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1 Introduction

1.1 Prelude: From Glivenko-Cantelli to Dvoretzky-Kiefer-Wolfowitz

In probability theory, the Glivenko-Cantelli theorem states that the empirical distribution function
converges uniformly to the underlying cumulative distribution function as the sample size increases.
Let Xy,...,X, be ii.d. from some probability measure P on R whose cumulative distribution
function (CDF) is F. The empirical distribution function is defined as F,,(z) := % Y X <z}
for any € R. Then, the Glivenko-Cantelli theorem states that sup,cp |Fn(z) — F(x)] — 0 in
probability as n — oo. For z € R, the convergence |F,(z) — F(z)| — 0 in probability is a
direct consequence of the law of large numbers (LLN). The Glivenko-Cantelli theorem establishes
convergence in a uniform sense by showing the convergence of the supremum over all z € R.

The Dvoretzky-Kiefer-Wolfowitz (DKW) inequality strengthens the Glivenko-Cantelli theorem

by providing the rate of convergence. Concretely, for any € > 0, we have

P (sup |Fp(z) — F(x)| > 5) < 272",
z€eR

Equivalently, we often write this as follows: for any ¢ € (0,1), we have

log(2
sup |Fy(z) — F(z)| < ogé/é) holds with probability at least 1 — 6. (1.1)
n

zeR

This probabilistic bound on the uniform deviation sup,cg |Fy(z) — F'(z)| provides the rate of con-
vergence in terms of the sample size n, which is O(1/y/n). This result is non-asymptotic in the
sense that it holds for any finite sample size n, which does not require the limit n — oo.

Note that {F,,(z) — F(x) : € R} is a collection of random variables indexed by =z € R; for
each z € R, we have a random variable F;,(x) — F'(x) that depends on X1, ..., X,,. This collection,
which we can view as a stochastic process, is an instance of empirical processes. The Glivenko-
Cantelli theorem concerns the asymptotic behavior of this empirical process in a uniform sense,
often called as the uniform law of large numbers, by taking the supremum over x € R, while the
DKW inequality provides a sharper non-asymptotic result by establishing a probabilistic bound on
the supremum of the empirical process.

1.2 Empirical Processes: Non-Asymptotic Analysis

In this note, we study general empirical processes from a non-asymptotic viewpoint. Consider a
probability space space (X, A, P) and a class F of real-valued integrable functions on X', namely,
F C LY(P). Let X3,..., X, be independent X-valued random variables whose laws are P, where
we denote the empirical measure associated with X;,...,X,, by P,. For any f € F, consider the
following random variable:

1 n
PMCOR RS

which is the average of i.i.d. random variables f(X3),...,f(X,) centered by the expectation
Ef(X1). Here, P,f and Pf are the integrals of f with respect to P, and P, respectively. We
call the collection (v/n(P,f — Pf))fer of random variables the empirical process indexed by F.
Now, one can see that {F,(z) — F(z) : € R} in the Glivenko-Cantelli theorem is a special case of
the empirical process with & = R and F = {1(_c 4 : € R}.
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The classic topics of empirical process theory concern the asymptotic behavior of the empirical
process in a uniform sense. One of the main questions is to characterize conditions for F under
which sup ez | Py f — Pf| — 0 in probability as n — co. Like the Glivenko-Cantelli theorem, this
extends the convergence of |P,f — Pf| — 0 for each f € F to the uniform sense by showing the
convergence of the supremum over all f € F. A class F for which supscx [P, f — Pf| — 0 in
probability is called a Glivenko-Cantelli (GC) class; or, F is said to satisfy the uniform law of large
numbers. [vdVW96, Kos08, vdVW23| are standard references that extensively cover the study of
GC classes, another important topic regarding the limit distribution of the empirical process called
the Donsker’s theorem, and their applications to statistical inference.

In this note, like the DKW inequality, we take a non-asymptotic viewpoint to quantify the rate
of convergence of sup ez [P, f — Pf| to 0 in terms of the sample size n € N. Accordingly, we will
derive the following type of probabilistic bound that resembles the DKW inequality:

sup |P,f — Pf| <b(n) holds with high probability, (1.2)
fer

where b is a suitable complexity that converges to 0 as n — oo. To this end, we start by studying
the convergence of the expectation Esupcr |P,f — Pf| to 0. In other words, we first evaluate
how fast supser |Pnf — Pf | converges to 0 on average by deriving a suitable upper bound on
Esupgcr | P, f — Pf]|, which will then lead to the above type of probabilistic bound.

We conclude this section by providing examples of applications where we want to bound the
deviation of the empirical process.

Example 1.1 (Empirical Risk Minimization). In statistical problems involving an i.i.d. sample
X1,..., X, from an unknown distribution P, we often find a parameter of interest following a
decision-theoretic framework as follows. Let © be the set of parameters of interest, and for each
0 € ©, we define its risk as

L(0) = /X 0z, 0)dP(z),

where /¢ is a certain loss function. Then, the goal is to find a minimizer of the risk over ©,
say, 0 € argming.g L(#). As P is unknown in general, * cannot be computed. Empirical risk
minimization uses data to estimate 8* by minimizing the empirical risk defined as

Lo (0) ::iZ&Xi,H):/XE(x,H)dPn(m).

In the parametric inference context, this is essentially the framework called M-estimation. More
broadly, allowing 8 to be a function, many regression and classification methods in machine learning
are formulated under this framework. To evaluate the performance of a minimizer of the empirical
risk Ly, say, 0, € argmingcg Ly(#), we compare the excess risk of #,, compared to the best one
0*, that is, L(6,) — L(6*). The rate of convergence of L(6,) — L(0*) provides a non-asymptotic
performance guarantee of the empirical risk minimizer 8,,. To this end, we bound the excess risk
as follows:

L(en) - L(Q*) = L(en) - Ln(en) + Ln(en) - Ln(9 ) + Ln(e*) - L(e*)
< L(en) - Ln(en) + Ln(e*) - L(G*)
< 2§gg|Ln(9) — L(9)],

where the first inequality follows from the definition of 6,,. The quantity supjcqy |Ln(6) — L(6)| can
be written as sup ez |Pnf — Pf| by letting 7 = {£(-,0) : 6 € ©}. Hence, the rate of convergence
of sup e |Pnf — Pf| provides a performance guarantee of the empirical risk minimizer 6.



Example 1.2 (Integral Probability Metrics). For a suitable class F of real-valued measurable
functions on X, it induces a metric on the space of probability measures on X, which takes the
following form: for two probability measures p, v on X, define

/deu—/xfdv

We call Dr an integral probability metric. Canonical examples include the total variation dis-
tance, Wasserstein distance, and maximum mean discrepancy. In this case, supgcr |P.f — Pf|
is Dx(P,, P), which measures the distance between the empirical measure P, and P under Dg.
Hence, the rate of convergence of sup ¢ 7 [P, f — P f| provides a non-asymptotic guarantee on how
fast P, converges to P under Dx.

