16| gave an explicit construction of a subspace design.

Theorem A.2 ([GK16, Theorem 7]). LetF be field and r < D < [F| and m < |F|/r be parameters.
There ezxists subspaces Hy,Hy,...,Hn € FP, each of co-dimension v, which form a (k,k(D —
1)/(r—k+ 1)) subspace design for every k <.

Remark. Guruswami and Kopparty [GK16, Theorem 7] do not explicitly say that the above
collection 1s a subspace design for every k < r, but it is easy to see that the construction s
independent of k.

Now, we describe their construction and make some observations.

Construction of (k,k(D—1)/(r—k+1)) subspace designs [GK16]. Let o1, 02,...,0m,Yy €F
be elements such that the set

{5y [1<j<m, 0<t<r—1}

has mr distinct elements. Moreover let y have order more than D. For j € [m], let H; < FP
be the subspace orthogonal to the columns of the D x r folded Vandermonde matrix V(a;) with
parameter .
Note that for any S C [m], the columns of {V(«;)}jcs are linearly independent if r|S| < D. Thus,
we get
VS C[m] dim(NjesH;) =max{0,D —r[S|}. (A.1)

We choose parameters & and r as follows.
5 >n and r > n?s,

and set D =n(r—9).
By our choice of parameters, we get the following corollary to Theorem |A.2
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Corollary A.3. Let Hy,H,,...,Hyn < FP be a subspace design from Theorem . For every
subspace W C FP of dimension at most k < n, we have

ii@ﬂHﬂMﬂ<k—£ti— <in{—"=2 ) cxn
) = " \r—k+1 r—k+1 )

j=1

Let G(LUR, E) be a bipartite graph with |L| = |R| = n and |E| = m. Let d; be the degree of i € L,
for 1 € [n]. We may assume that d; > 1, because otherwise G cannot have a perfect matching.

Let A be its n X n bi-adjacency matrix. We extend A to A by attaching m —n columns to it.
We define the extension matrix A; as

Ay =

Matrix A; has n rows. The O-block in the i-th row has length d;—1. Hence, Aj has ) | ;(di—1) =
m—n columns. All other entries are 1. Combining A and A7, we define the n X m extension matrix
A = (A A;). Note that each row of A has (n —di) + (d; — 1) =n — 1 zeros.

For 1 € [n], define subspaces Z; as the intersection of those H;’s for which Ki‘)- = 0. That is,

Zi= () H.
j:xi‘j:O
As each row in A has n — 1 zeros, by 1) we have for each 1 € [n],
dim(Z;) =D —r(n—1) =r—nd. (A.2)
Let
L=21+2Zry+ -+ 71,. (A.3)

By (A.2), we have dim(Z) < n(r —nd). We show that G has a perfect matching, if and only if Z
has full dimension.

Theorem A.4. Let G be a balanced bipartite graph and Z as defined in . Then
G €PM < dim(Z)=n(r—nd).

Proof. For the direction from right to left, assume that G does not have a perfect matching. Then
there is a Hall block in G. By Corollary there are sets S, T C [n] with |S| + |T| > n, such that
the bi-adjacency matrix A of G has a zero submatrix As 1. From the definition of Z;’s, it follows
that for every i € S, we have Z; C NjcrH;. Therefore

UJzicH.

ies jeT
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Thus, by (A1),

dim(UiesZi) < dim(NjetH;)
= D —1|T|
< nr—=38)+7Sl—r(n+1)

1|S| — r —nd.

Hence, we get

dim(Z) < dim(UiesZi)+ ) dim(Zy)
ien\s

< 7S|l—=r—nd+ (n—|S])(r—nd).

= n(r—mnd)+nlS[6 —r—nd.

< n(r—mnd).
The last inequality is using |S| < n and r > n?25.

For the reverse direction, assume that dim(Z) < n(r—n9). Recall that } ; dim(Z;) = n(r—nd).

Therefore, we have, dim(Z) < ) ; dim(Z;). Hence, the map ¢ : Z; x Z; x --- X Z,, — ) , Z; given
by ¢(q1,92,...,9n) = 2_; qi has a nontrivial kernel. Without loss of generality, let q1 € Z;1,q2 €

Zyy... qx+1 € Zy 41 be a minimum size set of vectors such that q; + q2+- - + qr+1 = 0 for some
k < n. Define the k-dimensional subspace W as

W= Span{Q1 y 2y e ey qk+1}~
Recall that by the definition of Z;, for every i € [n] and j € [m], we have
Ri,j =0 = qi € Z; C Hj. (A.4)

Let us define S = [k + 1] and let Rs be the first k + 1 rows of the extension matrix A. For
j € [m], define n; as the number of 0’s in the jth column of Rs,

ny ={i€S|(As),; =0

By (A.4), we have that H; contains n; vectors from {q1,q2,...,qk4+1}. In case that nj =k + 1,
we have a zero-column in Ag. This can only happen for j € [n], because in the extension part A;
there is no column with more than one zero. Define

T={jemlny=k+1}L

By definition of nj and T, we get that As t is a zero submatrix in A. We will show that T # 0 and
that it yields a Hall block via Corollary
To apply Corollary we consider dim(H; N'W).

e For j € T, we have nj =k + 1. By (A.4), we get that H; " W = W, and therefore

dim(H; "\W) = dim(W) =k =n; — 1.
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e Forj ¢ T, we have ny < k. Because Hj contains n; of vectors {qi}, we have dim(H; N"W) > n;.

Combining the two items, we get

m
Y dim(H; N W)
j=1 jeT je[mT

[l Vv
™M EM
s 3
T
= 7
I\/]

2

= (k+1)(n—=T1)—ITl.

For the last equation, note that Zie[m] n; adds all zeros in KS. Since there are n —1 zeros in each
row, we get [S|(n—1) = (k+ 1)(n— 1) zeros in total.
By Corollary we conclude that

(k+1)(n—1)—[T| < kn.

This implies |S| + [T| = k+ 1+ |T| > n. But recall that Ag 1 is a zero submatrix of A. By
Corollary [2:2] G does not have a perfect matching. O

Size of the matrix. Theorem reduces the bipartite matching problem to computing the
rank of a matrix — which consists of the basis vectors of Z1,Z,,...,Z,,. As Z;’s are subspaces of
FP and each of their dimensions is r — nd. We get that the matrix has size O(nr) = O(n*).
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