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Preface

This book is being published at a time when many of the nation’s leading physicists already have
prepared textbooks which implement in an outstanding fashion new approaches developed for
the teaching of elementary physics to today’s students. The appearance of still another textbook
should therefore be accompanied by a presentation of the ideas behind the structure and content
of the book.

It has been our experience that students retain an uneven coverage of the various areas of
physics from their high school courses. Areas such as elementary heat and light are, in general,
more easily understood and remembered than mechanics, thermodynamics, sound, and electric-
ity and magnetism, which necessarily involve a greater degree of abstraction in their presentation
as well as greater mathematical sophistication if quantitative discussions are desired.

With very few exceptions, the courses in general physics that have been developed for presenta-
tion to entering freshmen begin with mechanics, which represents a relatively serious intellectual
challenge for the average student, with or without the use of calculus. This is then followed by
heat, light, and sound, which are in turn followed by electricity and magnetism. As a result, the
students are confronted by a course that is rather frustrating in the unevenness of its demands
upon their understanding. If, in addition, calculus is used from the outset, the average student is
initially discouraged, not only by the relatively foreign quantitative concepts of mechanics, but
also by the presentation of these concepts in a mathematical ‘‘language” that is equally foreign.
As a result, many students succumb to these demands and terminate their study of physics or
engineering with the mistaken impression that an understanding of the physical world is beyond
their grasp.

With these considerations in mind, we have written a text which: (a) begins with the material
most readily understood with a minimal mathematical framework, thus providing a smooth
transition from high school; (b) progresses as uniformly as possible to areas of increasing con-
ceptual difficulty; (c) introduces at appropriate places the necessary mathematical concepts at a
time when they would already have been presented in a typical concurrent mathematical course,
and (d) stresses throughout the course the physical concepts and the manner in which these
concepts can be used to provide quantitative understanding in a wide variety of specific situa-
tions. Many of these are carefully discussed as examples, and the remainder are presented in the
problem sections as suitable tests of understanding.

In writing the text, we presume the student has at least a qualitative understanding of the
meaning of the terms force, pressure, work, and energy.

After a section devoted to the discussion of dimensions and units, the areas presented are heat,
light, mechanics, thermodynamics, sound, and electricity and magnetism, respectively. It is our
opinion that this sequence of topics is best suited for achieving the goals outlined above. How-
ever, those desiring a more conventional course sequence could with very little difficulty begin
with mechanics (Chapter 14), followed by the remaining topics in their usual order. In addition,
Chapter 15 on special relativity may be omitted without prejudice to subsequent chapters. No
effort has been made to include an extensive presentation of modern physics. There are two
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reasons for this: first, the material covered represents a thorough coverage of classical physics
which is a necessary prerequisite to the proper discussion of modern physics, and second, the
mathematical preparation required for modern physics in our opinion necessarily makes it a
second year subject in contrast to the contents of this text. It might also be noted that excellent
texts covering the subject are available.

We have emphasized the rationalized MKS units throughout the text. We have also made use of
some of the various other systems of units in common use today. We introduce the necessary
conversions for these systems in an appendix. Every system of units has its proponents and
opponents (who are equally convinced of the correctness of their point of view); our choice
simply represents a personal preference.

The authors of this book owe much to many people: our teachers; our colleagues; but, most
important, our students, whose desire to understand physics has prompted us to try to make their
pathway to knowledge as natural as our abilities permit.



Introduction:
Dimensions and Units

In the study of physics, the dimensions and units to be encountered must be understood. A
student must remember that one can only equate the same kinds of quantities. A test on the
correctness of an equation can be obtained by checking whether or not the dimensions on one
side of the equation are the same as those on the other side.

DIMENSIONS

A dimension may be defined as a name describing certain physical quantities. Therefore, a large
number of dimensions are possible. This number can be reduced by the fact that certain descrip-
tions can be expressed in terms of other more basic descriptions (dimensions). For example,
length, area, and volume are dimensions, but area can be measured as a length squared and
volume as a length cubed. Therefore, the dimensions of area and volume can be stated in terms of
the more fundamental dimension of length.

In physics, there are five fundamental dimensions: length, mass, time, temperature, and electric
charge, which we shall denote by [I], [m], [t], [T], and [q], respectively. We have already shown
how area and volume are expressed in terms of length. Now let us consider a few more physical
quantities which should be familiar from high school physics.

Velocity = length -+ time = [It "]
Acceleration = velocity = time = [It %]
Force = mass X acceleration = [mit )
Pressure = force + area = [ml ™'t ]
Work = force x length = [ml*t %]
Power = work + time = [ml*t ]
Density = mass + volume = [ml~*]
Current = charge + time = [qt ']

UNITS

A unit may be defined as a particular amount of the dimension or quantity to be measured. Three
different systems are used today in science and engineering. They are the meter-kilogram-second
(MKS) system, the centimeter-gram-second (cgs) system, and the foot-slug-second (British) sys-
tem. The rationalized MKS and cgs systems are used universally in scientific work, with the
MKS actually superseding the two other systems.

We shall use the rationalized MKS system throughout most of the book. Much of the literature is
still written in the other two systems of units, so we feel that students should eventually become

ix



X Introduction

familiar with the three systems of units. In Table 1 are the MKS units for the physical quantities
given in Section 1. For comparison purposes, the equivalent cgs unit is also indicated.

Table 1 MKS Units for Some Physical Quantities.

Physical Quantity MKS Unit cgs Unit
length meter centimeter
mass kilogram gram
velocity meter/second centimeter/second
acceleration meter/second’ centimeter/second’
force newton dyne
pressure newton/meter’ dyne/centimeter’
work or energy joule erg
power watt erg/second
density kilogram/meter’ gram/centimeter’
charge coulomb statcoulomb
current ampere statampere

The student should be familiar with the above physical quantities and the MKS units associated
with them, even though a detailed discussion of them will not appear until later in the book.

Table 2 then gives some prefixes used to represent divisions and multiples of metric quantities.

Table 2 Prefixes Used for Divisions and
Multiples of Metric Quantities. ‘

deci- 107 deca- 10’
centi- 1072 hecto- 10°
milli- 107* kilo- 10°
micro- 10°¢ mega- 10°¢
nano- 10°7° giga- 10°

pico- 107" tera- 10*
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Consistent with our intent to progress by degrees
from the easiest to the most difficult topics, we will
begin by discussing various aspects of thermal
energy, heat, and temperature.

1-1 THERMAL ENERGY, HEAT,
AND TEMPERATURE

The concept of temperature is fundamental to the
study of heat. The idea of temperature developed
from man’s sense of hotness and coldness. There-
fore, a body’s temperature represents its degree of
hotness or coldness. In order to define temperature
in a more concrete way than the above, we will first
define thermal energy and heat.

We shall define thermal energy as follows:

Thermal energy is the energy of the atoms in
a substance because of their motion on a
microscopic scale.

We shall later see in our discussion of kinetic
theory that the average motional or kinetic energy
of atoms is directly proportional to the tempera-
ture.

We shall now define heat as follows:

Heat is thermal energy transferred between
two or more material substances or from one
portion of the substance to another on a
macroscopic scale.

This means that a hot body can give up some of
its thermal energy and therefore affect a neighbor-
ing body. The quantity of thermal energy it gives up
depends upon the nature and condition of the
neighboring body and upon the medium separating
the two bodies.

Now we are able to give a somewhat better
definition of temperature; we will define it as fol-
lows:

The temperature of a body is a measure of its
ability to transfer heat to other bodies.

A body is at the same temperature as another
body if there is no net flow of heat from one to the
other when they are placed in contact or separated
only by a conducting wall. We can also say that a
body X is at a higher temperature than a body Y if
heat flows from X to Y when they are placed in
contact or separated only by a conducting wall.



2 Temperature and Thermometry

The above definition of temperature gives us a
way of defining absolute zero, which is the lower
limit of temperature. That is, no body can be colder
or have less thermal energy than a body at absolute
zero. Therefore, we can define absolute zero as fol-
lows:

Absolute zero is the temperature of a body
that is not capable of transferring any thermal
energy to another body.

There is a criticism of the above definitions on
the basis that we do not observe the flow of heat.
All we can observe is that the cold body gets hotter
and the hot body gets cooler. However, many phys-
ical processes occur especially in atomic and nu-

clear physics that we cannot observe directly, so.

this is not a critical problem. Other definitions of
temperature will be given later on in the book which
remove this criticism. However, we feel that at the
beginning it is good to have a definition of tempera-
ture even though it may be subject to later slight
modifications.

1-2 TEMPERATURE MEASUREMENT

We shall now discuss thermometry, which is the
science of measuring temperatures. A number of
physical properties of substances change with
temperature. Temperature measuring devices or
thermometers make use of these properties. Some
of these properties which change with temperature
and can be used for thermometric purposes are:

Volume of liquids.

Length of solids.

Volume of gases.

. Pressure of gases.

. Pressure of saturated vapors.

. Electrical resistance of metals.
. Thermoelectric currents.

. Color of radiated light.

. Total radiation intensity.

. Magnetic susceptibility of paramagnetic
salts.

SCOBNRAND W~

—

The construction of a useful thermometer re-
quires a choice of some substance whose ther-
mometric properties indicate changes in tempera-
ture and a choice of the design of the thermometer.
We then require a thermometer scale, which neces-
sitates a choice of one or more fixed temperature

points and a selection of numbers to be associated
with each division.

1-3 CENTIGRADE AND FAHRENHEIT
TEMPERATURE SCALES

The definitions of the Centigrade and Fahrenheit
scales involve in each case the same two distinct
fixed thermal points. The lower fixed point is the
temperature of the melting point of pure ice (ice
point), which is the temperature at which pure ice
coexists with air saturated water at one atmosphere
pressure. The upper fixed point is the temperature
of the boiling point of pure water (steam point),
which is the temperature of equilibrium between
pure water and pure steam at one atmosphere pres-
sure. On the Centigrade scale, the ice point is taken
as 0 degrees and the steam point as 100 degrees. On
the Fahrenheit scale, the ice point is taken as 32
degrees, the steam point as 212 degrees. There are
100 degrees between the ice and steam points on
the Centigrade scale, while there are 180 degrees
between the ice and steam points on the Fahrenheit
scale. We leave it to the student as an exercise to
show that the conversion from the Centigrade scale
to the Fahrenheit scale or vice versa is given by the
equations

[ _é o
tC—9(tF 32),

t°F=§t°c+32. (1-1)
Note that we are using (¢) to indicate Centigrade
and Fahrenheit temperatures. Later in the text
this same symbol will be used to denote time. The
double usage of this symbol should not lead to am-
biguity if dimensional analysis is used.

Example 1. At what temperatures do the Centi-
grade and Fahrenheit scales coincide?

SOLUTION
This means the ¢°C = t°F. Substitute t°C = t°F in
Eq. (1-1).

t°F = %t°F +32
or
4 o _
gt =—32.
Therefore,

t°F = 5(—432) - — 400,



since
t°C=1t°F

t°C = — 40°.

1-4 GENERAL DEFINITION OF
TEMPERATURE

Let us consider a general definition of tempera-
ture based on the thermometric properties of a
substance. Let X, be some thermometric property
as, for example, length of a solid or height of a
liquid in a capillary tube measured at 0°C, and X,
and X, the thermometric property at 100°C and
some unknown temperature t°C. The size of a unit
interval or degree is X0 — Xo/100, and the size of
the interval from 0°C to t°C is X, — X,. By defini-
tion, t°C is the number of degrees in the interval
X: — Xo, and is given by the equation

o XI_XO
#°C Xmo"xo
100
or
o _ X.—Xo) )
tC—(————Xm_Xo 100. (1-2)

Various thermometric properties can be used.
For example, let us consider a mercury in glass
thermometer, one with which we are all familiar,
and a constant volume gas thermometer, which we
will discuss later. If the length of the mercury col-
umn is substituted in Eq. (1-2) for the thermometric
property X, we have

lg—lo

lmo—lo

t°C= ( )100. (1-3)
If the gas pressure of the gas in the gas thermome-
ter is substituted in Eq. (1-2) for X, we have

t°C = (M)IOO. (1-4)
Pioo — Do

A word of caution is necessary here. Even
though both the above thermometers read the same
at 0°C and 100°C, they do not necessarily read the
same at in-between temperatures. There is no
reason to expect them to be the same since the
temperature as defined by Eq. (1-2) depends upon
the thermometric property of the substance. Even
though two substances like mercury and a particu-
lar gas might have the same thermometric property,
they might be contained in glass which has different

Kelvin and Rankine Temperature Scales 3

thermometric proberties, so the properties relative
to the glass would be different. Experiments have
shown that if we compare scales of temperatures
based on different liquids or gases, or even on the
same liquid or gas in different kinds of glass, the
scale reads slightly differently. However, in the
range between 0°C and 100°C they generally agree
to within a few tenths of a degree.

1-5 KELVIN AND RANKINE TEMPERATURE
SCALES

We shall see later that there is a limit to the low-
est temperature that can ever be attained. This
lowest temperature is — 273.15°C; it corresponds to
absolute zero which we previously defined. The ab-
solute temperature scale has absolute zero as its
zero point. The absolute scale with degree intervals
equal to those on the Centigrade scale is called the
Kelvin or absolute scale, and the absolute scale
with degree intervals equal to those on the
Fahrenheit scale is called the Rankine scale. The
temperature of absolute zero on the Fahrenheit
scale is — 459.67°F. For most temperature measure-
ments, it is only necessary to have three figure ac-
curacy so as to reduce memory work. We shall in
the calculation in this text relate the Kelvin and
Centigrade, and the Rankine and Fahrenheit scales
by the following equations:

T°K = t°C + 273, (1-5)
and
T°R = t°F + 460. (1-6)

Both the ice point and the steam point are diffi-
cult to measure with good accuracy. The main diffi-
culty is that when ice melts it becomes surrounded
with pure water and causes poor contact between
the ice and the air saturated water. This prevents
the ice point from being accurately measured. Since
the boiling point of water is sensitive to small
changes of pressure, the value of the steam point
can be in error unless the pressure is kept very con-
stant.

In 1854, Kelvin proposed a temperature scale
known as the thermodynamic scale (discussed in
Chapter 26), which is independent of the properties
of any substance. He pointed out that the scale
could be determined by the use of a single fixed
point. At the Tenth General Conference of Weights
and Measures in 1954, it was decided to choose this
fixed point as the temperature and pressure at
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which ice, water, and water vapor coexist in
equilibrium (the triple point of water), and to assign
it the value of 273.16°K. This point can be measured
with greater accuracy than the ice point and the
steam point.

1-6 MERCURY THERMOMETER

The mercury thermometer is the most frequently
used thermometer in laboratories because of its
simplicity, its fairly large temperature range (— 39°C
to 357°C), and its quick response to slight tempera-
ture changes. It is made by first blowing a bulb at
one end of a fine bore glass tube. Mercury is poured
into the tube, heated to drive out any air, and the
other end of the tube is sealed. When the bulb is
brought into contact with a body, the mercury
either expands or contracts relative to the glass
tube depending on whether the body is hotter or
colder than the original surroundings of the bulb.

The chief errors in a mercury thermometer are
caused by a non-uniform bore in the tube and im-
perfections of the glass bulb. However, if these and
other smaller errors are corrected, the mercury
thermometer is very accurate. A good mercury
thermometer is only surpassed in accuracy by a
platinum resistance thermometer in the range 0°C
to 200°C.

1-7 GAS THERMOMETERS

Gas thermometers are usually not used in
laboratories because they are somewhat elaborate
and cumbersome. They are used generally in stan-
dardizing other more simple thermometers. For a
given temperature rise, gases expand about 20
times as much as mercury and about 120 times as
much as the glass in the thermometer. This reduces
error due to uneven changes in the volume of the
glass. Gas thermometers have a temperature range
of —269°C to 1600°C.

There are two types of gas thermometers
—namely, constant volume and constant pressure
thermometers. With the first type, the temperature
is measyred by the change in pressure of the gas
with temperature. With the second type, the
temperature is measured by the change in volume
of the gas with temperature. Constant volume ther-
mometers are more satisfactory because it is easier
to measure accurately a change of pressure than a

change of volume. Figure 1-1 is a simple form of a
constant volume gas thermometer.

The volume of the gas in the bulb is kept constant
by raising or lowering tube C so that the top of the
mercury is always kept at point B. The pressure is
measured by measuring the difference between the
heights h of the mercury surfaces in the tube. The
pressure of the gas in the bulb is equal to the at-
mospheric pressure plus the pressure due to the
height h of the mercury in the tube. If we let p, be
the pressure when the bulb is surrounded by melt-
ing ice, piw—the pressure when the bulb is sur-
rounded by steam, and p,—the pressure when the
bulb is surrounded by the substance whose temper-
ature is to be measured, the temperature of the sub-
stance is given by Eq. (1-4), namely,

t°C = (——‘" — ) 100.

Pioo — Po. a-n

Hydrogen is the gas usually used, except for ex-
treme low temperatures where helium is used and
extreme high temperatures where nitrogen is used.

ANANARANANRRRRARRRRNNY]

Figure 1-1 Constant volume gas thermometer as
described in text.



Helium is used at very low temperatures because it
does not liquefy until a temperature of about
—269°C is reached. Nitrogen is used at high temper-
atures because both hydrogen and helium diffuse
through the bulb at very high temperatures.

1-8 THE PLATINUM RESISTANCE
THERMOMETER

It has been previously stated that the electrical
resistance of metals changes with temperature. It is
best to use a noble metal for a thermometer so that
there is no oxidation. In 1887, Callendar investi-
gated how the resistance of platinum varied with
temperature. He showed that the change in electri-
cal resistance of platinum could be used for a very
accurate scale of temperatures over a wide temper-
ature range. Today, it is regarded as the most accu-
rate thermometer in the range —190°C to 660°C.

If we define the resistance temperature scale by
applying Eq. (1-2), then

oC = R_t—&) .
t°C (le_Ro 100, (1-8)
where R,, Riw, and R, are the resistances of the
platinum wire at the ice point, steam point, and the
temperature ¢, respectively. Callendar also showed
experimentally that the resistance R, of a platinum
wire at temperature ¢ is given by the equation

R, = Ru(1+ at + btd), (1-9)

where R, is the resistance at the ice point, and a
and b are constants. In order to determine the con-

PROBLEMS

Problems 5

stants a and b, three fixed points are necessary.
These fixed points have been chosen as the ice
point, the steam point, and the sulphur point which
is the boiling point of sulphur (444.6°C) at atmos-
pheric pressure.

Other resistance thermometers of cheaper metals
(for example, copper) are sometimes used where
extreme accuracy is not necessary. Also, some
semi-conductors whose resistance decreases with
temperature increase are used. They are known as
thermistors; they have a very large decrease in re-
sistance with increase in temperature and have a
greater sensitivity than a platinum thermometer,
but they are less accurate.

1-8 THERMOCOUPLES

Thermocouples are based on the principle that
electric currents are set up in a closed circuit con-
sisting of two dissimilar metals in contact with one
another when the junctions are at different temper-
atures (Chapter 34). The reference junction is usu-
ally put in melting ice and the other junction in
contact with the material whose temperature is to
be measured. The current (or voltage across a cir-
cuit element) is then related to the temperature by
appropriate calibrations.

The most common thermocouples are con-
structed of iron and constantan (an alloy of copper
and nickel), copper and constantan, and platinum
and an alloy of platinum-rhodium. Thermocouples
have the advantage that they can be used for
measuring temperatures at a particular point in an
experimental system.

1. In a certain city the greatest temperature variation recorded during a 24 hour period was 45°F. This

corresponds to how many degrees C?

2. (a) A Centigrade degree is what fraction of a Fahrenheit degree?
(b) The conversion from the Centigrade scale to the Fahrenheit scale is given by the equation

t F=§t C + 32.

Justify this relation.

3. The reading of a thermometer for the temperature of a room is 77°F. What is the reading on the

Centigrade scale?

4. (a) What Centigrade temperature corresponds to 233° Kelvin?
(b) What Fahrenheit temperature corresponds to 77° Kelvin?

5. At what temperature will the reading of a Fahrenheit thermometer be three times that of a Centigrade

thermometer?
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. (a) The temperature of liquid nitrogen is about —196°C. What is its temperature on the Kelvin scale? on

the Rankine scale?
(b) What is the difference between 0°C and 180°F in degrees C? in degrees F?

. A thermometer was graduated to read 0°C at the boiling point of water, and 155° at the freezing point.

Find the reading on the Fahrenheit and Centigrade scale corresponding to 80° on this thermometer.

. The resistance of a platinum resistance thermometer is found to be 10.000 ohms at the ice point,

13.855 ohms at the steam point, and 25.261 ohms at the sulphur point. Find the constants a and b in Eq.
(1-9), and plot R against t in the range 0° to 600°C.
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2-1 QUANTITY OF HEAT

When a hot and a cold body are brought into con-
tact, there is a transfer of heat from the hot body to
the cold body until they come to the same tempera-
ture or reach a state that we term thermal equilib-
rium. The transference of heat from a hot body toa
cold body is analogous to the flow of water from a
high level to a low level.

The increase in temperature of a body when
heated depends on its mass and the material of
which it is composed. For example, to bring a large
container of water to the boiling point with a
laboratory burner requires a long time. The final
temperature may be relatively low, even though it
receives a large quantity of heat. If a wire is held in
a burner flame, it comes to a very high temperature
in a very short time even though it receives only a
small quantity of heat. Therefore, the final tempera-
ture reached by two bodies in contact initially at
different temperatures depends on their masses, the
materials of which they are composed, and their ini-
tial temperatures.

The net result of heat transfer to or from bodies
until thermal equilibrium is reached is given by the
relation:

heat gained by cold bodies = heat lost by hot bodies.

In order to make use of this relation, we must
define a unit for measuring quantities of heat or
thermal energy. The unit we use depends on the
system of units we adopt. In the metric system of
units, the unit of heat or thermal energy is either the
calorie or kilocalorie. If we use centimeter-gram-
second (cgs) units, the unit of heat is the calorie;
while if we use meter-kilogram-second (MKS)
units, the unit of heat is the kilocalorie. The calorie
is the quantity of heat required to raise the tempera-
ture of one gram of water through one centigrade
degree, while the kilocalorie is the quantity of heat
required to raise the temperature of one kilogram of
water through one centigrade degree.

The above definition of the heat unit depends
slightly on the location of the one degree interval. It
has been agreed to choose this interval between
14.5°C and 15.5°C.

2-2 SPECIFIC HEAT AND HEAT
CAPACITY

The specific heat of a body is the heat required to
raise the temperature of a unit mass of the body one
degree.

In the MKS system of units, it is the heat re-
quired to raise the temperature of a one kilogram
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mass of the body one degree centigrade. From this
definition and the definition of the kilocalorie, we
see that the specific heat of water is 1 kilocalorie
per kilogram per degree centigrade. Although we
are concerned here with the MKS system of units,
it seems noteworthy to mention that the numerical
value of the specific heats is the same in the cgs
system of units.

The quantity of heat necessary to raise the tem-
perature of a body of mass m and specific heat ¢ by
At degrees is given by

Q = mcAt. 2-1

The specific heat of a substance is roughly con-
stant at ordinary temperatures provided the tem-
perature interval is not too great. As the tempera-
ture is lowered, the specific heats of all substances
show a decrease. The specific heat of a substance is
changed by (1) change of state such as from a solid
to a liquid, liquid to a vapor, and vice versa, (2)
presence of impurities, and (3) change in tempera-
ture.

It is convenient, as we shall see in calorimetry, to
define a quantity called heat capacity.

The heat capacity of a body is the quantity of
heat required to raise the temperature of the
body one degree. It is the product of the mass
of the body and its specific heat.

In the MKS system, the unit of heat capacity is
kilocalories per degree centigrade.

2-3 CALORIMETRY

Calorimetry refers to the laboratory science of
making measurements of quantities of heat. In
making measurements of quantities of heat, a con-
tainer called a calorimeter is used. The ordinary
calorimeter is a vessel placed within another larger
vessel, with the two vessels insulated from one
another. In this way, exchange of heat to the sur-
roundings is minimized. The inner vessel of the
calorimeter must be provided with a stirrer so as to
keep its contents at a uniform temperature.

The fact that when two bodies at different tem-
peratures are placed in contact, heat is transferred
from the hotter one to the cooler one until their
temperatures are equal, gives us one of the most
convenient methods of determining specific heat,
known as the method of mixtures.

2-4 METHOD OF MIXTURES

(a) Determination of the Specific Heat of a
Solid

Let a solid of mass m, temperature t, of unknown
specific heat ¢, be immersed in a mass m, of water
at temperature t, less than t contained in a
calorimeter of mass m., known specific heat ¢, and
also at temperature t,. Let t, be the final tempera-
ture after thermal equilibrium is reached.

Heat lost by the solid = mc,(t — ).
Heat gained by the water = m,(t,~ t,).
Heat gained by the calorimeter = m,c(t,— t)).

Heat lost by the solid=heat gained by the
water + heat gained by the calorimeter. Therefore,

mcx(t —t2)= ml(tz—t1)+mzc(t2—t.), (2-2)

from which ¢, can be determined.

{b) Determination of the Specific Heat of a
Liquid

The specific heat of a liquid may be determined in
the same way by the method of mixtures. If a solid
of known mass, specific heat, and temperature is
immersed in a known mass of the liquid contained
in a calorimeter at a known temperature, the
specific heat of the liquid can be calculated.

Example 1. A 0.10kg calorimeter of specific
heat 0.090 kcal/kg°C contains 0.15 kg of a liquid at
20°C. Into this container is placed a 0.20 kg block of
copper of specific heat 0.095 kcal/kg°C and temper-
ature 100°C. The final temperature is 40°C. What is
the specific heat of the liquid?

SOLUTION
Heat gained by liquid + heat gained by calo-
rimeter = heat lost by copper block.
(0.15 kg)(c, )(40-20)°C
+ (0.10 kg)(0.090 kcal/kg°C)(40-20)°C
= (0.20 kg)(0.095 kcal/kg°C)(100-40)°C

(¢:)(3.0kg°C) + (0.18 kcal) = 1.14 kcal

_0.96kcal _ kcal
T 30kgC 0'32kg°C'

The method of mixtures also can be used to de-
termine the specific heat of gases, but it is very diffi-
cult to perform experimentally.

Cx



2-5 METHOD OF COOLING

Another way of determining the specific heat of a
liquid is by the method of cooling. The apparatus
consists of a calorimeter with a test tube for the
liquid suspended in the inner calorimeter (Figure
2-1). A and B are thermometers and C is a stirrer
which enables the liquid to be stirred prior to its
temperature being observed. The space D is filled
with ice.

The test tube is first filled with hot water, and a
curve similar to that in Figure 2-2 is plotted. It is
then filled with an equal volume of the liquid at the
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Figure 2-2 Cooling curve for a liquid.

same temperature as the hot water, and a cooling
curve for the liquid is plotted. From the graph, the
intervals of time are obtained for which the liquid
and water cool through the same temperature inter-
val At. Let ¢, be the time for water, and t,—the time
for the other liquid to cool through the same tem-
perature interval. The mass of the water m, and
that of the liquid m, is also determined.

The specific heat of the liquid is calculated as
follows:

Heat lost by the liquid _ mc(At) _h
Heat lost by the water m,(1)(At) ¢t

Therefore,
Figure 2-1 Cooling apparatus for determining the c= mit; (2-3)
specific heat of a liquid. myt,’
Table 2-1 Specific Heats of Solids, Liquids, and Gases (in kcal/kg°C).

Metallic solids Non-metallic solids Liquids Gases
Aluminum 0.212 Clay 0.22 Alcohol 0.55-0.60 Air 0.24
Copper 0.094 Coal 0.3 Mercury 0.033 Hydrogen 3.40
Brass 0.090 Concrete 0.16 0il 0.5 Nitrogen 0.25
Gold 0.030 Glass 0.12-0.20 Water 1.00 Oxygen 0.22
Iron 0.11 Granite 0.19 Turpentine 0.41
Lead 0.030 Ice 0.48
Nickel 0.106 Limestone 0.22
Platinum 0.032 Marble 0.21
Silver 0.056 Paraffin 0.69
Steel 0.11 Rubber 0.48
Tin 0.055 Wood 0.3-0.7

Zinc 0.092




10 Quantity of Heat and Calorimetry

Other methods of determining the specific heat of
substances are methods based on change-of-state
and electrical methods. Table 2-1 is a representative
listing of the specific heats of various solids, li-
quids, and gases.

It can be seen from the above table that water has
a greater specific heat than most substances making
up the solid surface of the earth. This fact is impor-
tant in explaining why the climate is milder near
large bodies of water. In the winter, the tem-
perature of the water does not fall very low and
thus tends to prevent the temperature of the land
from falling very low, while in the summer the
water does not rise much in temperature and tends
to moderate the temperature of the land.

2-6 LATENT HEAT OF FUSION

We can add heat to a substance without raising
its temperature if the substance is undergoing a
change of state. If, for example, we add heat slowly
to a mixture of ice and water which is initially at a
uniform temperature, we will observe that the
temperature does not rise until all the ice is melted.
The heat supplied is utilized in changing the ice to
water. This heat is stored as thermal energy in the
water, and is given out when the water changes
back to ice. As this heat cannot be detected by a
thermometer, it is usually referred to as latent.

The latent heat of fusion is the quantity of heat
that must be added to a unit mass of a solid so
as to melt it, or the quantity of heat that must
be removed from a unit mass of a liquid so as
to solidify it, without a change in temperature
and pressure.

The latent heat of fusion can be determined by the
method of mixtures.

2-7 LATENT HEAT OF VAPORIZATION

In the last section, we stated that while a solid is
changing to a liquid or vice versa there is no change
in temperature. Similarly, when a liquid is changing
to a vapor or vice versa at constant pressure there
is no change in temperature. To change a given
mass of water at the boiling point into vapor or
steam, a definite amount of heat must be supplied;
when an equal mass of steam condenses to water,
an equal amount of heat is given out. The heat

supplied is stored as thermal energy in the steam,
and is given out when the steam changes back to
water; this is called the latent heat of vaporization.

The latent heat of vaporization is the quantity
of heat that must be added to a unit mass of a
liquid so as to vaporize it, or the quantity of
heat that must be removed from a unit mass of
a vapor so as to condense it, without a change
in temperature and pressure.

The latent heat of vaporization can also be deter-
mined by the method of mixtures.

Example 2. A 40 gm copper calorimeter contains
50 gm of ice; both are at 0°C. Ten grams of steam at
atmospheric pressure are passed into the calorime-
ter. What is the final temperature of the calorimeter
and its contents?

SOLUTION
Heat gained by ice+heat gained by calor-
imeter = heat lost by steam.
[(50 gm)(80 cal/gm)] + [(50 gm)(t — 0)(1 cal/gm°C)]
+ [(40 gm)(t — 0)(0.094 cal/gm°C)]
= (10 gm)(540 cal/gm)
+ 10 gm(100°C — t)(1 cal/gm°C)

4000 cal + 50t cal/°C +3.76¢ cal/°C
= 5400 cal + 1000 cal — 10¢ cal/°C

63.76t = 2400°C
t=37.6°C.

Table 2-2 gives the melting points, boiling points,
latent heat of fusion, and vaporization of various
materials.

2-8 HEAT OF COMBUSTION

The heat given out when substances burn is of
importance in engineering, chemistry, and physics.

The heat of combustion of a substance is the
quantity of heat given out per unit mass or per
unit volume when the substance is completely
burned.

The heats of combustion of solids and liquids are
usually expressed as the heat per unit mass, while
the heats of combustion of gases are usually ex-
pressed as the heat per unit volume. The heats of
combustion of solids and liquids are usually mea-



Table 2-2 An lllustrative List of Melting and Boiling
Points, Latent Heats of Fusion, and Vaporization at
One Atmosphere Pressure.

Heat of

Melting Boiling Heat of vapor-

point point fusion ization

Substance °C °C kcal/kg kcal/kg
Alcohol (ethyl) - 115 78 25 205
Alcohol (methyl) —98 65 22 267
Aluminum 660 2060 93 2000
Ammonia =175 -34 108 327
Copper 1080 2600 51 1760
Gold 1060 2970 16 446
Hydrogen -259 -253 15 107
Iron 1540 2740 65 1620
Lead 327 1744 6.3 222
Mercury -39 357 2.7 )
Methane -182 -16l 14.5 138
Nitrogen -210 -—196 6.2 48
Oxygen -219 -183 33 51
Platinum 1774 4407 27 640
Silver 960 212 24 552
Tin 232 2270 14 650
Tungsten 3400 5930 4 1180
Water 0 100 80 540
Zinc 419 07 24 362

sured with a bomb calorimeter (Figure 2-3). A cer-
tain mass of fuel is put in the bomb (a steel cylinder
fitted with a gas tight cover) with pure oxygen
under pressure so as to insure complete combus-
tion. The bomb is surrounded by water in a
calorimeter. The fuel is ignited by sending an elec-
tric current through a heater wire within the bomb.
The heat of combustion is calculated from the rise
in temperature of the water, bomb, and calorimeter.

The heat of combustion of gases is usually meas-
ured by using a continuous flow calorimeter. Here,
water is let flow continuously through a tube heated

PROBLEMS

Problems "

Leads for
electric current

Oxygen+ﬁ% /E Stirrer
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Figure 2-3 Bomb calorimeter for measuring the heats
of combustion of solids and liquids.

with the gas flame. From the change in temperature
of the water, the mass of water that flows through
the tube, and the volume of gas consumed by the
flame, all in the same interval of time, the heat of
combustion of the gas can be calculated.

Table 2-3 contains an illustrative list of the heats
of combustion of a number of solids, liquids, and
gases.

Table 2-3 Heats of Combustion.

Substance  kcal/kg Substance kcal/m*
Solids: Gases:

Coal 6000-7800 Acetylene 12,900
Wood 4500-5000 Coal gas 4300
Liquids: Natural gas 8000-18,000
Alcohol 6400 Propane 20,600

Gasoline 11,400
Diesel oil 10,600
Kerosene 11,000

1. Find the equilibrium temperature when 80 gm of iron at 100°C are dropped into 200 gm of water con-
tained in a 50 gm iron vessel which are both at 20°C.

2. A 50 gm sample of a solid material, at a temperature of 100°C, is dropped into a 100 gm copper calorime-
ter containing 200 gm of water initially at 20°C. The final temperature of the calorimeter and its contents

is 22°C. What is the specific heat of the sample?
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A piece of solid metal of mass 0.150 kg was heated at 659°C and then plunged into 0.100 kg of water at a
temperature of 25°C. When the water and metal reached equilibrium in temperature, their combined
mass was found to be 0.247 kg.

(a) What became of the mass that was lost?

(b) What was the final equilibrium temperature?

. Fifty grams of aluminum at 98°C is dropped into 37.2 gm of alcohol at 10°C in a 50 gm copper calorime-

ter. The final temperature of the mixture is 35°C. What is the specific heat of the alcohol?

. To find the specific heat of methyl alcohol, a 40 gm mass of aluminum at 200°C is added to 120 gm of the

alcohol, which is initially at 20°C. The final temperature of the mixture is 40°C. What does this give for
the specific heat of the alcohol?

. A 0.300 kg aluminum vessel contains 0.600 kg of water at 20°C. How much steam at 100°C must be

added to raise the temperature of the water to 100°C?

. How much heat is required to melt 10 gm of ice (already at 0°C), heat the resulting water to 100°C, and

boil it all away?

. Ice at — 10°C and steam at 110°C come into thermal equilibrium as water at 50°C in a calorimeter. Take

the specific heat of steam at 0.50 kcal/kg°C. What is the ratio of the mass of ice to the mass of steam?

. Twenty grams of steam at 100°C were condensed in 362 gm of water at 10°C. The heat capacity of the

container is 40 cal/°C, and the final temperature is 40°C. Calculate the heat of vaporization.

Two kilograms of molten tin at its melting point are dropped into a 1 kg copper vessel containing 3 kg of
water at 10°C. What is the final equilibrium temperature?

If 200 gm of iron at 120°C, 20 gm of ice at 0°C, and 100 gm of water at 20°C are all mixed, and it is found
that there is no change in the temperature of the water, what must be the specific heat of the iron?

In an insulated container are 50 gm of ice and 200 gm of water at 0°C. Ten grams of steam at 100°C and
atmospheric pressure is allowed to flow into the mixture, condensing therein. Neglecting the heat
absorbed by the container, compute the final steady state temperature of the mixture.

Calculate the equilibrium temperature
(a) when we mix 100 gm of ice at —20°C with 400 gm of water at 30°C,
(b) when we mix 100 gm of ice at —20°C with 200 gm of water at 30°C.

A mixing faucet is supplied with cold water at a rate of 0.6 gallons per minute and hot water at a rate of 1
gallon per minute. If the temperature of the cold water is 50°F and the hot water is 150°F, what is the
temperature of the water from the faucet?

If 10 gm of gasoline are burned in a bomb calorimeter containing 3 kg of water, what is the heat of
combustion of the gasoline if the heat capacity of the calorimeter is 1 kcal/°C and the rise in temperature
is 25°C?

Twenty grams of water contained in a 30 gm copper calorimeter was found to cool from 70°F to 50°F in
10 minutes. An equal volume of another liquid with a mass of 15 gm cools from 70°F to 50°F in 6 minutes
in the same calorimeter. Find the specific heat of the liquid.
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3-1 EXPANSION OF SOLIDS

Most substances expand when heated and con-
tract when cooled. Solids have the property of re-
taining their shape when heated without the support
of a container. All three dimensions change with
temperature. If the body expands isotropically, that
is, if the body expands equally in all directions, we
may then take any dimension as the length of the
body. Solid bodies of different materials, having dif-
ferent space arrangements of their atoms, expand
different amounts for equal temperature changes.
To express numerically the expansion of a particu-
lar substance, we need a quantity characteristic of
that substance. This quantity is called the coeffi-
cient of expansion.

3-2 COEFFICIENT OF LINEAR EXPANSION
OF SOLIDS

Suppose a rod of length [, is heated through a
temperature interval At until its length is /. The
difference I, — I, = Al is the amount the rod has ex-
panded on heating. It is found experimentally that

13

for moderate temperature intervals the quantity
Al/l,At equals a constant which is characteristic of
the material in the rod. This constant « is called the
coefficient of linear expansion. That is,

Al

=15 G-1)

The coefficient of linear expansion may thus be
defined as follows:

The coefficient of linear expansion is the
increase in length per unit length per degree
rise in temperature.

Equation (3-1) can be written in a different form by
replacing Al by |, — I, namely,

L = 1(1+ aAt). 3-2)

This is sometimes more convenient than Eq. (3-1).

The units of « are °C™ ‘or °F'. Since the
Fahrenheit degree is only 3 as large as the Centi-
grade degree, a (per °F) is equal to $a (per °C).
Typical values of the coefficient of linear expansion
of various solids are given in Table 3-1.
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Table 3-1 Coefficients of Linear Expansion of Solids.

a in a in
units of units of
Substance 107 °C™! Substance 107 °C~'
Aluminum 24 Magnesium 26
Brass 19 Nickel 13
Copper 14 Platinum 9
Glass Quartz
(ordinary) 9 (fused) 0.4
Glass
(pyrex) 3 Silver 19
Gold 14 Steel 12
Iron 11 Tin 20
Invar 0.9 Tungsten 4.5
Lead 30 Zinc 30

Example 1. An aluminum rod is 200 cm long at
0°C. What is its length at 100°C?

SOLUTION
Length at 100°C = {00 = lo(1 + a At)

=200cm [1+ (24 X 107°°C™")
X (100°C)]

=200 cm + (200 cm)(24 x 107

=200.48 cm.

3-3 COEFFICIENT OF AREA EXPANSION

Consider a square sheet of length /, heated
through a temperature interval At until its length
is I.. If « is the coefficient of linear expansion of the
material, its new area is given by

A = P =1+ aADF = Y1+ 2aAt + a*Atd)
= A1+ 2aAt + a’At?).

Since aAt is a very small quantity for all solids,
a’At? may be neglected in comparison with 2a At.
Therefore,

A = A1 +2aAt), 3-3)

and the coefficient of area expansion is twice the
coefficient of linear expansion. Although the above
result was derived for a square sheet, it holds for a
sheet of any shape.

The coefficient of area expansion of a solid
is the increase in area per unit area per degree
rise in temperature, and is twice the coeffi-
cient of linear expansion for an Isotropic
solid.

It is worth noting that Eq. (3-3) is applicable to
the increase in area of a hole in a sheet of material
as well as the increase in area of the material itself.
Can you explain this?

3-4 COEFFICIENT OF VOLUME
EXPANSION

Consider a cube of material of edge length I,
heated through a temperature interval At until its
length is I.. If « is the coefficient of linear expansion
of the material, its new volume is given by

V.= 1> =[l(1 + aAt)Y
= 11+ 3aAt +3a’At* + a’AtY)
= V(1 +3aAt +3a’At*+ a’At?).

Since we can neglect the terms containing a’At?
and a’At?,

Vi = V(1 +3aAt) 34

is an equation which holds for an isotropic sub-
stance of any shape.

The coefficient of volume expansion of a solid
is the increase in volume per unit volume per
degree rise in temperature, and is three times
the coefficient of linear expansion for an
isotropic solid.

Equation (3-4) is applicable to the increase in
volume of a cavity in a solid as well as the increase
in volume of the solid itself. Can you explain this?

3-5 IMPORTANCE AND APPLICATIONS
OF THE EXPANSION OF SOLIDS

In pipelines, bridges, and non-welded rails, allow-
ance must be made for temperature changes, other-
wise they will bend with a rise in temperature. This
is taken care of in pipelines by expansion joints and
in bridges and rails by leaving a small space be-
tween the bridge sections or rails. The joint is usu-
ally made by means of two plates, one on each side
of the bridge sections or rails. Bolts are put through
the plates and through slotted holes in the bridge
section or rail so that they are free to slide. Clock
pendulums must be compensated for expansion in
order for them to keep time correctly.

The fact that different metals have different
coefficients of expansion has been applied to the
construction of thermometers and thermostats. If
two thin strips of different metals welded or riveted
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Zinc
Zinc Iron
Zinc Iron
Iron

T<T, =T T>T

Figure 3-1 Bimetallic thermometer or thermostat
element.

together are heated, the resultant strip will bend into
a curve (Figure 3-1). The metal with the larger
coefficient of expansion will be on the convex side of
the curve. When used as a thermostat, one end is
fixed and the other end opens or closes an electrical
circuit. That is, it operates as a switch which is
governed by the temperature. The temperature
control of a cooking oven operates on this principle.

3-6 EXPANSION OF LIQUIDS

Since a liquid must be held in a solid container,
the true expansion of the liquid can only be ob-
tained if we also know the expansion of the con-
tainer.

The apparent volume expansion of the liquid is
equal to the difference between the true volume ex-
pansion of the liquid and the volume expansion of
the container. The new volume of the container is
given by

ch = V(!(l + 3ac At)’ (3'5)

where a. is the linear expansion coefficient of the
container. The new true volume of the liquid is
given by

Vi = V(14 BAL),

where B, is the volume expansion coefficient of the
liquid.
The apparent volume expansion of the liquid is

Vi — Vi = V(B —3a. )AL 3-D

(3-6)

Hence, the apparent volume expansion coeffi-
cient of the liquid is

AV

Bi—3e=var

(3-8)

where we have replaced ,V, — .V, by AV.

1.010 L

1.006 L/

1.002 /,‘
1.000

Volume in cm®
of 1 gm of water

0 5 1015 20 25 30 35 40 45 50
Temperature in °C

Figure 3-2 The anomalous expansion of water.

In the above experiment, we could measure the
value of B if we knew a.. If we had filled the
container with water both enclosed in a bath at 0°C
and raised the temperature of the bath to 4°C, we
would have found that the water decreased in vol-
ume. The reason is that water has a peculiar expan-
sion property. It has a negative expansion coeffi-
cient between 0°C and 4°C or , in other words, when
water is heated from 0°C it contracts with tempera-
ture rise until it reaches 4°C and then begins to
expand. The volume per gram of water at tempera-
tures between 0°C and 100°C is shown graphically
in Figure 3-2.

Water has its greatest density at 4°C. This is
important in nature. It is the reason why the surface
of lakes and rivers freeze first. The water at the
bottom stays at 4°C, enabling the fish to enjoy a
warmer winter than some land dwellers. There are a
number of accurate methods for determining the
expansion coefficient of liquids. The interested
student may read about these methods in books on

Table 3-2 Coefficients of Volume Ex-
pansion of Liquids.

Substance g1o=°eC'
Alcohol (ethyl) 112
Alcohol (methyl) 120
Benzene 124
Carbon tetrachloride 124
Ether (ethyl) 166
Glycerin 50
Mercury 18
Petroleum 95
Turpentine 97
Water 21
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heat that are available in the library. Typical values
of the coefficient of volume expansion of various
liquids are given in Table 3-2.

Example 2. A pyrex glass bottle is filled with
mercury at 20°C. The volume of the bottle is
100 cm’. How many cm’ spill over when the bottle
is placed in steam at 100°C?

SOLUTION
Volume that spills over=AV = (8, —3a.) VoAt

= [(180 — 3 x 3) X 107*°C"](100 cm*)(80°C)
= (171 x 107°°C™")(100 cm’)(80°C)
=137 cm’.

3-7 EXPANSION OF GASES

Gases do not have a definite volume. If a gas is
put into a container, it fills the complete volume of
the container. It also exerts a definite pressure upon
the walls of the container.

Suppose we have a container of definite volume,
containing a definite mass of gas, which exerts a
definite pressure on its walls. If the container is a
cylinder fitted with a piston and we change the vol-
ume by pushing the piston in or out of the cylinder,
the pressure changes. If we keep the piston fixed
and change the temperature of the gas, the pressure
changes. If we allow the piston to move freely and
change either the pressure or the temperature, the
volume changes.

3-8 BOYLE'S LAW

In 1660, Robert Boyle found a relation between
the pressure and volume of a gas if the temperature
of the gas is held constant. The relation is known as
Boyle’s law, and is stated as follows:

The product of the pressure and the volume of
a given mass of gas at constant temperature is
a constant.

Mathematically, it is written

pV =constant (for constant t), 39
or, alternately,
p\V,=poV, (forconstantt), (3-10)

where p, is the gas pressure when its volume is V,
and py is the initial pressure when its initial volume
is Vi, both states being at the same temperature.

(3)
2) T:>T
(1)
T.>T,
T

Figure 3-3 Graphic illustration of pV=constant for
various temperatures for one amount of gas.

The constant in Eq. (3-9) depends upon the temper-
ature of the gas. Figure 3-3 is a graphical illustration
of Eq. (3-9). Curve (1) represents Boyle’s law for a
given mass of gas at absolute temperature T, curve
(2) for an absolute temperature T,, etc. They are
called isothermal curves (curves of constant tem-
perature).

3-9 CHARLES’ LAW

The volume of gases, like most solids and liquids,
increases with an increase in temperature. The vol-
ume expansion coefficient of a gas is defined in the
same way as that of a liquid, namely

AV
B=var

Gases, however, differ from liquids as they all have
very nearly the same value of B at constant pres-
sure. At 0°C, the volume expansion coefficient of all
permanent gases is approximately »; °C™".

Consider a gas whose volume is V, at atmos-
pheric pressure p, and temperature 0°C. We heat
the gas, keeping its pressure constant, to a tempera-
ture t. Its new volume is given by

(3-11)

V.= Voll + Bt)
or
_y _Yt_ o (T-273) V,T_
Vi-Vo=3=Vo3m Ve
or
VT
V.= 73 (3-12)

where T is the absolute temperature in °K.



We see that the volume of the gas is directly
proportional to the absolute temperature at con-
stant pressure. This is known as Charles’ law, and is
stated as follows:

At constant pressure, the volume of a given
mass of a gas varies directly as the absolute
temperature.

Symbolically, it is stated as

¥ = constant (at constant pressure). (3-13)

Alternately, it is written
Vi Vo

=T (3-14)
or

V.., T X

Vo_ T G-13)

Similarly, at constant volume, the pressure of a
given mass of gas varies directly as the absolute
temperature; an alternative form of Charles’ law is

P _ Tl

P Ty G-16)

We may well ask what happens to the pressure
and volume of a gas when T equals zero. Actually,
all gases liquefy at temperatures above absolute
zero, so the question has no physical significance.
Figure 3-4 is a graph of a volume of a particular
mass of gas at constant pressure versus its tempera-
ture in both Centigrade and Kelvin degrees. We
see that the volume of the gas is directly propor-
tional to its absolute temperature.

—273 0 °C T
0 273 °K

Figure 3-4 Variation of volume of a gas with tempera-
ture at constant pressure.
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3-10 THE GENERAL GAS LAW

Boyle’s law and Charles’ law provide the basis
for a more general relation between pressure, vol-
ume, and temperature known as the general gas
law. Combining Egs. (3-10) and (3-15), we get

PV, =PoVo

T, T, - 3-17)

Since pi, Vi, and T, can be any set of pressure, vol-
ume, and temperature values, we can remove the
subscripts. The value of V,, if taken as the gas vol-
ume at atmospheric pressure p, and temperature T,
(0°C), depends on the mass and kind of gas used.
However, one kilomole (kilogram molecular
weight) of any gas has a volume of 22.4 m’ at at-
mospheric pressure and 0°C. Hence, if the gas con-
tains n kilomoles, we can write Eq. (3-17) as

pV = nRT,
where
R= pgﬁ (3-18)

The value of R has the same value for all gases,
and is known as the universal gas constant.

R = 8.31 x 10° joules/(kilomole °C).
Equation (3-18) is called the general gas law.

If we substitute T, =273 and T, =273+t in Eq.
(3-17), we obtain
273+t
pVi=pov (2244) (3-19)
or
pVi=peVy (1 + 273) (3-20)
or
p1Vi=poVo(1+ Bt), (3-21)

where B = 273 OC-

It should be pointed out that these equations do
not hold exactly at all pressures and temperatures.
However, it is quite remarkable that these simple
equations specify the behavior of all gases without
too much error except at high pressures and very
low temperatures.

Example 3. The volume of a gas at 27°C and at-
mospheric pressure is 1m’. What is the volume
when the pressure is equal to four times the at-
mospheric pressure and the temperature is 327°C.
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SOLUTION
PROBLEMS
1. At 25°C an iron rod is 2 cm in diameter. A brass ring has an interior diameter 1.995 cm at the same

2.

3.

4.

S.

6.

7.

temperature. At what temperature, both the rod and ring being heated, will the ring just slide onto the
rod?
A square brass plate with a circular hole through its center is heated from 5°C to 605°C. When cold, the
plate is 32 cm on an edge and the diameter of the hole is 8 cm. What is the diameter of the hole when the
plate is hot?
The density of a liquid is defined by the expression p = m/V, where m is the mass and V is the volume
of the liquid. Show that

Ap = — BpAT,

where AT is the change in temperature.

A copper container has a capacity of 500 cm® at 5°C. If 470 cm’ of methyl alcohol also at 5°C are placed
in the container, at what temperature will the container be just filled with alcohol?

A thin aluminum wire is bent into the form of a rectangle 50 cm long and 40 cm wide. When the
temperature of the wire is changed from 10°C to 100°C, what is the change in area enclosed by the wire?

A glass flask holds exactly 1000 cm® of water at 5°C. When the flask and the water are heated to 95°C,
15cm® of water overflow. What is the linear coefficient of expansion of the glass?

We have two square parallel plates in contact, one of steel and the other of aluminum. At 0°C, the
aluminum plate is 1 m on a side, and the steel plate is 1.001 m on a side. It is arranged to have an etching
process begin when the plates have precisely the same area. Find the temperature at which the etching
process begins.

A pyrex glass flask in a dark cupboard contains 1000 cm’ of ethyl alcohol at 20°C. The flask is removed
from the cupboard and set in sunlight, so that in 20 minutes the temperature rises to 60°C. What volume
of alcohol is present at the end of 20 minutes?

9. A narrow-necked ordinary glass bottle is just filled with 100 cm’ of a liquid when the bottle and the liquid

are at — 20°C. The coefficient of volume expansion of the liquid is 12.4 x 10~ per °C. What volume of the
liquid has spilled over by the time enough heat has been added to raise the temperature of the bottle and
the liquid to 10°C?

10. A certain medical prescription requires 10 cm® of ethyl alcohol at 20°C. A freshly sterilized graduated

11.

pyrex flask is used for measuring out the alcohol. The flask is at a temperature of 96.3°C.

(a) What volume of alcohol at 96.3°C must be
used?

(b) What volume on the graduated pyrex flask A
will give the required amount of alcohol if
the flask was calibrated at 20°C?