D(p,v) = sup
fer

Remark 1.1 (On Measurability). In general, sup ;. z | P f — P f| is not necessarily a random variable
since a supremum of a possibly uncountable collection of random variables such as (| P, f — Pf|) fer
might not be measurable. To circumvent this measurability issue, the following convention is
commonly used: given a stochastic process (X¢)ier, we define the expectation of its supremum as

E sup X; := sup {EmaxXt : VTy C T such that |Tp| < oo} .
teT teTy

In this note, however, we will not delve into the measurability issue and we will always treat
supser |Pnf — Pf| as a random variable.

References As mentioned earlier, standard texts [vdVW96, Kos08, vdVW23] are recommended
for a comprehensive study of empirical processes, with a focus on the asymptotic theory and
applications in statistics. Texts on high-dimensional probability [BLM13, vH14, Verl8| include
some non-asymptotic analysis of empirical processes. [AB99, Men03] focus on learning theory,
together with relevant non-asymptotic analysis of empirical processes. [Wail9] covers a wide range
of topics in high-dimensional statistics and probability, which includes some non-asymptotic analysis
of empirical processes. For some of the results in this note that are stated without proofs, the readers
are encouraged to consult the above references.

Settings Throughout this note, we assume the following settings unless otherwise stated.
o (X, A) denotes a measurable space.
e P(X) denotes the collection of all probability measures defined on (X, .A).

P € P(X) and F C LY(P).

e Xi,...,X, denote independent X'-valued random variables whose laws are P.

P,, denotes the empirical measure constructed by Xi,...,X,.

P,f and Pf denote the integrals of f with respect to P, and P, respectively.

super |Pnf — Pf| is often denoted by ||P, — P|| 7.

Notation For n € N, let [n] = {1,...,n}. For a vector x = (z1,...,74) € R% let ||z|]2 denote
the standard Euclidean norm, and let ||z = max;e(q) |7il-



2 Preliminaries: Sub-Gaussian Random Variables

In the sequel, the Rademacher random variable o will play a central role in deriving an upper bound
on E|| P, — P|| 7. The Rademacher random variable is a canonical example of sub-Gaussian random
variables whose tail decays as fast as the tail of a Gaussian random variable; such a condition is
succinctly representable by the moment generating function as follows.

Definition 2.1. A random variable Z is said to be sub-Gaussian with parameter v > 0 if

)\2
Ee* < exp (”2> VA € R,

One can see that the Rademacher random variable ¢ is sub-Gaussian with parameter 1:

A Y 2
et te A
)\0'__7< R
Ee 5 _exp<2>,

where the inequality can be verified by comparing the series expansion. Next, let us consider
independent Rademacher random variables o1,...,0,. Letting o = (01,...,0,) € {£1}", for any
s=(S1,...,8,) € R, observe that (o,s) = Y1, 0;s; is sub-Gaussian with parameter ||s||3 because

n n 212 212
Ee* i 7o = [[EA < [exp < ; > — exp <Hs\|22A ) |

i=1 =1

In the sequel, we will encounter the supremum of a collection of random variables given as (o, s),
that is, A := sup,cg(0,s). How can we compute the expectation EA? If S is finite, we can utilize
the following maximal inequality.

Lemma 2.1. Suppose random variables Z1, ..., Z, are sub-Gaussian with parameter v > 0. Then,
Emﬁc Zi < \/2vlog(n) and Emz[u]( |Zi| < +/2vlog(2n).
i€[n i€n

In particular, for n > 2,

Emz[n]c |Zi| < 2+/vlog(n).
i€n
Proof. For any t > 0, using Jensen’s inequality and sub-Gaussianity,

1
Emax Z; = —Elog (max etzi)
i€[n) t i€[n]

1
< —log (E max etZi)
t i€[n]

1 & tZ;
n log <E;e )

log(n)  wt
t * 2"

IN

<

Let t = \/(2/v)log(n) and obtain the first inequality. Note that

Emax|Z;| = E max Z;,
1€[n] 1€[2n]

where we define Z,,4;, = —Z; for all i € [n]. Apply the first inequality to Zi,..., Z2, to obtain the
second inequality. O



Example 2.1. Suppose that o1,...,0, are independent Rademacher random variables. Letting
o= (01,...,0,) € {£1}", for any finite subset S of R"”, Lemma 2.1 implies

E < /2 2 . log(lS
r£€a§<<a,s>_\/ I?€a§<||a||2 og(|95]),

E <./2 5 -1og(2]5]).
ma(025)| <. [2ma ol og 21)

Lastly, we present concentration inequalities for sub-Gaussian random variables. One can prove
that sub-Gaussian random variables are mean-zero. More importantly, it is possible to quantify the
extent of the concentration of a sub-Gaussian random variable around 0 using a technique often
referred to as the Cramér-Chernoff method.

Lemma 2.2. Let Z be a sub-Gaussian random variable with parameter v > 0. For any t > 0,

t2 2
P(Z >t) <exp (—2V> and P(|Z| > t) < 2exp (—2y> .

Equivalently, for any fixed § € (0,1),

Z < \/2vlog(1/d) holds with probability at least 1 — 0,
|Z| < +/2vlog(2/d) holds with probability at least 1 — 0.

Proof. For any A\ > 0
AZ -\t AZ -\t AZ—At 2%
P(Z >t)=P(“ M >1)=EIl(e™” " >1) <Ee™™ §exp<2—)\t).

By taking A = t/v, we obtain the first inequality. Combine P(Z > t) and P(Z < —t) to obtain the
second inequality. O



3 Symmetrization and Rademacher Complexity

In this section, we upper bound E|| P, — P|| # by the Rademacher complexity, which is the expectation
of the supremum of a symmetrized version of a process (P, f)ser. Such a technique is called a
symmetrization principle. Due to symmetry, it is often easier to bound the Rademacher complexity
than E|| P, — P||z, which will be detailed in the subsequent sections.

3.1 Symmetrization and Rademacher Complexity

We first introduce a symmetrization technique that allows us to upper bound the expectation
E||P, — P||x by the quantity called the Rademacher complexity. We also provide a one-sided
version of the symmetrization inequality that upper bounds Esup e z(Pnf — Pf).

