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Abstract

Two-variable logic (FO?) is the subclass of first-order logic using at most
two variables. It is a well-known fragment of first-order logic whose satisfia-
bility problem is decidable. More precisely, the exact complexity is NEXPTIME-
complete. The upper bound is usually established by the so-called exponen-
tial size model (ESM) property, i.e., if an FO? sentence is satisfiable, then it is
satisfiable by a model whose size is exponential in its length. Moreover, the
ESM property implies that the satisfiability and finite satisfiability problems

of FO? coincide.

Two-variable logic with counting quantifiers (C?) is the extension of FO?
with counting quantifiers of the form 3=*z (). The semantics of the count-
ing quantifier is that exactly £ elements exist in the model satisfying ().
The class C? is important for many knowledge representation and reasoning
(KRR) applications. Though the exact complexity of the satisfiability and
finite satisfiability problems of C? is also NEXPTIME-complete, the ESM
property no longer holds. In general, these two problems do not coincide.
Usually, the upper bound is established by the non-deterministic exponential-
time reduction to the integer linear programming (ILP) problem. Hence, the
algorithms are very involved, and due to the exponential amount of non-
determinism in the reduction, they are complicated to implement. It is also
difficult to extract the subclasses of C2 for which there are efficient imple-
mentations. Obtaining explicit algorithms for C? is still an open research

problem.

X1 doi:10.6342/NTU202203098



In this thesis, we revisit C?. We introduce and prove the configuration ex-
ponential bound (CEB) property for C2. This property can be viewed as the
extension of the ESM property for FO?. We show that the CEB property can
be used to obtain alternative NEXPTIME algorithms for the satisfiability and
finite satisfiability problems of C2. It can also be used to extract a semantic
subclass that we call the strongly satisfiable fragment. We show that the com-
plexity of the strong satisfiability and finite strong satisfiability problems of
C? is NEXPTIME-complete. The upper bound is established by the determin-
istic exponential-time reduction to the Boolean satisfiability problem. Such
reduction may yield a better and more efficient implementation.

Our algorithms for the strong satisfiability and finite strong satisfiability
problems of C? can also be used for the satisfiability and finite satisfiability
problems of the guarded fragment of C?> (GC?). The running time of our
algorithms for GC? is deterministic exponential in the length of the sentence,
which matches that the known complexity of GC? is EXPTIME-complete.
Thus, the class strong satisfiability of C? lies in between the satisfiability of
GC? and C2.

Finally, we present a deterministic polynomial-time reduction from the
strong satisfiability problem of C? to the satisfiability problem of FO?. We
also present a deterministic polynomial-time reduction from the satisfiability

problem of GC? to the satisfiability problem of GF.

Keywords: satisfiability; two variable logic; counting quantifier; configura-

tion exponential bound; strongly satisfiable fragment
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Chapter 1

Introduction

Two-variable logic (FO?) is the subclass of first-order logic using at most two variables.
It is a well-known fragment of first-order logic whose satisfiability problem is decidable.
More precisely, the exact complexity is NEXPTIME-complete. The upper bound is usu-
ally established by the so-called exponential size model (ESM) property, i.e., if an FO?
sentence is satisfiable, then it is satisfiable by a model whose size is exponential in its
length. Moreover, the ESM property implies that the satisfiability and finite satisfiability

problems of FO? coincide.

Two-variable logic with counting quantifiers (C?) is the extension of FO? with count-
ing quantifiers of the form 3=*x ((x). The semantics of the counting quantifier is that
exactly k elements exist in the model satisfying (o(x). The class C? is important for many
knowledge representation and reasoning (KRR) applications. Though the exact complex-
ity of the satisfiability and finite satisfiability problems of C? is also NEXPTIME-complete,
the ESM property no longer holds. In general, these two problems do not coincide. Usu-
ally, the upper bound is established by the non-deterministic exponential-time reduction to
the integer linear programming (ILP) problem. Hence, the algorithms are very involved,
and due to the exponential amount of non-determinism in the reduction, they are compli-
cated to implement. It is also difficult to extract the subclasses of C? for which there are
efficient implementations. Obtaining explicit algorithms for C? is still an open research

problem.

1 doi:10.6342/NTU202203098



1.1 Our contribution

In this thesis, we revisit C2. Our contribution is as follows.

* We present alternative but more transparent algorithms for the satisfiability and fi-

nite satisfiability problems of C2.

+ We extract a semantic subclass of C? that we call the strongly satisfiable fragment,

which may yield a better and more efficient implementation.

* Our approach for the strong satisfiability and finite strong satisfiability problems
of C? also works for the satisfiability and finite satisfiability problems for GC? and
yields EXPTIME algorithms.

* We present deterministic polynomial-time reductions from the strong satisfiability
problem of C? to the satisfiability problem of FO? and from the satisfiability prob-

lem of GC? to the satisfiability problem of GF?.

The main idea of our approach is relatively standard. We view the model of C? sen-
tence ¢ as a labeled graph G. We call G the pseudo-model of . We introduce the notion
of configuration to encode the counting condition of ¢ in G. For a vertex in G, its configu-
ration records the number of outgoing edges with specific labels. A configuration is valid
in ¢ if and only if it satisfies the counting condition of ¢. We show that a C2 sentence ¢
is satisfiable if and only if it has a pseudo-model G satisfying the configuration of each
vertex in G is valid.

Because the ESM property no longer holds for C?, there exists a satisfiable C? sen-
tence ¢ such that the size of its pseudo-models are unbounded. However, we observe that
 is satisfiable if and only if it has a pseudo-model G such that G can be represented by
a pseudo-structure H and a set of configurations C. Furthermore, the size of H and C are
bounded by the length of ¢. We call this the configuration exponential bound (CEB) prop-
erty for C2. This property can be viewed as the extension of the ESM property for FO?.
We show that the CEB property can be used to obtain alternative NEXPTIME algorithms

for the satisfiability and finite satisfiability problems of C?.

2 doi:10.6342/NTU202203098



The CEB property can also be used to extract a semantic subclass that we call the
strongly satisfiable fragment. In general, a C? sentence is strongly satisfiable if and only
if it has a pseudo-model G such that G is the union of infinitely many copies of the iden-
tical pseudo-structure H. We show that the complexity of the strong satisfiability and
finite strong satisfiability problems of C? is NEXPTIME-complete. The upper bound is
established by the deterministic exponential-time reduction to the Boolean satisfiability
problem. Such reduction may yield a better and more efficient implementation.

We also consider the guarded fragment of C?, denoted by GC2. For a GC? sentence
v, we observe that ¢ is satisfiable if and only if it is strongly satisfiable. Hence, our
algorithms for the strong satisfiability and finite strong satisfiability problems of C? can
also be used. Furthermore, the non-determinism guessing in our algorithms vanishes in
this case. The running time of our algorithms for GC? is deterministic exponential in the
length of o, which matches that the known complexity of GC? is EXPTIME-complete.
Thus, the class strong satisfiability of C? lies in between the satisfiability of GC? and C?.

Finally, we present a deterministic polynomial-time reduction from the strong satisfi-
ability problem of C? to the satisfiability problem of FO?. We also present a determinis-
tic polynomial-time reduction from the satisfiability problem of GC? to the satisfiability

problem of GF?.

1.2 Related works

First-order logic (FO) plays a fundamental role in computer science, but its satisfiability
problem is undecidable [6, 5, 31, 29]. Researchers try to find the decidable fragments of
FO for practical use and understand the boundary between decidability and undecidability.
One approach to obtaining such fragments is restricting the number of variables in the
formulae. Henkin [[15] considered the k-variable fragment of FO, denoted by FOX, where
k > 1. The class FOX is the set of all first-order logic formulae using at most k variables.
Since the satisfiability problem of the AEA class, i.e., the fragment of FO with the prefix
V3V, is undecidable [[1 6], the satisfiability problem of FO3 is also undecidable. Therefore,

it is interesting to consider the satisfiability problem of FO?, denoted by SAT(FO?). It

3 doi:10.6342/NTU202203098



is known that SAT(FO?) is decidable [27, 22, [13], and, in fact, the exact complexity is
NEXPTIME-complete [[13, 20]. The decidability of FO? and its various extensions and
restrictions was used to show the decidability of reasoning problems for many modal and

description logics [2].

Scott [27] first proved the decidability of SAT(FO?) by reducing it to the Gédel class.
The Godel class without the equality predicate is decidable but becomes undecidable when
extended with the equality predicate [[11]]. Therefore, Scott’s proof only covered the satis-
fiability problem of FO? without the equality predicate. Mortimer [22] proved that every
satisfiable FO? sentence has a double-exponential size model and obtained that SAT(FO?)
is in 2-NEXPTIME. Gridel, Kolaitis, and Vardi [[13] revisited Scott’s procedure and re-
duced FO? to the fragment of FO with the prefix ¥V A V3*. They also improved the upper
bound of the model size to only exponential and hence derived the exponential size model
(ESM) property. The ESM property implies that SAT(FO?) is in NEXPTIME. It also im-
plies that the satisfiability and finite satisfiability problems of FO? coincide. The lower
bound of SAT(FO?) is established by the fact that the satisfiability problem of the fragment
YW A V3* is NEXPTIME-hard [19, [10].

Recently, Lin, Lu, and Tan [20] revisited the decision procedure of SAT(FO?) by re-
ducing it to a novel graph theoretic problem called conditional independent set (CIS). They
also presented a deterministic polynomial-time reduction from the satisfiability problem
of FO? to the satisfiability problem of FO? without the equality predicate by encoding the

edge representation of the model.

Since FO? lacks the capability for counting, researchers consider its extension with
counting quantifiers, denoted by C?. The class C? was first studied by Gridel, Otto, and
Rosen [[14]. They showed that the satisfiability and finite satisfiability problems of C? are
decidable, but unlike FO?, these two problems do not coincide. They also presented a
deterministic exponential-time reduction from C? to C2, the fragment of C? that used only
counting quantifier in the form 3=!. Pacholski, Szwast, and Tendera [23] proved that the
satisfiability problem of C% is in NEXPTIME, which implies that the satisfiability problem

of C? is in 2-NEXPTIME. They also showed that there is a finitely satisfiable C? sentence
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whose model size is at least double-exponential in its length. Therefore, the ESM property
no longer holds even for the finite satisfiability problem of C2. Pratt-Hartmann [25] closed
the gap by proving that the satisfiability and finite satisfiability problems of C? are in
NEXPTIME. The complexity matches the lower bound of FO2. He also showed that every
finitely satisfiable C? sentence has a double-exponential size model, though the complexity
of the finite satisfiability problem of C? is in NEXPTIME.

The guarded fragment of FO, denoted by GF, is another famous fragment of FO that
restricts the usage of quantifiers with the guarded atoms. The satisfiability problem of
GF is 2-EXPTIME-complete []1]. Its complexity drops to EXPTIME-complete when the
number of variables is fixed [[12].

The guarded fragment of FO? extended with counting quantifiers, denoted by GC?,
was first studied by Kazakov [[18]. He showed that the satisfiability problem of GC? is
in EXPTIME by reducing it to GF3. The complexity matches the lower bound of GF?.
Pratt-Hartmann [26] proved that the satisfiability and finite satisfiability problems of GC?

are in EXPTIME.

1.3 Organization

This thesis is organized as follows. In Chapter B, we present the detailed definitions of
FO?2, C?, and GC?. In Chapter B, we define some notions for C?, including 1-type, 2-
type, and configuration. We also define pseudo-structure and pseudo-model, which can
be viewed as the alternative representations of the structure and the model of two-variable
logic sentences. We state and prove the CEB property for C? in Chapter § and, from
it, obtain alternative NEXPTIME algorithms for the satisfiability and finite satisfiability
problems of C? in Chapter [§. In Chapter §, we define the strongly satisfiable fragment
of C? and present the algorithms for the strong satisfiability and finite strong satisfiability
problems of C2. In Chapter 7, we demonstrate how to apply our algorithms for the satisfi-
ability and finite satisfiability problems of GC2. In Chapter [§, we present the deterministic
polynomial-time reductions from the strong satisfiability problem of C? to the satisfiabil-

ity problem of FO? and from the satisfiability problem of GC? to the satisfiability problem
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of GF?. Finally, we conclude with Chapter [.

6 doi:10.6342/NTU202203098



Chapter 2

Preliminary

The organization of this chapter is as follows. In Section P.1|, we introduce the detailed
definition of two-variable logic (FO?). In Section R.2, we define the notion of counting
quantifier and present the definition of FO? extended with counting quantifiers (C?). We
also state the Scott normalization procedure for C2. In Section 2.3, we introduce the def-
inition of the guarded fragment, and present the Scott normal of GC?. In Section P.4, we
briefly review some helpful results for the ILP problem. Finally, in Section 2.3, we clarify

some notations used in this thesis.

2.1 'Two-variable logic

Two-variable logic, denoted by FO?, is the fragment of first-order logic where each for-
mula uses at most two variables x and y. In this thesis, we define the syntax and semantics
of FO? directly. We fix a vocabulary 7 which consists of n unary predicates Uy, Us, . .., U,
and m binary predicates 31, Ba, . - . , Bm.

In this thesis, we only consider the relational first-order logic, that is, without function

symbols.

Syntax of FO2. The syntax of two-variable logic formulae over 7 is defined inductively

as follows.

« x = yis an FO? formula.

7 doi:10.6342/NTU202203098



« For an unary predicate U € 7, for a variable z € {z,y}, U(2) is an FO? formula.

« Forabinary predicate 3 € 7, for variables z,w € {z,y}, 3(2,w) is an FO? formula.
* If ¢ is an FO? formula, then so is —p.

* If ; and , are FO? formulae, then so are ¢; A @5 and 1 V ©s.

« For a variable z € {z,y}, if ¢ is an FO? formulae, then so are Vz o and 3z ¢.

For simplicity, let x # y be the abbreviation of =(z = y), v; — 2 be the abbreviation
of =1 V 9, and ;1 <> 9 be the abbreviation of (o1 — ¢2) A (w2 — ©1).
Let ¢ be an FO? formula, the free variable of ¢, denoted by free(y), is defined in-

ductively as follows.
 free(x =y) .= {z,y}.
* For an unary predicate U € 7, for a variable z € {x,y}, free(U(z)) := {z}.

* For a binary predicate § € 7, for variables z, w € {z,y}, free(8(z,w)) = {z, w}.

For an FO? formula ¢, free(—yp) := free(y).

For FO? formulae 1 and pg,

free(p1 A ¢o) = free(pr V ps) == free(pr) U free(ps).

« For a variable z € {z,y}, for an FO? formula ¢,

free(Vz p) = free(3z ¢) := free(p) \ {z}.

Formulae without free variables are called sentences. We say that a formula is quantifier-
free if there is no V or 3 in it. We say that a formula is self-loop-free if there is no 5(z, x)

or B(y,y) in it, where 3 is a binary predicate.

8 doi:10.6342/NTU202203098



Semantics of FO2. A structure A over T is atuple (A, Ui, ..., UA B, ..., BA) where

each component is defined as follows.
» Ais a set of elements called the universe of A.
» For a unary predicate U € 7, U is a subset of A, thatis U4 C A.
+ For a binary predicate 5 € 7, / is a subset of A x A, thatis, 34 C A x A.

A structure A over 7 is self-loop-free if for every binary predicate 3 € 7, for every element
a € A, (a,a) € 34. That is, there is no diagonal term is 3.

Let A be a structure over 7. A valuation in A is a mapping from the set of variable
{z,y} to the universe A. Let val be a valuation in .A. For an element a € A, for a variable

w € {z,y}, the val restricted w by a, denoted by val[w — a], is defined as follows.

a ifz=w
vallw — al(z) =

val(z) otherwise

A model over T is a pair (A, val), where A is a structure over 7 and val is a valuation
in A. The model (A, val) is self-loop-free if A is self-loop-free.
Given an FO? formula ¢, and a model (A, val), we define (A, val) to be a model of

¢, denoted by (A, val) = ¢, inductively as follows.
o Ifval(x) = val(y), then (A, val) |z = y.

« For an unary predicate U € 7, for a variable z € {z,y}, if val(z) € U, then

(A,val) = U(2).

« For a binary predicate 3 € 7, for variables z,w € {z,y}, if (val(z),val(w)) € A,
then (A, val) = 5(z, w).

« For an FO? formula ¢, if (A, val) |= ¢ is not true, then (A, val) | —.

For FO? formulae ¢, and s,

— if (A, val) |= @1 and (A, val) = ¢, then (A, val) = o1 A @o;

9 doi:10.6342/NTU202203098



— if (A, val) = @1 or (A, val) & @2, then (A, val) = @1 V pa.
« For a variable z € {z,y}, for an FO? formula ¢,

— ifthere exists element a € A satisfying (A, val[z — a]) = ¢, then (A, val) = 3z ¢;
— ifforeveryelementa € Asatisfying (A, val[z — al]) = ¢, then (A, val) = Vz p.

Let (A, val) F~ ¢ denote that (A, val) = ¢ is not true. When ¢ is a sentence, that is, there

is no free variable in , we omit the valuation and only write A = .

Remark 2.1. Recall that o1 — s is the abbreviation of =1 V pa. (A, val) = o1 — ¢
holds if and only if when (A, val) |= @1, then (A, val) = oo,

An FO? sentence ¢ is satisfiable if ¢ has a model A. It is finitely satisfiable if the
number of elements in A is finite. Let SAT(FO?) and FIN-SAT(FO?) be the set of all

satisfiable and finitely satisfiable FO? sentences, respectively.

2.2 Two-variable logic with counting quantifiers

The counting quantifier is an extension of the existential quantifier. Unlike the existential
quantifier which state there exists some elements in the model satisfying the property, the
counting quantifier 3=* can express that “exactly” k elements exists in the model satisfying
the property, where £ is a natural number. Two-variable logic with counting quantifiers,

denoted by C?, is the extension of FO? with counting quantifiers.

Syntax of C°>. The syntax of C? formulae over 7 is defined inductively. All rules are the

same as the syntax of FO? with the following additional rules.

« For a natural number k, for a variable z € {x,y}, if p is a C*> formula, then so are

32k 2 o, I7*2 @, and I=F2 .
The definition of the free variable are the same as FO? with the following additional rules.

» For a natural number k, for a variable z € {x,y}, fora C? formula ¢,

free(32"2 p) = free(I7"z ¢) = free(3=F2 ) := free(yp) \ {z}.
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Semantics of C2.  For a C? formula ¢, for amodel (A, val), (A, val) |= o is defined the

same as FO? with the following additional rules.

+ For a natural number , for a variable z € {x, y}, for an C? formula ¢,

— ifatleastk elements a € Asatisfy (A, val[z — a]) = ¢, then (A, val) E F2Fz ¢;
— ifexactly k elements a € Asatisfy (A, val[z + a]) & ¢, then (A, val) = Iz ;

— ifatmost k elements a € Asatisfy (A, val[z — a]) | ¢, then (A, val) = I=Fz .

Let SAT(C?) and FIN-SAT(C?) be the set of all satisfiable and finitely satisfiable C? sen-

tences, respectively.

Equisatisfibility. Here are some equisatisfibility claims about C? that will be used in

this thesis.

Claim 2.2. For a variable =z € {x,y}, for a C> formula o, the formulae 3z p and 'z

are equivalent.

Proof. The formula 3z ¢ is satisfiable if and only if there is a model (A, val) = 3z ¢. By
definition, there exists an element a € A satisfying (A, val[z — a]) = ¢. Hence, there is
at least one a € A satisfying (A, val[z — a]) = ¢. Therefore, (A, val) = 3212 ¢. The

other direction is straightforward. [

Claim 2.3. For a natural number k, for a variable z € {x,y}, for a C* formula p, the

formulae 3%z p and 37z o N I=F 2  are equivalent.

Proof. If 37%2 ¢ is satisfiable, then there is a model (A, val) = 37*2 . By definition,
exactly k elements a € A satisfy (A, val[z — a]) = ¢. Hence, at least k elements a € A
satisfy (A, val[z — a]) = o, which implies that (A, val) = 32z ¢. Similarly, at most
k elements a € A satisfy the property, which implies that (A, val) = 35*2 . Therefore,
(A,val) = F2F2 o ATz .
If 32%2 o A 35F2 ¢ is satisfiable, by definition, there is a model (A, val) satisfying

the following.

(A,val) =32 ¢

(A,val) E3I%F2 ¢
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Let A’ C A be the set of elements a satisfying (A, val[z — a]) = . By definition,

|A’| > k and |A’| < k. Hence, |A’| = k, and this implies that (A, val) = 37" . ]

Claim 2.4. For a natural number k, for a variable = € {x,y}, for a C> formula o, the

formulae =35% 2 ¢ and I2*+1 2 ¢ are equivalent.

Proof. If =35k ¢ is satisfiable, by definition, there is a model (A, val) [~ 3¢z . By
definition, more than k elements a € A satisfy (A, val[z — a]) = ¢. Hence, at least
k + 1 elements a € A satisfy the property, which this implies that (A, val) = 3212 .

If 32*+12 ¢ is satisfiable, by definition, there is a model (A, val) = 3=F+12 . By
definition, at least k£ + 1 elements a € A satisfy (A, val[z — a]) = . Hence, more than
k elements a € A satisfy the property, and this implies that (A, val) = 3=z ¢. Hence,
(A,val) = —~3%Fz . O

Claim 2.5. For a natural number k, for a variable z € {x,y}, for a C? formula o, the

Sformulae =321z © and 3=% 2 ¢ are equivalent.

Proof. Note that 3%z  and ——3%F2 ¢ are equivalent. By Claim 2.4, 32%+'2 ¢ and
—3=Fz ¢ are equivalent, then so are =32¥1z ¢ and =—3=Fz ¢. Therefore, the formulae

—32k+1% » and 3%z ¢ are equivalent. O

Claim 2.6. For a natural number k, for a variable » € {x,y}, for C> formulae p, and
©a, if 2 is not in free(ps), then the formulae (3=%z 1) V o and %%z (p1 V 3) are

equisatisfiable over the models with size at least k.

Proof. If (322 ¢1) Vi, is satisfiable, by definition, there is a model (A, val) = (3252 ¢1) V .
If (A, val) = 322 o1, then let S be the set of elements a satisfying (A, val[z — a]) | 1.
By definition, |S| > k. For every a € S, (A,vallz — a]) = ¢1 V @2. Therefore,
(A,val) | F7*2 (o1 V ). Otherwise, if (A, val) |= @9, because z is not in free(y,),
foreverya € A, (A,vallz — a]) = ps. Therefore, (A, val[z — a]) = @1 V ¢2. Because
|A| > F, this implies that (A, val) = 32%2 (1 V 2).

If32%2 (1 V o) is satisfiable, by definition, there is amodel (A, val) = 32%2 (o1 V @3).
If (A, val) |= o, then by definition, (A, val) = (322 ¢1) V . Otherwise, if (A, val) F ¢,
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let S be the set of elements a satisfying (A, val[z — a]) = 1 V @o. By definition, |S| > k.

For every element a € S, because z is not in free(y,), (A, vallz — a]) I~ ps. Hence,

(A, val[z — a]) |= ¢1. Therefore, (A, val) = 32*2 ¢1. Thisimplies that (A, val) = (3252 1) V @o.
il

Claim 2.7. For a natural number k, for a variable z € {x,y}, for C> formulae p, and
o, if z is not in free(ys,), then the formulae (3=Fz 1) V @o and 3=Fz (o1 A\ —ps) are

equivalent.

Proof. 1f (3=Fz 1) Vi, is satisfiable, by definition, there is a model (A, val) = (35F2 ¢1) V ¢.
If (A, val) = (35Fz 1), then let S be the set of elements a satisfying (A, val[z — a]) = 1.
By definition, |S| < k. Let S’ be the set of elements a satisfying (A, val[z — a]) E p1 A —ps.
Because S’ C S, then | S| < |S| < k. Therefore, (A, val) = 3=%2 (1 A —ps). Oth-
erwise, if (A, val) = o, then for every element a € A, because z is not in free(ps),
(A,val[z — a]) & —pa. Therefore, (A, val[z — a]) = ¢1 A —po. This implies that
(A val) = 35F2 (o1 A —).

If35F2 (¢1 A —po) is satisfiable, by definition, there is amodel (A, val) = 35F2 (o1 A —p3).
If (A, val) |= o, then by definition, (A, val) = (35Fz ¢1) V . Otherwise, if (A, val) F ¢,
let S be the set of elements a satisfying (A, val[z — a]) = ¢1 A =, By definition,
|S| < k. Let S’ be the set of elements a satisfying (A, val[z — a]) | 1. For every
element a € A, because z is not in free(y,), (A, val[z — a]) = —pa. Therefore, S’ C S,
then |S’| < |S| < k. Therefore, (A, val) = 3<%z ;. This implies that (A, val) = (3=Fz 1) V ¢

[

Claim 2.8. For a variable z € {x,y}, for C* formulae o, and p,, if = is not in free(yps,),

then the formulae ¢y <+ (Vz @2) and ¥z (p1 — ©2) A 3712 (g — 1) are equivalent.

Proof. Because the formulae ¢ <> (Vz o) andVz (1 — w2)ATz (1 — o) are equiv-
alent. By Claim .2, 3z (¢1 — ) and 3212 (¢ — 1) are equivalent. This implies the

result. O

Claim 2.9. For a natural number k, for a variable z € {x,y}, for C> formulae p, and

2, if z is not in free(ips), then the formulae o1 <+ (3712 ©5) and
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F2EHLy (=1 V o) A TSR (m1 A o) are equisatisfiable over the models with size at

least k.
Proof. 1t is sufficient to show the following.

* Recall that p; — (312 ,) is the abbreviation of =, V (32F1z ¢y). By
Claim .6, the formulae =1 V (32512 ¢0y) and 325412 (—p; V ¢s) are equisatis-

fiable over the models with size at least k.

* Recall that (3212 5) — ¢y is the abbreviation of = (32712 ¢,) V 1. By
Claim .3, the formulae — (32%*12z ¢, ) and 35F2 ¢, are equivalent. By Claim P.7,

the formulae (3=F2 @5) V @1 and 3=Fz (=1 A ) are equivalent.
Il

Claim 2.10. For a natural number k, for a variable »z € {x,vy}, for C?> formulae o, and
o, if z is not in free(ips), then the formulae o1 <> (3=Fz p5) and
=k2 (01 A o) A FZFFL2 (01 V o) are equisatisfiable over the models with size at least

k.
Proof. 1t is sufficient to show the following.