Two rods of metal A and one rod of metal B are
connected as shown in Figure 3-5. The overall b ————
length is L. and the length of B is d. If the A
coefficients of linear expansion are a4 and as,
determine d in terms of L, a,, and as, if L does
not change with temperature.

o

I-
-
)

Figure 3-5
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Problems 19

If 1 m’ of a certain gas at atmospheric pressure and 0°C has a mass of 2 gm, what would be the mass of
the same volume of the same gas at 0.50 atmospheric pressure and 100°C?

A steel rod and a brass rod are fastened to the
same end plate as shown in Figure 3-6. If the
distance between the ends of the rods d is to
remain 8 cm over a range of temperatures, what STEEL
must be the length of each rod?

BRASS

b ——]

Figure 3-6
A hand pump with a cylinder 0.50 m long is used to pump air into a tire. Assuming the temperature of the
air to remain constant, find how far the piston must be moved before air can enter the tire if the pressure
of air in the tire is twice the atmospheric pressure at the beginning of the stroke.

A certain mass of gas occupies a volume of 380 cm’ at 12°C and pressure 1.053 atmospheres. What will

its volume be at — 10°C and pressure | atmosphere?

An air bubble of 10 cm’ volume is at the bottom of a lake, where the pressure is 4 times that at the

surface and the temperature is 5°C. The bubble rises to the surface, which is at a temperature of 20°C. If

the temperature of the air in the bubble is the same as the surrounding water, what is its volume just

before it reaches the surface?

An aluminum container holds 400 cm’ of a liquid when completely filled at 10°C. When the temperature

of the container and liquid is raised to 80°C, 25 cm’ of the liquid spill out of the container. Determine the

coefficient of volume expansion of this liquid.

(a) If 1m’ of air at 1 atmosphere pressure and 27°C temperature is compressed to 0.50m’ at 3
atmospheres, what will be the resulting temperature?

(b) If the gas is now allowed to cool down to its original temperature at constant volume, what will be
the final pressure?

The cross-sectional area of the mercury column in a barometer is 1.20 cm’, the length of the vacuum at

the top is 8 cm when the barometer reads 76.4 cm. Calculate the volume of external air that must be

inserted into the tube in order to lower the mercury column to 38.2 cm. Assume the atmospheric pres-

sure and the temperature remain constant,

. Owing to air above the mercury in a barometer, it reads 74.5 cm when the actual pressure is 75.2 ¢m, and

73.3 cm when the actual pressure is 73.7 cm of mercury. Calculate the reading of the barometer when the

true pressure is 76 cm.

A metal container has an internal volume of 1000 cm’ when its temperature is 0°C, but when its

temperature is 100°C the container holds 1008 cm’.

(a) Determine the coefficient of linear expansion for this metal.

(b) If a liquid just fills the container at 0°C, and 10 cm’ spill out at 100°C, determine the coefficient of
volume expansion of the liquid.

A thermometer is made of a capillary tube of ordinary glass of 0.020 mm’ cross section at 0°C. At 0°C

there are 2 cm’ of mercury in the thermometer. How far does the mercury move up the tube at 30°C?
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4-1 METHODS OF HEAT TRANSFER

There are three ways in which heat is transferred
from one place to another. The three ways are by
conduction, convection, and radiation.

Conduction is the transfer of heat in which
thermal energy is transferred from molecule
to molecule in a material with no perceptible
motion of the material.

Convection is the transfer of heat by mass
motion of the heated material.

Radiation is the transfer of thermal energy by
electromagnetic waves.

In the first two methods, a material medium is
required. In radiation, no material is needed, and
the heat is transferred with the speed of light.

4-2 COEFFICIENT OF THERMAL
CONDUCTIVITY

Materials differ widely in their ability to conduct
heat. Metals are good conductors while non-
metallic materials are poor conductors. However,
there is a fair difference in the conductivity of
different metals as well as of different non-metals.

These differences may be illustrated in a simple
way for metals. Suppose we take three equal
diameter wires of aluminum, steel, and copper, and

21

twist them together at one end as illustrated in Fig-
ure 4-1. At equal intervals along the wires we attach
small metal balls by means of wax. We then heat
the ends which were twisted together. As the heat is
conducted along the wires, the balls drop off when
the temperature of the wire is sufficient to melt the
wax. After a particular time interval, the balls will
stop dropping off, and the temperature is said to be
in a steady state, which means that the heat passing
along the wire is equal to the heat that escapes from
it. When this state is reached, it is found that the
copper has lost the largest number, the aluminum
the next largest number, and the steel the least
number of balls. This means that the copper wire is
the best conductor, the aluminum is next best, and
the steel is poorest.

Consider the conduction of heat through a slab of

Wax
balis
o] Copper
A0000 \\'4‘ ",'Jﬁ.‘. -—— \T Aluminum
040000 Steel

Burner \
N}

Figure 4-1 Comparison of conductivity of metals.
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Figure 4-2 Conductivity of heat through a slab of
material.

material of face area A and thickness AX, with a
difference of temperature between the faces of At
after a steady state is reached, as illustrated in Fig-
ure 4-2. H, the heat per unit time, passing through
the slab is found experimentally to be proportional
to the temperature gradient At/AX and the area A.
Then

At
He=Azy
or
. At
H-= KA—AX, “4-1)

where the proportionality constant K is called the
coefficient of thermal conductivity of the material,
and is defined as follows:

The coefficient of thermal conductivity of a
material is the time rate of heat flow by
conduction per unit area per unit temperature
gradient.

Various systems of units are used in specifying
K. In MKS units, K is expressed in kcal/sec m°C.
Table 4-1 gives typical values of K for a number of
substances.

Example 1. An aluminum pan has a 0.10 m’ heat-
ing surface, 0.20cm thick. How much water
evaporates per minute if the outer surface is kept at
110°C?

SOLUTION
From Eq. (4-1),
H=K g = (480 x 10~ kcal/sec m°C)
5 [(110 — 100)°C]
X (0.10m) = 5 70 m)
= 24 kcal/sec.
Therefore, the heat flow in 1 minute
= (24 kcal/sec)(60 sec/min)

= 1.44 x 10’ kcal/min.

L., the heat of vaporization of water, is 540 kcal/kg.
Therefore, the mass of water vaporized in 1 minute
is given by

(144 % 10° kcallmin)( 1 ke

540 kcal

) = 2.67 kg/min.

4-3 CONDUCTIVITY OF LIQUIDS
AND GASES

We can see from Table 4-1 that all liquids have
very low conductivities. As a demonstration, we
can partially fill a test tube with water and boil the
upper portion of it without appreciably heating the
bottom, as illustrated in Figure 4-3.

Table 4-1 Typical Values of the Coefficient of Ther-
mal Conductivity (K) for Various Substances.

K

Substance 10~ kcal/sec m°C
Metals:

Aluminum 480

Copper 920

Brass 260

Iron and Steel 110

Silver 1000
Non-Metals:

Brick (fire) 2.5

Brick (insulating) 0.4

Concrete 2.0

Cork 0.1

Glass 2.0

Ice 4.0

Wood 0.2
Gases:

Air 5.7x107?

Hydrogen 33.0x107

Oxygen 5.6%x107?




Figure 4-3 Demonstration that water is a poor heat
conductor.

The conductivity of gases is extremely small as
shown in Table 4-1. Many solid materials are good
insulators because they are porous and contain
much air. Storm windows on a house are effective
chiefly because of the enclosed air between them
and the regular windows. The most effective
insulator of all is a vacuum, because heat can only
be transferred through a vacuum by radiation.

4-4 CONVECTION

Convection occurs only in liquids and gases. As
previously stated, it is the transfer of heat by the
mass motion of the heated material. The material

Convection 23

motion is due to the difference in density of a hot
and cold portion of the material.

When a container of water is heated on a stove,
the heat passes by conduction through the bottom
of the container to the water. The lowest layer of
water is heated and expands, thus becoming less
dense than the colder water-above. It is forced up-
ward by the colder water, which sinks. This circula-
tion continues until all the water is heated to the
boiling point. The process is an example of convec-
tion. Hot water and hot air heating of a building are
also due to convection.

Unequal heating of land and water gives rise to
winds. Local land and sea breezes, as illustrated in
Figure 4-4, are accounted for by convection cur-
rents owing to the higher specific heat of water.
Also, the unequal heating of large bodies of water
gives rise to ocean currents.

In determining the quantity of heat conducted
through a wall or window, it is not correct to use the
difference between the outdoor and indoor temper-
ature as the difference in temperature between the
outer and inner surfaces of the wall or window. Be-
cause of convection effects, the outer surface tem-
perature may be well above the outdoor tempera-
ture, and the inner surface temperature well below
the indoor temperature. Only part of the tempera-
ture drop occurs in the wall or window; the rest
occurs in the layers of air in contact with them. In
the case of an ordinary window pane in a home with
an indoor temperature of 70°F and outdoor temper-

/\

SEA BREEZE

DAY
Land Warmer than Water

-~ T

LAND BREEZE

\___/

NIGHT
Land Cooler than Water

Pigure 4-4 |llustration of sea and land breezes.
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ature of 0°F, the temperature of the glass will be
about 35°F. The temperature difference between
the outside and inside of the glass will be 0.2°F.

The mathematical theory of convection is quite
complex. The heat per unit time (H) transferred by
convection to or from a surface can be calculated
from the following equation:

H = hAAt, 4-2)
where h is the convection coefficient, A is the area
of the surface, At is the temperature difference be-
tween the surface and the main body of the fluid.

The value of h depends on many circumstances,
such as the shape and orientation of the surfaces;
the density, viscosity, specific heat, thermal con-
ductivity, and velocity of the fluid; and whether or
not evaporation or condensation takes place. A
large amount of research has been done in the de-
termination of h. As a result, there are in existence
many formulae, graphs, and tables from which h
can be obtained for various conditions.

A law discovered by Newton relates the rate of
cooling or heating of a given substance to the differ-
ence in temperature between it and its surround-
ings. The law is stated as follows:

The time rate of heat flow from a body to the
surroundings or vice versa is directly pro-
portional to the difference in temperature
between the body and the surroundings pro-
vided the difference in temperature is small.

Mathematically, it is stated as

H = CAt, 4-3)
where C is a constant. The law agrees well with ex-
periment when the heat transfer is chiefly by con-
vection.

Example 2. The temperature of a room is 20°C,
and the inside temperature of a window pane 0.2 cm
thick is 0°C. The value of the convection coefficient
for the pane is 9x 107 kcal/sec m*°C. What is the
heat transferred per unit area? What is the outside
temperature of the window and the outdoor tem-
perature?

SOLUTION
H = hAAt= (9 X 10" kcal/sec m*°C)(1 m*)(20°C)
= 18 X 10 kcal/sec m’.

Hence, 18 107 kcal/sec m’ must be conducted
through the window pane itself. Using Eq. (4-1),

18 X 10~ kcal/sec m’
At

— —4 o
= (2% 107" kcal/sec m C)(m)

At =0.18°C.

Therefore, the outside temperature of the pane =
—0.18°C.

Since the same quantity of heat must be trans-
ferred to the outdoors from the outside of the win-
dow as from the room to the inside of the window,
the difference in temperature in both cases must be
equal. Therefore, the outdoor temperature will be
—20.18°C.

4-5 RADIATION

All bodies not at absolute zero temperature emit
electromagnetic radiation. Electromagnetic radia-
tion includes thermal radiation, light, and X-rays.
The principal difference in these types of radiation
is wavelength (see Section 10-5). The quantity of
radiation emitted by a body depends on its tempera-
ture and the nature of its surface. When elec-
tromagnetic radiation of any kind falls on a material
surface, some may be absorbed, some reflected,
and some transmitted. The part absorbed is trans-
formed into thermal energy or other forms of
energy within the absorbing material.

Heat transfer by radiation does not require a
material medium and the heat in transit travels with
the speed of light. An example of this is the transfer
of heat from the Sun to the Earth. It travels through
ninety million miles of space in which there is no
material substance in about 8 minutes.

4-6 PREVOST'S THEORY OF EXCHANGES

If a number of bodies at different temperatures
are placed in an evacuated container with insulated
walls, they transfer thermal radiation between
themselves and the container walls until they finally
all reach the same temperature.

After they all reach the same temperature, the
radiation does not stop. A thermal equilibrium is
reached and each body absorbs as much radiation
as it emits per unit time. This observation was first
made by Prevost in 1792. From his observations, he



proposed a theory which can be stated as follows:

In a state of equilibrium, the amount of energy
radiated per unit time from an object is equal
to the energy absorbed by it in the form of
radiations from surrounding objects.

The amount of radiation absorbed or emitted by a
body is dependent on the nature of its surface. A
polished surface is a poor absorber and a poor emit-
ter, whereas a black surface is a good absorber and
a good emitter. This can be demonstrated with the
apparatus shown in Figure 4-5. The two bulbs A
and B are connected to an air thermometer C. If a
can half painted black and the other half left shiny
is filled with hot water and placed between the
bulbs, it can be demonstrated that the black surface
is the better radiator. Next, if we blacken one of the
bulbs and use a totally black can filled with hot
water, we can demonstrate that a black surface is a
better absorber than a shiny one.

C

Figure 4-5 Demonstration that a black surface is a
better radiator than a polished surface.

If radiation falls on an opaque body, some is
absorbed and some is reflected. If « denotes the
fraction that is absorbed and p the fraction that is
reflected, then

at+p=1, 4-4)

where a is called the absorption factor and p the
reflection factor.

We previously gave a demonstration that a good
radiator is a good absorber. This means that the
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radiation rate of a surface must be proportional to
the absorption factor of the surface. The following
law, called Kirchhoff’'s Law of Radiation, states
this fact:

The ratio of the rates of radiation of any two
surfaces is equal to the ratio of the absorption
factors of the two surfaces.

Symbolically, the law is written as follows:

Wi_a

Wz az’ (4-5)

where W, and W, are the radiation rates or radia-
tion powers of the two surfaces and are expressed
in joules/secm’ or watts/m>. (Note: 1watt =
1 joule/sec.)

A perfect radiator is a body that is a perfect
absorber, and is called a black body.

No surface is a perfect absorber with @ = 1. An
approximation to a perfect absorber may be ob-
tained by a hollow sphere having a small opening
with the inside walls having a rough, dull surface as
shown in Figure 4-6. The radiation enters or leaves
the cavity through a small hole. Part of the radia-
tion entering the cavity will be absorbed by its walls
and part reflected. Only a very small part of the
reflected radiations escape through the hole, so that
after many internal reflections nearly all the radia-
tion is absorbed and the body approximates a black
body.

Figure 4-6 An approximation of a perfect absorber.

It was mentioned at the beginning that the quan-
tity of radiation emitted by a body depends on its
temperature. In fact, the total radiation emitted by a
body increases very rapidly as the temperature is
raised. The quantitative relation between the rate of
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radiation from a body and its surface temperature
is given by the following law, known as the
Stefan-Boltzmann Law:

The rate at which a radiator emits radiant
energy is directly proportional to the fourth
power of its absolute temperatyre.

Symbolically, the law is written as follows:

Example 3. If the radiation from a small opening
in a coal stove approximates black body radiation,
and it radiates 2.84 X 10° watts/m’, calculate its tem-
perature in degrees Centigrade.

SOLUTION
W= aoT*
2.84 x 10° watts/m’

4
= 4-
W=aoT’, “o = (1)(5.67 X 10”* watts/m*K)(T*)
where W is the radiation power per unit area in s i
joules/sec m® or watts/m’, a is the absorption factor T= [ 2.84 }? watts/ n ,]
. . . ) 5.67 x 107" watts/m*°K
which varies between zero and unity, and o is the .
Stefan-Boltzmann constant with a numerical value = 1496°K
of 5.669 % 107° watts/m*°K". t=1223°C.

PROBLEMS

1. Water in a glass beaker is boiling away at a rate of 30 gm/min. The bottom of the beaker has an area of
300 cm’ and it is 0.2 cm thick. Calculate the temperature at the underside of the bottom of the beaker.

2. A boiler made of steel plate 1.5 cm thick has a surface area of 8 m’. The boiler contains water at 100°C,
and its outer surface is 80°C. How much heat does it lose by conduction?

3. A certain object radiates energy at the rate of 10kcal/sec m’ when it is at 27°C. What is its rate of
radiation at 127°C?

4. If 2.80 kcal/sec is the rate of conductive heat transfer through a flat 4m’ slab of glass, find the
temperature gradient in the glass.

5. We have determined that a very hot blue-white star has a surface temperature of 23,000°K. Measure-
ments and simple calculation show that this star radiates at the rate of 1.4 x 10" watts per square meter
of its surface. Find the reflection factor for the star.

6. The filament in a light bulb has a diameter of 0.20 mm and an absorption factor of 0.30. What will its
temperature be when it radiates 5 watts per cm length?

7. The rear wall of a fireplace has an effective area of 0.50 m’. It can be considered a black body surface,
and has a temperature of 327°C. How many watts does it radiate to the room?

8. Why is a thermos bottle

(a) evacuated?

(b) double-walled?

(c) silvered on the inside?
9. By measurement and simple calculations, it has been found that the Sun radiates at the rate of
6.25 x 10" watts per square meter of its surface. A certain physical model of a hot gas predicts that the
Sun should have a reflection factor of 0.10. Find the Sun’s surface temperature if this model holds.
Consider two spherical bodies A and B of the same size in a black enclosure. Each is free to radiate
thermal energy to the other. Each body is in thermal equilibrium with its immediate surroundings and
with the other. The temperature of the bodies and their immediate surroundings has a fixed value T. A
has a reflection factor of 0.70 and B has an absorption factor of 0.60.
(a) Which body, A or B, radiates energy at the greater rate?
(b) Explain your answer.

10
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Problems 27

A beer cooler made of oak contains 8 kg of ice at 0°C. Its dimensions are 0.60 % 0.40 X 0.40 m. The wood
is 5 cm thick, and has a thermal conductivity of 6 x 107 kcal/m sec°C. If the outside temperature is
20°C,

(a) what is the rate of heat flow into the ice box?

(b) how long will it take to melt the ice?

A long rod, insulated to prevent heat losses, has one end immersed in boiling water (at atmospheric pres-
sure) and the other end in a water-ice mixture. The rod consists of 1 m of copper (one end in steam) and
a length L, of steel (one end in ice). Both rods are of cross-sectional area 5 cm’. The temperature of the
copper iron junction is 60°C, after a steady state has been set up.

(a) How much heat flows per second from the steam bath to the ice water mixture?

(b) How long is L,?

Heat, sufficient to vaporize water at 100°C at a rate of 1.80 kg per hour, passes through the bottom of an
aluminum pan, 2mm thick and 250cm’ in area, with a certain flame under the pan. Calculate the
temperature of the underside of the pan next to the flame.

The operating temperature of a tungsten filament in an incandescent lamp is 2227°C, and its absorption
factor is 0.30. Find the surface area of the filament of a 100 watt lamp.

In a brick house, the air in a room has a temperature of 20°C when the outside temperature is — 18°C.
The convection coefficient is 10~ kcal/sec m*°C inside and 2 x 10~ kcal/sec m*°C outside. The rate of
heat transfer per unit area through the walls is 2.25 X 107 kcal/sec m*. Find:

(a) the temperature of the inside surface of the wall and

(b) the temperature of the outside wall.

An uninsulated steam pipe 10 cm in diameter with an outside temperature of 95°C passes through a
room. The absorption factor is 0.70, and the convection coefficient when the room is 25°C is 2 X
10 kcal/sec m*°C.

(a) What is the heat loss per meter of pipe by radiation?

(b) What is the heat loss per meter of pipe by natural convection?
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5-1 EXPLANATION OF CHANGE IN STATE

We will now consider the various states of matter
and the interconversions among them. If we apply
heat to a crystalline solid in which the atoms or
molecules are arranged in a regular pattern, the
temperature, energy, and amplitude of atomic vi-
brations increase until the atoms can no longer hold
together in their regular position. The atoms be-
come free to move around and to slide over each
other, and the solid changes to a liquid.

In the case of pure crystalline substances such as
ice, the fusion or melting point is sharply marked.
For a specific pressure, there is a definite tempera-
ture above which the substance is wholly liquid and
below which it is solid. In the case of amorphous
substances, such as glass, there is no definite melt-
ing point. Such substances are pliable over a range
of temperatures. Figure 5-1 is a temperature-time
graph for both types of substances when heat is
being added to them. The flat portion of curve (b) in
Figure 5-1 represents the time interval during which
the change in state occurs. The constant tempera-
ture indicated by this flat portion is the temperature
corresponding to the change in state, for example,
melting point. Curve (a) of Figure 5-1 does not
have a flat portion, consistent with the fact that
there is no definite melting point. If a substance ex-

a—Amorphous

b—Crystalline
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o
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Figure 5-1 Temperature-time graph for a crystalline
and amorphous substance.

pands on solidifying, an increase of pressure will
lower its melting point; if it contracts on solidifying,
an increase in pressure will raise its melting point.
This is an example of Le Chatelier’s principle
which says that a system will react to applied forces
by assuming a configuration that seeks to minimize
the forces applied. Thus, applying a pressure to
a solid causes a decrease in volume. Since the
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volume decreases upon melting for the first case,
an increase in pressure lowers the melting point
and vice versa for the second case. The pressure
required is quite large for any significant change in
the melting point. Consider a wire with a weight on
it hung around a block of ice, as illustrated in Figure
5-2. The ice directly below the wire melts because
its melting point is lowered below the temperature
of the surrounding ice. The water resulting from the
melted ice flows to the top of the wire and freezes
again into ice because of the reduced pressure.

s

AN

Figure 5-2 Wire passing through biock of ice.

Eventually, the wire will pass through the block of
ice leaving it intact. The process of melting under
pressure and freezing again, as in the above exam-
ple, is called regelation. Another example of regela-
tion is ice skating. The ice beneath the skates melts
because of the pressure due to the weight of the
skater. The skater therefore glides on a thin film of
water which freezes again behind him.

In the change in state from liquid to vapor, the
process is different than from solid to liquid. In a
liquid, not all the molecules have the same energy.
There are always a few which have energies and
velocities greater than the average, just as there are
a few with energies and velocities that are lower.
When a liquid is exposed to the open air, some of
these molecules with high energy escape from the
liquid surface and may be carried away by air cur-
rents. Any liquid exposed to the air evaporates.
Evaporation occurs at all temperatures. If, how-
ever, a liquid is put in a closed container, mole-
cules leaving the liquid accumulate in the space
above the liquid. Some of these vapor mole-

cules will settle on the liquid surface and recon-
dense. Soon, a steady or equilibrium state is
reached, where the number of molecules leaving
the liquid surface becomes equal to the number
reentering it. When this equilibrium is reached, the
space above the liquid is said to be saturated with
vapor; the pressure of such a vapor is called the
saturated vapor pressure. The rate of evaporation
depends on the temperature, and the rate of recon-
densation depends on the vapor pressure. For this
reason, there is a direct connection between the li-
quid temperature and the vapor pressure. The satu-
rated vapor pressure of any substance is found to
depend only on the temperature. It does not depend
on the amount of vapor present. The saturated
vapor pressures for water at various temperatures
is given in Table 5-1. Figure 5-3 is a typical satu-
rated vapor pressure versus temperature graph for
a substance. The end of the vaporization curve is
called the critical point. Above the critical point, no
distinct liquid-to-vapor phase transition can be de-
tected. The temperature and pressure at which this
happens are called the critical temperature (¢.) and
critical pressure (p.), respectively. Table 5-2 gives
the critical temperatures and pressures for some
common gases.

Since the molecules of higher energy escape
from the liquid, the average molecular energy of the
remaining liquid-is decreased. Therefore, the liquid
is cooled by evaporation unless heat is supplied to
compensate for this energy loss.-

A liquid boils in the open atmosphere at a tem-
perature for which the vapor pressure just above
the liquid surface is equal to the atmospheric pres-

Table 5-1 Pressure of Saturated Water Vapor.

Temperature  Pressure Temperature Pressure

0 (mm Hg) °C) (atm)
0 4.58 100 1.0

5 6.51 110 1.41

10 8.94 120 1.96

15 12.67 140 3.57

20 17.5 160 © 610

30 31.8 180 9.90
40 55.1 200 154
50 92.5 220 228
60 149.0 250 39.3
70 234.0 300 84.8
80 355.0 350 163.2
9% 526.0 374 218.4
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Figure 5-3 Vapor pressure versus temperature.

Table 5-2 Critical Temperatures and Pressures for
Various Gases.

Critical Critical
temperature pressure
Substance (in °C) (in atmospheres)
Air - 140.7 37.2
Ammonia 1324 1115
Argon -122.0 48.0
Carbon dioxide 31.0 73.0
Helium -267.9 2.26
Hydrogen —240.0 12.8
Nitrogen —147.1 33.5
Oxygen —118.8 49.7
Water 374.0 2184

sure. Figure 5-3 is, therefore, also a graph of the
variation of the boiling point with external pres-
sure. The higher the external pressure, the higher
the boiling point must be. This is why water boils at
a higher temperature in a pressure cooker. The boil-
ing points of various substances at standard at-
mospheric pressure were given in Table 2-2 of
Chapter 2.

5-2 PRESSURE-TEMPERATURE DIAGRAM
FOR A PURE SUBSTANCE

We have seen that the vapor pressure curve rep-
resents the pressure and temperature at which the
liquid and vapor phases exist in equilibrium with

10
;O) 8 Solid c Liquid 0\\0(\
% 9 &
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E 6 2 AR
E
w .
x 4 Triple point
a ot
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o Vapor
-10 0 10
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Figure 5-4 Triple point diagram for water.

one another. Similar curves representing the pres-
sure and temperature at which the solid and liquid
and the solid and vapor are in equilibrium can be
drawn. For a suitable range of temperature and
pressure, a single pressure-temperature diagram
will show all three curves. These three curves in-
tersect at one point—called the triple point. As a
result, the diagram is usually given the name triple
point diagram. Figure 5-4 is such a diagram for
water. The curves representing the pressure and
temperature at which the solid and liquid phase are
in equilibrium is called the fusion or melting point
curve, the solid and vapor in equilibrium—the sub-
limation curve, and the liquid and vapor in
equilibrium—the vaporization or boiling point
curve. The point at which all three phases can coex-
ist in equilibrium is, of course, the triple point.

While the pressure corresponding to the triple
point of water lies well below atmospheric pres-
sure, this pressure for some substances, such as
CO,, lies above atmospheric pressure. At atmos-
pheric pressure, CO, sublimes or, in other words,
passes directly from the solid to the vapor at
— 78°C. Solid CO, is commonly known as dry ice. It
is used to keep things cool; it is more desirable than
ordinary ice because it is less messy since it does
not go through the liquid state.

5-3 REAL GASES

Real gases do not obey Boyle’s law or the general
gas law perfectly. This is best illustrated byap — V
diagram (Figure 5-5) for a real gas. Suppose the gas
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Figure 5-5 Pressure-volume diagram for a real gas.

is compressed at a temperature t, along the curve
ABCD in the diagram. If the pressure is low, AB in
the diagram, the curve follows closely that of an
ideal gas, and can be fitted approximately by
Boyle’s law. When point B is reached, however, a
sharp change occurs in the nature of the curve and
the volume continues to decrease without further
increase of pressure (BC in the diagram). This is
because, at point B, the gas begins to condense and
gradually changes to a liquid along BC. At point C,
all the gas has completely changed to liquid and a
large increase in pressure is required for a small de-
crease in volume (CD in the diagram).

At a higher temperature, t., condensation begins
at a higher pressure and at a smaller volume. This is
because the effect of the attractive forces between
the molecules is smaller since the molecules are
moving faster at a higher temperature. Finally, if
the temperature is increased sufficiently, a tempera-
ture will be reached where the thermal agitation
will be so rapid that condensation into the liquid
state is prevented. This is, as we stated in the pre-
vious section, the critical temperature (t. on the
diagram).

The dashed line and the critical temperature
curve divide the p — V diagram of Figure 5-5 into
four regions. Below the dashed curve, the sub-
stance is a mixture of liquid and vapor in equilib-
rium. Below the critical temperature to the right of
the dashed curve, the substance is a vapor or gas; to
the left of the dashed curve, it is a liquid. Above the
critical temperature curve, the substance is a gas.

The general gas law, which applies to an ideal

gas, does not take into account the forces between
the molecules of the gas. These forces vary with
pressure, volume, and temperature of the confined
gas. There are two types of intermolecular forces,
repulsive and attractive. The repulsive forces are
short-range forces which become strong when the
molecules come very close together. The attractive
forces are of longer range and are weaker than the
repulsive forces. They are usually called van der
Waal’s forces. Van der Waal studied the character
of intermolecular forces and developed an equation
of state for a real gas. This equation takes into ac-
count the volume of, and the forces between, the
molecules. The equation is

(p +Va,)(V—b)'=RT. (5-1)
The quantities a and b are constants for a particu-
lar gas. The term a/V? takes account of the inter-
molecular forces, and the term b is proportional to
the volume occupied by the molecules themselves.

5-4 EXPANSION OF GASES

If a gas is compressed in a cylinder fitted with a
piston, work is done on the gas, and the gas be-
comes heated. If, on the other hand, a gas is al-
lowed to expand, the gas does work in pushing the
piston out against atmospheric pressure, and the
gas is cooled.

Consider the following question: If the gas were
to expand without doing work against atmospheric
pressure, that is, expand freely into a vacuum,
would the gas cool? In other words, does the ther-
mal energy of a gas change on free expansion? The
answer is no for an ideal gas. The thermal energy
of an ideal gas is independent of volume and pres-
sure changes, provided the temperature does not
change. However, there is no ideal gas. The thermal
energy of a real gas depends on pressure as well as
on temperature. At temperatures not too far below
the critical temperature, a free expansion causes a
decrease in temperature of the gas.

5-5 LIQUEFACTION OF GASES

All gases can be liquefied. Air has a critical tem-
perature of — 140°C, and cannot be liquefied by
merely compressing it at room temperature. The
following is a brief description of one commercial
method used for the liguefaction of air. It is known



as the Linde process, and a simple drawing of the
apparatus used in this process is shown in Figure
5-6. Air is compressed in the compressor, circulated
through the coils in the cooler, and allowed to ex-
pand through a small opening at O. As a result of
the expansion, the air cools further. This cooled air
is again compressed and circulated through the
coils in the cooler so that the approaching air be-
comes progressively cooler before expansion. By
the continuous operation of this cycle, the expand-
ing air is finally cooled to the point where it liquefies
and is collected at the bottom of the container
below the expansion tube.

——— 3 w
:
o
Compressor =
Cooler Liquid air

Figure 5-6 Linde apparatus for liquid air.

In 1908, Kammerlingh Onnes liquefied helium,
which is the most difficult gas to liquefy. He was
able to do this by passing pure compressed helium
gas through liquid hydrogen boiling at a reduced
pressure. The helium was then allowed to expand
and liquefied at a temperature of 4.2°K. Tempera-
tures as low as 0.7°K can be obtained by the rapid
evaporation of liquid helium. Temperatures ap-
proaching absolute zero have been reached by de-
magnetizing magnetic materials which were initially
at liquid helium temperatures.

All gases, except helium, which have first been li-
quefied can subsequently be solidified by pumping
away the vapor above the liquid. The solid state of
helium only exists under high pressure.

5-6 ATMOSPHERIC HUMIDITY

Water vapor is present in the air. Water vapor is
lighter than air. When water is evaporated into the
air, it displaces a volume of air equal to its own
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volume. The term humidity is used to describe the
water vapor content of the atmosphere. The actual
vapor pressure at any time or place cannot exceed
the saturation pressure for the existing temperature
(Figure 5-3), for condensation begins to take place
as soon as this value is reached. The higher the
temperature, the more water vapor the air is capa-
ble of holding. When warm air is cooled, some of
the water vapor condenses and reappears as water.
The temperature at which the water vapor in the air
is sufficient to saturate it is called the dewpoint.

The measurement of humidity is called hy-
grometry. In hygrometry, either the absolute
humidity or relative humidity is measured.

The absolute humidity is the mass of water vapor
per unit volume in the atmosphere at a given tem-
perature. The relative humidity is the ratio of the
amount of water vapor present in the atmosphere to
the amount required to saturate it at the same tem-
perature.

Since the vapor pressure is proportional to the
mass of vapor present, the relative humidity is
equal to the ratio of the actual pressure of the vapor
present to the saturation vapor pressure at the same
temperature. It is usually expressed in percent:

relative humidity (%) = (pl)(lm), (5-2)

where p equals the vapor pressure of the water
vapor present in the air, and p. equals the vapor
pressure of the water vapor if the air were saturated
at the same temperature.

Example 1. Find the relative humidity if the
vapor pressure of the water vapor in the air is 5 mm
of mercury at a temperature of 10°C.

SOLUTION
From Table 5-1, the saturated water vapor pres-
sure at 10°C is 8.94 mm of mercury. Therefore,

. ... Smmof Hg
relative humidity = (m
There are various ways of measuring the relative
humidity. One of the most accurate ways is by de-
termining the dewpoint. This temperature may be
found by partly filling a brightly polished container
with water and dropping pieces of ice into it, while
stirring it with a thermometer. The dewpoint is the
temperature indicated by the thermometer when
moisture first appears on the polished surface. The

)(100) = 56%.
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saturated vapor pressure of water at the dewpoint
is a measure of the water vapor present in the air.
Therefore, if we know the dewpoint and the tem-
perature of the air, we can calculate the relative
humidity.

Example 2. If the room temperature is 20°C and
the dewpoint is 15°C, find the relative humidity.

SOLUTION
From Table 5-1, the saturated vapor pressures at
15°C and 20°C are 12.67 and 17.5 mm of mercury,
respectively. Therefore,

relative humidity = (]2'67 mm of Hg

17.5 mm of Hg )(100) =12%.

Another way of measuring the relative humidity
is with the wet and dry bulb hygrometer, which
makes use of the principle of cooling by evapora-
tion. It consists of two mercury thermometers
placed side by side. The bulb of one thermometer is
kept dry, while that of the other is kept continually
wet by a piece of porous cloth attached to a wick
which dips into a container of water as illustrated in
Figure 5-7. The temperature of the wet bulb ther-
mometer will read lower than that of the dry bulb
thermometer because of the evaporation taking
place at its surface. If the air is already saturated,
no evaporation takes place and both thermometers
give the same reading. Thus, the drier the air, the

PROBLEMS

Figure 5-7 Wet and dry bulb hygrometer.

greater the difference in the readings of the two
thermometers. Tables have been constructed per-
mitting the relative humidity and dewpoint to be
determined from the readings of the two thermome-
ters.

1. For a given substance, it is observed that the melting point decreases with an increase in pressure.

(a) Can the substance be liquefied?

(b) Can the substance be solidified?

(c) Is the heat of fusion positive or negative?
Give reasons for your answers.

2. An air conditioning unit works in the summer time by cooling the air below the desired temperature to
condense out excess water vapor, and then reheating the air. If the outside air is at 86°F and 70% relative
humidity, and the delivered air is at 68°F, to what temperature must it be cooled to lower the water
content in the delivered air to 50% relative humidity?

3. The measured volume of a quantity of hydrogen collected over water is 780 cm’, the temperature being
16°C and the barometer reading 740 mm. The volume is measured with the water level the same inside
and outside the bottle. If the quantity of hydrogen collected has a volume of 705 cm® at 0°C and 1
atmosphere pressure when dried, calculate the vapor pressure of saturated water vapor at 16°C.

4. The temperature in a room is 20°C. A can containing water is gradually cooled by adding ice to it. At 10°C,
the surface of the can clouds over. What is the relative humidity in the room?
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. In the morning, a hygrometer in a room at a temperature of 20°C shows the relative humidity to be 37%.

What is the dewpoint? Later on in the day, the hygrometer is broken, making it necessary to determine
the relative humidity by an alternative method. The temperature in the room remains at 20°C..The
dewpoint is measured by the method given in Problem 4 and found to be 10°C. What is the relative
humidity?

A small amount of liquid is put in a pyrex glass tube. The tube is evacuated and sealed off. Describe the
behavior of the liquid surface when the temperature is raised

(a) if the volume of the tube is much less than the critical volume,

(b) if the volume of the tube is much greater than the critical volume.

. The pressure of water vapor in equilibrium with liquid water is given approximately by

p (atmospheres) = 107*¢?

for t between 10°C and 100°C. The volume of a cylinder completely filled with water at 20°C is doubled
by partly withdrawing a tight fitting piston. After equilibrium is restored, the temperature is 10°C. What is
the pressure of the water vapor which now fills one-half of the cylinder?

What pressure must be maintained in a pressure cooker to boil water at 110°C, when the ordinary boiling
point is 100°C?

What is the maximum value that could be obtained for the melting point of ice?
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6-1 INTRODUCTION

In the next eight chapters we will discuss optical
phenomena. A truly complete understanding of this
subject becomes possible only after three basic
questions have been answered:

What is the nature of light?

How does it propagate from point to point?

How does the presence of matter affect its prop-
agation?

Full answers for these questions would necessarily
involve a discussion of a major part of physics as
we understand it today. We are not prepared for
such detail at present, so what follows in the next
several chapters must be regarded as incomplete.

On the other hand, much of our present knowl-
edge of light and its behavior was already known to
early civilizations (although our present under-
standing is due mainly to the work of scientists
from the seventeenth to the nineteenth century). It
is therefore meaningful to consider first the more
readily observed characteristics of light and some
practical applications.

6-2 RECTILINEAR PROPAGATION

In this chapter and the two that follow, we shall
be concerned with phenomena that can be ex-
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plained by noting that a narrow beam of light travel-
ing in an isotropic medium (one whose properties
are the same in all directions) will travel in a
straight line—a property called rectilinear propaga-
tion. This is consistent with our experience that ob-
jects illuminated by point sources of light appar-
ently cast sharply defined shadows, and that we
cannot see around corners.

Most common sources of light are extended
sources, not point sources. By using appropriate
apertures, such a source can be used to define a
narrow pencil of light.t If the cross section of the
pencil is reduced to the ideal limit of a point, the
beam which results is called a ray. The concept of a
light ray is very useful, for it allows us to use
straight lines and geometrical constructions to dis-
cuss on paper the behavior of light as it reaches the
boundary of an isotropic medium or passes from
one isotropic medium to another of different optical
character. This method of discussing optical
phenomena is called geometrical optics; we will use
it in the following pages to discuss mirrors, lenses,
and optical instruments.

1This statement does not apply to laser light, which is
discussed in chapter 11.
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6-3 REFLECTION

When a ray of light traveling in an isotropic me-
dium arrives at a perfectly smooth boundary sur-
face of a second medium, two different situations
can occur. The ray may be reflected from the
boundary surface, thus remaining in the first
medium, or it may enter the second medium, in
which case it is said to be refracted. The extent to
which either of the two situations predominates de-
pends upon several factors to be discussed later.

Reflection from a smooth, uniform surface is
termed regular or specular reflection. The laws gov-
erning the situation are easily stated, and can be
readily verified with a small hand mirror or similar
reflector.

The laws of specular reflection are as follows:

1. The ray incident upon the smooth boundary,
the ray reflected from the boundary, and a
perpendicular line (the normal) drawn to the
plane containing the boundary (reflecting sur-
face) at the point of incidence all lie in a single
plane.

2. The angle between the incident ray and the
normal (the angle of incidence, i) is equal in
magnitude to the angle between the reflected
ray and the normal (the angle of reflection, r).

Figure 6-1 illustrates these laws and the quantities
introduced in them. Thus, Law 1 makes it possible
to draw a two-dimensional diagram, while Law 2 is
a statement of the symmetry of the reflection pro-
cess.

If the pencil of light is large in cross section, and
it strikes a surface which is very irregular (for
example, a crumpled sheet of aluminum foil), the
laws of reflection will not seem to be successful in
predicting the paths of the reflected light rays,
which will be visible in all directions. This type

‘4/Normal
Incident Reflected
ray ; ray
Medium 1

Mo 2T

Figure 6-1 Reflection at a plane boundary.

of reflection is called diffuse reflection. To under-
stand the apparently random directions of the re-
flected rays we note the following: If a normal to
the irregular reflecting surface is constructed at the
point of incidence of each (parallel) ray of a small
pencil of light, it will be observed that the direction
of each reflected ray will satisfy the laws of reflec-
tion. Therefore, we can see that it is sufficient to
study specular reflection in detail, since diffuse re-
flection can be reduced to the specular case by suit-
ably limiting either the cross section of the light
pencil or the extent of the reflecting surface.

6-4 THE FORMATION OF IMAGES
BY A PLANE MIRROR

The image formed by a plane mirror of an ex-
tended illuminated object can be constructed by ap-
plying the laws of reflection to individual points on
the object. A point source of light, in the absence of
pin holes, will send out light rays in all directions.
As seen in Figure 6-2, of the many rays striking a
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Figure 6-2 Image of a point source.

reflecting surface, only those intercepted by the
observer’s eye need be drawn. The reflected rays,
extended back to their point of intersection, form
an image of the source at I. To the observer, the
light rays seem to come by rectilinear propagation
directly from this image. Because the image is be-
hind the reflecting surface where no real light rays
exist, it is only an apparent or virtual image. Thus, it
would not appear on a screen placed at I, although
it certainly seems real to an observer. Since i =r



and i’ = r', triangles SOO' and IOO’ are congruent
(why?), which establishes the fact that S and I are
symmetrically located with respect to the mirror. It
is left as a problem to show that an extended object
in front of a plane mirror will have a virtual image
equal in size to the object and symmetrically lo-
cated with respect to the mirror.

6-5 REFRACTION

A monochromatic (single color) light ray that is
refracted at a plane boundary between two differ-
ent isotropic media obeys the laws of refraction.
These are as follows:

1. The incident ray, the refracted ray, and the
normal to the plane boundary at the point of
incidence lie in a plane.

2. The ratio of the sine of the angle of incidence
to the sine of the angle of refraction is a
constant, which is independent of the angle of
incidence and depends only upon the two me-
dia and the color of the light used.

These laws are illustrated in Figure 6-3.

Medium 1 (¢}

—~—

Figure 6-3 Refraction at a plane boundary.

The second law is called Snell’s law after Wille-
brord Snell, who discovered it in 1621. Expressed in
equation form, Snell’s law reads

sin i
—— = Ny,

sin r ©D
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where n,, is a color dependent constant called the
relative index of refraction of medium 2 with re-
spect to medium 1. If the roles of the incident and
refracted rays are reversed, it is found experimen-
tally that the diagram remains the same, and only
the directions of the rays are reversed.t In this
case, Snell’s law states that

sini’ _sinr
-—=f=n2 6'2
sinr’ sini 62)

and we conclude that

1

na= nz]. (6-3)

We can show that the relative index of refraction
of one medium relative to another can be deter-
mined at once, providing the indices of refraction
of the two media relative to a third are both known.
If a ray of light enters a slab of material with paral-
lel plane sides, the ray emergent from the slab is
directed parallel to the incident ray but displaced
laterally by an amount depending upon the thick-
ness of the slab, the angle of incidence, and the
relative index of refraction. By successively adding
other plane parallel slabs, the ray emergent from
the final slab will still be parallel to the incident ray,
and the total lateral displacement is simply the sum
of the individual displacements due to each slab.
Figure 6-4 shows this situation (where ¢;= ¢.).

Medium 3 [ ~
AN
3 D
7\

Medium 1 /
(.3

Lateral disptacement
of the incident beam

Figure 6-4 Multiple lateral displacement of a light
ray.

tThe reflected rays are not the same when the incident
and refracted rays are reversed. See Section 6-6.
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Repeated application of Snell’s law yields

o = sin ¢, _sin ¢

21 Sin ¢29 32 Sin ¢31

Multiplication of these equations yields n;nsn; =
1, from which it follows that

_ Sil‘l ¢3 . sin ¢3

sin ¢, sin ¢/’

1 N2
nn = =2 (6-4)
A Nz Ny

because of Eq. (6-3).

It is customary, when quoting indices of refrac-
tion, to compare a given material with a vacuum,
which by convention has been adopted as a stan-
dard or reference medium. The index of refraction
of a medium with respect to a vacuum is then iden-
tified as the absolute index of refraction, or simply
the index of refraction of the medium. When the
term index of refraction is used in this book, it is
implicit that the comparison medium is the vacuum
and that, hence, a second subscript is not neces-
sary. Table 6-1 lists some approximate values for
indices of refraction of various materials. It can be
seen that the index of refraction is qualitatively re-
lated to the density of the material. Thus, for exam-
ple, there is little difference between the various
gases and a vacuum. One might, therefore, specu-
late that the index of refraction indicates the extent
to which a given material interferes with or impedes
the passage of light. More dense materials would be
expected to give more effective interference than
those of lesser density since there are more indi-
vidual atoms or molecules to act. We shall return to
this point in a later chapter.

Table 6-1 Typical Indices of Refraction.

Substance Index of refraction
Dry air (STP) 1.0003

CO, (STP) 1.0004

Water 1.33

Alcohol 1.36

Glass 1.50-1.70
Quartz (fused) 1.46

Diamond 2.42

A more symmetric form of Snell’s law is obtained
if we use absolute indices of refraction as exhibited
in Eq. (6-4). Thus, since

sin ¢; _

_ n2vacuum _ n
sin ¢2

27y vacuum  n,’

we can write
(6-5)

It should be noted that the index of refraction is a
function of the color of the light ray involved.

n, sin ¢, = n, sin ¢,.

6-6 THE CRITICAL ANGLE AND TOTAL
INTERNAL REFLECTION

A medium is said to have an optical density great-
er or less than that of a second medium if its index
of refraction is greater or less than that of the sec-
ond medium. If a ray of light goes from an optical-
ly less dense medium to an optically more dense
medium (n; > n,), we see from Snell’s law that the
refracted ray will be bent toward the normal. Since
the angle of incidence in medium 1 cannot be great-
er than 90°, it follows that the angle of refraction
can take on values between 0° (for i =0°) and a
maximum value 6. (for i =90°).

This latter angle, called the critical angle, has the
following significance. Consider a series of light
rays in medium 1 with incidence angles between 0°
and 90°. The refraction angles in medium 2 will be
as shown in Figure 6-5(a). On the other hand, if we
now consider, as in Figure 6-5(b), a series of light
rays originating in medium 2 with angles between 0°
and 90° it is clear that Snell’s law cannot be
satisfied when the angle exceeds the critical angle
since it would imply |sin 8| = 1. The physical expla-
nation of this situation is that the *“‘refracted” ray
for i > 6. is not refracted at all. Instead, it is re-
flected back into medium 2 from the interface and,
therefore, will obey the laws of reflection. It can be
shown experimentally that rays originating in the
optically denser medium will experience both re-
flection and refraction at an interface with a less
dense medium. The fraction of the incident light
that is refracted is greatest at i =0° and will be
equal to 0 for angles equal to or greater than .. This
latter situation is called total internal reflection.

6-7 DISPERSION

In Section 6-5, it was stated that the index of
refraction of a medium is a function of the color of
light in the medium. A schematic illustration of this
relationship is shown in the graph of Figure 6-6.
Table 6-2 gives a set of typical values of the index
of refraction for various colors. In Chapter 11, a
more quantitative method of distinguishing colors
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Figure 6-5 The critical angle and total internal reflection.
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Violet COLOR [:]

Figure 6-6 Variation of index of refraction with color.

Table 6-2 Color Dependence of the Index of Refrac-
tion for a Typical Flint Glass.

Red 1.622 Blue
Yellow 1.627 Violet

1.639
1.662

will be presented. For the present, we merely note
that red light is refracted less than blue or violet
light. We note also that the values for the index of
refraction in Table 6-1 must be regarded as approxi-
mate or average values since a white light source is
assumed.

White light is a combination of all the various col-
ors of light. The percentages of the various colors
in a beam of white light depends markedly upon the

nature of the source. Now let us consider what
effect the variation of index of refraction with color
will have upon the appearance of a ray of white
light passing through a transparent substance with
non-parallel sides—for example, a prism. The situa-
tion is illustrated by Figure 6-7.

Figure 6-7 Dispersion of white light by a prism.

At the first surface, the rays of the various colors
will be bent by an amount that increases from red to
violet. In addition, the non parallel sides of the
substance accentuate the separation of the various
colors by providing different path lengths to be tra-
versed by the separate rays. Finally, when these
separated rays leave the transparent medium, the
separation is further enhanced by a bending away
from the normal that is greatest for violet and least
for red light. Why? (It is implied here that the
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medium surrounding the prism of transparent mater-
ial is a vacuum or, at any rate, a medium with an
index of refraction lower than that of the prism.) Itis
clear from the preceding discussion that the devia-
tion angles for the various colors depend not only
upon the index of refraction but also upon the apex
angle A of the prism. This “‘spreading-out™ of the

several colors in the ray of light is known as
dispersion. If the constituent colors of a light ray are
known, they can be used to deduce the refractive
properties of a material. Conversely, if the refrac-
tive properties of the material are known, they can
be used to analyze a beam of light whose chromatic
makeup or color composition is unknown.

PROBLEMS

1.

Show that a light ray reflected from a plane mirror will be rotated through an angle 26 when the mirror is
rotated through an angle 6. Hint: Consider the light ray originally at normal incidence and rotate the
mirror.

. Use the laws of specular reflection to show that an extended object in front of a plane mirror will have a

virtual image equal in size to the object and symmetrically located with respect to the mirror.

. A ray of light is incident at grazing mcidence onto one face of a glass cube. The ray emerges from an

adjacent face of the cube at an angle 6 relative to the normal to that face. Show that sin 8 = cot 6., where
0. is the critical angle.

. A circular disc floats on the surface of a liquid for which n = 1.4. What must its diameter be if a point

object located 10 cm below the surface is not to be visible from above?

. A ray of light strikes a plane sheet of glass (n = 1.60) that is 3 cm thick. The angle of incidence is 45°.

Determine the lateral displacement D of the ray as it emerges from the glass. (See Figure 6-4.)

. If a ray of light makes an angle of incidence of 53° at an air-diamond interface, what are the angles of

reflection and refraction for the light?

When an object is under water, it appears to be closer to the surface than it actually is. Show that the
apparent depth is equal to the actual depth divided by the index of refraction for the water, n = 1.33.

At what angle should a fish look up toward the surface of the water in order to see objects on the shore?

. Two plane mirrors meet at an angle of 60°. A ray of light enters parallel to one mirror and strikes the

10.

11

other. By making a ray diagram, trace the ray through the system and tell how it leaves.

By means of ray diagrams, show the number of images that a person will see by standing in front of a
pair of vertical plane mirrors joined along one edge and making an angle of 90° with each other. Consider
both single and multiple reflections.

A ray of white light is incident on the face of a
60° prism so that the violet light traverses the
prism parallel to the base of the prism as shown
in Figure 6-8. The index of refraction for the
violet light is 1.662. Calculate the deviation
angle for violet light.

Figure 6-8
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7-1 TERMINOLOGY AND SIGN
CONVENTION

In the last chapter, the laws of reflection and re-
fraction were applied to situations involving plane
surfaces. The plane surface is a special case of a
curved surface (a spherical surface with an infinite
radius of curvature), so it is appropriate to consider
next reflection and refraction for general curved
surfaces. Experimental studies show that the laws
of reflection and refraction as stated are sufficient,
when applied to individual light rays, to provide a
satisfactory analysis in all situations for which geo-
metrical optics is appropriate.

It is found that the specific behavior of a given
light ray depends upon the radius of curvature of
the optical surface (the interface between two
media of differing indices of refraction). Thus, a
concave mirror with its center of curvature in front
of the reflecting surface as in Figure 7-1(a) will tend
to focus or bring into convergence a beam of light
rays parallel to the axis of symmetry of the mirror.
On the other hand, a convex mirror, with its center
of curvature behind the reflecting surface as in
Figure 7-1(b), will tend to defocus or cause a
divergence of a similar light beam. Even though the
magnitude of the two radii of curvature may be the

43

same, the effects on a beam of light are markedly
different.

The location of the image of an object providing
the oncoming light beam is also affected by the
radius of curvature. For a concave mirror the light
rays converge to a real image at a point in front of
the mirror. The image formed by a convex mirror is
virtual since the reflected rays appear to be diver-
ging from an image point behind the mirror where
no light rays actually exist. To distinguish between
these two cases, it is reasonable to identify object
and image distances and radii of curvature as either
positive or negative. (We shall see that the same
designations are appropriate for all other distances
relevant to reflection and refraction situations.)

Therefore, it is desirable to introduce a choice of
signs for each of the several distances or dimen-
sions to be encountered in any situation before be-
ginning an analysis of any specific case. Such a set
of choices is called a sign convention. The reader
can, by a rapid survey of physics textbooks, dis-
cover that there are a number of different sign
conventions in use. The effect of a given sign
convention is to label some distances positive,
others negative. Another sign convention may pro-
duce different signs for some or all of the distances
involved, but the magnitudes of all distances will
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remain unchanged. The interpretation of algebraic
results, however, can be extremely confusing for
the reader who turns to one or more additional texts
while studying geometrical optics. It is, therefore,
mandatory that in consulting any text on geometri-
cal optics one must first determine the sign conven-
tion adopted if confusion is to be minimized.