Lemma 3.1 (Symmetrization). Suppose o1,...,0, are independent Rademacher random variables
such that oq,...,0n and X1,..., X, are independent. Then,

1 n
Esup |P,f — Pf| <2-—Esup |Y _oif(Xy)], (3.1)

fer N feF i

n
1

Esup(P,f — Pf) <2- —EsupZaif(Xi). (3.2)

fer no feFiD
Proof. Suppose Y7, ...,Y, are independent X-valued random variables whose laws are P, namely,
they are independent copies of Xi,...,X,,. Suppose the three collections of random variables,

Oly+v y0ny X1,...,Xn, and Y7,...,Y, are mutually independent. By definition,

E[|P, — P||r = Ex sup
feF

= [Ex sup
feFr

By~ S (7(%) - £(1)].

i=1

1 n
n;f(xo - Pf

n ‘

Here, Ex and Ey explicitly denote that the expectation is taken with respect to only X1,..., X,
and only Y7,...,Y,, respectively. Since

1 ¢ 1 .
Bxsup By ) (F(X0) - f(n))‘ < GExsupEy ;um - f(Yi))‘
1 n
< Exy sup ZZ;(f(Xi) - f(Y))|,

where Ex y denotes the expectation with respect to X1,...,X,,Y7,...,Y,. By definition,

n

> (F(X) = F(V7)

i=1

S oi(F(X0) — (V)

i=1

= [E sup
feF

Ex y sup
feF

?

where E denotes expectation with respect to all the random variables. Since

Esup |3 oi(f(X:) — F¥))| < Esup |3 0/ (X)) + Esup |3 03 ()
fer ; feF ; fer ;
= 2E sup o f(X)],
sup ; (Xi)
we have (3.1). Similarly, we can derive (3.2). O



Observe from (3.1) and (3.2) that the following quantities appear in the upper bounds.

Definition 3.1. For P € P(X) and F C L!(P), the Rademacher complexity of F with respect to
P for sample size n is defined as

_ 1 "
Ry(F,P):=—Esup |> oif(X)],
nofeF i34
. (3.3)
1
R,(F,P):= ~Esup > oif(Xy),
n feriD
where o1, ...,0, are i.i.d Rademacher random variables that are independent of X7,..., X,; here,
the expectation E is take with respect to o1,...,0, and Xq,...,X,. The empirical Rademacher

complexity of F with respect to x1,...,x, € X is defined as

Zo’if(ivi)

i=1

_ 1
Ry (F, {zi}iy) := -E ffg};

9

1 n
Bn(F {zi}iz) = ~E J%lelgz oif (@),
=1

where the expectation E is taken with respect to o1,...,0,

By definition, the Rademacher complexity in Definition 3.1 can be rewritten using the empirical
Rademacher complexity:

Ry(F, P) =ERy(F {Xi}i)) and Ru(F,P)=ER.(F {Xi}L,),
where the expectations on the right-hand sides are computed with respect to Xi,...,X,,.

Remark 3.1. F = —F implies R,(F,P) = R,(F,P) and R,(F,{x;};) = Ru(F,{z;}";) in
Definitions 3.1.

To gain more insight into the above complexities, observe that we may rewrite the empirical

Rademacher complexity of F with respect to z1,...,z, € X as
1
Ry (F, {zi}i1) = —Esup(o, s) (3.4)
n ses
where o = (01,...,0,) € R™ and

S:={(f(x1),...,f(zn)): f€F} CR™

Notice that o = (01,...,0,) € {£1}" can be viewed as a canonical direction of each orthant in
R™. Hence, %SupSe g{0, s) represents the largest value of S when projected to the direction o,
measuring the correlation of a set S and a direction o. Therefore, %E Sup,cg(o, s) can be thought
of as the complexity of the set S C R™ measured by averaging the correlation between S and o
over all o € {£1}". Consequently, the Rademacher complexity R, (F, P) is the expectation of the
complexity of a random set

{(f(Xl)avf(Xn))fE.F}CRn



Remark 3.2. Given S C R”, the Rademacher complexity of S is defined as

R(S) = %E sgg(a, s),

where o = (01,...,0,) € {£1}" for independent Rademacher random variables o1, ..., 0.

Remark 3.3. Observe from (3.4) that we may write the empirical Rademacher complexity as
D n 1 n 1
Rn(F {zi}ie)) = —Esup |Z;| and R, (F,{zi}i,) = —Esup Zy,
n fer no reF

where Z; := Y1 | 0;f(z;) is a sub-Gaussian random variable with parameter > 1 | f(;)?.

We show a concrete case where we can derive the rate of convergence of the Rademacher
complexity.

Example 3.1 (Linear Functions). Let X = R? and consider the following collection of linear
functions:

F={zw #,z):0ecs1}.

Given z1,...,z, € R?% note that
n n n
sup Zoif(azi) = sup <0, Zaimi> = fo@'%’
feF iz ges—t \ oy i=1 2
Hence,

2
B[S oy _ VEISiioily /S il
- )
n

an N <
Rn(F {zi}isy) < n n

where the second inequality follows from Jensen’s inequality, while the last equality is due to
Eoio; = (Eo;)(Eoj) = 0. Therefore,

Rn(F,P) <

Y

EVSL XS VESL X R
n - n n

where the second inequality follows from Jensen’s inequality.

3.2 Boolean Functions and VC Dimension

We consider a class consisting of functions taking only two values from {0,1}; in other words,
F ={l1p: B € B} for some B C A. Then, we have

[Py — P||7 = sup |[Py(B) — P(B)].
BeB

For such a class, we can upper bound the empirical Rademacher complexity using Lemma 2.1
because it is the supremum of finitely many sub-Gaussian random variables. To see this, recall that
for fixed z1,...,z, € X,

— 1 1
Ry (FAzi}i—y) = EEJS”EE‘ = EESEE |{a,s)|,
S

> oif(a)
i=1




where S := {(f(x1),..., f(zn)) : f € F} C R". As F consists of Boolean functions, S is a finite
set satisfying |S| < 2" also, max,eg ||s||3 < n. Therefore, as in Example 2.1,

1 1 21og(2
LB sup |(o, )] < £+/2nTog@I9]) = 4/ 22082SD. (3.5)
N ses n n

Unfortunately, this upper bound is useless if |S| = 2™. It turns out, however, that for some class
F, we have |S| < 2" for any choice of z1,...,x, € X.

Definition 3.2. Let F be a class of Boolean functions. We say F shatters {z1,...,z,} C X if
H{(f(z1),..., f(zn)) : f € F} =2". We define the Vapnik-Chervonenkis (VC) dimension of F as

ve(F) = sup{|A| : A C X is shattered by F}.
We call F a VC class if ve(F) < oo.

In words, the VC dimension of F is the largest integer n for which there exists a subset of X
with n elements that can be shattered by F.

Example 3.2. For X = R, one can verify the following.
(i) ve(F) =1 for F = {1(_xq :a € R}.
(ii) ve(F) =2 for F ={l(_ooq : @ €E R}U{l[y ) 1 a € R},
(iii) ve(F) =2 for F = {14 : a,b € R,a < b}.
One can generalize (ii) and (iii) to R? as follows.
e ve(F)=d+ 1 for F = {1y : H is a halfspace of R?}.
e ve(F)=d+1for F = {lp: B is a closed ball of R%}.

It turns out that for any VC class, [{f(z1),..., f(z,) : f € F}| must grow at most polynomially
in n, namely, n¥**) and thus is much smaller than 2.