* Recall that 1 — (352 ¢,) is the abbreviation of 1 V (35Fz ,). By Claim .7,

it is the equivalence of 3%z (1 A ).

« Recall that (3Fz ) — ¢y is the abbreviation of - (35Fz ) V1. By Claim .4,

the formulae — (3=

z (p) and 3212 ¢, are equivalent. By Claim .6, the formulae
(F=F12 o) V o1 and I2FH 2 (@) V o) are equisatisfiable over the models with

size at least k.
O

Claim 2.11. For a natural number k, for avariable z € {x,y}, for a C> formula p over the
vocabulary T, the formulae 3%z ¢ and (37%z U (2)) A(Vz U(2) — ) are equisatisfiable,
where U is a fresh unary predicate not in 7. Moreover, 32% =  is satisfiable by a size m

model if and only if (37%2 U(z)) A (Vz U(z) — ) is satisfiable by a size m model.
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Proof. First, we prove that if 32"z ¢ is satisfiable, then (37%2 U(2)) A (V2 U(2) = )
is satisfiable. Let (A, val) be a model of 3%z . Let S C A be the set of elements s
satisfying that (A, val[z — s]) = . By definition, |S| > k. We define another structure
B over 7 U {U} as follows. The universe of 5 is the same as the universe of A, that is,
B := A. For every predicate P € 7, P? := P, Finally, U? is a subset of S satisfying
|UB| = k. Now we claim that (B, val) = (37%2 U(2)) A (V2 U(2) — ¢). Itis sufficient

to show the following.

» By definition, (B, val[z — b]) = U(z) if and only if b € UP. Since |U| = k,
(B,val) = 37F2 U(2).

* Forevery b € B, if (B,val[z — b]) = U(z), thenb € UP C S. By definition of
S, (B,val[z — b]) = . Hence, (B,vallz — b]) E U(z) — ¢. This implies that
(B,val) =Yz U(z) = .

Suppose (37%2 U(z)) A (V2 U(z) — ) is satisfiable. Let (A, val) be one of its mod-

els. By definition, the following holds.
s (A val) = 372 U(2).
s (Aval) EV2U(2) = .

The first one implies that ‘U A‘ = k. The second one implies that for every a € A,
if (A,val[z — a]) = U(z), then (A,val[z — a]) = ¢. Forevery a € U4, since
(A,val[z — a]) = U(z), then (A, val[z — a]) = ¢. We define another structure 5 over
7 as follows. The universe of B is the same as the universe of A, that is, B := A. For
every predicate P € 7, PP := PA. Now we claim that (B, val) is a model of 32*z ¢. For

every b € UA C A = B, (B,val[z — b]) = . Besides,

UA| = k. Hence, at least k

elements b € B satisfy (B, val[z — b]) = ¢. This implies that (B, val) = 3=F¢. O

Claim 2.12. For a natural number k, for a variable z € {x,y}, for a C? formula © over
7, the formulae 3=*z ¢ and (3752 U(2)) A (Vz ¢ — U(2)) are equisatisfiable over the
models with size at least k, where U is a fresh unary predicate not in 7. Moreover, 35Fz
is satisfiable by a size m > k model if and only if (3=F2 U(2)) A (Vz ¢ — U(z)) is

satisfiable by a size m model.
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Proof. First, we prove that if 3%z ¢ is satisfiable over the models with size at least k, then
(I7*2 U(2)) A (Vz ¢ — U(z)) is satisfiable. Let (A, val) be a model of 3="2 ¢ satisfying
|A| > k. Let S C A be the set of elements s satisfying that (A, val[z — s]) = ¢. By
definition, |S| < k. We define another structure B over 7 U {U } as follows. The universe
of B is the same as the universe of A, that is, B := A. For every predicate P € T,
PB .= PA_ Finally, U? is a subset of A satisfying S C U? C A and |UB| = k. Because
|S| < k < |Al, we can always find such U®. Now we claim that (B, val) is a model of

(37F2 U(2)) A (V2 ¢ — U(z)). It is sufficient to show the following.

* By definition, (B, val[z — b]) = U(z) if and only if b € UP. Since |U5| = k,
(B,val) = 37*2 U(2).

* Forevery b € B, if (B,val[z + b]) |= ¢, then b € S C UE. By definition of U?,
(B,val|z — b]) = U(z). Hence, (B,val[z — b]) = ¢ — U(z). This implies that
(B,val) EVz o — U(z).

Suppose (37%2 U(z)) A (Vz ¢ — U(z)) is satisfiable. Let (A, val) be one of its mod-

els. By definition, the following holds.
s (Aval) = I7F2U(2).
s (Ayval) EVz o = U(2).

The first one implies that |[U4| = k. The second one implies that for every a € A,
if (A,vallz — a]) E ¢, then (A,vallz — a]) & U(z). Forevery a ¢ U4, since
(A,val[z — a]) = U(z), then (A, val|z — a]) [~ ¢. We define another structure 3 over
7 as follows. The universe of B is the same as the universe of A, that is, B := A. For
every predicate P € 7, P2 := PA. Now we claim that (B, val) is a model of 3=¥z ¢. For

everyb & UA C A = B, (B,vallz — b]) = ¢. Besides,

UA‘ = k. Hence, at most k

elements b € B satisfy (B,val[z — b]) = . This implies that (B, val) &= 3=Fp. O
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Claim 2.13. For a natural number k, for a C> formula o(z,y) over 7, let

pri= VeI Myp(z,y),
o= VaVyx=yV(p(r,r) = (p(z,y) & Bi(7,9))) V (mp(z,2) = (0(2,9) > Bo(,y)))
A Vo Iy Bz, y) Na #y

A Vo 3Ty By(a,y) Aa #y.

The sentences @1 and 4 are equisatisfiable over the models with size at least k + 2, where
B1 and (3 are fresh binary predicates not in T. Moreover, the sentence p is satisfiable by

a size m > k + 2 model if and only if the sentence 5 is satisfiable by a size m model.

Proof. First, we prove that if the sentence ¢ is satisfiable over the models with size at
least k + 2, then the sentence - is satisfiable. Let A be a model of the sentence ¢,
satisfying |A| > k + 2. We define another structure B over 7 U {31, O} as follows. The
universe of 5 is the same as the universe of A, that is, B := A. For every predicate P € T,
PB .= PA. Let val be an (arbitrary) valuation in A. For every a € A, we define the sets
S! and S? by the following rules.

Case 1: (A, val[z — a]ly — a]) | p1(x,y). The set S! is defined as

{d' € A\ {a} | (A,vallx — a][ly — d]) & p1(x,y)}. Because A is a model of ¢4, there
are k + 1 elements o’ satisfy (A, val[z — a|ly — d']) E ¢1(x,y). Since a € S!, the size
of S!is k. Let S? be a size k + 1 subset of A\ {a}. Because |A \ {a}| > k + 1, we can
always find such subset.

Case 2: (A,val[z — a][y — a]) & p1(x,y). Let S be a size k subset of A \ {a}. Be-
cause |A\ {a}| > k + 1, we can always find such subsets. The set S? is defined as
{d' € A\ {a} | (A ,valx — a][ly — d']) & ¢i1(x,y)}. By the similar argument, the size
of SZis k + 1.

Finally, 8F = J,c4{(a,d') |’ € S}} and 85 = (U, 4 {(a,d') | € S2}. Now we

claim that B3 is a model of the sentence 5. It is sufficient to show the following.

* Foreveryb € B, forevery b’ € B\{b}, note that (B, val[z — b]ly — V']) = fi(z,y)

if and only if (A, valx — by — V]) = 51(x,y). Therefore, by the construction,
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it is not difficult to verify that
BEVevyr =yV(pe(r,x) = (p(z,y) < bz, y))V(-e(z, ) = (p(ry) < fa(r,y))).

« Forevery b € B, forevery b’ € B\ {b}, (B,val[x — b][y — V]) = Bi(z,y) if and
only if ¥’ € S}. Recall that the size 0 S} is k. Hence, B |= Va Vy=" B (x, y) Az # y.

» Forevery b € B, forevery b’ € B\ {b}, (B, val[x + b][y — V']) = B2(z,y) if and

only ift/ € S?. Recall that the size 0 S7 is k+1. Hence, B = Va Vy=" By(z,y) Az # .

Then, we prove that if the sentence s is satisfiable over the models with size at least
k + 2, then the sentence ¢ is satisfiable. Let A be a model of the sentence ¢, satisfying
|A| > k + 2. We define another structure 13 over 7 as follows. The universe of B is the
same as the universe of A, that is, B := A. For every predicate P € 7, P? := PA. Now
we claim that B is a model of the sentence ;. Let val be an (arbitrary) valuation in B.
For every b € B, consider the following two cases.
Case 1: (B, val[x — b][y — b]) = ¢1(x,y). Forevery b’ € B\{b},if (B,val[x — b]ly — V']) E ¢1(x,y),
because (A, vallx + by — V]) = o(z,7) = (p(z,y) <> Bi(x,y)), then (b, V) € Bt
Since A is also a model of Vo 3%y 81 (x,y) A & # v, there are exactly k elements ¥’
satisfying the condition. Therefore, together with b itself, B = Vo 371y o1 (z, ).
Case2: (B,val[x — blly — b]) & p1(z,y). Foreveryt/ € B\{b},if (B,val[x — blly — V]) = ¢1(x,y),
because (A, val[x — b][y — V]) = —~p(x, 1) = (¢(z,y) < B2(z,y)), then (b, ) € B3
Since A is also a model of Vo 3=*+1y By (2, y) A x # y, there are exactly k + 1 elements

V' satisfying the condition. Therefore, B = Vo 375y ¢, (x, ). O

Normal form. It is well-known that there is a linear-time transformation from C? sen-
tence o over 7 to the following Scott normal form ¢’ over extended vocabulary 7' [27, 13,
14, 25].
¢ = Vay(z)
AN YeVyz#y— alr,y) 2.1)

AN\ Ve TRy Bila,y) Az Ay,

1€[m/]
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where y(z) and a(z, y) are quantifier-free formulae, 3; are binary predicates, and m" < m.
The sentence ¢ is satisfiable over the models with size at least K + 1 if and only if '
is satisfiable over the models with size at least K + 1, where K is the summation of
counting condition in . Moreover, the transformation is model size preserving. That is,
¢ is satisfiable by a model with size ¢ > K + 1, if and only if ¢’ is satisfiable by a model
with size /.

In general, m # m/. For the sake of simplicity, we only consider the case m = m’ in
this thesis. It is not difficult to extended the result in the thesis to the general case.

We present the transformation here for completeness.
Step 1: By Claim 2.2 and P.3, we can first remove the quantifiers 3 and 3=* in ¢ and
obtain the equivalent C? sentence (.
Step 2: We define the C? sentence @, := NF (1) by the following Scott procedure NF
inductively. The idea is to represent each subsentence in ¢, by a fresh predicate. It is
quite standard to show that ¢, and ¢; are equisatisfiable. Moreover, the transformation
is model size preserving. That is, ¢ has a size m model if and only if ¢ has a size m

model.

* If ¢ has two free variables, then let P, be a fresh binary predicate.

NF (@) := VY Yy (Py(x,y) < &1(¥)) A &a()

* If ¢ has one free variable, then let P, be a fresh unary predicate.

NF W) =V (Py(z) < &1(¥)) A &(¥)

* If 9 has no free variable, then let P, be a fresh unary predicate.

NF () =V (Py(x) <> &(¢)) A &a(d) AV Yy (Fy(z) < Py(y))

In the third case, we simulate the arity zero predicate with the unary predicate. &; and &,

are defined as follows.
* If ¢ is quantifier-free, then &,(¢) := T.

— If ¢ is in the form ¢ (z, w), then & (v) = ¢ (x, y).
— If 4 is in the form ¢ (z), then & (v) := ().
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o If ¢ is in the form =)y, then &5(v0) := NF ().

— If ¢ is in the form ¢ (2, w), then & (¢) := — Py, (x,y).
— If ¢y is in the form ¢ (2), then & (¢) := =Py, (z).

— If ¢y is in the form ¢4, then & (¢) := =Py, ().
o If ¢ is in the form vy ® 1), where ® € {A, V}, then & () := NF (1) ANF (o).

— Ifyisinthe form v (z, w) = ¥1(z, w)®Y2(z, w), then & (V) := Py, (,y) ® Py, (2, y).
— Ifyisinthe form v (z, w) = 1 (2, w)®Y2(w), then & (¢) = Py, (z,y) ® Py, (y).
— Ifyisinthe form 1 (z, w) = ¥y (2, W)@y (2), then & (V) := Py, (,y) ® Py, (x).
— Iftisinthe form (2, w) = 1y (2, w) @y, then & () := Py, (x,y) ® Py, ().

— Ifgisinthe form (2, w) = ¢y (2)®a(z, w), then & () := Py, (z) ® Py, (z, y).
— If ¢ is in the form (2, w) = ¥1(2) @ Ya(w), then & () 1= Py, () ® Py, (y).

— Iftpisinthe form (2, w) = 1y @ (z, w), then & (1) := Py, () ® Py, (x,y).

— If ¢ is in the form ¢ (2) = 1 (2) ® ¥a(2), then & () := Py, (x) ® Py, ().

— If ¢ is in the form ¢ (z) = 1 (2) ® Wy, then & (1) := Py, (z) ® Py, ().

— If ¢ is in the form 1(2) = 3 ® 1by(2), then & (1) := Py, (z) ® Py, ().

— If ¢ is in the form ¢ = 4y ® 1y, then & (1) := Py, (x) ® Py, (x).

* If ¢ is in the form 1)y V 1)y, then & (¢) := Py, (v) V Py, (v) and &(¢0) := NF (1) A
NF (2).

* If ¢ is in the form Q2 1)1, where @ is a quantifier, then & (¢) := NF (¢).

— If ¢ is in the form ¢y (2, w), then & (¢) := Qy Py, (v, ).
— If ¢ is in the form ¢, (w), then & (¢) := Qy Py, (z).
— If ¢y is in the form ¢4 (2), then & (¢) == Qy Py, (y).

— If ¢ is in the form ¢y, then & (v) := Qy Py, (y).
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Step 3: By Claim 2.8, 2.9,and .10, we can rewrite ¢, and obtain ¢ satisfying the fol-

lowing.
* psisinthe form WV A (V32)" A (V3S)"
* o and (3 are equisatisfiable over the models with size at least K.
Step 4: By Claim and .12, we can rewrite ¢ and obtain ¢, satisfying the following.
¢ (4 is in the form VW A (V3T)".
* 3 and ¢, are equisatisfiable over the models with size at least K.

Step 5: Finally, observe that VaVy o(z,y) and Vx a(z, x) AVaVy z # y — a(x,y) are
equivalent. Hence, by the observation and Claim P.13], we obtain desired ¢ from .
It is not hard to show the equisatisfibility of ¢ and ¢’. We conclude this transformation

with the following lemma.

Lemma 2.14. The C? sentence  is satisfiable by a model with size { > K + 1, if and only

if ¢ is satisfiable by a model with size /.

For the sake of simplicity, we further transform the sentence into the self-loop-free
normal form. That is, the formulae v(z) and a(z,y) in the equation (2.1)) are self-loop-

free.

Lemma 2.15. The C? sentence o is satisfiable by a model with size { > K + 1, if and
only if ©" is satisfiable by a self-loop-free model with size {, where ©" is in self-loop-free

normal form.

Proof. Let ¢’ be a C? sentence in the normal form. We obtain the self-loop-free normal
by the following transformation. The idea of the transformation is to represent the self-
loop term ((x, x) and B(y, y) by a fresh unary predicate, where 3 is a binary predicate in

vocabulary of /.
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For every i € [m], let P; be a fresh unary predicate. We define the formulae +/(x) and

o/(x,y) as follows.

V() =) [Pl2)/Bil, )]y

o (z,y) = alz, y) L) /Bi(z, ©)[i2 [P(y)/ Bi(y, y)]ita

Then " is the desired self-loop-free normal form sentence.

= Vz(z)
AN YxVyx#£y—d(r,y)

A N\ Ve Iy Bi(ey) Az Ay,
iclm]

The idea of constructing the self-loop-free model is represent the diagonal term of
the binary predicate by the fresh unary predicate. For every model A = ¢/, we de-
fine the model B as follows. Let 7 be the vocabulary of ¢'. For every unary predicate
U in the vocabulary of ¢/, UB := UA. For every binary predicate 3 in the vocabu-
lary of ¢/, 8% = B4\ {(a,a) |a € A}. Finally, for every fresh unary predicate P,
PP = {a| (a,a) € B*}. It is not hard to verify that B = . O

In the rest of the thesis, we focus on the C? sentence in the (self-loop-free) normal

form.

2.3 Guarded fragment

The guarded fragment of FO?, denoted by GF?, is a syntactic subclass of FO? by restricting
the usage of quantifier with the guarded atoms. The guarded fragment of FO? extended
with counting quantifier, denoted by GC?, is the guarded fragment of C?. In this section,

we present the syntax of GC? directly.

Syntax of GC?. The syntax of GC? formulae over 7 is defined inductively. All rules are

the same as the syntax of C2 except that the rules for quantifier are as follows.

22 doi:10.6342/NTU202203098



« For a variable z, w € {z,y}, for a binary predicate r, if ¢ is an GC? formulae, then

so are Vw g(z,w) — ¢ and Jw g(z,w) A ¢, where r is called the guarded atom.

» For a natural number k, for variables z,w € {z,y}, for a binary predicate r, if
¢ is a GC? formula, then so are are 3=Fw g(z,w) A o, I*w g(z,w) A ¢, and

I=Fw g(z,w) A ¢, where r is called the guarded atom.

Normal form. Similar to C?, there is a linear-time transform from GC? sentence ¢ over

7 to the following normal form ¢’ over extended vocabulary 7/ [27, [18, 26].

¢ = Vry(z)
N NYexVyx#y— /\ (ri(r,y) — ai(x,y))
i€[{]
AN\ VeI Y Bey) Aaty,
1€[m]

where v(z) and «;(z, y) are quantifier-free (and self-loop-free) formulae.

2.4 Integer linear programming technique

In this Section, we review some helpful ILP results. In this thesis, we consider the ILP
system which has the solution in the extended natural number N,,. We define the arith-
metic of the infinity as follows. For every n € N\ {0}, n + 0o = coand n - 0o = o0.

Otherwise, 0 + 0o = oo and 0 - oo = 0.

Lemma 2.16. Let O be an ILP system consists of n variables {xi}ie[n] and m constraints

in the following form,
Q = /\ Z Ci,jxj + bl ® Z C;,j.il,’j + b; >
ie[m] \j€[n JEn]

where ® € {>,=}, and ¢; ;,c; j, b;,b; € N. Let ¢ be the maximum of ¢; j, ¢; ;, b;, ..

1. If'the system Q has a solution in N, then it has a solution in N with at most

2(m+ 1) (log(m + 1) + [log¢| + 2) non-zero elements.
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2. If the system Q has a solution in N, then it has a solution in N, with at most

2(m + 1) (log(m + 1) + [logé| + 2) non-zero elements.
Proof.

1. We can introduce m fresh variables {z;}ic[, and rewrite the system Q into the

equivalent system Q.

Q= N\ | D (&, —cij)ws+dizi = (b — b))
i€[m] \J€[n]
Forevery ¢ € [n], if the i-th operator is =, then d; = 0. Otherwise, d; = 1. Note that
|} ; — ci| < @and |b; — bj| < & By Corollary 5 in [8], @ has a solution in N if
and only if it has a solution in N with at most 2(m + 1) (log(m + 1) + [logc]| + 2)
non-zero elements. It is not hard to check that this solution of @’ in N is also a

solution of Q.

2. Let {x; — p;}icn be a solution of the system Q in N,.. For every i € [m],
i) e Gt +bi = D e ¢iya; + b = oo, we pick one variable whose
assignment is infinity of each side and remove this constraint from the system Q.
Then, the remained system Q' has a solution in N. By the previous result, the system
Q' has a solution in N with at most 2(m’ + 1) (log(m’ + 1) + [log¢| + 2) non-zero
elements, where m’ < m is the number of constraints in the system Q’. Observe that
the solution of Q' together with the picked variable is still a solution of Q. Since we
pick at most 2(m — m’) variables, the number of non-zero elements in the solution

is bounded as follows.
2(m—m")+2(m'+1) (log(m' + 1) + [loge] + 2) < 2(m+1) (log(m + 1) + [loge] + 2)

]

Lemma 2.17. Let Q be an ILP system consists of n variables {x;};c[,) and m constraints
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in the following form,

Q = /\ Z Ci i Tj + bz ® Z C/i,jxj + bi i

ie[m] \j€ln] JE[n]

where ® € {>,=}, ¢; j, ¢ ;,b;, b, € N. Let ¢ be the maximal of ¢; j, ¢; ;, b;, V.

1. Ifthe system Q has a solution in N, then it has a solution in N such that each elements

is bounded by (n + m)(me)*™ 1,

2. If the system Q has a solution in N, then it has a solution in N, such that each

elements is either infinity or bounded by (n + m)(mc)*™ 1,

Proof.

1. As the proof of Lemma R.16, we first rewrite Q to the equivalent system Q’. Note
that since we introduce m fresh variables, there are n + m variables in the system
Q'. By Theorem in [24], the system Q' has a solution in N if and only if it has a
solution in N such that each elements is bounded by (n + m)(me)?™ 1. It is not

hard to check that this solution of the system Q' in N is also a solution of the system

Q.

2. The proofis similar to LemmaR.16. Let {z; i }ic[n) be a solution of the system Q
inN,,. Foreveryi € [m], ifzje[n] CijT; +b; = Zje[n] c; jv5 + by = oo, we pick
one variable whose assignment is infinity of each side and remove this constraint
from the system Q. Then, the remained system Q' has a solution in N. By the previ-
ous result, @ has a solution in N with atmost 2(m’ 4 1) (log(m' + 1) + [logec] + 2)
non-zero elements, where m’ < m is the number of constraints in the system Q'.
Observe that the solution of Q' together with the picked variable is still a solu-
tion of Q. Besides, each element in this solution is either infinity or bounded by

(n 4+ m)(me)?™+L.

]
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2.5 Notation

Finally, we clarify some notations used in this thesis.

Let N, denote the extended natural number, that is, N, := NU{oo}.

For every positive integer n, let [n] be the set of positive integers no more than n.
Formally, [n] := {1,2,...,n}.

The notation ¢[b/a] denotes the substitution that substitute all a occurred in ¢ with b.

The notation ¢[b, /a;]:~ ¢, 1s the abbreviation of the multiple substitutions. That is,

¢[bt/at]fzzél = ¢[bfl/af1] [bfﬁ-l/aeﬁ-l] s [bfz/ab]'

Because we encode the counting conditions in binary, the length of the C? sentence ¢
is polynomial in n, m, and [log K|, where n is the number of unary predicates, m is the
number of binary predicates, and K is the summation of counting conditions. Therefore,
we say a function 6(n, m, K) is polynomial in the length of ¢ if it is polynomial in n,
m, and [log K'|. We say a function 8(n, m, K) is exponential in the length of ¢ if it is
exponential in 1, m, and [log K'|. We say a function §(n, m, K) is double-exponential in

the length of ¢ if it is double-exponential in n, m, and [log K].
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Chapter 3

Type, configuration, and

pseudo-structure

In this chapter, we fix a vocabulary 7 which consists of n unary predicates Uy, Us, ..., U,
and m binary predicates 31, f, . . . , Bm. Let ¢ be a C? sentence over 7 in the normal form,
that is,

Y= Va vy(x)

AN YeVyz#y— alz,y)

A N\ Ve TRy B y) A x A,

1€[m]
where () and a(z,y) are quantifier-free formulae. Let k = (ky, ko, ..., k) be the
m-dimension (row) vector of the counting condition of ¢ and K = ) i[m] k; be the

summation of all counting conditions.

We define some notions for C? in this chapter. In Section B.1, we introduce /-fype and
2-type. In Section .2, we introduce behavior function and configuration and discuss their
properties. Finally, in Section B.3, we define pseudo-structure and pseudo-model which
can be viewed as an alternative representation of the structure and model of two-variable
logic.
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3.1 Type

Intuitively, the 1-type of an element records all unary predicates that the element satisfied.
The 2-type of a pair of elements records all binary predicates that the element satisfied.

The 1-type and 2-type are formally defined as follows.

Definition 3.1. A unary type (I-type) over T is a maximally consistent set of unary predi-

cates from T and their negation using only one variable.

We usually indicate the 1-types with symbols 7 (possibly indexed). Let II” be the set
of all 1-types over the vocabulary 7. Note that |TI"| = 2", where n is the number of unary

predicates in 7.

Definition 3.2. A4 binary type (2-type) over T is a maximally consistent set of binary pred-

icates from T and their negation using “exactly” two variables.

Note that since we do not consider the self-loop term in the normal form throughout
this thesis, there is no (z, z) or 5(y,y) in ¢, where [ is a binary predicate in 7. Hence
they are not in the 2-types, too. We usually indicate the 2-types with notation 7 (possibly
indexed). Let K™ be the set of all 2-types over the vocabulary 7. Note that [K7| = 2™,
where m is the number of binary predicates in 7.

For every 2-type ) € K7, the dual of n, denoted by 7, is the unique 2-type that swaps
the two variables in 7). The null type, denoted by 7y, is the 2-type which consists of only

negation of the binary predicates, that is,

Mnull *== {_'ﬁl(xv y)7 _'62(567 3/>7 R _'Bm<x7 y)7 _'51(3% QC), _'62(2/7 ZL'), ) _'6M<y7 l’)}
Remark 3.3. The dual of 2-types is an involution. That is, for every 2-type n € K7, the
dual of 1 is 1.

Remark 3.4. The dual of nny is itself.