In this text we provide a simple sign convention
and apply it to the case of reflection by way of
illustration. We shall see, however, that it can be
applied consistently to cases of refraction as well,
with similar analytical results and interpretation.

The sign convention for geometrical optics is as
follows:

1. All distances are to be measured from the op-
tical surface to the point in question along the
axis of the optical surface.

2. The distance from the surface to the object
(the object distance p) is positive if the direc-
tion traveled is opposite to that of the ap-
proaching light.

3. The distance from the surface to the image
(the image distance q) is positive if the direc-
tion traveled is the same as that of the depart-
ing light.

4. Any radius of curvature (R) is positive if the
direction from the surface to the center of cur-
vature is the same as that of the departing
light.

5. Any object or image dimension above the axis
of the optical surface is positive; below the
axis—negative.

As used in geometrical optics, the term axis re-
fers to the axis of symmetry of the optical surface.

As an example, consider the heavy horizontal line
in either Figure 7-1(a) or (b). An axis of symmetry
implies a conie surface, and one commonly encoun-
ters discussions of spherical and paraboloidal opti-
cal surfaces. The reflection or refraction of light is
physically less complicated for the latter case than
for the former case. To see this, refer to Figure 7-2,
where the laws of reflection are applied to the indi-
vidual light rays striking a spherical [Fig. 7-2(a)] and
a paraboloidal [Fig. 7-2(b)] reflecting surface. In the
latter case, all the reflected rays cross the axis at a
common point, called the focal point. For the
spherical surface, the reflected rays cross the axis
at a point which is dependent upon the vertical dis-
tance from the axis of the incoming horizontal ray.
This is known as spherical aberration.

Thus, there is no unique focal point for a spheri-
cal reflecting surface, unless one restricts the reflec-
tion from the spherical surface to a small central
portion. When this is true, the central part of the
spherical surface approximates the exact curvature
of the paraboloidal surface. It is desirable to con-
sider spherical surfaces in preference to the para-
boloidal surface because of the mathematical sim-
plification thus afforded. In the following discus-
sions, therefore, references to spherical surfaces
must be understood to refer to centrally limited
spherical surfaces.

In many situations, one does not have a beam of
light rays parallel to the axis of a surface upon
which the beam is incident. For non-parallel rays,
the analysis is complicated by the appearance of
trigonometric functions. To avoid this difficulty,
one generally considers situations for which inci-
dent and reflected (or refracted) rays all make
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Figure 7-2 Reflections of parallel light rays.

angles relative to the axis of the surface which are
small enough to permit use of the approximate
relationst

sin 8= 6

tan 8~ 6,

where 0 is measured in radians. For angles less
than 0.2 radians (= 12°), these relations are in error
by less than 1%; thus, relatively large angles (< 12°)
can be considered. Rays satisfying these relations
are called paraxial rays since they are only approx-
imately parallel to the axis of the surface. In the
analytical solutions that follow, we shall see that
the use of paraxial rays makes possible greatly sim-
plified discussions of reflection and refraction from
curved surfaces.

7-2 REFLECTION FROM A SPHERICAL
SURFACE—RAY TRACING METHOD

It was stated in the last chapter that to analyze
any reflection it is sufficient to break up the beam of
light into individual rays and apply the laws of re-
flection to each of them. The ray tracing method
does this for a set of rays that have properties lend-
ing themselves to easy graphical construction. The
paths of three such rays are shown in Figure 7-3.

tSee the tables of Natural Trigonometric Functions in
the Appendix. (Note that 2# radians = 360°.)

Constructing normals to the spherical surface
(radii) at the point of intersection of the light rays
with the surface (neglecting spherical aberration),
and using the laws of reflection, establishes the fact
that these rays have the following properties:

1. A ray parallel to the axis upon reflection from
a converging surface crosses the axis at the fo-
cal point, which is at a point halfway between
the center of curvature and the center of the
surface, along the axis, or appears to come
from the focal point for a diverging surface.

2. A ray passing through the center of curvature
(or directed toward the center of curvature for
a diverging surface) is reflected back upon it-
self since it is incident normally upon the sur-
face.

3. A ray passing through the focal point (or di-
rected toward the focal point for a diverging
surface) is reflected parallel to the axis.

4. A ray striking the center of the surface will be
reflected at an equal angle on the opposite side
of the optic axis.

Notice that this construction yields not only the lo-
cation of the image but also its size, orientation, and
(by virtue of its location) whether it is real or vir-
tual. As the figures indicate, two of the rays above
are sufficient to determine the characteristics of the
image. Use of the third ray or fourth ray, however,
provides a desirable check on the accuracy of the
construction.
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Figure 7-3 Graphical constructions for reflection.

7-3 REFLECTION FROM A SPHERICAL
SURFACE—ANALYTICAL METHOD

Consider a point source on the axis of a concave
(converging) mirror as in Figure 7-4. The center of
curvature is at C, the object and image points are at
P and Q, respectively, and O is called the vertex of
the optical surface.

From the figure and the fact that the sum of the
angles of a triangle is 180°, we see that

B=a+é
y=B+8,
from which
vy+a=28 a-1n

T
|
!
|
|
|
!
- ’ ~

Figure 7-4 Geometry for the law of reflection.

Applying our sign convention to the figure, we ob-
tain

h h
tan o =F’ tan 8 “R_¢ tan vy =q—e'
As asserted earlier, these equations do not admit a
simple solution unless the angles are small (paraxial
rays). For such a case, we can equate the tangents
to the angles and neglect the small distance ¢, so
that Eq. (7-1) becomes (for paraxial rays)

or

=% 7-2)

Notice that the definition of the focal point (the
value of g for p = ) leads by means of Eq. (7-2) to
the result that the focal length has the value R/2 as
asserted earlier. Equation (7-2) also includes the
special case of the plane mirror. In this case, R = =,
q = — p, as in Problem 6-2.

Next we investigate reflection for an extended
object. Figure 7-5 shows that unless the object
height y is small, the distance from the top of the
object to the surface will differ from the distance
from the bottom of the object to the surface. This
will produce a curved image, and this effect is an-
other aberration of spherical surfaces, called cur-
vature of field. We assume here that the object is
limited in height so that this curvature is effectively
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Figure 7-5 Reflection of an extended object.

absent. Since the angles of incidence and reflection
are equal, we can write
tang=2L="
p q
where the image height is negative by virtue of our
sign convention. Defining the magnification m as
the ratio of image to object height, we obtain

y _—q
=L -9 73
m y (7-3)

Notice that for this case (a real image) the mag-
nification is negative since the object and image
distances are positive, as is the object height, while
the image height is negative. For a virtual image,
the image distance would be negative and the mag-
nification would therefore be positive. In this way,
we see that the magnification gives information not
only as to the increase or decrease in size of the
image relative to the object, but also indicates its
orientation. The point here is that the use of the
sign convention together with Egs. (7-2) and (7-3)
are sufficient to analyze any reflection problem
without recourse to a graphical construction.

7-4 REFRACTION AT A SPHERICAL
SURFACE

Let us now consider the case of refraction at a
spherical surface, illustrated in Figure 7-6. An ob-
ject at point P in a medium of refractive index n
has an image at point Q in a medium of refractive
index n’. The radius of curvature of the optical sur-
face is R. From the triangles PIC and CIQ, we have

at+tp=¢
B=¢"+7. 74

Figure 7-6 Refraction at a spherical surface.

Snell’s law in this case is
nsing =n'sin¢’.

In addition, we can write

h
tang=-——, tany=

tan =L h
an ’ R-¢ q—¢€

pte

Again, restricting the discussion to paraxial rays
permits use of the relations

sin  =tan 0 = 6,

and the small distance € can be neglected. Then
Snell’s law becomes

nd =n'¢g’,
and the tangent relations become (approximately)
h h h
a=—, == ==
p B=g 7 q

Using these results in Eqgs. (7-4),

a+p=%ﬁ=%m—w

or
na+n'y=(n'—-—n)p

and, finally,

n n (n'—n)
—4—=— 7-5
» g R (7-5)
or .
n
1 L=("_'_ )L :
p+q " lR' (7-6)

For a given object distance, therefore, we see
that the image distance depends not only on the
radius of curvature of the optical surface, as in
reflection, but also upon the indices of refraction of
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the two media involved. We can also investigate the
question of a focal point and a related focal length
for a refracting surface. In this case, one can con-
sider an infinitely distant object with an image at a
focal point or an infinitely distant image with the
object at a focal point. The magnitudes of the focal
lengths in each case follow from Eq. (7-5), and it is
likewise clear that they are on opposite sides of the
surface.

To determine the magnification of an extended
object (assuming small angles as before), we refer
to Figure 7-7. Here we have

=Y =Y
tan ¢ P’ tan ¢ 7

and
nsing =n’'sing’.

Figure 7-7 Refraction for an extended object by a
spherical surface.

For small angles,

’

_y_n , l__y,
¢ » n¢, ¢ 4
or
ny -y
n'p q°
Therefore,
_Y _—nq y
m= = -7

Once again, Eqs. (7-5) and (7-7) with our sign
convention are sufficient for a complete analysis of
single surface refraction (for paraxial rays). Notice
that Eq. (7-6) has the same form as Eq. (7-2) for
reflection. This is in part due to the choice of sign
convention adopted.

Although we do not do so, the reader may de-
monstrate that if the two focal lengths are known
from experiment—or by calculation from Egq.
(7-6)—one can apply the ray tracing method of
Section 7-2 without change to situations involving
refraction.

7-5 COMBINATIONS OF REFLECTING AND
REFRACTING SURFACES

In this section, we consider situations involving
more than one optical surface, either reflecting or
refracting. As the examples below illustrate, no
new concepts are required. Instead, one simply
solves the problem serially. That is, the image pro-
duced by the first surface becomes the object for
the second surface, the new image is then used as
the object for the third surface, and so forth. There-
fore, adherence to the sign convention and applica-
tion of Egs. (7-2), (7-3), (7-6), and (7-7) to the vari-
ous surfaces for any number of surfaces is suffi-
cient. It must be stressed, however, that application
must be made in the order that they affect the light
from the original object.

Example 1. Let us describe the image formed for
an object placed a distance of SR to the left of the
center of a glass sphere (index n’'=1.50) of
radius R, as shown in Figure 7-8. The height of
the object is R/3.

SOLUTION

Before we analyze the problem quantitatively, it
can be inferred from Snell’s law that the final image
will be nearer the center of the sphere than is the
object, and it will be reduced in size. This is true
because the front (left) surface causes a conver-
gence of light rays from the object (n' > n). Then,
the already convergent rays are converged even
more by the second (right) surface since the light
rays are now entering a less dense medium and
therefore bend away from the normal at the sur-
face. This produces rays that cross the axis nearer
the center of the sphere as asserted.

From Egq. (7-5), we have

1 3 3 1
rrasral catlrs
for the first surface, or
q =6R.

Thus, with respect to the second surface, p,=
— (6R —2R). Why? Equation (7-6) now yields

i-k)d-(H

q:= 7R

or



Combinations of Reflecting and Refracting Surfaces 49

n=1.00

Y=R/3

| SR

Figure 7-8 Refraction by a sphere.

Therefore, the final image is located at a distance
2R to the right of the center of the sphere. Since
it is outside the sphere, it will be a real image. The
total magnification will be the product of that pro-
duced by the first surface and that produced by the
second surface. Therefore, using Eq. (7-7) twice
gives

= _{= q.)(— %qz)
Mgt = MM = 3 -
™ s (ipl D2

- (-par)(ER) =3
"\ iX4R/\ -4R )/ T

The real image is therefore inverted and reduced
from a height y = R/3 to a height

'

-3
y =mmm=—7—x

w|

__R
o

In the figure, a ray from the object through the
center of the sphere passes through undeviated,
whereas a ray parallel to the axis from the original
object has been properly located by means of
Snell’s law at each surface to yield the result ob-
tained above analytically.

Example 2. Repeat the analysis of Example 1 for
an object of height y = R/3 located a distance SR
to the left of the center of a hemisphere (index n’ =
1.50) of radius R if the plane surface of the hemi-
sphere is silvered (totally reflecting).

SOLUTION
The situation is illustrated in Figure 7-9. As the
rays sketched indicate, the image will be real, in-

Silvered plane surface

y=R/31

Figure 7-9 Refraction and reflection by a silvered
hemisphere.

verted, and near the front (left) surface. Using Eq.
(7_5)5

1 3 3 1
el )
yields g/ =6R so that p.=-(6R-R)=-5R.

Equation (7-2) applies next for the reflection at the
plane surface, giving

1,1
“sRYg0
or
q:=5R.

This requires that p;=— (SR — R) = — 4R for the
second refraction at the curved surface. Now Eq.
(7-5) gives
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and ¢; =!R as shown. Here, the magnification is

refraction  reflection refraction

Mo = MiMaM; = (— ,nq,') X (_ ',l q:) X (_ n ‘b)
np n'p, np;

- (‘h(hqs) ___(6R)SR)GR) _ _ 6
14

P1D2ps (4R)(— 5SR)(- 4R)

Thus, the final image in this case is real, inverted,
and has a height

, 6 R
Y S Meay =" 3= "7

PROBLEMS*

In the next chapter, we shall apply the considera-
tions of this chapter to situations involving two
refracting surfaces separated either by finite or neg-
ligible distances compared to the radii of curvature
of the two surfaces. Such situations are known as
thick and thin lenses, respectively, and their appli-
cation, either singly or in combination, lead to such
optical instruments as the microscope, the tele-
scope, and the camera.

1. It was asserted in Section 7-1 that there is no unique focal point for a spherical surface. Demonstrate

this for reflection by making a scale diagram of a concave spherical mirror with a radius of curvature of

10 cm. With a straight edge, draw incident rays parallel to the axis at distances of 1, 2, 3, 4, and 5 cm from

the axis. Using a protractor, construct the reflected rays and determine the points at which they cross

the axis.

Show by ray tracing methods that the focal length f of a concave mirror with radius of curvature R is

given by the relation f = R/2.

Construct by ray tracing methods the image produced by an object located in front of a convex mirror at

a distance greater than the focal length. Also determine the magnification and whether the image is real

or virtual. Is the image erect or inverted?

A student finds a spherical metal bowl which is shiny inside and out. Looking into the concave side, he

sees his inverted image 4 cm from the bottom of the bowl. Turning the bowl over (and keeping the

distance from himself to the bowl surface the same), he sees his erect image at 3 cm from the bowl. What
is the radius of curvature of the bowl?

5. A concave mirror has a focal length of 1.5 cm. Where should an object be placed if its image is to be
erect and twice the object size?

6. A spherical shaving mirror (concave; why?) has a radius of curvature of 30 cm. What is the magnifica-

tion produced when the face is 10 cm from the mirror?

. To determine the height of a tree, a resourceful physics student notes that the image of the tree just

covers the length of a 5 cm plane mirror held 30 cm from his eye. If the tree is 90 m from the mirror, what

is its height?

A spherical fish bowl has a radius R. Neglecting the effect of the glass wall, where would a goldfish

actually at the center of the bowl appear to be when viewed from the outside? If the goldfish is 3 cm

long, what will be its apparent length? For water n = 1.33.

9. A goldfish swimming inside a spherical fish bowl of radius R appears to be at a distance 2R from the
front of the bowl. Neglecting the effect of the glass wall, where is the goldfish actually located relative to
the front of the bowl? If the goldfish is 3 cm long what will be its apparent length? For water n = 1.33.

10. When refraction occurs at a spherical surface, Eq. (7-5) can be used to define two focal lengths f, f..

When the object is at infinity, ¢ = f,, and when the image is at infinity, p = f.. Show that

f= R =R

“n'-n’ n'—-n

e

and fl—f2=R.

tExcept for Problem 1, it is assumed that all light rays are paraxial.
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11. An object is placed in front of a glass hemi-
sphere of radius R, index of refraction n = 1.50
as shown in Figure 7-10. If the object is at a
distance 3R from the spherical surface and has R
a height y = R/3, find the location, orientation,
and size of the final image, and indicate whether R/ 31—1_
it is real or virtual. I 3R

Figure 7-10

12. For the hemisphere of Problem 11, find the final image position when the object is an infinite distance
from the spherical surface. Then repeat the calculation when the hemisphere is reversed (so that rays
from the object now strike the plane surface first).
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8-1 THICK AND THIN LENSES

A lens may be described as a material of given in-
dex of refraction which is bounded by two spheri-
cal surfaces. If the separation of the two surfaces at
the optical axis is not negligible compared to focal
lengths and/or object and image distances, the lens
is said to be a thick lens. Conversely, if the separa-
tion is negligible, it is said to be a thin lens. In either
case, the method of Section 7-5 can be applied to
situations involving one or more lenses, as was as-
serted there. (In fact Example 1 of Section 7-5is a
particular case of a thick lens whose radii of curva-
ture are equal in magnitude.)

For thin lenses, it is possible to simplify the
mathematical analysis of a given situation and also
to develop a simple ray tracing technique analogous
to the method of Section 7-2 for reflection. The ray
tracing technique is also applicable to thick lenses
provided the concept of principal planes is properly
developed. Since such a discussion is more appro-
priate to an advanced study of optical systems, we
will restrict ourselves to the case of thin lenses
only.

Consider a double convex (converging) lens with
radii of curvature R, - R; as in Figure 8-1, with an
object located at a distance p, in front of it. From

n
Ry R
c
G | 1
P 1
-t

Figure 8-1 Geometry of an object and a thin lens of
thickness t.

Section 7-5, we can write

’ r_
n n_(n'-n)

E q R, @-1)

for the first surface. Thus, the object distance p, for
the second surface will be given by

pr=—(q.—t)
=—gq, (since t is assumed negligible
for thin lenses).
Therefore,
n n 1 ) n n
il tn-nm)-5)=-2+2 (82
D q2 (n n )( R; q q: ( )
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Combining Egs. (8-1) and (8-2),

1+1=(,,f_n)(%+ ! ) (8-3)

P 9 iz
We have previously defined focal lengths for both
reflection and refraction. If that concept is applied
here we see that when g = =,

penefor-nflr )]

and when p =,

osefor- ol d)]

Thus, the magnitudes of the two focal lengths of a
thin lens are the same, as could be checked experi-
mentally by reversing the lens and noting that this
has no effect on the image produced. Equation (8-4)
is known as the lens maker’s equation. The net
effect of the lens on the light rays from an object
can be written simply as

(8-4)

n n 1

P qd P
where the subscripts 1 and 2 are no longer neces-
sary if we understand p to be the original object
distance, g to be the final image distance, and note
that the two focal lengths are identical in mag-
nitude. If the lens is in air (n = 1)t then Eq. (8-5)
becomes

@®-5)

1,1 1

Pt q f
which is identical in form to Eq. (7-2) for single sur-
face reflection, and is known as the Gaussian form
of the thin lens equation. Similarly, the magnifica-
tion for a thin lens is given by Eq. (7-3). (See Prob-
lem 8-5.) It should be noted that by our use of Eq.
(7-5) we are restricted here to situations involving
paraxial rays.

For thin lenses, one can regard the refraction of
individual light rays as taking place at a plane per-
pendicular to the axis and through the center of the
lens rather than considering separate effects at the
two surfaces. The resulting refraction is essentially
an average of the effects at either surface, and for
thin lenses introduces very little error. With this
simplification, it is possible to analyze any thin lens
graphically by means of three rays similar to the

+Since air is essentially a vacuum; see Table 6-1.

case for reflection. The three rays chosen in this
case are illustrated in Figure 8-2:

y| 3 3 !rm\
A

Figure 8-2 Refraction by a converging lens—image
location by ray tracing.

1. A ray from the object passing through (or to-
ward) the first focal point will travel parallel to
the axis upon refraction.

2. Aray parallel to the axis will be refracted so as
to pass through (or appear to come from) the
second focal point.

3. A ray through the center of the lens will be
essentially undeviated.

The third ray is practically undeviated because the
thin lens for a central ray approximates a parallel
plate for which there is displacement without devia-
tion (Section 6-5). Since the displacement is propor-
tional to the thickness (Problem 6-5), it is clear that
the displacement is negligible for a thin lens. For
example, in Figure 8-2 an object is placed a distance
p in front of a double convex lens of focal length f.
The image is located as shown by constructing the
rays indicated in the previous paragraph. Figure 8-3
illustrates a similar graphical analysis for a double

Figure 8-3 Refraction by a diverging lens—image
location by ray tracing.



concave (diverging) lens. It should be noted here
that the first and second focal lengths are reversed
compared to a converging lens. This is because of
the signs of the radii of curvature in Eq. (8-4).

8-2 LENS COMBINATIONS

The effects of a combination of thin lenses are
analyzed in the same manner as was refraction for a
combination of surfaces. That is, the image formed
by the first of a series of lenses is determined by
Eqgs. (8-4) and (8-5) or by a ray tracing technique.
This image then becomes the object for the second
lens (with proper account being taken of distances
and signs relative to the second lens). This process
is repeated for each successive lens in the combina-
tion.

Example 1. Show that if two thin lenses of focal
lengths f, and f,, respectively, are placed in contact,
the effective focal length f of the combination is
given by the expression

1 1.1

=5+
f £ f
SOLUTION
Referring to Figure 8-4, Eq. (8-5) yields
1,11
P q 1
or
111
a fi p
But p’=—q (since the lenses are thin). Hence,
1,11
pa f
f,
--q
3 \
i 2 ~<
’ S - ;
l—— f, f,
| P q
Figure 8-4 Refraction by two lenses in contact.
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becomes

FRLINOR

[
Q|-
SR -

But this is equivalent to a single lens of focal length
given by

. Q.E.D.

=

1
~—+
fi

| —

In Figure 8-4, the rays for lens 1 are dashed as is the
image for lens 1 alone. The ray parallel to the axis
(ray 1) is refracted by lens 2 so as to pass through
the second focal length, while the ray through the
center of lens 1 (ray 2) is essentially undeviated by
the second lens, thus locating the image.

Example 2. A lens of focal length f, is placed at
a point which is a distance d to the left of a second
lens of focal length f,. An object of height y is
located at a distance p. = 2f, to the left of the first
lens. Describe the final image. Assume f,=f, =
f>d.

SOLUTION
Applying Eq. (8-5) for the first lens,
1 1 1
—t—= =
f q f
so that
q.=2f.

Now, applying Eq. (8-5) for the second lens,

p:=—-(q—d)=d-2f
and
111
d-2f"q f

_fd-2f*_fQf-d)
=3 T G- d)

or

>0.

Thus, the final image is real and inverted, features
shown in Figure 8-5. The magnification is M =
mim; = (— q\/p) X (— q./p2).

Mot = (_T?i)(_(fs(fzf—}‘; ))(— (2f1— d >) ] =

Therefore,

Yoina) = Mgy = _—Sfy;fd'
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Figure 8-5 Refraction by two lenses not in contact.

8-3 THE EYE

As an optical instrument, the eye possesses the
features shown in Figure 8-6. Although the physiol-
ogy of the eye is extremely complicated, the func-
tions of the various parts of the eye can be broadly
outlined. Light enters the eye through the transpar-
ent, curved shell called the cornea, C, and passes
through the liquid substance (aqueous humor—A)
immediately behind the cornea. It then enters the
pupil, a circular aperture in the colored portion of
the eye called the iris. The expansion or contraction
of the pupil is controlled by the eye muscles in
response to the brightness of the entering light. The
beam of light then enters the crystalline lens, L,
which is actually rather plastic and whose surface
curvature can be changed by muscle action of the
eye in order to achieve an appropriate focal length
for viewing objects at various distances. The in-
terior portion of the eyeball contains a jelly-like
material, the vitreous humor, V, while the inner
lining of the back of the eyeball is a light sensitive
lining called the retina, R. It is made up of millions
of light receptors (called rods and cones because

Figure 8-6 The human eye.

of their shapes) which are arranged normal to the
retinal surface and which transmit signals through
the optic nerve, O, when light is incident upon them.
Thus, for proper functioning, light entering the eye
should come to a focus on the retinal surface, which
is spherical in shape. Although the major part of the
focusing action occurs at the cornea, all of the trans-
parent portions of the eye are appropriately re-
garded as part of the lens system of the eye, as Table
8-1 of approximate indices of refraction for these
portions indicates.

Table 8-1 Indices of Refraction for Portions of
the Eye.
Cornea 1.351
Aqueous humor 1.336
Crystalline lens 1.437
Vitreous humor 1.336

Because of the adaptability of the eye, objects can
be viewed distinctly over a range of distances, the
extremes of which are known as the far point and
the near point. For a relaxed normal eye, the far
point is at infinity. Myopia, or nearsightedness, is
the name given to the case for which the far point is
at some finite distance, a situation that can be cor-
rected by means of a suitable diverging lens.

The near point of the eye is determined by the
flexibility of the crystalline lens and the consequent
ease with which the eye muscles can increase the
lens curvature for close distance viewing. This pro-
cess of accommodation, as it is called, is a function
of age in that the crystalline lens loses flexibility
with age. As a result, the near point is smallest for
children and increases with age, going from about
7 cm at the age of ten years to over 40 cm after 50
years. This condition is called presbyopia, and is a
normal change in the eye rather than a defect of
vision. The near point for the normal adult eye for
many years can be taken to be 25 cm. An eye for
which the near point is beyond 25 cm during the
adult years is said to be hypermetropic, or far
sighted, and correction is obtained by use of a
suitable converging lens. A third common type of
defect is astigmatism, a condition indicated by dis-
torted images. It occurs when one or more of the
elements of the eye (such as the cornea or crystal-
line lens) are not perfectly spherical. Correction is
obtained by means of a suitably placed cylindrical
lens to correct the asymmetry of the eye elements.



Example 3. A very nearsighted person cannot
see clearly objects that are more than 30 cm away.
What is the focal length of the lens required for this
person to be able to see distant objects clearly?

SOLUTION
The required lens must form a virtual image at
30cm in front of the eye for an object at infinity.
Thus, p =, g = —30cm, and Eq. (8-5) yields

1 1_1

= 30 f

or f=—30cm.

8-4 THE SIMPLE MICROSCOPE OR
MAGNIFIER

When one views an object with the unaided eye,
the detail that can be seen is dependent upon the
size of the retinal image, which in turn is dependent
upon the angle subtended by the object at the eye.
Thus, the nearer one places the object to the eye,
the larger will be the angle subtended. However,
the eye cannot focus sharply on an object closer
than the near point, so that the maximum angle sub-
tended by a clearly focused object will occur when
the object is at the near point, which we assume as
above to be 25 cm. To increase the angle subtended,
one places a converging lens in front of the eye to
act as a magnifier or simple microscope. The lens
thus used forms a virtual image of an object placed
closer to the eye than the near point, and the eye
then sees this enlarged virtual image which can be
seen clearly anywhere between the near point and
the far point. Most relaxed viewing would occur if
the image were to appear at infinity (the normal far
point); we assume this to be the case.

The magnifying power M of an optical instru-
ment is defined to be the ratio of the angle sub-
tended by the object when placed at the focal point
of the lens (enlarged virtual image at infinity) 6’ to
the angle subtended by the object at the near point
(unaided eye) 6. Thus,

M=Z=~Y 22 (8-6)

where y, the object height, and f are both in cen-
timeters. (Why?) The influence of aberrations for a
simple double convex lens limits M to about 2 or 3,
although a corrected lens can have M values as
high as 20.
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8-5 THE COMPOUND MICROSCOPE

When one wishes to examine very small objects
with great magnifying power, it is necessary to use
a combination of two lenses each of which contri-
butes to the total magnifying power. Such a combi-
nation is called a compound microscope. It is
shown schematically in Figure 8-7. As the figure in-
dicates, the object to be examined is placed at a
point slightly greater than the focal length of the
objective lens, which forms an enlarged or laterally
magnified real image at a point just within the first
focal point of the eyepiece or ocular lens.t The
eyepiece lens then forms an angularly magnified
image at a distance that can be anywhere between
the near and far points of the eye.

/,;‘4?

i

= 1

— 1| lmage
—= II
|
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Eyepiece lens

Objective lens

Figure 8-7 The compound microscope.

The total magnification in this case is the product
of the enlargement lateral magnification m, pro-
duced by the objective and the magnifying power
M, of the eyepiece. Thus,

all distances in cm.

®3-7

1

M = mM, = —4x '2_5

q
fo  f°

8-6 TELESCOPES

The telescope, like the compound microscope,
consists of an objective and an ocular. However,
since the telescope is commonly used for examining
very distant objects, the image from the objective
will be formed at the second focal point of the objec-
tive. If the final (virtual) image is to be at infinity, the
first image must be at the first focal point of the
ocular. As a result, the length of the telescope or,

tFor brevity we shall use objective and eyepiece—or
ocular—when discussing the objective lens and the

eyepiece—or ocular—lens.
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more accurately, the distance between objective and
ocular, is the sum of the focal lengths, f, + f..
The magnifying power for the telescope is de-
fined as the ratio of the angle subtended by the final
image (6¢) to the angle subtended by the object at
the unaided eye. Figure 8-8 illustrates the situation.
Thus, the essentially parallel rays from the distant
object subtend the same angle 8, with the objective
as they would for the naked eye. The ray from the
object through the first focal point of the objective
proceeds parallel to the axis of the telescope,
through the ocular and its second focal point to the
eye, which is slightly to the right of this second
focal point of the ocular. Therefore, it is clear that

tan 6, = _Th’ tan 0 = fh
o (3

Because of the great distances involved, the angles
and their tangents are essentially equal, so that

Mo = ‘0—' = __fu- (8'8)

The minus sign in Eq. (8-8) indicates an inverted
image, which is not a serious disadvantage for non-
terrestrial observations. For terrestrial telescopes,
an erect image is to be preferred. This can be ac-
complished by the insertion of a third (erecting)
lens between the objective and the ocular. The
reader can show that if the erecting lens is located
at a distance of twice its focal length from the
image of the objective, and the ocular is located so
that the image due to the erecting lens is at its first
focal point, the total magnifying power is un-

changed. What would then be the length of the tele-
scope?

If the increase in length is undesirable, the erec-
tion can be accomplished by means of a pair of
45°-45°-90° prisms, which totally reflect the light
four times (from each pair of the inclined faces of
the prisms) between the objective and the ocular. It
is left as an exercise to show that the image is erect
after the reflections described. This method of
image erection is utilized in the prism binocular.

8-7 THE CAMERA

The photographic camera is a device for produc-
ing a real image of an object on a light sensitive film
so that a permanent record of the object photo-
graphed may be obtained by appropriate chemical
treatment of the exposed film. The camera is similar
to the eye in many respects. Thus, the lens of the
camera must properly focus light from the object
on the film in the rear of the camera, just as the lens
system of the eye must focus light from an object
on the retina. Also, most cameras are equipped with
a diaphragm allowing light to pass through an aper-
ture which is adjustable depending upon light
brightness, just as the pupil in the iris does for the
eye. If the camera is to be used for both distant and
close objects, a movable lens system must be pro-
vided to achieve the accommodation that muscular
control of the crystalline lens provides in the eye.
Automatic cameras use a photocell detector to con-
trol the aperture size continuously.

If the photographic record is to be satisfactory,

Image at infinity
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Figure 8-8 The teiescope.




the exposure of the film must fall within rather
well-defined limits. Greater exposure will result in a
record that is too dark, while underexposure will
produce a faded, washed-out result. The light-
gathering ability of a camera is determined by the
open area of the lens and the focal length of the
lens. That is, the light that is brought to a focus on
the film is equal to the light from the object times
the solid angle subtended by the open area of the
lens at a point on the film. From Figure 8-9, we see
that the solid angle ) is approximately equal to

Diaphragm f

Figure 8-9 Light gathering of a camera lens system.
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md */4f *. Thus, the light gathered by the lens system
is proportional to (d/f )*. The f-value of the lens is
written as f/(N), where N is the ratio of the lens
focal length f to the lens opening diameter d. Itis a
measure of the speed of the lens system. The smal-
ler the f-value, the greater is the amount of light
gathered by the lens system. As a result, the expo-
sure time can be reduced compared to a “‘slower”
(higher f-value) lens system. The exposure time is
thus proportional to the square of the lens opening
diameter for a lens of given focal length. For con-
venience, many camera lens systems have dia-
phragm settings for which exposure times differ by
factors of two. Thus, the exposure time for £/6.3
compared to f/4.5 is given by

637 _397_ o
@sy 202" 196~2.

Camera lenses commonly available have f-values
ranging from f/1.5 to f/16. For the low f-value
lenses the paraxial rays approximation is no longer
valid, and the effects of chromatic aberration and
various other lens aberrations must be removed by
appropriate combinations of lens materials and lens
configurations.

1. An objectis placed a distance 3R from the surface of a glass sphere, radius R and index 1.50. Determine
the position of the final image. Then repeat the calculation using the (invalid here!) thin lens equation.
This shows to some extent the errors that improper use of relationships can incur.

2. An object is located (a) 10 cm, (b) 20 cm from a double convex lens of focal length 15 cm. Find by ray
tracing and by calculation the position, orientation, and magnification of the image formed in the two
cases. Tell whether the image is real in each case.

3. A concave lens forms a virtual image which is 10 cm from the object. The magnification is 3, What is the

focal length of the lens?

4. (a) Two thin watch glasses, radius of curvature R, are used to form a convex lens that is filled with
water (n = 1.33). If an object of height R /3 is located a distance R to the left of the lens, describe the

image formed. Neglect the effect of the glass.

(b) Suppose now that the water in the lens is emptied and the air lens is immersed in a tank of water.
Describe the image formed for the same object and location as in (a).

§. Show that Eq. (7-3) correctly gives the magnification for a thin lens.
6. A lens produces an image on a screen 25 cm from the object. The image is 4 times larger than the object.

Find the focal length of the lens.

7. Calculate the possible focal lengths for a lens of index 1.50 that is to be made using two surfaces with

radii of curvature of 10 and 15cm.
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8. A convex and a concave lens, with focal lengths which both have of a magnitude of 10 ¢cm, are arranged

coaxially and separated by 3 cm. Find the distance between an object and its image when the object is on
the axis and 15 cm from:

(a) the convex lens,

(b) the concave lens.

Note: There are four possible answers,

. An object is located 200 cm from a converging lens of focal length 40 cm. A diverging lens of focal

10.

11

12.

13.

14,

15.

16.

17.

length — 60 c¢cm is located 20 cm behind the converging lens. Find the position of the final image both by
calculation and by ray tracing. Is the image real or virtual, erect or inverted?

(a) Where is the near point of eyes for which eye glasses of focal length + 50 cm are required? These
glasses shift the near point to 25 cm from the eyes.

(b) What focal length eye glasses are required for eyes with a near point of 25 cm if objects at 25 cm are
to be seen clearly?

(a) The far point for a myopic eye is at 75 cm. What is the focal length of a lens that will allow distant
objects to be seen clearly?

(b) Where is the far point for an eye for which a diverging lens of focal length — 100 cm is required for
viewing distant objects?

A jeweler, using an eyepiece to examine a watch, holds the watch about S cm from the lens. What is the

magnifying power of the eyepiece?

A thin lens of focal length 10 cm is used as a simple magnifier. What magnifying power is obtainable

with the lens? What is the closest distance that an object may be brought to the eye when using the lens?

A compound microscope has objective and eyepiece lenses of focal lengths 1 and 3 cm, respectively. An
object placed 1.2 cm from the objective leads to a virtual image produced by the eyepiece that is 25 cm
from the eye. What is the total magnifying power of the microscope, and what is the separation distance
between the lenses?

The image from a terrestrial telescope is to be made erect by insertion of an erecting lens as discussed in
Section 8-6. Show that the total magnifying power is unchanged if the erecting lens is located at a
distance of twice its focal length from the image from the objective and the ocular is located so that the
image from the erecting lens is at its first focal point. What is the length of the telescope now?

If a fixed amount of light requires 1/50 second exposure for a camera setting of f/4, what will be the
exposure time for the same light using a setting of f/2.8?

A camera lens forms the image of a distant
point source of light on a screen at A. (See Fig-
ure 8-10.) When the screen is moved backwards A B
a distance of 3 cm to B, the image on the screen 7
becomes a circle of light with a diameter of
7.5 cm. What is the f-value of the lens?

7.5¢cm

——3cm—ﬂ

Figure 8-10
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9-1 INTRODUCTION

In our discussion of optical phenomena, we have
thus far assumed only rectilinear propagation, since
this is in apparent agreement with the experimental
facts presented up to this point. Using this assump-
tion, relationships have been developed making
quantitative predictions possible for reflection and
refraction phenomena. This success does not, how-
ever, provide insight as regards the nature of light.
To progress further in our understanding, we must
make additional assumptions. Such assumptions
are known formally as hypotheses or postulates. A
set of such hypotheses together with any logically
derived consequences constitute a physical theory.
Such a theory is then judged on the basis of its
success in correlating a variety of known phen-
omena and in predicting the outcome of addi-
tional experiments not yet performed.

It should be stressed that a physical theory is not
a static system. Thus, if it has been successful in
explaining a number of situations but fails to ex-
plain still another, ¢he usual procedure is to seek
modifications of the theory to include the additional
situation rather than to discard the partially suc-
cessful theory in favor of an entirely new one.
Thus, for example, the laws developed by Newton
that represent the theory of classical mechanics
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(see Chapter 14 et seq.) are entirely adequate for
discussing the motion of everyday objects such as
automobiles, hockey pucks, or even satellites. They
are not, however, suitable for motion involving mi-
nute objects such as mesons or accelerated elec-
trons that are moving with speeds approaching that
of light (which is extremely high as we shall see in
Section 9-4). For the latter category of phenomena,
the theory of relativity (see Chapter 15) as de-
veloped principally by Einstein is required. This
situation does not invalidate the classical or Newto-
nian theory for slow moving objects. In fact, for
speeds that are small compared to that of light, the
relativistic theory contains the classical theory as a
limiting or special case. In this sense, relativity
theory is a generalization of the classical theory
rather than a total replacement.

Another situation similar to this is encountered
when we wish to discuss systems on an atomic or
subatomic scale, where the ‘‘graininess’’ of the ma-
terial world becomes more apparent. It is perhaps
not surprising that in this case the classical theory
must be replaced by a quantum theory to properly
account for the discrete nature of matter. Quantum
mechanics provides a satisfactory theory of the ma-
terial world, but the theory embodies many con-
cepts and consequences that are at variance with
our observations of the everyday (or macroscopic)
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world. Again, however, this quantum mechanical
formalism leads correctly to the classical (large
scale) results when it is applied to classical situa-
tions.

It should be emphasized that the role of a physi-
cal theory is to provide a basis for understanding
the results of experiments rather than a search for
the true or correct theory of nature. The successful
prediction of the outcome of a given experiment is
a measure, not of the correctness of a theory, but of
its adequacy. To state that a theory is true or cor-
rect is to imply that it will be successful in predict-
ing outcomes for any and all experiments, and (ex-
cept in a negative sense) this is not subject to com-
plete verification.

It is in fact frequently the case in physics that
alternative theories have been proposed to corre-
late or explain the same group of phenomena. In
such situations, further research and discussion are
directed toward: (1) finding which of the alternative
theories is most successful for the widest range of
phenomena, and (2) finding the modifications of the
most successful theory (or theories) that extend the
applicability without unnecessarily increasing the
number of basic postulates.

The development of a physical theory is thus a
process primarily of evolution, involving a continu-
ous interplay between theory and experiment. (We
remark here that an introduction to the study of
physics is incomplete if it does not include some
opportunity to become acquainted with some of the
equipment and techniques that the experimental
physicist employs in testing and extending the pre-
dictions of the theoretical physicist.)

Let us now return to the question of the nature of
light. The phenomena presented thus far—
rectilinear propagation, reflection, refraction, dis-
persion, and the related existence of the color
spectrum—had all been discovered or studied by
1670. Other phenomena (to be discussed in Chap-
ters 11 and 12), including diffraction, double refrac-
tion, and the colors of thin films, were known by the
beginning of the eighteenth century. At roughly the
same point in time, two theories existed which were
claimed (by their proponents) to be capable of ex-
plaining the behavior of light. In the following sec-
tions, we shall present an outline of these theories
and compare them as to their adequacy. In the final
section, we will present briefly some methods used
for the determination of the speed of light and the
values obtained as a result.

9-2 A PARTICLE THEORY FOR LIGHT

It is Sir Isaac Newton that we associate with the
corpuscular theory of light. This theory proposes
that light consists of a stream of particles or corpus-
cles that move at constant speed in a uniform
medium, suffer elastic collisions at a reflecting sur-
face, and are attracted by an optically more dense
substance as they approach it. Because light can be
reflected and refracted simultaneously, he also
proposed the existence throughout space of “‘an
ethereal medium, much of the same constitution as
air but far rarer, subtiler, and more strongly elas-
tic.” This “luminiferous ether”” at a boundary be-
tween media is “less pliant and yielding than in
other places,” so that the light particles impinging
upon the boundary set this ether into vibration in a
manner analogous to the action of a stone cast into
a pool of water. The rapid vibrations thus provide
intervals of easy reflection and intervals of easy
transmission, which occur at such a high frequency
as to create the impression of continuous reflection
and refraction.

This theory provides an optical analogue to the
behavior of material particles as described by the
laws of classical mechanics. Thus, it explains rec-
tilinear propagation in a uniform medium as well as
reflection and refraction. Snell’s law can be derived
by means of this theory; the relative index of re-
fraction can be shown to be equal to the ratio of the
speed of the light particles in the second medium to
that in the first medium. In this way, Newton con-
cluded that the speed of light was greater in an
optically more dense medium. This conclusion was
not satisfactorily examined experimentally for over
one hundred and fifty years, at which time it was
shown to be incorrect. However, it was the earlier
failure of this theory to predict either the bending
of a beam of light about an obstacle (diffraction) or
the interference effects of two or more beams of
light that made it obsolete. It was discarded in favor
of a wave theory when it became clear that no
satisfactory modification of the particle theory
could be found that incorporated these phenomena
discovered after its initial formulation. Thus, it was
a wave theory of light which survived an unfortu-
nately persistent, often bitter, and intensely per-
sonal controversy extending through the eighteenth
century, even into the nineteenth century.



9-3 A WAVE THEORY FOR LIGHT

The wave theory was developed initially by
Christian Huygens, a Dutch contemporary of New-
ton. Like the particle theory, it assumes the exis-
tence of an ether in which the light waves propagate
similar to water waves propagating on the surface
of a pond. In this theory, the light waves propagate
according to a rule known as Huygens’ principle.
(See Chapter 10.) Since reflection and refraction
occur simultaneously for any wave motion, the
laws of reflection and refraction are explained satis-
factorily. In addition, one can conclude that light
travels more slowly in an optically more dense
medium, which proves to be the case as implied
above in Section 9-2. More important is the fact
that this theory is completely successful in also pre-
dicting interference and diffraction effects. As we
will see in Chapter 10, however, Huygens’ principle
would not seem to predict rectilinear propagation
of light. This was in fact the principal reason New-
ton advocated the particle theory, since non-
rectilinear propagation of light is not readily
observed in experiments involving reflection and
refraction.

In subsequent chapters, we shall discuss the
properties of waves. As a result, it will be clear that
the wave theory of light merits adoption as an ade-
quate theory regarding the nature of light.

9-4 THE SPEED OF LIGHT AND ITS
DETERMINATION

When one attempts to determine the speed of an
object, two quantities must in some way be mea-
sured; the distance traveled by the object and the
time elapsed while the movement takes place.
Racing cars or aircraft seeking to establish new
speed records must traverse a carefully measured
course of specified length, and are timed with
highly sophisticated precision timing instruments.

In principle, the determination of the speed of
light would be expected to be equally straight-
forward. Thus, Galileo and an assistant stood on
separate hills in Rome, a known distance apart,
equipped with shuttered lanterns. The experiment
was quite simple: Galileo opened the shutter of his
lantern allowing light to proceed to the assistant who
opened his shutter as soon as he saw the signal from
the first lantern. Galileo determined the length of
time between opening his shutter and detecting the
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assistant’s signal. This should have provided the
necessary data were it not for the extremely high
speed of light. Thus, the crudeness of the timing ap-
paratus, together with reaction time limitations, li-
mited the results to a conclusion that the speed of
light was either instantaneous or at least immeasura-
bly great. It is this great speed that makes it neces-
sary to resort to light paths of astronomical mag-
nitude if one wishes to measure time intervals di-
rectly. Any other technique necessarily will be less
direct if accuracy is desired.

The earliest astronomical method of measure-
ment was explained in 1676 by Olaf Romer, a Dan-
ish astronomer, who was then at Paris making
measurements of the times of revolution of the
satellites of the planet Jupiter. The orbits of these
satellites lie in essentially the same plane as the or-
bits of Jupiter and the Earth about the Sun. Conse-
quently, revolution times can be determined by
measuring the time interval between successive
emergences of the satellites from behind the
planet’s disk.

From a lengthy series of observations of the in-
nermost satellite, Romer found that the time of
revolution was more or less than the average result
when the Earth was receding from or approaching
Jupiter, He correctly concluded that the differences
were due to the variable distance from the Earth to
Jupiter, and the finite time required by the light re-
flected from the satellite to traverse this distance.
The time required for Jupiter to make one revolu-
tion about the Sun is about 12 times greater than the
time (1 year) required by the Earth. Thus, while the
Earth moves through an appreciable portion of its
orbit, Jupiter is essentially at rest, as illustrated in
Figure 9-1, which shows the two planets at succes-
sively numbered corresponding positions. Any
change in the time duration of eclipses will be due
to a change in the Earth-Jupiter separation dis-
tance. In particular, the differences in eclipse
periods occurring when the Earth is at positions 1
and 3 will be due to a change in separation distance
that is satisfactorily approximated by the diameter
of the Earth’s orbit about the Sun. The speed of
light is then found by dividing the orbital diameter
of the Earth by the difference in eclipse times men-
tioned above. In Romer’s time, the Earth’s orbital
diameter was not accurately known, and the time
difference measured by him was about 22 minutes
(compared to the present value of nearly 17 min-
utes). Thus, the speed derivable from his work was
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Satellite

3
o P L
Sun RS Earth

Figure 9-1 ROmer’s method for the speed of light (schematic).

of interest mainly because it established that it was
indeed finite, though extremely large (about 2 x
10 m/sec). Another astronomical determination
made by James Bradley some 50 years later, in-
volving an independent phenomenon (stellar aber-
ration), resulted in a value of 3 x 10° m/sec, thus
confirming the order of magnitude indicated by
Romer.

Successful terrestrial measurements of the speed
of light were first performed in the mid-nineteenth
century by the French physicists Hippolyte Fizeau
and Jean Foucault, contemporaries who collabo-

rated for a time using a technique devised by
Fizeau and improved and modified in later indepen-
dent work by Foucault. In the Fizeau experiment, a
properly focused beam of light directed toward a
distant mirror passes through a toothed wheel.
When the wheel is not rotating, the light reflected
from the distant mirror passes through the same
notch in the wheel and continues to the observer
(see Figure 9-2). Now if the wheel is set in motion at
a rotational speed that is slowly increased, the light
will first be observed when the reflected light ar-
rives back at the toothed wheel, just as the second

Light source

Observer

Toothed wheel

4

Distant
mirror

Figure 9-2 Fizeau's toothed wheel experiment (schematic).



notch has arrived at the position of the initial notch
for the original passage of the light. At rotational
speeds such that the third, fourth, etc. notch can
rotate into position while the beam of light travels
to the distant mirror and back, the light will again be
visible to the observer.

Thus, if one can accurately measure the rate of
revolution of a wheel with equally spaced notches,
a series of rotation speeds that are integer multiples
of a lowest speed is obtained. The speed of light is
then found from the relation

2 x wheel to mirror distance
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ations beginning in 1931. The result of his efforts was
a value for the speed of light which is known to be
accurate to within 1 part in 10°.

Other techniques that are based upon the fact
that light waves are electromagnetic in nature (as
are radar and radio waves—see Chapter 36) have
been developed and refined over the past 50 years.+
As aresult of these efforts it was recently reportedi
that the speed of light propagating in a vacuum (this
speed is designated by the letter ¢) has the value

¢ =299,792.5 +0.3 km/sec.

o-1

speed of light = (number of notches which shifts to initial position
total number of notches on wheel

In Fizeau’s experiment, the wheel had 720 teeth or
notches, the distant mirror was 8.63 km away, and
the slowest rotation rate for letting light pass was
found tobe 25.2 rev/sec, leading to a result of 3.13 x
10® m/sec. Foucault later replaced the rotating wheel
by a rotating plane mirror, a modification which
made possible the use of laboratory distances, and
obtained a result of 3.01x 10®m/sec in air, (See
Problem 9-3.) He also determined by this method
that the speed of light in water was less than this
value, as predicted by the wave theory. The Ameri-
can physicist Albert Michelson refined the experi-
ments of Fizeau and Foucault in a series of investig-

PROBLEMS

(revolutions of wheel)
seconds )

In subsequent discussions, we will use the approxi-
mation (satisfactory for slide rule calculations) that

¢ =3 x10° m/sec,

a figure in error by less than 1%.

tSee *“The Speed of Light,”” Scientific American,
August 1955, p. 62.

$Report to the Commission on Nuclidic Masses and Re-
lated Atomic Constants of the .LU.P.A.P. by E. R. Cohen
and J. W. M. DuMond, June 24, 1963.

1. Suppose that the lanterns used for signals by Galileo and his assistant were 6 km apart. If the error in this
distance were negligible and the speed of light was to be accurate to within 109 of the accepted value,
what is the maximum error permissible in the determination of the time between the opening of the two

lantern shutters?

2. (a) The Crab Nebula is a luminous remnant of a supernova (exploding star) event observed by Chinese
astronomers in A.D. 1054. Assuming the exploding star was originally a sphere of negligible diameter
and that it has been expanding uniformly at 10’ km/sec since the event was observed, estimate its

diameter today.

(b) The light year is the distance that light traveling in a vacuum could cover in one year. Find the

distance in (a) in light years.
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In 1862, Foucault employed a rotating plane mir-
ror instead of a toothed wheel in determining the
speed of light. With the speed of rotation at
800 rev/sec, a ray of light that is reflected from
the rotating mirror to travel 15m to a distant
plane mirror and be reflected back to the rotating
mirror again encounters the altered position of
the rotating mirror shown dashed in Figure 9-3.
This results in an angular displacement of 3.45
minutes of arc for the returning ray. Find the
speed of light from this data. Hint: A reflected
ray of light experiences an angular displacement
26 when the plane reflecting surface experiences
an angular displacement 8.

/ 15 meters

c.
/
/4

/
/
/4

N

Ray S’
displacement

Source S

Figure 8-3

. The Sun is on the average 1.49 X 10" m from the Earth. How long does light take to travel this distance?

In 1925, Michelson modified the rotating mirror method by using an 8-sided mirror that could be rotated
at high speed. Light from a source was reflected from one face to a distant plane mirror, then reflected

back to another face, and from there reflected to a telescope for observation. (See Figure 9-4.)

A series of light pulses from the source hit face 1
of the rotating mirror. If the rotation speed of the
mirror is adjusted so that face 2 has moved to
replace face 3 while the light was going down to
and back from the distant mirror, then the light
pulses will appear in the telescope. If the distant
mirror was 37.46km away and the rotational
speed of the mirror was 500 rev/sec, what value
was obtained for the speed of light?

Figure 9-4

Viewing

Source telescope

]
'Distant
mirror
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10-1 THE NATURE OF A WAVE

We present here a discussion of the properties or
characteristics of waves or wave motion, using ex-
amples taken from our everyday experience. This
will help us evaluate the assertion of the previous
chapter that light can be satisfactorily understood
as a wave phenomenon. In addition, the concepts
developed here will be useful in studying other ex-
amples of wave phenomena in later chapters.

Common examples of wave motion are easy to
find: the ripples on the surface of a lake or pond
produced by wind action or by casting stones into
them, pulses traveling along a long string (or along
helical springs such as the Slinky toy) fastened at
one end, and the sound pulsations detected by the
ear as the result of the ringing of a large bell. While
these examples differ in detail, they all have certain
features in common. In each case, there is a
medium (the water, string or spring, or the air, re-
spectively) through which a disturbance (the water
ripples, the pulses, or the sound pulsations) travels.
While the disturbance is passing a given point in the
medium, the particles of the medium in the neigh-
borhood of the point execute small displacements
about their original undisturbed positions. After the
disturbance has passed, however, the medium re-
turns to its undisturbed state. Thus, no net displace-
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ment or alteration of the medium results from the
passage or transmission of a propagating wave. Be-
cause of this fact, it is possible to direct our atten-
tion to a mathematical description of a general
propagating wave without having to consider in de-
tail its specific physical nature or the medium in
which it propagates.