Theorem 3.1 (Sauer-Shelah). Let F be a VC class. Then, for any n € N and x1,...,z, € X,

en ve(F)
ve(F)

{F(@1)ee flan) : f € FY| < (

By Theorem 3.1, the term 2log(2]S|) in (3.5) can be upper bounded by ¢z + 2vc(F) log n, where
cr is a constant depending on vc(F). Therefore, we can upper bound the empirical Rademacher
complexity for a VC class F by

- e cr + 2ve(F)logn
;J,j(m,) g\/ ; :

By taking the expectation with respect to Xi,...,X,,, we have

_ \/CJ:+2VC(]:) logn

_ 1
Ry (F,{zi}i=,) < —Esup
n fer

R, (F,P) < - (3.6)

We often abbreviate this results as R, (F,P) < 10%‘ We will later see that the extra factor
v/logn can be removed by a more sophisticated technique called chaining.

10



4 Discretization via Covering

As seen in the previous section, a recurring task in empirical process theory is to bound the
expectation of suprema of stochastic processes such as E||P,, — P||z, the Rademacher complexity,
or the empirical Rademacher complexity. This section studies this task under a more general
framework; given a stochastic process indexed by a set T', say (Z;)ier, where Z; is a sub-Gaussian
random variable for all ¢ € T', we study methods to bound Esup,cr Z;. After developing general
principles, we will apply them to derive upper bounds on the Rademacher complexity.

4.1 Overview of the Main Idea

If T is finite, we have seen that Esup,.r Z; = Emax;cr Z; can be upper bounded by the maximal
inequality of sub-Gaussian random variables (Lemma 2.1). In general cases where T is possibly
infinite, we equip T with a suitable pseudometric p and cover T using finitely many e-balls given
€ > 0. Equivalently, we find a finite subset, say T, C 7', with the following property: for any t € T',
there exists s € T, such that p(t,s) < e. Upon finding such a finite subset T, we can upper bound
the supremum sup,cr Z; as follows:

sup Z; < sup (Z; — Zs) + max Zy, (4.1)
teT t,s€T teT.
p(t,s)<e

namely, the supremum on the left-hand side is bounded above by the supremum of differences of
e-close pairs plus the maximum of finitely many random variables (Z;):er. -

For the supremum of differences of e-close pairs, we utilize smoothness of ¢ — Z;, which is true
in many applications. For instance, we often have Lipschitzness, namely, there exists a constant
L > 0 such that

|Zy — Zs| < L-p(t,s) Vt,seT,

which implies
Esup Z; < Le + Emax Z;.
teT teT:
Next, we upper bound E max;c7, Z; using the maximal inequality; assuming Z; is a sub-Gaussian
random variable with parameter v for all t € T, we have

Esup Z; < Le + \/2vlog |T%|.

teT

Note that this result is true for any finite subset T, satisfying the following property: for any ¢t € T,
there exists s € T, such that p(t,s) < e. Such a subset is called an e-covering of T'. Suppose
we have chosen 7. with the smallest possible cardinality while satisfying this property and let
N (e, T, p) :=|T:|, which is called the e-covering number of T. Then, we have

Esup Z; < Le + \/2vlog N(¢, T, p).
teT

It turns out that e — AN (e, T, p) increases as € | 0. By analyzing the rate of this increase, one can
pick an optimal £ to obtain a concrete upper bound.

4.2 Covering Numbers

Given a pseudometric p on T, we quantify the minimal number of e-balls to cover T, called the

e-covering number, and analyze it as a function of €.

11



Definition 4.1. Let (7, p) be a pseudometric space.

(i) Given € > 0, a subset S C T is called a e-covering of T' if for each t € T, there exists s € S
such that p(t,s) <e.

(ii) The e-covering number of T, denoted as N (e,T,p), is defined as the smallest cardinality
among all e-coverings of T'; any e-covering that achieves this smallest cardinality is called a
minimal e-covering.

(iii) A function € — log N (g, T, p) is called the metric entropy of 7.
(iv) We say (T, p) is a totally bounded pseudometric space if N (e, T, p) < oo for all £ > 0.

Throughout, we mainly consider a totally bounded pseudometric space (T, p). Notice that
N (g, T, p) monotonically increases as € | 0. The main principle here is that covering numbers
measure the size of a set T" based on this increase rate.

Example 4.1 (Unit Cubes). Suppose T' = [—1,1] and p(t,s) = [t — s| for t,s € T. Fix e > 0 and
define

1 for k = [2].

£

tk:{_1+k5 fork::(),--wL%Jv

Letting N = [%], define T := {to;—1 :i=1,..., L%J} Then, T; is a e-covering of T'. Hence,

Nl < EE L

Now, suppose T = [—1,1]% and p(t,s) = ||t — s||oc for t,s € T. Then, we can deduce that

d
Ne L1 |- o) < (1 + 1) |

As |lal2 < Vd||a||ls for any a € RY, we have N'(Vde, [-1,1]%4, || - |2) < N(&,[~1,1]% || - lso)- From
this, one can deduce that
d
E )

N =110 ) < ( +1
Exact calculation of covering numbers may be infeasible. In most cases, it suffices to derive
bounds on them. Packing numbers serve as a tool for bounding covering numbers.

Definition 4.2. Let (T, p) be a pseudometric space. Given ¢ > 0, a subset S C T is called a
e-packing if p(s1, s2) > ¢ for any distinct s1, s € S. The e-packing number, denoted as M (e, T, p),
is defined as the largest cardinality among all e-packings of T. Any e-packing that achieves this
largest cardinality is called a maximal e-packing.

Lemma 4.1. Let (T, p) be a pseudometric space. For any e > 0,
M(2¢,T,p) < N(e,T,p) < M(e, T, p).

Proof. Note that any maximal e-packing should be a e-covering due to its maximality. Therefore,
N(e, T, p) < M(e, T, p) follows. Meanwhile, if there is a e-covering with N elements, the cardinality
of any 2e-packing cannot exceed N; otherwise, there must exist two points of the 2e-packing
belonging to the same e-ball of the e-covering. Hence, M(2¢,T,p) < N(e, T, p). O
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Example 4.2 (Euclidean Balls). For 7 > 0 and = € R, let B,(z) denote the closed ball of radius
r centered at x under the Euclidean norm || - ||2. Let us upper bound the e-covering number
of B1(0). To this end, consider a maximal e-packing of B;(0), say, x1,...,zm,m € Bi(0), where
m = M(e, B1(0), || - l2). By definition, B (z;)’s are disjoint. Therefore, the volume of their union
is m times the volume of B (0), that is,

(0)).
As z; € B1(0), we have Bz (x;) C B14£(0) for all i = 1,...,m. Hence,

vol(UiZy Be (x7)) = m - vol(B

o

m - vol(Bz (0)) = vol(UiZ; Bs (z;)) C vol(Bi1(0)),

(125 (21

d
NemO.] 1) < (241)

which leads to

By Lemma 4.1, we have

Remark 4.1. We often consider situations where T is a subset of some larger set T and the
pseudometric p extends to 1. In this case, we may define coverings based on points in 7'} which
may not necessarily be contained in T'. Formally, let us call S C T a e-covering of T" in T} if for
each t € T, there exists s € S such that p(t,s) < e; also, N; (¢, T, p) be the e-covering number of
T in T, namely, the smallest cardinality among all e-coverings of T" in T.. Then, we have

N+(€,T,p) SN(S’Tv P) §N+(E/2,T,p). (4'2)

The first inequality of (4.2) follows from the definition. To show the second inequality of (4.2),
suppose si,...,8, € Ty satisfy T = U {t € T : p(t,s;) < ¢/2} =: U ;B;; in other words,
{s1,...,8n} is a €/2-covering of T in T.. Assuming B; is nonempty, pick any t; € B; C T. Then,
{t1,...,ty} C T is a e-covering of T', which proves the second inequality of (4.2).