For a 2-type 7, the forward vector representation of ), denoted by 7", is an m-dimension

(row) vector (b1, ba, ..., b,,) where b; = 1 if and only if §;(x,y) € n, otherwise, b; = 0.
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The backward vector representation of 7, denoted by 79, is also an m-dimension (row)
vector (by, by, ..., b,,) where b; = 1 if and only if 3;(y, z) € 0, otherwise, b; = 0.

We say a 2-type 1 is trivial if 7 = 0. Otherwise, 1) is non-trivial. Let K7t be the set
of all trivial 2-types over 7 and C™"" be the set of all non-trivial 2-types over 7. Note

that K7 = K™ ]Cﬂntl’i, ‘]CT,UI‘ = 2™ and ‘Kr,ntri| —92m _ om

Remark 3.5. For every n € K7, because the value of each entry of n° and n° is non-
negative (either 0 or 1), the I-norm of * and n® is just the summation of all entries of it.
Hence, we would denote the summation of the entries of f° and n° by the symbol ||n"||,

and ||n°||,, respectively.
Remark 3.6. Note that for every 2-typen, ) is the null type, if and only if ||n" ||, + ||n°||, = 0.

Example 3.7. Consider the vocabulary Ty consists of two unary predicates {Uy,Us} and

three binary predicates {1, B2, B3 }. There are 4 different 1-types over 1.

" = {{Us(x), Us(2)}, {Us (), ~Ua(2) }, { U (2), Uz(2) }, {=Us(2), ~Us(2) } }
There are 64 different 2-types over 1.

((81(2,9), Ba(, ), s, ), Br (v, %), Baly, ), By, )}

K — {61(377 y)? BQ(xa y)v ﬁ3<x7 y)v ﬁl(?/? :C), 52(3/7 x)v _'ﬁ3(y> ﬂ?)}

L {_'B1<*T7 y)v _'62<x7 y)? _'ﬁg(l‘, y)? _'B1<y7 l’), _‘62(347 J}), _'53(y7 x)})

Let T be the Z'Zype {ﬁl(xv y)7 ﬁ2<x7 y)7 _'63('%.7 y)7 _'ﬁl(ya ZC), _'ﬂZ(y7 %), _'53(y7 .T)} The
forward and backward vector representation of m, are n; = (1,1,0) and n? = (0,0,0),

respectively. Observe that 1, is non-trivial, but 1, is trivial.

Validation of the type. For a pair of elements in the model of ¢, clearly, the possible 1-
types of them and possible 2-type between them are restricted by ¢. The idea of validation

capture the condition of possible 1-types and 2-types.
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Definition 3.8.
1. A l-typen € 1" isvalid in p if m(x) = v(2).

2. A 2-typen € K7 is compatible with the pair of 1-types (71, m5) € 117 x 1% in ¢ if

mi(x) An(x,y) Am(y) FE alz,y)

7'['2(5(,’) A ﬁ(x7y) A 771(3/) ’: oz(x,y).

We say that a tuple (m1,n, 7o) € 11" x K7 x II" is valid in ¢ if m; and 7y are valid
in o and 7 is compatible with (71, m5) in ¢. Let II¥ be the set of all valid 1-types in (.

Let ICf
1

p,tri
T, ,%,T 1

<7r 7*771—

2) be the set of all 2-types compatible with (7, ) in o, K 2) be the set of

p,ntri
(71 %,

all trivial 2-types compatible with (7, 75) in ¢, and K 2) be the set of all non-trivial
2-types compatible with (7, 7o) in .

We say that valid 1-types 7; and 7y are compatible in  if ICf )

TL,%,T2

> is nonempty. We
say that valid 1-types m and my are null-compatible in @ if nny) € lC‘fm’*my We say that
a set of valid 1-types I is mutually null-compatible in ¢ if for every 1-types m; and 75 in
I1, they are null-compatible in . We say that a set of valid 1-types 11 is maximal mutually
null-compatible in o if 11 is mutually null-compatible, and, for every valid 1-type 7 ¢ 11,

IT U {7} is not mutually null-compatible.

Remark 3.9. The compatible relation of I-types is symmetric. Indeed, for every (m1,ms) € 11, x 1L,

nekKy

(71 %,

,y if and only if 1] € K7

(ma,*,m1)"

Remark 3.10. Recall that the dual of ) is itself. Hence, the null-compatible relation is

also symmetric.

Remark 3.11. Since the null-compatible relation is symmetric, we can interpret it as a
undirected graph G. The vertices of G are all valid 1-types in . For every vertices m,
and T, there is an edge between them if type are not null-compatible. Then, a set of valid
1-types is mutually null-compatible if and only if it is a independent set in G. A set of valid

1-types is maximal mutually null-compatible if and only if it is a maximal independent
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set in G. Note that there are at most O(3"/®) maximal independent sets in a graph of n

vertices [21)].

Example 3.12. Let 1 be as in Example B.7. Consider the following C? formulae over .

(@) = (Ui(x) A ~Us(x)) V (=Ui(z) A Us(x))
ar(z,y) = Pilr,y) = (Uily) A (Uile) = (Bily,2) A Bs(x,y) A Bs(y,x))))
ar(z,y) = Bolw,y) = (Ua(y) A Bsly,z) A =Ba(y, x))
as(r,y) = Ps(x,y) = (Ua(z) = Boly,x))

ao(x,y) = @1(3773/) A a2('r7y> A a2('r7y)

Let @ be the following C? sentence.

o = Ve y(z) AN VeVyx #y— ap(z,y) A /\ Vo 37y Bi(z,y) A x#y

1€[3]

Let 71,9, m1, M9, and n3 be the following 1-types and 2-types.

m = {U1(x), 7U2(y)}

my = {=Ui(z), Ua(y)}

m = {bu(z,y), ~Ba(x,y), Bs(x,y), By, x), 7P2(y, x), Bs(y, x) }

2 = {=P1(x,y), Bo(2, ), ~Bs(x, y), 2By, ©), =B2(y, ), Ba(y, x) }
s = A{~bu(@,y), 2B2(x,y), Bs(x, ), Pi(y, x), ~Pa(y, x), ~Bs(y, )}

It is not difficult to check the following. There are two valid 1-types in pg, 11¥° = {m, o }.

The sets of compatible 2-types with m, and s in @ are as follows.
K32y = Linun, m}

Iczil(')h*,ﬂ'z) = {TInulla 12, T]S}

ICZ?Q,*JU) - {nr‘IU”a ﬁZa ﬁ3}

I(:Zpﬂ(')z,*,ﬂ'z) - {nnulla 2, ﬁQ}
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Observe that T, and 74 are compatible and null-compatible.

3.2 Configuration

For an element a in the model of ¢, the 2-types between a and all other elements are
restricted by the counting condition of (. In this section, we introduce the notions of

behavior function and configuration, which capture the counting condition of elements.
Definition 3.13.

1. A behavior function F over T is a function that maps a tuple (n, ) to a natural

number, where 1 is a non-trivial 2-type over T and  is a 1-type over T. Formally,

F KoM I — N,

2. A configuration C over 7 is a tuple (75, F') where 7 is a 1-type over T and F' is a

behavior function over T.

For a configuration C' = (7, F') over 7, we call 7y the source type of C. For a set
of 1-types I, we say C' conforms to 11 if =, € II and for every w € II7 \ II, for every
n € K" F(n,m) = 0. Let C” be the set of all configurations over 7.

For a set of configurations C over 7, for every m € 117, the w-restricted subset of C,

denoted by C

_» is the set of configurations in C whose source type is . The set of behavior
functions of the -restricted subset of C, denoted by F¢, is the set of behavior functions
F such that (7, F') € C. The set of 1-type in C, denoted by II¢, is the set of 1-type 7 such
that there exists behavior function F such that (7, F') € C. The formal definitions are as

follows.
C’W = {(ns, F) € C | s =7}

Fr={F|(m,F)ec}
I1¢ := {n | There exists F such that (7, F') € C}

Remark 3.14. For a set of configurations C over 7, C can be decomposed by the source

type of configurations, that is, C = Uﬁenfc

s

32 doi:10.6342/NTU202203098



Validation of the configuration. For an element a in the model of ¢, the idea of vali-

dation captures the necessary condition of its configuration.
Definition 3.15. A4 configuration (7, F') over T is valid in v if it satisfies the following.
* The source type T is valid in .

« For every n € K™ for every m € 1%, if (m,,n,70) is not valid in , then
F(n,m) =0.

» The following counting condition with respect to ¢ holds.

Z ZF<7]77T)'7]>:E

ne]cr,ntri mell™

Let C¥ be the set of all valid configurations in (. The size of C¥ is double-exponential

in the length of ¢.

Lemma 3.16. Let (7, F') be a configuration over . If (ms, F') is valid in ¢,

then Znelcr,ntri EWEHT F(TI77T) S K.

Proof. Recall that for every n € K=" ||n|, > 1. Because (m,, F) is valid, by the

counting condition of it, the following inequality holds.

Yo D Fm< Y Y Fpm) -, =K

neKr,ntri Tell™ 77G,@—,ntri mell™
O

Lemma 3.17. Let (s, F') be a configuration over T, If (75, F') is valid in o, then for every
n € K" forevery m € II7, F(n,7) < K.

Proof. By definition of the behavior function, for every n € K™ for every 7 € II7,

F(n,w) > 0. By Lemma .16, the following inequality holds.

F(7777T)SK_ § E : F(nlaﬂl)SK
(n’,w’)e)CTvntriXHT
(n' ;7! )#(n,m)

33 doi:10.6342/NTU202203098



Lemma 3.18. |C¥| < 2"(K + 1)

Proof. For every behavior function F' of valid configuration in ¢, Lemma shows that
the codomain of F is [K]. Hence, for every 7 € II7, the size of | F<”| is bounded by the

number of possible behavior functions in .

[FE < R < ey

Recall that we can decompose C¥ by the source type, thatis, C¥ = |, .. { (T, F) | F € F<* .

The size of C¥ can be bounded by this decomposition.

ol =>" [{(m Py | FeFe Y =Y |FEF <2+ )™

mell™ mell™

]

Example 3.19. Let 19, v, 71, T2, M1, N2, and n3 be as in Example . Let F| and F5 be

the behavior functions defined as follows.

1 if(%”) = (771>7T1)
F1(77; 7T) = 1 lf(nv 7T> = (77277T2)
0 otherwise

(1 lf(7777T> = (ﬁ3v7rl)
) = 1 if(’?ﬂT) - (ﬁ%ﬂ-l) 1) =
POTEN =) T

L0 otherwise

if (n,m) = (13, ™)
if (n,m) = (12, 72)
if (n,m) = (12, m2)
otherwise

O = = =

We can verify that the counting condition of F is satisfied.

Z Z F(n,m)-n" = F(p,m) - + F(na, m2) - 15

ne;cr,ntri mell™
= 1-(1,0,1)+1-(0,1,0)

= (1,1,1)

Observe that the configurations (my, Fy), (7o, Fy), and (my, F3) are the only valid con-
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figurations in @. Hence C¥ = {(my, ), (e, F3), (ma, F3) }.

3.3 Pseudo-structure

It is well-known that the model of FO? can be viewed as a labeled graph. In this section,
we introduce the concept of pseudo-structure, which can be viewed as an extension of

structure for C2.

Definition 3.20. A pseudo-structure G over T is a complete directed labeled graph <V, lab{, laby >

where each component is defined as follows.
» V is the set of vertices called universe of G.
* la b€ -V — 11" is a function that maps a vertex in V to a 1-type over T.

e labf : V x V\ {(v,v) |v eV} — KT is a function that maps an edge in A to
a 2-type over 7. Besides, |abg satisfy the following dual constraint. For every

(v1,v9) €V XV, |abg[vl,vg] is the dual oflabg[vg,vl].

We would use square brackets for the labels lab{[+] and lab{ [+, ¥]. When the arity of
the function is clear from the context, we omit the superscripts and write only la b¢ [*] and
lab%[, +]. When G is also clear from the context, we omit it and write only lab[] and
lab[x, *].

For the rest of this chapter, we fix a pseudo-structure G := <V, laby, la b§> over 7.

We say an element v € V' realizes the 1-type m € 11" if lab[v] = 7. We say a pair of
elements (vy,v) € V' X V realizes the 2-type n € K™ if lab[vy, vy] = 1. We say a pair of
elements (vy,v2) € V X V realizes the tuple (my,n,me) € II" x KT x II" if v; realizes 7,
vq realizes my and (vq, vy) realizes 7.

We also define two auxiliary labels for the behavior function and the configuration.

Definition 3.21.

1. For every v € V, the realized behavior function of v, denoted by Fv), is the
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function defined as follows. For everyn € K7, for every m € 117,
FOW](n,m) == Hv’ e V\ {v} | 1ab%v,v'] := 1y and lab%[v'] = 71'}'

2. For every v € V, the realized configuration of v, denoted by CY[v], is the tuple
<Iabg[v], FG[U]>.
When G is clear from the context, we omit it and write only F'[x] and C'[x].

For every set of vertices U C V, let I1V be the set of realizable 1-types in U, and CY

be the set of realizable configurations in U. The formal definitions are as follows.

1Y := {lab[v] | v € U}

¢V = {Clv] | v e U}

For every set of vertices U C V, for every m € 1I7, the realized subset of 7 in U,

denoted by U

_» 1s the set of elements in U whose label is 7 and the number of realizations
of m in U, denoted by nU, is the size of U ’W. For every C' € C7, the realized subset of
C in U, denoted by U

- 18 the set of elements in U whose realized configuration is C'
and the number of realizations of C in U, denoted by nY, is the size of U } o The formal

definitions are as follows.

U|_:={veU|lab[v] =7}

ny =|U]|
ne = |U|C|

Remark 3.22. Observe that for every v € V, the following is the equivalent definition of

realized configuration F[v).

Flv)(n,n) :=|{v" € V\ {v} | lab[v,v'] = n and lab[v'] = 7}|

= Hv’ c V‘ﬂ \ {v} ‘ lab[v,v'] = 77}‘
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Lemma 3.23. For every v € V, C[v] conforms to 11V

Proof. By definition of realized 1-types, lab[v] € IIV. For every € KT""! for every

7 € II7 \ IV, by definition of realized behavior function, the following inequality holds.
Flv](n,m) = |{v' € V‘W \ {v} | lab[v,v'] = n}| < |V}Tr| =0

]

Forevery Vi, Vo, C V, for every tuple (71,1, m) € 11 x IC; X IL,, we define following

— Vs

<7Tl 777’772>
V1 (A)VQ)
<7T1 777’7T2> ’

notions, the realized source subset of (71,1, wa) between Vi and Vs, denoted by V3 ‘

2

the number of source realizations of (1,1, 1) between Vy and Vs, denoted by n

Vi—
(m1,m,m2)°
V1 %)VQ
m1,M,7m2)°

the realized target subset of (m1,n, ) between Vi and V,, denoted by VQ‘ the

number of target realizations of (i, 1, m2) between Vy and Vs, denoted by ng and

the number of realizations of (71,1, ) between Vi and Vs, denoted by n&l_:x?@). The

formal definitions are as follows.

Vl\;ﬁm = {Ul e Vil ’ There exists v; € Va|_ such that lablvy, va] = 77}
Vol = {Uz eVa|,, ’ There exists v; € V| such that lablvy, va] = 77}
sy = Vilanm
s = Vel i
nfiot) = {(ne) € Vil x VAl |1ablur, va] = 0|

When V; = V5, = V and G is clear from the context, we omit the superscripts and write

V-V )

only ny, nc and nx, ; x,) (for T )

Remark 3.24. We observe the following. First, the sets V| and V5 are not necessarily
disjoint in the definition. Second, the number of realizations is non-negative and may be

infinite.

Example 3.25. Let 1o, pg, 71, T2, 01, M2, 13, C1, Cs, and Cs be as in Example B.19. Let
Vo = <V0, lab{’, |a b§°> be a pseudo-structure over 1y, where each component is defined

as follows.
doi:10.6342/NTU202203098
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Uk

3
s 2' s 2‘ G5! 7] 7; 2 7; 2
V_3 72 V_2 72 V-1 m %1 72 Vg M2 VU3
3
3

Figure 3.1: The pseudo-structure Gy. The 2-type of remaining edges is 7.

Vo:={...,v_0,0_1,01,09,...}

|ab\g,[v] :: {7?1 ifv=uv0rv_

To  otherwise

Ui if (v,v') = (vi,v-1)
lab%[u, ] ne  if (v,v) = (v, V1) or (v,0") = (v_y,v_;_1), for some i > 1
v, 0] == _
i ns i (v,0") = (vog,v;) or (v,0) = (v1,v_y), for some i > 2

Nnull  Otherwise

Note that due to the constraint of 1ab¥, once we assign the value of |abg[v, '], the
value of 1abg [V, v] is fixed automatically. The case “otherwise” is for the edges which
are not assigned or fixed. Figure 3.1 shows the pseudo-structure Gy. The realized config-
uration of each element is as follows.

C, v=wviorv_,

Clo]=<Cy v=190rv_s

C5 otherwise

Let Vi := {v; € Vo | i >0} and Vo == {v; € Vi | i < 0}. We observe the following

number of realizations.

Vl‘m = {v} ”Xi 1
Al =0
V2|X11—,:]3,7T2) = {Ufz, V_3,... } 27‘2;3)7‘;; —

&1_,:7‘::?7@) =
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Relations on the number of realizations. We are going to explore the relations between
the number of realizations of different components in a given pseudo-structure. Recall that
we have fixed a pseudo-structure G in this chapter. In Lemma until Lemma 3.28, we
fix sets V1, V5, V3 C V and a tuple (my,n, m) € 17 x K™ x 1I".

Lemma 3.26.
L Vil = X e b
2. il = Xoceew ne'.
3ot = ZCECVILI ny.
4. If' Vi and Vs are disjoint, then n}'""> = n}t 4 nl2.

Proof. Observe that for every w,n’ € II7, if 7 # 7/, then V} |7T and V;

_, are disjoint. For

every C,Cy € C7, if Cy # Cy, then V1|, and Vi| , are also disjoint. Therefore, the

|Cl ‘CQ

following set decompositions hold.
1. ‘/i pr— Uﬂ'EHVlX/vlLT.
2.V = UCECVlvl|C'

3. Vl}m - UCEC‘/l‘mVl‘C'

4 AUV) |, = Vil OVal .

T T

The size of each decomposition implies the lemma. [

Lemma 3.27.

] nV1(—>V2) _ n(VQ—>)V1
’ <77177777T2> - <7727;7vr771>'

2 Vi—Va — Vo—Vy
’ <7T1’7777T2> <772,’F]',7T1>'

3 Vi—=Vs < Vi (4)‘/2) . (VIH)VZ

(71'1,77,71’2) - <7r177777r2> <7T1’7777T2>'
4 Vi(=Va) Vi—Vh
© N mmme) = T mmma)

(Vi—)Va < nV1*>V2
(mimym2) — "{mi,m,me)
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6 Vi(—=Va) < nvl

C A mmme) — e
(Vl H)V2 < Vo
7‘ <7T1 ,77771'2) - nﬂ—z ’

e Vi—=(VeUV3) ViV, Vi—Vs
8. If V5 and V3 are disjoint, M) = Wirymma) T My mma):

L (VilVa)—=Vs Vi Vs Vo—V3
9. If Vi and V5 are disjoint, Ny sy = Tt ) + Ty s

Proof. For (1) and (2), observe that V; ‘;ﬁ ) and W‘Xi:ﬁ ) 3re the same set. Besides,

the elements in the set

{(Ul,UQ) S V1|7r1 X ‘/Q{M ’ lablvy, vo] = 77}

are the reverse of the elements in the set

{(2,01) € Vi, x VA, [1ablua, 1] = 77}

Hence, the sizes of two sets are the same. The size of these four sets implies the lemma.

For (3), observe That

{(,02) € Vil x Vol [1ablug, ] =0} S VA| x Vo

Ty

Then, n/1 "2 | <
<7T1 77]77(2)

_ V1(—>V2) (V1—>)V2
Vl}m X V2|7r2’ T mmme)  {mmm2)”
—)VQ

<ﬂ'1 77]77"2>

For (4), note that for every v € Vl} , there exists vy such that

(v1,v2) € {(vm)z) eVl xVal_ ‘ lab[vy, va] = 77}-

This implies the result.

For (5), by Lemma B.27.1], B.27.4, and B.27.2, the following holds.

(Vi—=)V2 — Va(—=V1) < nV2—>V1 _ nV1—>V2
(71'1777:71'2) <ﬂ-27ﬁrﬂ-1> - <7727777771> <7T1,7],7T2>

For (6), obviously, V; };ﬁ o) cV |7r1. Hence the equality holds.
Vi—) Vi Va(—= V5
For (7), by Lemma 3.27.1 and 3.27.6, "27;7)@2) = n<7f2(_7~;7r11)> <ny2.
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For (8), because V5 and V3 are disjoint, we can divide the set to two disjoint part.

{(vl,vg) € VlLrl x (VU Vg)}7T2 ‘ lab[vy, ve] = 77}

= {(Ul,vg) € V1|7r1 X VQ‘M ‘ lab[vy, vs] = 77} U {(Ul,U2> € Vl‘m X V},}ﬂz ‘ lablvy, vs] = n}

The size of the sets implies the result.

For (9), by Lemma B.27.1], B.27.8, and B.27.2, the following holds.

(ViUVa)—=Vas  V3—=(ViUVe) Va3 1; + Va—=>Vo V1> V3 + Vo—V3
(m1,m,7m2) — Yma,m,ma) — mwe,mmr) (ma,gm) — (w1 m,ma) (m1,m,7m2)
O
Lemma 3.28.

L Ifnin, pmsy > 0, then ny, > 0.

, . V=V V;
2. Ifnis non-trivial, n, "\ = ZFefgl"l Ny gy (0, 72).

Proof. For (1), suppose to the contrary that n,, = 0. By Lemma 3.27.3 and B.27.6.

Vi=Vv)  (V=)V

V=)V _
<7T17’I7,7T2> (71'1,77,71'2> - 0

< < .
=n - nﬂ-l n<7r1 ,77,7T2>

n<7r1 ,77771'2>
Hence, a contradiction.

For (2), by definition of ”Xﬁﬂm and realized behavior functions, the following holds.

Vi—>V

n<7l'1,77,7l'2> = ‘{(UZL;UQ) € ‘/vl‘ﬂ,l X ‘/vlﬂ_2 ‘ |ab["01,2;2] = 1’]}‘

— U {(vl,vg) € {v1} x V|7r2 } lablvy, vs] = 77}

111€V1|7T1

= Y [{mevl, |tablu. v =n},

vieVi|,,

= Y Flul(n,m)

’U1€V1‘ﬂ,1

= Z ”<V711,F>'F<"7’7T2>

FeFet
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Pseudo-model of the C? sentences. Now we extend the conditions of structure A satis-
fying ¢ to the pseudo-structures. We defined the concept em pseudo-model. The pseudo-
model share many properties with the model. In the rest of the thesis, we only consider

pseudo-model and their properties.

Lemma 3.29. A C? sentence ¢ is satisfiable if and only if there is a pseudo-structure G

such that the following holds.
1. Foreveryv €V, lab[v] is valid in .

2. Forevery (vi,v2) € VXV \{(v,v) | v € V'}, the tuple (lab[uv;], labv;, vs], lab[vs])

is valid in .
3. Foreveryv €V, ZU’EV\{U} Iabb[v,v'] =k

Proof. Let A= (AU, ..., UA B{, ..., 32) be amodel of 9. We construct the follow-

ing pseudo-structure G.
* The universe V := A.
* Foreveryv € V,lab[v] :== {U | v e UA} U {=U | v & UA}.

* For every vy, vy € V, lab[vy, vy is the union of following sets.

lab[vi, ve] = {B(z,y) | (vi,v2) € B} U {=B(x,y) | (vi,v2) & BA}U
{By,z) | (va,01) € B} U{=B(y, z) | (v2,01) & B}

It is straightforward to check that G satisfied the conditions. U

Lemma 3.30. 4 C2 sentence  is satisfiable if and only if there is a pseudo-structure G

such that the conditions (1) and (2) in Lemma and the following holds.

3. Foreveryv €V, Clal is valid in .
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Proof. Itis sufficient to show that condition (3) in Lemma and (3) are equivalent. For
every v € V, clearly, the source type of v is its realized 1-type, that is, lab[v]. By condition
(1), the source type is valid in . For every 7 € I1%, for every n € K7™ if (7., n, 7) is
not valid in ¢, then there are no edges in V' realize the tuple. Hence, F'[v](n, ) = 0.

Finally, by definition of realized behavior function, the following holds.

> Fplm) = > > [ €V \{v}|lablv,v'] = pandlablv'] = 7}| -1

ne,CT,ntri Tell™ neICT,ntl’i mell™
= > v eV\{uv}|labl,] =n}| -7
ne]cr,ntri
= Y {' eV \{v}|lablv,v] = n}| -
nexT
= Z lab®[v, v']
v eV\{v}

Note that for every n € K7\ K=" = K7t ;> = (. By the counting condition of C[v],

Enelcmtri Ymenr Flol(n,m) -n” = k. [

Remark 3.31. Inview of Lemma to check the satisfiability of a C sentence, it suffices
to check the existence of a pseudo-structure G that satisfies the conditions.

In fact, the construction shown in Lemma is a bijection between the set of struc-
tures over T and the set of pseudo-structure over 7. Hence we will say a pseudo-structure
G is a “pseudo-model” of the C2 sentence o, and @ is “satisfied” by G. Moreover, it is
not hard to verify that this bijection is size preserving. Therefore, o is finitely satisfiable

if and only if it has a finite size pseudo-model.

Example 3.32. Let 19, o, and G, be as in Example[3.23. Condition (1)-(3) in Lemma

can be verified. Hence, G is a pseudo-model of p,, implying p is satisfiable.

Intrinsic finiteness. We will show that for every pair of 1-types (my,m) € I1¥ x 1I%,
if they are not null-compatible in ¢, then for every pseudo-model of ¢, the number of
realizations of 7m; and 7, are bounded. We call this property the intrinsic finiteness of p,

which is an important observation to derive the CEB property in the next chapter.
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Lemma 3.33. Let G be a pseudo-model of @. For every I-type 7\, 75 € 11, if they are

not null-compatible in ¢, then n,, < 2K +1orn,, <2K + 1.