Note carefully that this is not equivalent to say-
ing all wave phenomena are similar in detail. In
particular, we mention here two distinct types of
wave motion (to which we shall return in Chapter
13)—namely, longitudinal waves and transverse
waves. A longitudinal wave is one in which the mo-
tion of the particles of the medium is parallel to the
direction of propagation of the wave, such as a
sound wave traveling along an air column. A trans-
verse wave is one in which the particles of the
medium execute motion in directions perpendicular
to the direction of propagation of the wave, for ex-
ample, the vibrating string along which a wave
propagates.

10-2 A MATHEMATICAL DESCRIPTION OF
A WAVE

In order to avoid mathematical complications, we
assume a periodic (regularly repeating) disturbance
of the medium (for visualization, consider a surface
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wave on water). Specifically, we assume that a side
view of the surface wave can be described
mathematically by the relation

y = A sin 6. (10-1)

Here 8 is the phase angle of the wave and depends
generally upon both the time of observation of the
wave and the location in the medium. For a given
phase angle, y represents the actual displacement
of the water surface from the undisturbed condi-
tion, and A, the amplitude of the disturbance, rep-
resents the maximum displacement from the
equilibrium or undisturbed condition. A real water
wave would be a more complicated function of the
variable 6 than the sine function, but it is a remark-
able fact (discovered by the French physicist
Joseph Fourier) that the true wave form can be
obtained by the appropriate addition of a series of
different sine and cosine terms of the type indicated
in Eq. (10-1). We therefore concentrate on this sim-
ple wave, since it can be used as the basis for de-
scribing more complex cases.

Figure 10-1 is a graph of the assumed wave form
as a function of the angle 8 in radians. The distance
between successive identical displacements is call-
ed the wavelength and is designated by A. Suppose
that the wave is traveling to the right with a speed v,
and that it takes a time interval 7, called the period
of the wave, for one complete wavelength of the
wave to pass a given point. This means that the
medium at that point will have experienced, during
a time interval 7, all possible values of the displace-
ment that the wave can cause. Then the speed of
propagation v is related to 7 and A by the equation

v=2AlT (10-2)
That is,
» (m/sec) = A (meters) /T (seconds)'
wave wave
vt
A-- ) A 1
0 1_1' T 3n 27 5=
2 2 2 0
— A._ A =

Figure 10-1 Sinusoidal wave form.

If we define the number of complete wavelengths
passing a given point per unit time as the frequency
[, it is clear that it is necessarily equal to 1/7. There-
fore, Eq. (10-2) may be rewritten as

v =Af. (10-3)

The speed of propagation depends upon the physi-
cal properties of the medium.

The displacement y of a given particle of the
water surface will be a function of both the time of
observation and the location in a direction along the
surface x. Thatis, y = y(x, t). Let us now choose an
origin for the x coordinate by requiring that y =0
for x =0 and t = 0. From Figure 10-1 it can be seen
that when x =A/2, y=0 and when x =, y =0.
This suggests that we write 6(x,0) =2mx/A; the
desired sinusoidal wave form is thereby attained.
Thus, a sinusoidal wave at t = 0 will have the equa-
tion

y(x,0) = A sin (z)\lx) (10-4)
Now, at a later time ¢, the wave form will have
traveled to the right a distance vt. The particle dis-
placement at an arbitrary point x at time t will
necessarily be the same as that for a particle
located at the same position x’' at t =0 if x is
related to x’ by the equation

x'=x—ut
Therefore,
y(x', 0= A sin 2T =y, ),
so that

yix,t)=A sinzTTr(x —-vt)
— Asin Zw(%—ﬂ)

= A sin 277(5—%) (10-5)

A
is the equation for a transverse wave traveling to
the right. The angle 6(x, t)=2m/A (x —vt) is, as
noted after Eq. (10-1), called the phase angle of the
wave. For a sinusoidal wave traveling to the left, a
similar analysis yields the same expressions with v
replaced by (- v).

10-3 SUPERPOSITION OF WAVES

Let us now consider the consequences of sub-
jecting the same medium to two (or more) sinusoi-



dal traveling waves at the same time. Experiments
for many types of wave phenomena (but not all)
indicate that for small wave amplitudes the net dis-
turbance of the medium at any point is obtained
simply by adding algebraically the individual dis-
turbances at the point. This useful principle, which
in any situation should be subject to experimental
verification, is known as the principle of linear
superposition. Assuming that linear superposition is
valid, we can write the following expression for the
net disturbance at a point x in the medium at a time ¢
by two different sinusoidal traveling waves

Yo = Y1+ Y2

— A,sin2a (%—f.t) + Avsin 27 (f" fzt),

(10-6)

where individual disturbances have wavelengths A;
and frequencies f. For N separate waves,

N
Yoer = D, An Sin Os,
n=1
where

9. =2mw (Ai —f,.t). (10-7)

Consider as an example two waves of identical
frequency (f, = f. = f). Because the speed of prop-
agation depends on the medium v, = v:= 1,50 A, =

A: = A. For the first wave, Eq. (10-7) yields
y:=A,sin 6, = A, sinzTﬂ(x — ot).

Let us also assume that the expression for y: can be
replaced by

y.= A, sin [2T7r(x—vt)+ d)]. (10-8)
In Eq. (10-8) the quantity ¢ is known as the phase
angle difference between the two waves at the point
x at time t, or, in terms of the phase angles, ¢ =
8. — 6,. Substitution of Eq. (10-8) in Eq. (10-6) to-
gether with A, = A, =A and v, = v, = v yields

Yoo = A, sinzT’”(x —vt)+ A, sin [2T7r(x —vt)+ d)].
(10-9)

Suppose now that ¢ is an integer multiple of 2.
Since sin (e = 27n) = sin « for integer values of n,
we obtain

Yo =(A + A,) sing)%r(x —t), (10-10)
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and the amplitudes add in magnitude. The waves in
this case are said to be in phase and constructive
interference results. On the other hand, if the phase
difference is an odd integer multiple of =, then
sin[8 = (2n — )@l = — sin 6; we obtain

Yo = (A, — A3) sin%f-r(x —ot), (10-11)

and the amplitudes combine subtractively in mag-
nitude. In this case, the waves are said to be out of
phase and destructive interference results, produc-
ing a reduced amplitude. If A, = A, for this case,
there is a complete cancellation and no net disturb-
ance results. For values of the phase differences
other than the cases considered, Eq. (10-9) will
yield a result intermediate between the constructive
and the destructive limiting cases.

At this point we might well ask what factors de-
termine the phase angle difference ¢ for two given
sinusoidal waves observed at (x, t). To answer this
question, we must consider the sources that pro-
duce the two waves. If the sources are said to be in
phase, this means that they emit the wave distur-
bances simultaneously or in synchronization. On
the other hand, if they are out of phase, we under-
stand this to mean that there is a delay of one half a
cycle (or wavelength) between the emission of a
wave by one source and the subsequent emission of
a wave by the second. Suppose the two sources are
located at the same point. Then the net disturbance
produced by them at any other point will be the sum
of the amplitudes of the two disturbances for
sources in phase. It will be the difference between
the amplitudes of the two disturbances if they are
out of phase, since in this case the crest of one
wave will occur at the same time and place as a
trough of a wave from the other wave, which is
either a half cycle ahead of or behind the first. More
generally, one can specify this phase relationship
between the two sources by specifying the lag angle
8 by which the wave disturbance from the one
source lags behind the other. Then the expression
in phase means 8 =0, while out of phase means
d=m

A second factor producing a phase angle differ-
ence between two waves is related to the locations
of the two sources relative to the point at which we
observe the net disturbance. To see this, consider
first two sources that are in phase (8 = 0), that are
respectively at distances x, and x. from the point in
space. For identical sources (equal wavelengths A
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and frequencies f), one would expect an addition of
amplitudes to occur if the difference in distances
from the sources to the point in space is equal to an
integer number of wavelengths. That is, if the
difference in path length traversed by the waves
can be written as

AX=X2—XI=nAs n'—_oylszs---s (10'12)

we can expect an addition of amplitudes. On the
other hand, when
Ax =Q2n+ l)%, n=0,1,2,..., (10-13)
the amplitudes will subtract.
Conversely, when 8§ = 7 (sources out of phase),
the wave amplitudes will add when

Ax =Qn+ 1)%, (10-14)
and subtract when
Ax=n\, n=0,1,2,....  (10-15)

(Why?)

We can express the phase angle difference that is
due to this difference in path length by the quantity
2w Ax/A. The total phase angle difference between
the two sources discussed in the examples above is
then given by the relation

ZWAX

¢ = + 4. (10-16)
It is not difficult to see that the effect produced by a
given path length difference can be cancelled out by
an appropriate choice of lag angle 8, and con-
versely. In any case, then the interference of two or
more sinusoidal waves at a point in space will de-
pend upon both the synchronization of the sources
(lag angle &) and the difference in path length from
the sources to the point in question 27 Ax/A. When
these factors are known, the nature of the interfer-
ence can be predicted. Conversely, if the interfer-
ence is observed and the location of the sources is
known, one can deduce the value of the lag angle 8.
As a further example, consider two waves of
equal amplitude but slightly different frequencies.
If they are impressed simultaneously on the same
medium, we can say that at some point (for con-

venience let us choose x = 0) the total amplitude is
Yoo = A [sin 27f.t +sin 27f,t].  (10-17)

It is useful here to employ the identity

sina +sing = Z[Sin (a ; B)][cos (a ;B)]
This yields

Yoer = 2A sin [211' (f f’) ]cos [211' (L—;—f—’) t].

(10-18)

We can interpret this as a wave disturbance whose
frequency is the mean of the two separate frequen-
cies and whose amplitude varies with time as

2A cos [211' (%) t].

Thus, there will be a maximum disturbance
whenever the cosine term takes the values =*1.
There will, therefore, be two such maxima per
cycle of amplitude variation. Such maxima are
known as beats, and the beat frequency is thus
twice the frequency of amplitude variation.

beat frequency=2[f' f’] fi—f..  (10-19)

For audible sound waves, the unaided ear can
discern beat frequencies up to approximately
10 cycles/sec.

When two waves of equal amplitude and fre-
quency travel in opposite directions in a medium,
the resulting disturbance is called a standing wave.
Mathematically stated,

ym=A{sin [n(f—ft)]ﬂm[ ( + f‘)]}

(10-20)

Since sin(a *8)=sina cos B *cos a sin 8,
expression can be written
1rx

= [2A cos 27ft] sin —

x (10-21)

We see that, for all values of the time, the net dis-
turbance is zero for x = nA/2, where n is any in-
teger. For all other values of x, the amplitude varies
sinusoidally with the time through the factor in
square brackets.

Consider as an example the case of a stretched
string of length L with fixed ends. When the ends
are fixed, y.. must vanish at x =0 and at x = L, for
any value of t. Equation (10-21) then shows that the
only wavelengths allowed are those for which the
equation

An =27I:, n any integer, (10-22)



is satisfied. The corresponding frequencies are
given by the equation

ﬁl =%=nfls

(10-23)
where f,=v/2L is called the fundamental fre-
quency or first harmonic, while the nth frequency
is called the nth harmonic. Another type of nota-
tion refers to higher frequencies as overtones of the
fundamental. In this notation, the second harmonic
is the first overtone, etc. The speed of propagation v
arises through Eq. (10-3), v = fA.

10-4 REFLECTION AND REFRACTION
OF WATER WAVES

We turn now to a physical discussion of what
happens when waves encounter complete or par-
tial barriers or pass from one medium into another.
For convenience of discussion, we choose water
waves as observed by means of a ripple tank, a
glass bottom tray of water illuminated from above.
When a pattern of waves is generated in the tray,
the crests of the waves tend to focus the incident
light, while the troughs diverge it. As a result, a
viewing screen placed below the tray will exhibit an
alternating array of bright and dark bands, which
are the images of the crests and troughs of the
waves being studied. Provision must be made for
the absorption of the waves at the edges of the tray
if secondary influences are to be avoided. We as-
sume that this has been done for our discussion.

As an initial example, consider a plane wave
train, Such a pattern of disturbance can be gener-
ated by periodically dipping a straight edge into the
water, producing the result shown schematically in
Figure 10-2. If a second plane wave train is de-
veloped simultaneously at right angles to the first,
the resultant pattern will appear as indicated in Fig-
ure 10-3. This is what one would predict by means
of the superposition principle discussed in the pre-
vious section.

Now consider the effect on a single plane wave
train produced by placing a solid barrier diagonally
in its path as in Figure 10-4(a). Experiments with
ripple tanks show that the waves are reflected as

tAn excellent article on the construction and use of
such a tank appears in the Amateur Scientist section of
the October 1962 issue of Scientific American.
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Figure 10-2 Ripple tank plane wave (schematic).

Figure 10-3 Ripple tank superposition of perpendicu-
lar plane waves (schematic).

shown in Figure 10-4(b). The angles 8 and @' are
observed to be equal. As a result, the angles 6; and
6., which are measured with respect to the normal
NN’ to the barrier, are also equal. This is of course
the law of reflection introduced in Chapter 6.

To illustrate refraction with a ripple tank, it is
necessary that there be two or more regions of the
water in the tray in which the speed of propagation
of the water waves assumes different values. This is
accomplished by using the fact that for shallow
water depths the speed of propagation varies in
proportion to the square root of the depth. Thus, if
one has a tank filled with water at two different
depths, the propagation of water waves in this tank
will be analogous to the propagation of light in a
system involving two different media. In Figure
10-5(a), we see the effect of a varying depth on a
plane water wave propagating in a direction parallel
to that of decreasing depth. Since the frequency of
occurrence of wave crests is constant, and the
speed of propagation decreases in shallower water,
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(a)

Figure 10-4 Reflected waves in a ripple tank diagonal barrier (schematic).

the wavelength must necessarily decrease in the di-
rection of propagation, as the figure indicates.

In Figure 10-5(b), the plane wave direction of
propagation is at an angle with respect to the re-
gions of different depth. It is clear that the direction
of propagation is altered as the wave proceeds into
the second “medium,” so that refraction of the
water waves occurs. By constructions similar to
that in Figure 10-4(b), we can establish that Snell’s
law applies here as it does for light. Figure 10-6 rep-
resents successive wave crests in the vicinity of the
interface with medium 1, the medium of greatest

speed of propagation. Notice that the leading crest
consists of two segments which, because they are
in different media, propagate at different speeds.
Since the plane wave crests are lines of constant
phase angle, the time required for the second wave
crest to travel to the location of the first is a
constant independent of position along the wave
crest. Thus, the time of propagation for a segment
of the wave crest to proceed from P to O is identi-
cal to that for a segment proceeding from O’ to P'.
Let the speed of propagation in medium 1 be v,
and that in medium 2 be v,. The time to traverse the

Shallow

5
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(b)

Figure 10-5 (a) Effect of varying depth on wavelength. (b) Refraction of water waves in ripple tank due to varying

depth.
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Figure 10-6 Wave crest refraction at a boundary between two media.

distances OP and O'P’ can then be written

,_OP_O'P" (1024)
(23] U2
But from Figure 10-6,
OP _ 00'siné R
0P 00 snb (10-25)

Substituting Eq. (10-25) into Eq. (10-24), and re-
arranging, we obtain

sin 6, _ v
sinf, v

= N2 (10-26)

We therefore obtain not only Snell’s law but find
in addition that the index of refraction is given by
the ratio of the speeds of propagation in the two
media. By analogy, we can infer from these wave
theory arguments that if medium 1 were air,
medium 2 water, and the wave disturbance were
light waves, then the speed of propagation of light
in water would be less than that in air since 7,0 ., =
4/3. This assertion was verified by Foucault in the
mid-nineteenth century using a modification of the
Fizeau toothed-wheel apparatus discussed in Chap-
ter 9. This is the reverse of the particle theory pre-
diction for light, and is therefore one of the strong
points favoring the wave theory.

10-5 HUYGENS’ PRINCIPLE AND
DIFFRACTION OF WAVES

In his study of the wave theory of light, Huygens
developed a method for constructing by geometric
means the behavior of a given wave disturbance for

which the initial shape of a wave front is known and
for which the variation of the speed of propagation
with position is known. The principle upon which
the method is based, known as Huygens’ principle,
can be expressed quite simply. The principle states
that each point on the initial wave front can be
regarded as a source of spherical wavelets
(propagating radially in the forward directions)
which travel with the speed of propagation of the
wave disturbance in the medium. The envelope of
these wavelet wave fronts at any subsequent time
represents the wave front resulting from the initial
wave front at the later time. In situations for which
the speed of propagation varies with position, it is
important that successive time intervals be chosen
for which the propagation speed does not vary ap-
preciably in the space interval between wavelet en-
velopes. Figure 10-7 illustrates the application of

Figure 10-7 Application of Huygens’ principle for a
propagating wave.
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Huygens’ principle for a wave front of arbitrary
shape propagating in a uniform medium.

If we apply Huygens’ principle to the case of
plane water waves striking a barrier with an aper-
ture, one finds (for wavelengths comparable to the
width of the aperture) that the plane wave fronts
exhibit a bending around into the ‘‘shadow” of the
aperture, a situation described as diffraction in the
case of light waves. This result, in contrast to the
observed rectilinear propagation of light through
slits with widths of 1 mm or more; was an apparent
defect of the wave theory that led Newton to con-
sider it an untenable model for light. To resolve this
difficulty, consider the series of ripple tank photo-
graphs in Figure 10-8(a—c). In this series, the aper-
ture width is held constant while the wavelength of
the wave fronts is reduced from a value six-tenths
that of the aperture width d [Fig. 10-8(a)] to a value
three-tenths of d [Fig. 10-8(b)] to the last case for
which the wavelength is one-tenth d [Fig. 10-8(c)].
It is clear that for wavelengths that are small com-

pared to the aperture width the diffraction effects
become negligible.

The resolution of our puzzle in the case of light,
therefore, requires the assumption that the wave-
lengths of light are small compared to the dimen-
sions of 1 mm or more. For such a situation, one
would not expect to observe optical diffraction
effects unless the apertures were reduced sharply in
width. In the next two chapters, we will consider in
more detail the interference and diffraction of light
waves. In Chapter 36, it is indicated that visible
light represents a rather narrow band of wave-
lengths in the spectrum of electromagnetic waves
extending from below gamma rays of very short
(~ 107 m) wavelength to beyond radio waves of
long wavelength (~ 10° m). In this spectrum, visible
light possesses wavelengths ranging from ~ 7Xx
107 m (red) to ~ 4 X 10~° m (violet). Accepting for
now the accuracy of this assertion, it is easy to
understand how apertures of ordinary dimensions
failed to exhibit diffraction effects.

Figure 10-8 From PSSC Physics. With permission
from D.C. Heath & Company, Lexington, Mass., 1965
and Education Development Center, Newton, Mass.
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PROBLEMS

1. A sawtooth wave form is in effect a linearized sine curve. (See Figure 10-9.) Using methods developed
by Fourier, this wave form can be expressed as an infinite series of sine terms as follows:

=i”(—l)"5in(2"+l)0—i[' 1 1. _]
T Q2n+1) T sin 6 ?Sm30+§§sm50 .

To appreciate how few terms of the series

are needed for a reasonably good fit, plot y*

(a) the first term,

(b) the sum of the first two terms, and

(c) the sum of the first three terms of the series
for values of 8 from 0 to 27 in steps of /4.

N3
—
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om dy
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Figure 10-9

2. A sinusoidal water wave has an amplitude of 20 cm and a wavelength of 35 cm. If a photograph of the
wave profile is made, what will be the distance between a given crest and a point farther along the wave
where the phase angle has increased by 745°?7

3. An organ pipe emits a sound wave with a frequency of 20 cycles/sec. The velocity of sound is 344 m/sec.
If the pipe is } of a wavelength long, what is its length in meters?

4. A sound wave traveling in a given medium is described by the relation
y =107 sin 27 (1.6x — 480¢),

where y represents the variation in density of the medium (expressed in gm/cm’) as the wave passes.
What are the amplitude, frequency, wavelength, and speed of propagation of the wave? Time is in
seconds, distance is in meters.

§. A wave traveling to the left along a string has an amplitude of 2 cm, a wavelength of 5 m, and a speed of
propagation of 20 m/sec. Write the equation of the wave, and determine the frequency of the wave.

6. Find the amplitude of a wave made by superposing two waves of the same frequency and wavelength,
traveling in the same direction. The first wave has an amplitude A. The second has an amplitude 2 A, and
lags the first by 6 = /3.

7. Show that Eq. (10-9) can be written in the form
Yo = Anex sin [EAE(X - Ut) + B],

where
A =[A +2A,A:c0s ¢ + AT,

_ _Ajsing
tan B T A +Acos ¢’

Then show that Eqs. (10-10) and (10-11) follow readily from this result.
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8.

9.

10.

11.

12.

13.

14.

15.

Waves and Wave Motion

Two sinusoidal waves of equal amplitude, frequency, and wavelength are traveling in the same direction

in a medium but have a phase difference of 7 /2. Find an expression for the disturbance assuming linear

superposition is valid.

Two tuning forks with the same frequency are sounded simultaneously (in phase and equal amplitude).

The frequency of the forks is 112 cycles/sec and the wavelength of the waves is 10 ft.

(a) What will be the phase angle difference between the waves at a point 40 ft from one fork and 45 ft
from the other?

(b) What will be the sound amplitude at this point?

(c) What will be the phase angle difference at a point equidistant from the two forks?

(d) What will be the phase angle difference at a point 2.5 ft closer to one fork than the other?

An oscillator generates waves of 4 m. A second oscillator is 10 m north of the first oscillator. It generates
waves of the same wavelength and amplitude as the first, but it is 180° out of phase with the first.
Measuring east from the first oscillator, find the locations where the resultant sound amplitude is zero.

A vibrating tuning fork produces 11 beats/sec when placed near a standard fork of frequency
512cycles/sec. What is the frequency of the first fork?

A stretched string ; m in length has fixed ends. If the speed of propagation of a wave on this string is

250 m/sec, find:

(a) the fundamental frequency,

(b) the frequencies for the first 3 overtones that exhibit nodes (zero disturbance) at the midpoint of the
string, and

(c) the beat frequency that would result if the 3rd harmonic frequency were compared to a tuning fork
with a frequency of 768 cycles/sec.

Suppose waves are excited on a string that has been formed into a circle of radius r. If the wavelength of
the waves is A, find the relation that must be satisfied if standing waves are to be formed on the string.

The speed of propagation of waves on the surface of a certain tank of liquid is given by
v=15+1r%

where v is in m/sec and r is the perpendicular distance (in meters) along the surface from a reference
line of the surface. Using a sheet of graph paper, use Huygens’ principle to trace successive wave fronts
for a plane wave front that is initially perpendicular to the reference line.

Above a heated surface (such as a road bed or a desert heated by the sun), the speed of propagation of
light is greater than in cooler air. Assume that this variation in propagation speed with distance from the
surface is gradual rather than abrupt. Use this information to explain the mirage. This is a phenomenon
in which light rays from an extended object travel to the observer directly from the upper portion of the
object (through the cooler upper air) and also by curving path downward toward the surface and upward
again to the observer. Thus, the observer sees both the actual object and an inverted image (why?) below
it as though a reflecting surface lay between the two. In the desert, this apparent reflecting surface is
interpreted by the thirsty traveler as a body of water.
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11-1 INTERFERENCE OF LIGHT WAVES

In Section 10-3, we discussed conditions leading
to constructive or destructive interference when
two or more sinusoidal waves simultaneously prop-
agate in a given medium. It was assumed in that
discussion that the lag angle, 8, between any two
sources is constant during the period of observa-
tion. Sources satisfying this condition are called
coherent sources. If the lag angle, 8, and the am-
plitude of the net disturbance vary randomly, the
sources are said to be incoherent. In the case of
sound waves, two coherent sources could be ob-
tained by driving two loudspeakers simultaneously
by a single audio oscillator (a device for generating
audible sine waves). If, on the other hand, one of
the loudspeakers were switched on and off in a
completely random fashion, it is possible to show
that the superposition of the two loudspeaker out-
puts will produce a net disturbance exhibiting a
frequency identical to that of the driving audio os-
cillator. Now, however, the amplitude and the
phase angle difference will be seen to vary in a
completely random fashion; that is, the sources are
incoherent.

The relevance of this discussion to the case of
light waves becomes clear when it is noted that light
waves are produced when atoms that have been
suitably excited (by heating in a flame, for example)
make transitions to less excited states by the emis-
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sion of light. The time during which a typical atom
radiates light in such a transition is about 10® sec-
onds. Although this would seem to be a very short
time interval, it is in fact an interval long enough for
a light wave to undergo about 10’ oscillations. (This
follows from the fact that the frequency of light
waves is about 10" cycles/sec as determined from
the value of the speed of light and the measured
values of the wavelength for light waves.) Since in-
dividual atoms will be making transitions at random
times if they have been excited thermally, it is clear
that the light radiated by two such atoms will be
incoherent in character and interference effects will
not be observed. Similarly, two incandescent light
bulbs will be incoherent light sources since each is a
collection of atoms that are thermally excited by
the passage of an electric current through a metallic
filament (such as tungsten).

Highly coherent sources of light can be produced
by a different means of excitation, which was de-
veloped by Charles Townes and Arthur Schawlow
in 1960. This means of excitation is employed in the
device called a laser, a name which derives from
the expression light amplification by stimulated
emission of radiation. A complete discussion of
laser characteristics involves the quantum theory
of matter, which is beyond the scope of the present
discussion. It is possible, however, to make several
general statements regarding laser operation. First,
the atoms constituting the active part of the laser
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substance (such as chromium atoms in a ruby
crystal) are raised to an excited state, not by ther-
mal means, but by a process known as optical
pumping. In optical pumping, light of a higher fre-
quency than that which will be subsequently emit-
ted is absorbed by the active laser material. Now
when light of the frequency to be amplified by laser
action enters the laser device, the excited atoms are
stimulated to emit light of the same frequency as
they make transitions to a less excited state. The
incident light and the emitted light are coherent,
and the net disturbance represents an amplification
of the incident light. If this coherent signal is made
to travel repeatedly through the laser material (by
positioning the laser material between perfectly
parallel reflecting surfaces), the signal becomes
enormously magnified and remains very nearly
monochromatic due to the nature of the excited
states of the active atoms. Finally, if one of the
reflecting surfaces is actually only partially reflect-
ing, a substantial portion of the amplified signal will
be transmitted in a well-defined direction, providing
an intense source of coherent radiation. Two such
laser beams can be used to provide striking de-
monstrations of interference effects.?

To exhibit interference effects for light waves
without employing laser sources, one might divide
the spherical waves propagating from a point
source into two or more beams. This can be done,
for example, by placing an opaque screen contain-
ing two narrow, parallel slits in the path of the light
waves. The beams transmitted by the slits are
necessarily coherent at the plane of the screen
since they are both portions of the same wave front
from a single source (so that § = 0). Therefore, the
effects due to superposition of the two beams at
any given point beyond the slits would be expected
to follow the predictions discussed in Section 10-3.
This double slit experiment, first performed by
Thomas Young in 1801, was in fact the earliest ex-
perimental evidence favoring the wave theory of
light.

Figure 11-1 is a schematic illustration of the dou-
ble slit arrangement. A point source S is located
symmetrically with respect to the narrow slits S,
and S, which are separated by a distance d. The
light emanating from the coherent “‘sources” S, and

tThe reader seeking more details about lasers is refer-
red to articles by Schawlow appearing in the June 1961
and September 1968 issues of Scientific American.

P
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S?| Nax=a/2
| R
Figure 11-1 Interference at a double slit.

S, is then allowed to strike a viewing screen (or
photographic plate) placed paralle] to the screen
containing the two slits at a distance R (much great-
er than d) from it. The point O is along an axis
from S, which bisects the distance d between S,
and S;. Thus, at point O, the path difference Ax =0
for the two beams. Therefore, the two waves will
interfere constructively at O to give a bright line
image of either slit. Now suppose that the distance
y from O to P represents the distance from this
central bright line to the center of the nearest dark
line that represents destructive interference. This
requires that the distance S:P — S\P = A/2. From
the diagram, we deduce the relations

S:P-SP_ A
d 2d

sina =

(11-1)
and

tmﬁz%. (11-2)
Since y/R <1, the angles a, 8 will be quite small,
and we can assume a =sina=tanB8=p. As a
result,

A
%zﬁ, (11-3)
and, in general,
R;z(-z";T‘)*, n=0,1,2,..., (11-4)

for dark lines. Similarly, the relation satisfied by the
series of bright lines is found to be

_y_z%A’ n=0,],2,.... (11'5)

R

If a source of white light is separated by means of

a prism into the colors of the spectrum, and the
colors are individually used in this experiment, the
conditions of Egs. (11-4) and (11-5) lead to the ob-
servation that the wavelengths of visible light fall in



a rather narrow range of values between about 4 X
10”7 m at the violet end and about 7 X 107" m at the
red end. (The values cited are approximate since
the limits of visibility depend upon the individual
eye involved.) As asserted above, it follows from
the speed of light and these wavelength values that
the frequency limits for visible light lie between
about }x 10" and 3 x 10" cycles/sec for violet and
red light, respectively. Typical dimensions for the
experiment are: slit widths of =0.1 mm, slit sep-
aration d =0.2 mm and screen position R =1 m.

(We note that more convenient units for light
wavelengths have been used over the years. Thus,
the Angstrom—A—is equal to 107°m, so that a
wavelength of 4x 10”7 m becomes 4000 A. Cur-
rently, a more commonly used unit, the nan-
ometer—nm—which equals 10~ m, leads to the
equivalence 4 x 10”7 m = 4000 A = 400 nm.)

There is another feature of light wave propaga-
tion that must be taken into account if a completely
satisfactory interpretation of interference phe-
nomena is to be obtained in all cases. This is the
fact that a light wave reflected from an optically
more dense medium will undergo a phase shift of
180° (corresponding to a shift of one-half a
wavelength). On the other hand, a light wave re-
flected from an optically less dense medium is
observed to undergo no phase shift. This is easily
demonstrated by arranging a point source of light,
a viewing screen, and a flat reflecting surface (with
index of refraction greater than that of air) as
shown in Figure 11-2. By a suitable positioning of
the source relative to the reflecting surface, the
path difference between a light wave traveling di-
rectly from the source to a point P on the screen
and one which is first reflected before striking the
screen can be made to approach zero. When this is
done, destructive interference is observed, leading
to the conclusion that a phase shift of one-half a
wavelength occurred upon reflection.

Opaque glass

Figure 11-2 Lloyd’s mirror experiment.
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11-2 APPLICATIONS OF INTERFERENCE

The phase shift upon reflection from an optically
more dense medium has practical application in re-
ducing the reflection of light from lens surfaces in
optical instruments such as cameras and binocu-
lars. In a camera, for example, one would like to
have all light incident on the lens system transmit-
ted to the photographic plate, providing maximum
contrast, and at the same time minimizing ‘‘ghost
effects” produced by stray reflections from the lens
surfaces onto the plate. For a given wavelength,
this can be accomplished if the surface of the lens is
coated with a thin film that has an index of refrac-
tion less than the glass of the lens, yet greater than
that of air. In addition, the thickness of the film
should be equal to a quarter wavelength of the light
involved as measured in the film, A;. The reasons for
these requirements are easily explained. First, there
will be a phase shift of 180° at both surfaces of the
film since at each surface the light proceeds toward
a medium of greater refractive index. Therefore, a
light ray reflected from the film-glass interface will
differ in optical path length by 2 X A;/4 = A;/2 com-
pared to aray reflected at the air-film interface, ora
180° phase difference results. In other words, a
quarter wavelength thickness of the film creates a
favorable situation for transmission rather than re-
flection, as desired. However, since light entering a
camera contains many wavelengths, a compromise
must be made. Since the eye and many types of
photographic plate are most sensitive to green light,
the thickness condition is met for a wavelength in
the green range of the spectrum. As a result, any
reflection that does occur is a combination of blue
and red so that ‘“‘coated optics,” as they are called,
usually have a purplish appearance. Reflected light
for coated optics is less than 1%, while the value for
uncoated optics is from 4% to 5%.

To determine the value of A; for a given Ay, we
must recall that in our discussion of the nature of
light (Chapter 9) it was stated that for a wave theory
of light the relative index of refraction is given by
the ratio of the speed of light in the less dense
medium to the speed in the more dense medium. In
our case, using this fact and Eq. (10-3), we obtain

Vair = M= Anir
vam M A

Hy air =

(11-6)

since the frequency remains constant in proceeding
from one medium to another. As a result, the thick-
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ness of film required is given by the expression

t=£f—lﬂ

4" an . (11-7)

Example 1. Magnesium fluoride (MgF,) has
proved to be suitable for coating lenses to reduce
reflection. If n = 1.38 for A, = 5500 A, what thick-
ness is required?

SOLUTION
From Eq. (11-7),
_SS00A s
=X 138 1000 A = 10 m.

Another practical application of interference
effects is related to the phenomenon known as
Newton’s rings. If a plano-convex lens with a
radius of curvature R is placed on a plate of glass
that is accurately flat (Figure 11-3), there will be a
thin film of air between the plate and the lens whose
thickness is a function of the radial distance r from
the point of contact. If this system is illuminated
from above by light of wavelength A, a pattern of
interference rings is observed, as in Figure 11-4. In
this situation, the interference effects are due to the
air film of thickness ¢ at radial distance r. Light re-
flected from the bottom of the air film undergoes a
phase shift of 180°, while there is no shift at the top
of the air film. Thus, at the center of the air film
(r = 0) where the thickness f is essentially zero the
net phase shift is 180° and destructive interference
occurs, as seen in Figure 11-4. On the other hand, if
the condition

2t=(m+%))m,; m=0,1,2,..., (11-8)
R
R%-r?
\ r P
——
[ J

Figure 11-3 Newton’s rings geometry.

Figure 11-4 Newton’s rings pattern viewed by reflec-
tion (courtesy of Martin Drexhage).

is satisfied, then constructive interference will
occur. From Figure 11-3,

t=R—m=R[l—\/1—(£)z]. (11-9)

If r/R <1, the binomial expansion yields

rZ

tzﬁ,

(11-10)

so that the bright rings are seen to have radii given

by
rz\[(m +1))¢ «R
2 air .

The observation of Newton’s rings provides a very
sensitive test as to whether or not the lens is sym-
metrically ground, since any departure from circu-
lar rings is an indication of high or low spots on the
curved surface of the lens. In a similar way, a flat
plate can be tested for flatness by placing it on a
known flat plate and placing a thin slip of paper
under one edge to provide a thin wedge shaped film
of air. It is left as a problem to discuss the pattern
of interference fringes in this case.

(11-11)



11-3 THE MICHELSON INTERFEROMETER

As a final example of interference phenomena,
we now discuss the interferometer, invented by
Michelson and used by him in some of the most
sensitive measurements in the entire history of
physics. These include the determination of the
length of the international standard meter in terms
of the red line of the spectrum of cadmiumt and the
unsuccessful attempt to detect the luminiferous
ether (see Chapter 15), which led to the theory of
relativity. Figure 11-5 is a schematic diagram of the
device. A beam of light from source S strikes a
plate of glass A, whose upper surface has been
lightly silvered. As a result, the original beam is
split into two beams. One beam is reflected and pro-
ceeds to mirror M, where it is reflected from the
front surface back through the plate A to the ob-
server at O. (The glass plate B is the same thick-
ness and is made of the same glass as A and
inserted to insure that the two beams experience

tToday the meter is defined to be 1650763.73
wavelengths of the orange red light of the Krypton-86
isotope as discussed in Scientific American, December
1960, p. 75.
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the same path length in glass. The reader should
satisfy himself that this is accomplished.) The sec-
ond beam passes through plate A toward mirror M,
and is reflected from the front surface back to A,
where it undergoes another reflection at the upper
surface, and emerges parallel to the first beam
traveling toward O.

If 1, = I, (equal optical paths) one would observe
a bright spot at O due to the fact that both beams
have undergone the same phase shifts upon reflec-
tion. Now if mirror M, is moved backwards (as
shown by the dashed lines in Figure 11-5) a distance
A/4, the bright spot at O will become a dark spot
since the first beam will have experienced an opti-
cal path 2(A /4) = A /2 greater than the second beam,
and destructive interference must occur. If the
motion of M, is increased to A /2, then a bright spot
will reoccur. The apparatus is designed so that this
distance can be measured directly. It is clear, there-
fore, that by counting a large number of alterna-
tions of bright and dark spots at O and measur-
ing the distance M, is moved, one can obtain
wavelength measurements that are accurate to a
fraction of a wavelength. We have considered only
the central ray of light from S,, whereas the light
beam incident upon A actually will be cone-shaped.

Source §
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Figure 11-6§ The Michelson interferometer.
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As a result, rather than a single spot at O, one
would expect a series of circular fringes analogous
to those seen in the Newton’s rings phenomenon.
By suitable adjustment of the mirrors M, and M,
and the source S, one can obtain a series of alter-
nating linear bright and dark fringes instead of
rings.

As an example of the type of measurement that is
possible, suppose that a transparent material with
index of refraction n(> 1) and unknown thickness t
is inserted in the path of the beam that is reflected
at mirror M,. Then the beam will traverse in the film
an optical path length

2:=N,A,=%,

(11-12)
where N, is some number. In the absence of the
film, a thickness t of air (we assume n. =1) is
equivalent to an optical path length

2t = NoAas, (11-13)

where N, is also some number. Therefore, if the
material is placed so that one can observe half the
beam after traversing the material and half after
traversing the same thickness of air, one would ex-
pect a shift of the fringe pattern that is equal to

(N, = No)Aur =2t(n —1). (11-14)

PROBLEMS

For thin films (N, — N.)<1, so that fractional
fringe shifts are observed. Knowing (N; — N,), A,
and n, the value of ¢ is easily found. Figure 11-6is a
sketch of such a shift of fringes for a collodion film.
In one case, A, = 5461 A, n =1.18, and the fringe
shift (N, — N,) was estimated to be about } of a
wavelength. From Eq. (11-14), it follows that

t=3x10"cm.

Light rays
through film

Light rays
through air

Figure 11-6 Fringe shift in collodion film.
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A monochromatic (single wavelength) point source of light is used to produce light that is incident upon
two narrow slits separated by 0.5 mm. Adjacent bright fringes are 1.36 mm apart when observed on a
screen 1 m from the slits. What is the wavelength of the incident light?

What is the separation distance between the central bright fringe and the second bright fringe on either
side when light of wavelength 5500 A passes through two slits 1.5 mm apart and is incident on a screen
180 cm away?

A thin layer of water (n =3) on the surface of a layer of oil (n <3%) shows interference colors. For
normally incident light of wavelength 4000 A, what is the thickness of the water layer?

Two pieces of flat glass are separated at one end by a piece of paper. When illuminated by a vertical
beam of light of wavelength 7000 A, 60 dark fringes are observed across the upper plate from one edge
to the other. What is the thickness of the paper?

Explain why the interference pattern of bright and dark fringes observed in the transmitted light is just
the opposite of that observed in reflected light in the Newton’s rings phenomenon.

. A beam of white light is incident normal to a glass film (n = 1.50) that is 4 x 10™®m thick. What

wavelengths in the visible spectrum will be most pronounced in the reflected beam? The film is held in
air.
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. A beam of light containing two wavelengths, 4500 A and 6000 A, passes through two narrow slits

separated by 0.5 mm. A viewing screen is placed 3 m from the slits.

(a) At what distance from the central bright fringe (of both wavelengths) will the bright fringe of one
wavelength fall exactly on the dark fringe of the other?

(b) What will be the orders of these overlapping fringes? The order of the interference is given by the
values of n in Egs. (114) and (11-5).

. A system of Newton’s rings is formed when a plano-convex lens resting on a flat glass plane is

illuminated from above. The radius of the 25th bright ring is 1 cm when light of wavelength 6000 Ais
used. Find the thickness of the air film at the 25th ring and the radius of curvature of the lens surface.

. A system of Newton’s rings are observed when a plano-convex lens resting on a flat glass plane is

illuminated from above by light of 4800 A. If the radius of curvature of the lens is 10 m, and the diameter
of the lens is 4 cm, how many dark rings are visible?

A thin film of transparent material with an index of refraction n = 1.50 is placed in one of the beams of a
Michelson interferometer. It is observed that when light of wavelength 5000 A is used the insertion of
the film produces a shift of 30 fringes. What is the film thickness?

A Michelson interferometer can also be used to determine the index of refraction of a gas such as air.
This is done by putting a cell with plane glass windows in one of the beams and adjusting the
interferometer to get a fringe pattern. Then the gas is pumped out and the fringe shifts are counted. If
the index of refraction for air is 1.000293, and the cell is 8 cm long, how many fringe shifts would be
counted using 5000 A light? ,

A precision micrometer gauge is to be checked using a Michelson interferometer. Using red light from
cadmium (A = 6439 A), an observer counts 4640 fringes while one mirror is moved a distance of
1.500 mm as measured by the gauge. What is the actual distance moved? What is the percentage error in
the distance as given by the gauge?



2 Diffraction

12-4 Fraunhofer Diffraction from a
Double Slit 89

12-5 The Diffraction Grating 91

12-1 Introduction 85

12-2 Fresnel Diffraction 86

12-3 Fraunhofer Diffraction from a
Single Slit 88

12-1 INTRODUCTION

When the wave front of a propagating light wave
passes by the edge of an obstacle it is observed
that:

1. within the geometrical shadow of the obstacle
the light intensity is not zero, although it de-
creases rapidly with increasing distance into
the shadow; and

2. bands of unequal light intensity are observed
in the region near the edge of the obstacle.

This combination of effects is called a diffraction
pattern and is due to the removal of a section of the
incident wave front by the obstacle. The first expla-
nation of diffraction phenomena is due to Fresnel,
who used Huygens’ principle (with modifications)
to show that there is no fundamental distinction be-
tween diffraction and interference. In the case of
diffraction, the amplitude at any point on a prop-
agating wave front can be determined by regarding
every point on a previous wave front as a source of
secondary wavelets. Then, at the point on the new
wave front the amplitudes of each arriving wavelet
(with differences in phase properly considered) are
added. It is however necessary (and reasonable) to
assume that wavelets propagating to the point in
directions that are increasingly oblique to the for-

ward direction of the wave front will make corres-
pondingly smaller contributions to the sum of amp-
litudes.

Thus, diffraction emerges not as a process basi-
cally different from interference, but as an inter-
ference situation involving an indefinitely large
number of sources (every point on a wave front) in-
stead of the cases involving small numbers of
sources that were considered in Chapter 11. The
main distinction that does arise in the analysis of
diffraction is that because the number of sources is
increased the mathematics involved can be rather
complicated. We can, however, exhibit the essen-
tial features of diffraction phenomena without a full
mathematical analysis.

In Section 12-2, we discuss the diffraction pat-
terns observed along a plane beyond, but not
greatly distant from, obstacles placed perpendicu-
lar to a plane wave front. Diffraction patterns
created when the source or observing screen or
both are near an obstacle are a type known as
Fresnel diffraction.

If the source of light and the pattern observed are
both at great distances from the obstacle, there are
significant differences in the features observed
compared to Fresnel diffraction. This second type
is called Fraunhofer diffraction, and is discussed in
Section 12-3.
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In Section 12-4, we consider the Fraunhofer dif-
fraction pattern due to a double slit. In the final sec-
tion, Fraunhofer diffraction by an array of a great
number of slits very close together is given. This
latter situation describes the diffraction grating, a
device of great value for the analysis of a beam of
light containing more than one wavelength.

12-2 FRESNEL DIFFRACTION

Figure 12-1 illustrates the connection between
the amplitude at a point P on a new plane wave
front BB’ due to contributions coming from all
points on an original plane wave front AA’. When
the point P is a distance R from the point O, the
wave front AA' is divided into concentric circular
regions that are called Fresnel zones. These zones
have radii ri, r;, s,..., 1., where the subscript n
specifies the respective zones. The radii are related
to the distance R by the fact that the outer bound-
ary of each zone is one-half a wavelength (A/2)
greater than the distance from P to the inner
boundary of the same zone. From the geometry of
the figure, we can write for the nth radius

ri= (R +"7)‘)2—R’ =nAR + (l'zﬁ)
= NAR, (12-1)
since A/R < 1. The area of the nth zone is, there-
fore, given by
A, =ar —ari_,~«[nAR — (n — NAR]
~ wAR, (12-2)
so that the areas of all the zones are essentially the

same. The significance of these relationships lies in
the fact that by this construction we have obtained

A B’

Flgure 12-1 Fresnel zones for a plane wave front.

a series of adjacent zones containing corresponding
points from which light of wavelength A arriving at
P will be 180° out of phase. That is, zones of even
index will all be in phase, as will zones of odd
index, but odd and even zones will differ in phase
by 180° or A /2.

Now let the amplitude at point P due to the
wavelets of zone 1 be represented by a,, that due to
the wavelets of zone 2—by a., etc. Because of the
180° phase difference between adjacent zones, it
follows that the total amplitude at point P due to
the entire wave front AA’ is

Qou=a—a:+aG—a;+--- (12-3)
which can be rearranged to the form
=4 (4 a as_ asy, ...
amm—‘2+(2 a,+ 2)+(2 a.+ 2)+
(12-4)

Because of the increasing obliqueness of wavelets
arriving from successive zones,

> a:>A,> >0, >0,

Thus, the three terms in each parenthesis will con-
tribute almost nothing. As a result, the total am-
plitude at point P from the wave front at AA’ is no
more than would be obtained if only one-half of the
first zone were present! In Section 13-4, it is stated
that the intensity of a wave is proportional to the
square of the wave amplitude. Therefore, in the
present situation, we must conclude that interfer-
ence effects from adjacent zones reduce the total
intensity at point P to a value one-fourth as great as
that which would be observed from the central
zone alone. Paradoxical as this may seem, it has
been demonstrated, not only with visible light, but
also with radar waves whose longer wavelengths
permit the use of more easily constructed Fresnel
Zones.

When a screen with a circular opening (aperture)
is placed perpendicular to a plane wave front, the
pattern observed beyond the opening depends on
the size of the aperture, the distance beyond the
opening to the point of observation, and the loca-
tion of the observation point on a plane parallel to
the blocking screen. As an example, suppose the
observation point lies on a line normal to the screen
through the center of the aperture, so that the Fres-
nel zones are concentric with the aperture of radius
r. If the observation point P is at a distance R such
that #rr* = wRA, only the first zone will be exposed,



giving an intensity that is (as we have already seen)
four times that due to the entire unobstructed wave
front. If the observation point is brought closer to
the screen until 77’ = 27AR, then two zones will
pass through the aperture, giving darkness at P
(since the amplitude there is a, — a,). The same re-
sult could be obtained by keeping the observation
point at the original distance R and increasing the
radius of the aperture until the relation #r* =27AR
is again satisfied. By continuing this argument, it
becomes clear that when any odd number of zones
are passed by the aperture a centrally located
observation point P will be bright, while for an
even number of zones passed the point will be
dark.

Finally, consider the effect of shifting the obser-
vation point P along a line parallel to the blocking
screen so that it is now no longer centrally located
behind the aperture. The center of the Fresnel
zones will also be shifted to lie along the same line
normal to the aperture plane at P. As a result, the
zones passing through the aperture are no longer
symmetric with the aperture, and their contribu-
tions to the intensity at P depend strongly upon the
location of P. Omitting further details, we state that
the net result is a diffraction pattern made up of
rings alternating in brightness and concentric with
the center line normal to the aperture. Whether the
center of the pattern is bright or dark depends upon
the number of zones passed. Figure 12-2 shows the
variation of intensity on a screen placed parallel to
and behind a circular aperture of radius r with
center at 0.

Now suppose that the screen with a circular aper-

|
|
|
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r
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ture is replaced by a circular disk (or a spherical ob-
ject). In this case, the pattern observed will be simi-
lar except that the central region of the pattern will
always be bright. The reason for this is that the first
of the zones not obscured by the disk will make a
positive contribution to the intensity that is reduced
to a total value one-fourth as great by the interfer-
ence of the remaining zones, exactly as in the aper-
ture case. This bright central region was predicted
by Poisson, who deduced its existence using Fres-
nel’s modifications of Huygens’ principle. It is his-
torically interesting that the possibility of such a
situation seemed so absurd to Poisson that he re-
garded it as proof of the inapplicability of the wave
theory of light. The subsequent demonstration of
its reality by Arago (the bright spot is called the
Arago spot by some, and by others—the Poisson
spot!) and Fresnel essentially ended the con-
troversy that had shrouded the wave theory first
proposed by Young.

As a final example of Fresnel diffraction, con-
sider a plane wave front incident upon a straight
edge that blocks part of the wave front. If the ob-
servation point P is directly behind the edge of the
obstacle, as shown in Figure 12-3, it is clear from
our previous cases that only the upper half of all the
Fresnel zones will contribute to the amplitude at P.
Since the total amplitude for the entire wave front
was found to be ai», we see that at this point it
becomes aiz. At points behind the obstacle (such as
P.), more than the lower half of the zones will be
blocked, so that the total amplitude will steadily de-
crease to zero with a shift of the observation point
more deeply into the shadow of the obstacle. Con-
versely, shifting out from the shadow toward points

} P,
yP

P

8o

Figure 12-2 Fresnel diffraction pattern for a circular
aperture.

Figure 12-3 Fresnel diffraction-amplitude variation
produced by a straight edge obstacle.
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such as P. will expose additional portions of the
lower half of the Fresnel zones, resulting in a total
amplitude that is alternately greater or less than the
unobstructed plane wave value of a./2. As the
figure indicates, when the observation point be-
comes increasingly distant from the edge of the ob-
stacle, the difference in amplitude at successive
locations becomes smaller and smaller; the total
amplitude for points sufficiently distant assumes
the value of a./2, which is to be expected when the
obstacle is so far distant that only outlying zones of
negligible importance are affected by it.

Figure 12-4 Fresnel diffraction at a single long rec-
tangular slit. .

It is not hard to understand that the Fresnel dif-
fraction pattern due to a single slit should have the
features illustrated in Figure 12-4, since it is the re-
sult of bringing together the patterns due to two
long parallel straight edges that were originally
widely separated. Close to a slit of width d, which is
large compared to the wavelength A, we see that ex-
cept for positions very near the edges of the slit the
amplitude is essentially constant. In addition, there
is nearly total darkness within the geometric
shadow, as would be expected from ray optics. For
smaller slit widths, however, fewer zones remain
unobstructed, and the diffraction features become
more pronounced. When the viewing screen is
moved to a greater distance behind the slit, an in-
crease in the number of zones that are obstructed
results. The pattern that is then observed will show
marked intensity variations even behind the center
of the slit in analogy to the case of the circular aper-
ture. For example, distances behind the slit can be
found for which the central position on the screen
is totally dark or a maximum brightness.

12-3 FRAUNHOFER DIFFRACTION FROM A
SINGLE SLIT

Let us continue our discussion of the diffraction
pattern due to a long narrow slit. In particular, what
features will the pattern exhibit when the secon-
dary wavelets (which originate from a plane wave
incident normally on the slit) leave the slit parallel
to each other? This is an example of Fraunhofer
diffraction, a simpler mathematical case, even
though there is no change in the physical situation.
The experimental difficulty of determining light in-
tensities at great distances from the obstacle can be
avoided by placing a converging lens behind the ob-
stacle and observing the light intensity at the focal
plane of the lens. Similarly, the source need not
be far removed from the obstacle if it is placed at
the first focal point of a converging lens, so that the
wave fronts striking the obstacle become plane
wave fronts. Figure 12-5 shows a plane wave inci-
dent upon a single slit of width d. Diffracted waves
leave the slit at an angle 0 relative to the direction
of the incident wave. The convergent lens indicated
is used to bring the parallel wavelets leaving the slit
to a focus at point P in the focal plane of the lens.
The path difference for the wavelets traveling to P
from the upper edge of the slit compared to those
leaving the lower edge is equal to d sin 6, from the
figure. Now, if

d sin 8 = nA, (12-5)

n=1,23,...,

then destructive interference will take place, and
point P will be dark. To see this, consider the case
n =1, so that the upper wavelets must travel a
distance equal to one wavelength further than those
at the bottom of the slit. When this is true, a

s
l !
dsin @ %PJ-

Figure 12-5 Fraunhofer diffraction for a single slit.



wavelet leaving the midpoint of the slit is one-half a
wavelength out of phase with one leaving the bot-
tom of the slit when they arrive at P. As a result,
they interfere destructively with each other. Pro-
ceeding from the lowest point of the slit, all
wavelets leaving the slit can be paired (one from
each half of the slit) so that their path difference re-
mains A/2, so that complete destructive interfer-
ence exists at P. For n = 2, the slit must be divided
into four portions for each pair of which a path
difference of A/2 exists. This creates a system for
which two pairs of points each give destructive in-
terference. Since all points along the slit can be
accounted for, total destructive interference oc-
curs. The proof of the validity of the assertion for
subsequent integers is left to the reader.