4.3 Covering Numbers of Function Classes

Now, we consider a class of functions F on a set A and study the covering numbers of F under
various pseudometrics. First, consider the uniform metric induced by the uniform norm || - ||: for
any functions f,g on X, define

1/ = glloc = sup | f(z) — g(z)].

zeX

The uniform metric satisfies the three metric axioms. Hence, if || f — g||co < oo for all f, g € F, the
uniform metric is a metric on F. For instance, this is true if F is uniformly bounded, that is, there
exist constants a,b € R such that a < f(z) < b for all f € F and x € X. Now, let us denote by
N(e, F,| - |lco) the e-covering number of F under the uniform metric.

Example 4.3. Suppose X = [0, 1] and consider the following class of Lipschitz functions:
Fr={f: X =R|f(0)=0and |f(z) — f(2)| < Lz — 2| Va,2' € X}.

For small € > 0, one can show that log (g, Fr, || - |s) roughly scales as £. See Example 5.10 of
[Wail9] and Lemma 5.16 of [vH14].
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The uniform metric is somewhat too strong in a sense that the covering number N (g, F, || - ||oo)
may be undesirable large. More technically, the balls defined by the uniform metric are small and
thus constitute a strong (fine) topology on F, leading to large covering numbers. Large covering
numbers are undesirable because they lead to loose bounds on the expectation of suprema of
stochastic processes. For instance, suppose X = R and F = {1(700,:;:} : x € R} as in the Glivenko-
Cantelli theorem. As [[1(_oo 4] — L—ooalloc = 1 if @ # 2/, we have N(e, F, | - [loc) = o0 for all
e < 1. Recall, however, that vc(F) = 1. Accordingly, unlike the VC dimension, the covering
number N (e, F, || - ||oo) does not provide a meaningful measure of the complexity of F.

To avoid this, we consider a pseudometric that is weaker (smaller) than the uniform metric.
To this end, we define a pseudometric that compares functions based on the average discrepancy
between their values at a finite set of points, which will be particularly useful for bounding the
empirical Rademacher complexity.

Definition 4.3. Let F be a collection of real-valued functions on a set X and p € [1, 00] be a fixed
exponent. Given z1,...,x, € X, let u, denote the uniform measure supported on {xi,...,z,},
ie., Uy = %Z?:l 0z, Note that LP(u,) leads to a pseudometric such that for any f,g: X — R,

maxj=1,__n |f(z:i) — g(x;)] if p = oo,
(LS00 If (@) — gla)) " it p e [1,00).

Let N(e, F, LP(j1y,)) be the e-covering number of F under the pseudometric LP (). We define the
uniform e-covering number of X as follows:

I1f = gllzr(un) = {

1 n
Np(e, F,n) := sup {N(&f,[}’(lun)) e = EZ(SI“ T1,...,Tn € X},
=1

where the supremum is taken over all choices of n points x1,...,z, € X.

Note that for any f: X — R,

12y S W Lp(uny < 1L ey < Il VP € (1, 00),
which implies
N (e, F L (pn)) < N(e, Fy LP (pn)) < Ne, Fy L (1)) S N, F || [lo) - P € (1, 00).

Therefore, LP(u,) indeed induces a weaker pseudometric than the uniform metric. However, using
the covering number N (e, F, LP(u,)) to bound the empirical Rademacher complexity leads to
an upper bound that also depends on the choice of z1,...,x, € X, whose expectation must be
computed to bound the Rademacher complexity. To avoid this, we define the uniform e-covering
number N, (g, F,n), which is the supremum of N (e, F, LP(uy,)) over all choices of z1,...,z, € X.
This allows us to derive a bound on the Rademacher complexity that does not depend on the
choice of z1,...,z, € X. By definition, uniform e-covering numbers N (e, F,n) are smaller than
the e-covering number under the uniform metric:

Ni(e, F,n) < Noy(e, Fyn) < Nao(e, Fon) S N(e, F |l - lse) ¥ € (1,00).

We saw that NV (e, F,|| - |lco) = 0o can happen for a VC class F. However, the uniform e-covering
number is always finite if F is a VC class. The following theorem provides a stronger result that
relates the e-covering number N (g, F, LP(u)) for any p € P(X) to the VC dimension of F.

14



Theorem 4.1 (Haussler). There is an absolute constant K > 0 such that

1 p-ve(F)
N(e, F,LP(n) < K - ve(F) - (4e)F) <€> (4.3)

for any VC class F, for any p € P(X), p € [1,00), and € € (0,1).
For the proof, see Theorem 2.6.4 of [vdVW23]. One can immediately see that the right-hand
side of (4.3) provides an upper bound on the uniform e-covering number N, (e, F,n).

4.4 Bounding Rademacher Complexities via Discretization

Using the covering numbers, we can upper bound the Rademacher complexity and the empirical
Rademacher complexity via discretization when F is uniformly bounded.

Proposition 4.1. Suppose supscr || fllo < b for some constant b > 0. Fir p € [1,00]. The
empirical Rademacher complexity of F with respect to x1,...,x, € X satisfies the following: for
any € > 0, we have

2

Ry(F Az },) <e+ \/21) log/\f(i;]-"’ Lp(un))’
2

Ro(F {z} ) <e+ \/Qb log 2N/ (e, F, Lf"(,un))7

n

where [y, s the uniform measure supported on {x1,...,x,} as in Definition 4.53. Accordingly, the
Rademacher complexity of F with respect to P for sample size n satisfies the following:

2
Ry(F.P)<c+ \/2b logJ\/p(a,}",n)’

n

i 202 log 2
Rn(}',P)§5+\/ b log /\2”(5’?’")