Proof.

Case 1: m; = my. Because G is a pseudo-model of ¢, for every v € V™, by the counting

condition, the following holds.

d>ooab ]+ > b= > labv,] =k
VeV \{v} W EV\VT v eV\{v}
Recall that for every 2-type n € K7, ||n|[; > 0. Summing over all the entries and all

elements in V™', we have the following.

Z Z Hlabb[v,v']Hl = Z K — Z |||abl>[v,v']||1

veV™1 v'eV™ \{v} veV ™ v eVA\VTL

< Z K (3.1)

veVT1

=N, K

On the other hand, consider the summation of the forward vector representation of
all edges between V™ in §. Because of the constraint of pseudo-structure, for every

v,v' € V™, lab”[v’, v] = lab™[v, v']. Therefore, the following holds.

D |ab>[v,z/]:%z S lab?[o, o] + lab’[!, o]

veV™ v/eV™ \{v} veV™L v/'eV™ \{v}

:%Z S labP[v, ] + lab v, o'

veVTL v/'eV™ \{v}

Since 7 is not null-compatible to itself, for every v,v" € V™, lab”[v,v'] is not the null

type. Recall that if » € K7 is not the null type, ||7”||, + ||7°||, > 1. Hence, summing over
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all the entries, we have the following.

S Y Ebbll=5 Y X [labfe ], + b,

veV™L v/eV™ \{v} veVTl »/eV™ \{v}

S DN
2 veV™L v'eV™ \{v}

1

- énm (nm - 1)

(3.2)
Finally, the equation (B.1)) and (B.2) imply that n., K > in, (n, — 1). Hence,
Ne, < 2K+ 1.

Case 2: m; # mo. By the similar strategy for case 1, the following holds.

> Y |[1ab[ug, v, + [[1ab” vz, v1]]], < nm K + 1, K = (nr, + ) K

v1EVTL veV T2

On the other hand, because m; and 75 are not null-compatible, for every v; € V™ and

Vg € Vﬂ—2,

|ab[>['l]1,’Ug]Hl—l-Hlabq[’Ul,Ungl > 1. Besides,notethaﬂabb[vg,vl} = |ab<'[vl,v2].

Hence, the following holds.

> > e wf], + flab vl > >0 D 1=nmnn,

v1EVTL veVT2 v1EVTL veVT™2

The equation (B.3) and (8.3) imply that n; 1., < (nx + n.,) K. Suppose to the

contrary that both n,, > 2K + 1 and n,, > 2K + 1. are strict greater then 2K + 1. We

observe that n,, — K > 0. Therefore, n,, < 1_KL < —%%— < 2K. This contradict
nmq 2K+1

that n,, > 2K + 1. O
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Chapter 4

Configurations exponential bound

property

In this chapter, we present the main result of this thesis. In Section §.1, we show that the
exponential size bound (ESM) property no longer holds for C2. In Section §.2, we state
and prove the configuration exponential bound (CEB) property for C2. In Section §.3,
we present the finite version of the CEB property. Finally, we close this chapter with the

upper bound of the smallest model in Section }.4.

4.1 Noncoincidence of SAT(C?) and FIN-SAT(C?)

Unlike FO?, SAT(C?) and FIN-SAT(C?) do not coincide. So, in general, it is unlikely that

we can design an algorithm for SAT(C?) by guessing and checking the model. In fact,

Example gives a C2 sentence that is satisfiable but not finitely satisfiable.

Lemma 4.1. Let 19, 0y be as in Example 3.33. There is no finite pseudo-model satisfying

2

Proof. The proof is by contradiction. Suppose H, is a finite pseudo-model of . Recall
that we have shown that there are only 3 valid configurations C',Cs and Cj5 in ¢q in

ExampleB.19. By Lemma[3.28.2, the following equations about the number of realizations
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in H hold.

Nmymayma) = NCy * Fo(N2, T2) + Ny - F3(2, m2) = ne, + Ny

Nimgiinima) = N0y - F2(12, T2) + Ny - F3(12, m2) = ey

Ny = Ncy - F1(m, m2) = ney 4.1
Nyt m) = NCy - Fa(N1, 1) + ney - F5(1, ™) = ne,

Nmo,f3,m) = NCy FZ(%? Wl) +neg - F3(%7 7r1> = Nc, +Ney

By Lemma ’ Ny mpima) = Mma,iiama) AN Ny 7o) = My 1,my) Which implies the

following linear system holds.

Ney, + Moy = Nmymz,ma) = Mmaia,ma) = NCs

ney = Nrymma) = MWrg,mim) = 1o

The above system has finite solution if and only if n, = n¢, = 0. Note that (' is the only
valid configuration with source type m; in y, by Lemma B.26.3, n,, = n¢, = 0. By the
consequence of Lemma together with equation (1.1)), n¢, + ne, = N(maiz,m) = 0.
Therefore nc, = 0. By Lemma , the size of H, is n¢, + ne, + ne, = 0, whichis a

contradiction. ]
Theorem 4.2. [14, 25] SAT(C?) and FIN-SAT(C?) do not coincide.

Proof. Let @, be as in Example 3.32. By Example3.32, oy € SAT(C?) but by Lemma .1,
wo & FIN-SAT(C?). O

There is, however, an exponential bound on the number of configurations in the pseudo-
structures that satisfy C? sentences. More precisely, a C? sentence ¢ is satisfiable if and
only if it has a pseudo-model G satisfying that the number of configurations realized in G
is at most exponential in the length of o. We call this the configurations exponential bound
(CEB) property for C2. The rest of this chapter is devoted to proving the CEB property.
The purpose is to design the algorithm for SAT(C?) by guessing the set of configurations

and checking whether there is a model that realizes it.
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4.2 CEB property for SAT(C?)

In the rest of this chapter, we fix a vocabulary 7, a C? sentence ¢ over 7 in the normal form,

and a pseudo-structure G = <V, lab{, la bg> over 7. We need some auxiliary terminology.

Definition 4.3. 4 partition VeUVeUVs = V is a proper partition of G in o if it satisfies

the following.

N

. Foreveryv € V, labv] € 1I%.
2. Foreveryv,v' €V, ifv# v, thenlablv,v'] € ’Czplab[v],*,lab[v’]y
3. Foreveryv € VEUVE 3 cq oy lablv,v'] = k.
4. Forevery v € Vi, for every v' € Vs, lab”[v,v'] = 0.
5. I1'F and 1189 gre disjoint.
6. I1VEYY is mutually null-compatible.
Remark 4.4. The proper partition of G is not unique.

The subscripts F, E, and S are for finite, extended, and strong, respectively. The intu-
ition of proper partition is as follows. For every pseudo-model of ¢, by Lemma 3.33, the
number of elements in the pseudo-model realized non null-compatible 1-types is bounded.
The finite part collects those elements. Hence, the size of the finite part is bounded, and
all remaining elements are null-compatible. It is called strongly satisfiable, which will be
discussed more in Chapter f. Since the strong part satisfies some good properties, we can
represent them with a set of valid configurations instead of the elements themself.

To simplify the conditions of the edges between the finite part and the strong part, we
introduce the extended part between them. Therefore, our strategy for the CEB property
is as follows. First, we can guess the elements in the pseudo-model and verify conditions
directly for the finite part and the extended part. Then, for the strong part, we can guess

the set of configurations and check the conditions in the following two definitions.
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Definition 4.5. Let ViUVEUVs be a proper partition of G in ¢ and C be a set of valid
configurations in @. We say that G, VeUVeUVs and C are matching in o if they satisfy the

following.
1. 1I€ C I1%.
2. Forevery C € C, C conforms 11V

3. For every (m,,F) € C, for every 1 € II'F, for every n € K™ if n® # 0,
F(n,m) =0.

4. Forevery (ty, F) € C, for every m € I1'F, if my and 7 are not null-compatible in ¢,

then ), icrnuwi F'(1), ) = nr. Otherwise, 3 yrowi F(1, ) < Ny

As mentioned above, the intuition of the set of valid configurations is the collection of
configurations realized in the strong part of the pseudo-model. However, not every set is
the collection of the strong part of some pseudo-model. The notion of matching captures

their necessary conditions.

Definition 4.6. Let ViUVEUVs be a proper partition of G in ¢ and C be a set of valid
configurations in @. The induced ILP system Qg v.:yviove c 1S defined as follows.
The variables in the system are {x¢c}cec. There are four types of constraints in the

system. For every m € 11VEYYs, the following constraint is in the system.
1. n¥e+ > cecl. To = 3K +3.

For every m,m € Y%, for every n € K™ | ifn® # 0 and at least one of the

(m1,%,m2)’

following hold,

VE—=Vs

L]
Ty o

) > 0, or
* there exists F € F<, such that F(n, ) > 0,
then the following two constraints are in the system.

2. nEE + Ypere, Timr  F(n,ms) > (2K + 1)

© Y mn,me

VE— Ve VE— Vs n
3 mEs ) T ZFGF% T ey ) - F(1),72) = n(fr:ﬁ,fsrl) + ZFeng Ty - F (1, 1.

<7T1’7777T2
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Finally, if |Ve| + |Vk| = 0, then the following constraint is in the system.

The induced ILP system captures the sufficient condition of the strong part of the
pseudo-model. Recall that, by definition, the null type is valid between every element in
the strong part. Hence, unlike the finite part in which we need to assign all edges in the
pseudo-structure, we only care about the non null type edge for the strong part. In fact,
we can set null type to all remaining edges such that the assignment is valid and preserves
the counting condition of elements.

Observe that the number of edges increases quadratically in the size of the strong part,
but the number of non-trivial edges required increases linearly. Hence, if the strong part is
large enough, we can always find a suitable assignment. The first two types of constraints
capture this intuition. The third type constraint state that the number of edges with some
type and the number of edges with the reverse type should be the same. Finally, the fourth
condition prevents the trivial solution.

The following observation and lemma provide the upper bound of the size of the in-

duced ILP system.

Remark 4.7. Observe that the number of the first type of constraints in the system Qg v.cyviove ¢
is bounded by |HVEUV>" < |II7| = 2". The number of the last two types constraints in the

system is bounded by the following.

e e | < o P = e

(1 ,%,m2)

Hence, the number of constraints in the system is bounded by 3 - 2*™ 2",

Lemma 4.8. Let VEUVEUVs be a proper partition of G in ¢ and C be a set of valid config-
urations in . The coefficients in the system Qg vioviove ¢ are non-negative and bounded

by max (|Vg|, 2K + 1)?).

Proof. Forevery (r,, F') € C, by definition, it is valid in . Therefore, for every m € 117,
for every n € K" by Lemma .17, 0 < F(m,n) < K.
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For every 7, s € IIVEY%, for every n € K& » by Lemma B.27.8 and B.28.2, the

<7T1 ¥, T2

number of realizations is bounded by the behavior functions realized in V.

0< e < = Z ”Xslﬂ - F(n, m2)

(71—1777771—2) - <7T177777T2>

Vi
FeFg*

Because VEUVEUVs is a proper partition of G, every realizable configuration in Vg is valid.

By Lemma 3.17 and 3.26.2, the size of both terms is bounded by the following.

VE— Ve Vi Ve
nfEoey < D ki Fom) < | Y0 wf | K < VK

Vi Vi
FeFg® Ferg®

Clearly, all the coefficients of the system are non-negative. Besides, the coefficients
are upper bounded by max (K, |Vg|K, (2K + 1)?,3K + 3) = max (|Vg|K, (2K + 1)?).
O

Now, we are ready to describe our main result, the configuration exponential bound

property for SAT(C?).

Theorem 4.9 (The CEB property for SAT(C?)). The C? sentence  is satisfiable if and

only if there exist the following components.
* A pseudo-structure G over T with a proper partition VeUVEUVs in .
* A set of valid configurations C satisfying G, VeUVeUVs and C are matching in .
* A solution {xc — pc}eoce of the system Qg vioveovs e
Furthermore, their sizes are bounded by the length of . More precisely,
o V]| <6i(n,m, K),

¢ |C| S 92(n7m7K);
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s forevery C € C, pc € [0,05(n,m, K)|U{oco}, where

01(n,m, K) := 2*™ 2" 2 (2K +1)?

Oy(n, m, K) := 2223 (4n 4 4m + 6 + 2[log(2K + 1)])

22n+2m+3

O3(n,m, K) := 2*"" " (4n + 4m + 6 + 2[log(2K + 1)]) (2" (2K + 1)?)

Proof. By Lemma and §.22. [

Remark 4.10. Note that 01(n, m, K) and 0(n, m, K) are exponential in the length of ,

and 03(n, m, K) is double-exponential in the length of v.

The proof of Theorem f.9 is rather technical. So we divide it into two parts. Sub-
section deals with the “only if” direction, and Subsection deals with the “if”

direction.

4.2.1 Proof of the only if direction

We divide the proof of the only if direction into two stages. In the first stage, we show
that the desired components can be obtained by a pseudo-model of ¢, but the size of them
are unbounded. In the second stage, we show how to bound the size of each component

by some techniques from linear algebra.

Stage 1: Standard partition. We first define the standard partition of the pseudo-model
of ¢. The intuitive meaning of this partition is as follows. As mentioned above, the
intuition of the finite part is the collection of all elements whose 1-types are not null-
compatible. Note that for every pseudo-model of ¢, the number of these elements in the
pseudo-model is bounded. Therefore, the finite part of the standard partition collects all
1-types which realized by at most 3K + 3 elements.

Besides, recall that for every 2-type 7 realized in the strong part, the induced ILP
system required that the number of realizations of 7 is at least (2K + 1)?. Hence, if i
doesn’t satisfy the condition, we move the elements which realize n into the extended

part. We repeat this procedure until the strong part satisfies these conditions.
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Definition 4.11. Let G be a pseudo-model of p. The standard partition of G in @ is a

partition Ve UVeUVs where each component is defined as follows.

* Vki= U{WGHV | 0<n.<3K+3} V‘,r

Let VFC be the complement of Vi, that is, VFC = V' \ V&. The set Vg and Vs are defined

inductively. The base case is as follows.

Ve = {v e V¥ ’ There exists v' € Vg such that 1ab” v/, v] # 5}

Ve = VEN Y

Foreveryi > 0, let (my,n,m) € II" x K™ X II" be the tuple with smallest lexicographical

Vi Vi ViV ViV .
order such that 0 < ”(i;;,;g + n<fr;77;2> + n<;:;7752> < (2K + 1)% If such tuple exists,
then VEt! and VIt are defined as follows.

i+l .y v i|Vs— i| = Ve i|VE—
Ve = VeUls ‘(Wl,nm) Uvs |<7T1n7,7r2> UVs ‘<W177777r2> S |(m1,m,m2)

V= v v

Otherwise, Vit .= Vi and V&' .= V2. Finally, Vi and Vs are defined as follows.

2m—+2n
° VF = F2

2m+42n
o Vs = V2

Remark 4.12. Note that for every i > 0, the inductive definition of the standard partition
satisfies VEUVE = V€. Hence, ViUV and Vi are disjoint. Besides, since V& := VE\VE,
Vi and V¢ are disjoint. This implies that VeUVeUVs is a partition of V.

Remark 4.13. Unlike the proper partition, each pseudo-model has a unique standard

partition.

Lemma 4.14. Let G be a pseudo-model of p. The standard partition of G, VeUVEUVs,
satisfies the following.
I |Ve| < 2"(3K + 3).
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2. |Ve| < 2M(3K + 3)K + 2229 4 1)2,

3. Foreverym € II", nYE%%s = (0 or nYEY%s > 3K + 3.

Vs—=Vs
<7T1 77777T2>

VE—Vs
<7T1 ,1’],7I'2>

Vs— Ve
(7‘-117777{-2>

4. Forevery (my,n,m) € II" x K™ x I17, the value of n +n +n

is either 0 or more than (2K + 1)

Proof. For (1), | V| is bounded by the size of each subset.

Ve| = U V] | < > ne < |V |(3K+3) < 2"(3K+3)

T —

{rellV | 0<n,<3K+3} {rellV | 0<n.<3K+3}

Next, for (2), by definition, an element v is in V7 if there exists another elements
v' € Vg such that the 2-type lab[v’, v] is non-trivial. Note that we can decompose V¢

according to the 2-type of the incoming edges. Therefore, the following equation holds.

VP = {v c V¢ ‘ There exists v' € V¢ such that lab”[v/, v] # 6}
C {v % ‘ There exists v' € Vg such that lab”[v/, v] # 6}

= U {v eV ‘ There exists v' € Vi such that lab”[v', v] # 5.}

mell™

U U U{UEVlﬂ“ab[U/,U]:n}

v €VE nefcmntri well™

N

Because G is a pseudo-model of ¢, the size of each subset is bounded by definition of the
realized behavior function and Lemma 3.16.

Vel< > > > [vevl [labl, ol =n}|

v'eVE pekmnti well™

=Y. > > FWimmn

v'eVE pekm i well™ (42)

<) K

v’ eV

< 2"(3K 4 3)K

For every ¢ > 0, if there exists the tuple (71,7, m5) for the construction of VE”I, the
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size of V™ is bounded by Lemma B.27.5.

VIV | BV V)
<7r1,r],7r2> <7717"777T2> <7T177)77T2
V=V ViV in
<7T1»7777T2> <7Tlr77»772>

; VE=VE VEsVE VE=VE
< } Z‘ S S S E E S
< VEL 2 (N mma) T mamma) T W ma)

(VE—)VE
) Ty gma)
VE—=VE
<7T1 77]77‘-2>

Vel < Ve[ +n

S}V€‘+2n +n

(4.3)
+n

< |VE| 422K + 1)

Otherwise, if such tuple doesn’t exist,

equation (#.2) and (4.3).

Ve = [V{|. The size of V¢ is bounded by the

22m+2n

Vel = V8

< e a1y

S “/EO‘ +22m+2n2<2K+1)2

=2"(3K + 3)K + 2*™ "1 (2K + 1)?

For (3), suppose to the contrary. There exists a 1-type 7 € II7 such that 0 < n)eY"s < 3K + 3,
which implies that V. and Vg U Vs are not disjoint. Because V;, C V' by the construction,
this contradicts the fact that Vi and Vg U Vs are disjoint.

Now, we present the proof of (4), first we view some observations. We consider the
sequence Ty, T1,Ts, ... where T; C II" x n™ x II" is the number of tuples (7,7, m)

Ve—Vs VE—=VS

tisfyi VeV

y Ty 0. Clearly, the size of 7; is bounded by

ITI™ x K7 x II"| = 222" We observe that the sequence 7; satisfies the following.
O) Ty, DTy 2Ts...

Recall that Vi C Ve, For every (m,n,m) € II” x K7 x II", by Lemma
and B.27.9, the following holds.

i1 i1 i1 i1 i+1 i1 ) ) . . . .
VROV ot VRV v e i
TT1,7,72 T1,7,72 T1,7,72 - T1,7,72 T1,7,72 T1,7,72
( ) ( ) ( ) ( ) ( ) ( )
S S E S S E _ S S E S S E __
Hence’ 1fn<77177777r2>+n<7r17n77r2> +n(7T1777:7T2> - O’ then n<7r17’r]7772> _I_ n<7T177)77T2> n<7r1 77777T2> - 0.

Therefore, if (71,7, ) € T;41, then (w1, n, m) € T;. This implies that T}, C T;.
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(O2) If there exists the desired tuple for the construction of VE”l, then T;41 C Tj- 4.

Otherwise, 1,1 = T;_;.

Observe that if there exists the desired tuple (71, 7, m2) for the construction of VE”I,

then the following equations hold.

Vi=VE i VE—=VE X

<7T1,’I7,7T2> n<7f177777f2> n
it+1 it+1 i1 it+1 it+1 i1

VS *)VS Ve ~>VS VS —Ve

<7Tl7777772> n<7r1 ,77,71'2> n<7T1777:7T2>

Vsi_>VEi
<7I'1 77777r2>

>0

=0

This implies that (71,7, me) € T;, but (1,1, m2) & T;11. Hence Ty C T;.

Otherwise, if there exists no desired tuple (my,7, m) for the construction of VE”l,

Then Vi = VE. Hence T4, = T;.

(03) If T+t = T, then for every j > i, T; = T;.

Observe that if there exists no desired tuple for the construction of VEZ'“, then there
exists no desired tuple for the construction of VZ where j > i. Therefore, VS;’ =V,

and this implies T = T;.
Now we back to the proof of (4), suppose to the contrary that there exists the tuple
(m1,m,me) € II" x K7 x II7 satisfying the following.

Vs—=Vs
<7T117777T2

0<n )+ nyEYs )+ nys Ve < (2K +1)?

<’7T1 1,702 <7T1777,7r2>

We consider the following two cases.
Case 1: Th2mi2n = Them+2a_1. By the observation (02), there exists no desired tuple
for the construction of V2" ™", but (my, 7, 7o) is such tuple. Hence, a contradiction.

Case 2: Thyem+izn C Tozmion_q. If tozmizn < to2mi2n 1 — 1, By the observation (O3),

for every 0 <4 < 2?m*2n T, | C T. Therefore, the size of Th2m+2n is bounded.
|T22m+2n| S |T22m+2n_1| — 1 S |T22'm+2n_2| — 2 S et S |T0| - 22m+2n S 0

On the other hand, by the assumption, the tuple (my, 7, m2) is in Th2m+2.. This implies

to2m+2n > 1. Hence, also a contradiction. L]
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Lemma provides some useful properties for the standard partition of the pseudo-
model. Now we are going to prove that the standard partition is indeed a proper partition
of the pseudo-model in ¢. Besides, the set of configurations realized in the strong part is

matching with the standard partition, and the number of realizations satisfies the induced

ILP system. We state this formally in Lemma §.15, .16, and §.17.

Lemma 4.15. Let G be a pseudo-model of ¢. The standard partition of G in ¢, Ve UVEUV,

is a proper partition of G in .

Proof. We verify that conditions (1)-(6) in Definition #.3 hold. To show that condi-
tions (1)-(3) hold, note that G is a pseudo-model of ¢, by definition, for every v € V/,
lab[v;] € TI¥. For every v,v" € V, if v; # v, the 2-type lab[vy, v5] is compatible with
lab[v] and lab[v,]. Forevery v € VEUVE, the counting condition holdes, > g\ r,y 1ab[v,v'] = k.

Next, for (4), suppose to the contrary that there exists v; € Vg and v, € Vs, such that
lab™[vy, vs] = 0. By the construction, vy € V2 C V. This contradicts the fact that Vg and
Vs are disjoint.

For (5), suppose to the contrary that there exists v; € Vg and v, € Vg U Vs such that
lab[v;] = lab[vy]. By the construction, v, € V1302l = y/13bl] C VL. This contradicts
that fact that V¢ and Vg U Vs are disjoint.

Finally, for (6), suppose to the contrary that there exists 7,7, € II'EY's such that
71 and 7 are not null-compatible. Because G is a pseudo-model of ¢, by Lemma .33,
Ny, < 2K 4+ 1orn,, < 2K + 1. Therefore, m; € II'F or mp, € II'F, but IT'F and I1"EVY

are disjoint. Hence, a contradiction. [

Lemma 4.16. Let G be a pseudo-model of o and VeUVeUVs be the standard partition of
Ginp. G, VeUVEUVs and CVs are matching in .
Proof. We verity that conditions (1)-(4) in Definition @.§ hold. For (1), for every 1-type
7 € II'5, by definition, there exists an element v € Vs such that its 1-type is 7. Note
that the source type of the configuration C[v] is also 7. Then, by definition, C[v] € C's.
Hence, 7 € TI€"°.

Next, for (2), for every configuration C' € C'5, there exists an element v € Vs such

that C[v] = C. By Lemma B.23, C[v] conforms I1"s C 11"
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For (3), for every configuration (7, F) € C", there exists an element v € Vs such
that (lab[v], F[v]) = (ms, F). For every © € II'¥, for every n € K™ if ¢ % 0, then
7 is non-trivial. Because ViUVEUVs is a proper partition and 7] is non-trivial, V}W = VF‘7T

and n, 2", = 0. By Lemma B.27.2, the following holds.

<7T7';]v?7r5>

Fv](n,m) = Hfu’ € V|7r ‘ lab¥[v,v'] = 77}‘

]

— Hv’ € Vil ‘ lab¥[v, v']

Vs— Vg V= V4
< S [ Frvs
- n<7r577777r> n<7r77777r5> O

Finally, for (4), for every (m,, F') € C'5, there exists an element v € Vs such that
(lab[v], F[v]) = (ms, F). For every m € II'F, consider the following decomposition of
V|

V}ﬂ = U {v' € V| lablv,v'] = n}

nexT
Clearly, the subsets are mutually disjoint. Note that for every n € K7, because of VEUVEUVs
is a proper subset, if 79 £ 0, then the size of the subset is 0. Therefore, we can compute

the value of n, by the following.

ne= Y |{v/ €V |lablv, o] =n}|

nexT

= > [ eVillablv, v =nt+ Y v €Vi|labv,v] = n}
nEICT’nm nE’CT’m

= Z F[’U](W’W) + |{UI € V7T | |ab[’U,UI] = 77nu||}|
ne’CT,ntl’i

If s and 7 are not null-compatible in p, then [{v’ € V; | lablv,v'] = naun}| = 0. Hence,

> Fl(nm) =n¥.

77E;c-r,ntri
Otherwise, 3°, rn Fv](n, ) < n)F. O
Lemma 4.17. Let G be a pseudo-model of v and Ve UVeUVs be the standard partition of

G in @. The system Qg v. v, cvs has a solution in N.
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Proof. We claim that {x(; — ngs} is a solution of the system Qg v iz cvs: We

cecvs
consider four types of constraints in the system.

1. Forevery 7 € I1V8"Ys By Lemma #.14.3, B.26.4|, and B.26.3, the following inequal-

ity holds.