At point O, the angle 6 is zero, and there is no
path difference. As a result, all wavelets interfere
constructively, giving a bright section in this central
position in the pattern. Between each dark portion
of the pattern there will be a bright section, whose
intensity decreases with increasing distance from O
on the screen. Although the proof is too advanced
to be a part of this discussion, it is noted here that
the variation in amplitude of the superimposed
wavelets at a point P is given by
sin (ﬂim_")

A

7rd sin 0

A

, (12-6)

where A, is the amplitude observed at 0 in Figure
12-6. In addition, the intensity at P is given by

sin (nd sin 6) 2
N S

I=In ndsinﬂ (12-7)
A
1
-4 -3-2-1 0 1 2 3 4dsin9
~—1\ -

Figure 12-8 Intensity variation with ditfraction angle
for a single slit.
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Figure 12-6 is a sketch illustrating the variation of
intensity predicted by Eq. (12-7).

Example 1. Light of wavelength A =5x 107" m
is incident as plane waves on a slit of width
d = {mm, as shown in Figure 12-5.

(a) Find the angular width of the central max-
imum in the pattern.

(b) Calculate I/I, for a diffraction angle of

(1/m)°.

SOLUTION
(a) From Eq. (12-5),
. A _5x107m 4
sin 6 ~ 4 Tx10°m =25x107",

Thus, 6 = 0.143°, and the angular width of the cen-
tral maximum is

26 =0.286°.
(b) From Eq. (12-7),
. [n xix107m .o (l)"] 2
I_ [ 5x107m ™
L~ a x 10° sin (l)"
25

Since sin & = a (in radians) for « less than 10°, we
can write

(1) - ()5 e
U7/ T\&/ " 180° T 180 "¢
Therefore,
[ (400n) 2
1 sin (g0
I, 4007
| T
™ o 2
sin [zﬁr(rad)x 180 rad]
_ 9 T J
207
9

_[9sin 400"]2 _ ( 81 )x (2) _ 243 x 10
- 207 ~ \4007* 2/ 8x’

~3.1x 107* or about 3%.

12-4 FRAUNHOFER DIFFRACTION FROM
A DOUBLE SLIT

It is logical to consider next the diffraction pro-
duced by two long parallel slits of equal width d,
separated by a distance a, as illustrated in Figure
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12-7. Each slit creates a diffraction pattern that
exhibits the features discussed in the last section.
At a given observation point, in the present case,
there will be a superposition of these separate dif-
fraction patterns. As a result, the intensity ob-
served will now be due to the interference of the
two diffraction patterns.

l

'

{

!

-1 0

Figure 12-7 Plane waves diffracted by a double slit.

For a given angle 6, the amplitude due to either
slit is given by Eq. (12-6). There will be a phase
difference between the two, however, which cor-
responds to the path difference from point 3 to
point 6 or, equivalently, from point 4 to point S in
Figure 12-7. It therefore follows that the observa-
tion point will be dark if this path difference is equal
to an odd integer number of half wavelengths:

path difference,. = (2n + D2, n=0,1,2,....
(12-8)
From Figure 12-7,
path difference; s = a sin 6,

and our destructive interference condition becomes

asinf=0Q2n+ l)% (dark fringe condition).

(12-9)
On the other hand, when
a sin =2n%, n=0,1,2,..., (12-10)

there will be constructive interference and bright
fringes result.
The resulting amplitude at the observation point

is given by the expression (which is presented with-

out proof):
n ('n'd sin 8)
_ A ma sin 6
A=2)4 7rd sin 0 ( A )’ (2-1
A
amplitude from a single slit

and the intensity at the same point is

. (wd sin 8) 2
SImATY cod? (wa sin e)
7d sin 0 A
A

where I, is the intensity at 8 = 0 for a single slit as
given by Eq. (12-7). We see that the effect of inter-
ference between the two single slit diffraction pat-
terns is one of modulation. In other words, the
rapidly varying terms cos’(ma sin 8/A) produces
variations in intensity due to interference, which
are superimposed on the intensity variations due to
the two single slit diffraction patterns. The resulting
intensity distribution is shown in Figure 12-8.

[=4I (12-12)

Interference
effects

Diffraction
effects dsn

|
N

1
!
i
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i

—-6-5-4-3-2-10 12 34567

asing _
A
Figure 12-8 Intensity distribution for double slit dif-
fraction.

Example 2. In a double slit diffraction pattern,
the third principal maximum is missing because that
interference maximum coincides with the first dif-
fraction minimum (zero). Find the ratio a/d.

SOLUTION
Since the third interference maximum corre-
sponds to n =2 in Eq. (12-10),

asin @ =24,



the first diffraction zero corresponds to n = 1 in Eq.
(12-5),
dsin@=A.

Dividing the two relations, we obtain
a
d

It is left as a problem to use this result and Eq.
(12-12) to sketch the resulting intensity distribution.

=2.

12-5 THE DIFFRACTION GRATING

What sort of diffraction pattern should we expect
from a diffraction grating, which consists of a very
large number of extremely closely spaced long
parallel slits of equal width? To answer the ques-
tion analytically, we could proceed along the lines
suggested in Sections 12-3 and 12-4. However, to
avoid the mathematical complexities, we present
instead Figure 12-9, which illustrates the intensity
distribution and the changes that take place as the
number of slits is increased. (In the figure, the ratio
of slit width to slit spacing is kept constant.) We can

Single slit ‘Q&Q

Double slit Am
Three slits ,‘_Am

Four slits AM—&
Five slits ‘%
Six slits ‘m.a

Figure 12-9 Effect of multiple slits on diffraction
patterns—constant slit width to separation ratio.
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make several observations about the patterns as the
number of slits is increased:

1. subsidiary maxima appear, with intensities
that are much weaker than those of the princi-
pal maxima;

2. the intensities of the subsidiary maxima be-
come progressively weaker; and

3. the widths of the principal maxima become
progressively narrower.

If the number of slits is made very large (ruling
engines have been developed that routinely pro-
duce several thousand lines or slit spacings per
centimeter of ruled surface), it is observed that the
pattern reduces to a series of extremely sharp lines,
with no surviving subsidiary maxima. In addition, if
the light incident on the slit system contains many
wavelengths, there is a separation of the various
wavelengths into a well-resolved series of spectral
lines. This pattern is repeated at larger angles. In
the pattern repetitions (called diffraction orders)
overlapping of various colors from different orders
occurs. The degree of overlapping increases in the
higher orders.

We can obtain a quantitative expression of these
latter facts if we refer to Figure 12-10, which shows
a plane wavefront of wavelength A incident nor-
mally on a series of narrow parallel slits separated
by a distance d. It is assumed that A < d. As in the
earlier discussion of Fraunhofer diffraction, we are
interested in the phase relationship between
wavelets arriving from the various slits at the focal
plane of a converging lens (as in Figure 12-5). From
Figure 12-1, we see that constructive interference
between wavelets from all of the slits will occur at
the screen whenever the angle @ is such that the
path lengths traveled by the wavelets from adjacent
slits differ by an integer number of wavelengths.

Figure 12-10 A diffraction grating.
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When this happens, the following relation holds:

sin®=n, (12-13)

d
The integer n specifies the order of the spectrum
that is produced by the grating when a non-
monochromatic beam is incident upon it.

Thus, if the grating spacing is known, if experi-
mental provision is made for determining 6 (or
sin 0), and if the order n is observed, one can iden-
tify the wavelengths that are characteristic of any
given light source. Examples of such applications
are the spectra produced by flame excitation of var-
ious inorganic salts or electric arc excitation of
gases such as hydrogen or neon. In the field of
chemistry, information of this kind can be used as a
basis for either qualitative or quantitative analysis
of unknown samples. In physics, the existence of
intriguing numerical relationships between the vari-
ous wavelengths of the excitation spectrum for a
given substance was known in the 1880s and led to
the development of modern quantum theory.

The equation indicates that for a given order a
grating will produce a spectrum that has longer
wavelengths (the red end of the spectrum) appear-
ing at larger angles than the shorter wavelengths.
The equation can also be used to justify the over-
lapping of colors from successive orders that was
asserted earlier.

Example 3. Using Eq. (12-13), show that, regard-
less of the grating spacing, the third order violet line
will overlap the second order red line for light inci-
dent no;mally on the grating.

Ao =4X% 107 m, Aa=7%x10"m)

PROBLEMS

SOLUTION
From Eq. (12-13),

sin 0icie: = 3A violel/d9

SiN Orea = 2A cuald.
Therefore,
sin 0 vicies _ 3 violet 9
SiN 0roa 2Aeed 7

This shows that 0. < 0.4, SO that the second
order red line overlaps the third order violet line, as
asserted.

Example 4. A diffraction grating has a spacing
of 5000 lines/cm. Find the angular spread of the
second order spectrum, assuming normal inci-
dence.

SOLUTION
In this case,

d=1/5000=2x10"cm=2x10"°m.
Therefore,
8in 0o = (2)(4 x 107 m)/(2x 10°m) = 0.4
8in 0. = (2)(7x 107" m)/(2x 10°m) = 0.7.
As a result,

Buiote: = 24°
and
0. = 45°,

so that the angular spread of the second order
spectrum is

0.ea = Buicia = 21°,

1. Monochromatic plane waves of wavelength A are incident normally on a screen with a circular aperture
of diameter d. Along an axis through the center of the aperture and normal to the screen, the light
intensity will pass alternately through maxima and minima. If the distance from the screen along this
axis is R, show that the location of these maxima and minima are given by the relation

R=

dl

anx’

where n is any integer. Show that maxima correspond to n even, minima—to n odd.
2. (a) Referring to the results of Problem 1, what is the largest value of R for which the light intensity is a

minimum?

(b) What is the largest value of R for which the light intensity is a maximum?



Problems 93

. A Fresnel circular zone plate is a circular array of alternately transparent and opaque rings constructed

so that each has approximately the same area. (See Section 12-2.) If the even numbered rings are
opaque, the light transmitted by this zone plate will be much more intense than if all the light were
transmitted. Explain why this is so.

. Plane waves of sodium light (A = 5.893 x 107" m) are incident normally on a circular aperture 4.60 mm in

diameter, and observed at a point on the axis 3 m from the aperture.

(a) Is the center of the diffraction pattern bright or dark?

(b) Determine the minimum distance the point of observation should be moved along the axis to reverse
the situation of (a).

. (a) Calculate the radius of a circular zone plate with a “focal length” of ¥ m for light of wave length

A =5.46x 107 m. The plate has only 8 zones; zones, 1, 3, 5, and 7 are transparent, and the even
numbered zones are opaque.
(b) Repeat for infrared light, A = 5.46 % 10~ m.

. Monochromatic plane waves of wavelength A are incident normally on a rectangular slit of width d. A

.

viewing screen is placed behind the slit as in Figure 12-6. Sketch the expected diffraction patterns when
the screen is

(a) near the slit,

(b) somewhat farther from the slit, and

(c) at a great distance from the slit.

Note: it is assumed that A <d.

Equation (12-7) can be written in the form

1_sin’g
Iu Bz ’
where
_ md sin §
B="—

(a) Using this form, show that the minima of the Fraunhofer single slit diffraction pattern occur at
values of 8 such that 8 = nw, where n =1,2,3,.... (Why is the case n =0 not included?)

(b) Show that the maxima of the Fraunhofer single slit diffraction pattern occur approximately at values
of 8 such that 8 =(2n —1)w/2, where n =1, 2, 3, ..., thus for odd integer multiples of /2. Al-
though this is an approximation, it becomes increasingly accurate for large n. '

(c) The exact values of 8 for which I/l has successive maxima can be shown (by calculus methods) to
satisfy the relation

tanB=8".

Using trigonometry tables, determine the errors involved in using the approximate values of (b) for
the first 4 secondary maxima.

. Assume the focal length f of the converging lens placed just behind the slit in Figure 12-6 is large

compared to the slit width d. Show that the locations of the maxima and minima on the viewing screen
placed in the focal plane of the lens are given by

y =ftané.

. (a) Calculate the angles at which the first minimum would occur for the Fraunhofer diffraction pattern

10.

of a slit of width 2 X 10~ m on which plane waves of wavelengths A, =4X% 107" mand A,=7%x 10" m
are incident normally.

(b) If the focal length f of the converging lens behind the slit is ; m, how far apart will the two minima be
when viewed on screen in the focal plane of the lens?

Repeat Problem 9 for a slit of width 2% 107 m.
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11

12.

13

o

14.

15.

16.
17.

18.

Diffraction

When a single rectangular slit of width d is illuminated by two line sources of wavelength A, there will
be a diffraction pattern for each line source on the viewing screen. Depending upon the angular separa-
tion of the line sources, the two patterns will overlap to an extent that can make it difficult to say
whether the total pattern is due to one or two sources. The two sources are said to be just resolvable
when the first minimum of the one pattern coincides on the screen with the first maximum of the other.
Draw a sketch illustrating this situation, and show that this limiting angle of resolution is given by

(It is assumed here that A/d <1.)

When two point sources of wavelength A illuminate a circular aperture of diameter d, a more involved
analysis leads to the resolution condition (known as Rayleigh’s criterion)

6. = 1.22A/d, forA/d <1.

Two point sources of wavelength A =5x 107 m are 25 cm in front of a circular aperture of diameter
d =4 x 107 m. What is their minimum separation if they are to be resolvable?

In the double slit diffraction example, it was found that a/d = 2. Use result and Eq. (12-12) to construct
a plot of
a sin 0

l‘VerSU
I, STa

Monochromatic light of wavelength A =5.46% 107" m is incident normally on a double slit. The
Fraunhofer diffraction pattern is viewed in the focal plane of a lens of focal length f =2 m. The sixth
principal maximum is missing, and the distance between the two minima next to the central maximum is
observed to be 1 mm. Find d, the width of the slits, and a, the distance between them.

When a/d = 1, the two slits are no longer separated (see Figure 12-8). Instead the system reduces to a
single slit of width 2a. Show that Eq. (12-12) reduces to Eq. (12-7) with d replaced by 2a and 4 times the
intensity I, of a single slit.

If a/d =4 for a double slit system, which of the interference maxima will be missing?

A diffraction grating for which the slit spacing is unknown can still be used for quantitative work. For
example, consider a plane wave containing a known wavelength A, and an unknown wavelength A,
incident normally on a diffraction grating. It is observed that the maximum of order n, for the known
wavelength occurs at the same angular position as the maximum of order n. of the unknown
wavelength.

a) Show that
() Show tha A= (i) A.
n,
(b) Show also that A = (sin 0,)
* " \sing,/ ™

when the maxima are in the same order.

(c) One of the visible wavelengths associated with the spectrum from atomic hydrogen is known to be
A, = 6.560 x 107" m. It is found that the third order maximum of this wavelength occurs at the same
position as the fourth order maximum of an unknown wavelength A.. Find A..

(d) At what angle will the second order maximum of the unknown wavelength occur if the second order
maximum of A, occurs at 8, = 30°?

A certain diffraction grating shows a maximum angular separation of visible light (4000 A to 7000 A) in

the first order.

(a) Calculate the slit separation for the grating.

(b) Calculate the angular spread of visible light for the grating.
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(c) If spacing of slits is increased, what changes will occur in the angular separation of visible light and
in the number of orders that can be observed?
(d) Repeat (c) for a decrease in slit spacing.
19. In obtaining Eq. (12-13), normal incidence of monochromatic plane waves of wavelength A was as-
sumed. If, instead, the light is incident at an angle i and the nth order maximum is observed at an angle
0, show that Eq. (12-13) becomes nA = d(sin i + sin 8). (A diagram analogous to Figure 12-11 will be
very helpful.) Note that when i = 0°, this result reduces as it should to Eq. (12-13).
20. (a) Consider two wavelengths which differ only slightly, A and A + AA, where AA /A < 1. Show that the
angular separation A of these two lines in the nth order is given approximately by

nAA
A0~dcos()'

Hint: Use the trigonometric identity

sin (A + B) =sin A cos B +cos A sin B,
and note that
cos A8 =1, sinAg§ =A¥H,

when A@ is small (less than 5°), and is expressed in radians.
(b) If the nth order maximum for wavelength A is observed at an angle 8, show that

A6 z%‘tan 0.

(c) The spectrum of sodium has two closely spaced lines, 5890 A and 5896 A. If the angular separation
of these lines in the second order is 7.42 X 107 rad = 0.428°, determine the slit spacing of the grating.
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13-1 INTRODUCTION

In the last two chapters, it was demonstrated that
interference and diffraction phenomena involving
light can be understood by assuming light has a
wave nature. In Section 10-1, it was stated that two
basic wave types exist: longitudinal waves—in
which the vibrations take place in a direction paral-
lel to the propagation direction of the wave; and
transverse waves—in which the vibrations take
place in a plane perpendicular to the propagation di-
rection of the wave. Any given wave motion could
therefore be either purely longitudinal, purely
transverse, or some combination of the two types.
The principle concern of this chapter is the appro-
priate type of description for light waves and the
physical effects associated with it.

As the chapter heading implies, light waves are in
fact transverse. We therefore begin with a discus-
sion of transverse waves. For this purpose, we find
it useful to introduce the concept of vector quan-
tities, and to provide a brief introduction to the
algebra of vectors. (Further details are provided in
the Appendix.) We then discuss polarization, and
show how polarization effects can be used to de-
monstrate the transverse nature of light waves. In
this way, we can avoid the mathematical complica-
tions involved in proving the principle of superposi-
tion for light waves. Finally, we consider a number
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of examples of the interaction of light and various
materials that involve polarization.

13-2 TRANSVERSE WAVES

The vibrations associated with a transverse wave
propagating along the z-axis must lie in planes
parallel to the x-y plane. The simplest example of
such a wave is provided by a transverse wave on a
string, as described in Chapter 10. For wavelength
A, propagation speed v, and vibrational amplitude
A,, and assuming vibrations occur in the y-
direction only, the vibration equation becomes

y = A, sin [2T"(vt-z)+¢], (13-1)
where ¢ is a constant phase angle which depends
upon initial conditions. (For example, if y =3A,
when z =0, t =0, then ¢ = 7/6.)

If the same wave is related to vibrations in the
x-direction only, then Eq. (13-1) becomes

x = A, sin [2T"(vt -2)+ d>]. (13-2)
In either case, when one looks along the string
(down the z-axis) toward the source producing the
vibrations, one sees a linear disturbance along
either the y- or x-axis, respectively. This can be
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accomplished, for example, by setting one end of a
long string in motion sinusoidally along the appro-
priate axis.

Now suppose that sinusoidal vibrations along the
x- and y-axes are simultaneously imposed on the
string. What is the configuration of the disturbance
that would now be observed by looking along the
string toward the source of the disturbance? As in
Chapter 10, we can apply the principle of superpo-
sition provided we account for the fact that these
vibrational displacements are perpendicular. It will
not be possible for these disturbances to combine
to produce a completely destructive or constructive
interference. We present two techniques for deter-
mining the configuration of the disturbance—the
first, a mathematical manipulation, the second, an
equivalent graphical construction.

To simplify the mathematics of our illustration,
we introduce the substitution

2T
6, = x (vt —z).

In addition, we devote our attention to the point
z = 0so that Eqs. (13-1) and (13-2) can be written

y = A, sin (6, + ¢,)

= A, cos ¢, sin 8, + A, sin ¢, cos 6, (13-3)
x= A, sin (6 + ¢,)
= A, cos ¢, sin 8+ A, sin ¢, cos 8, (13-4)

where we have used the identity sin (a = 8) =sin a
cos B +cos e sin B. To determine the vibrational
configuration independent of time, it is necessary to
eliminate

6, (= zTﬂ(vt)=zT”(fA)t = wt)

from the equations.t We do this by the following
sequence of operations:

1. Multiply Eq. (13-3) by A, cos ¢,, Eq. (13-4) by
A, cos ¢,, and subtract the resulting equa-
tions.

2. Multiply Eq. (13-3) by A, sin ¢,, Eq. (13-4) by
A, sin ¢,, and subtract the resulting equations.

3. Square and add the two equations obtained in
steps 1 and 2.

tNote that @ = 27f.  is called the angular frequency.
Since 2w is the number of radians per cycle, and f is the
number of cycles per second, @ is the number of radians
per second.

4. Simplify the result by using the identities
sinfe@+cos’a@=1 and cos(a+B)=cosa
cos B xsin a sin B.

When these steps have been performed (see Prob-
lem 13-2), we obtain the equation

Ay + A —2(AA, cos Ad)xy = AAsin’ Ad,
(13-5)

where A¢ = (b, — ¢,) is the phase angle difference
between the two transverse waves.

This equation may be recognized as the equation
for a conic section. For special values of A,, A,, and
A ¢, it leads to several common situations. Thus, if
either A, or A, is zero, the result is of course a
linear disturbance as outlined above, with vibra-
tions along either coordinate axis. On the other
hand, if neither A, nor A, equals zero and A¢ =0,
Eq. (13-5) becomes

(Ay—Ax)=0 (13-6)
or A
y= Ax X. (13-7)

This is a straight line disturbance also, but one
which is inclined to the x-axis by an angle , where
tan ¢ = A,/A. If A, = A,, ¢ = w/4, and the distur-
bance is composed of equal amounts along the two
coordinate axes.

A circular disturbance results if A, = A, and
Ap==2n+1)7w/2, where n=0,1,23,....
Finally, if A, # A, and A¢ # 0, the disturbance will
be elliptical in form. These results are summarized
in Table 13.1.

Now let us consider the second method, a graphi-
cal technique, for performing the same superposi-
tion of two transverse waves with perpendicular
vibrations but identical wavelength and propaga-
tion speed. Figure 13-1 is a simultaneous plot of y
versus wt in the upper right part of the diagram, of
x versus wt in the lower left part, and in the upper
left the resulting vibrational configuration is ob-
tained by plotting x, y values for identical values of
ot. In this example, A, # A, and A¢ = 7/2. The re-
sult is in agreement with the predictions of Table
13-1. It might be noted that this configuration can be
obtained on an oscilloscope if one applies the ap-
propriate sinusoidal voltages on the vertical and
horizontal inputs of the oscilloscope. Such figures
are known as Lissajous figures, and can be used to
determine unknown frequencies if a signal of
known frequency is available. (See Problem 13-3.)



Table 13-1 Summary of Vibrational Configurations.

Configuration of

Conditions Disturbance
A, =0,A,#0 Linear, along y-axis
A.#0, A, =0 Linear, along x-axis
AP =0, x2nm Linear, at angle
o A,)
¥ =tan ( A
from x-axis
Ap=*2n-)w Linear, at angle
= - Ay)
¢ = tan (—A,
from x-axis
Ap=*x2n-17m/2,A. = A, Circular

Ap==x2n-D7w/2, A # A,
n=1,213,....
(any integer)

Elliptical, principal
axes coincide with
x- and y-axes

A.# A,, Ad any value
not given above

Elliptical, principal
axes inclined to the
x- and y-axes

3 A, 3
1
5 1 \5 7
- L AN 27
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6_A A, 2 wt
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Figure 13-1 Graphical addition of perpendicular
sinusoidal vibrations (with equal wavelengths and
propagation speeds) transverse to the same propaga-
tion direction.

13-3 VECTORS AND VECTOR
ALGEBRA

In the previous section, we saw that it is possible
to “add” (superpose) disturbances and obtain re-
sults that are not consistent with simple algebra.
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That is, a positive disturbance and a negative dis-
turbance may yield a variety of results that are
neither simple sums nor differences. The reason, of
course, is that the quantities involved possessed not
only a magnitude but also a direction, and both fac-
tors must be accounted for in the superposition pro-
cess. Quantities of this sort, which are of frequent
occurrence in physics, are known as vectors. These
are in contrast to scalar quantities (or simply sca-
lars) that have magnitude only. For example, the
volume of a solid is a scalar, while the displacement
of a particle of a string is a vector. By displacement
of a particle, we mean the shift in location of the
particle (due to some source of disturbance applied
to the string, as above).

A vector quantity is illustrated graphically by
drawing an arrow from an origin to a point. The
length of the arrow is the magnitude of the vector,
and its direction specifies the direction of the vec-
tor. For example, Figure 13-2 shows the displace-
ment of a given particle of a vibrating string due to
a transverse wave propagating along the string in
the z-direction at a given instant. For the situation
shown, the particle is displaced from y =0, x =0to
the point y = A,, x = A.. From the Pythagorean
theorem, the magnitude of the displacement is A =
(Al + A" and the direction is given by

¢ =tan”' (2’)

Any given vector consists of parts (called compo-
nents) representing the extent of the vector in three
different (usually mutually perpendicular) direc-

A
________ A
A,
I
I
I
¥ I
A,
X

Figure 13-2 Graphical representation of the two-
dimensional vector A.
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tions. Thus, in Figure 13-2, A has no z-component
while the x- and y-components are A, and A,, re-
spectively. We can indicate that the vector A is
obtained as a vector sum of the components if we
introduce the concept of unit vectors. A unit vector
is a vector of unit length. An arbitrary vector of the
same physical kind and in the same direction as the
unit vector is then simply a scalar number (in what-
ever system of physical units is required for the
quantity) indicating the number of unit vectors that
are equivalent in magnitude to the arbitrary vector,
One convention is to denote unit vectors in the x-,
y-, and z-directions by i, j, and k, respectively. In
this notation, the vector A in Figure 13-2 becomes

A=Ai+Aj+0k
or, simply,

A=A+ Aj (13-8)

How do we add two vectors in general? The pro-
cedure is straightforward if the two vectors are
written in the form of Eq. (13-8) because the addi-
tion of any two x-components (and similarly for
y- and z-components) follows regular algebraic
rules. Physically, this must be true since we have
seen that constructive or destructive interference
can occur for superposition of two vibrational dis-
placements in the same direction. Thus, if C=
A + B, we must have

C.i+C,j+ Ck=(Ait+Aj+ Ak)
+(B.i+B,j+ B.k) (13-9)

or
C.= A +B,
C,=A, +B,
C.= A +B. (13-10)

From the Pythagorean theorem, it again follows
that the magnitude of C is

ICl=(C’+ 2+ CH™”
= [(Ax + BX)Z + (Ay + By)z + (Az + Bz)zlm

Example 1. Given vectors A = 5i+ 3j, B = 7i — 2j.
Find C=A+Band D=A-B.

SOLUTION
From Egs. (13-9), (13-10), and (13-11),

C=12i+j, |C|= V145,
D=—2i+5j, [D|=V2.

The results are also shown graphically in Figures
13-3 and 13-4. Notice that the figures demonstrate
that vector addition is commutative, that is,

A+B=B+A=C
and
A+(-B)=(—B)+A=D.

A knowledge of the mathematics of vectors is
essential for quantitative study in physics; the
reader is therefore urged to study carefully the ma-
terial presented in the Appendix. For the remainder

Figure 13-3 Graphical representation of C=A+B.
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Figure 13-4 Graphical representation of D=A-B.

of this chapter, the information provided above is
sufficient, and we turn now to the subject of polar-
ization.

13-4 POLARIZATION AND POLARIZED
LIGHT

The concept of polarization is used to identify
the possible vibrational configurations that can be
associated with transverse waves. From the discus-
sions of the previous sections, we can consider a
transverse wave in terms of a vibrational displace-
ment vector that lies in a plane perpendicular to the
direction of propagation and whose components
along two perpendicular axes are sinusoidal func-
tions of time and position along the wave, with
some phase angle difference between the two com-
ponents. The various configurations of Table 13-1
are thus identified as different states of polariza-
tion. For example, the first entry in the table repre-
sents a wave linearly polarized along the y-axis,
while the last entry represents an elliptically polar-
ized wave. From the analysis of Section 13-2, we
see that transverse waves will have either elliptical,
circular, or linear polarization. Furthermore, ellipti-
cal or circular polarization was shown to be the re-
sult of the vector addition of two linearly polarized
waves.

A transverse wave for which the vibrational dis-
placement vector points in a direction that varies

completely randomly with time is called an unpolar-
ized wave since there is no preferred vibrational di-
rection. To produce a linearly polarized wave from
an unpolarized wave, one needs a device known as
a polarizer, which will allow only one polarization
component to pass through it. For example, a trans-
verse wave on a string can be polarized by passing
the string through the slot between the boards of a
picket fence. Any vibrational displacement compo-
nent perpendicular to the slot will not pass through,
while the parallel component will be passed. A sec-
ond slot aligned perpendicular to the first will stop
any of the vibrational displacement component
transmitted by the first slot. If the second slot is
instead aligned parallel to the first, there will be no
reduction of the vibrational displacement. Since the
second slot can thus be used to analyze the polar-
ization of the vibrational displacements passed by
the polarizer, the second slot is called an analyzer.
For example, if a polarizer and an analyzer are used
with their axes of transmission at right angles and a
non-zero vibrational amplitude is observed, then
the wave must have a longitudinal component of
vibration. (Why?)

Let us now consider the case of light waves.
From the discussion above, if optical devices
analogous to the picket fence slots (polarizer and
analyzer) for waves on a string can be devised, then
the vibrational character of light waves can be
determined. There are in fact several ways of
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accomplishing this. The simplest is to make use of
materials which bear the general name polaroid
(their inventor is Edwin Land). A polaroid material
transmits nearly all the light with one linear polar-
ization but almost none having a linear polarization
at right angles to the first. Thus, the axis of polariza-
tion of the polaroid is analogous to the slots in the
picket fence of the string example. A polarizer and
an analyzer each made of polaroid with crossed
axes (polarization axes at 90° to each other) will
produce complete extinction for any light beam in-
cident on the combination. This is consistent with
our earlier assertion that light can be understood as
a purely transverse wave phenomenon. Note, how-
ever, that using more than two pieces of polaroid at
various angles gives results that have no analogue
with the string-picket fence case. See Problems
13-10 through 13-12.

An unpolarized light beam passing through a
polarizer will exhibit no variation in brightness as
the polarization axis of the polarizer is rotated in a
plane perpendicular to the propagation direction of
the light. This is because an unpolarized beam has
no preferred or prominent polarization features.
The random nature of such a beam requires that the
magnitude of the vibration component in one direc-
tion be no more (and no less) than that in any other
direction (transverse to the propagation direction).
On the other hand, a linearly polarized light wave is
easily identified by this test since the brightness will
decrease as the axis of the polarizer goes from an
alignment parallel to the polarization axis of the
wave to a perpendicular alignment.

Consider the following situation. The polariza-
tion axis of an analyzer makes an angle 6 with the
polarization axis of the polarizer. From our previ-

ous discussion, it follows that the amplitude of an
initially unpolarized light wave that is transmitted
by the polarizer can be described by a vector A
aligned parallel to the polarizer axis. Therefore,
since the analyzer axis makes an angle 8 with the
polarizer axis, the amplitude of the light wave
transmitted by the analyzer will be reduced to a
magnitude A’ = A cos 0 and will be linearly polar-
ized parallel to the analyzer axis, as shown in Fig-
ure 13-5.

Quantitative measurements of the reduction of
transmitted light in a polarizer-analyzer system are
made by a variety of devices (photocells, for exam-
ple) that determine the intensity of light incident on
the measuring device. The intensity of a light beam
is given by the amount of energy that is incident on
a given cross-sectional area of the detector per unit
time. In MKS units, the intensity is measured in
joules per meter squared per second. When such
measurements are made, it is found that I (the in-
tensity transmitted by the analyzer) is related to I,
(the intensity transmitted by the polarizer) by the
relation

I =1I,cos’6, (13-12)
where 6 is the angle between the polarization axes
of polarizer and analyzer. This relation is known as
Malus’ law, after its discoverer. We conclude that
the intensity of a light wave is proportional to the
square of the amplitude of the wave. That is,

T osto= (é_')’
A cos @ vk
since A’ = A cos 8 from above. It should be noted

that for an unpolarized wave I is only one-half the
intensity of the wave incident on the polarizer,

(13-13)

)

Incident
unpolarized
light Polarizer

Analyzer

Figure 13-5 Polarizer-analyzer effects on a normally incident unpolarized light wave.



since the directions parallel and perpendicular to
the polarizer axis should be equally effective in car-
rying the energy associated with the unpolarized
wave.

13-5 MATTER AND POLARIZED
LIGHT

In addition to the use of polaroid materials, other
methods for producing polarized light can be used.
One of the simplest techniques is based upon the
experimental fact that when light is incident upon a
plane surface the reflected part of the beam will be
linearly polarized to an extent that varies with the
angle of incidence. That is, for initially unpolarized
light one can regard the vibrations as being a combi-
nation of transverse vibrations that are perpendicu-
lar to each other and to the direction of propaga-
tion. It is conventional to identify the plane defined
by incident ray and the normal to the reflecting sur-
face as the plane of incidence (as in Chapter 6). As
Figure 13-6 indicates, the component of the polar-
ization parallel to the plane of incidence is largely
refracted rather than reflected. When the angle of
incidence has been adjusted so that a 90° angle re-
sults between the reflected ray and the refracted
ray, complete linear polarization perpendicular to
the plane of incidence results. When this is true, the
angle of reflection 8;: = 90 — 8,, where 6, is the angle
of refraction. Using Snell's law and letting the
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index of the reflecting medium be n, we obtain for a
beam incident in air (n = 1):

sin §,=n sin §, = n sin (90— 6;)
or
sin ;= n cos 6.

Therefore, when

tan 6, = n, (13-14)

total linearly polarized light in the reflected beam
results. This expression is known as Brewster’s
law, and the angle satisfying Eq. (13-14) is called
the Brewster angle.

Example 2. What angle of incidence is required
to produce linearly polarized light by reflection
using a flint glass plate (n = 1.65)?

SOLUTION
Using Eq. (13-14),
tan 6, = 1.65,
so that
0; = 58.80.

That the reflected light for the Brewster angle is
indeed linearly polarized can be demonstrated by
causing it to impinge upon a second reflecting sur-
face of the same material so arranged that the angle
of incidence is the same but with the plane of inci-
dence at right angles to that of the first surface.
When this is done, the light beam is extinguished,

Reflected
beam largely
polarized

A,

Plape of - ]
incidence

perpendicular
to plane of
incidence

Refracted beam
~—Z—" largely unpolarized

Figure 13-6 Polarization of a light wave by reflection.
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showing that the polarized light is parallel to the
now-rotated plane of incidence. At the Brewster
angle, total absorption occurs and no reflection is
observed. (One could of course use a polaroid anal-
yzer to show the same thing, but it is not necessary
to do so.)

Another polarization phenomenon was dis-
covered by Bartholinus in the seventeenth century.
Materials such as calcite, tourmaline, and quartz,
for example, were found to be capable of separat-
ing a light beam into two components in the follow-
ing sense. If a flat plate of such a crystal were
placed over a spot of light, two spots could be
observed at the upper surface. If the plate were ro-
tated about an axis parallel to the normal, one spot
remained fixed in position, but the other rotated
about the first. It is conventional to refer to materi-
als exhibiting this property as doubly refracting or
birefringent. The ray giving rise to the non-rotated
spot is called the ordinary ray, and the ray related
to the rotating spot is called the extraordinary ray.

Experiments with these materials have shown
that there does exist one direction in such crystal-
line materials for which the ordinary and extraordi-
nary rays are not separated. This unique direction is
called the optic axis. Huygens explained double re-
fraction by assuming that in the direction of the
optic axis the wavelets associated with the ordinary
or O ray spread out spherically, while those of the
extraordinary or E ray spread out in ellipsoidal
form, with the optic axis as an axis of revolution for
the ellipsoids. For directions not parallel to the
optic axis, the wavelets of the E- and O-rays travel
in the same direction but at different speeds. Thus,
there will be two different indices of refraction for a
given wavelength. It is common to quote values of
the indices of refraction for a direction at right ang-
les to the optic axis in which the E-ray wavelets
have a maximum (or a minimum) speed. As Table
13-2 indicates, the speed associated with the E-ray
wavelets may be larger or smaller than that of the
O-rays.

Although we will not pursue the matter, it is
worth noting that double refraction has its origin in

Table 13-2 Indices of Refraction.t

no ne
Calcite 1.6583 1.4864
Quartz 1.5442 1.5533

tFor sodium light, A = 5893 A.

the anisotropy, or non-symmetric, arrangement of
the atoms or molecules making up the crystalline
material. Since a light wave propagates in a trans-
mitting material by excitation of the constituent
electrons, any variation in environment encoun-
tered in various directions might be expected to
influence the propagation character of incident
light.

The value of doubly refracting materials in the
case of polarization rests on the fact that the ordi-
nary and extraordinary waves are found to be
linearly polarized at right angles to one another.
There are two methods for obtaining linearly polar-
ized light that make use of this fact. In the one
method, a material such as calcite is cut into a
particular shape, separated into two pieces, and
cemented together again using a transparent mate-
rial (such as Canada balsam) with an index of re-
fraction that can cause total internal reflection of
the O-ray while transmitting the E-ray, thus pro-
ducing a linearly polarized beam. Such a polarizer
is known as a Nicol prism, and the interested reader
will find additional details in almost any advanced
optics text.

The second method relies on the phenomenon of
dichroism—the ability of some doubly refracting
materials to strongly absorb one component of the
light passing through them, either the E-ray or the
O-ray. The inventor of polaroid, E. H. Land, dis-
covered that needle-like crystals of herapathite
(quinone iodosulfate), arranged to lie with their
optic axes parallel and embedded in thin sheets of a
cellulose material, are extremely dichroic. This dis-
covery and subsequent improvements have made
possible the development of large surface-area
po\larizers which have had widespread applications
in science and industry.
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PROBLEMS

1

10.

Two transverse waves of equal amplitude, frequency, and wavelength propagate simultaneously along
the same string. They are described by the relations
. 27 o
x;= A sin T(z—vt)+90
and

x;= A sin [2_;[(2 —vt)+ 30°].

(a) Using the principle of superposition, find the resulting wave disturbance on the string.
(b) Then repeat the process for the case A, =2A,=2A.

. Starting with Egs. (13-3) and (13-4), carry out the sequence of operations indicated to verify Eq. (13-5).
. Two sinusoidal transverse waves propagating in the direction of the z-axis have vibrations in the x- and

y-directions, respectively. The frequency of vibration in the x-direction is one-half the frequency of
vibration in the y-direction (f. =31f,). Using the graphical technique illustrated in Figure 13-1, construct
the Lissajous figures which result when A¢ = (a) 0, (b) 30°, (c) 45° (d) 60°, and (e) 90°. These figures
are what is observed with an oscilloscope for various A¢.

. Repeat Problem 3 for the case 2f, = 3f, and A¢ = 90°. Deduce from the result that the frequency ratio

f.lf, = n,/ny, where n, is the number of times the figure touches a vertical edge of the oscilloscope
screen and ny is the number of times the figure touches a horizontal edge of the screen. (Warning: As
illustrated in Problem 3, there are values of A¢ for which this interpretation would give incorrect re-
sults. See, for example, the figure in Problem 3 for A¢ = 90°.)

. A vector A has components A,, A,, and A, in the x-, y- and z-directions, respectively. If a, 8, ¥ are the

angles that A makes with the x-, y- and z-axes, respectively,

(a) show that cos a = A,/A, cos B = A,/A, and cos y = A./A, where A =[A’+ A+ A1, and

(b) show that cos’ a +cos’ B8 + cos’ y = 1. This result shows that if two directional angles of the vector
A are known, the third follows from this identity.

. Suppose A+B+ C =0 and also that A = B = C. Find the angle between A and B.
. Vector A is oriented at an angle # with respect to vector B. For A= A,i+ A,j and B = B,i,

(a) show that |A + B|=[(A, + B,)’+ A,]", and that
() A.=Acosh, A, =Asiné.
(c) Therefore, show also that
[A+B|=[A’+ B*+2AB cos 8]

This relation is a slightly rearranged form of the law of cosines for trigonometry. In texts on vector
analysis, it is shown that much of plane and solid geometry and trigonometry follows readily from
vector operations.

. Suppose vector A lies in the x-y plane and makes an angle of 45° with the x -axis. Give the magnitude

and orientation of a vector B such that |A+B|=|A—B|.

. Given A=5i—10j+8k, and B =1i+20j+12k.

(a) Find the magnitude of A+ B, A—B, and 2A +B.

(b) Find the angles A makes with the x-, y- and z-axes, respectively. (See Problem 5.)

Two polaroids with crossed axes of polarization are placed in a beam of light. A third polaroid is placed
between the other two with its axis of polarization at an angle @ with the axis of the first polaroid. If the
incident light is unpolarized and has an intensity I, show that the intensity of the light transmitted by the
third polaroid is given by

1, .
I= §Io sin’ 26.
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11. (a) For the situation described in the previous problem, determine the angle ¢ which provides the
maximum transmitted light intensity.
(b) Determine the maximum transmitted light intensity.

12. A stack of 7 polaroids is assembled with the axis of polarization of each polaroid making an angle of 15°
with the one preceding it. Thus, the first and last polaroids are crossed. If unpolarized light of intensity I,
is incident on the stack, what is the intensity of the transmitted light?

13. In Problems 10 to 12, it was assumed that the polaroids are ideal —that is, that light is transmitted only if
its polarization axis is parallel to the polarization axis of the polaroid. In practice, it is more nearly true
that a polaroid transmits a fraction p’ of the incident light if the polaroid axis and the polarization axis
are parallel and a fraction s’ is transmitted when the two axes are perpendicular. (For an ideal polaroid,
p’=1and s’ =0.) Unpolarized light of intensity I, is incident on a pair of real polaroid sheets that have
an angle @ between their polarization axes. Show that the transmitted intensity is given by

I=3(p*+s%cos’ 0 +p’ssin’ 6.
Show also that this reduces to the ideal expression discussed previously.

14. A beam of light in water (n = 1.33) is incident on flint glass (n = 1.65). For what angle of incidence will
the reflected light be linearly polarized?

15. (a) Sunlight is reflected from the smooth surface of a pond (n = 1.33). At what angle relative to the
vertical should one view the surface through a polaroid if surface glare is to be eliminated most
effectively?

(b) Should the polarization axis of the polaroid be vertical or horizontal?

Light from a sodium lamp (A = 5893 A) is incident normally on a rectangular plate of calcite which is cut

so that the optic axis is parallel to the faces of the plate. Determine the wavelengths Ao, Ag of the

ordinary and extraordinary rays in the plate.

17. When the plate of Problem 16 is cut to the proper thickness, the number of wavelengths of the ordinary
ray in the plate will differ from the number of wavelengths of the extraordinary ray in the plate by
one-quarter of a wavelength. Such a plate is called a quarter-wave plate. Determine the thickness of a
quarter-wave plate of calcite for sodium light.

18. Show that the thickness of a half-wave plate of a birefringent material for light of wavelength A (in
vacuum) is given by

16

A A

= o —n) " e —noy

where the denominator is to be positive. This, of course, depends on whether ng > no (like quartz) or
ne < no (like calcite). In a half-wave plate, there is one-half wave more of one ray in the plate than there
is of the other ray. Thus, the phase difference A¢ between the ordinary and extraordinary rays is =
when the light has traversed the plate between two polaroids.

19. A half-wave plate of calcite (for sodium light) between two polaroids is placed in an unpolarized beam
of sodium light. The plate is oriented so that the optic axis is at 45° to the polarization axis of the first
polaroid. If the polarization axis of the second polaroid is parallel to the axis of the first no light will be
transmitted by the system.

(a) Explain why. Hint: See Problem 17.
(b) What will be the situation when the two polaroids are crossed (but the optic axis of the half-wave
plate remains at 45° to the axis of the first polarizer)?

20. Repeat Problems 16 and 17 for a quartz quarter-wave plate.
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14-1 INTRODUCTION

In this chapter, we develop a vocabulary for dis-
cussing motion in a quantitative manner. Motion is
a concept with an imprecise meaning for us in terms
of everyday experience. If we are to gain an under-
standing of the connection between motion and its
physical causes, it is first necessary that we develop
a clearer picture of motion in terms of geometric re-
lationships and time. Such a study of motion (exclu-
ding its causes) is known as kinematics, while the
more inclusive study (which correlates motion and
its causes) is called dynamics.

The study of kinematics is made simpler initially
by discussing the motion of a fictional or ideal ob-
ject, the point-particle. Such a particle is com-
pletely described kinematically if the location of
the point in space is known as a function of time.
By contrast, a real, or physical, particle occupies a
volume in space, the dimensions of which as well as
the location of which may vary with time in a
complicated manner. The concept of a point-
particle is a simplification that is not only useful but
is also a quite reasonable approximation for real
situations in which the object in question has di-
mensions that are of negligible extent by compari-
son with other objects in its environment. For
example, one may regard the motion of a Tiros
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satellite about the Earth as that of a point-particle
because of the extreme disparity in dimensions.
Furthermore, the point-particle concept can be
useful for discussing a rigid body of non-negligible
dimensions. In this case, the object is regarded as
an aggregation of a large number of point-particles
that move in a correlated way because of influences
whose nature will be discussed at a later point in
our study of physics. To see that this point of view
is plausible, one need only recall that any physical
object is composed of one or more extremely small
entities known as molecules, each of which can be
said to approximate the ideal point-particle. A more
familiar example of a collection of point-particles
moving together is provided by a football that has
been kicked off and is in motion. To the receiver
watching it move toward him, it is irrelevant to
observe that the football is in reality many many
molecules of “pigskin” bound together in such a
way that they entrap and thus compel a great
number of air molecules to accompany the
“pigskin” in its motion downfield. To the receiver,
it is only necessary that he control his motion so
that his hands arrive at a given limited region of
space at the same instant that the collection of “‘pig-
skin” and air molecules arrive at that same location.
With these considerations as a motivation, we
adopt the point-particle concept as a means of ac-
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quiring a clear understanding of motion, deferring
until later a consideration of the complications that
can accompany the motion of a large aggregate of
correlated (essentially) point-particles when the
aggregate is of non-negligible dimensions.

14-2 DISPLACEMENT

In Chapter 13, we indicated that a point in space
is uniquely located if its three spatial coordinates
are given with respect to a particular origin of coor-
dinates. The vector specifying this point, called the
position vector, in rectangular coordinate form is
written as

r=xi+yj+zk (14-1)

where i, j, and k are the vectors of unit length in the
x-, y-, and z-directions respectively as in Chapter
13, and x, y, and z represent the multiples of the
unit lengths in the three directions, respectively.

Let us consider a particle (henceforth in this
chapter particle will mean point-particle) whose
position is initially given by

rn=xi+yj+zk,
and which is then shifted to a new position given by
r; = xi+ y)j + z:k.

Such a particle is said to have experienced a dis-
placement, defined by the vector equation

d=r—-r=0—x)+ (- yj+(z— 2. )k. (14-2)

From the laws of vector algebra (Chapter 13), the
magnitude of d is given by

d] = |(d - )" = |[(x:— x.) + (32— ¥y + (22— 2:)']""),
(14-3)

and the direction cosines of the displacement with
respect to the coordinate axis are obtained by form-
ing the dot or scalar product of d with the respec-
tive coordinate axes. Thus, for example, the angle
between d and the x-axis is given by the relation

d - i=d|li| cos (d,1) = (x;— x))
or

cos (d, i) = (a—x) ; x.),

(14-9)
with similar expressions for the other two coordi-
nate axes.

It should be stressed here that the displacement
is not the same as the distance traveled by the par-

ticle in getting from r, to r,. The distance traveled is
a scalar quantity that is vitally dependent upon the
path taken in moving from r, to r,, while the dis-
placement is a vector quantity giving the magnitude
and direction of the separation distance between r,
and r,. To see the distinction, consider a particle
that was originally located in New York City, that is
moved to Chicago via turnpikes, and returned to its
starting point by some alternative route. For this
situation, the displacement is zero since the initial
and final positions are identical. The distance
traveled, however, is non-zero. Furthermore, the
actual distance traveled cannot be given without
identifying the complete route taken.

Example 1. A particle moves along a circular
path of radius R from point 1 to point 2 and on to
point 3 as in Figure 14-1. Find the displacement and
the distance traveled in moving from point 1 to
(a) point 2, and (b) point 3.

1,3

Figure 14-1 System diagram for Example 1.

SOLUTION

r,=Ri=n;, r,=Rj. Therefore, for case (a),
d=(@—-r)=R(j—i) so that d = R((1)*+ (- H)™”
=V2R, and the distance traveled is given as s =
R /2 since it represents one-fourth of the circum-
ference of the circle.

For case (b); d=r;—r, =0, and the distance
traveled is s = 2#R, the circumference of the circle.

14-3 VELOCITY AND ACCELERATION

Although changes in location are adequately de-
scribed by the displacement, one frequently is more
interested in the manner in which the displacement
varies with time or the extent to which the change
in displacement with time is itself a function of



time. Accordingly, we define the velocity of a par-
ticle as the time rate of displacement. It is a vector
quantity, since displacement is a vector quantity
while time is a scalar quantity.

If the particle displacement d=r,—r = Ar
occurs in the time interval At = ¢, — t,, where At is
finite, then the average velocity is defined to be

(= x)i+(y—y)i+(z—z)k

- _Ar_
V_Al_ tLh— 4 > (1439
SO that
v=105i+5,j+ 0.k, (14-6)
where
- _Xo— Xy
b, = ot etc.

The magnitude of v is found by application of the
scalar product to be
¥ = (52 + 52+ 5)"”. (14-7)
Example 2. Suppose that the displacement in
Example 1(a) takes place in 10 seconds. Then the
average velocity will be

_nR—rn
lz"h

R

and the magnitude of the average velocity is

-G
10 10 10 °

If the time interval during which the displace-
ment occurs becomes very short, it is usually found
that the magnitude of Ar/At approaches a constant
value as a result of the physical fact that as the time
interval decreases so also does the displacement.
Thus, if we reduce the time interval until subse-
quent reductions do not change the value obtained
for Ar/At, we have effectively determined the vel-
ocity at a particular instant of time within the inter-
val t,— t,. This limiting process is, of course, more
rigorously presented in the differential calculus in
" defining the process of differentiation. Thus, one
writes that the instantaneous velocity v is defined

by the relation
veimA =
Graphically, the distinction between v and v is
clear. Figure 14-2 shows a schematic graph of r
versus ¢ for one-dimensional motion (along the x-
axis, for example). From our discussion above, ¥ is
represented by the ratio of the chord length be-

(14-8)
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-

mhooo 2D

Figure 14-2 Schematic graph of one-dimensional
displacement as a function of time.

tween points 1 and 2 and the time interval At =
t;— t,. On the other hand, v is the value of the slope
of the curve at a particular instant (or at least in a
very small time interval in the neighborhood of that
instant), for example, at point 3. At any interval
about point 3 for which the chord has the same
slope as the curve at point 3, the average velocity
and the instantaneous velocity at point 3 will be the
same. For example, if r is a linear function of ¢t
(r=r, +ct), then

v=_A£=r;—r.=(ro+ct;)—(ro+ct,)=c
At -t L—t '
But
v=ﬂ___d(r.,+ct)=c'

dt dt

Therefore, the average velocity and the instantane-
ous velocity are identical when the position of a
particle varies linearly with time. On the other
hand, if r is not a linear function of time but is
known either as an analytic function of time or as a
table of data relating r and t values, then ¥ and v
can be found either by analytic or numerical (or
graphical) techniques in a straightforward manner.

It also should be noted that the speed of a particle
in general is not equal to the magnitude of the vel-
ocity, since the speed is defined to be the distance
traveled divided by the time, a scalar quantity
which is path dependent, while the velocity is a
path independent vector quantity.

There are abundant examples in our daily lives of
motion for which the velocity is non-constant.
Thus, the scene available on any busy city street



110 Particle Motion

will show several “particles’” whose velocities are
changing in various ways (to ‘“beat the light” or
avoid a dented fender, for example). To discuss
such motions, we define the acceleration of a par-
ticle in a manner analogous to that used in defining
the velocity. Thus, the acceleration is defined as a
vector quantity that gives the change of velocity
with respect to time. The average and instantane-
ous acceleration, respectively, are defined as

s_Av_w-vi_ A (Ar)
1T At -1, At \At (14-9)
and
2
a=limdy_dv_dr (14-10)

a0 At I=F

Example 3. A particle obeys a displacement-
time relationship given by r=(5+2t+3t)i+
(4t — 6¢> + 3t%)j, where r is in meters and ¢t is in
seconds.

(a) Find the velocity and acceleration at t =0
seconds.

(b) Find the velocity and acceleration at t =2
seconds.

SOLUTION
(a) v(t)= % =[(2+68)i+(4— 12t +9t)j] m/sec,

a(t)— = [6i + (- 12 + 18¢)j] m/sec’;
therefore,
v(0) = (2i + 4j) m/sec, |v(0)| = 2V'5 m/sec,
a(0) = (6i — 12§) m/sec?, [a(0)| = 6V'5 m/sec’.

Similarly, for
(b) v(2) = (141 + 16§) m/sec, [v(2)] = 2V'113 m/sec,
a(2) = (6i + 24j) m/sec?, [a(2)| = 6V'17 m/sec’.