Proof. Recall that the empirical Rademacher complexity of F with respect to x1,...,x, € X is

1 n
Ry (F,{x;};—) = Esup — oif(x;).
C RS

=:Zy

Given € > 0, take a minimal e-covering F. of F under LP(u,,), where p, is the uniform measure
supported on {x1,...,x,}. Then, using (4.1),

sup Z¢ < sup (Zr—Z,) + max Zy < € + max Zy,
rer ! f.9eF U =t fer. 7t
If=gllp (un)<e

where the second inequality follows from

1 n
| Zy — Zy| < 52\]”(%‘) —g@)| = IIf = gller ) <N = gllzr(un)-
=1
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Meanwhile, we can verify that Z; is sub-Gaussian with parameter b%/n for any f € F. Hence,
USiDg |f€| = N(51f> Lp(Mn))7

\/%2 log N (e, F, LP(ju,))

Emax Z; < .
feFe n
Therefore,
2021 LP(uy, 2521
Ro(F. e}y < e+ \/ og N (e, 7, LP(n)) \/ og Np(e, F,n)
n n
As this is true for any z1,...,x, € X, we conclude that
221
R,(F,P) Ss—i—\/ B Nple, 7o)
n

Similarly, one can derive bounds for R, (F, {z;}",) and R,(F, P) by applying Lemma 2.1. O

Remark 4.2. In Proposition 4.1, it is worth noting that we may allow coverings of F that are
not subsets of F when defining the uniform covering number N, (e, F,n) and the covering number
N(e,F,LP(uy)); recall Remark 4.1. In this case, for a minimal e-covering F. of F under LP(uy,),
we have
plrs | swpy oAby <<y,
I f=gllp (un)<e

where the second inequality again follows from || f — gl|zr(u,) < €.

Although Proposition 4.1 is true for any p € [1,00], the tightest one is produced by choosing
p = 1. Now, let us apply Proposition 4.1 to a VC class F. As briefly mentioned earlier, Theorem
4.1 implies
1 )P'VC(]:)

Noy(e, Fon) < K - ve(F) - (4e)"F) (6

By Proposition 4.1, we have

Rn(}_7p)§6+\/QIOgQN;(E,f,n)§€+\/cf+2vc(.:)log(1/e)

Y

where cr is a constant depending on ve(F). Letting € = 1/4/n, we have

Rn(]__’P)S\/E+\/Cf+VC£L}")logn’

which leads to R, (F, P) < 4/ lo% just as (3.6) did. Not surprisingly, applying Proposition 4.1 for a
VC class is essentially equivalent to applying the maximal inequality to the empirical Rademacher
complexity as we did in Section 3.2. However, this bound can be improved by removing the term

log n.
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5 Chaining

In Section 4, we have derived an upper bound on E sup,.r Z;, where Z,’s are sub-Gaussian random
variables, by discretizing 7' via covering, namely, letting (7, p) be a pseudometric space, find a
minimal e-covering T, of T', which yields

EsupZ; <E sup (Z; — Zs) + Emax Z;. (5.1)
teT t,s€T teT:
p(t,s)<e

The first term on the right-hand side of (5.1) is controlled by means of smoothness of ¢ +— Zy;
the second term was bounded by Lemma 2.1—the maximal inequality of sub-Gaussian random
variables—which yields

Esup Z; <E sup (Z; — Zs) + /2vlog N'(e, T, p).
teT t,seT
p(t,s)<e

It turns out that the term \/log N (e, T, p) leads to a relatively loose bound. The main goal of this
section is to improve this term by using Dudley’s chaining technique, which leads to a term given

by integrating u — \/log N (u, T, p) over a suitable interval.

5.1 Dudley’s Chaining Technique

We apply Dudley’s chaining technique to upper bound E sup;cp(Z; — Z, ), where t( is any suitable
pivotal point, which is possibly outside of 7', but the pseudometric p extends to TU{to}. The main
assumption to apply Dudley’s chaining technique is that the collection of random variables Z;’s is a
sub-Gaussian process, namely, Z; — Z; is sub-Gaussian with parameter p?(t, s) for any ¢, s € TU{to}.
In other words, the parameter of a sub-Gaussian random variable Z; — Z, is essentially the closeness
of t, s under the pseudometric p. This setting covers the empirical Rademacher complexity as it
can be written as supycr Zy, where

1 n
Zy = —Zalf(:nz) for any f: X = R,
VS

which yields
Zy — Zy is sub-Gaussian with parameter || f — QH%Q(IM”) for any f,g: X — R.

Here, p, is the uniform measure supported on {xi,...,x,} as in Definition 4.3. Then, letting fo
be the zero function which may be contained in F or not, analyzing sup;cr Z¢ is equivalent to
analyzing sup re 7(Zy — Zy,) as Zg, = 0. In this setting, we can simply modify (5.1) as below: for
any e-covering T, of T,

Esup(Z; — Zi,) <E sup (Z; — Zs) + Emax(Z; — Zy,), (5.2)
teT t,s€T teT:
p(t,s)<e

Then, the aforementioned discretization idea from Section 4 can be succinctly summarized as
follows.
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Proposition 5.1. Suppose (T p) is a pseudometric space and let ty be any point that is possibly
outside of T such that p extends to T'U {to}. Assume Z; — Zs is sub-Gaussian with parameter
p*(t,s) for any t,s € TU{to}. Then, for A > sup,ep p(t,to) and € > 0,

Esup(Z; — Zy,) <E sup (Z; — Zs) + /2A210g N'(e, T, p). (5.3)
teT t,s€T
p(t,s)<e

Proof. Let T. be a minimal e-covering of T'. Applying the maximal inequality to the collection
(Zt — Zyy)ter. consisting of |T:| sub-Gaussian random variables with parameter A%

E?%X(Zt — Zy,) < V/2A0%10g |T| = \/2A%log N (e, T, p).
€T

Combine this result with (5.2). O

Dudley’s chaining technique provides an upper bound on E maxe1. (Z:— Z;,) that is tighter than
the sub-Gaussian maximal inequality. In Proposition 5.1, the maximal inequality yields an upper
bound involving the term Ay/log N (g, T, p). Dudley’s chaining technique improves this bound by
considering the following integral:

AJ2

V1og N (u, T, p) du.

The main idea is to decompose the difference Z; — Z;, in Proposition 5.1 into the sum of several
differences using a chaining relation, where we apply the maximal inequality to each difference
separately.