Ve
3K +3 < nlWs =nlE 4 nls =l 4 E ne
CGCVS|W

This implies that the first type constraint holds.

n7‘r/5+ Z zo > 3K +3
CECVS‘W

p,Ntri
7r Sk 7r2

2. For every my, 7y € I1VEYYS, for every n € IC satisfying n° # 0, because

VEUVEUVs is a proper partition, n)f = 0. nys—Ve 1s bounded by Lemma

(m1,m,m2
and B3.27.7.
Vs—Ve Vs(=Ve) (Vs=)W Vs(=Ve) Ve _
<7T177777T2> S (71'1777:71'2) n<7r177777r2> S <7717"77772> n7r2 O

Note that by Lemma 3.27.8 and .28.2, we have the following equation.

Vs—Vs Vs—VE o Vé—>V
n(”lﬂ?:ﬂ'Z) + n<7r177777r2> - 7T177777T2 x 71'1, 777 7r2)

FeFgs

Consider following two conditions.

VE—=Vs
<7T1,7]77T2

>>O-

* There exists v; € Vs such that l[ab[v;] = m and F[v](n, m2) > 0, which

Vs—Vs
<7T1 1,72

Vs—Ve

implies n (rrmm2

By Lemma }.14.3, both conditions imply the following.

Vs—Vs
(m1,m,m2)

I AN NN (2K +1)?

<7T177777T2> (7r1,77,7r2)
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Hence the second type constraint holds.

V Ve
mES D Ty Flgm) > (2K 4+ 1)
Fe]—‘ﬁ1

Lemma 4.18.

3. Forevery m, my € II8YYs foreveryn € IC“”’”U' ) satisfying n* # 0, by LemmaP.27.2,

7T JK, T
the following holds.
Vs—Vs Ve—Vs Vs—Ve V=g Ve—=Vs Vs—Ve
<7f177777f2> + n<7r177777r2> + n<7r177777r2> - n<7r27ﬁv7r1> + n<7r277777r1> + n<7r27ﬁv7r1>

With the similar argument to second type constraint, the following holds.

VE%VS VE~>V5
Ty m,ea) + Z n7r1F 77771-2) (o 1) + 2 : an 77,7T1)
FeFes FeFe)s

Hence the third type constraint holds.

VE—>VS VE—>VS
(71'177] m2) + Z Ly, F) 77’7T2) 7r2777r1 + L(ma,F) 7777T1>
7
Fefgl FeFgS,>®

4. Note that |Vi|+|VE[+D_cevs e is the size of the pseudo-model. Since the pseudo-
model is non-trivial, its size is non-zero. If [V¢| 4 [Vg| = 0, then ) .vs ne > 0.

This implies that the fourth type constraint holds.

Stage 2: Bounding the size of each component. We already constructed a pseudo-
structure and a set of valid configurations which satisfied all conditions, but their size is
unbounded. The goal of stage 2 is to construct bounded components from them. Our

main tools are linear algebra techniques. We construct the desired components with three

Lemma #.18, 4.19, and %.20.
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Let VEUVEUVs be a proper partition of G in p and C be a set of valid configurations
satisfying G, VeUVeUVs, and C are matching in .

There exists a pseudo-structure H over T satisfying the following.

\U| < |VE| + |VE| + 2" K.

* H has a proper partition UsJUgUUs in .

H, UrUUeUUs and C are matching in .
* The system Qg vioveove.c and Qu v.oveous c are the same.

Proof. We construct such pseudo-structure H directly. Each component is defined as

follows.

* Let Up := Vg, Ug := Vg, and Us = |, crvs {tn,1, U2 - - - Un i} Where g, is a

fresh element. The universe U := UrUUgUUs.
» For each u € U, we assign the 1-type of u by the following rules.

— Ifu € Ur U Ug, lablf[u] := laby [u].

— Ifu = uy,, lablf[u] == .

* For each uy,us € U, we assign the 2-type of (uq, us) by the following rules.

Iful,u2 € Ur U Ug, |ab?[u1,ug] = |abg[U1,U2].

If uy, us € Us, |ab?[u1, Usa] = Nnull-

If u; € Ur and uy € Us, Iabé‘ [ug, ug) == |abg[u1, vs], where v is an element

in Vs satisfying lab%[v,] = lab™[us),

Finally, we assign the 2-type of edges between Ug and Us by the following pro-
cedure. We fix an order of KX™", say 11,7, . . . , Jo2m_om. For every u € Ug,
for every m € TI%, for every 0 < i < 22™ — 2™ let t;"" be the number of

outgoing edges from u to Vs whose 2-type is 7;, where j < i. Formally, ¢;""
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is defined as follows.

0 ifi=0

tu>7T .

Zje[i] Fg[“](ﬁjaﬂ) otherwise

Forevery 1 < i < 22"—2™ Forevery {7 < j < t*7,letlab™[u, ur ;] := ;.

Otherwise, for every ty5, o,m < J < K, IabH[u, Uz j] = Nnull-

Note that because VEUVEUVs is a proper of G in ¢, hence,

tgg:n_Qm = Z Fg[b](ﬁﬂ) <K.

77E}O—,ntri

This implies that we can always find such elements, and the above procedure

is well defined.

Clearly, the size of H is bounded.
U| = |Ug| + |Ug| + |Us| = |V&| + |VE| + [II*| K < |VE| + [VE| +2"K

Since Ur = Vi, Ug = Vg, and I1Ys = II'5, it is not difficult to verify that UrUUg UUs
is a proper partition of H in (.
Observe that the construction of H guarantee that for every m, 7 € II7, for every

n e K™ if n° £ 0, the number of realizations of 1) between Vg and Vs is preserving.

VE—>VS . UE—>U5
(mimyme) — {mm,m2

Vs—Ve Us—Ug

Thatisn (r1mme) n(m J1,2)

) and n . Then it is not difficult to verify that
G, UrUUgUUs, and C are matching in ¢, and the system Qg vioveove.c and Qg pooveovs.c

are the same. O]

Lemma 4.19. Let VEUVEUVs be a proper partition of G in o and C be a set of valid con-
figurations satisfying G, VeUVEUVs, and C are matching in ¢ and the system Qg vioveove c
has a solution in N..

There exists a set of valid configurations in p, denoted by D, satisfy the following.

 |D] < 2%2m+3 (20 + 2m + 4 + [log (max (|Ve|, 2K + 1)))]).
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s G, VeUVEUVs, and D are matching in .

* The system Qg vioveovs,p has a solution {xc — pc}eep it Nuo.

Proof. Let d be the number of constraints of the system Qg v ;01 p- By Remark b7, dis
bounded by 322", Let ¢ be the maximum coefficients in the system Qg v.cvz01z p- BY
Lemma 1.8, ¢ is bounded by max (|Vg|, (2K + 1)?). By Lemma .16, the system has a so-
lution in N, if and only if it has a solution with at most 2(d + 1)(log(d + 1) + [log¢] + 2)

non-zero elements. LetD := {C' € C | po > 0}. Then the size of D is bounded as follows.

|D| <2(d+ 1)(log(d + 1) + [loge] + 2)

< 2278 (20 + 2m + 4 + [log (max (|Ve|, 2K +1)%))])

Observe that IIP C II¢, then it is not difficult to verify that G, VeUVEUVs and D are also
matching in ¢.

Next, we claim that {x¢ — pc}ocp is a solution of the system Qg v.ovzovep. The
main observation is that for every 7, m, € II7, for every € K7™ because D collect all

configurations C' in C which has non-zero p¢, the following equations hold.

ZPC: Z bc

cecl,, CeD|,,
Z Pimy Fy F(7777TZ> = Z P, F) 'F(naﬂ'Q)
FeFg, FeFh

We verify four types of constraints in the system as follows.

1. For every m € II'EY%5, by the first type constraint in the system Qg vioveove,c and

the main observation, the following holds.

nyf+ Y pe=nf+ Y pe>3K+3
CeD|, ceCl,

This implies that the first type constraint in the system Qg v, :v,0v; ¢ holds.

nve+ Y e >3K+3
ceD|,
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2. Forevery m, m, € I8V for every n € IC‘p’nt” ,if n # 0 and at least one of the

7T1 * 7T2>

following holds,

Ve—Vs
<7T1 ,7],7T2>

> (0, or

» there exists /' € F2 C F< such that F(n, m) > 0,

by the second type constraint in the system Qg v 1;01% ¢ and the main observation,

the following equation holds.

V Ve V Va
(;;:7;2>+ § Piry,Fye F(n,m) = 751_;7 ;2 + § Piny,F) F(n,m) > <2K+1)2
FeFh FeFg,

This implies that the second type constraints in the system Qg v;vz0v¢, p holds.

nEE A+ D> Ty - Fn,m) > (2K +1)°

m M572)
Fe]—‘D

3. By the third type constraint in the system Qg vz ¢ and the main observation,
the following equation holds.

V Ve
mES Y P - F(n,m2)
FeFh

V Ve
=N oy T Z Pimy, ) - F (1, 72)
Fe]—‘c

V 1% ~
752_:7 7srl + Z Py, F) F(n77T1>
FeFg,

V Ve ~
;;77 7Srl + Z Py, F) - F(naﬂ-l)
Ferk,

These imply that the third type constraint in the system Qg v 1,01, p holds.

VE—>VS VE—>V5
71-1777771-2 + Z x 7T1’ 777 7T2) 71'2777’771 + ':C 7727 77’ 7T1)
FG]:D FE.FD

4. By the fourth type constraint in the system Qg v, v;0v; ¢ and the main observation,
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Y cecv Nc = D cepv e > 0 This implies that the fourth type constraint holds.

Z$0>0

]

Lemma 4.20. Let VeUVEUVs be a proper partition of G in @ and C be a set of valid con-
figurations satisfying G, VeUVeUVs, and C are matching in o and the system Qg vioviove ¢
has a solution in N.

The system Qg vioveovs ¢ has a solution {xc — pc} oo such that for every C' € C, po

22n+2m+3

is either infinity or bounded by (3 - 22"2™ 4 |C|)-(3 - 22" 2™ . max (|Vg[, (2K + 1)?))

Proof. Let d be the number of constraints of the system Qg v.¢v.0v. p- By Remark U, dis
bounded by 3-2"*2"_ Let ¢ be the maximum coefficients in the system Qg v. vz0v: p- BY
Lemma 1.8, ¢ is bounded by max (|Vg|, (2K + 1)2). There are |C| variables in the system.
By Lemma 2.17, the system has a solution if and only if it has a solution {x¢ + pc} cec In
N, such that for every C' € C, p is either oo or bounded by (|C| + d) (ds)®**". Hence,

pc 1s bounded as follows.

pe < (IC] + d) (ds)*H

22n+2m+3

< (3-22m2m 4 ie)) (322 max (|VE, (2K +1)%))

]

Finally, by combining all these lemmas, we can prove the only if direction of the CEB

property.

Lemma 4.21. If the C? sentence o is satisfiable, then there exists the following compo-

nents.
* A pseudo-structure G over T with a proper partition VeUVeUVs in .
o A set of valid configurations C satisfying G, VeUVeUVs and C are matching in .

* A solution {xc — pc}oee of the system Qg vioveove e
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Furthermore, their sizes are bounded by the length of . More precisely,
o V]| <6i(n,m, K),
° ’C’ S 92(”7 m, K)’

* for every C € C, pc € [0,03(n,m, K)|U{oco}, where 01(n,m, K), 05(n,m, K),

and 03(n, m, K) are the same as in Theorem .9,

Proof. Let H be a pseudo-model of ¢ and UrUUgUUs be the standard partition of H
in ¢. By Lemma §.13, UrUUgUUs is a proper partition of 7 in ¢. By Lemma §.16,
H,UrUUgUUs, and CYs are matching in ¢. By Lemma .17, the system Qy, ;s cUs
has a solution in N,.

Because H, UrUUgUUs, and CYs are matching in ¢, by Lemma §.18, there is a pseudo-
structure G over 7 with a proper partition VeUVEUVs satisfying G, VEUVEUVs, and C'5 are
matching in . Besides, the system Qy . ovecvs and Qg oy, cvs are the same.
Hence, the system Qg 1. vz 1¢ cus also has a solution in No.. Note that the size of G is

also bounded by the Lemma §.18,

| 4 |VE| + 2" K. Since Vi = Ur and V¢ = Uk,

together with Lemma §.14.1 and §#.14.2] the size of G is bounded as follows.

VI <VE" [+ [VE" | + 2K
<2"(3K +3) + (2"(3K + 3)K + 22" (2K 4+ 1)%) + 2"K

S 22m+2n+2(2K + 1)2

Because G, VEUVEUVs, and C'5 are matching in ¢ and the system Qg v 1.0y cvs has
a solution in N, by Lemma [§.19, there is a set of valid configurations C satisfying G,
VEUVEUV, and C are matching in ¢ and the system Qg vzovio: ¢ has a solution in No.

Besides, the size of C is bounded.

€| < 22723 (20 4 2m + 4 + [log (max (|Ve|, 2K +1)%))])

( (ma
< 222 (9 4 o 4 4+ [log (2" (3K + 3)K + 22" 2K 4 1)2)])
< 92n+2m+3 (2n+ om + 4 + { og (22m+2n+2 2K + 1) ﬂ)

< 92028 (4ny 4 4 + 6 + 2[log(2K + 1)])
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Finally, by Lemma B0, the system Qg v.ovz0v4,c has a solution {x¢ — pe} . .p sat-

isfying that for every C' € C, if p¢ is finite, then its value is bounded.

22n+2m+3

Pe S (3 X 22n+2m + ’CD (3 . 22n+2m . max (l‘/E|7 (2K + 1)2))

22n+2m+3

S (3 . 22n+2m + ’CD (3 X 22n+2m . (2”(3[( + 3)K + 22m+2n+1<2K + 1)2))

22n+2m+3

S (3 . 22n+2m + |C|) (24n+4m+4(2K + 1)2)

22n+2m+3

IN

22" (dn 4 dm + 6 + 2[log(2K + 1)]) (2T (2K +1)?)

Hence, G, VEUVEUVs, and C are desired components. O

4.2.2 Proof of the if direction

The proof of the if direction is straightforward. We construct the pseudo-model from such
components directly. Recall that the elements in the finite part and the extended part of
the proper partition satisfy all conditions for the pseudo-model. Hence, we keep those
elements. The main challenge of the construction is to correctly assign the 2-type for the
edges in the strong part such that the result pseudo-structure is indeed a pseudo-model.
The idea is based on the induced ILP system. Since the number of realizations in the
strong part are all large enough, we can always apply some “switching” procedure to find
a suitable target element to assign the desired 2-type.

Lemma implies the if direction of the CEB property. In fact, it is stronger since

it comes with the size of the pseudo-model.

Lemma 4.22. The C? sentence ¢ is satisfiable, if there exists the following components.
* A pseudo-structure G over T with a proper partition VEUVeUVs in .
o A set of valid configurations C satisfying G, VeUVeUVs and C are matching in .
* A solution {xc — pc}oee of the system Qg v c-

Furthermore, @ has a pseudo-model H with size |U| = |V| + |VE| + D ccc Pe-

Proof. We show the construction of pseudo-model H. For every C € C, for every

€ [pc), let uc; be a fresh element, and Us be the set that collects all those elements.
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Formally, Us := Jpoce{uc1, uc2, - - -, ucyp. }. By definition, IT¥s = II°. Note that be-
cause G and C are matching, II° C II'5. Therefore, II”s = II¢ C II'5. The intuition of
the construction is as follows. We define the objective configuration of element v in H. If
u € VEUVE, then its objective configuration is the same as in G. Otherwise, ifu € Us, then
u = uc,, and its objective configuration is just C. The following construction guarantee
that the configuration of u in H is exactly its objective configuration. Each component of

‘H is defined as follows.
e The universe of H is the union of Vg, Vg, and Us, that is, U := VF U VE U Us.

» The label of vertices in H is assigned by the following rules. For every u € U, let

(ms, F') be the objective configuration of u, and lab™[u] := T,.

* Finally, the label of edges in H is assigned with the following procedure. First, for
the edges in Vi and edges between Vi and Vg, its label is the same as in G. Second,
for the edges between Vi and Us, its label is by the matching condition. Finally,
for the edges in Vg U Us, its label is by the induced ILP system. We divide it into
three different cases, the two-direction non-trivial 2-types, the one-direction trivial

2-types, and the null type.

Step 1: For every uy, us € Vg satisfying uy # s, its label is the same as in G, that
is, |abH[u1,uz] = |abg[u1,uQ].

For every u; € Vg, for every us € Vg, its label is the same as in G, that is,
lab™ [uy, us] := lab%[uy, us).

Step 2: For every u € Us, let (7, F') be the objective configuration of u. For every

7 € IIF, we assign the label of edges between u and the elements in V¢

I that is,
the set of the elements in Vi realized 1-type 7, with the following procedure. For

every n € K™ pick F(n, 7) unset elements in V¢

, and assign the edges between
™

u and them with 2-type 7. After that, if there are still unset elements in V¢

i then

we assign the edges between v and them with null type.

Because G, VEUVEUVs and C are matching in o, if 7, and 7 are not null-compatible

in ¢, then Znelcmtri F(n,m) = ‘VF|7F|. Otherwise, ZT]E/CT*M” F(n,m) < ’VFM.
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Therefore, this guarantee that the existence of unassigned edges in the above pro-
cedure. Moreover, by the definition of valid configuration, the 2-type set are com-

patible with 7, and 7.

Step 3: In this step, we assign the label of edges in Vg U Us whose 2-type is two-
direction non-trivial. For every u,, us € Vg satisfying u; # us, ifla b9* [u1, ug] # 0

and lab¥[uy, us] # 0, then lab™[uy, us)] := lab¥[uy, uy).

For every 1, my € IIVEYUs for every i € ICZ‘;T:M), if 7 # 0 and ° # 0, then we
assign the edges in Vg UUs whose 2-type is ) with the following procedure. Because
the assignment {x¢ > pe} e is a solution of the system Qg v.ovz0v% ¢ by the third
type constraint in the system, the number of edges which required by the elements’
objective configuration are the same. Hence, it is trivial to assign parallel edges in
‘H with 2-type 7 satisfying the following. For every element u € VEUUs, let (7, F')

be the objective configuration of u, if 7, = 7, then the number of outgoing edges

from u with type (71, n, m) is exactly F'(n, ms).

Note that for every element u € Vg U Us, because the objective configuration of
each element is valid in ¢, and we only assign the non-trivial edges in Vg U Us, there
are at most K outgoing edges from u to Vg U Us. For every edge (u1, us) in Ve U Us,
for every element u € Vi U Us, we say u is related to (uq, us), if there exists the
edge (uq,u) or (ug,u). Since there are at most K outgoing edges from u; and K
outgoing edges from u,, the number of elements related to (ug, uy) is bounded by
2K. For every edges (u1, u2) and (ug, uy) in Ve UUs, we say they are related if uz or
uy is related to (uq, uz). The number of edges which related to (uy, us) is bounded.
Since there are at most K outgoing edges from each related element, the number of

edges related to (uy, u) is bounded by 2K72.

To resolve the parallel edges in the above construction, we consider the following
“swapping” procedure. Let u; and us be elements in Vg UUs satisfying that there are
two parallel edges between them with 2-types n and 7/, respectively. By second type
constraint, the number of edges with type (1, 7, m2) in VeUUs is at least (2K +1)?,

but the number of edges related to (u;, us) is bounded by 2/K2. Hence, there exists
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a edge (ug, uy) satisfying that its type is (my, 77, 7o), and it is not related to (uy, us).
Now, we remove the edges between (uq,us) and (ug,uy) and assign new edges
(u1,uq) and (ug, us) with 2-type n. Clearly, for the elements w1, uy, us, and uy, the
number of edges connected to it with specific 2-type is preserved. Furthermore, the
number of parallel edges in H decrease. Hence, we can repeat the above procedure

until there is no more parallel edges in H.

Step 4: In this step, we assign the label of edges in Vg U Us whose 2-type is one-

direction trivial. For every u € Vg U Us, let (7, F') be its objective configuration,

T,ntri
(71—5 ,*771')

for every m € IIVEYYs, for every n € K satisfying ¢ = 0, we pick F(n, )
elements in Vg U Us satisfying there are no edges between v and them, and assign
the edges with 2-type 7. If there is no such element, then we apply the following

“swapping” procedure.

Case 1: 7, = 7. We divide the set (Vz U US)‘7r into four parts. Let S; be the
subset of (Vg U Us) ‘ﬂ such that the 2-types between u and them are non-trivial. Let
S be the subset of (Ve U Us) {W such that the 2-types between u and them are trivial.
Let S5 be the subset of (Ve U Us) |7r such that the 2-types between u and them are
not assigned. Finally, the set of u itself. Clearly, the above four sets are disjoint.
Note that the number of outgoing edges from u are bounded by K. Therefore, if

|S1| 4+ |95] > K, then we can always find desired elements from S.

Suppose |S1] + |53] < K, By the first type constraint, the size of the set S5 is

bounded as follows.

12l = | (R UTs)|, | =111 = S5] = {u} = BK +38) = K =12 2(K +1)

s

Hence, the number of edge in S, is at least £]55| (|Sa| — 1) > 2K[S5|. On the other
hand, the number of assigned edges in .Sy is at most K|S5|. Therefore, there exists a
unassigned edge, say (u1, us), in S3. Let 7’ be the 2-type of the edge (u, u;). Now,
we remove the edge (u, uy), and assign the edge (us, u;) with 2-type 7. Because

up € Sy, n" = 5, the number of edges connected to u, u;, and us with specific
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non-trivial 2-type is preserved. Furthermore, the size of the set S5 increase. Hence,

we can repeat the above procedure until the set Ss is large enough.

Case 2: 7, # w. The procedure is similar. We divide the set (Vg U Us) ‘ﬂ into
three parts. Let S; be the subset of (Vg U Us) ‘W such that the 2-types between u
and them are non-trivial. Let Sy be the subset of (Vg U Us) ‘ﬂ such that the 2-types
between v and them are trivial. Let S5 be the subset of (Vg U Us) ’ﬂ such that the
2-types between v and them are not assigned. Clearly, the three sets are disjoint.
Note that the number of outgoing edges from u are bounded by K. Therefore, if

|S1| 4+ |S5] > K, then we can always find desired edges from S;.

Let U; be the subset of (V& U Us) }ﬂ \ {u}. The number of edge between U; and
Sy is at least |U;]]S2]. On the other hand, the number of assigned edges between
Uy and Sy is at most K (|U;| + |S2]). Suppose |S1| + |S3| < K, By the first type

constraint, the size of the set U; and S, is bounded as follows.

0> (US|, |~ [{u}l > (K +3) ~1 > 3K +2
95| > |(Ve U Us)| | = [Si] = [95] > (BK +3) — K > 2K +3

We observe the following.

AR 1 1 1 1 1
= + < + < =
|U1| S| [Ur] || T 3K +2 2K +3 K

Therefore, the following holds.

|U1[[Sa] > K(JUL] + [S2])

The above inequality implies that there exists a unassigned edge, say (u, uz), be-
tween U; and S3. Let 1y’ be the 2-type of the edge (u, u;). We then remove the edge
(u,uy), and assign the edge (uy, u1) with 2-type 7'. Because u; € Sy, n” = 0,
the number of edges connected to u, w1, and uy with specific non-trivial 2-type is

preserved. Furthermore, the size of the set S5 increase. Hence, we can repeat the
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above procedure until the set S5 is large enough.

Step 4: We assign all remaining edges with null type. Note that, by the condition
of proper partition, the 1-types realized in Vg U Us are null-compatible. Besides, the

null type edges doesn’t change the counting conditions of the elements
The size of H is as follows.

U = |VE| + |VE| + |Us|

= |‘/F| + |VE’ + Z |{uC,17uC,27 s 7uC,pc}|
ceC

= |VE| + |VE| + ZPC
cec

4.3 CEB property for FIN-SAT(C?)

The CEB property for FIN-SAT(C?) is similar to SAT(C?). The only difference is that the
solution of the induced ILP system is restricted to finite. In this section, we do not provide
the whole proof of the CEB property for FIN-SAT(C?), but we will point out the main

modification in the proof.

Theorem 4.23 (The CEB property for FIN-SAT(C?)). The C? sentence y is finitely satis-

fiable if and only if there exist the following components.
o A pseudo-structure G over T with a proper partition VEUVeUVs in .
o A set of valid configurations C satisfying G, VeUVeUVs and C are matching in .
* A solution {xc — pc} e of the system Qg vioveovs e
Furthermore, their sizes are bounded by the length of p. More precisely,
¢ V] <6i(n,m, K),

¢ |C| S 92(n7m7K);
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» for every C' € C, pc € [0,03(n,m, K)|, where 01(n,m, K), Os(n,m, K), and
05(n, m, K) are the same as in Theorem .9,

Proof.
(If.) By Lemma §4.23.

(Only if.) It is sufficient to show that the size of the pseudo-model constructed by
Lemma is finite. Let H be the such model. Note that the size of H is |VF| + |VE| +
Y cec pe. If for every C' € C, pc is finite, then the size of H is also finite. Hence, H is a

finite pseudo-model of ¢, and ¢ is finitely satisfiable. [

Lemma 4.24. Let VeUVEUVs be a proper partition of G in o and C be a set of valid con-
figurations satisfying G, VeUVEUVs, and C are matching in ¢ and the system Qg vioveove
has a solution in N.

There exists a set of valid configurations in ¢, denoted by D, satisfy the following.
| D] < 22F2m+3 (2 + 2m + 4 4 [log (max (|VE|, (2K + 1)))]).

« G, VeUVeUVs, and D are matching in .

* The system Qg vioveovs p has a solution {xc — pc}eoep in N.

Proof. The proof is similar to Lemma §.20. The only difference is that the solution of the

system Qg vioveuvs ¢ 18 restricted to finite. [

Lemma 4.25. If the C? sentence ¢ is finitely satisfiable, then there exists the following

components.
* A pseudo-structure G over T with a proper partition VeUVeUVs in .
* A set of valid configurations C satisfying G, VeUVeUVs and C are matching in .
* A solution {xc — pc}oee 0f the system Qg vioveovs e
Furthermore, the size of them is bounded by the length of . More precisely,
¢ V] <6i(n,m,K),

¢ |C| S 92(n7m7K);
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» for every C' € C, pc € [0,03(n,m, K)|, where 01(n,m, K), Os(n,m, K), and
05(n, m, K) are the same as in Theorem .9,

Proof. The proof is similar to Lemma §.21. Here, we only prove that it has a finite as-
signment. Because ¢ is finitely satisfiable, we choose a finite pseudo-model for H in the

proof. We have proved that {xc = ngs } is a solution of the system Qy; 100 cUs

cecls
in Lemma .17, Clearly, ng® < |U] is finite. Hence, the system has a finite solution.