The average velocity and acceleration between t =
0 and ¢ =2 seconds are found to be

V= '(22) 8(0) S121i+8)) - 51)

= (8i+8j) m/sec, [v] =8V2 m/sec,
and

__v(2)—v(0)

a=To = 2[14i+16j i+ 4j)]

= (6i + 6]) m/sec’, |a| = 6V2 m/sec’.

The reader can determine the appropriate direction
of the various vector quantities by means of the

scalar product as in Eq. (14-4). It should be noted
that the motion in the x- and y- directions had dif-
ferent characteristics. The acceleration in the x-
direction was constant so that the velocity in the
x-direction was a linear function of time, while the
acceleration in the y-direction varied linearly with
time so that the y-velocity was a quadratic function
of time. This is a result that is quite general in that
the type of motion in one direction can usually be
discussed independently of the motion in either of
the two remaining directions in space, with the total
motion being obtained by vector addition of the
motion in the three space directions. Thus, for ex-
ample,

' a=ai+aj+ak

_dv, dvy dvz

=it aitak
d’x, d’y d2
=@t @t

14-4 UNIFORMLY ACCELERATED MOTION

Let us now consider the kinematical description
appropriate for a particle for which the acceleration
is constant. Then, since

dv
a= @ constant,

it follows that

<
|

<

<

Therefore,

v=v,+at. (14-11)

To determine the displacement in a time ¢, we first
find the average velocity in the interval (¢ —0) to be
the average

V+V|;| vot+at +v, at

=73 2 "ty

(14-12)

(Equation (14-12) simply states that the average vel-
ocity for a particle undergoing constant accelera-
tion for a time ¢ is given by the initial velocity plus
the acceleration times one-half of the total time in-
terval (¢t —0).) Next, the displacement during the
time interval (¢t —0) is found from the relation

d=¥(t—0)= vt +lap,

2 (14-13)

Since
d=r-r,,



we finally have

r=ry+vt +1at2.

5 (14-14)

Alternatively, we can relate the initial and final
velocities and the displacement by eliminating ¢ in
Egs. (14-11) and (14-13). This is most readily seen in
component form, Thus, for the x-components, we
have

U, = 0o T At

and
1
d, =X = Xo= vyt +§a,t s
from which
t = Uy — Dox
ax
and
v, — o), 1 (v.— v\
d: = vo, ( +z a,( )
=T a. 2 a,
_ vx2 _ v(z)i
2a,
or

v} =}, +2a.d. (14-15)

Similar relations in the y- and z-directions combine
vectorially to yield

vi=0p.+2a-d. (14-16)

Returning to Eq. (14-13), we see that the displace-
ment is the sum of two terms. The first, vot, repre-
sents the displacement due to a constant velocity v,.
The second term, (}at)t, represents the displace-
ment due to a linear change in the velocity from v,
to vo+at in the time interval (¢ —0). A graph of v
versus ¢ for one-dimensional motion with constant
acceleration is shown in Figure 14-3. The two terms
above correspond to the areas labeled 1 and 2 under
the linear curve, vo¢ and 3t(v,+at —v,), respec-
tively. Hence, d = v,f +3jat’, as we have already
found.

This graphical interpretation is more generally
applicable than just to the case of uniformly accel-
erated motion. To see that this is true, consider the
situation illustrated in Figure 14-4(a). Here, a is not
constant since v is a non-linear function of t. How-
ever, one can regard the curve as a sum of curve
segments for time intervals small enough to regard
v as a linear function of time in that interval as
shown in Figure 14-4(b). Then the total displace-
ment is the sum of the displacements for each small
interval during which a assumes a constant value.
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Thus,

N N
dzz)d.- =2)[v(ti+At)+v(ti)]A7t. (14-17)
It is at least reasonable that greater accuracy will
result if At is made increasingly smaller. In the limit
as At becomes vanishingly small, so that the
number of terms N in the sum becomes infinite, the
expression

d=1lim 3 [v(t; +At)+ v(t.-)]%'

Nox

becomes identical to the definition of the definite in-
tegral,

d=f' v(t)dt. (14-18)

Therefore, if the velocity is known as an analyti-
cal or graphical function of time, the displacement

R 2
7 %

Figure 14-3 Velocity versus time for uniformly accel-
erated motion.

(a) (b)

Figure 14-4 Velocity versus time for non-uniformly
accelerated motion.
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can be obtained as the integral of the velocity over
the appropriate time interval (or, equivalently, by
determining the area under the velocity-versus-time
graph in the units of the graph). The reader might
wish to show by an analogous argument that for an
arbitrary a-versus-t relationship, v(t) can be found
by the relation
t

v(t)=J’0 a(t)dt +v, (14-19)
or, equivalently, by determining the area under the
a versus ¢t curve in the units of the graph.

14-5 FRAMES OF REFERENCE

In Sections 14-3 and 14-4, we defined the quan-
tities displacement, velocity, and acceleration with
respect to a given system of coordinates. Thus,
when we write r = xi+ yj + zKk, it is understood that
x, y, and z are the spatial coordinates of a particle
with respect to a given origin (for example, the
center of the Earth). It is clear that the values for x,
y, and z of the same point in space will be different
if the point is referred to a new origin of coordi-
nates (such as a particular point on the Earth’s sur-
face). Should observations be made of the particle
by observers at rest at two different locations, they
can correlate their information only if they are able
to translate (both literally and figuratively!) their
measurements from one origin to the other or vice
versa. Such a translation corresponds to a transfor-
mation from one frame of reference to another. To
be specific, suppose an observer is at rest at the
origin of a system of coordinates (a reference
frame) labeled S,, and another observer is at rest at
the origin of another reference frame labeled S,.
Suppose, further, that the origins of the two refer-
ence frames are at rest and separated by a displace-
ment r;; (the subscripts are read as: the location of
the origin of S, with respect to the origin of S)).
Thus, it follows that r;, = — r;;. Now a particle at
point P in space would be described in S, as having
a position vector rp,, and in S, as having a position
vector rp;. As illustrated in Figure 14-5, the transla-
tion equation relating these position vectors is cor-
rectly given as

Fp1 =Ip2t+Ta. (14-20)

Example 4. Two students at opposite ends of a
laboratory table are at rest with respect to the table
when they observe a flash of light across the room

(o]

Figure 14-5 Translation of a position vector from one
reference frame to another. ‘

in a direction parallel to the length of the table. One
student reports a distance of 20 m to the point
where the flash occurred, while the other observed
a distance of 17 m. What is the length of the labora-
tory table?

SOLUTION
From the information given, one can write rp; =
20i m, rp; = 17i m. Therefore, from Eq. (14-20),

20im= 17im+r2| or Iy =3i m,

so that the laboratory table is 3 m in length. Notice
that we could have alternatively writtenrp, = 17i m,
rp2 = 20im, which would lead to r;;=—3im. The
physical interpretation here is still that the labora-
tory table is 3 m in length, but in this case the ob-
server in S, is nearer to the flash of light than the
observer in S, and the observer in S; is therefore
3 m behind him. (One would not conclude that the
laboratory table was 3 m less than zero length!) In
similar situations, one should always consider the
physical situation involved to avoid any apparent
mathematical paradoxes.

14-6 RELATIVE VELOCITY AND THE
GALILEAN TRANSFORMATION

Now we consider the problem of transforming
observations made by an observer in S, if the ob-
server in S, is in motion relative to him. To be
specific, suppose that at some instant of time the
origins of S, and S; coincide, and that the two ob-
servers synchronize their watches. The reference
frame S; and the observer at the origin of S, are
moving with a constant velocity v relative to
another observer at the origin of S,. A somewhat
frivolous example of such a situation could be ap-
proximated by two students in a laboratory cor-



ridor. One of the students is at rest while the other
is moving down the corridor on a skateboard at a
constant velocity v relative to the first student. At
the instant the two are side by side, they synchron-
ize their watches to read zero. We now assume that
the motion does not alter the synchronization of the
watches. (We shall see in the next chapter that this
assumption breaks down if v is comparable in mag-
nitude to the velocity of light.) It then follows that
the separation of the two origins is given by

ry =vt
or
(14-21)

r;=—vlt.

To continue the example, suppose that at a time ¢
the two students simultaneously observe a station-
ary rabbit down the corridor. The situation is de-
picted in Figure 14-6. It is clear that in this case

(14-22)

Fpi =TFp2+ Ty =Tp;+ vt

or, conversely

rpy=rp, — Vvl (14-23)

In the diagram, we imply that the motion is one-
dimensional (along the corridor), but we could con-
sider a more complex situation (for example, a
hummingbird hovering at a definite point in space
along the corridor while the student on the
skateboard moves at constant speed diagonally
along the corridor). In the more complicated case,
we would simply decompose the vector motion into
its spatial component equations and consider them
separately. Thus, Eq. (14-22) would become the
three equations

Xp1 = Xpy+ Ul
ye1=yr2 t 0y,

Zpy = Zpy + UL,

81 sz

vt ”‘zﬁ

ey

Figure 14-6 Diagram for the system described by Eq.
14-22,
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We see, therefore, that there is no essential in-
crease in conceptual difficulty if the relative motion
is not one-dimensional.

To see how the relative motion of the two obser-
vers will affect a kinematical description, let us now
assume that the rabbit moves from a point observed
in S, given by rp((t)) at time ¢, to a point rp(t;) at
time t.. The corresponding locations as observed in
S, will be found by means of Eq. (14-23). Now we
ask: What relationship is there between the average
velocities of the rabbit as measured by each ob-
server? From Eq. (14-5), the average velocity @, as
measured in S, is given by

— Arp, = Arp (1) — Arpi(t)

Up; At tz — tl (14-24)
From Eq. (14-22), this is equivalent to
{in, = (rea(ts) +vt) — (rp:(t) — vt)
o (t:— 1)
rea(ts) — reaty) Arp;
=4 _-_c
=ty " aty
= l—lpz +v (14'25)
or, conversely,
ﬁpz = l-lpl —-V. (14-26)

Once again in the limit as At becomes vanishingly
small, the average velocities in these equations may
be replaced by the corresponding instantaneous
velocities. Thus, we find that the observers obtain
results that differ by a velocity representing their
relative motion. Do they also obtain differing re-
sults for average and instantaneous accelerations
observed for the rabbit? The answer is no and fol-
lows from the use of Eq. (14-9):

fip = up,(t) — up () — Aup,

tz_ tl At
— (upx(t:) +v) —(ueat)) +v)
tz" tl
= A:t"z = &, (1427)

Similarly, in the limit as At =0, we obtain the result
that
(14-28)

ap, = 8p;.

These results may be summarized by the state-
ment that for reference frames that differ by a
constant relative velocity the acceleration remains
invariant to (is independent of) a transformation
from one reference frame to the other, while the
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position and velocity transform according to Egs.
(14-22) and (14-25) or, conversely, Egs. (14-23) and
(14-26). These transformation equations are known
as the Galilean transformation equations. They are
satisfactory only if the magnitudes of the velocities
involved are small compared to the speed of light.
In the next chapter, we derive the transformation
equations known as the Lorentz equations required
for high velocity situations. Since there is ample ex-
perimental evidence that the Galilean transforma-
tion equations are adequate for low velocities, it is
reasonable to anticipate that the Lorentz transfor-
mation equations must possess a form that reduces
to the Galilean equations whenever the velocities
are small in magnitude compared to the speed of
light. This expectation, in fact, will assist us in
finding the form of the Lorentz equations.

We conclude this chapter with a final example of
relative motion, which also proves to be useful in
the next chapter in describing the Michelson-
Morley experiment.

Example 5. Consider a stream of width w, which
has a uniform velocity (relative to the shore) of
magnitude v. Two swimmers A and B who swim at
a velocity u relative to the water are to engage in a
contest in which A swims directly across the
stream and back, while B swims downstream a
distance w and back again (see Figure 14-7). Who
wins the contest, and what is the difference in times
required by the two in completing their round trips?

SOLUTION
Swimmer B’s velocity downstream relative to
the shore is given by

Vgs = Vaw + Vws =u+v,
and his upstream velocity is
Vgs =uU—YV.

Therefore, the time required by B is given by

w
w . w __2u

= + = 3

ows = Y u—v 1_(2)2
u

For swimmer A, it is not sufficient to swim
straight across the stream. If he did so, the move-
ment of the water would carry him downstream, re-
sulting in his covering a distance greater than 2w.
He must, therefore, head upstream at an angle @
(see Figure 14-8) such that the component of his

| A

w

1 | I

—_—y

Figure 14-7 System diagram for Example 5.

velocity (relative to the water) parallel to the shore
is equal in magnitude but opposite in direction to
the stream velocity relative to the shore. If he does
so, his speed perpendicular to the shore is reduced
to

Uaw, = U COS 6.

Since u sin @ = v, it follows that
v 2\ 12
quL=u(l—sinz 9)1,2:“(1—(;)) .

As a result, his time of crossing one way will be

ud
w u

tl:“Awlz 1__(2) 13
u

On the return trip, it will again be necessary to head
upstream by a similar amount for the same reason,
so the return time would be identical to t,. There-
fore, the total time for A is

pd

u
tiowi A =—_va-
-]
u

Now, the expression

@<l

v

u
A Uay Ua.

N

Figure 14-8 Velocity vector diagram for swimmer A.
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Therefore, we conclude that swimmer A will take For x <1,

less time than B. The difference in elapsed times (xx) =1%xnx.
will be w In our case, the term [1 —(v/u)]"” becomes ap-
2; I proximately
At=ts—t, = T2 T 2 1/2_l . 1(2)2
-G -] o)
so that
(14-29) WA/ v\
Finally, consider the case for which (v/u)* < 1. Re- At= 2(;) [_2_ (;) ]
call that the binomial expansion is written wo?
2 = 73" (14-30)
(li-x)"=ltnx+9(—n_,—l)—x— . . . .
2! While this result is not realistic for swimmers ina
+ n(n - 1)(n —2)x’ e river, we will make use of Eq. (14-30) in our discus-
3! ) sion of the Michelson-Morley experiment.

PROBLEMS

1.

At time ¢t = 0, a body is traveling due east with a linear speed of 32.5 ft/sec. At time ¢ =4 seconds, the
body is traveling due north with a linear speed of 32.5 ft/sec. What is the magnitude of the average
acceleration experienced by the body?

. At the instant a motor patrolman waiting at an intersection starts ahead with a green light, an automobile

passes him with a constant speed of 50 ft/sec. The patrolman accelerates at 10 ft/sec’. How far from the
intersection will the patrolman overtake the automobile?

A stone is dropped from the top of a cliff 256 ft in height and, at the same instant, another stone is
projected upward from the bottom level with a speed of 96 ft/sec. At what height will the two stones
meet, or pass each other?

A dense ball is projected vertically upward at 30 m/sec. It rises higher than an observation point that is
15 m above its starting point.

(a) Compute the magnitude of its velocity as it passes the observation point on the way down.

(b) Compute the time from the start until the ball passes the observation point on the way down.

. An automobile is initially traveling with a velocity of 40 ft/sec north. Two minutes later the automobile

has a velocity of 120 ft/sec south. Determine the average acceleration experienced by the automobile.

. A ball shot vertically upward from the edge of a vertical cliff travels at 50 ft/sec when it reached a point

25 ft below its starting point.

(a) What was its initial velocity?

(b) How high did it rise above the cliff?

A ball is projected upward from the ground with a velocity of 60 ft/sec.
(a) How high will it rise?

(b) Find its velocity and height 3 seconds after it left the ground.

A ball released to roll down an inclined track has constant acceleration of 30 cm/sec’. When it passes
one mark on the track, the ball has a velocity of 40 cm/sec, and when it passes a second mark, it is going
130 cm/sec. Compute:

(a) the average velocity of the ball between the two marks,

(b) the distance between the two marks, and

(c) the time required for the ball to go from the first mark to the second mark.
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9. It takes 30 seconds for a car to travel half way around a circular track from the eastern-most point to the
western-most point of the track. The radius of the track is 1500 ft.
(a) Determine the car’s displacement during this 30 second interval.
(b) Determine the car’s average speed during this interval.

10. An automobile accelerates uniformly to 15 ft/sec in 10 seconds. Compute:
(a) the average speed,
(b) the average acceleration, and
(c) the distance traveled in the 10 seconds.

11. A car having an initial velocity of 8 m/sec south experiences, by the application of the brakes, a constant
deceleration of 2 m/sec’. Determine:
(a) the velocity after 3 seconds and
(b) the distance traveled and the average velocity during this time.

A raindrop falls at a rate of 50 ft/sec, and is at the same time blown to the east at 10 ft/sec by the wind. If

a car driving due east at 80 ft/sec has the drop graze its side window, find the angle its trace will make
~ with the vertical.

13. A ball is thrown vertically upward from the ground, and a student gazing out of the window sees it

moving upward past him at 16 ft/sec. The window is 32 ft above the ground.

(a) How high does the ball go above the ground?

(b) How long does it take to go from a height of 32 ft to its highest point?

(c) What was the initial velocity given to the ball?

(d) Find its velocity and acceleration one-half second after it left the ground.

12
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15-1 INTRODUCTION 15-2 THE MICHELSON-MORLEY

In this chapter, we briefly discuss the modifica-
tions required when transformation equations are
needed for situations where the magnitudes of the
velocities involved are comparable to the speed of
light. As was asserted in the previous chapter, the
Galilean transformation equations are then no
longer adequate. The need for modifications was
recognized as a result of the Michelson-Morley ex-
periment, which is described in the next section. In
order to “explain” the results of this experiment,
Hendrik Lorentz and George Fitzgerald indepen-
dently proposed an ad hoc solution by suggesting
that moving objects suffer a contraction in their
length in the direction of motion. Such a contrac-
tion would predict results in agreement with the
Michelson-Morley experiment, but such a bizarre
postulate was scarcely satisfactory philosophically.

A more fundamental approach was provided by
the special theory of relativity developed in 1905 by
Albert Einstein. As a result of this theory, the de-
sired transformation equations, known as the Lor-
entz transformation equations, are readily derived
as in Section 15-3. The remaining sections of the
chapter are devoted to an examination of the
kinematical consequences of the Lorentz transfor-
mation and the extent to which they are at variance
with our usual experience.

117

EXPERIMENT

In the 1880s, the wave theory of light (and, in
fact, of electromagnetic radiation in general) was
firmly established due to the experimental work of
Michael Faraday (and later of Heinrich Hertz) and
the theoretical work of Clerk Maxwell. A funda-
mental part of the wave theory was the assumption
that an extremely rigid, yet transparent and highly
permeable medium existed known as the luminifer-
ous ether (for brevity, we refer to it henceforth as
the ether), which served as the means of transfer of
solar and stellar radiation. Since sound waves do
not propagate without air or other molecules to
transmit the disturbance, it was argued by analogy
that electromagnetic waves also required a medium
for their transmission.

Therefore, the ether was assumed to occupy all
of space, and the Sun was assumed to be at rest in it
while the planets moved freely through it. As a
result, the ether (if its existence could be demon-
strated) could be regarded as a unique or absolute
frame of reference to which all others might be
referred. Michelson first and then Michelson and
Edward Morley sought to demonstrate by interfer-
ence techniques that the ether did exist and possess
the characteristics ascribed to it. The failure of
their experiments to indicate its existence led first
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to great consternation, followed by the efforts of
Lorentz, Fitzgerald, and Henri Poincaré to theoret-
ically explain the null results.

Figure 15-1 is a schematic representation of the
Michelson-Morley experiment. A Michelson inter-
ferometer (discussed in Chapter 11, Figure 11-5) is
arranged so that one of the light paths will be at
right angles to the ether through which the Earth is
moving, while the other light path is parallel to the
movement through the ether. (From the point of
view of the interferometer, the ether is streaming
through the interferometer with a speed equal in
magnitude to the orbital velocity of the Earth about
the Sun.) This physical situation was regarded as
analogous to the contest of the two swimmers (Ex-
ample 5 of Chapter 14) in that a difference in time
for the light to traverse the two different paths
would exist because of the movement relative to
the ether.

I )
h
Source 1
>
Partially /
reflecting L
surface M,
Observer
Ether drift
speed v
Figure 15-1 The Michelson interferometer as used in

the Michelson—Morley experiment.

This difference in times was to be observed di-
rectly in terms of a shift of the fringe pattern when
the interferometer was rotated through 90° to re-
verse the paths with respect to the ether. The inter-
ferometer fringe pattern arises because the two
mirrors M; and M, are not exactly perpendicular.
As the interferometer is rotated, a measurable shift
of the fringe pattern was expected to occur. To esti-
mate the magnitude of the shift, we make use of the
special case of Example 35, Section 6, Chapter 14.
When v is the ether drift velocity = 3 x 10* m/sec

and 4 = ¢ = 3 x 10* m/sec, the difference in time for
the two paths becomes

2
wv
At ="-—Cr.

(15-1)
For the interferometer, a time difference At is
equivalent to an optical path difference Al through
the relation

Al = cAt = na, (15-2)

where Al represents n fringes of light of wave-
length A. Thus, the expected number of fringes will

be
2 2
nzﬁﬂ’r:.‘f(_”_)' (15-3)

AcC A\c
Since each orientation will exhibit this fringe pat-
tern, the shift should be

2
w20 =22 (2],

y \G (154)

By means of multiple reflections, Michelson and
Morley were able to have w = 10 m and A = 5000 A.
As a result, they anticipated n.. = 0.4, a value sub-
stantially within the experimental limits of preci-
sion.

As indicated earlier, however, their result was no
observable shift, a result which has since been ver-
ified repeatedly by other experimenters at various
locations and at various times of the year. Later
experiments by Roy Kennedy and Edward Thorn-
dike, utilizing an interferometer having inter-
ferometer arms of differing lengths, obtained the
same null result. All these results demonstrate that
the ether, if it exists, does not possess any experi-
mentally observable properties. As a consequence,
its value in any theory must be severely limited.

Furthermore, the experiments, including those of
Kennedy and Thorndike, would strongly suggest
that the most likely way of explaining the null result
would be to assume that the speed of light in free
space was not affected by any motion of the source
or the observer. If this were true, then there would
be no time difference for the two paths, which is in
agreement with experiment. In this connection, it is
interesting to note that when Einstein published his
special theory of relativity in 1905 he was appar-
ently unaware of the Michelson-Morley experi-
ment. Instead, his paper dealt directly with the
description of events as viewed in reference frames
moving at high constant velocity relative to one
another.



The results of his analysis completely resolved
the puzzle of the Michelson-Morley experiment
without directly attempting to do so.

15-3 EINSTEIN'S SPECIAL THEORY
OF RELATIVITY

The conclusions Einstein reached in considering
reference frames in constant relative motion are
summarized in the two postulates that constitute
the special theory of relativity. We state them as
follows:

1. The speed of light in free space will have the
same value for all observers, regardless of
their relative motion.

2. The laws of physics must retain the same
equation form for all frames of reference mov-
ing at constant velocity relative to one
another.

In this section, we derive the transformation
equations obtained by Einstein using these pos-
tulates. They are identical to those obtained by
Lorentz a year earlier in an ad hoc fashion. We
begin by considering two reference frames S, and
S.. S, is in motion at a constant velocity v = vi
with respect to S,. (The restriction of relative mo-
tion along the x-axis is for convenience only. It
does not represent a fundamental restriction.) As
noted in the previous chapter, the transformation
equations obtained here must reduce to the
Galilean transformation equations in the limit of
v/c €1. We therefore assume (because of the
simplicity obtained) that the transformation equa-
tions connecting S, to S; have the form

X = k(X2 + Utz),

Y=Y
2= 2, (15-5)
We note that for v/c <1, k must go to 1 to give the
Galilean transformation. By Postulate 2, we must
have an identical form of transformation equations
connecting S; to S, except that now v is replaced
by — v because we are considering S, from the
point of view of S, instead of the former case.
Therefore, we must require

X = k(X| bt Utl),
Y2= Y
Z;= 2 (15-6)
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Now, however, we note an unexpected result. That
is, the times measured in the two frames are not
identical as they were taken to be in the Galilean
transformations. To see this, substitute Eq. (15-5) in
Eq. (15-6), to obtain

X; = k{k(X2 + Utz)}"‘ vt

or
(k*— Dx, + kot, = kot,,
so that
k’—1
t|=t2+( kv )Xz. (15'7)

Notice once again that if v/c <1 so that k — 1, then
Eq. (15-7) reduces to t, = t,—the Galilean transfor-
mation relation.

Next, we consider the following situation. As-
sume that at ¢, = 0, the origins of S, and S, coincide,
so that t, = 0 also [from Eq. (15-7)]. At this instant,
a light flash is generated at the common origin and
subsequently propagates as a spherical wave. Each
of the observers will describe the spreading wave
front as a spherical wave by Postulate 2. Since the
relative motion is along the x-direction only, the y
and z relationships are trivial (y,=y,, z; = z,).

In S,

(15-8)

x, = cty,
and in S,,
(15-9)

X = CtZ’

by Postulate 1.
From Egs. (15-6) and (15-7), Eq. (15-9) becomes

2
k(x1 - Utl) = thl +(1k—vk)X]

or
_ k(v +c)
X —mt;. (15-10)
But Eq. (15-8) requires that
X = ct,.
We see, therefore, that
c= vki(v +¢)
kz(v +c¢)-c¢’
from which
2
1_ €T 1
k= c’-vl 1-(/c)
and
- [ (")T'2 15-11
k = l— _E ’ ( = )
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where we have chosen the positive root to satisfy
the requirement that k -1 when v/c <1.

Thus, the Lorentz transformation equations are
seen to be

X, — vty)
XF‘%,
-]

c
Y27 Y
2= 2y,

VX,

h——=

T /.27
- ()]

c
The inverse transformation from S, to S, can be

shown by similar arguments to be given by the
equations

t,= (15-12)

(x,+ vt,)
-]
c
Y=Y
2, =2y
VX,
+__
t, o2

t = (15-13)

c

We see that our assumed transformation equa-
tion form, in addition to being simple, reduces prop-
erly to the Galilean transformation equation as
required. What we had not anticipated was the pre-
diction that not only position measurements but
also time measurements are affected by the motion
of the observer. In the sections that follow, we con-
sider some of the consequences of these transfor-
mation equations on measurements required for a
kinematic description of physical events as seen by
observers in constant relative motion.

15-4 THE LORENTZ CONTRACTION

Consider the following experiment. An observer
at rest in S, locates the ends of a rod also at rest in
S.. He finds that its length is given by L,=
Xir — X, where the subscripts R and L refer to the
right and left ends, respectively. A second observer
in a frame S, moving in the x -direction with speed v
relative to S, measures the length of the same rod
to be L = x;r —x2.. How do L, and L compare?

From Egs. (15-13) we obtain

+
Xig = _(Xm vvzt2)|/2,
1-(2)]
X)L = -(x"' :vztz')m.
-(2)]
Therefore,
Lo=Xxir —X1L =&%:L_?ﬁ
-]
or

v 2912

L= [1 - (;) ] L. (15-14)

We see that an object measured by an observer at
rest in the same reference frame will have a max-
imum length. An observer in motion relative to the
object will regard the object as moving relative to
him, and will obtain a smaller or contracted dimen-
sion along the direction of constant relative motion.
Notice that since v appears only as a squared quan-
tity in Eq. (15-14), it is irrelevant which reference
frame is regarded as the stationary one. Thus, an
observer in S, will regard an object at rest in S, as
contracted, while an observer in S, will similarly
regard an object at rest in S, as contracted. The
primary question is simply: What is the state of
motion of the object relative to the observer? If
they are in the same reference frame, their relative
velocity is zero and no motional effects are noted.
It is the relative motion that provides results at
variance with our Galilean expectations.

Example 1. A moving meter stick appears to be
shrunk in length to i m as seen by a stationary ob-
server. What is its speed relative to the observer?

SOLUTION
By Eq. (15-14), L/Lo = % = VI=(0/¢)., so that

=B
v= 160 0.97c.

15-5 TIME DILATION

Let us slightly modify the experiment of Section
15-4. In this instance, a stationary clock in S, re-
cords a time interval At, = t; — t,c. What is the time
interval as measured by a clock at rest in S,, which



is moving at speed v relative to S, along the x-
direction?
Again, from Eq. (15-13), we obtain

VX2 vX;
tz;—7 w=T
Aty=ty—tw=7 YA VAL
=@ (-]
c c
Ly — Iy At,

- [1 _ (2)2]”2 - [1 _ (2)2]1/2' (15-15)
c c

We conclude, therefore, that the moving clock
runs slow; that is, the elapsed time registered by it
will be less than that registered by the stationary
clock. This seemingly bizarre prediction actually
finds confirmation in data related to g mesons
(radioactive particles created in the upper atmos-
phere by cosmic rays). 4 mesons created in the
laboratory by high energy accelerators have been
found to have a mean lifetime before decay of
about 2 microseconds. Those created by cosmic
rays are observed (by an earthbound observer) to
have speeds of about 0.998 c. We might therefore
incorrectly conclude that during their mean lifetime
after creation they travel a distance given by y =
0.998 ¢ X 2x 10~° =~ 600 m, whereas they are actu-
ally created at altitudes an order of magnitude
higher and are still detected at the Earth'’s surface.
We can resolve this paradox in either of two ways.

First, in the rest frame of the u mesons (S,), the
distance traveled is given by y,=0.998¢ x
2x 107 =~ 600 m, since the mean lifetime was mea-
sured in the laboratory for which the p meson vel-
ocity was negligible. On the other hand, an earth-
bound observer would translate the distance
traveled by the moving u meson to be

c

in agreement with observations.

Second, the earthbound observer could measure
the lifetime of the 1 meson to be not 2 x 107 sec,
but the longer time (since the & meson’s “‘clock” is
in motion) of

-6 -6
At, = 2x107° 2x10

-G T

from which y, = vAt, =9000 m as before.

~3 % 107 sec,
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In either case, we find that the proper use of the
Lorentz transformation equations leads to results
in accord with experiment. At this point, we pause
to recognize a common objection expressed by stu-
dents of physics encountering time dilation or
length contraction for the first time. That is the feel-
ing that these results are in violent contrast to
“common sense.”” However, one must realize that
the term “common sense” necessarily refers to our
everyday experience, which is (for nearly all of us)
restricted to kinematic situations for which v < c.
As a result, these seemingly absurd effects are not
observable. Therefore, while the predictions are at
variance with ‘“common sense’ as identified here,
they are in no way rendered impossible. It would be
more satisfactory in fact to redefine ‘“‘common
sense”’ to mean “in agreement with experimental
results.”” In this way, the apparently unsatisfactory
predictions should be as acceptable as the predic-
tions of the Galilean transformation equations.

15-6 RELATIVISTIC ADDITION OF
VELOCITIES

In this section, we consider the effect of the Lor-
entz equations in the addition of velocities as in Eq.
(14-22). From Egs. (15-12), we can write

_ (g = XiL) — vty — )

X — X2 = [ (U)Z]IIZ
1—(2
c
and
viXig — X
(tlj — tl(l)_ ( 1R 5 lL)
c
by —tx= T2
v
- ()]
c
Since
X2k — XaL Xig — XL
y = — === (15-16
42 ty—tn and u, tiy—to ( )
we obtain from Egs. (15-16) the result
_ U—v _
Uz ——vulx. (15 17)

1- P2
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Similarly, we find that

Yk — ¥Yu
= ty —tp
- Yir — YL
1
[ v\ v(Xir — Xi)
1={= ty—to————=1——
L c/ | c
r 212
T
== = (15-18)
1_ vulx
s
and
12
[-@) e
U, = —— (15-19)
1——55—

As before, the converse equations are obtained by
the interchange of quantities from S, with those
from S,, and by replacing » by — v. In addition, we
see again that for v/c <1, Eqs. (15-17) through
(15-19) reduce to Eq. (14-26) as they should.

On the other hand, the results are strikingly
different from the Galilean predictions if the vel-
ocities involved are not small. For example, sup-
pose S moves at speed v = c/2 along the x-axis
relative to S,, and that the event observed is the
transmission of a light signal from a source at rest
in S, so that u, = c. Then, Eq. (15-17) predicts that

_c
€72
Uy =—F7 =0,
1- 2c
which is, of course, the result required by the first
postulate of special relativity. The reader can in
fact show that for any sequence of observers, each

PROBLEMS

moving at a constant velocity relative to the preced-
ing one, successive application of Egs. (15-17)
through (15-19) will provide the correct result.

Example 2. An observer at rest sees two high
speed objects approaching him from opposite di-
rections, each with a speed of 0.6 c. What is the
relative speed of the two rockets?

SOLUTION
From the point of view of the rocket at the left
(S), the observer has a speed of 0.6 ¢ to the left.
The speed of the rocket at the right is denoted by
u,, relative to the first rocket. Then, we have

_Mutyv  206)c _ 1
M= ke 140367 068 =T133¢ ~08%¢
+—E§_

Thus, the relative speed of the two rockets is
= 0.89 ¢ and not 1.2 ¢ as predicted by Galilean
relativity.

Finally, we remark that this brief discussion by
no means exhausts the new predictions that are a
consequence of the special theory of relativity. It
was our main purpose here to justify the assertion
of the previous chapter that at high velocities the
effect of motion on measurements is to produce
differences in the results obtained, depending upon
the state of relative motion. There is abundant liter-
ature at all levels (from the elementary to the ad-
vanced) on this topic, which is quite properly a
subject for additional study in physics. In the fol-
lowing chapters, we shall only occasionally need to
take further direct notice of special relativity
theory, since our principal interest is in classical
physics fundamentals. For this reason, we do not
consider at all the general theory of relativity,
which takes into account the motional effects that
arise when one reference frame is in accelerated
motion relative to another.

1. Verify the result n,. = 0.4 fringes for the Michelson-Morley experiment. Use the data given in Section

15-2.

2. Show that applying the Lorentz contraction to the interferometer arm parallel to the ether drift velocity
leads to a null result in the Michelson-Morley experiment.

3. Verify Egs. (15-13). Note that these relations follow from Eqs. (15-12) if one substitutes — v for v and
interchanges subscripts 1 and 2 throughout. What is the physical significance of this procedure?

4. Determine the value of the ratio v/c for L/L,=0.95, 0.90, 0.75, 0.50, 0.10, and 0.05.
5. What would be the value of the ratio L/L, for a speed v of magnitude 600 mi/hr?
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6. A high speed runner runs at a constant speed over a distance he judges to be 432 m. His wristwatch
indicates the time required was 2.88 X 10~ sec.
(a) What was his speed? (This will be the same as the speed of the ground relative to him.)
(b) What distance do stationary judges see him travel?
(c) How long does the run take him according to the stationary judges?

7. Two events occurring at the same time in S, are separated by a distance of 1 m along the x-axis. In a
frame S; moving at constant speed along the x -axis, the events are separated by a distance of 2 m. What
is the time interval between the two events in S,?

8. A cube with sides of length L moves with S; at speed v relative to S,.
(a) What is the volume of the cube as measured in S,?
(b) What is the value of v/c if the volume measured by S, is half that measured in S,?

9. A uranium nucleus traveling at 10° m/sec away from S, ejects an alpha particle at 1.5 x 10* m/sec relative
to itself toward S,. What is the velocity of the alpha particle as viewed in S,?

10. A stick of length L, is inclined at an angle 8, relative to the x-axis in S,. Find its length L, and its angle
of inclination 6, relative to the x-axis as viewed by an observer in S, moving at a speed v relative to S,
along the x-axis.

11. Starting with the relations

vxX,
(n-2%)
Uax =_—ul; and t:=ﬁ,
1-— 1-{—=
c c

_ du,, a _du, @=u
dtz s lx dt] [} dtl lxs

use the relations

Az

and the fact that v is constant, to show that
2732
[l hd (2) ] Qrx
@, =271
2x [I ~ Uuu]] .
c?

This transformation relation for the x-component of the moving object viewed from two reference
frames with a constant relative velocity will be valid only as long as the velocities u,, and u#,. remain less
than c.

12. A cosmic ray forms a particle having a lifetime of 107" sec when measured at rest. How far will it travel
before decaying if its speed is 0.95 ¢ when it is created?
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16-1 INERTIA, MOTION, AND FORCES

In this chapter, we shall be concerned with
dynamics, the relationship between the motion of
physical objects, and the causes producing the mo-
tion. Everyone has an intuitive understanding of
the relationship, for we are aware that muscular
effort in the form of pushes or pulls can cause mo-
tion. Furthermore, we distinguish between objects
in terms of their relative response to a given push or
pull. For example, a man who kicks with equal
vigor first a beach ball and then a stone of similar
dimensions will have no trouble identifying which
one experiences a greater change in its state of
motion. To describe this response, we introduce the
property of inertia and say that, of two objects sub-
ject to the same push or pull, the motion of the one
with the greater inertia will be affected least. Alter-
natively, we can say that an object whose state of
motion is observed to remain unchanged is not sub-
ject to any net push or pull. That is, because of the
inertia property possessed by physical objects, the
natural state of motion is one of complete rest or
constant velocity and changes from such a state of
motion can only occur by the application of some
outside effort. Such outside efforts need not be in
the form of muscular pushes or pulls. In physics,
the term force is applied to any form of effort that
can produce a change in the state of motion of an
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object. At the present time, physicists recognize
four fundamental kinds of force: gravitational,
electromagnetic, strong nuclear, and weak nuclear
forces. Gravitational forces are relatively very
weak and will be discussed in Section 16-5. Elec-
tromagnetic forces include both electric and
magnetic forces on charged particles and are much
stronger than gravitational forces (see Chapters 29
and 32). Strong nuclear forces refer to the forces
protons and neutrons exert on one another within a
given nucleus, while weak nuclear forces are re-
lated to the phenomenon of beta decay for some
nuclei. These nuclear forces are stronger than elec-
tromagnetic forces. However, they are important
only for very short distances (=10~ m) and hence
for nuclear particles. Since it is necessary to apply
the principles of quantum mechanics in this do-
main, we are not prepared to discuss these forces in
the remainder of the text.

16-2 THE CONCEPT OF MASS

Let us return to the kicked beach ball and stone
for the purpose of assigning quantitative signifi-
cance to the inertia property. Since we assumed
similar dimensions, it is clear that the volume of an
object is not a suitable measure of inertia. It seems
intuitively clear that the quantity of matter involved
in the case of the stone is greater than that of the
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beach ball, which would explain a greater inertia.
Instead of pursuing the idea of quantity of matter to
the microscopic or atomic level, we introduce the
concept of the mass of an object to explain the
inertia property. In particular, if we regard mass
as a fundamental quantity (as we have already done
with length and time), then we can define a unit
mass and subject it to some reproducible force in
order to determine the acceleration (change in mo-
tion) produced by the force. Any other mass can be
measured in terms of the unit mass by determining
the acceleration produced by the same force when
applied to the unknown object. We have implied
earlier that for a given force the change in motion is
less for greater inertia. This suggests that the force
should be proportional to the product of mass and
acceleration or, since the force F is the same in
each case,

F=ma=(1a, (16-1)
where
a, = the acceleration of the unit mass
and
a = the acceleration of mass m.
Thus, the mass m will be given by
m =21 (16-2)

For any two arbitrary masses subject to the same
force, the relation becomes

m _ &

m——— (16-3)

In the MKS system of units, the unit mass is the
kilogram (kg) and is, by definition, the mass of the
platinum-iridium cylinder known as the standard
kilogram, which is preserved in France. In addition,
from Eq. (16-1), we can derive the unit of force in
terms of the three fundamental quantities of mass,
length, and time. In the MKS system, the force unit
is the newton (nt). A force of one newton will pro-
duce an acceleration of one meter per second
squared when applied to a mass of one kilogram, or

1nt=1kgx 1 m/sec’.

We have previously noted that the second is de-
fined in terms of the atomic vibrations of cesium.t

+See the article “Standards of Measurement,” Scientific
American, June 1968, p. 50.

Specifically, 1 second = 9,192,631,770 Cs vibrations.
Since non-atomic standards are perishable, it
would be desirable to replace the standard kilogram
by an atomic standard (for example, the number of
atoms of the ordinary isotope of hydrogen in a
particular state of excitation having a mass equal to
the standard kilogram). For the immediate future,
however, experimental difficulties make it impos-
sible to obtain a precision comparable to that avail-
able with the standard kilogram (1 kg masses can be
compared to 1 part in 10° at the US National Bureau
of Standards). Therefore, standards laboratories in
the United States, Great Britain, Germany, etc.
have carefully prepared replicas of the standard
kilogram for use as secondary standards of mass in
their respective countries.

Although, for the most part, we shall employ
MKS units, it is proper to present a brief discussion
of the British engineering system of units because
of its widespread use in many English-speaking na-
tions. In this system, the second retains the defini-
tion of the MKS system. The unit of length, the foot
(ft), is also defined in terms of Kr* orange-red
wavelengths;

1 ft = 12 in = 12 X 41,929.399 wavelengths of Kr*
orange-red light.

In this system of units, force is chosen to be the
third fundamental quantity, and the unit of mass is
then defined in terms of force, length, and time. The
force unit chosen is the pound (Ib), and the mass
unit, the slug, is defined as the mass which will ex-
perience an acceleration of 1 ft/sec’ when a force of
11b is applied to it, or

1 slu, =———,l Ib
=1 ft/sec”

By defining the pound in terms of the pull of the
Earth on a certain standard body at a certain place
on the Earth, and comparing the standard body
with the standard kilogram, it can be demonstrated
that

11b = (0.45359237 kg)(9.8066 m/sec?)
=~ 4.448 nt,
and that

1 slug = 0.45359237 x 32.1740 kg
~ 14.59 kg.



Example 1. Two masses m, and m; are placed on
a frictionless, horizontal surface. Each is subjected
to the same constant accelerating force. Both are
initially at rest. After the time ¢ in each case it is
found that the distance traveled by m, is three
times the distance traveled by m,. What is the ratio
m./m;?

SOLUTION
From Eq. (16-1),
F = m,a, = m.a, = constant.

Since the masses are constant, it follows that the
accelerations are also constant. As a result, by Eq.
(14-13) we can write

dl = i a,tz,
1
dz = §a2t2
or
d_a
dz az.
Since
dl = 3dz,
S,
a;
Therefore,
m_a_1
m; a; 3
16-3 WEIGHT

When an object is placed near the Earth’s sur-
face, the gravitational force (Section 16-5) acts on
the object. If it is released, it will fall to the surface
with an acceleration designated by g——the accelera-
tion due to gravity. This gravitational force is called
the weight (W) of the object. Both force and accel-
eration are vector quantities, while mass is a scalar
quantity. Therefore, we write

W =mg, (16-4)
which indicates that the gravitational force W, and
the acceleration g it would produce on a mass m if
it were released (that is, if W were the only force
acting on m), both lie in the same direction. The
magnitude of g varies with location on the Earth's
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surface, ranging from a value of about 9.78 m/sec’
at the Equator to about 9.83 m/sec’ at the North
Pole. At a given location, however, g is essentially
uniform over a limited region of the Earth’s sur-
face. Local variations in the value of g indi-
cate non-uniform mass concentrations (mascons).
Geological surveys for oil and minerals make use of
this situation.

The equal arm balance utilizes this fact by letting
the force due to gravity act upon two objects—one
of which is the unknown, while the other is made up
of known masses. When the known mass total on
one side of the balance has the same mass as the
unknown on the other side, the arm of the balance
(see Figure 16-1) becomes horizontal, and the un-
known mass is thus determined. This process, un-
fortunately, is called weighing in practice; the
known masses used are called weights, which leads
to some confusion. The reason the masses are
stamped on the so-called ‘“‘weights”’ is that mass is a
measure independent of location, while the weight
is a measure of the force of gravity on the object,
and it varies with location. For example, a mass of
1 kg will weigh about 9.83 nt at the North Pole but
only 9.80nt in New York City. The mass will re-
main 1kg anywhere, barring nuclear reactions
(fission, fusion) or similar circumstances which we
do not consider here.

Aee

Unknown
mass

Standard
mass

Figure 16-1 The balance (schematic).

16-4 INERTIAL AND GRAVITATIONAL

MASS

In Section 16-2, we indicated a procedure for de-
termining the mass of an object in terms of the
acceleration produced by the application of a given
force. The mass value thus obtained is said to be an
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inertial mass. On the other hand, if we can deter-
mine both the weight of the same object (this is
discussed in the next section) and the acceleration
it experiences when released to fall near the Earth’s
surface, then we can calculate a gravitational mass
by means of Eq. (16-4). It is reasonable, but by no
means obvious, that the two values should be the
same, and many physicists (including Newton) de-
voted much effort toward providing experimental
verification for this assumption. That they are iden-
tical to within 3 parts in 10" was demonstrated in
1964 by R. H. Dicke and collaborators at Princeton
University.t

This assumed equality was used by Einstein in
1911 as the basis for the principle of equiva-
lence—an important part of his theory of general
relativity. Briefly stated, the principle of equiva-
lence says that it is not possible to distinguish
between an inertial (non-accelerating) frame of re-
ference in which uniform gravitational forces act,
and a non-inertial (accelerating) reference frame
where there are no gravitational forces but the re-
ference frame experiences an acceleration—g rela-
tive to an inertial frame.

As an example of this principle, consider two
elevator cars, each of which is sealed with an iden-
tical observer inside who cannot see outside. The
first car is at rest in a location where the accelera-
tion due to gravity is uniform and equal to g. The
other is removed to empty space beyond the galaxy
where there is no acceleration due to gravity. If this
second car is given an acceleration — g by the appli-
cation of the necessary force, the observer in this
car will experience the same force as the observer
in the first car. Furthermore, within their cars there
is no experiment that either can perform enabling
them to discover which car is which.

One of the important consequences of the prin-
ciple of equivalence that has been observed experi-
mentally is the predicted bending of a beam of light
by a strong gravitational force (for example, a light
beam from a distant star bent by the Sun as it
approaches the Earth). Unfortunately, it is not pos-
sible to pursue this fascinating subject here any
further.¥

1See Dicke’s article, “The Eétvos Experiment,” Scien-
tific American, December 1961, p. 84.

iThe interested reader is referred to Chapter 3 in R.
Skinner, Relativity, Blaisdell, 1969.

16-5 THE LAW OF UNIVERSAL
GRAVITATION

In Section 16-3, we referred to the weight of an
object at the Earth’s surface as a gravitational
force. This is because the object and the Earth are
observed to attract (gravitate toward) each other
unless the object is subject to a restraining force
whose magnitude equals the weight but whose di-
rection is opposite to that of the weight.

Example 2. An object rests on a bathroom scale
which reads 101b. This reading indicates that the
scale is exerting an upward force of 101b on the
object. Since the object is at rest, the weight of the
object is 10Ib and has a direction downward, so
that no net force is acting on the object.

The distance-dependence of the attraction of one
mass for another was first discovered by Newton
around 1670, but not published until 1686 (in part
because of previous irritating controversies his dis-
coveries had aroused, and also in part because of
mathematical questions which were not fully re-
solved until he had invented the methods of cal-
culus). Actually Newton’s discovery, the law of
universal gravitation, was of extreme importance
for it related not just two masses but all masses in
the universe. In words, the law states that:

Every particle of mass in the universe attracts
every other particle with a force which is
directly proportional to the product of the
masses, inversely proportional to the square
of the distance between them, and which acts
along the line joining them.

In equation form, the law of universal gravitation is
expressed as
_Gmm,

F,=——1r,
T

(16-5)

where

F, = magnitude of the force exerted by particle 1
on particle 2 and vice versa;
m, = mass of particle 1;
m, = mass of particle 2;
r; = separation distance of the two particles;
G = universal gravitational constant;
# = unit vector along the line joining the particles.

There are some philosophically unsatisfying fea-
tures about gravitational forces that the statement
of the law of gravitation and Eq. (16-5) fail to



clarify. Perhaps the biggest puzzle is, why do mas-
ses attract one another especially if they are some
distance apart? Experiment will demonstrate that
the attraction cannot be electrical in nature because
gravitational forces are far weaker than such
forces. (For that matter, why do electric charges
attract or repel each other as observed?) The reader
must understand that, in stating the law of universal
gravitation, Newton made no attempt to explain
why masses attract one another. What he did was
assert a relationship for determining such forces,
and then use it to explain a number of observed
phenomena (see Section 18-5). Since Eq. (16-5) can
be used to successfully predict experimental out-
comes ranging from satellite motions to the discov-
ery of hitherto unknown planets, it seems reason-
able to accept the reality of gravitational forces,
even though their exact nature remains unknown.
Certainly it is more fruitful to adopt without a
fundamental derivation a law enabling us to obtain
a more quantitative understanding of our universe
than to reject this understanding because we cannot
prove the “truth” of the law. (This attitude, in fact,
was another of the many great contributions that
Newton made to the development of physics.)

Another feature that is apparently a source of
difficulty is the assertion that every particle of mass
in the universe is attracting every other particle of
mass at every instant. If this is so, how can one
possibly ever hope to isolate two masses and per-
form an experimental test of Eq. (16-5)? Further-
more, we have already defined units of mass,
length, and time [so that the unit of force is also
determined by Eq. (16-1)]. How then are we to find
the value of G, the constant which makes an equa-
tion out of the proportionality asserted in the state-
ment of the law of gravitation?

The first question can be answered in terms of an
example. Consider a point mass m resting on the
surface of the Earth. One can easily show that the
force between any two particles is very small by
hanging them from slightly separated long thin
threads. Because the force each exerts on the other
is very small, the strings will both hang vertically;
after all, the mass of the Earth is so much greater
than any one small particle. Since the attractive
forces decrease as the square of the separation dis-
tance, it begins to be clear that except for very care-
ful measurements the attractive force due to the
rest of the universe on a particle on or near the
Earth’s surface will be primarily due to the mass of
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the Earth alone acting on the particle. (Similarly, an
astronaut on the surface of the Moon will experi-
ence a gravitational force that is almost exclusively
due to the mass of the Moon.)

As a result, to determine the gravitational force
exerted on the particle, one has only to sum up
(vectorially) the forces of attraction between the
particle and each element of the Earth. Newton was
able to show that if the mass of the Earth is a
function only of the radial distance from the center,
then the gravitational force exerted on a particle on
or above the surface can be calculated by assuming
the mass of the sphere is concentrated at its center,
giving a single separation distance in Eq. (16-5). In
this connection, recall that we have already called
this gravitational force on the particle its weight W
in Eq. (16-4). Therefore, if we combine Eqs. (16-4)
and (16-5), we obtain

Gme ,
T,

W=mg=m—7Ff,

R: (16-6)

where m: and R: are the mass and radius, respec-
tively, of the Earth. Since g and R: are easily
found, it follows that a knowledge of G is essen-
tially equivalent to a knowledge of the mass of the
Earth. For this reason, when Sir Henry Cavendish
determined a value for G in 1798, he was said to
have “weighed” the Earth in the sense of Section
16-3.

Let us briefly consider the Cavendish experi-
ment.t Figure 16-2 shows a light rigid arm bearing

Quartz fiber

Mirror (to measure 6)

.,4 Heavy mass

Z—Light mass

Figure 16-2 Schematic diagram of the Cavendish
experiment.

tAn annotated version of Cavendish’s description of
his experiment is given in M. H. Shamos, (ed.), Great Ex-
periments in Physics, Holt, Rinehart, and Winston, New
York, 1959.
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equal spherical masses at its ends, supported at its
center by a fine quartz fiber attached to a fixed posi-
tion. The large dashed circles represent two larger
spheres that are brought close (symmetrically) to
the smaller masses on the arm. The gravitational
force between the pairs of masses causes the quartz
fiber to twist through an angle such that the twisting
or torsional force due to the internal structure of
the fiber just balances the gravitational force due to
the mass pairs that are now at a measurable (fixed)

separation distance. By measuring the angle of
twist and separately measuring the force required
to cause that angle of twist, one can calculate G
(since the masses and r are also known). The cur-
rently accepted value in MKS units is

G =6.670 x 107" nt m*/kg’. (16-7)

The reader should show that the units given are cor-
rect.

PROBLEMS

1.

Starting from rest, a 2 kg mass moves 9 m in 6 seconds due to the application of a constant force. What
is the magnitude of the force?

. A 1kg mass is observed to experience an acceleration of 3 m/sec’ when subject to a given force. What

will be the acceleration of a 5 kg mass subject to the same force?

. It was suggested in Section 16-2 that the kilogram be defined (for example) as the number of atoms of

ordinary hydrogen required to equal the mass of the standard kilogram. List objections that can be
raised to such a procedure.

. By Eq. (16-4), the weight of a 1 slug mass at a point where g has a magnitude of 32.2 ft/sec’ is 32.2 Ib.

Calculate your mass in slugs and in kg. Also find your weight in newtons.

. For homogeneous materials, the mass m is directly proportional to the volume V of the material. The

B

10.

relation can be written in terms of the density p:
m=pV,

where p is a constant characteristic of the material. The density of water is 1 X 10’ kg/m’, and the mass
of a water molecule is about 30 X 1077 kg. If the water molecules are in contact with one another, what
is their approximate size?