Theorem 5.1 (Chaining). Suppose (T, p) is a pseudometric space and let ty be any point that
is possibly outside of T such that p extends to T U {to}. Assume Z; — Zs is sub-Gaussian with
parameter p2(t,s) for any t,s € TU {to}. Then, for A > sup,cq p(t,to) and € € [0,A),

AJ2

Esup(Z; — Z,) <E sup (Z; — Zs)+ 16 V1og N (u, T, p) du.
tel t,seT
p(t,s)<e

Proof. Pick a minimal e-covering T of T'. Due to (5.2), it suffices to prove

Emax(Z; — Z,) < 16/ V1og N (u, T, p) du.

teT-
For j € N, let £; = A - 277 and T} be a minimal ¢;-covering of 7% in T so that |T;| < N(g;, T, p)
as T, C T also, define II;: T, — T} such that p(IL;(t),t) < ¢; for all t € T;. Also, let 9 = A,

To = {to}, and IIo(t) = to for all ¢ € T; so that IIy: T, — Tp is well-defined and p(Ip(t),t) < g¢ is
true for any t € T, as well. Since € < A, we can pick J € N such that ¢; < & < 2¢7. Now, we have

J
Zy — Zyy = Zy — Zniy (1) +Z = 7, ,(1))-
7=1

Note that (Z; — Zm,(1))ter. is a collection of sub-Gaussian random variables with parameter o

since p(t,I1;(t)) < ;. Hence, the sub-Gaussian maximal inequality implies

Emax(Z; — Zni, 1)) < y/2¢%3log|T:| = e51/21log N (e, T, p) < esV/2log N (e, T, p),

tel:
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where the last inequality holds because e; < . Similarly, (Z;) — Zm;_, (¢))ter. is a collection of
sub-Gaussian random variables with parameter 95? since

p(Hj(t)vnj—l(t)) < p(Hj(t)vt) + p(Hj—l(t))t) < €j+€j—1= 38]'.

As the number of random variables in this collection is at most |Tj| - |Tj_1| < |T}|?, where we use
T,_1| < |T;| by construction, the maximal inequality of sub-Gaussian random variables implies
T} il by ; quality p

E%%X(ZH 0 — 2, \/2 (3g5)%log |T;]? < 6ej4/log N (g5, T, p),

where the last inequality uses |T;| < N (ej, T, p) that was mentioned earlier. Combining the above
inequalities, we have

J
E%%X(Zt — Zy,) < eg/2logN(es, T, p) + Z 6e;1/log N (¢, T, p)
e =1
J
Z 1/1og N (g5, T, p).

Also, as u + log N (u, T, p) is monotonically decreasing, we have

. €5
ZJ,/log./\/'(»sJ-,T,p)g/J Vieg N (u, T, p) du.
€j+1

Therefore,
Emax(Z; — Z,) < 162 \/log./\f (u, T, p)du
teT- -
=16 \/log./\f(u,T, p) du
ey/2
A/2
<16 Vieg N (u, T, p) du,
where the last inequality holds since € < 2¢. O

Remark 5.1. In Theorem 5.1, one may consider dropping ¢ in the integral by considering the
following looser bound:

Esup(Z; — Z,) <E sup (Z;— Zs)+ 16 \/log./\f (u, T, p) du.
tel t,seT
p(t,s)<e

However, this bound may be useless if N (u, T, p) increases too quickly as u | 0.

Let us compare Proposition 5.1 and Theorem 5.1:

EmaX(Zt Zy,) < const - Ay/log N (e, T, p), (Proposition 5.1)
AJ2
Ertnz:mrx(Zt — Z4,) < const - Viog N (u, T, p) du. (Theorem 5.1)
€le

Compare the two areas: the rectangle versus the are below a curve u — /log N (u, T, p) as shown
in Figure 1.
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log NV (u, T, p)
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Figure 1: Visual comparison of the bounds based on the standard sub-Gaussian maximal inequality
(Proposition 5.1) and chaining (Theorem 5.1).

Remark 5.2. We can apply the results so far to Esup,cq |Z: — Zy,|. First, we modify (5.2) as
follows: for any e-covering T of T,

Esup|Z; — Z)] <E sup |Zt—ZS|—|—]EItnE%X’Zt—ZtO|
€le

teT t,s€T
p(t,s)<e
=E sup (Z; — Z;) + Emax|Z; — Zy,|,
t,s€T teTe
p(t,s)<e

where the equality is due to the symmetry. Then, under the assumptions of Proposition 5.1, one
can show that

Esup|Z; — Zy,| <E sup (Z; — Zs) + /2A%10g 2N (¢, T, p).
teT t,s€T
p(t,s)<e

Similarly, under the assumptions of Theorem 5.1, one can show that

A/2
Esup |Z; — Z,| <E sup (Z; — Zs) + 16 V1og 2N (u, T, p) du.
teT t,seT e/4
p(t,s)<e

Remark 5.3. In both Proposition 5.1 and Theorem 5.1, the covering number N (u, T, p) is based
on the coverings in (7, p). As noted in Remark 4.1, one can easily derive upper bounds based on
the covering number N (u/2, T, p), namely, the covering number based on the coverings in a larger
pseudometric (7%, p) which extends (T, p).

5.2 Bounding Rademacher Complexities via Chaining

Let us apply the chaining technique to upper bound the empirical Rademacher complexity of F
with respect to z1,...,x, € X. First, define

1 n
Zf = EZJZ,]C(.I‘Z) for any f: X — R,
=1

which ensures that Z; — Z, is a sub-Gaussian random variable with parameter ||f — g||%2( ) for

Hn
any f,g: X — R, where p, is the uniform measure supported on {x1,...,x,} as in Definition 4.3.
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Now, we can apply Theorem 5.1 with a pseudometric L?(u,). First, as in Section 4.4, we have

sup (25— Zy) < sup  Vllf = glloi ) < Ve
f.9eF f.9eF
||f—9||L2(,m)§5 ||f_9HL2(,m)§5
Letting fo be the zero function and Ay, := supser || f = follL2(u,) = supser |1 fll22(u,)» Theorem 5.1
implies that for any ¢ € [0, A,,),

An/2
Esup Z; = Esup(Zf —Zg,) <+v/ne+ 16/ Vieg N (u, F, L2(p1y,)) du.
fer /4

Hence,

R (F{ziti) =

\F T e€[0,An) \/ﬁ c/4

To derive an upper bound on the Rademacher complexity of F with respect to P for sample size
n, we simply take the expectation to the both sides:

16 [An/?
EsupZ inf |(e+—= Vg N (u, F, L2(p1,)) du | .

16 [An/2
R, (F,P)<E inf [e+ — log N (u, F, L? du |,
AFP)SE_inf ( i), VoA F )
where the expectation is taken with respect to x1, ...,y assuming they are i.i.d. from P. Similarly,

we can derive an upper bound on
_ 1
Ry (F {zi}iz,) = —=Esup|Zg|.
" TEVT A e d

Using Remark 5.2, one can deduce that

e€[0,An)

_ An/2
Ru(Fo {7 ) < inf <g - / } o8 2N (. F, L2()) du )

and

_ An/2
Ro(F,P)<E inf <e+ = Vo8 2N (w, F, L2 () du ) ,
e€l0,An) /4

Proposition 5.2. The empirical Rademacher complexity of F with respect to x1,...,x, € X
satisfies the following: for any e € [0,Ay), where Ay = supser || fll2(y,) and pn is the uniform

measure supported on {x1,...,x,} as in Definition 4.3, we have
(‘F {xl}z 1) <e+—= \/lOgN(U,J:, L2(,Un)) d’LL,
V1 Jess
_ 16 [An/?
R, (F{x;}inq) <e+— V1og 2N (u, F, L2(j1,)) du.