Finally, by Lemma instead of Lemma .20, for every C' € C, pc < 05(n, m, K).
O

4.4 Bounds on the size of the model

As a direct consequence of the CEB property, we close this chapter by discussing the upper

bound of the smallest pseudo-model of .

Lemma 4.26. If the C? sentence  is finitely satisfiable, then it has a pseudo-model whose

size is at most 04(n, m, K), where

22n+2m+3

Os(n,m, K) := 248 (4 4 dm + 6 + 2[log(2K + 1)])* (2" (2K + 1)?)

Proof. Since ¢ is satisfiable, by Lemma §.23, there exists the pseudo-structure G over 7
with the proper partition VEUVEUVs in ¢, the set of valid configuration C in ¢ and the

assignment {x¢ — pc} e in N, such that their sizes are bounded.
« V] <0i(n,m, K);
* |C] < 0y(n,m, K);
« forevery C' € C, pc € [0,03(n,m, K)].

By Lemma #.22, together with the components G, VeUVEUVs, and C, ¢ has a pseudo-
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model H whose size is bounded.

U < VRl + Vel + > pe
ceC

<[V +IC|-03(n, m, K)
< 0O1(n,m, K)+ by(n,m, K) - 05(n,m, K)

22n+2m.+3

< 28T (4 4 dm + 6 + 2[log(2K + 1)])* (2" (2K + 1)?)

]

As mentioned before, the ESM property no longer holds for the satisfiability problem
of C2. We have shown that SAT(C?) and FIN-SAT(C?) do not coincide in Theorem 4.2,
Moreover, the ESM property does not hold even for the finite satisfiability problem of
C2. The following double-exponential size model property of C? is a simple corollary of
Lemma §.26. Though the complexity of FIN-SAT(C?) is NEXPTIME, still, the guessing

and checking algorithm does not match the NEXPTIME lower bound.

Theorem 4.27. [25] If the C? sentence ¢ is finitely satisfiable, then it has a pseudo-model

with size at most double-exponential in its length.
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Chapter 5

Algorithms for the satisfiability of C2

In this chapter, we present alternative NEXPTIME algorithms for the satisfiability and
finite satisfiability problems of C? from the CEB property. In Section B.1|, we discuss the
certificate and the verifier for the satisfiability and finite satisfiability problems of C?. In
Section 5.2, we present the algorithm for SAT(C?). Finally, we present the algorithm for
FIN-SAT(C?) in Section 5.3,

In the rest of this chapter, we fix a vocabulary 7 and a C? sentence  over 7 in the

normal form. Let n and m be the number of unary and binary predicates in 7, respectively.

5.1 Certificate for SAT(C?) and FIN-SAT(C?)

Observe that the sizes of each component stated in the CEB property are finite. Further-
more, they can be encoded by only exponential many bits in the length of the C? sentence

. Then, we can obtain the certificate of (o from the CEB property.

Definition 5.1. The certificate of ¢ is a tuple ¢ = (G, VeUVeUVs, C, {xc — pcleee).

Each component satisfies the following.
1. G is a pseudo-structure over T.
2. VeUVeUVs is a proper partition of G in .

3. Cis a set of valid configuration in .
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4. G, VeUVEUVs and C are matching in .

5. {xc = peteoec is a solution of the system Qg vioviove ¢ i Noo.

Remark 5.2. The certificate of o is not unique. In fact, the proof of Lemma gives

different certificates if we choose different pseudo-models of .

Remark 5.3. Note that there is no constraint on the sizes of the components in Lemma .22,

Hence, there may exist a certificate c of p such that the size of c is unbounded.

Although the certificate of  is not unique, and its size is unbounded, the CEB property
guarantee that ¢ has a short certificate. Hence, we can design the algorithm by guessing

and checking the certificate instead of the pseudo-model itself.

Lemma 5.4. The C? sentence  is satisfiable if and only if it has a certificate ¢ such that

c can be encoded by exponential bits in the length of .

Proof. By Theorem .9, ¢ is satisfiable if and only if there exists a pseudo-structure G
over T, a proper partition VEUVEUVs of G in ¢, a set of valid configurations C in ¢ such
that G, VEUVEUVs and C are matching in ¢, and a solution {z¢ — pc} e of the system
Qg vioviove ¢- Furthermore, the size of each component is bounded. Hence, these compo-
nents are a certificate of ¢. Then, it is sufficient to show that each of them can be encoded
by exponential bits in the length of ¢.

For the pseudo-structure G, its size is bounded by 0, (n, m, K). Recall that 6, (n, m, K)
is exponential in the length of . We can encode the index of each vertex in binary, which
takes only polynomial bit. Besides, the labels of the vertices and edges are 1-types and
2-types which can represent by n and 2m bits, respectively.

For the set of valid configuration C, its size is bounded by 65(n, m, K). Recall that
05(n, m, K) is exponential in the length of . For each configuration C' € C, C' consists
of'a 1-type and a behavior function. Note that the valid behavior function is a function from
KT II™ + K. Then, we can encode this function by [K™"" x II7| x [log K] < 2*"*?™[log K|
bits.

For the assignment {z¢ +— pc} e, the number of variables is bounded by |C|. For

each C' € C, pc € [0,03(n, m, K)|U{cc}. Though 05(n, m, K) is double-exponential in
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the length of ¢. It takes only exponential bits to encode the element in [0, 03(n, m, K)] in
binary. We can add one extra bit to represent the infinity. Hence, encoding the assignment

takes only exponential bits. Therefore, these components are desired certificate. L]

Hence, we have the following ALGORITHM-A. The correctness of ALGORITHM-A is by
Lemma5.4. It is not difficult to check that ALGORITHM-A takes deterministic polynomial-
time in the length of the input formula ¢ and the certificate, which implies that ALGORITHM-A

is a polynomial-time verifier of SAT(C?).
Theorem 5.5. [25] SAT(C?) is in NEXPTIME.

Proof. We observe that ALGORITHM-A is a polynomial-time verifier of SAT(C?). Besides,

the C? sentence ¢ is satisfiable if and only if it has a exponential length certificate. By

definition, SAT(C?) is in NEXPTIME. O

ALGORITHM-A
Input: A C? sentence ¢ and a certificate ¢ = (G, VeUVEUVs, C, {x¢ — peteee).
Task: Accept if and only if c is a certificate of .

1: Check whether VEUVEUV5s is a proper partition of G in .
2: if it is not a proper partition then
3:  REJECT
4: for every configuration C'in C do
5 Check whether C' is valid in .
6:  if it is not valid then
7
8
9

REJECT

: Check whether G, ViUVEUVs and C are matching in ¢.

. if they are not matching then
10: REJECT
11: Check whether {z¢ — pc}oec is a solution of Qg veoviovs c-
12: if it is not a solution then
13:  REJECT
14: ACCEPT

5.2 Algorithm for SAT(C?)

It is quite standard to construct the non-deterministic algorithm from the verifier by guess-
ing all possible certificates. It is not difficult to check that ALGORITHM-B takes non-

deterministic exponential-time in the length of the input sentence ¢.
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Lemma 5.6. ALGORITHM-B decides SAT(C?).

Proof. ALGORITHM-B guess all possible certificates ¢ whose size is bounded by Lemma 5.4

and check where c is a certificate of ¢ by the polynomial-time verifier ALGORITHM-A.

Hence, ALGORITHM-B decides SAT(C?).

]

Remark 5.7. ALGORITHM-B makes exponential many guessing from double-exponential

many configurations. Hence, ALGORITHM-B is still involved and complicated to imple-

ment.

ALGORITHM-B

Input: A C? sentence .
Task: Accept if and only if ¢ is satisfiable.

1:

bl

Guess a structure G with size |G| < 61(n,m, K).

Guess a partition VEUVEUVs of G.

Guess a set of configurations C such that |C| < 0y(n, m, K).
Guess an assignment {x¢ — pc }oece such that for every C' € C,
pe € 10,05(n,m, K)|U{co}.

Run ALGORITHM-A on ¢ and (G, VEUVEUVs, C, {xc = pctoee).

if it accepts then
ACCEPT
else
REJECT
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5.3 Algorithm for FIN-SAT(C?)

The CEB property for SAT(C?) and FIN-SAT(C?) are almost the same. The only differ-
ence is that the assignment is restricted to finite for FIN-SAT(C?). Hence, the arguments
for SAT(C?) still hold for FIN-SAT(C?) with slight modification. We can prove the follow-
ing finite version results. Besides, we have the following ALGORITHM-C, which decides

FIN-SAT(C?) in non-deterministic exponential-time in the length of the input sentence .
Lemma 5.8. ALGORITHM-C decides FIN-SAT(C?).

Theorem 5.9. [25] FIN-SAT(C?) is in NEXPTIME.

ALGORITHM-C

Input: A C? sentence .
Task: Accept if and only if ¢ is finitely satisfiable.

1: Guess a structure G with size |G| < 6;(n, m, K).
Guess a partition VEUVEUVs of G.
Guess a set of configurations C such that |C| < 0y(n, m, K).
Guess an assignment {xc +— pc}coec such that for every C € C, pc €
0, 05(n, m, K)].
5: Run ALGORITHM-A on ¢ and (G, VEUVEUVs, C, {xc — pc}eoec)-
6: if it accepts then
7.  ACCEPT
8
9

bl

. else
REJECT
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Chapter 6

Strongly satisfiable fragment of C?

In this chapter, we present the other important result of this thesis. In Section .1, we
present the detailed definition of the strongly satisfiable fragment of C? and its CEB prop-
erty. In Section .2, we present the graph representation of configurations, which is a
helpful tool to represent the set of configurations with only exponential many variables.
In Section .3, we present the reduced strong induced ILP system, which is system whose
size is smaller than the size of the induced integer constraint system used in the CEB
property. Finally, in Section [6.4, we present the algorithms for the strong satisfiability
and finite strong satisfiability problems of C2.

In the rest of this chapter, we fix a vocabulary 7, a C? sentence ¢ over 7 in the normal

form, and a pseudo-structure G over 7.

6.1 Strongly satisfiable fragment of C?

The strongly satisfiable fragment of C? is a semantic fragment of C2, which captures the
idea of the strong part in the proper partition of the CEB property. Roughly speaking, a
pseudo-model is a strong pseudo-model if the finite part and the extended part of its stan-
dard partition are empty. A C? sentence is strongly satisfiable if it has a strong pseudo-
model. Since the sentence has a strong pseudo-model, we can further simplify the algo-
rithm for deciding the strong satisfiability problem. Though the complexity of this prob-

lem is still NEXPTIME-complete, the algorithm for the strong satisfiability problem of C2
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makes less guessing than the algorithm for SAT(C?).

Definition 6.1. The pseudo-structure G is a strong pseudo-model of p, if G is a pseudo-

model of p and 119 is mutually null-compatible.

Definition 6.2. The C? sentence  is strongly satisfiable if © has a strong pseudo-model.

The C? sentence  is finitely strongly satisfiable if p has a finite size strong pseudo-model.

Let strong satisfiability SSAT(C?) be the set of all strongly satisfiable C? sentences,
and finite strong satisfiability FIN-SSAT(C?) be the set of all finitely strongly satisfiable
C? sentences. Like the satisfiability problem of C2, SSAT(C?) and FIN-SSAT(C?) do not

coincide.

Lemma 6.3. SSAT(C?) and FIN-SSAT(C?) do not coincide.

Proof. Let oy and G, be as in Example B.32. The sentence ¢, has a pseudo-model G, with
" = {r,m}. By Example B.12, 71 and m, are null-compatible in ¢y. Hence, Gy is a
strong pseudo-model of ¢, and ¢, € SSAT(C?).

On the other hand, by Lemma [.1), since ¢, ¢ FIN-SAT(C?), it has no finite pseudo-
model. So it has no finite strong pseudo-model, which implies that ¢y ¢ FIN-SSAT(C?).
Hence, the languages SSAT(C?) and FIN-SSAT(C?) do not coincide. O

An important property for SSAT(C?) is that if a sentence is strongly satisfiable, then
it has a arbitrary large strong pseudo-model. Furthermore, it has an infinite size strong

pseudo-model.

Lemma 6.4. If ¢ is strongly satisfiable, then for everyt € N, ¢ has a strong pseudo-model

H satisfying the following. For every m € 11V, n, > t, and for every C € CV, ng > t.

Proof. Let G be a strong pseudo-model of . We construct another pseudo-model H of ¢
by the union of ¢ many copies of G. The edges between the vertex from different copies
are assigned null type.

Formally, each component of H is defined as follows.

* The universe U := V x [t].
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« The label of vertices lab™[(v, )] := lab“[v].

" |abg[1)1, UQ] if iy = 49
* The label of edges lab™[(vy, i1), (ve,ia)] :=

Mnull otherwise

Here we show that # is a pseudo-model of ¢. For every (v,i) € U, because G is
a pseudo-model of ¢, lab“[v] is valid in ¢. Since lab™[(v,i)] = lab“[v], lab™[(v, i)]
is also valid in . For every (vy,141), (ve,i2) € U, because G is a pseudo-model of ¢,
<Iabg [v1], 1ab% vy, vs), lab? [UQ]> is validin . Because G is strong, <Iabg [01], 7o, 1ab? [v2]>
is also valid in . Hence, <Iab”[(v1, i), 1ab™[(v1, i), (va, is)], lab™ (v, ¢2>]> is valid

in . Finally the counting condition holds for every (v,i) € U.

> lab™[(v,i), 4]

weU\{(v,i)}

= > 1ab™[(w,a), (v, )]+ D > 1ab™[(v, i), (v, 1))
v eV\{v} i'e[t]\{i} v'EV

= Z lab” [0, v'] + Z Zﬁﬁun
v'eV\{v} ire[t]\{i} v'EV

=k

Now we show that  is strong. Observe that IV = II". Because G is strong, IT" is
mutually null-compatible in ¢ and so for I1Y.

Finally, observe that IIV = IT" and CY = CV. By definition, if 7 € 11V, then n¢ > 1.
Therefore, for every 7 € IV, n?* = (t + 1) -ng > t. If C € CV, then n¢, > 1. For every
Cellinft=(t+1)- ng > t. These implies that H is the desired strong pseudo-model

of . [

Lemma 6.5. The C? sentence  is strongly satisfiable if and only if p has a pseudo-model

H satisfying the following. For every € 11V, n, = oo, and for every C € CV, ng = <.

Proof.
(If.) Note that for every C € CY, nc = oo implies that for every 7 € 11V, n, = oo.
It is sufficient to show that if H is a pseudo-model of ¢ satisfying for every = € I1Y,

n, = 00, then H is a strong pseudo-model of . Suppose the contrary that H is not strong
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and there exists 71, 75 € IIV such that 7 and 7, are not null-compatible. By Lemma f3.33,
Nge, < 2K +1orng, < 2K + 1. This contradicts that n,,, = oo and n,, = co. Hence, m;

and 7, are null-compatible, and H is a strong pseudo-model of .

(Only if.) The only if direction is the same as the proof of Lemma 6.4. The only difference

is that we consider  the union of infinitely many copies of strong pseudo-model G. [

Remark 6.6. Lemma 6.3 shows that if a C? sentence is strongly satisfiable, then it has an

infinite size pseudo-model. Since some C? sentences only have finite size pseudo-models,

SSAT(C?) and SAT(C?) do not coincide.

The relations of the satisfiability problems are described below.

SSAT(C?) C  SAT(C?)
Ut Ut

FIN-SSAT(C?) < FIN-SAT(C?)

=

Note that FIN-SSAT(C?) # FIN-SAT(C?) N SSAT(C?).

Bounds on the size of the model. Though the strongly satisfiable fragment is a semantic
fragment of C?, we can consider the strong form of the sentence which captures the similar

fragment.

Definition 6.7. Let © be a C? sentence over the vocabulary T in the normal form, that is,

pi= Voy(z)

AN VxVyzx #y— a(x,y)

AN Ve 3Ty Bz y) A x#y,

i€[m]

where y(x) and a(x,y) are quantifier-free formulae.
Recall that the notation ¢[b/a] denotes that substituting all a occurred in ¢ with b.

The symbol ¢[b;/ at]figl is the abbreviation of multiple substitution. The strong form of o,
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denoted by ©°, is the C? sentence over T defined as follows.

o(z,y) = alz,y)[L/Bw, vl L/ By, 2)li
p” = Va (y(x) Aa(z,z))

N VeVyrx#y— (alz,y) Ad(x,y))

AN N\ Ve Ty B y) A x Ay

1€[m]

Lemma 6.8. The pseudo-structure G is a strong pseudo-model of  if and only if it is a

model of p°.

Proof.

(Only if.) For every realizable tuple (7,7, m2) in G, because G is a pseudo-model of ¢,
m(x) An(e,y) Ama(y) = alz,y). (6.1)
Because G is a strong pseudo-model of ¢,
() Anan(z, y) Ame(y) E oz, y).

This implies that

771(55) A nnull(xyy) A 772(?/) ): a/(xa y)-

Moreover, because there are no binary predicate in o/(z, y), the following also holds.
mi(x) An(z,y) Ama(y) = o (z,y) (6.2)
Equations (6.1]) and (6.2) imply that
mi(x) An(z,y) Ama(y) E alz,y) Ad(z,y).

Hence, the tuple (71, 7, ) is also realizable in ©°.

For every realizable 1-type 7, because G is a pseudo-model of ¢, 7(x) = ~(x). By
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equation (6.2)), since there are no binary predicate in o/(z, ), we can omit the 2-type,
7(z) E o/ (z, ). These implies that 7(z) = vy(z) A o/ (x, ). Hence, the 1-type 7 is also
realizable in ¢°. Therefore, G is a pseudo-model of ¢°.

(If.) For every realizable tuple (1,7, m) in G, because G is a pseudo-model of ¢,

mi (@) An(e,y) Ama(y) = alz,y)

(6.3)
71-1('77) A 77(177 y) A 7T2(y) ): Oé/(.T, y)
Hence, the tuple (7,7, m2) is also realizable in .
For every realizable tuple (71,7, 7) in G, because G is a pseudo-model of ¢,
m(z) ()
(6.4)

7(z) o (x,x).

Hence, the 1-type 7 is also realizable in ¢. Therefore, G is a pseudo-model of .
Now we claim that G is a strong pseudo-model of . For every realizable 1-types 7

and 7, in . If m; # 7, then the equation (6.3) implies that

Wl(x) A 77nu||<x>y) A 7r2(y) ): a(x,y).

Otherwise, if m; = mo, then the equation (@) implies that

771(1') A Wnull(x:y) A 7Tl<y) }: Oz(x,y).

Hence, G is a strong pseudo-model of . [
The following two lemmas are simple corollaries of Lemma [6.§.
Lemma 6.9. The C? sentence  is strongly satisfiable if and only if ©° is satisfiable.

Lemma 6.10. The C? sentence ¢ is finitely strongly satisfiable if and only if ° is finitely

satisfiable.

Then, we can establish the upper bound of the smallest strong pseudo-model of .
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In fact, the double-exponential size model property still holds for the strongly satisfiable

fragment of C?.

Lemma 6.11. If the C? sentence o is finitely strongly satisfiable, then it has a strong

pseudo-model whose size is at most 0,(n,m, K), where 0,(n,m, K) is the same as in

Lemma .

Proof. By Lemma .26, ¢ is finitely satisfiable if and only if it has a pseudo-model G
whose size is at most 6,(n, m, K). By Lemma b.§, G is a strong pseudo-model of ¢. Note

that the vocabulary of ¢ and ¢ are the same. Hence, G is the desire pseudo-model. [

CEB properties for SSAT(C?) and FIN-SSAT(C?). Now we derive the CEB properties
for SSAT(C?) and FIN-SSAT(C?). They are the simplified version of the CEB property

stated in Chapter d.

Definition 6.12. Let C be a set of valid configurations in p. We say C is strong self-

matching in @ if it satisfies the following.
1. 1I€ is mutually null-compatible in .
2. Forevery C € C, C conforms to 11

Definition 6.13. Let C be a set of valid configurations in . The strong induced ILP system
Q2 is defined as follows.
The variables in the system Q3 are {xc}ccc. There are three types of constraints in

the system. For every m € 1IC, the following constraint is in the system Q3.

For every T, € IS, for everyn € K&™ ifn? + 0 and there exists F € .7:7(;11 such

(m1,%,m2)°

that F(n,m3) > 0, then the following constraint is in the system Q2.

2' ZFE}—.,Crl x<W17F> ' F(7777T2> - ZFG.F,% :C(WQ’F> . F(ﬁ, 7T1).

Finally, the following non-trivial constraint is in the system.

3. ZCEC o > 0.
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Theorem 6.14 (The CEB property for SSAT(C?)). The C? sentence  is strongly satisfi-

able if and only if there exist the following components.
* A set of valid configurations C which is strong self-matching in .
* A solution {xc — pc} e of the system Q3.

Furthermore, their sizes are bounded by the length of . More precisely,
* |C| < by(n,m, K);

s forevery C € C, pc € [0,605(n, m, K)|U{oc}, where O5(n, m, K) and 03(n,m, K)

are the same as in Theorem H.9.

Proof.

(Only if.) Recall that by Lemma .4, ¢ has a strong pseudo-model G such that for every
7w € 11V, n, > 3K + 3. The rest of the proof is similar to the proof of Lemma #.21].
The main difference is that we choose the specific pseudo-model G. Observe that by
the construction in Definition §.11], the finite part and the extended part of the standard
partition of G are empty. Furthermore, the system Q2. is the degenerate case of the system
Qg viuveove cvs- Hence, the similar proof steps work.

(If.) Let G be the pseudo-structure over 7 defined as follows.

* Let Vg := 0, Vg := 0, and Vs := {v, | m € II°} where v, is a fresh element. The

universe V := VEUVEUV.
* For every v, € V, lablv,] := 7.
* For every vy, vy € V, lab[vy, va] := nun-

It is easy to verify that VEUVEUVs is a proper partition of G in ¢ and G, VEUVEUVs, and
C are matching in . Note that [I'eY's = TI¢. For every m,m € IIVEYY5, for every
o Ntri Ve Ve=Vs
N E IC<7F17*77T2>, nyt = 0and Ny = O-
Now we claim that {z¢ — (2K + 1)? - pc} o is a solution of the system Qg vioveovs c-

For the first type of constraint, for every m € II¢, because {xc — pc} oo is @ solution of

Q3, ZCECL, pc > 1. Hence, ZCGC“ (2K +1)?-pc) > 2K +1)2 > 3K + 1.
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For the other two types of constraints, for every 7, my € II¢, for every 1 € IC‘“ QU ¥

7‘1 *,7T2

if 79 # 0 and there exists F' € .7-"51 such that F'(n, my) > 0, the following holds.

Z Piry,Fy - F(n77T2) >1

C
FeFe,
§ Py, Fy 7777T2 § Do, Fy 7777T1)
FeFg FeFg,

Hence, the following holds.

> (@K +1)*piapy) - Fn,m) > (2K +1)°

FeFg,
Z ((2K + 1)2 'p(7r17F>> . F(Uﬂb) = Z ((QK + 1) P(ra, F)) F(ﬁ’ 771)
Fe]—‘,‘;’1 Fe}‘£2

Therefore, the assignment {z¢ — pc}CG(Q K+1)2D is a solution of the system Qg v,y -
Finally, by Lemma .22, ¢ has a pseudo-model #. Furthermore, because IV = 1TV = TIC,
I1Y is mutually null-compatible, and this implies that # is a strong pseudo-model of .

Hence, ¢ is strongly satisfiable. [

Theorem 6.15 (The CEB property for FIN-SAT(C?)). The C? sentence y is finitely strongly

satisfiable if and only if there exist the following components.

* A set of valid configurations C which is strong self-matching in .

* A solution {zc — pc} e of the system Q3.
Furthermore, their sizes are bounded by the length of . More precisely,
* |C| < 92(”, m, K)’

s forevery C € C, pc € [0,05(n,m, K)|, where 03(n, m, K) and 05(n, m, K) are the
same as in Theorem {.9.
Proof.
The proof is similar to Theorem [6.14. The only difference is that o has a strong finite

pseudo-model G here. By Lemma 6.4, we choose the union of (2K + 1)? number copies

of G. Note that this pseudo-model is still finite. Hence, the similar proof steps work. [
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We can obtain the algorithms for SSAT(C?) and FIN-SSAT(C?) from the CEB prop-
erty, just like what we do in Chapter [§. However, the algorithms still make exponential
many guessing from double-exponential many configurations like the case SAT(C?) and
FIN-SAT(C?), and we got no benefit from the strongly satisfiability. Hence, they are
still involved and complicated to implement. To obtain the implementable algorithms for
SSAT(C?) and FIN-SSAT(C?), it is necessary to reduce the number of the non-deterministic

in the algorithm.

6.2 Graph representation of configurations

In this section, we fix a set of valid 1-types Il in ¢. Let 7, be a I-type in II. We say
an m-dimension (row) vector u dominated by an m-dimension (row) vector ¢, denoted
by @ =< @, if for every i € [m)], the entry u; < v;. Let C*M™ be the set of all valid
configuration with source type 75 which conforms to Il in ¢.

The number of valid configurations in ¢ is double-exponential in the length of ©. We
observe that different configurations may share the same components. The graph repre-
sentation of configurations is a DAG which encodes configurations with only exponential

size graph.

Graph representation of configurations.