A particle of mass m is placed along a line joining two particles (masses M and 3 M) that are separated
by a distance of 2 m. At what point will the forces due to M and 3M just cancel each other?

At what point along the line from the Earth to the Moon is the gravitational pull of the Moon equal to
that of the Earth? Give your answer as a fraction of Ry, the distance from the center of the Earth to the
center of the Moon. The mass of the Moon is about g the mass of the earth. This is the point at which a
moonship is said to “leave” the Earth’s influence and enter the Moon’s.

The planet Mars has a radius about 0.52 that of the Earth, and its mass is 0.11 that of the Earth.
(a) Find the ratio guw../ge.n (at the surface).

(b) If an astronaut in full equipment can just leap 2 ft upward on the Earth, how high will he be able to

leap on Mars?

Two homogeneous spheres of equal radii and made of a material of density p are in contact. Show that
the force of gravitational attraction between them is given by

16 =

9

Given the value of G from Eq. (16-7) and the value of g (take 9.80 m/sec’), use Eq. (16-6) to determine
the mass of the Earth. The radius of the Earth is about 6.4 X 10° m. Then calculate the average density of
the Earth.

E, = Grip®.



11.

12.

13.

14.

15.
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Find an expression for the variation of the acceleration due to gravity as a function of height h above
the Earth’s surface in terms of g, the acceleration due to gravity at the Earth’s surface, and Rg, the
radius of the Earth. Also show that at large height (h > Rg),

2
e~ (5):

For an astronaut on the surface of the Moon, compute the ratio of the pull of gravity due to the Moon to
the pull of gravity on him due to the Earth. The radius of the Moon’s orbit about the Earth is about 60
times the Earth’s radius. Assume the astronaut is on the side of the Moon facing the Earth.
A space explorer becomes separated by 6 m from the surface of a spherical asteroid he has come to call
home. His mass including equipment is 90 kg, while the mass of his asteroid is 45,000 kg. If the radius of
the asteroid is 30 m, estimate the greatest amount of time required for him to drift back due to gravitational
attraction. Assume he starts from rest.

To appreciate the weakness of the gravitational force, determine the magnitude of the force between a
1kg mass and a 10 kg mass separated by a distance of 0.10 m.

For the system shown in Figure 16-3:

m, =1kg, m,=2kg, and m; =3 kg.

(a) Find the force on m, due to m,. ¢ m, =1kg
(b) Find the force on m, due to ms. t
(c) Find the vertical and horizontal accelera-
tion components of m, due to m, and m.,.
(d) Find the direction and magnitude of the re- 1
sultant acceleration. °

Figure 16-3
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17-1 STATIC AND DYNAMIC EQUILIBRIUM

In the previous chapter, the mass of a particle
was related to the applied force and the resulting
acceleration by the relation in Eq. (16-1):

F=ma.

If the applied force is zero (equivalently, if the vec-
tor sum of all forces acting on the particle is zero),
the resulting acceleration is also zero and the par-
ticle is said to be in a state of equilibrium. When the
velocity is also zero, the particle is at rest or in a
state of static equilibrium. When the particle is in
uniform motion (constant velocity), the situation is
one of dynamic equilibrium. The feature common
to both types is a balance of forces resulting in no
acceleration.

Example 1. A particle of mass m is supported in
a state of rest by two forces F, and F,, which are
oriented as shown in Figure 17-1. In addition to
these forces, w = mg, the weight of the particle is
vertically directed downward. Find F, and F; in
terms of the weight w.

SOLUTION
Since the particle is at rest, the horizontal and
vertical components of the forces must separately
sum to zero. (There is no way a vertical force can
balance a horizontal force.) For the horizontal

force components,

F,cos37°— F;cos 53°=0,

0.80F, = 0.60F,
or
3
F] = Z Fz.

For the vertical force components,
F,sin37°+ F;sin 53°—w =0,
0.60F| + 0.80Fz =Ww.

F.sin 563°
F. sin 37°

F, cos 37°

F. cos 53°

w=mg

Figure 17-1 Force diagram for Example 1.
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Combining these relations, we obtain

0.60 (% Fz) + 080F2 =W,

so that
1.25F,=w
or
Fz = 0.80W
and
3

F] =ZF2=0.60W

Example 2. Figure 17-2 represents a particle of
mass m moving to the right with a constant velocity
v.. It is acted upon by a pulling force equal in
magnitude to the weight (Fp, = w), a drag force Fp,
an upward force Fv due to the surface and the
downward gravitational force w. Find Fy and F; in
terms of w.

SOLUTION
Again, the horizontal force components and the
vertical force components must separately sum to
zero. Therefore, referring to Figure 17-2, we have

Focos@—Fp, =0
and

Fv+Fpsinf0—w=0,
so that
Fp=Fpr cos 6 = w cos 6,

Fv=w — Fs sin 6.

Substituting the values given, we obtain:

F» sin 60°

Fo

'Fp cos 60°

w=mg

Figure 17-2 Force diagram for Example 2.

and

Fn=w —ii—é= (] —?)w
~=0.13w.

As these examples illustrate, the analysis of a
system in equilibrium can be described as a book-
keeping process in that there must be a complete
balance of forces. In cases involving many forces,
the process is made much more systematic if the
force components in the x-, y-, and z-directions are
entered in separate columns of a tabular form.
Summing the entries in each column must produce
a result of zero. The advantages of the tabular form
are that it minimizes the chance of omitting one or
more components and it facilitates checking the
arithmetic work to eliminate errors.

17-2 NON-EQUILIBRIUM MOTION

From the discussion of the previous section, the
reader may already have correctly concluded that
non-equilibrium motion occurs when the vector
sum of all forces acting on the particle does not
equal zero. In this situation, Eq. (16-1) is used to
determine the acceleration, from which the velocity
and displacement as a function of time can be
found as outlined in Sections 14-3 and 14-4. Alter-
natively, one can use a knowledge of the accelera-
tion to determine further details of the system of
forces acting on the particle.

Example 3. A particle of mass m is released
from rest to slide down a smooth incline that is
elevated at an angle @ above the horizontal. It is
subject to a downward gravitational force mg and a
normal force Fy directed perpendicularly upward
from the surface of the incline. Determine

(a) the magnitude of Fy and

(b) the acceleration in terms of mg and #.

SOLUTION
Since the motion occurs along the surface of the
incline, the normal force Fnv must be equal in mag-
nitude but oppositely directed to the component of
the weight acting normal to the incline surface.
Thus (see Figure 17-3),

Fv—wcos8=0
or
Fv = mg cos 6.
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Figure 17-3 Force diagram for Example 3.

The component of the weight acting in a direction
parallel to the incline surface is the only other
force. Therefore, the acceleration must be directed
along the incline in the same direction. It is given by

mg sin 8 = ma
or
a =gsiné.

This example provides an opportunity to illus-
trate one method of checking the correctness of our
solution. Thus, consider the extreme situations (i)
@ =0°, and (ii) @ =90°. In the first case, the incline
would become horizontal, Fv would equal mg, and
a would become zero (static equilibrium). In the
second case, the incline becomes vertical, Fx
would become zero, and a would become equal to
g. The reader can check that the equations for Fy
and a yield these results, and can therefore be ex-
pected to apply as well to intermediate values of 6.
Thus, by considering special cases for which we
know the answer, we check the general solution.

In obtaining our solution to this problem, the
physical requirement that the motion had to take
place along the incline was used to simplify the
analysis. In effect, a new set of axes parallel and
perpendicular to the incline were used in place of
the usual x- and y-axes. Let us now analyze the
problem in terms of x- and y-axes to demonstrate
that the results are the same. As Figure 17-4 illus-
trates, we can write the component parts of Eq.
(16-1) as follows:

Fy sin § = ma, = ma cos 6, @)
mg — Fx cos § = ma, = ma sin 6. (ii)
From (i), we obtain

F\ tan 8 = ma. (iii)

9

(b)

Figure 17-4 Force diagram for Example 3 in x-y
coordinates.

Combining (ii) and (iii),
mg — Fy cos @ = Fy tan @ sin 6,

mg cos @ = Fu(cos® 6 +sin’ 8)
or
Fv =mg cos 6,

so that from (iii)
a= %(mg cos @)tan @ = g sin 0,

as before.

Example 4. A particle of mass m = 1kg is ob-
served to move up a smooth incline with an acceler-
ation of 4.9 m/sec’ as a result of a pulling force Fr
applied at an angle of 37° above the plane of the
incline (which is oriented at an angle of 30° above
the horizontal).

(a) Find F;.

(b) Find Fw.

SOLUTION
As in Example 3, it is easier to consider motion
parallel and perpendicular to the plane of the in-
cline. Therefore, we resolve F, and w into compo-
nents in those directions. Equation (16-1) then
gives:

parallel components

Fp cos 37°— w sin 30° = ma =Ea;

00

perpendicular components

Fy + Fp sin37°— w cos 30°=0.
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Figure 17-5 Force diagram for Example 4.

Therefore,
w(sin 30°+ 9—)
- 8/
Fe cos 37°
and

N = w[cos 30° - (sin 30°+ g)tan 37"].

Using the numerical values given above, we find
that

p = ]22 nt
and

~ = 1.14nt.

The reader should verify that the parallel and per-
pendicular force components were correctly deter-
mined.

17-3 NEWTON'S LAWS OF MOTION

In analyzing the examples in the last two sec-
tions, we have made use of a limited number of
basic principles. First, Eq. (16-1) proved to be ade-
quate as a cause and effect relationship for both
equilibrium (a =0) and non-equilibrium (a# 0)
situations. A less obvious relationship was em-
ployed when we identified the normal force (Fx)
exerted by a constraining surface in the various ex-
amples. A normal force exists when a particle of
mass m is in contact with the surface. As a result of
the contact, the particle exerts a net force on the
surface due to other forces (gravitational, pulling,
etc.) acting upon it. If the particle is to remain on
the surface (rather than sinking into it or rising
above it), a force directed outward from the surface
of the correct magnitude must exist. In Section
16-5, for example, the object resting on the scales
exerted a force of 10lb downward on the scales

(because of its weight). Since the object remained
at rest on the scales, the normal force exerted on it
by the scales is an upward force of 101b.

In the language of physics, the normal force
exerted by the surface on the object is said to be in
reaction to the net force normal to the surface
exerted on it by the object. If the surface were to
vanish, so also would the normal force and the con-
strained motion associated with it. In the next sec-
tion, we will discuss at greater length the concept of
reaction forces (and the action forces that oppose
them). The remainder of this section is devoted to a
brief historical discussion of the above relation-
ships.

Galileo (1564-1642) found flaws in the mechanics
of Aristotle. His experiments involving moving
bodies led to the idea that a state of motion can
exist without an applied force, while a change in the
state of motion can only occur as a result of an
applied force. It remained for Newton (1642-1727)
to formulate a complete basis for analyzing prob-
lems of classical mechanics, the law of universal
gravitation, as well as his contributions to optics
and mathematics.

In 1687, Newton published his Principia, or
Mathematical Principles of Natural Philosophy.
The first two parts of the book deal with the mo-
tions of bodies by means of propositions, theorems,
and corollaries. In addition, these parts contain his
development of the principle of universal gravita-
tion. The third part of the book is devoted to the
solar system as an example of the applicability of
the principles presented earlier. His description of
mechanics is summarized in three relations which
have acquired the status of “laws” of motion. In
formulating these laws, it was necessary for him to
clarify the meaning of mass and force, which we
have discussed briefly in Chapter 16.

Newton’s three laws of motion can be stated (in
modern terminology) as follows:

I Every object continues in a state of rest or of
uniform motion in a straight line unless acted
upon by a net applied force.

II The product of the acceleration and the mass
of an object is proportional to the net force
applied to the object.

II1 When object A exerts a force on object B,
object B exerts on object A a reaction force
which is equal in magnitude but opposite in
direction.



Some comments are in order. First, Eq. (16-1) ex-
presses in equation form the statements of law I
(a =0) and law II (a # 0). In addition, however, one
must recognize that a frame of reference (see Sec-
tion 14-5) must be specified if accelerations are to
be unambiguously identified. A frame of reference
with respect to which a particle is not accelerated is
called an inertial reference frame, and law I is also
known as the law of inertia. Finally, it should be
noted that Newton’s original statement of law II
could also be expressed symbolically in the form

_d(mv)
T dt

If the mass m is not a function of time, Eq. (17-1) is
identical to Eq. (16-1). On the other hand, if m does
depend upon time, the two equations will not give
the same result. We will return to this question in
Chapter 19, where it will be seen that Eq. (17-1) is
the most generally satisfactory form of law II.

F 17-1)

17-4 ACTION AND REACTION

Law III can be interpreted as a statement that a
single isolated force cannot exist. Whenever one
object experiences a force, it does so because of
the existence of another object which must neces-
sarily be subject to a force in reaction to its action
on the first. Furthermore, one should understand
that the two objects need not be in contact, as we
assumed for the object on the scales. For example,
the law of universal gravitation [Eq. (16-5)] applies
to any two particles at any separation. It states that
each exerts on the other a force of the same mag-
nitude but opposite direction. (Thus a self-centered
individual could describe his weight as a force
equal in magnitude but opposite in direction to the
force acting on the Earth due to his mass.)

It is important to stress that the action-reaction
pair of forces act on separate objects and not on the
same one. As a result when one applies law II to a
given object, only one of the action-reaction pairs
will be included in the vector sum of forces applied
to the object. If this were not true, one would
never have a non-equilibrium situation. A common
paradox used to emphasize this fact is the follow-
ing: when a pitched baseball is hit by a bat swung
by a batter, it is observed to move away from the
bat. However, law III says the bat exerts a force on
the ball equal in magnitude and opposite in direc-
tion to the force it experiences due to the ball.
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Therefore, since the vector sum of these two forces
vanishes, a change of motion cannot occur. The
paradox is easily resolved by recognizing that
whether or not the motion of the ball changes de-
pends only upon the forces acting upon it and not
upon any reaction forces it exerts on other objects.

As a final example emphasizing this point, con-
sider once more the 101b object at rest on the
scales. This system involves four distinct forces—
the pull of the Earth on the object, the pull of the
object on the Earth, the force of the object on
the scales, and the force of the scales on the object.
All of these forces have the same magnitude but the
direction of the first and third forces are toward the
Earth, while the second and fourth are in the oppo-
site direction. In applying law I to the object (since
a = 0), only the first and fourth forces are involved
since the other two forces are exerted on objects
other than the 10 Ib object in question.

In analyzing situations involving more than one
particle, it is useful to schematically subdivide the
problem into separate parts (called free-body dia-
grams) and indicate all forces, whether action-
reaction or not. In this way, it becomes possible to
determine missing details of the total system.

Example 5. Figure 17-6 shows a system of two
particles whose masses are m, and m., respectively.
They are in contact on a smooth horizontal surface,
and have an acceleration a together to the right due
to an applied force F. Find the magnitude of the
force F, that the first mass exerts on the second.

SOLUTION
Figure 17-7 shows the free-body diagrams for the
system, with all the forces indicated. Since the mo-
tion is along the horizontal surface Fy, = m g, Fy, =
m,g. Law 1I for the horizontal motion of 1 and 2
yields the following expressions:

F-F|z=mla (l)
sz =m-.a (ll)
a—
F————a] 1 2
2 7

Flgure 17-6 System diagram for Example 5.
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Fa F,
Qe — a—a
Fe 1 ‘—Fw F2 2
////{/////7/////4////
W, =mg W2 = m.g

Figure 17-7 Free-body diagrams for Example 5.

Law III requires that F,, = — F;, (equal magnitudes
but opposite directions, as shown). Therefore,
adding Eq. (i) and Eq. (ii) gives

F=(m,+mya
or

a= F
m,+m;

(iii)

Substituting Eq. (iii) in Eq. (ii) gives the result

PROBLEMS

sz

Fy=F,= .
12 A —

(iv)

The reader can show by an identical argument
that if the two masses are interchanged (see Figure
17-8), then

Is this last result consistent with Eq. (iv)?

88—
F
" 2 1
ST/ 7777777777777

Figure 17-8 System diagram of Example 5 with
masses reversed.

1. Figure 17-9 shows a body of weight W supported at the midpoint of a wire of length L The forces at
point B exerted along and by the wire segments AB and BC (such forces are called tension forces) are

opposed by the weight W.

(a) Show that the tension forces T, and T, in
the wire segments are equal in magnitude.

(b) Find the magnitude of tension force T in
terms of the weight W and the angle ¢.

(c) For what angle ¢ is the magnitude of the
tension force T equal to the weight W?

Figure 17-9




2. In Figure 17-10, ¢, =60°, ¢.=30° and W=
2001b. Find the magnitudes of the tension
forces T, and T-. In this case, the wire lengths
AB and BC are unequal.

Figure 17-10

Problems
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3. A 3kg block resting on a smooth horizontal surface is subjected to a force of 8 nt.

(a) What is the acceleration of the block?

(b) If the horizontal force on the block is sup-
plied by hanging a weight of 8 nt over a
pulley and releasing the system, what will
be the acceleration of the block and the ten-
sion T in the connecting cord? See Figure
17-11.

Flgure 17-11

m=3 kg

T

)

777 ///////

/]

/1

W=8nt

4. What average force is required to stop a 224 1b fullback in a distance of 3 ft if his initial speed is

24 ft/sec?

5. An automobile weighing 4000 1b and traveling 60 mi/hr is to be brought to rest in 300 ft. What average

force must be exerted on the car?

6. A rope fastened to a 60 Ib block that is on a smooth plane inclined at 30° with the horizontal extends
upward parallel to the plane and over a pulley at the top of the plane. A 701b ball is hung on the end of

the rope vertically below the pulley. Find:
(a) the acceleration of the block and
(b) the tension in the rope.

7. A 1920 gm block rests on a frictionless table. A cord attached to the block passes over a pulley at the
edge of the table. A 40 gm block is attached to the hanging end of the cord. Calculate:

(a) the acceleration of the blocks and
(b) the tension in the cord.
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8. The blocks and the ball have the weights shown in Figure 17-12. The plane is smooth. Find:

(a) the acceleration of the ball and
(b) the magnitudes of the tension forces T, and
T, in the connecting ropes.

T T:
361b 241b

s T

w=36Ib

Figure 17-12

9. Atwood’s machine consists of two particles of masses m, and m; connected by a light string, which is

10.

11.

12.

13.

passed over a light, smooth pulley as shown in Figure 17-13. The magnitude of the tension T in the string
is the same on either side of the pulley. By applying Newton’s laws of motion, show that the acceleration
of the masses is given by

a =(m,— my)g/(m,+ my).

Provide a physical interpretation of this result
for the cases

(@ m,>my; T T
b) m <my;

C) m=m,.
() ' m

m:

Figure 17-13

Show that the tension in the string of an Atwood’s machine has a magnitude given by the expression

T - (2m1m; )g

/ m|+m;

Provide a physical interpretation of this result for the special case m;, = m..

In an Atwood’s machine experiment, the acceleration of the system is measured to be 0.49 m/sec’. The
lighter particle has a mass of 1.9kg.

(a) What is the magnitude of the tension T?

(b) What is the mass of the heavier particle?

A 0.5 kg block is allowed to slide down a rough inclined plane set at 30° to the horizontal. It starts from
rest and accelerates uniformly, traveling 2 m in 4 seconds. Find the magnitude of the constant retarding
force exerted on the block due to the rough surface of the incline. This force acts in a direction parallel
to the incline surface. s

A man weighing 160 1b enters an elevator, stands on a bathroom scale, and is accelerated upward at
2 ft/sec’.

(a) What weight is indicated by the scale in this upward accelerated motion?

(b) What would be the reading of the scale if the acceleration were 2 ft/sec’ downward?

(c) Suppose the elevator cable snaps while the car is in motion. What would the scale reading then be?
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PROBLEM SOLVING—A PLAN OF
ATTACK

18-1

If the motion of a particle (or system of par-
ticles) is to be analyzed in terms of Newton’s laws
of motion, there are several aspects of the problem
to be dealt with. First, one must be sure to include
all the forces that can have a measurable effect on
the particle. Furthermore, the nature of each force
must be understood at least well enough to assign
approximate values to the various parameters upon
which the force depends. For example, the effect of
a gravitational force {(due to one particle) that is
acting on another particle cannot be fully evaluated
unless the masses of the two particles and their sep-
aration distance are known. It is one of the aestheti-
cally pleasing aspects of physics that most of the
important force laws are simple in form however
powerful their consequences.

Second, an inertial reference frame must be cho-
sen that is suitable for the analysis of the particle
motion. In a non-inertial frame of reference, the
laws of motion will not give satisfactory results un-
less one or more ‘‘fictitious” forces are introduced
in the analysis. These forces have the effect of
“transforming” the problem from the non-inertial
reference frame to an inertial frame. For example,
one can generally regard a frame of reference at-
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tached to a stationary laboratory table as an inertial
reference frame for particle .motion on the table
top. However, for a laboratory on the surface of the
Earth, the table is in fact both rotating about the
axis of rotation of the Earth and traveling in a
nearly circular orbit about the Sun (see Section
18-5). Precise measurements would show that the re-
sultant acceleration of the table leads to small dis-
crepancies between the observed particle motion
and the predictions obtained from the laws of mo-
tion assuming an inertial frame of reference. In
Section 18-4, we will consider the effect of the
Earth’s rotation upon the weight of an object on the
surface of the Earth. Except for this example, we
will not consider the complications of motion rela-
tive to non-inertial frames of reference.

The remaining facets of the analysis required in
applying the laws of motion have to do with what
can be called procedural details, in contrast to the
conceptual or physical aspects discussed thus far.
As noted in Section 17-1, when the analysis has
been systematized to resemble a problem in book-
keeping, one can have confidence that few errors
will arise. Those which do occur will not be difficult
to locate if the desired systemization has been ac-
complished. The following suggestions should be
helpful in systematizing the analysis of any
problem.
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1. Determine all the non-negligible details of the
problem. In reading a “‘textbook™ problem, it
is useful to sketch in a diagram the essential
details of the problem as they are encountered
in reading. Show a symbol for every quantity
involved, and, if numerical values are given,
indicate them as well. Be sure that all similar
quantities have common units—do not at-
tempt to add pounds of force to newtons of
force.

2. Determine what physical laws (gravitation, for
example) are necessary in addition to the laws
of motion. Substitute in these expressions the
symbols of the relevant quantities from the
sketch of step 1.

3. Separate the vector equations where neces-
sary into algebraic component equations.
Solve these equations systematically for the
desired quantities in symbol form.

4. Check to see that the resulting solution equa-
tions are dimensionally correct before per-
forming any numerical work.

5. After the calculations are complete, try to de-
termine whether or not the results are reason-
able. This is a value judgment that becomes
easier to make with experience.

18-2 FRICTION

It is common experience that the external force
required to cause (or maintain) the motion of an
object kept in contact with a solid surface depends
upon surface characteristics such as degree of
cleanliness and smoothness. Thus, a rough surface
will offer a relatively great resistance to a change in
the state of motion of an object resting upon it. The
same surface if smoothed or lubricated will become
much easier to negotiate. One attributes this de-
creased resistance to motion to a lessening of what
are called frictional forces between two bodies in
contact. It is also observed that a less massive body
on a given surface will require a smaller force to
overcome friction forces than will a more massive
body on the same surface. Once a body has been
set in motion on a surface, it is usually observed
that the force required to maintain motion at con-
stant speed is markedly less than the force required
to set it in motion initially. Within rather wide
limits, this force is independent of the speed of the
object. Finally, it is found that the force required to
overcome friction forces is relatively insensitive to

the magnitude of the area of contact between the
object and the surface.

To attempt a detailed analysis of friction forces is
out of the question at this point, for it necessarily
involves the interaction of atomic or at least mi-
croscopic portions of the objects involved. Such in-
teractions are extremely sensitive to many factors
such as crystal structure, impurities or imperfec-
tions in the structure, and surface contaminations
to name a few. While the effects of these factors
could in principle be calculated with modern quan-
tum mechanical techniques, it is experimentally not
possible to obtain sufficiently accurate values of
the necessary physical parameters, although much
progress has been made.t

It is possible, however, to satisfactorily account
for the effect of frictional forces by introducing em-
pirical relationships based on the observations cited
above. In doing so, we stress the fact that these re-
lationships must not be regarded as fundamental
physical laws like Newton’s laws of motion. They
are valid only for limited ranges of the physical
parameters involved, and their use is justified only
by the realization that without them it would be
difficult to obtain even approximate solutions for
many common particle motion problems. One need
not apologize for the use of empirical relations, pro-
vided care is exercised to avoid their use outside
their range of validity.

We proceed by identifying the important parame-
ters involved in a particularly simple situation, il-
lustrated in Figure 18-1. A block of mass m is at

F. — - F
77 '7_//: 7747 774

W=mg

Figure 18-1 Force diagram for a system with friction.

tSee, for example, the article, “Friction,” by R. Palmer
in the February 1951 issue of Scientific American.



rest upon a horizontal surface, subject to four dif-
ferent forces. The weight of the block (W=mg)
acts downward, pressing the block into contact
with the surface. Since the block is at rest on the
surface, it follows that there must be a force
exerted upward on the block by the surface which
has the same magnitude. Since this force is perpen-
dicular (or normal) to the surfaces that are in con-
tact, it is common to identify this as the normal
force (N). The force designated (P) represents a
pulling force, and the frictional force due to the
contact of the block with the surface is labeled (F;).
Since the block is at rest, the magnitude of (P) must
equal that of (F,). Experimentally, one finds that P
can be increased in magnitude from zero up to a
maximum value. Exceeding that maximum value
will produce motion of the block.

This indicates that, for a static situation (no mo-
tion occurs), the friction force (F;) can assume val-
ues ranging from zero to a maximum value. This
maximum value is related empirically to the mag-
nitude of the normal force (N) by the relation

|Fyma| = pa NI, (18-1)
where u, is a dimensionless constant called the
static coefficient of friction. This relation just ex-
presses the observed fact that as the force of
contact (N) between the surface and the block is
increased, the friction force will increase in direct
proportion. This relationship holds true almost in-
dependently of the area of contact. It does not re-
main valid for a heavy object whose area of contact
is made to approach zero—for example, by grinding
the bottom to a (balanced) point surface. The
reason it fails in such a case is that when the entire
weight of the object is applied to such a small re-
gion of the surface, a local deformation of the sur-
face can occur. Motion in such a case would then
be similar to pulling a plow through soil rather than
along the surface of the soil. An example of this
type of deformation is the unfortunate creation of
dents in tile (and even hardwood or aluminum air-
plane floors) caused by women wearing spike-
heeled shoes.

To summarize the results of this discussion in-
volving Figure 18-1, the block will remain at rest so
long as the pulling force (P) has a magnitude given
by the relation

Pl < g1, [N| = psm]g]. (18-2)
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Equation (18-2) is valid because |P| = |F,| and |[N| =
m|g|. When [P| = u,|N], one is to infer that motion
impends, that is, we are to regard |P| as being in-
finitesimally close to, but less than u,[N|. Once
motion has begun, it is usually observed that the
pulling force required to maintain motion of the
block at constant speed along the surface can be
accounted for empirically by the relation

IP| = uIN], (18-3)

where ux is the kinetic coefficient of friction. In
general, ux < u,, which can be understood qualita-
tively by referring to Figure 18-2, which is a rep-
resentation of an enlarged portion of two surfaces
in contact. In general, an apparently smooth sur-
face is microscopically very irregular so that two
such surfaces are not in contact everywhere but
only at irregularly located points such as A, B, and
C. At such points, the interatomic forces of attrac-
tion are quite large and can be thought of as atomic
size “‘spot welds.”” To break these *“‘spot welds’ so
that relative motion can begin, requires relatively
large forces. Once motion is begun, the protruding
portions of the two surfaces move relative to each
other, which tends to reduce the strength of the
“spot welds.” Thus, once motion begins, a smaller
pulling force will be required to maintain relative
motion of the surfaces at a constant speed. As indi-
cated earlier, it is observed that within rather wide
limits the force required to maintain motion is inde-
pendent of the speed. Thus, Eq. (18-3) requires the
additional relation

[Pl = [Fs|= muxINI. (18-4)

We conclude this section with an example in-
tended to emphasize that, while N is perpendicular
to the surfaces of contact and F; acts tangent to the
surfaces of contact and in a direction opposite to
any actual or impending motion, it is not always
true that [N| = m|g| and [F,| = |P|.

Figure 18-2 Schematic enlargement of two surfaces
in contact.
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Example 1. A block of mass m and weight mg is
held against a vertical plane surface due to a hori-
zontal force P as shown in Figure 18-3. The static
and kinetic coefficients of friction are u, and ux,
respectively.

(a) Determine the magnitude of |P| if downward
motion of the block impends.

(b) Determine the magnitude of |P| if downward
motion at constant speed is taking place.

F

N—é|

/W=mg

Figure 18-3 Force diagram for Example 1.

SOLUTION

(a) Asindicated in the figure, in this case N+ P =
0 and F,+mg=0, or P=N, F,=mg Since
F; = u,N, it follows that mg = u,P or P = mg/p..

(b) In this case, the vertical and horizontal forces
are still balanced (since the speed is constant,
a = 0). Therefore, we obtain by the analysis used in
(a)

p="8
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In Table 18-1, we list some values for u, and ux
for various surfaces. Since friction forces depend
markedly on microscopic details of both surfaces
(surface cleanliness, crystalline imperfection, etc.),
these values should be considered as typical values
only.

Table 18-1 Coefficients of Friction (dry surfaces).

Substances s e
Teflon on teflon 0.04 0.04
Copper on steel 0.50 0.35
Aluminum on steel 0.60 0.50
Lead on steel 0.95 0.95
Copper on cast iron 1.05 0.30

18-3 PROJECTILE MOTION

There are many familiar examples of the type of
motion known as projectile motion. A projectile
fired from some type of cannon, a football put in
motion by a kicker, and a golf ball sent in flight by a
golf club all can be described by the same physical
characteristics with only minor variations in details.
Figure 18-4 illustrates the principal features: at the
origin, a particle of mass m has an initial velocity of
magnitude v, directed at an angle 6, relative to the
horizontal, brought about by the action of some
force (explosive propellant, muscular effort of the
kicker, or the force transmitted by the driven golf
club for the examples cited). We now limit our dis-
cussion to low speeds and ignore the rotation of the
Earth and air resistance. In this situation, the only
force that acts upon the projectile after launch is
the downward force of (or due to) gravity. New-
ton’s second law for this situation, in vector compo-
nent form is, from 2F = ma,

(18-5)

Equating components on both sides of this equa-
tion gives

-mgj=m(ai+qaj).

_dv,_d’x_

& _]F_W_O’ (18-6)
_dv, _d’y_

a, & de- g (18-7)

From Eq. (18-6), it follows that v, = constant. Now
from Figure 18-4, v,, = vocos 6, is the initial x-
component of the velocity. In the absence of any
forces in the x-direction, we see that v, = v, =
v, cos B,. In the y-direction, Eq. (18-7) requires that
(refer to Section 14-4)

" dv, = —gf dt
oy 0
or

v, = Uy, — gL. (18-8)

Figure 18-4 Schematic diagram of projectile motion.



Since
Voy = Uy sin 00,
we have

v, = vy sin 6, — gt. (18-9)

Similarly, we can find the x- and y- components
of the displacement by noting that

dx
v, =—=—=v,C08 &

dt

or
J‘ dx = P COS 00J‘ dt,
0 0
X = vgcos Ot ; (18-10)
and that
v, =%= v sin 6, — gt,
y i
f dy =f (vo sin 6, — gt)dt
0 0
or
y = v sin Ot —%gtz. (18-11)

What is the physical content of our mathematical
manipulations? First, the absence of forces in the
x-direction yields a constant velocity component in
the x-direction. As a result, the x-component of the
displacement is a linear function of the time. In the
y-direction, the acceleration is constant because
the force (due to gravity) in the y-direction is con-
stant. As a result, the y-velocity-component is a
linear function of time; the y-component of the dis-
placement, therefore, is a quadratic function of
time. We see further that the application of New-
ton’s second law for our projectile motion example
leads to a separation of the x- and y-components of
the motion. (The extension of the problem to in-
clude 3 components adds no further complications.)

Let us turn now to the questions:

1. What is the maximum height (y..,) attained by
the projectile and how long does it take to
attain it?

2. What is the range (R), the surface-to-surface
horizontal distance traveled by the projectile,
and the time of flight (f.)?

3. What is the shape of the trajectory (the path
traversed by the projectile)?

Itis clear, first of all, that v, must be equal to zero
when the particle is at the maximum height. (If it
were not, either the particle would still be moving
upward or would be in motion to a lower position.
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For either possibility, the y-displacement could not
be ym.) Therefore, Eq. (18-8) gives

0 = v, sin 6, — gt,,,

where t,, is the time from launch (¢t = 0) to the at-
tainment of y.... Thus,
ty = 2500 (18-12)
4
Substitution of t = t,, from Eq. (18-12) and y = Yumax
into Eq. (18-11) yields

_ vy sin’ @,
—

From Eq. (18-13), we can deduce (as might seem
obvious from experience) that a maximum height
for given v, and g will occur for a projectile fired
vertically (8, = 90°).

To determine the range R, we first note that when
t =t ¥ =0 (the projectile has returned to the
launch elevation). Thus, Eq. (18-11) requires that

(18-13)

Y max

0 = v, sin Oyt —%gt2
or

0= (v,, sin ou—%‘) t. (18-14)
Equation (18-14) has two solutions: (a) t = 0, the in-
itial situation; and (b) t = t ., = 20, sin 8,/g, the de-
sired time of flight. Notice that t.. is exactly twice
the time required to attain ym.,. This tells us that the
flight is symmetric; that is, it takes as long to go up
as it does to come down when one considers only
the vertical force due to gravity. Substituting the
value for t .. in Eq. (18-10) for the x -motion, we get

_ 2v¢ sin 6, cos 6,

R 18-15
2 ( )
or
).
R =%%. (18-16)

For fixed values of v, and g, the maximum value of
R will be obtained when sin 26, attains its max-
imum value, which is unity. Since this occurs for
20, =90°, we see that for maximum range the
launch angle must be 45°. (The reader who is
anxious to test the concept of “max-min”’ determi-
nations by calculus techniques can arrive at this
same result by solving the equation dR/d6,=0.)
The shape of the trajectory is not difficult to de-
termine. First of all, we already know the path is
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symmetric about the point (R/2, Yn.) Since fom =
2t.,. To determine the analytical equation, we sim-
ply eliminate the time parameter from Egs. (18-10)
and (18-11). Thus, Eq. (18-10) gives

X

= acos 0o (18-17)

Substituting this result in Eq. (18-11) yields

_ o sin 0, 1 gx2

Uo cOS O 2 vl cos’ 6,

x2

xtan o

vo cOS- 0o (18-18)

Since y varies quadratically with x, Eq. (18-18) pre-
dicts that the path of the projectile will be
parabolic. It is left for the reader to show that Eq.
(18-18) predicts a parabola that is symmetric about
the point x = R/2. (That is, show that when x =
R /2 + Ax the same value of y is obtained for posi-
tive or negative Ax.)

Finally, it should be noted that the analysis of
projectile motion carried out here is also valid for
such seemingly different situations as skiers leaving
the horizontal end of a ski jump or golf balls driven
from a tee to a green at a higher elevation.

Example 2. A skier leaves the horizontal end of
a ski jump with a speed of 20 m/sec. If the skier
lands 40 m out from the end of the ski jump, how
far below the end of the ski jump is the landing
point?

SOLUTION

Referring to Figure 18-5, it is clear that since 6, =

0°, vo, = vo, voy = 0. Therefore, from Eq. (18-17), we

.L_> Vo =20 m/sec

j—x=40 M-

Figure 18-5 System diagram for Example 2.

find the time of flight to be

Using this result in Eq. (18-18) gives the result

y= 2g(00> =-19.6m.
(The minus sign indicates a vertical displacement
below the origin.) Notice that this result also fol-
lows from Eq. (18-11) for 6, = 0°, as it should.

18-4 UNIFORM CIRCULAR MOTION

A particle in uniform circular motion follows a
circular path with a velocity that is constant in
magnitude. Its acceleration can have no component
tangent to the path since this would cause the mag-
nitude of the velocity to change. The changing di-
rection of the velocity requires an acceleration
component perpendicular to the velocity vector
(and the circular path)—that is, directed radially in-
ward. Such an acceleration is called centripetal
(center-seeking). The force associated with such an
acceleration (via the second law) is known as a
centripetal force, and it can arise in many ways. For
planetary motion discussed in the next section, the
force is gravitational in nature, while a whirling
stone on a string experiences a centripetal force
due to the tension in the string.

Before we consider examples of such systems,
let us first determine the kinematical relationship
between the centripetal acceleration and the veloc-
ity of a particle in uniform circular motion. Figure
18-6(a) shows the particle at two different points
along its path corresponding to positions separated
by a distance RA@, which was traversed in a time
At. The displacement As between the two points
can be viewed as the base of an isosceles triangle
with equal sides of length R. The two velocity vec-
tors v and v’ are also of equal length v, and each is
perpendicular to a radius vector of length R. Figure
18-6(b) illustrates the vector relation v +Av = v’
that the velocities must satisfy. Here again we have
an isosceles triangle whose equal sides are each
perpendicular to one of the equal sides of the
triangle of Figure 18-6(a). As you may recall, the
two triangles are said to be similar when such con-
ditions exist—that is, with identical apex angles,
which in this case are of magnitude A9. Further-
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Figure 18-6 Displacement (a) and velocity (b) vector
diagrams for uniform circular motion.

more, Av will be perpendicular to As. In terms of
the two triangles, therefore, we can write

_As_Av .
Ap == (18-19)
or
Av =R7vAs. (18-20)

Since the change in velocity Av occurs in a time At,
the average acceleration d is

g-4v_vAs -
A=At RAr (18-21)
In the limit as At =0, As will become tangent to the
path so that

o As_ds_

MarTar v

and 11'1_3 a = a. When At -0, As becomes tangent to
the path so that Av is directed radially inward as
required. We see, therefore, that the expression re-
lating the centripetal acceleration and the velocity
in uniform circular motion is

a==. (18-22)

R

In situations involving non-uniform circular mo-

tion, it is rather common to find the centripetal ac-

celeration denoted by ar, while the component

tangent to the path (which is responsible for the

change in magnitude of v) is given by ar—the
tangential acceleration.

From the discussion above, we conclude that for

a particle in uniform circular motion Newton'’s sec-
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ond law takes the form

SF = max. (18-23)

The physical significance of Eq. (18-23) is that re-
gardless of the nature or number of forces applied
to the particle of mass m, if it is in uniform circular
motion, the vector sum of these forces must be
directed radially inward.

Example 3. A boy fastens a small stone of mass
m to a light string of length [, raises it over his head,
and sets the stone in motion so that it travels a
horizontal circular path of radius r with a velocity
having a constant magnitude. Determine the ten-
sion T in the string and the magnitude of v in terms
of m, g, I, and r. (See Figure 18-7.)

SOLUTION
As indicated in Figure 18-7, we first resolve the
tension into vertical and horizontal components.
Thus,

T.=Tsin 8 (18-24)

and
T, =T cos 6. (18-25)

Applying the second law to the vertical forces, we
have equilibrium (no vertical motion)

T, —mg =0. (18-26)
For the horizontal motion, we obtain
2
T, = ma, = 22 (18-27)

mg

Figure 18-7 Force diagram for Example 3.



148  Applications of the Laws of Motion

Combining these last four relations yields

mv
T, _r v
f =tan§ = P = gr.
Since we can also write
tan 6 = 4 5
I"—r
it follows that
2
pi= \/‘Ti’:?. (18-28)

By combining Eqs. (18-24) and (18-27), we also find

T (18-29)

__mgl _ mg
VIE-r \/ (r)2
=\

Notice that our solution [Eq. (18-29)] indicates that
T - as r = I. This means that it is not physically
possible to swing the stone so that the string is
horizontal. If it were possible, Eq. (18-26) would
have to become

—mg =0,

because there would now be no vertical component
of the tension to counteract the force due to gravity
on the stone. Alternatively, Eq. (18-28) would re-
quire that v - © as r - [, which is also not possible.

As another example of uniform circular motion,
we now consider an object supported by a spring
scale at some point on the surface of the Earth. The
problem is to determine W, the reading of the
spring scale that will be the effective weight of the
object. At first glance, it would appear reasonable
to say that due to equilibrium the reading of the
scales will be equal to the product of the mass of
the object, and

_GM;
8= R

the acceleration due to gravity at the Earth’s sur-
face when rotation is neglected. However, because
the Earth rotates about its axis, a point on the sur-
face will be in uniform circular motion about the
axis of rotation. As a result, the object experiences
an acceleration toward the axis of rotation. In other
words, a point on the surface of the Earth cannot be
used as the origin of an inertial reference frame. In-
stead, we must describe the motion from an inertial
frame (with an origin at 0) that is fixed in space and
relative to which the Earth rotates about its axis.

Figure 18-8 shows a particle of mass m at rest at
point P on the surface of the Earth at an angle 6
(the latitude angle) above the Equator. At this loca-
tion, the magnitude of uniform circular velocity of
the particle due to the Earth’s rotation will be the
circumference of its path 2#r divided by the time T
corresponding to the rotation of the Earth (24 hours
or 8.64 x 10* sec). Since r = R¢ cos 6, it follows that

_ 27R: cos 0

T (18-30)

This means that there will be a resultant accelera-
tion directed inward along r toward the axis of
rotation given by

v? _ 47'Re cos

a =—
Tor T

For the Earth, Ry =~ 6.4 x 10°m, T = 8.64 x 10* sec,
so that a, =3.34 X 10 cos 6 m/sec’.

Now let us consider the forces acting on the par-
ticle. Figure 18-9 illustrates the situation with W’
representing the force supplied by the spring. W’
can be replaced by component forces Wk, =
W/ cosa and Wi= W'sin a, respectively. Simi-
larly, the centripetal acceleration directed along r
can also be replaced by components along OP and
tangent to the surface at P. Thus, the component
along OP has a magnitude

ar; = @, cos 0 ~3.34x 10 cos’ 9, (18-32)

(18-31)

Equator

Figure 18-8 Schematic diagram of a particle at rest
on a rotating earth.



Figure 18-9 Force diagram for the system of Figure
18-8.

and the magnitude of the component tangent to the
surface is
ar = a, sin 8 ~3.34 x 10 cos 6 sin 0
= 1.67 % 107 sin 26.

Now we can apply Newton’s second law in compo-
nent form to the radial and tangential parts just
evaluated. Thus,

(18-33)

W' cosa —mge =—mag, =—ma,cos § (18-34)
and

W’ sin @ = mar = ma, sin 6. (18-35)
By eliminating W’ from Eqgs. (18-35) and (18-36),
we can deduce that « must be rather small.
Eliminating W’ yields

a, sin 8
tanqg =———mm——
ge—a,cos @
or
tan o = 8/ aE) sin 6 (18-36)
1——cos @
8E
Since
a  3.34x 10"~ s
=" 98 3.3x10
and
0<6<90°

it follows that tana =3.3x107sin 6. We see,
therefore, that even when sin 8 is unity (P is at the
North Pole), a will be substantially less than 1° so
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that cos @ = 1. Returning now to Eq. (18-34), we
have
W' —mge = —ma, cos 6.

Using Eq. (18-31) and rearranging gives

W' =m(g: —3.34 % 107 cos’ 6)
or .

W' =mg.a~m(9.832—3.34x 10 cos’ §). (18-37)

This analysis shows that the effective value of g is
reduced (except at the North Pole, where cos 8
and, hence, r vanish). Therefore, the use of New-
ton’s laws assuming that the Earth is an inertial
reference frame cannot give a correct result unless
a fictitious “‘centrifugal” force F. of magnitude
given by ma. cos 8 and directed outward (from O to
P in Figure 18-9) is assumed to act. When this is
done, Newton’s first law (assuming an inertial
reference frame with origin at P) yields

W+F —mge=0
or
W' = mgeg —ma, cos 6,

which is just Eq. (18-37), as it should be. As noted
in Section 18-1, we will not pursue further the com-
plications due to motion relative to non-inertial
frames of motion. As a final remark, it should be
noted that this approximate analysis provides an
expression [Eq. (18-37)] for the variation of g.
with latitude, which is in good agreement with
experimentally determined values, ranging from
9.780 m/sec’ at the Equator to 9.832 m/sec’ at the
North Pole.

18-5 PLANETARY MOTION AND KEPLER’S
LAWS

To begin this discussion, we consider a simplified
version of planetary motion. Figure 18-10 shows a
star of mass M, about which a single planet of mass
m orbits in uniform circular motion. The radius of
the orbit is R, and T is the period or time required
to complete one orbit around the star. We assume
for further simplicity that the planet does not rotate
about its axis. For the Earth-Sun system, this
would involve a time error of only = 240 seconds in
one year, so it is not a serious departure from
reality. :

If it is further assumed that the star does not
move, then we can place the origin of an inertial re-
ference frame at the center of the star and use this
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Figure 18-10 Schematic diagram of a planet orbiting
a star in uniform circular motion.

frame to apply Newton’s laws to analyze the mo-
tion of the planet. The only force acting on m will
be the gravitational force due to M,, which will act
along the line joining the centers of the two masses
toward M.. Since the orbital velocity is tangent to
the path and constant in magnitude, the resultant
acceleration is also radially inward. Therefore,
combining Newton’s second law and the law of
gravitation gives

GM,m _ mv’

Since
, 2R
T ’
we can rearrange Eq. (18-38) to yield
7= A7 g (18-39)
GM,

Now, if we extend our model by assuming not one
but several planets orbit the star without perturbing
the motions of each other, then Eq. (18-39) shows
that for any two planets regardless of their masses,
T T,

pI3-pI-
R 2

(18-40)

Data obtained for the solar system (see Table 18-2)
show all the planets have nearly circular orbits
(only those of Mercury and Pluto are appreciably
non-circular). However, the large masses of the
planets lead to some small but significant depar-
tures from simple circular orbits for the outermost
planets. Historically, in fact, the barely visible dis-

Table 18-2 Solar System Data.

Mean orbit
Planet Mass (kg) Period (sec) radius (m)
Mercury  3.28 x 10* 7.60 x 10° 5.79x 10"
Venus 4.83 x 10* 1.94 x 10° 1.08 x 10"
Earth 5.98 x 10 3.16x 107 1.49 x 10"
Mars 6.40 x 10 5.94 x 107 2.28 x 10"
Jupiter 1.90 x 10 3.74 x 10° 7.78 x 10"
Saturn 5.68 x 10 9.30 x 10° 1.43 x 10"
Uranus 8.67 x 10 2.66 x 10° 2.87 x 10**
Neptune 1.05 x 10* 5.20x 10° 4.50x 10"
Pluto 537x10*t  7.82x10° 5.91x 10"

tUncertain

tant planets Uranus, Neptune, and Pluto were each
discovered only after the minor variations in the
orbit of a neighboring planet were accounted for by
assuming the existence of another planet further re-
moved from the sun.

The reader may well be puzzled by the fact that
planetary masses are given in Table 18-2, when it is
clear from Eq. (18-39) that the planetary mass is not
involved in the period-orbital radius relation. How-
ever, astronomers have measured periods and orbi-
tal radii for the satellites (moons) of the planets and
they are observed to also move according to Eq.
(18-39) with M, now understood to be the mass of
the planet. For example, the mean radius of the
Moon’s orbit about the Earth is 3.84 X 10° m, and its
period is 2.36 X 10°sec, so that

__ 47°3.84x10%
6.67 x 10777(2.36 X 10%*

M =5.98 x 10* kg.

(A similar calculation shows that the mass of the
Sun is 1.98 X 10* kg.)

Historically, Newton used the empirical relations
governing planetary motion that Johannes Kepler
had obtained (by careful analysis of astronomical
data gathered by Tycho Brahe) to deduce the law of
universal gravitation. We therefore state Kepler’s
“laws™ and try to confirm that such a connection
exists. There are three relations and they can be
stated as:

I The planets describe elliptical orbits, with the
Sun at one focus.
II The position vector of any planet relative to
the Sun sweeps out equal areas of the orbital
ellipse in equal times.



IIT The squares of the orbital periods are propor-
tional to the cubes of the average distances
of the planets from the Sun.

The reader may recall that a circle is a special
case of an ellipse (where the two foci coincide).
Then laws I and II are obeyed by our simple model,
and we have already seen in Eq. (18-40) that law III
is valid as well. It is not as easy to demonstrate the
fact that the law of universal gravitation satisfac-
torily predicts Kepler's laws for a general elliptical
orbit. However, since the difficulties are connected
with the geometry of ellipses rather than the physi-
cal principles involved we shall not pursue the
question here. There are numerous sources to
which the interested reader may refer.t

Example 4. An Earth satellite moves in a circu-
lar orbit at a height of 6 x 10’ m above the Earth’s
surface. Determine:

(a) the period of revolution and

(b) the magnitude of its velocity.

Note that the mean radius of the Earth is 6.40 X
10° m.

SOLUTION
(a) Since we were given the period and radius of
the orbit of the Moon about the Earth in calculating
the mass of the Earth, we can use them in applying
Eq. (18-40):

2_ 2 &)3
T =Tu (RM

_ ez { 7x10° )3
=(2.36 x10°) (m ,

32
n=2%xw%§%)>qw’

= 5.80 x 10° sec
= 97 min.

_27R, _27(6.40 +0.60) X 10°
T. 5.80 x 10°

_7xx10°
29

= 17,000 mi/hr.

() v

=7.58 x 10’ m/sec

1See, for example, M. Alonso and E. Finn, Fundamen-
tal University Physics (Vol 1), Addison-Wesley, 1967,
Chapter 13.
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18-6 CENTRAL FORCE PROBLEMS

We have seen in the last section that the law of
universal gravitation and Newton’s laws of motion
are sufficient for analyzing the motion of planetary
systems. The analysis can be made far more general
by noting that the form of the gravitational force is
rather special in that the force acts along a line join-
ing the two interacting bodies. Thus, the direction
of the gravitational force on the planet was taken to
be toward the center of the star, so that even
though the planet moved in a circular orbit, the
force always pointed toward the same central point.
Although we have not proved it, when the orbital
motion is elliptical rather than circular, the interac-
tion force must still be centrally directed. A force
that is always directed toward a fixed point is called
a central force. It can be shown that motion analo-
gous to that described by Kepler’s laws will result
regardless of the exact nature of the central force.

There are many situations in nature for which the
forces are either central or very nearly central. As a
result, understanding the characteristics of plane-
tary motion can lead to the analysis of any new situ-
ation if the interaction force is basically central in
form.

Although we will not discuss them here, two im-
portant cases of this sort from the field of atomic
physics are: (1) the motion of an electron about a
proton in a hydrogen atom is due to a central force
that is attractive and electrostatic in nature, and (2)
the scattering of alpha particles (helium nuclei) by
gold atoms in a thin foil is due to an essentially cen-
tral force that is repulsive and electrostatic in
nature.

One should not feel that there is little merit in
studying the motion of planets (or satellites) simply
because such studies have been continuing for over
300 years. After all, Rutherford used the alpha par-
ticle scattering technique to deduce the nuclear
structure of atoms in 1911, and the present space
exploration activities of the USA and the USSR are
based on the satellite motions that are in principle
no different from those of the planets around the
Sun.
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PROBLEMS
1. A 4.81b trolley moves along a horizontal track for which the coefficient of friction is i. It is pulled by a
string that passes over a frictionless pulley at the end of the track attached to a 1.6 Ib piece of lead that
hangs freely at the end of the string. Find:
(a) the acceleration of the trolley and
(b) the tension in the string.
2. A391b block A is placed on an inclined surface and connected by a cord to a 25 Ib hanging block B as
shown in Figure 18-11. The coefficient of friction between the block and the surface is 0.10. Compute:
(a) the acceleration of blocks A and B and
(b) the tension in the cord.
r3
ol
_B:I
Figure 18-11
3. Find the acceleration that will be imparted to a 10 kg block lying on an inclined plane by a force of 100 nt

parallel to the plane, if the plane is inclined at 30° to the horizontal and the coefficient of friction is 0.10
between the block and the plane.

. A cord extends horizontally from an 8 kg block on a horizontal plane over a pulley and then vertically

downward with a 5 kg ball at its lower end. The kinetic coefficient of friction between the block and the
plane is 0.250. Compute:

(a) the acceleration of the block and

(b) the tension in the cord.

. In Figure 18-12, m, is 1 kg and m, is 2 kg. The coefficient of static friction between m; and m; is 0.40. The

coefficient of sliding friction between m, and the table is 0.15. The body m; has that mass which, when

m, is released, gives the system the maximum acceleration possible without m, slipping relative to m..

(a) What is the maximum acceleration?

(b) What is the tension in the cord when the
system has the maximum acceleration?