\/ﬁ e/4
Accordingly, the Rademacher complexity of F with respect to P for sample size n satisfies the
following:

16 [An/?
R’n 7P < E i f = 1 9 7L2 n d 9
(F,P) < o <€+ N VIog N (u, F, L* (1)) U>

_ 16 [An/?
R.(F,P)<E inf — log 2\ (u, F, L2 du |

where the expectation is taken with respect to x1,...,xT, assuming they are i.i.d. from P.
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In Proposition 5.2, the upper bounds on the Rademacher complexities R, (F, P) and R, (F, P)
depend on the expectation of complicated quantities involving A,, and N (u, F, L?(u,)) which are
highly nontrivial to compute. While the covering number N (u, F, L?(1,)) can be upper bounded by
the uniform e-covering number N5 (u, F,n), which does not depend on 1, ..., z,, the quantity A,
can be tricky in general because it also affects the range of € in the integral. Uniform boundedness
of F can help in this situation. If sup ez || f[lc < b for some constant b > 0, we have A, < b for
any z1,...,r, € X. Hence, we have for any ¢ € [0, A,),

b/2

B (F {ziti) <€+— \/log/\/g—u}"ndu

Now, letting ¢ — 0, we have

Ry (F {zi}ie \/log/\fg (u, F,n)du,

where the right-hand side is now independent of z1,...,z, € X. Therefore, taking the expectation
with respect to x1,...,x,, we conclude that
b/2
R, (F,P) < V1og Ns(u, F,n) du.

f

Corollary 5.1. Suppose super || flloo < b for some constant b > 0. Then,

b/2
R, (F,P) log Na(u, F,n)du,
Fns
16 b/2
R.(F,P) < Vog 2N (u, Fyn) du.

Vi Jo

Proposition 5.3. There is an absolute constant C' > 0 such that

Esup |Pf — Pf| < Cy) YF) (5.4)
JeF n
for any VC class F, n € N, and P € P(X).
Proof. By Theorem 4.1, for any VC class F, n € N, and u € (0,1), we have
Vog 2Ns(u, F,n) < /log(2K) + log(ve(F)) 4 ve(F) log(4e) + 2ve(F) log(1/u)
< v/(log(2K) + 1)ve(F) + ve(F) log(4e) + 2ve(F) log(1/u),
where we use 1 < ve(F) and log(ve(F)) < ve(F). Hence, Corollary 5.1 implies
1/2
Ra(F.P) <\ [ R 2 Togl1 )
noJo

where K’ =log(2K) + 1 + log(4e). Therefore, we have (5.4). O
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6 Bounds on Probabilities via Concentration

As mentioned in Section 1, we now derive a probabilistic bound on || P, — P||+ that takes the form
of (1.2) like the DKW inequality. To this end, we quantify the concentration of || P,, — P|| 7 around
its mean E|| P, — P||7. Under mild assumptions on F, it turns out that || P, — P||#, after centering,
is a sub-Gaussian random variable. Note that ||P, — P||r is a function of independent X-valued
random variables X1, ..., X, whose laws are P, say ||P,, — P||r = L(X1,...,X,). Sub-Gaussianity
of L(Xy,...,X,) is guaranteed if L satisfies a certain condition called the bounded differences

property.

Theorem 6.1 (McDiarmid). Let L: X™ — R be a measurable function. Suppose there there exist
constants ci,. .., c, such that for each i € {1,...,n},

|L(x1,. . @iy 2n) — L(21, .., 2 )| < ¢ (6.1)

PR >~

holds for any x1,...,xn,x, € X. Let X1,...,X, be any independent X-valued random vari-
ables. Then, L(X1,...,X,) — EL(X1,...,X,) is a sub-Gaussian random variable with parameter

Z?:l 012/4-

One of the most common classes in practice is a uniformly bounded class of functions. For such
a class F, the bounded differences property (6.1) is satisfied as shown in the following proposition.

Proposition 6.1. Suppose there exist constants a,b € R such that a < f(x) < b for all f € F and
x € X. Then,

sup | P f — Pf|—Esup [P, f — Pf| and sup(Pnf — Pf) —Esup(P,f — Pf)
ferF ferF ferF feF

. . . b— 2
are sub-Gaussian random variables with parameter ( 43) . Hence,

(b— a)?10g(1/5)

sup |P,f — Pf| SEsup\Pnf—Pf\—i—\/
feF feF

2n ’
fer fer 2n

each of which holds with probability at least 1 — 6.
Proof. Define

n

1
- ;ﬂxi) - Pf

so that L(X1,...,Xn) = supser |Pof — Pf|. Then, one can verify that

L(z1,...,2,) = sup
feF

b—a
|L(x1, oo @iy ooy Tp) — Ly, o2l )| < — (6.2)

Using Theorem 6.1, we conclude || P, — P|| — E||P,, — P|| 7 is a sub-Gaussian random variable with

parameter
1 Zn: b—a\? _ (b—a)?
4=\ n  dn

For sup e z(Pnf — Pf), we can apply the same argument to L(z1,...,z,) = supser(Pnf — Pf),
which satisfies (6.2) as well. O
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Now, we combine Proposition 6.1 with Lemma 3.1, replacing the expectation E||P,, — P|| with

the Rademacher complexity R, (F, P).

Proposition 6.2. Suppose there exist constants a,b € R such that a < f(x) < b for all f € F and
x € X. Then,

(b — a)?log(1/6)

2n ’

sup |P,f — Pf| < 2Rn(]:,P)+\/
feF

sup(Pof — Pf) < 2Rn(F, P) + \/(b - a)zlog(l/&’
feF n

each of which holds with probability at least 1 — 6.
Remark 6.1. As in Remark 3.1, the two inequalities in Proposition 6.2 are the same if F = —F.

Looking at the two terms on the right-hand side of the bound on || P, — P|| in Proposition 6.2,
note that the order of the bound is determined by R, (F, P)V ﬁ
Example 6.1 (Linear Functions). Recall from Example 3.1 that for X = R? and the class of linear
functions F = {z — (0, 2) : § € S*1}, we have

E||X1||3
n
Now, further assume that P is supported on a compact set, say {z € R? : ||z|s < M} for some
M > 0. Then, we may assume X = {z € R?: ||z|y < M} so that F is a uniformly bounded class
of functions defined on X; we have —M < f < M for all f € F. Also, R,(F,P) < M/+/n; hence,
by Proposition 6.2,
2M 2M?1og(1/4)

P, - P|lr < — ———

172 = Pllr < 20 422
with probability at least 1 — J; note that we have used F = —F. We can summarize this result as
follows:

1
|P, — P|lr S — with high probability.
n
Example 6.2 (VC Class). By Propositions 5.3 and 6.2,

H&—Phgc¢wg7+¢Mﬁﬁ)

holds with probability at least 1 — §; this is almost the same as the DKW inequality (1.1).! We
abbreviate this result as

ve(F)

|1P, — Pllr < with high probability.

'Derivation of (1.1) requires rather complicated techniques which can be found in [Mas90].
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