Definition 6.16. The graph representation of configurations with source type 7, conform-
ing to Il in @, denoted by G#'17s = <V“"’H’”S, Eetms >, is a directed acyclic graph (DAG)
defined as follows.

s The set of vertices &7 is the set of m-dimension (row) vectors which dominated

by k, that is, V¢ = {17 e N™

U =< E} Recalled that m is the number of

binary predicates in T.

s Forevery v € V®I™s forevery m € 11, for everyn € jCponn y ifv+n> € Volbms,

(s %,

then there is a edge from U to U + n>. We denoted this edge by the tuple (U, n, ).
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Let EY L7 be the set of outgoing edges from 7, Eg;n’“ be the set of incoming edges
to ¥, and E;;ﬂ”s be the set of edges which labeled (x, n, 7). The formal definitions are as

follows.
E;_i’;_I’WS = {(1767 776771-5> - EW’H’7r } Ue — _'}

EZ = {(Te, e, me) € BPT | G+ = )
Eiglms = {(175,776,7re> € E#IT } ne =mnand 7, = 7T}
Definition 6.17. Let P be a path from 0 to k in &L, say ey — eg — -+ — ey, for

every i € [l), e; := (U;,m;, m;). The corresponding configuration of P, denoted by C|P),
is defined as follows.

* The corresponding behavior function of P, denoted by F'|P), is the number of edges
in P which labeled with such 2-type and I-type. Formally, for every m € 117, for
everyn € K™ F[P](n, ) = ’P N E,fj;?’”s )

* The corresponding configuration of P, denoted by C[P), is the tuple (ms, F'[P]).

Lemma 6.18. The configuration C with source type 7 is valid in ¢ and conforms to 11 if

and only if there is a path P from 0 to k in &#17 such that C[P] = C.

Proof.
(If.) Let P := ¢; — e5 — -+ — ¢, be a path from 0 to k in &7 For every i € [{],
e; := (U;, mi, m;).

By definition, the source type of C[P] is mg. For every m € II \ II", there is no
edge in &7 Jabeled with the 1-type w. Hence, by definition, for every n € K",
F[P](n,m) = 0. Therefore, C'[P] conforms to II.

Because P is a path from 0 to k, for every i € [¢], the following holds.
o =0, @1 =70+, @4_7)';:]2
By definition of F'[P], the following holds.

E=U+n=0+y m=Y, >, FPmnm)-

€[4 n€ll™ pefcTntri
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Hence, C[P] is valid in ¢.

(Only if.) We fix an order of elements in the set { (n, 7) € K™"" x IT | F(n, 7) > 0}, say

(m,m1), (M2, m2), ..., (ne, ™). Because C' conforms to I1, for every i € [¢], m; € Il and
n e Kfézt:iw. Leto; = 3 ;; F(nj,7;)-n;. Then we define the following path P.

(U1, n1, m1) = (UL + 07, m, ) — - = (O + F (o, m1) - 05, 00, )
— (U2, 2, M) — (U + 13,2, M) —> - = = (Ua + F(n2,72) - 05,12, T2)

— (T, M, o) — (Ve + 15, Mg, we) — -+ = (Ve + F(ne, m¢) - 0y, Mo, Te)

> = k. Hence, Pis a

(2

Because C'is valid in o, 0y + F'(n,m) - 1 = Ziem F(ni,m)-n

paths from 0 to k in &#57_It is obvious that C[P] = C. O

Remark 6.19. It is possible that there are two different path P, and P, from 0 to k in
®¢’H’7rs, but C[Pl] = C[PQ]

Rewriting the constraints. Now, we define some building blocks helpful in rewriting

the induced ILP systems in the graph representation of configurations.

Definition 6.20. The balance gadget of &'V, denoted by Q¥ is the ILP system

B llmss

defined as follows. Its variables are {x.}.cpe.mis.

bal .
Qeﬁa%n»ﬂs = /\ E Te = E Te

ﬁeVﬂ"»“’"s\{G,E} €€E§’in’ﬂs eeEt_p,l'IJrs

v,0

Definition 6.21. The standard gadget of C¥''™, denoted by Qsc’flfms, is the ILP system

with the following set of variables.

{xc ! C e C“”’H’”S} U{yr } U {3/<7rsm,7r> mellandn € jop N }

(s %,7)
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The system Q‘Z{Z’H,ﬂs is defined as follows.

Qf;tin,ws = (ym = Z xc> A /\ /\ Yrimamm) = Z En,m) - ¢

ceC me Il e gopont (s, F)eC

(ms,%,m)

Definition 6.22. The standard gadget of &#''™, denoted by Q. ., ., is the ILP system

with following variables.

mellandn e ICf’ntri >}

Tsy¥,T0

{zc|e € B U {yn b U {?J(m,wr)

The system Q“é‘i,n,m is defined as follows.

o= T w A A A (renm X | a0k

GEE(?,OH,W e 11 ne ICap,ntri QEE',(?,’-,{[’W

(ms,%,m)

We have shown that the valid configurations in ¢ can be encoded by the graph rep-
resentation. Suppose Q is an ILP system. If Q is only about the properties of the valid
configurations in ¢, then we can rewrite Q by the graph representation. Since the size
of the graph representation is only exponential in the length of . We can, in general,

compress the size of Q and obtain a smaller but equisatisfiable system Q’.

Lemma 6.23. The system Q3¢ ,, . has a solution

{xe — pe}eEE U {yﬂ's = pﬂ's} U {y<77577777r) = p<7r577777r>}

std

Bl has a solution

in Ny, if and only if the system

{xe = qC}CGC U {yﬂ's = qﬂ's} U {y<7r577777r> = q<7r577777r>}

in N, satisfying the following. Foreverym € 11, foreveryn € ik Plrom) = Qo)

(s ,%,m)’

and p,, = qr..

Proof. Observe that the variable y,, and Y, , ) are dummy in the system Qgg,m and
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Qz;‘}mm. Therefore, it is sufficient to only consider the variables {z. — pe} cpand {ze — qc} e

in the proof.

(If.) Let {z. — pc}..p be a solution of the system Qz;‘j,,n,,,. Now we view p, as the
flow in the graph &#L™ For every 7 € V \ {0, k}, because this assignment is also a
solution of the balance gadget Qléaj,,nms , the incoming flow and outgoing flow of the vertex
¥ are the same. Therefore, ' are a “balance” vertex. Besides, the vertices 0 and k are the
only “source” and “sink” vertex in the graph &¥ L7 respectively. Because &¥117™ is a
DAG, there is no circle flow in it. Hence, by flow decomposition theorem [9], the flow
can be decomposed into a set of path flows. That is, there exists a set of path P from
the source vertex 0 to the sink vertex & with path flow ¢p such that for every e € F,
Z{PE’P | eeP} 4P = Pe-

We claim that the assignment {xc > Z{PGP | clPl=C} QP}CGC%HJ is a solution of

the system Q3¢ 1, .. Observe that > oo (Z{PGP | O[P|=Clry qp> =Y pep qp s

the total outgoing flow from the source vertex 0. Hence, the following holds.

Qrs = qr | = Pe = Prs
> > )3

cece il {PeP | C[P]=C} ec B2 ILTs
0,0

For every 7 € 11, for every n € jCeon by definition of F'[P], the following holds.

(rs,%,7)°

Qronm) = D > qp | - F(n, )

(ms,FyeCe s {PeP | C[P|=C}

- Z qP'F[P](n’ﬂ-)

PeP

= > >

eEE,f”,l:[’ﬂs {PEeP | eeP}

= > pe

T,
e} s

= P(ns,n,m)

(Onlyif.) Let {zc — qo}oepen.x, beasolution of the system Qsctgw. Forevery C' € C¥Lms,

by Lemma .18, there is a path Pc from 0 to k in &% such that C [P]=C.
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We claim that the assignment {xe — Z{Cec%nﬂrs | ecPo) qc} is a solution of the
eckE

system QZ;?,,,H,,,. For every C € C#!™ because start P start from 6, there is a unique

element in the set Po N ng’ OH” Therefor, the following holds.

Pry = qc | = dc = qr,
2 > )3

eeE_'ﬂH,ﬂ' {CEC%H,WS | €€Pc} Ccece s
0

,0

For every 7 € 11, for every n € KM | observe that the following holds.

(Trs,%,7)°

Pirsnm) = Z Z dc | = Z dc - F(”? 7T> = Y(ms,m,m)

eEE;ﬁ’}?’ﬂ {Ce(}%ﬂ‘"s ‘ €€Pc} CeceIlms

Finally, for every 7 € V \ {0, E}, for every C' € C#!7 because P is a path from
0 to k in &#IL7s if there exists an edge e € Po U Ej; ’iH’”, then there also exists the edge
¢ € PoU E;j’on’“. These imply that for every vertex v € V' \ {0, k}, the incoming flow and

outgoing flow are the same. Hence this assignment is a solution of the balance gadget. [

Lemma 6.24. For an ILP system Q with variables

7 €llandn € K& }

(75 ,%,m)

{yﬂ's} U {y(m,nﬂr)

Let Q1 and Qs be the ILP systems defined as follows.

» Thevariable of Q1 is as the system Qco.1n.~ and the system defined as Q, = Q‘E’Zﬁnm A Qp.

* Thevariable of Q5 is as the system Qg..1,~ and the system defined as Qs := Sé‘foynm A Q.

The system Q; has a solution in N, if and only Qs has a solution in N..

Proof.
(If.) Suppose the system Qs is satisfiable. Then, the assignment is a solution of the
system QZ;‘LYH,,T. By Lemma [6.23), there exists a solution of the system Qf}g,nv,,. Besides,

the assignment for the variable y,, and yx, , r) are the same. Hence, it is also a solution

of the system Oy, therefore, a solution a solution of the system Q.
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(Only if.) Suppose the system O is satisfiable. Then, the assignment is a solution of the
system Q3¢ ;.. By Lemma .23, there exists a solution of the system Q39 11,4 Besides,
the assignment for the variable y., and yx, , ) are the same. Hence, it is also a solution

of the system Q, therefore, a solution a solution of the system Q. OJ

Rewriting the constraints to boolean formulae. We also define the boolean version
building blocks, which can be view as the case that the solution of the ILP system in

restricted in {0, co}. We will use them later.

Definition 6.25. The boolean balance gadget of &#™, denoted by \I/é’j"éyn,,rs, is the boolean

Sformula defined as follows. Its variables are {b.}.c pemrs.

Volon = N\ \V b\ b

FeVellms\{0k} \ ecES™s ecESILTS

Definition 6.26. The boolean standard gadget of &'V denoted by W is the

&e.IlLmss

boolean formula with following variables.

{bc | e € E#"™ L U {bs, } U {b<7rs,n,7r>

7 ellandn e K& }

(s %,7)

The formula \If‘;ﬁﬂnm is defined as follows.

L O D N R ANA Drymmy & Y e | AV

EGEG"H’W me 11 ne ’Ctp?ntri CEEW’H’W

o (s, *,m) 7,7

Remark 6.27. Observe that for every edge e € E?V™, the variable b, occur at most twice
in the boolean balance gadget \If[é“éyny,,s. Therefore, the length of \I/%“LH,,TS is bounded by
o| et

< 2| VeI | [II7]| 7| = 2Km2mt2m,

Therefore, the length of the standard boolean gadget \I/Séflpms is bounded as follows.

Ugtnm <14 |EHT™ < SRR

+ (7] |KT] (1 + | B2t

) + | T,
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6.3 Unified ILP systems

We are going to rewrite the strong induced ILP system by the graph representation of

configurations in this section.

Extended strong induced ILP system. We first introduce the extended strong induced
ILP system. The intuition is as follows. For the strong induced ILP system, we need
to guess a set of valid configurations first, which takes exponential many guessing from
double-exponential many configurations. Therefore, the algorithms are involved and dif-
ficult to implement. However, for the extended strong induced ILP system, we consider
the 1-types instead of the configurations. Note that the number of 1-types is only expo-

nential in the length of .

Definition 6.28. Let 11 be a mutually null-compatible set of valid 1-types in p. Let C be
the set of valid configurations conformed to 11. The extended strong induced ILP system

£S5 is defined as follows.

The variables in the system Qﬁs are {xc}cee. For every m,mo € 1I, for every

@,ntri
(m1,%,m2

nekx y ifn® = 0, then the following constraint is in the system QFS,

1. ZFefgl Tiry ry - F(0,m2) >0 = ZFec zo > 0.

T2

Otherwise, if 1° # 0, then the following constraint is in the system QFs,

2. 2pere, Timor)  F(0,m0) = pere Tin ) - F (17, m1)-

Finally, the non-trivial constraint.

Lemma 6.29. The C? sentence  is strongly satisfiable if and only if there exists a mutually

null-compatible set of valid 1-types 11 in o such that the system QF° has a solution in N.

Proof.
(Only if.) Because ¢ is strongly satisfiable, by Theorem (.14, there exists the following

components.
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» A set of valid configurations C in ¢ such that C is strong self-matching in .
* A solution {z¢ — pc} e of the system QF in Ny

Because C is strong self-matching, for every C' € C, C conforms to I1°. Let D be the set of
valid configurations conform to II°. Then, C C D. Besides, by definition, II¢ is mutually
null-compatible.

Now we claim that {zc — pc}oceU{zc = 0}oepc is asolution of the system QL3

Lp,ntrl
71'1 * 71'2>

For every m,m € II°, for every n € IC , if p* = 0. Because the assignment

{zc = pc}oee is a solution of the system Q2, the following holds.

Y pe= Y. pot Y. pe=0+ Y pc>0 (6.5)

CeD| CeD\(| CeC| ceC|
2 2 ™2 2

Because the equation (6.3) always holds, the following implication also holds.

me, 77,7T2)>0:> Z pC>O

FeFD,
€ ceD

2

Therefore, the first type constraints in the system Q holds.
Otherwise, if n* # 0. Because the assignment {xc = pc}oee s a solution of the

system Q3, the following equation holds.

Z Py - F(n,m2) = Z PimrFy - F (n,72) Z Py, F) F(n, )

Ferp Ferg FeFP\

= Z P(m,F) 'F(U’WQ)

Ferg

= Z P(rs,F) 'F(ﬁﬂrl)

FeFg,

= Y Pmr FOm)+ Y plr - Fm)

F‘E]'—TCr2 Fe]:D\C

= > Dr) F(,m)

FeFE

Therefore, the second type constraints in the system Q holds.
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Finally, by the third type constraint in the system Q2.

Z:L‘C: Z :UC+Z xc:ch>0

CceD CeD\C ceC ceC

Therefore, the third type constraints in the system Q holds. Hence, the assignment

{zc = petoee U{ae = 0}pep e is a solution of the system Qff2

(If.) Let D be the set of all valid configurations conform to II in ¢ and the assignment

{zc — pc}oep beasolution of the system Qff® in No. LetC betheset {C' € D | pc > 0}.
We first claim that C is strong self-matching. Clearly, II° C II is mutually null-

compatible. Suppose to the contrary that there is a configuration (7, F1) € C such that

it does not conform to II¢. Let 7, € Il and ) € IC“”’nt” , satisfy that F (1, m) > 0 but

’7T Sk, 7T

T2 ¢ HC.

o If T]q = 65 because ZFE.FD p(ﬂ'l,F) : F(Tlaﬂ-Q) 2 p<7T1,F1) ' F1(7777T2) > O: together

with the first type constraint of the system an , then rerp Pim,r) > 0. Hence,
2

there exists a configuration (my, F5) € D such that p(r, m,y > 0. By definition,

(5, Fy) € C, but this contradict to the fact that 7 & IIC.

o If n* # 0, because ZFE}"D Pimy,py - F(,m3) > 0, together with the second type

constraint of the system Q2. then Y70 D(r,. k) - F(7, 1) > 0. Hence, there is
2

a configuration (7, F3) € D such that p,, g,y > 0. By definition, (7, F3) € C,

but this contradict to the fact that m ¢ IIC.

Therefore, for every C' € C, C conforms to II°. Hence, C is strong self-matching.
We then claim that {xc — pc} oo is a solution of the system Q3. For every 7 € II°,
there exists F such that (7, F') € C. By definition, p, s, > 0, therefore, ZCGC| P = Pirry > 0.

This implies the first type constraint of the system Q2 holds. For every m;, m € II°, for

©,ntri
71'1 * 71'2>’

every n € IC by the second type constraint of the system QES, if n? # 0, the

following holds.

Z x(m,F)FﬁﬂU Z me 7]77T2 Z L (7o, F) 7777T1 Z JJ(W27F)’F(ﬁ,7T1)

Ferg rerp? FeFs, rers,
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Therefore, the second type constraint of the system QF holds. Notethat Y .. @c = Y cep Zc > 0.
The third type constraint of the system Q3 also holds.
Finally, because C is strong self-matching and the system Q2 has a solution in N, by

Theorem .14, ¢ is strongly satisfiable. [l

Lemma 6.30. For every mutually null-compatible sets of valid I-types 11, and 115 in ¢
satisfying 11y C Ily. If the system Qﬁf has a solution in N, then the system Qﬁf has a

solution in N..

Proof. Let V), be the set of variables of the system Qﬁf and V), be the set of variables of
the system Qﬁf Because II; C I, Vi C V,. Let {v — p,}vey, be a solution of the
system Qf®. Since the system Qf;" is the extension of the system Qf®. It is not difficult
to check that the assignment {v — p, }oey, U {v — 0},c1,\1, is a solution of the system

0. 0

Note that the number of maximal mutually null-compatible sets of valid 1-types is less
than the number of mutually null-compatible sets of valid 1-types. Hence, the following

theorem may yield a more efficient algorithm than Lemma [5.29.

Lemma 6.31. The C? sentence o is strongly satisfiable if and only if there exists a maxi-
mal mutually null-compatible set of valid 1-types 11 in @ such that the system QE° has a

solution in N..

Proof.

(If.) It is a simple corollary of Lemma 6.29.

(Only if.) By Lemma .29, if ¢ is strongly satisfiable, then there exists a mutually null-
compatible set of valid 1-types I in ¢ such that the system QF° has a solution in N.
Let IT" be a maximal mutually null-compatible set of valid 1-types satisfying II" C II. By
Lemma 6.30, if the system QF has a solution in N, then the system Q% has a solution

in N,. Hence, I’ is the desired set of 1-types. ]

Reduced strong induced ILP system. The algorithm for SAT(C?) from then extended

strong induced ILP system takes only exponential many guessing for exponential many
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I-types. However the size of the extended strong induced ILP system is unbounded, in
fact, its size is double-exponential in the length of ¢, since it enumerate all possible con-
figurations.

To compress the size of the ILP system, we will apply the techniques presented in Sec-
tion 6.2 and obtain the reduced strong induced ILP system whose size is only exponential

in the length of ¢.

Definition 6.32. Let I be a mutually null-compatible set of valid I-types in . The reduced
strong induced ILP system Q5% is defined as follows.

The variables in the system QF° are {ze}eey oy Bentn. For every my,my € 11, for

p,ntri
(1 ,%,m2

everyn € K y ifn® = 0, then the following constraint is in the system QFfs,

]. ZGEE:}&,};{,WI [Ee > O — ZeeEtp,H,wz ZL’e > O
T2 5,0

Otherwise, if 1° # 0, then the following constraint is in the system QRS
2. z@éEﬁ’%’ﬂl Te = ZBGE;,}:WQ Te.

For every T € 11, the following balance gadget is in the system QS
3 Qul,

Finally, the non-trivial constraint.

4. ZeEU

z. > 0.
rell Ee. 1w e

Lemma 6.33. The C2 sentence o is strongly satisfiable if and only if there exists a maxi-
mal mutually null-compatible set of valid I1-types 11 in  such that the system QFS has a

solution in N.

Proof. We fix an order of elements in I1, say 7, ma, ..., 7. Foreveryi € [{], let C; be
the set of valid configurations with source type m; conform to Il in . For 0 < ¢ < /, let

Q; be the ILP system defined as follows. The variables of the system Q; are as follows.

U {xc ‘ Ce C“”’H’”j} U U {xe ‘ e € E‘“H’”j}u

1<y<i 1<g<L

U {yﬂ'j} U U {y(ﬂjmm> mellandn € /C%ntri }

(75 ,%,7)
1<j<0 1<j<e
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The system Q; is defined as follows.

R std std

1<5<s i<j<tl
A /\ /\ /\ Yimymma)y > 0 > Yry, > 0
mi€ell moell ne Kg;,ntri stoP = 0
(m1,%,m2)
A /\ /\ /\ y<7"177h7"2> = y<7r277777r1>
m €Il moell ne ,C%ntl’i stonP # I

(71,%,m2)

For every i € [(], by Lemma 6.24, Q;_; has a solution in N, if and only if Q; also
has a solution in N,. Observe that Q; is QF° and Q, is Q%°. Hence, Q% has a solution
in N, if and only if QF° has a solution in N,. By Lemma .31], Q&° has a solution in

N if and only if ¢ is strongly satisfiable. U

Reduced strong induced boolean formula. Recall that ¢ is strongly satisfiable, by
Lemma 6.5, if and only if it has an infinite size strong pseudo-model G. Moreover, for
every configuration C, if C' is realized in G, then the number of realizations of C' is infinite.
Hence, for the strong satisfiability problem of C?, it is sufficient to consider whether the
reduced strong induced ILP system has a solution in {0, co}. In fact, we can further rewrite

the system to the boolean formula and obtain more efficient algorithm.

Definition 6.34. Let 11 be a mutually null-compatible set of valid 1-types in p. The reduced

strong induced boolean formula VES is defined as follows. The variables in the formula
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TS gre {beteey, ., momn

e AN A Voo Ve

m eIl meell @, ntri > _ @, I1,mq Iy
! ? ne K<7T1,*77T2> st.n” =0 e€Ey/ry eeEﬁ,o

A ARA A \V b\ b

mell mell ne et st.n” #£0 ecES L™ ecES L2

(m1,%,ma) © 72 7
bal
/\ /\ \IjgcprH,'/r

well
ANV
m €ll moell ne,@p,ntri eGEgO,H,ﬂ'l

(m1,%,m2) T2

Remark 6.35. The size of the formula VES is bounded by the following.
|\IJ§S‘ S 5|HT|2|ICT| ‘Ecp,Hﬂrl } + |HT| ‘\I’g‘i.nm ‘ S 8Km23n+4m

Note that by the following semantics equivalent rule, we can rewrite V& into equisatisfi-

able Horn formula in polynomial-time in its length.
1. For ever clause c1 and ¢y, ¢1 <> c3 = (¢1 = ¢2) A (e — 7).
2. For ever clause c1, co, and c3, (c1 V ¢3) — ¢c3 = (c1 — ¢3) A (ca = ¢3).
3. For ever clause ¢y and literal {1, {1 — ¢; = =1 V ¢;.

Theorem 6.36. The C? sentence ¢ is strongly satisfiable if and only if there exists a max-
imal mutually null-compatible set of valid 1-types 11 in o such that the formula VES is

satisfiable.

Proof. By Lemma .33, it is sufficient to show that for every mutually null-compatible
set of valid 1-types IT in o, WS is satisfiable if and only if the system QF° has a solution
in N,. The proof is straightforward, we construct the corresponding assignment, and it is
not difficult to verify it is a solution.

(If.) Let the assignment {z. — n.} Bl be a solution of the system QF°. For

e€lU e
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every e € |J, .y ¥, the following assignment is a valid assignment of Wf{%.

1L ifx. >0
be —

T otherwise

Only if.) Let the assignment {b, — v, .- be a valid assignment of UZ*¥. For
(Only g L EeT g il

eEUﬂ'E

every e € |,y E#1L7 the following assignment is a solution of the system Qf*.

oo ifv. =1
be —

0 ifv.=T

In fact, we can also encode the mutually null-compatible set of valid 1-types and obtain

a deterministic exponential-time reduction to the Boolean satisfiability problem.

Theorem 6.37. There exists a deterministic exponential-time reduction from the strong

satisfiability problem of C? to the Boolean satisfiability problem.

Proof. Recall that the relation of null-compatible can be represented as a graph, and the
mutually null-compatible set of valid 1-types can be represented as a independent set by
Remark B.11], and Our approach is quite standard, we encode this graph and the condition
of the independent set in the boolean formula and let the variable in the reduced strong
induced ILP system be controlled by the independent set.

Let R(x,y) be a relation over the set of valid configuration I1#. The relation R(z, y)
holds if and only if = and y are not null-compatible. Note that it takes exponential-time in
the length of ¢ to compute I1¥ and R(z, y).

The variables in the formula W are {bc}ey ., pener U{br}rene. The formula ¥ is

defined as follows.

U= A (b, V <bey) AN N (Rbe = b)) A T

{(m1,m2) | R(m1,m2)} w€ll? ec Epe 1%,
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The intuition of the variable b, is whether the 1-type 7 realized in the pseudo-model.
Then, the first term encode that if two 1-types are not null-compatible, then they can’t
realize at the same time. The second term encode that if a 1-type is not realized, then there
is no edge outgoing from this 1-type. That is, the variable in the system &% is controlled

by the independent set. The correctness of the reduction follows the above intuition. [

Finite strong satisfiability problem of C2. Finally, we close this section with the finite
strong satisfiability problem of C2. Like Chapter [, the algorithms are from theorems

mentioned above.

Lemma 6.38. The C? sentence ¢ is finitely strongly satisfiable if and only if there exists
a mutually null-compatible set of valid 1-types 11 in o such that the system QE° has a

solution in N.

Proof. The proof'is similar to Lemma 6.33, 6.3 1|, 6.29, .24, and 6.23. The only difference

is that the solution of the system is restricted to finite. O

However, there are implications in the system Q. We define the following finite

reduced strong induced ILP system to obtain efficient algorithm.

Definition 6.39. Let I1 be a mutually null-compatible set of valid 1-types in . The finite
reduced strong induced ILP system QL™ is defined as follows.

The variables in the system Qfi"* are {x.}ee(y _, pen= Let M := (04(n,m, K))%.
For every m,m9 € 11, for everyn € ICZS,E:EM)’ if ¢ = 0, then the following constraint is

in the system Q1S

. >
]. M ZEGE:)E,OH,WQ C(Ze = ZEEE%}:;_IQ,WI IL’e.

Otherwise, if 1° # 0, then the following constraint is in the system QLRSS
2. ZeeE%o:;IQ,‘rrl LTe = ZGEE%O;E,WZ Le.

For every m € 11, the following balance gadget is in the system Q5.

bal
3. g[fp,nyﬂ"
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Finally, the non-trivial constraint.

4. Zeeuﬂ-en Ee I Te > 0

Remark 6.40. Though the constant M is double-exponential in the length of p, it can be

QFRS

encoded in binary by only exponential bits. The size of the system is exponential in

the length of .

QFRS

Note that the only difference between the system Q% and is the first type con-

straint.

Theorem 6.41. The C? sentence ¢ is strongly satisfiable if and only if there exists a max-
imal mutually null-compatible set of valid 1-types 11 in o such that the system Q5™ has

a solution in N.

Proof.
(If.) By Lemma [6.38, it is sufficient to show that if the system Q5" has a solution in N,
then the system Qf° has a solution in N. In fact, every finite solution of the system Qf7*
is also the solution of the system Q7.
Let the assignment {x, — ne}eeuﬁgn o1 be a solution of the system OQf"**. For ev-
(m1,%,m2)

ery my, my € 11, foreveryn € jepnu ifnq = 6, then M - > pollmy Pe 2 > o Pe-
echy e€ Ly r,
If ) cepelm De > 0, then the following holds.
72

> pe_M > pe>0

@, I, mo @, I, mq
eeEﬁ’o ecky o

Therefore, the following first type constraint in the system Qf* holds.

Z De >0 = Z pe >0

@, 11,7 @, 11, mo
€€l ny GEE(),O

(Only if.) By Lemma .11, if ¢ is strongly satisfiable, then it has a pseudo-model G whose
size is at most 6,4(n, m, K'). Recall that the number of realizations in G is a solution of the

system Q. We claim that it is also a solution of the system QF7<.
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Since the number of realizations in G is a solution of the system Q&% for every

p,ntri
(m1,%,m2

m, Mo € 11, for every n € K )s if n? = 0, then the following first type constraint

holds.

Z De >0 = Z pe >0

@, 11,7 @, I, mo
eEby ny GEE(),O

Note that Ee cpome De is bounded by the number of edges in G, that is, M. Therefore,
B0

if . penm pe > 0, then the following holds.
m7T2

M - Z peZMlz Z De

LT, L,
ecED T2 e€E? 2
0,0 0,0

Otherwise, if ) cpemm Pe = 0, then M - >, cpemm Pe > 0 always holds. Finally, the
7,72 6,0

following first type constraint in the system Q%S holds.

6.4 Algorithms for SSAT(C?) and FIN-SSAT(C?)

Finally, we present algorithms for SSAT(C?) and FIN-SSAT(C?).

Algorithm for SSAT(C?). We obtain ALGORITHM-D from the reduced strong induced
boolean formula. Since the length of the formula WE° is exponential in the length of ¢,
it is not difficult to check that ALGORITHM-D takes non-deterministic exponential-time in

the length of the input sentence .
Lemma 6.42. ALGORITHM-D decides SSAT(C?).

Proof. ALGORITHM-D guess a mutually null-compatible set of valid 1-types in ¢ and check
the satisfiability of the system W5, By Theorem .36, ¢ is strongly satisfiable if and only

ALGORITHM-D accepts . 0
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Theorem 6.43. SSAT(C?) is in NEXPTIME.

Remark 6.44. Recall that we can rewrite the formula VE* to Horn formula in polynomial-

time in its length. The complexity of the satisfiability problem of Horn formulae is linear

in the length of the formula [7]. Hence, there exists a polynomial-time solver for the

satisfiability of WES.

Remark 6.45. ALGORITHM-D makes exponential many guessing from exponential many

I-types. Hence, ALGORITHM-D is more efficient and implementable than the algorithm

form the CEB property directly.

Remark 6.46. Recall that the maximal mutually null-compatible set of valid 1-types can

be represented as a independent set in the null-compatible relations graph. There are some

algorithms that enumerate all independent sets in O(3"/3 - poly(n)) [4, 30, 28], which are

efficient for implementing ALGORITHM-D.

ALGORITHM-D

Input: A C? sentence ¢.
Task: Accept if and only if ¢ is strongly satisfiable.

1:
: Guess a set of 1-types II C [I%.
. if 11 is not maximal mutually null-compatible then

2
3
4:
5:
6
7
8

Compute 117,

REJECT
if U5 is satisfiable then
ACCEPT

. else

REJECT
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Algorithm for FIN-SSAT(C?). We obtain ALGORITHM-E from the finite reduced strong

induced ILP system. Since the size of the system QF*°

is exponential in the length of ¢,
it is not difficult to check that ALGOrRITHM-E takes non-deterministic exponential-time in

the length of the input sentence .
Lemma 6.47. ALGORITHM-E decides FIN-SSAT(C?).

Proof. ALGORITHM-E guess a mutually null-compatible set of valid 1-types in ¢ and check
whether the system Q5% has a solution. By Theorem .41], ¢ is finitely strongly satisfi-

able if and only ALGORITHM-E accepts . [
Theorem 6.48. FIN-SSAT(C?) is in NEXPTIME.

Remark 6.49. Observe that there is no constant terms in the system QﬁRS . Therefore,
if QLR has a positive rational solution, then it has a solution in N. There is algorithm
solve the integer programming problem in polynomial-time [l17]. Hence, there exists a

polynomial-time solver for the satisfiability of QLR

ALGORITHM-E

Input: A C? sentence ¢.
Task: Accept if and only if ¢ is finitely strongly satisfiable.
1: Compute I1¥.
2: Guess a set of 1-types II C II%.
3: if II is not maximal mutually null-compatible then
4. REJECT
5. if QL%5 has a finite solution then
6: ACCEPT
7: else
8:  REJECT
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Chapter 7

Guarded fragment of C?

We consider the guarded fragment of C? in this chapter. In Section [7.1], we prove some
properties about GC2. In Section [7.2, we present the algorithms for satisfiability and finite

satisfiability problems of GC?.

In this chapter, we fix a vocabulary 7 which consists of n unary predicates Uy, Us, . .., U,
and m binary predicates 31, fo, . .., Bm. Let ¢ be a GC? sentence over 7 in the normal
form, that is,

= Vo)
N VaVya £y — N (rz,y) = alz,y)
i€l
AN\ Ve IRy Bilwy) A Ay,
i€[m]

where v(z) and «;(z,y) are quantifier-free formulae, and r; is a binary predicate called
guard-atom. Let k= (k1, k2, ..., k) be the m-dimension (row) vector of the counting

condition of ¢ and K := ) k; be the summation of all counting conditions.

1€[m]

7.1 Guarded fragment of C?

Our main observation for GC? is that the GC? sentence ¢ is satisfiable if and only if it
1s strongly satisfiable. Hence, our algorithm for the strong satisfiability and finite strong

satisfiability problems of C? developed in Chapter f§ can also be used for GC2.
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Lemma 7.1. For every valid I-type m, and 75 in @, ™1 and 75 are null-compatible.

Proof. Note that the assignment of the guarded atoms are all negative in the null type.
Hence, null type is valid between 7 and 7y and this implies that 7 and 75 are null-

compatible. [

Lemma 7.2. The set of all valid 1-types 11 is mutually null-compatible. Besides, 11¥ is

the only maximal mutually null-compatible set of valid I-types.

Proof. For every 7, 75 € 11, by Lemma 1.1, ; and 75 are null-compatible. Hence, I1¥

is mutually null-compatible.
For every set mutually null-compatible of valid 1-types II, by definition, IT C II¥.

Then, II¥ is the only maximal mutually null-compatible set of valid 1-types. [

Satisfiability problem of GC2.
Lemma 7.3. The GC? sentence  is satisfiable only if it is strongly satisfiable.

Proof. We claim that every pseudo-model of ¢ is a strong pseudo-model. Let G be amodel
of . By definition, 119 C TI¥. By Lemma [7.2, because I1¥ is mutually null-compatible,

119 is also mutually null-compatible. Hence, G is a strong pseudo-model. [

Theorem 7.4. The GC? sentence o is satisfiable if and only if the formula VES is satisfi-

able.

Proof.

(if.) By Lemma [7.2, IT# is maximal mutually null-compatible. Hence, by Theorem .36,
if the formula WES is satisfiable, then ¢ is strongly satisfiable. Then, ¢ is satisfiable.
(Only if.) By Lemma [7.3, if ¢ is satisfiable, then it is strongly satisfiable. By Theo-
rem .36, ¢ is strongly satisfiable, then there exists a maximal mutually null-compatible
set of valid 1-types IT in ¢ such that W5 is satisfiable. By Lemma [7.2, II¥ is the only

maximal mutually null-compatible set of valid 1-types. Hence, I1 = I1%. [
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Finite satisfiability problem of GC?. We can prove the following propetties for finite

satisfiability of GC? with the similar arguments.

Lemma 7.5. The GC? sentence ¢ is finitely satisfiable only if it is finitely strongly satis-
fiable.

Theorem 7.6. The GC? sentence  is finitely satisfiable if and only if the system QLIS is

satisfiable.

7.2 Algorithms for SAT(GC?) and FIN-SAT(GC?)

In this section, we present the algorithm for SAT(GC?) and FIN-SAT(GC?). We observe
that by Lemma [7.2, there is only one maximal mutually null-compatible set of valid 1-

types. Hence, the non-deterministic guessing vanish in the algorithms presented in Sec-

tion 5.3, and we obtain deterministic algorithms for SAT(GC?) and FIN-SAT(GC?).

Algorithm for SAT(GC?). We obtain ALGORITHM-F from the reduced strong induced
boolean formula. Recall that there exists a polynomial-time solver for the formula W55
by Remark [.44. Since the length of the formula W is exponential in the length of ¢,
it is not difficult to check that ALGORITHM-F takes deterministic exponential-time in the

length of the input sentence .
Lemma 7.7. ALGORITHM-F decides SAT(GC?).

Proof. ALGORITHM-F compute the set of valid 1-types in ¢ and check the satisfiability
of the system WS, By Theorem [7.4, ¢ is satisfiable if and only ALGORITHM-F accepts

©. [

Theorem 7.8. [18, 26] SAT(GC?) is in EXPTIME.
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ALGORITHM-F

Input: A GC? sentence .

Task: Accept if and only if ¢ is satisfiable.
1: Compute II%.
2. if WA is satisfiable then

3: ACCEPT
4: else
5:  REJECT

Algorithm for FIN-SAT(GC?). We obtain ALGORITHM-G from the finite reduced strong
induced ILP system. Recall that there exists a polynomial-time solver for the system Q5%
by Remark .49. Since the size of the system Q5% is exponential in the length of ¢, it is

not difficult to check that ALGORITHM-G takes deterministic exponential-time in the length

of the input sentence .
Lemma 7.9. ALGORITHM-G decides FIN-SAT(GC?).

Proof. ALGORITHM-G compute the set of valid 1-types in ¢ and check whether the system
QFES has a solution. By Theorem [7.6, ¢ is satisfiable if and only ALGORITHM-G accepts

P ]

Theorem 7.10. [26] FIN-SAT(GC?) is in EXPTIME.

ALGORITHM-G

Input: A GC? sentence .

Task: Accept if and only if ¢ is finitely satisfiable.
1: Compute I1%.
2: if QF% has a finite solution then

3: ACCEPT
4: else
5:  REJECT

116 doi:10.6342/NTU202203098



Chapter 8

Reductions

In this chapter, we present reductions between different fragments of two-variable logic.
In Section [B.1], we present a deterministic polynomial-time reduction from SSAT(C?) to
SAT(FO?). In Section 8.2, we present a deterministic polynomial-time reduction from
SAT(GC?) to SAT(GF?).

We fix a vocabulary 7 which consists of n unary predicates Uy, Us, ..., U, and m
binary predicates 1, 3s, ..., Bm in this chapter. Let ¢ be a C? sentence over 7 in the

normal form, that is,

= V()

N VxVyzx #y— a(x,y)

AN Ve 3Ty Bz y) A x#y,
1€[m]
where ~(z) and a(z,y) are quantifier-free formulae. Let k = (ky, ko, ..., k) be the

m-~dimension (row) vector of the counting condition of ¢ and K := ) ] k; be the

i€lm

summation of all counting conditions. We also fix a pseudo-structure G over 7.

8.1 Reduction from SSAT(C?) to SAT(FO?)

In this section, we describe a deterministic polynomial-time reduction from SSAT(C?) to

SAT(FO?). The intuition of the reduction is to encode the non-trivial edges in the strong
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pseudo-model of the original C? sentence  as an element in the pseudo-model of the
new FO? sentence ¢’. Recall that an edge is non-trivial if it realizes at least one binary
predicate forwardly. Besides, there is a partial order structure in the pseudo-model of the
new sentence ¢’ such that this structure guarantees the counting conditions of the original

sentence .

Vocabulary. We first introduce the vocabulary and terminology of the reduction. The

vocabulary 7’ of the new FO? sentence ¢’ consists of only unary predicates.

T/:{517"-7SH7T17'--7Tn7ﬁl1>7"-7ﬁ517ﬁil7"-7ﬁ;]17

Kii, oo Kingkal - Koo - Km,[lgkm]7G}

We define the following terms to describe the intuition of the vocabulary 7.

* An S-type over 7’ is a maximally consistent set of unary predicates from {5y, ..., S, }

and their negation.

* A T-type over 7’ is a maximally consistent set of unary predicates from {77, ...,T,,}

and their negation.

* An E-type over 7’ is a maximally consistent set of unary predicates from

{65,...,60, 67, ..., 6%} and their negation.

» A K-type over 7’ is a maximally consistent set of unary predicates from

{Kiq, o Kipigrs - Kty -+ Ko ik, + and their negation.

We say thata 1-type 7 over 7/ realizes the S/T/E/K-type t ifand only if ¢t C 7. Clearly, fora
1-type 7, it realized a unique S/T/E/K-type. For the sake of simplicity, for every ¢ € m, we
would view { K 1, ..., Kj [iog(k,) } as the binary encoding of an integer 0 < K; < 2 Mog(k:)]
and denote a K-type by an m-dimension (row) vector.

The intuition of the S-type and the T-type is the 1-type of the edge’s source and target
element, respectively. For every ¢ € n, the unary predicate S; and 7; are for the original
unary predicate U;. The intuition of the E-type is the 2-type of the edge. For every i € m,

the unary predicate 57 and (3 are for the original binary predicate 3;(z,y) and §;(y, x),
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respectively. Finally, the K-type deal with the counting condition of the original sentence.
The intuition of the K-type is the number of binary predicates already realized forwardly.

We will describe more on the K-type later.

Edge representation. The edge representation of the pseudo-structure G over the vocab-
ulary 7, denoted by H, is a pseudo-pseudo over the vocabulary 7'. We construct H with the
following rules. We fix an order of elements in V', say vy, vo, . . .. The universe of H is the
set of all non-trivial edges in G, that is, U := { (v1,v2) €V X V | vy # vy and la b9 [v1, V9] # 6}.

Let (v;, v;) be an element in U. The S/T/E/K-type of (v;, v;) are defined as follows.

¢ The S-type S is derived from the 1-type of the source element v;, thatis, S := la bY [0:][Se /U] 7.
Recall that the notation ¢[b/a| denotes that substituting all a occurred in ¢ with b.

The symbol ¢[b;/a,]*> ¢, is the abbreviation of multiple substitution.
* The T-type T'is derived from the 1-type of the target element v;, thatis, " := lab”[v;][T;/U,]1-,.

* The E-type E is derived from the 2-type of (v;, v;), that is,
E 1= 1ab s, v;] 87 / 81 ()i 67/ Buly, )l

* The K-type K is the number of binary predicates which already realized, that is,
K = ZtE[j] |abg7>[?]i,”l)t].

Then, the 1-type of (v;, v;) is defined as lab™[(v;,v,)] := SUT U EU K U {G}. Since
there is no binary predicate in 7/, the 2-type of edge in H is trivial.

As mentioned above, we would interpret the element in H as a non-trivial edge in G.
The S-type and the T-type encode the 1-type of the source and target element of the edge,
respectively. The E-type E represents the 2-type of the edge. For every element v € V,
there is a set of elements in ‘H that encode the non-trivial outgoing edges from v. For every
element (v, v') in the set, it has a unique K-type. Moreover, the value of its K-type encode
the number of binary predicates already realized. We can view the set as a chain structure
by order of element’s K-type. Clearly, if G is a pseudo-model of ¢, then the K-type of
the last element in the chain should be k, that is, the counting conditions of the original

sentence .
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Reduction. To construct the FO? sentence ¢/, we first introduce the following auxiliary

formulae.

PAIRst(z,) = N (Si(z) © Ti(y)) A (Ti(z) < Si(y))

1€[n]

PAIR(z,y) =\ (B7(x) & Bi(y) A (5(2) ¢ B (y))

i€[m]

PREV(z,y) := /\ (Si(z) ¢ Siy)) A

i€[n]

N (B (@) = Ki(z) = Kiy) + 1) A (=55 (2) = Ki(2) = Ki(y))

1€[m)]

ROOT(x) == N\ (Bi(x) = Ki(z) = 1) A (5 (x) — Ky(x) = 0)

1€[m)]

LEAF(z) = /\ Ki(z) =k

i€[m]

Then we define following sentences. Note that the symbol ¢[b/a] denotes that substitut-
ing all a occurred in ¢ with b. The symbol ¢[b;/ at]figl is the abbreviation of multiple

substitution.
o= Ve () [Si(x)/Un(@)]i,
* =V (@) [Ty () Un(x)i,
* =V ale, y)[Se(e) /U(@) iz [T () fUn()]iz 107 (2) / B, y) i (57 () / Be(y, )]s
* o= Vavya(z,y)[Si(@)/Ue)]i (i) /Un(m)lim [L/ Bz, y)IZ L/ Be(y, 2)li2,

c pyi=Ve \/ B(z)

i€[m]

* @i = Vo Jy PAIRsr(z,y) A (( \V ﬁf(:}:)) — PAIRE(x,y)>

1€[m]

* ¢ = Vo G(x) — LEAF(x) V (Jy PREV(y, z) A G(y))

* y =V G(x)
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Finally, ¢ := A ¢..
i€l9]

We describe the intuition of each sentence here. The sentences ¢, ¢5, and 5 encode
the constraints for the S-type, T-type, and E-type, that is, the constraint for the valid 1-
type and 2-type in the original sentence . The sentence ¢/, is the condition for non-
trivial edges, that is, the E-type should realize at least one binary predicate forwardly.
The sentence (% is the condition for edge pairing. The sentence 5 encodes the necessary
condition of the strong pseudo-model, that is, all realizable 1-types are null-compatible.
The sentences ¢7, @5, and ¢ describe the partial order structure by the relation PREV and

each path from the ROOT element to the LEAF element in this structure represents a valid

configuration in G. We will show this property later.

Correctness of the reduction. The correctness of the reduction follows the intuitions
described before. We prove two directions by constructing the corresponding pseudo-

models directly.

Lemma 8.1. If the C? sentence  is strongly satisfiable, then the FO? sentence ¢' is sat-

isfiable.

Proof. Let G be a strong pseudo-model of (. We show that the edge representation of G,
denoted by H, is a pseudo-model of .

Because of the construction rules of H, for every element u € U, u’s S-type, T-type,
or E-type are derived from some valid 1-type or 2-type realized in §. Therefore, the
sentences ¢}, ¢4, and ¢4, which derived from the conditions of valid 1-types and 2-types
of the original sentence ¢, are also satisfied by u. Moreover, since G is a strong pseudo-
model, for every 1-types m; and 75 realized in G, m; and 75 are null-compatible. Thus, the
sentence (¢, is satisfied. Because the universe of # is the set of all non-trivial edges in G,
the original 2-types are non-trivial and so for the E-types. Therefore, the sentence ¢} is
satisfied.

For every element (vy,v9) € U, if |abg’<[v1, Vo] # 0, then (vg,v1) is a non-trivial
edges, and this implies that (v, v1) € U. Therefore, the assignment x +— (vq,vy) and

y — (vq,v1) is a valid assignment for the sentence ;. Otherwise, if lab®[vy, 5] = 0,
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we choose another element v € V' such that (vq, v3) is a non-trivial edge. Thus, (vs,v3) 1s

an element in H, and = — (vy,v2) and y — (ve, v3) is a valid assignment for the sentence

/

Pe-

Finally, constructing the K-type guarantees the partial order structure in H. For every
element v € V/, it is represented by a set of outgoing non-trivial edges in . We assign
the K-type of each element in the set satisfying the formulae PREV. Because for every
element u € U, G € lab™[u] by the construction of 7, these implies that 7 satisfies the

sentences 7, ¢, and @y. O

Lemma 8.2. If the FO? sentence ' is satisfiable, then the C? sentence  is strongly sat-

isfiable.

Proof. Let H be a pseudo-model of ¢'. For every element v € U, by the sentence vy,
either ROOT (u) or there is another element «’ such that PREV(v/, u). We can link the
elements in G with one of its PREV and view G as a partial order structure, though there
might be multiple y satisfying it. By ¢, ¢5, and ¢}, the elements in the forest are linked
with the relation PREV, and the root element satisfies ROOT. Also, the collection of edges
of a maximum path in A from a valid configuration of .

We construct a pseudo-structure G over the vocabulary 7 with the following two steps.

First, we construct a labeled graph G, which consists of parallel edges.

1. For every maximal chain P := u; — us — - -+ — uy in the partial order structure.
Observe that the S-type of these elements are the same, say S. We add an element

vp in Gy and assign S to its 1-type.

2. For every maximal chain P’ := u; — uy — - -+ — wy in the partial order structure,
for every element « in the chain, by the sentence ¢y, it has a pairing element, say u'.
Let P’ be a maximal chain that contains u/, and vp: be the corresponding element

of P" in Gy. We add an edge between vp and vps and set it 2-type to u’s E-type.

Then, we resolve these edges in Gy and obtain the desired pseudo-structure G. The universe

of G consists of infinitely many copies of Gj.

1. For every element in G, its 1-type is the 1-type in Gy.

122 doi:10.6342/NTU202203098



2. For every pair of elements v, and v,, if there are parallel edges between them, then

let v5, be an element satisfying the following.

* The 1-type of v, and v}, are the same.

* There is no edge between (vy, v}).

We can resolve the parallel edges between v; and v, by replacing one edge between

(v1, va) with (vq,v5).
3. Finally, we set the null type to the 2-type of all remaining edges.

Here, we show that G is a strong pseudo-model of ¢. For every element v; in G, the
1-type of v; is the S-type of some element in H. By the sentence ¢}, the 1-type (S-type)
satisfies v. For every edge (vq,v2) in G, if the 2-type of (v, v9) is the null type, then by
the sentence f;, (v1, v2) satisfies . Otherwise, the 2-type of (v1, v) is the E-type of some
element in 7. By the sentence ¢}, the 2-type (E-type) together with its source’s 1-type
(S-type) and target’s 1-type (T-type) satisfy a. Because the edges of the maximum path
in H form a valid configuration in ¢ and we assign the non-trivial edges of each element
in G by it during the construction, each element satisfies the counting condition. Hence,

G is the desired strong pseudo-model. [

Theorem 8.3. The C? sentence o is strongly satisfiable, if and only if the FO? sentence

¢ is satisfiable.

It is clear that the reduction is deterministic. The size of the vocabulary 7’ is poly-
nomial in m, n, and [lg k;|, that is, the length of the original C? sentence . Hence, the

length of the FO? sentence ¢’ is polynomial in the length of .

Remark 8.4. Notice that the equality symbol in the formulae PREV, ROOT, and LEAF
is the abbreviation of the integer arithmetic. Therefore, they should be expanded as some
boolean formulae. Therefore, there is no equality in the FO? sentence . Besides, there

is no binary predicate in the vocabulary 7'.
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8.2 Reduction from SAT(GC?) to SAT(GF?)

If ¢ is a GC? sentence, then by Lemma [7.1], every valid 1-types in ¢ are null-compatible
with each other. Therefore, the sentence ¢, is unnecessary. Let ¢’ := A7, ¢/ A AP, ).
It is not difficult to show that ¢ is satisfiable if and only if " is satisfiable.

Observe that the sentences ¢” are in the form V* A V 3. It is possible to introduce
some new binary predicates and rewrite it into guarded form. Hence, it is in the normal
form of GF2. Since the semantics of each sentence are the same, the correctness of the

reduction can be proved by the similar arguments.
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Chapter 9

Concluding remarks

In this thesis, we revisit C?>. We introduce and prove the configuration exponential bound
(CEB) property for C2. This property can be viewed as the extension of the ESM property
for FO?. We present alternative but more transparent algorithms for the satisfiability and
finite satisfiability problems of C2. Then, we extract a semantic subclass of C? that we
call the strongly satisfiable fragment, which may yield a better and more efficient imple-
mentation.

Our approach for the strong satisfiability and finite strong satisfiability problems of
C? also works for the satisfiability and finite satisfiability problems for GC? and yields
EXPTIME algorithms. Finally, we present deterministic polynomial-time reductions from
the strong satisfiability problem of C? to the satisfiability problem of FO? and from the
satisfiability problem of GC? to the satisfiability problem of GF?.

There is still much to do in this field. The following are some possible future works.

+ The algorithms for C? presented in this thesis are still by non-deterministic reducing
to the ILP problem. Therefore, it is still an open research problem to obtain explicit

and implementable algorithms for C2.

+ In this thesis, we present a semantic subclass of C? that we call the strongly satisfi-
able fragment. We also show that the class strong satisfiability of C? lies in between
the satisfiability of GC? and C2. Since both GC? and C? capture various description

logics, it is interesting to figure out the relation between the class strong satisfiability
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of C? and description logics.

There are only a few known reductions between NEXPTIME-complete problems.
In this thesis, we present a deterministic polynomial-time reduction from the strong
satisfiability problem of C? to the satisfiability problem of FO?. We note that it
may be possible to extended our techniques for the reduction from the satisfiability

problem of C? to the satisfiability problem of FO?.

There are some quantifiers which has stronger expressive power than counting quan-
tifier. Recently, Bednarczyk, Ortowska, Pacanowska, and Tan [3] considered Pres-
burger quantifiers, which can express local numerical properties. They showed that
FO? extended with Presburger quantifiers is undecidable, but GF? extended with
the Presburger quantifier is in 3-NEXPTIME. We note that it may be possible to ex-
tended our techniques for the satisfiability problem of GC? to obtain a better upper

bound for GF? extended with Presburger quantifiers.
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