(c) What is the mass of m;?

777 7z SIS

Figure 18-12
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An 80 Ib block on a long plane inclined 30° to the horizontal, starts from rest and slides down the plane.
The coeficient of sliding friction between the block and the plane is 0.25. Compute:

(a) the resultant force on the block,

(b) the acceleration of the block, and

(c) the time for the block to slide 20 ft along the inclined plane starting from rest.

. A block weighing 201b is on a plane inclined at 40° with the horizontal. The coefficient of friction

between the block and the plane is 0.50.

(a) What is the minimum push on the block, applied parallel to the plane, that will keep the block from
starting to slide down the plane?

(b) What push applied parallel to the plane will start the block sliding up the plane?

(¢) What push applied parallel to the plane will give the block a constant acceleration of 8 ft/sec’ up the
plane?

. A 20 Ib block on a long plane inclined at 30° to the horizontal is attached to a hanging ball of x Ib by

means of a cord and pulley as shown in Figure 18-13. The coefficient of sliding friction between the

block and the plane is 0.25.

(a) When the block is sliding up the plane at
constant speed, compute the weight of x.

(b) Later, the cord is cut, allowing the block to
slide down the plane. Find its acceleration.

Cale

xIb

30°

Figure 18-13

(a) A baseball player throws a baseball with a velocity of magnitude 96 ft/sec in a direction 30° above
the horizontal. If the baseball leaves the thrower’s hand at a height of 6 ft above the field, find the
maximum height attained and the time it takes to reach the maximum height.

(b) Find the horizontal distance traveled by the ball before it strikes the ground.

A basketball player releases a ball 6 ft above the floor at 60° above the horizontal. It passes through the
basket 2.1 seconds later, after reaching a maximum height of 29 ft above the floor.

(a) What was the speed of the ball as it left the player’s hands?

(b) How high above the floor was the basket?

(a) The angle of elevation of an anti-aircraft gun is 70°, and the muzzle velocity of the shell is
2700 ft/sec. If the shell is fused for 50 seconds, what is the greatest height the shell can reach before
explosion?

(b) What are the x- and y- coordinates of the shell 25 seconds after it was fired?

A golfer hits a ball and imparts to it an initial velocity 10 m/sec at an angle @, with the horizontal. At the

apex of its path, it just clears the top of a tall tree 50 m high. Find:

(a) the time for half the total flight, assuming a level golf course and

(b) how far away on the golf course the ball lands?

A bullet is fired from ground level. The horizontal component of the muzzle velocity is 1600 ft/sec and
the vertical component is 960 ft/sec.

(a) How long does it take for the bullet to reach the highest point in its trajectory?

(b) To what maximum height will the bullet rise?

(c) What is the horizontal range of the bullet?
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14. A golf ball is driven with a velocity of 200 ft/sec at an angle of 37° above the horizontal. It strikes a green
at a horizontal distance of 800 ft from the tee.
(a) What was the elevation of the green above the tee?
(b) What was the velocity of the ball when it struck the ground?

15. A car starts from rest on a circular race track of radius 1000 ft, and increases its speed at the rate of
4 ft/sec’.
(a) How long a time will be required to attain the speed at which the tangential and radial components of
the car’s acceleration are equal?
(b) How far does the car move along the track before the radial and tangential components of its
acceleration are equal?

16. A satellite travels in a circular orbit of radius 7.20 X 10° m with a constant speed of 7 m/sec.
(a) What is its acceleration?
(b) What is the average rate of change of speed?

17. A small box is placed 4 ft from the center of a horizontal rotatable platform. If the coefficient of static
friction between the box and the platform is 0.50, what is the maximum number of revolutions per
second the platform can make without having the box start to slide?

18. On a horizontal frictionless surface, a 500 gm body revolves in a circle whose radius is 90 cm. Find the
magnitude of the centripetal force on the body if it makes one revolution per second.
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19-1 IMPULSE AND MOMENTUM

In the previous chapter, a number of physical
situations were analyzed satisfactorily by direct
application of Newton’s laws of motion. In each
case, it was possible to identify the forces involved
without regarding them as explicit functions of
time. For projectile motion, the force due to gravity
was constant in magnitude and directed downward
throughout the motion. In the case of uniform cir-
cular motion, the centripetal force was constant in
magnitude and always directed toward the center of
the circular path. Thus, it was possible to analyze
the motion without regard to the fact that the cen-
tripetal force acts in a direction that varies with
time.

The situation is less agreeable when we attempt
to study cases involving forces that are explicit
functions of time, especially those acting for very
short time intervals and having magnitudes that
vary markedly during the interval. Using the sec-
ond law, as we did in Chapter 18, will then be
difficult. This is so because now the acceleration
must also become an explicit function of time,
which means that to determine the equation of mo-
tion (r as a function of time) will require two inte-
grations with respect to time. This can be seen
when we consider a mass m subject to a resultant
force F(t). Newton’s second law of motion requires

155

that
D Fi(t) =F(t) = ma,
_dv_F1) -
a=—_pr=-- (19-1)

We can now determine r(t) by two integrations
with respect to time as indicated in Eqgs. (14-18) and
(14-19).

It is not hard to see that if F(¢) is a complicated
function of time, it will be difficult to determine the
equation of motion. Furthermore, there are many
instances for which it is not possible to state the
time dependence of the resultant force in functional
form, which additionally complicates the problem.
As an example, consider the force imparted to a
golf ball when it is struck by a golf club. Until the
club contacts the ball, the magnitude of the force is
zero. It then rises rapidly to a very large peak value
corresponding to the most highly contracted or
compressed state of the golf ball. As the ball ex-
pands and begins to move away from the club, the
magnitude of the force falls rapidly to a value of
zero as contact is lost. Thus, a graph of the mag-
nitude of the force as a function of time might re-
semble Figure 19-1.

For forces of this type, we shall turn to an alter-
native approach for studying the motion. To begin,
we return to the second law and integrate it with
respect to time.



156 Momentum

Figure 19-1 Schematic graph of an impulse force as
a function of time.

J' F(t)dt =J' m adt. (19-2)
[\] 0

The integral f¢ F(t)dt, is defined to be the impulse of
the resultant force F(t). As we have seen, this in-
tegral may be difficult to evaluate. The integral of
the RHS offers no difficulty, however, for

¢ ldv _ v
J’omadt—mJ;Edt—mL dv

=m(v—v,). (19-3)

The quantity myv is defined to be the momentum of
a particle. In many texts, it is given the single sym-
bol p. Thus, we could write the relation

p=myv. (19-4)

In terms of momentum, Eq. (19-3) states that the
impulse of the resultant force acting on a particle
for a time ¢t is equal to the resulting change in
momentum of the particle during that time. It
should be noted that both impulse and momentum
are vectors.

Example 1. A golf ball of mass 0.05 kg is initially
at rest on a tee. It is then struck by the head of a
golf club which is in contact with the ball for 5 x
107 sec. If the ball leaves the tee with a speed of
80 m/sec find:

(a) the magnitude of the momentum for the ball
just after the contact, and

(b) the impulse delivered to the ball by the club.

(c) Suppose the ball had acquired the same initial
speed by means of a constant force F, acting for
the same time interval as the variable force due to
the golf club. What would be the magnitude of the
constant force?

SOLUTION
(a) From the definition of momentum, we obtain

p = mv = (0.05 kg)(80 m/sec) = 4 kg-m/sec.
(b) By Eq. (19-3), we have

f Fdt=mv -0
0
=4 kg m/sec.

(c) If the final momentum is to be the same, then
the change in momentum will also be the same.
(The ball still starts from rest.) Therefore,

f F. dt = Fff dt = (F.)(t) = 4 kg m/sec.
0 0

Hence,
_ 4kgm/sec

T5X10 'sec 800 nt.

F.

19-2 CONSERVATION OF MOMENTUM

The relation between impulse and momentum
[Eq. (19-3)] does not appear to have brought us any
closer to our goal since it is in reality only a thinly
disguised form of Newton’s second law. To see
how it can be put to good use, consider the collision
of two particles A and B that have masses m, and
msg, respectively. Initially, A and B have velocities
v. and vz, respectively. At time ¢ after the collision,
their velocities have become V4 and Vs as shown
in Figure 19-2. If the only force acting on either par-
ticle is the resultant interaction force, then the
force on A due to B, F .z, is (by Newton’s third law
of motion) equal in magnitude but opposite in direc-

A B AB A B

L[ ] L] L[ ] L[ ]

—— —— ————o— —~-— —

Va Va Fas Foa A Vs
Before During After
collision collision collision

Figure 19-2 One-dimensional two-body collision.



tion to the force on B due to A, Fsa That is,
F.s = — Fpa. By Eq. (19-3), the impulse of F,; is

f Fasdt =m,V,—muv,, (19-5)
1]
while the impulse of Fz, is
f FBA dt = mp Va — MpVp. (19-6)
0
Since
f FAadt =_I FBAdt’
1] o
Eqgs. (19-5) and (19-6) yield
myVy—muvy =mpvg —mpVy (19-7)
or
mAVA + vaB =MuVu + mgVp. (19-8)

Equation (19-8) indicates that for a system of two
particles subject only to an interaction force (no ex-
ternal forces) the total momentum of the system be-
fore the interaction is equal to the total momentum
after the interaction. Since there has been no
change in total momentum, Eq. (19-8) is a statement
of what is called the law of conservation of momen-
tum. Therefore, Newton’s laws of motion require
that, for a system of two particles subject to no
external forces, the total momentum of the system
must be constant (or conserved).

Example 2. A particle of mass m, = 1kg and a
velocity v, =35 m/sec to the right collides with a
second particle of mass m, = 2 kg, which is initially
at rest. In this collision, mass m, is deflected from
its original direction by an angle 8, =53°, and its
speed after the collision is v;; =3 m/sec. Find:

(a) the angle 0, for the direction mass m, moves
with respect to the original direction of m,, and

(b) the magnitude of the velocity of the second
mass (vy) after the collision.

SOLUTION

Before the collision, the total momentum of the
system is m,v, =5kg m/sec, and it is directed
along the x-axis. From Eq. (19-8), therefore, the
total momentum afterward must also be along the
x-axis. However, v,; has both x- and y-components,
so it follows that vy must also have x- and
y-components. Figure 19-3 illustrates the situation
before and after the collision. We have shown m,
moving downward when m, moves upward. This
must be true if there is to be no y-component for the
total momentum. If the final momenta for m, and m,
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miv,, =5 kg m/sec mv,, =3 kg m/sec

.—.———-—-—‘—53;2 :_g'_. .
muvy, =7
Before After

Figure 19-3 System diagram for Example 3.

are broken into x- and y-components, Eq. (19-8) and
Figure 19-3 require that

m, v, = m,v; cos 0, + m,vy cos 6, (i)
and
0 = m,v,; sin 8, — m,vy sin 0. (i)

Combining Eqgs. (i) and (ii) yields

Vs sin 91
Vo — V5 COS 91‘

tan 6, = (iii)
Sabstituting numerical values in Eq. (iii) shows that

0, = 37°. Using this result in Eq. (ii) gives
vy =2 m/sec.

At this point, we digress briefly to mention that
one of the goals of the physical scientist is to dis-
cover the various conservation laws governing the
material world. Other conservation laws will be en-
countered as we continue our study. For example,
it is found that, regardless of the nature of interac-
tion involving a system of electric charges, the net
(positive, zero, or negative) charge of the system is
constant. We say, therefore, that the electric charge
of a system of particles is conserved. (It is this prin-
ciple that guides the chemist in balancing a chemi-
cal reaction involving a number of positive and
negative ions.) By determining all the physical
quantities that must be conserved in a given in-
teraction, it may be possible to determine fully the
later behavior of the system without direct applica-
tion of Newton’s laws of motion. What is more, the
application of conservation laws not only may suc-
ceed where the direct approach fails, but will fre-
quently be quite easy to accomplish.

At this point, the reader may have deduced
another apparent conservation law involving col-
liding particles. We refer to the fact that when bil-
liard balls collide their total mass remains constant
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during the collision, so that one is led to propose a
law of conservation of mass for a system of par-
ticles subject to no external forces. In this instance,
however, the conservation “law”’ is applicable only
for particles whose speeds are small compared to
that of light. It was deduced by Einstein in 1905
(and verified with terrible consequences in 1945 at
Hiroshima) that the mass and energy of a system of
particles are not separable quantities. Thus, it is
possible for the mass of a system to decrease (or
increase) provided that there is a simultaneous re-
lease (or absorption) of energy. Therefore, the cor-
rect conservation law in this instance is that the
total mass-energy of a system subject to no exter-
nal forces must be conserved. This follows from
the theory of special relativity, but is not discussed
further here.

In any case the search for conservation laws has
been and continues to be a fruitful field of activity
for physicists. We conclude this section with a
cautionary note. The ““laws” of nature represent a
synthesis of experimental evidence and cause-
effect relationships related to that evidence. As we
noted in Section 9-1, our understanding of nature is
subject to constant review (and revision when
necessary). Hence, conservation laws obtained by
formal manipulation of other ‘‘laws” of physics
should be tested by careful experimentation to de-
termine the extent of their validity. In this context,
the law of conservation of momentum appears to
be universally valid, while some of the other con-
servation laws are more limited in their
applicability.

19-3 ELASTIC AND INELASTIC
COLLISIONS

When two masses collide, their subsequent mo-
tion can be described by Eq. (19-3). If there are no
external forces acting, the momentum of the sys-
tem is conserved and Eq. (19-8) applies. Example 2
illustrates the fact that, for a two particle collision,
it is not possible to determine the final momentum
(and velocities) of each particle from a knowledge
of the initial conditions and Eq. (19-8) only. How-
ever, it is possible to classify collisions. Specifying
the type of collision is equivalent (for special cases)
to providing an additional relationship between the
particle velocities before and after the collision.

A completely inelastic collision occurs when the
two particles stick together and thus move with a

common final velocity. When this is true, Eq. (19-8)
becomes

mav, + mpvg = (m, + mp)V, (19-9)

where V is the final velocity. Given the initial condi-
tions, V can now be calculated.

For a one-dimensional elastic collision, the rela-
tive velocity of approach of two particles equals the
negative of the relative velocity of separation.
Using the notation of Eq. (19-8) for a one-
dimensional collision, this requirement becomes

(v —va)=—(Vp — V), (19-10)
where
(vs — v4) = velocity of approach of B
relative to A
and
(Vs — V) = velocity of separation of B
relative to A.

An alternative form of the requirement that a colli-
sion is elastic is the following:

(19-11)

1 1 1 1

'2' mAvAz + Emnvnz = '2' ma VAZ + ’i mBVnz .
To see that Eq. (19-11) and Eq. (19-10) represent the
same requirement, we combine Egs. (19-11) and
(19-8). Thus, dividing Eq. (19-11)

L (1-’A2 - VAZ) = mg( Vn2 - Unz)
by Eq. (19-8)

ma(va — Vi) =ms(Vp —vs),
yields
va + VA = VB + vg
or Eq. (19-10)
(vg —va)=-— (VB —Va)

as asserted.

The quantity imv’ is defined to be the kinetic
energy of a particle of mass m and speed v. (The
relationship between Newton’s laws of motion and
kinetic energy is discussed in Section 20-2.) There-
fore, Eq. (19-11) states that in an elastic collision
the kinetic energy of the two particle system is
conserved. By contrast, kinetic energy is not con-
served in an inelastic collision. For a one-
dimensional elastic collision, it is clear that Egs.
(19-8), and (19-10) or (19-11) are sufficient to deter-
mine both final velocities. For a two-dimensional
elastic collision of two particles, additional infor-
mation will be required. This is because conserva-
tion of momentum and kinetic energy provide only



three equations relating the velocities of the two
particles, while each velocity has two components
in a two-dimensional problem. As a result, there
will be four unknown quantities, with only three
equations relating them (an insoluble situation).

Example 3. Indicate whether the following colli-
sions are elastic or inelastic.

(a) A mass of 1kg with an initial velocity of
4 m/sec collides with an 8 kg mass, which is initially
at rest. The final velocity of the 1 kg mass is 1 m/sec
in the opposite direction.

(b) A mass of 1kg with an initial velocity of
4 m/sec bounces off an initially stationary object
of mass 3 kg. The 1kg mass has a final velocity of
2.83 m/sec in a direction 90° from its initial direc-
tion.

SOLUTION
(a) From Eq. (19-8),
(1kg)(4 m/sec) = (1 kg)(— 1 m/sec) + (8 kg)(vyy)
so that

Uy = §mlsec.
8

For an elastic collision, Eq. (19-10) requires that
Vo — V20 = Uy — Uy

In this case,
?71s
(4—0) m/sec = [§_ (- l)] m/sec = 1.625 m/sec.

Therefore, the collision in (a) is not elastic. Since
vy # vy, it is not a completely inelastic collision
either.

(b) Applying Eq. (19-8) in this case;
x-motion:

(1 kg)(4 m/sec) = (1 kg)(0 m/sec) + (3 kg)(vs)
y-motion:
0 = (1 kg)(2.83 m/sec) + (3 kg)(vyy,),

from which
4
Vo = §m/sec
vy = — 0.94 m/sec.

If the collision is elastic, then Eq. (19-11) should be
satisfied. In this case,
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0
%(l kg)(4 m/sec)’ + %(3 kg)(0 m/sec)’ = %(l kg)

x (2.83 m/sec) + %(3 kg) [(g)z +(- 0.94)2](mlsec)2;

or, dropping the common factor of } and the energy
units,
? 16
16=8+3 (3 X 0.88) =8+7.95=15.95.
To the accuracy of the data the collision is

elastic.

19-4 MOTION OF SYSTEMS WITH
VARIABLE MASS

Let us consider in more detail the impulse-
momentum relation,

f F(t)dt = mv—mv,.
0

We have dealt thus far with systems for which the
mass does not change during the time ¢. When this
is true, Eq. (19-3) is completely equivalent to New-
ton’s second law of motion in the form

d

F(t) —a?(mv). (19-12)

Now, however, consider a system for which the
mass is not constant. Experiment shows that Eq.
(19-12) is a valid statement, while the form

dv

F(t)=m——=ma

a (19-13)

is not. Since the rules of differentiation require that
d(mv) _ dv dm

dt a T a”

we see that the momentum concept has led us to a
generalized form of the second law, which applies
whether or not the mass is constant. It is a matter of
history that Newton himself recognized the impor-
tance of momentum and expressed the second law
of motion in the form of Eq. (19-12). As an example
of a system of variable mass that is of considerable
current interest, we consider in the next example
the launching of a rocket. Here, the mass of the
rocket decreases with time (as fuel is consumed to
provide launching thrust due to the escaping gases).

Example 4. A rocket is to be launched vertically
subject to the following conditions: at t =0, it is at
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rest relative to the Earth; its mass (fuel plus rocket)
is initially m,; the rate of mass decrease dm/dt is
assumed constant until a final mass m; is attained.
The velocity of the escaping gases relative to the
rocket is v,, also assumed to be constant. Finally,
we neglect air resistance, and assume that the
“burn time” is short enough that the acceleration
takes place under a constant acceleration due to
surface gravity. Find the rocket velocity as a func-
tion of time during the “burn time.”

SOLUTION

Consider the Earth to be an (approximate) iner-
tial reference system with v (the velocity of the
rocket relative to the Earth) and p = mv (the cor-
responding momentum of the rocket) both at time t.
In a small time interval dt, there is a mass decrease
dm and a velocity increase dv relative to the Earth.
Now v,, the velocity of the escaping gases relative
to the Earth, is related to v, and v by the equation

(19-14)

At time t + dt, the momentum of the system rela-
tive to the Earth, p+ dp is in two parts:

V=V, —V.

p+tdp=(m—dm)(v+dv)—dmyv,
Rocket gases

or
p+dp=mv—dmv+mdv—dmdv—dm(v. —v).
(19-15)

Substituting Eq. (19-14) in Eq. (19-15), and neglect-
ing the small quantity dmdv gives

p+tdp=mv+mdv—dmyv. (19-16)

Using p = myv, and the fact that dp occurs in a time
dt, we can write

dp_ _dv_dm

TR TR TAG (19-17)

This change in momentum of the system is related
to F= mg, the external force (due to gravity) by
Eq. (19-2),

or

dv dm

mg=mr— Ve (19-18)

This can be re-arranged as follows:

dv_ 1dm
d & mdt'”

Now, both g and v, are directed downward, while
dv/dt is upward (if launch is to occur!). Therefore,

do=—gdt —%dm oo (19-19)

Equation (19-19) can now be integrated, noting that
at t =0, v =0, and m = m,, while at any later time
(up to tg, the end of the “burn’’) the corresponding
values are v(t) and m. Thus,

vit) t m
f dv = — gf dt — v, d_m’
o - 0 my M

which gives

v(t)=—gt — []n (mﬂn)]v.

Using the fact that m < m,, Eq. (19-20) becomes

(19-20)

v(t)=—gt +v.In (%) (19-21)

As a numerical example, the following charac-
teristics apply to the Centaur rocket?:

me=~2.75 X 10°kg,

me=~2.45 X 10° kg,

dm
s 1300 kg/sec.

Since

d
m=my— Mg =d_rtn(tr-‘ —0),
it follows that

_(0.30x 10°kg)

tr ———-—(1300 Kelsec) 231 sec.

A reasonable estimate for the magnitude of the
exhaust velocity for this rocket is 5x 10*m/sec.
Thus, if v =0 at t =0, then the final velocity v (tf)
will be, from Eq. (19-21),

v(te) = (— 9.8)(231) + 5x10*In 1.11

= 3000 m/sec,
=~ 6700 mi/hr.

+The Centaur rocket is a [second-stage] rocket designed
for use with the Saturn rockets used in the Apollo moon
program.



19-5 FURTHER CONSIDERATIONS

It was noted in Section 19-4 that Eq. (19-12) is a
more generally valid form of Newton’s second law
of motion than the form given by Eq. (19-13). The
example of a rocket launch with a time-dependent
mass was used as an illustration of the general
form. The reader should deduce that if dm/dt=0,
Eqgs. (19-12) and (19-13) become identical for typi-
cal types of motion.

The phrase *‘typical types of motion” is meant to
refer to situations where the speeds involved are
small compared to that of light. We saw, in Chapter
15, that the description of high speed kinematics re-
quires the modifications introduced by Einstein in
special relativity theory. There are additional
effects that must be considered, the most significant
of which we present here without prooft.

Suppose a particle of mass m, when at rest is
caused to move at a speed v comparable to (but less
than!) c. The theory of relativity requires, and ex-
perimental measurements confirm, that the mass m,
must be replaced by a mass m related to m, by the
expression

(19-22)

PROBLEMS
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If the speed depends upon the time, m will also be a
function of time. As a result, the momentum for
relativistic speeds is given by the expression mv
and not by the expression mov. When this is done,
it is found that Eq. (19-12) remains valid even for
relativistic speeds.

It was asserted in Section 19-2 that the law of
conservation of momentum is universally valid.
Historically, the firm conviction that momentum
conservation was universal led Wolfgang Pauli to
postulate a particle that was to have no charge and
no mass (or a very small mass). It was needed in
order to account for momentum and energy ap-
parently lost in a particular kind of nuclear decay
process. The existence of this particle, called the
neutrino (*‘little neutral one” in Italian) by Enrico
Fermi, was not verified experimentally until 1958,
about 25 years after its necessary properties were
identified.

In view of the several radical modifications of the
classical concepts of mechanics that special rela-
tivity requires, it is remarkable that a quantity as
fundamental as momentum retains its identity re-
gardless of the particle speed. This is not true for
the kinetic energy.

tSee any text on special relativity.

1.

2,

An 8 gm bullet is fired horizontally into a 90 gm block of wood that is free to move. The velocity of the
combined block and bullet after impact is 4000 cm/sec. What was the initial velocity of the bullet?
If a bat is in contact with a ball for 0.02 sec, and it exerts an average force of 100 nt, what is the impulse
given to the ball and the change in momentum of the bat?

. A 16 gm body traveling with a velocity of 30 cm/sec collides inelastically head on with a 4 gm body

traveling in the opposite direction with a velocity of 50 cm/sec. What is the magnitude of the velocity of
the 16 gm body after collision?

. A 3000 Ib car traveling north and a 10,000 Ib truck traveling east at 40 mph collide at an intersection; the

combined pile of junk slides 30° north of east. Determine the speed of the car just before the collision.

A 321b steel disc hangs at the end of a rope. A bullet moving horizontally with a speed of 1600 ft/sec
strikes it and drops down. Find the speed with which the steel disc begins to move, if the weight of the
bullet is 1o0z.

. A 2001b skater traveling with a velocity of 20 ft/sec eastward collides with a 160Ib skater who is

traveling northward at 15 ft/sec.
(a) In what direction does the tangled heap of skaters slide?
(b) What is the speed of the tangled skaters immediately after the collision?

. A bullet of mass 100 gm moves horizontally eastward at 1000 m/sec, and has a perfectly inelastic colli-

sion with a block of mass 1 kg. The block is moving horizontally eastward at 10 m/sec at the moment of
impact. If the coefficient of kinetic friction between the block and the plane is 0.51, how far does the
block slide after collision?
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8.

10.

11.

12,

13.

14.

15.

Momentum

A simple pendulum consists of an 800 gm bob hanging from a string. The length of the string is 130 cm. A
100 gm projectile moving horizontally toward the center of the bob strikes the bob and is imbedded in it.
After impact, the velocity of the bob plus projectile is 120 cm/sec. Compute:

(a) the height through which the bob plus projectile rises and

(b) the magnitude of the velocity of the projectile immediately before impact.

. An empty freight car weighing 10 tons rolls at 3 ft/sec along a level track and collides with a loaded car

weighing 20 tons, standing at rest with the brakes released. If the two cars couple together, find:

(a) their velocity after collision and

(b) the impulse given to the loaded car.

A 96 1b boy running 6 ft/sec north jumps into a 112 Ib boat moving 10 ft/sec in the opposite direction.

Neglect friction between the boat and the water. Compute the velocity (magnitude and direction) of the

boat after the boy arrives in it. )

A lead bullet has a weight of 2 oz and a velocity of 1280 ft/sec. It hits the center of a block of wood and

remains imbedded, the mass of the block and bullet being 8Ib. Find:

(a) the velocity with which the block (with the bullet imbedded) starts to move,

(b) the acceleration and the retarding force if the block is on ice when fired at, and comes to rest in 10
seconds, and

(c) the coefficient of friction between the block and the ice.

A golf ball weighing 15 oz is driven from the tee with the initial velocity of 180 ft/sec. If the club is in

contact with the ball for 0.0005 sec, compute the average force exerted on the ball.

A 5 kg body with an initial velocity of 20 m/sec travels 6 m while acted on by a force of 500 nt in the

direction of its initial velocity. Find the final velocity and the time during which the force acts.

In accelerating a 0.50 Ib hockey puck from rest to a speed of 80 ft/sec, the stick is in contact with the

puck for 0.040 seconds. Compute:

(a) the momentum of the puck as it leaves the stick and

(b) the average force exerted on the puck by the stick.

A 1501b man dives from a high springboard and reaches a maximum height above the surface of the

water of 25 ft. After striking the water, he comes to rest in 3 sec.

(a) What is the momentum of the diver at the instant he strikes the water?

(b) What average force does the water exert on the diver?
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20-1 DEFINITION OF WORK

In this chapter, we develop another method for
analyzing particle motion as an alternative to the
direct application of Newton’s laws of motion. It
will be based upon these laws of motion but will
involve the concept of work. It is first necessary to
make clear what is meant by the term work in
physics because it has so many meanings in our
everyday language.

In physics, a particle that experiences a displace-
ment As while subject to a constant force F that is
directed at an angle ¢ relative to As has, by defini-
tion, experienced an amount of work AW given by

AW = [F|lAs| cos ¢. (20-1)

That is, the product of the magnitudes of the dis-
placement and the component of force parallel to
the displacement during the application of the force
gives the amount of work done on the particle. As
Eq. (20-1) shows, work is a scalar quantity even
though it is defined in terms of two vector quan-
tities. When two vectors are multiplied to yield a
scalar quantity, the process of multiplication is
called a scalar multiplication and yields a scalar
product. This is indicated symbolically by the ‘‘dot™

163

product notation

A -B=|A|[B|cos ¢, (20-2)

where ¢ is the angle between A and B. (The scalar
[dot] product is also discussed in the Appendix.)
With this definition, we may rewrite Eq. (20-1):

AW =F - As. (20-3)

If the particle follows a winding path while subject
to a force that is not constant but depends upon the
position s along the path, then Eq. (20-3) must be
replaced. By considering only an infinitesimal dis-
placement ds along the path and the force F(s)
(which has a unique value when ds becomes
vanishingly small), we can express the infinitesimal
amount of work dW as

dW =F(s) - ds. (20-4)

If the particle goes from point A to point B along
the path, the total work W ..z or W, will be the
sum of all the individual dW’s for displacements
from A to B. Such a sum is, of course, achieved by
integration, indicated symbolically as

B
Was = L F(s) - ds. (20-5)
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This integral depends upon the form of the path
from A to B and also involves a force vector
whose magnitude and direction are functions of
position along the path. Such an integral is called, a
line integral to distinguish it from the simpler in-
tegrals encountered in determining v and r from a
knowledge of the time dependence of a. (See Chap-
ter 14.) When the component of F(s) tangent to the
path is known as a function of s for a given path,
the line integral

B
I F(s) - ds
A
becomes the simpler integral

B
I F.(s)ds,
A

where F,(s) is the component of F(s) tangent to the
path element. In the following sections, illustrations
of the usefulness of this expression are given.

Example 1. The graph of Figure 20-1 illustrates
the variation of the tangential component of the
force applied to a particle as a function of the par-
ticle displacement. Determine the work done as the
particle moves from the origin to a point 50 m away.

SOLUTION
Since the graph illustrates F,(s) versus s, Eq.
(20-5) becomes

50
Wo_so=f Fi(s)ds
(1]
in terms of this data.
As we saw in Chapter 14, the value of such an
integral is given by the area under the curve—here,
F,(s) versus s. In this case, the area is conveniently

split into three separate regions for which the
force-displacement relations are

I Fi(s)=15snt; 0<s=<30m.
11 =450nt; 30<s=<40m.
I11 =[450—35(s —40)Int; 40=<s <50m
=[1850 —35s] nt.

From the graph,
I Wos=3 (30 m)(450 nt)
Il + (450 nt)(10 m)
11 +%(10 m)(350 nt) + (100 nt)(10 m)

=14 % 10’ joules.

(‘F(s) (newtons)
500 |-
400% | |
sool |
||
200 F ||
I lII |I!I
100 |7
||
i 1 1 1 1 I 1
0 10 20 30 40 50 60 70 80
s (meters)
Figure 20-1 Force versus displacement for
Example 1.

As a check, notice that the analytic integration
gives

30 40
Wo_so’—’f lSsds +I 450ds
[ 30

sZ 50m
+ [450s - 35(— 40s +7)]
40m
2} 30m 40m
=Ls +450s
2 Om 30m
sZ 50m
+ [450s - 35(— 40s +—)]|
2 40m

= (450 nt)(15 m) + (450 nt)(10 m)
+ (450 nt)(50 — 40)m

v 35 [(— 40(10))+%(2500— 1600)] joules,

= 14 x 10° joules,

as before.

Work is a derived physical quantity, and its units
are determined by its definition. In MKS units, the
product of force and displacement units yields the
newton-meter, a quantity given a single label: the
joule. In cgs units, the dyne-centimeter is called an
erg; the reader can show that 10’ ergs = 1 joule.t In

tAs an indication of the magnitude of an erg, it is
approximately equal to the work required to lift a gnat
1 cm on the Earth’s surface. Thus, the reader has only to
lift 10 million gnats 1 cm—or 100,000 gnats 1 m—to do a
joule of work.



the British engineering system of units the unit of
work is called the ft-lb. (There is no single name for
this unit.) As mentioned in the Introduction, the di-
mensions of work are ml’t . By using the conver-
sions from meters and kilograms to feet and slugs,
one finds that 1 joule = 0.7376 ft-lb.

In many applications, it is desirable to know the
amount of work done per unit time at any given in-
stant. The name given to this physical quantity is
instantaneous power (P). It is defined by the rela-
tion
_dw

P dt’

(20-6)

If Eq. (20-4) is combined with Eq. (20-6), we find
that

=F-v.

&8

P=F- (20-7)

The average power P during a time interval ¢ is just
the total work done W divided by the time interval
t, P = W/t. From the point of view of an engineer,
the rate at which work is done by a machine is of
equal or greater significance than the total work
done. The units of power are:

dyne-cm _ , erg
sec sec
ft-lb

British Engineering: 1 Soc.

cgs: 1

For historical reasons, English-speaking engineers
adopted the horsepower (hp) as the British en-
gineering unit of power. It is related to other units
by the relations

1 hp =550 f-o = 746 watts.
sec

With the present high demands for power in indus-
trialized nations, it is more common to speak of
power in kilowatts (1kw = 10’watts) or even
megawatts (1 Mw = 10° watts). Thus, for example,
residential electricity meters record the total elec-
trical work delivered in kilowatt-hours (kwh),
where 1 kwh = 3.6 x 10° joules. In the following sec-
tions, we will not be concerned further with power
considerations in spite of their practical impor-
tance.

Work and Kinetic Energy 165

20-2 WORK AND KINETIC ENERGY

Consider a particle of mass m having a velocity
va at point A and subject to a constant force F
tangent to the path. The work due to this force will
cause an increase in the velocity. To see this, first
note that from Newton’s second law;

F=ma,
so that

B B
WAB:I F‘ds=f Fds
A A

B
= f mads = masas, (20-8)
A
where s.» is the magnitude of the displacement
from A to B. [Since F, a, and ds are parallel, we
need only consider magnitudes as indicated in Eq.
(20-8).] Now, from the chain rule of differentiation,
we could replace a by the expression

dv _dvds dv

CCaTdsdt Uds (209
and Eq. (20-8) becomes
B (7Y
Was =f mvdv =f mvdv
A vA
R P - (20-10)
5MVa — 5 ML, -

By combining Eqs. (20-8) and (20-10), we get the
relation

Vg = v+ 2aSas. (20-11)

This is just the kinematical expression Eq. (14-15)
relating velocity and displacement for a constant
acceleration, now determined dynamically.

We have a new relation in Eq. (20-10), however.
It states that the result of applying a constant force
tangent to the path traveled by a particle is to
change the value of a quantity ; mv.? to a value
I mvg’, where vy is the magnitude of the velocity of
the particle at point B, as indicated by Eq. (20-11).
If we define the translational kinetic (or motional)
energy (K.E.) of the particle by the relation

KE.=3mv’, (20-12)
then Eq. (20-10) simply becomes
Wais=(K.E)s — (K.E.),, (20-13)

= A(K.E.),
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or, in words, the difference between the final and
initial kinetic energy values of the particle is equal
to the work done on it by the force F.

It should be stressed that Eq. (20-10) is valid even
when F (and, hence, a) is not constant [so that Eq.
(20-8) is no longer applicable]. As an alternative to
solving the vector relationships of Newton’s laws
of motion, it is now possible to apply the scalar re-
lationship between the work and the change in kine-
tic energy.

Example 2. A 75kg sled is made to move a
horizontal distance of 60 m (starting from rest) by a
constant horizontal force of 250 nt.

(a) Calculate the work done by the force.

(b) Determine the final velocity of the sled.

SOLUTION
(a) From Eq. (20-3),

Woe = (250 nt)(60 m) = 15 X 10° joules.

(b) Since the initial velocity is zero, Eq. (20-10)
becomes

(15 X 10 = 375 k)0,

bl = [3—2 x lO’](m/sec)z = [4X 10°)(m/sec),

v = 20 m/sec.

Notice also that a = F/m =250nt/75 kg = 10/3
m/sec’, and Eq. (14-15) yields ve = (2as4s)'? =20
m/sec, as it should.

Example 3. An unknown force causes the veloc-
ity of a particle of mass 5Skg to increase from
10 m/sec to 20 m/sec. Determine the work done by
the force.

SOLUTION
From Eq. (20-10),

W= %(5 ke)(20 m/sec)’ — %(5 kg)(10 m/sec)’
= 750 joules.
20-3 CONSERVATIVE AND NON-

CONSERVATIVE FORCES

In work-energy considerations, forces are di-
vided into two classes—conservative and non-
conservative. What distinguishes the two classes is
the fact that the work done on a particle by a

conservative force does not depend upon the path
traversed but only upon the initial and final loca-
tions of the particle. Thus, if the work done in going
from A to B by a given force is independent of the
path, we can consider any two separate paths be-
tween A and B which necessarily involve the same
amount of work W,s. (See Figure 20-2.) Equation
(20-5) requires that

B
WAs=[ F-ds,
A

from which it follows that Wz, the work done by
the force F in moving the particle from B to A, will
be given by

A B
WBA =f F- ds=—f F- ds= - WAB. (20—14)
B A

If the particle is moved from A to B on the path I,
and returned to A by path II, the total work done
by the conservative force involved will be

Weow = Was(I) + W (D).
For a conservative force, Eq. (20-14) requires that
Wea (D) = — Wis(D),
and the total work done is, thus,
Wew = Was(I) — Wi () = 0.

We can, therefore, give as an alternative definition
of a conservative force the requirement that the
work done by the force on a particle in moving
around a closed path must be zero. This require-
ment is written in equation form as

Wetosed path = § F-ds=0 (conservative force),
(20-15)

Figure 20-2 Alternate paths from A to B.



where the symbol ¢ denotes a line integral over a
path beginning and ending at the same point.

There are a number of conservative forces that
are of considerable interest, including gravitational,
elastic, and electrostatic forces. In the rest of this
chapter, we shall consider the first two, leaving a
discussion of the third to Chapter 29.

Example 4. Figure 20-3 shows a particle of mass
m initially located at a distance r; from a particle of
mass M. The particle of mass m is to be carried at
constant speed around the closed path consisting of
the segments labeled 1, 2, 3, and 4, respectively.
Show that the work done by the force of gravitation
over this path is zero.

SOLUTION
In this case, the gravitational force exerted by M
on m has a magnitude given by F = GMm/r?, and
the direction of the force is radially inward from m
toward M. (It is an attractive force, as discussed in
Section 16-5.) Equation (20-15) can be written as

Wcl.md path = W| + w: + W3 + W4,

or, in words, the work done around the closed path
is equal to the sum of the amounts of work done on
the separate segments of the path.

Paths 1 and 3 are arcs of concentric circles, so
that on these paths the gravitational force and the
displacement vector will be perpendicular. There-
fore, by Eq. (20-1) the work done on each of these
segments will be zero. The work done along path 2
is readily found. On this path,

ds=dr and F: ds=—GI:{mdr.

Figure 20-3 Diagram for Example 4.

Conservative and Non-Conservative Forces 167

(Since F is radially inward.) Therefore,

W, =— GMm °‘ri—,’

n

=(- GMm)[— (,lo_%)]

- oMm(1-1)

o T

On path 4, we have ds=dr and F-ds=
~ GMm/ridr. As a result,

w,=-GMmf"—:§

~ omm[ - (1-1)]

=- GMm(l—l).
ro n
Since W,=— W,, we obtain the desired result,

Weosea pan = Wi+ Wi+ Wi+ W,
=0+ w:+0_w:=0.

Thus, the gravitational force is seen to be conserva-
tive, as asserted. Physically, what this analysis
shows is that, in taking mass m along path 2, we
must actually work against gravity, which acts in-
ward. Along path 4, the amount of work done by
gravity is equal in magnitude, but opposite in sign to
that done along path 2. In other words, we can think
of work put in along part of the path and taken out
along another part. For a conservative force, the
net work done must be zero, leading to no change in
kinetic energy for the closed path. For a non-
conservative force, Eq. (20-15) becomes

Weiosed path = § F-ds#0 (non-conservative force).
(20-16)

Alternatively, we can define non-conservative
forces by saying that the work done by such forces
is not independent of the path chosen. In moving a
particle from point A to point B in this case, the
work done cannot be specified unless the path is
also specified. The force of kinetic or sliding fric-
tion (discussed in Section 18-2) is an example of a
non-conservative force.

Example 5. An object of mass m is to be moved
horizontally at constant speed from its initial posi-
tion A to a point B a distance s along the horizon-
tal surface and back to A, as illustrated in Figure
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20-4. As the figure shows, there is a sliding friction
force of magnitude puxmg. Show that this force is
non-conservative,

N/ ’ / g
Fo=pm N T2 77000 000
e LSS S S
e
mg

Figure 20-4 Force diagram for Example 5.

SOLUTION
If the friction force is non-conservative,
Wetoseapah # 0. To show that this is the case, con-
sider the closed path as composed of path 1 from A
to B and the path 2 from B to A. For path 1,

B 5
W, =f F;-ds= —fo (puxmg)ds = — pxmgs.

A

For path 2,
A [
W, =f F; - ds =f (puxmg)ds = — jpgmgs.
B 5

In words, for both segments of the closed path, the
friction force acts in a direction opposite to the dis-
placement. Therefore,

Wclosed path = — Z[LngS,
and we have shown that W g # 0.

Example 6. Figure 20-5 shows an object of mass
m located initially at point A on the Earth’s sur-
face. It is to be moved to a final position at point B

i
—L 1
A s

via two alternative paths. Along path 1, it slides
horizontally a distance s on a surface for which a
coefficient of sliding friction ux can be specified. It
is then raised a vertical distance y to point B
against a gravitational force. Along path 2, it is
raised a vertical distance y against the gravitational
force, and then moved a horizontal distance s to
the point B. Show that

W, # W,

SOLUTION
Along the horizontal portion of path 1, the forces
acting are as shown in Figure 20-6. Since N and mg
are perpendicular to this part of the path, they do
not contribute to the work done. Along the vertical
portion of the path, only the gravitational force is
involved. Therefore,

Wl = Whorizonlzl + errlica]
=—f uxkNds —f mgdy
[ Q

= — uxNs — mgy.
Since N = mg, we can write
Wi, =—mg(uxs +y).

For path 2, the work done on the vertical path is
again — mgy since only the gravitational force is
involved, as before. In moving the horizontal dis-
tance s to point B to complete path 2, we now have
a frictionless situation since the object is no longer
in contact with the surface. Thus, no work is done
on this horizontal path and

W, =— mgy.
We see, therefore, that

W.# W,
as required.

vV —

F, = P-KN

7//,1'/ 7
mg

Figure 20-5 System diagram for Example 6.

Figure 20-6 Force diagram for Example 6.



20-4 POTENTIAL ENERGY—
GRAVITATIONAL AND ELASTIC

In the last section, examples were presented in
which conservative forces did work on particles
without changing the speed of the particles. Since
this means that there is no change of kinetic energy,
the particles must have experienced a change in
energy associated not with motion but with a
change in configuration of the particles. This
change of energy is called a potential energy
change, abbreviated as A(P.E.)

As an illustrative example, consider a particle of
mass m subject to the gravitational force F, due to
a mass M. If the particle is to move a distance s at
constant speed, an applied force F.,, will be re-
quired while m is to move from r, to rs, as shown
in Figure 20-7. Then Eq. (20-5) gives

B
Wee = J’ (F.,, +F,)-ds=A(K.E)=0. (20-17)
A

This requires that

B B
A(P.E.g)=J’ F., ds= —J’ F, - ds. (20-18)
A A
This change in potential energy, equal to the nega-
tive of the work done by the gravitational force and
due to the action of the applied force, is called a
gravitational potential energy change. Continuing,

A(P.E..)= J'AB F., ds=— J' (— G—lgﬂ) dr
- GMm(i—-r:) (P.E.)s — (P.E..)a.

(20-19)

Since r. < rs, A(P.E.,) >0, which is consistent with
having to do work on m to move it further from M.
If the applied force is removed (F,, =0), m will
move toward M due to F,. This causes a change in

Ta

n

Q
_._|3
n

8

s

T Tes

Figure 20-7 Force diagram for a particle under-
going motion at constant speed.
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kinetic energy A(K.E.) equal to the work done by
gravity. Thus,

AKE)= J’ F, ds=— @,@dr (20-20)
AK.E)=— J’ GMmi’—GM (——l)
Tra I's
(20-21)

Therefore, we can see that

A(K-E-)B»A = (KE)A - (K.E.)B = A(PE.g )Aag.

(20-22)
Since
AP.E)a.s =(P.E;)s —(P.E,)a,
we can rearrange Eq. (20-22) to give
(K.EJs +(P.E.;)s =(KE)s +(P.E,)s (20-23)

Equation (20-23) shows that if there is no work
done due to applied forces, the sum of the kinetic
and gravitational potential energies at A equals the
sum of the same quantities at B. In other words, the
total energy (kinetic plus potential) of the particle
cannot change when no work is done on it by ap-
plied forces. This statement, which is called the
principle of conservation of mechanical energy, is
one of the keystones of classical physics. More will
be said about it in Section 20-5.

From Eq. (20-19), we obtained

(P.E..)s = — GMm
I's
(P.E s =— Glr‘f’". (20-24)

The minus sign in Eq. (20-24) indicates that when m
and M are at rest and separated by a finite distance,
work must be supplied by an external applied force
in order to cause a larger separation. At infinite sep-
aration (rz = ), on the other hand, the gravitational
potential energy goes to zero.

Example 7. A rocket is launched from the Earth
and reaches a maximum height of 8 x 10° m above
the Earth.

(a) What was its change of potential energy be-
tween launch and this maximum separation, and

(b) what must have been the launch speed if its
speed is zero at the height of the flight?
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SOLUTION
(a) From Eq. (20-19),

o GMEm _ GMEm
APE.)= [RE +AR  R: ]
R (1+%)
1+ R, Re{1+ R,

In this example,

AR _ (8x10%m _ 10

R: (64x10%m 8’
and

%;I= g =9.8 m/sec’,
from Section 16-5. Therefore,

mgAR _ (mkg)(9.8 m/ sec)[(8 x 10°) m]

1+4R [1+—1°"‘]
8§m

A(P.E.,)=

= [3.49 X 10’ m] joules.
(b) From Eq. (20-23),

(K.E.)o+(P.E.;)o=(K.E.)r +(P.E.;)r
or
(K.E.),=0+(P.E.;.)r —(P.E.;.)o=A(P.E.;).

Therefore,

%mvo2 = [3.49 X 10’ m] joules

[2(3.49 x 10" m) joules
Vo=
m kg

12
] =8.35 x 10’ m/sec.

The reader should note that these calculations are
unrealistic in the sense that the mass m of the
rocket is not constant as assumed, since fuel (and,
hence, mass) is expended to achieve the rocket
flight. However, if it is reasonably assumed that the
rocket “burn” is over in a distance small compared
to Rg, then the results will not be greatly in error.

A particle subject to an elastic restoring force ex-
periences a force that is linearly dependent upon
the displacement of the particle. That is,

F=—k(r—ro). (20-25)

The minus sign indicates that, when the particle is
displaced from its equilibrium (original) position,
the elastic force is directed back toward the equilib-

rium position. The elastic constant (or spring con-
stant) k has the dimensions of force/length. If one
measures the restoring force as a function of dis-
placement, k can be found as the slope of the force
versus displacement curve (if the curve is linear).
As an example, a mass attached to a light spring
and resting on a frictionless surface will experience
no force if the spring is neither stretched nor com-
pressed. Either stretching the spring or compres-
sing it by an amount x will result in a force on the
mass that is directed toward x =0, the original
equilibrium position. The work involved in moving
the mass from position x, to position x; is, by Egs.
(20-5) and (20-25): (Note that F - ds = kxdx.)

w.,z=f 'kxdx=%kx’ i
1

i
=§kx22_§kx|2. (20-26)
If the displacement occurs at constant speed, we

can write—as in Eq. (20-18)—that
Wio= AQP.E.)a = f "kxdx = (P.E.),— (P.E.)..

(20-27)

Therefore, elastic potential energy satisfies the rela-
tion

(P.E)a= %kx’. (20-28)
As in the gravitational case, Eq. (20-23) is still valid
if no external forces do work on the spring-mass
system. Thus, a mass attached to a spring, dis-
placed from x =0 to x = A, and held at rest, has a
total energy kA~ If it is then released, Eq. (20-23)
requires that
1

total energy = %kA2 = %kx2 +=mv?,

2 (20-29)

for any other displacement x. We see, therefore,
that the (P.E.) is a maximum (kA?) when the (K.E.)
is zero, and the (K.E.) is a maximum (GkA’) when
the (P.E.) is zero (corresponding to x = 0). As the
motion proceeds, there is a periodic change from
maximum displacement to maximum speed as re-
quired by Eq. (20-29). The details of this periodic or
oscillatory motion are presented in Chapter 22.
In concluding this section, it is worth emphasiz-
ing that potential energy is related to work done
against conservative forces. By working against



conservative forces, a change in the configuration
of the system is accomplished and energy is in
effect stored in the system and is potentially avail-
able for subsequent conversion to kinetic energy or
to be dissipated as energy lost due to frictional or
non-conservative forces.

20-5 CONSERVATION OF MECHANICAL
ENERGY

In the discussion of Eq. (20-23), the sum of the
kinetic and potential energies of a particle was
called the total mechanical energy. Henceforth, we
shall use the symbol E for this quantity. Thus,

E=(K.E)+(P.E). (20-30)

In a situation where there are no non-conservative
forces acting, the value of E will remain constant
even though the kinetic and potential energies
change. This information can be advantageously
displayed graphically. Figure 20-8 shows the poten-
tial energy [P.E.(x)] as a function of position x for
a particle executing one-dimensional motion. Sev-
eral horizontal lines, E,, E,, and E;, on the same
graph represent different (constant) total mechani-
cal energy states. As indicated by the ordinate
scale, E, < E, < E;. With such a potential energy
curve and Eq. (20-30), it is possible to immediately
construct the [K.E.(x)] versus x curve since

[K.E.(x)] = E —[P.E.(x)].

Notice that the total energy curves are shown
dashed wherever E <[P.E.(x)). If E <[P.E.(x)],
Eq. (20-30) requires that [K.E.(x)] <0. Since this
would require ;mv? <0, either the mass would have
to be negative or v* would be negative (v must then
be a purely imaginary number in the algebraic
sense). Either possibility does not correspond to

Figure 20-8 Schematic graph of potential energy as a
function of position.

Conservation of Mechanical Energy 1

the physical world, so that we require that (for clas-
sical physics at least) E =[P.E.(x)].

For E,, there are two points (x,. and x,z) where
E,=[P.E.(x)] and (K.E.) = 0. Therefore, the veloc-
ity of the particle is zero at these points. Between
these points (K.E.) >0 (since E >[P.E.(x)]) and,
since (K.E.) =im(+v)’, we can deduce that for
total energy E, the particle can move back and
forth along the x-axis between the turning points
XiL, X1z, Where v =0. At x,., there must be a force
acting to the right which slows down a particle ap-
proaching from the right and which speeds up a
particle receding from x,. to the right. Conversely,
at x,z the force must act to the left to stop a particle
approaching from the left or to speed up a particle
receding to the left from x,z. When we calculate the
potential energy change associated with the work
done against a conservative force, we use the rela-
tion (for one-dimensional motion)

IB d[P.E.(x)]=A(P.E.)=— IB F(x)dx. (20-31)

This integral relationship is equivalent to the differ-
ential relationship

F(x)=— %. (20-32)
With this relation, it is possible to sketch

(qualitatively at least) the graph of F(x) versus x
if [P.E.(x)] versus x is known. Thus, at x,,
— d[P.E.(x)]/dx is positive (convince yourself this
is so!) so that indeed F(x) is directed to the right as
we have already deduced on physical grounds.
Similarly, we find F(x) is directed to the left at x,z.
In summary, given [P.E.(x)] versus x and the value
of E for a conservative system, the motion of the
system is completely determined. Not only the
kinetic energy but also the force acting (and the
consequent acceleration) for all allowed positions
can be found, frequently by simple graphical
analysis.

Notice that for total mechanical energy E; there
are two possible regions in which oscillatory mo-
tion can occur, with a “forbidden” region between
them. Where the particle actually moves will de-
pend upon the initial location of the particle, which
would have to be specified if the motion is not to be
ambiguous. It is left for the reader to deduce
[K.E.(x)] versus x and F(x) versus x curves for
the energy states E:, E,, and E; of Figure 20-8.
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20-6 THE WORK-ENERGY BALANCE

There are many non-conservative forces that can
act upon particles in a physical situation. Thus, it is
necessary to develop an expression more general
than Eq. (20-30), but one which reduces to Eq.
(20-30) when the vector sum of non-conservative
forces is equal to zero. We have already associated
the work due to conservative forces with a change
in the potential energy so that (see Section 20-4)

AE =A(K.E)+A(P.E.)=0. (20-33)

It seems reasonable, therefore, to assume that any
work done by non-conservative forces must be re-
flected in a change in the total energy AE. That is,
using Wy to denote work due to non-conservative
forces,
Wy =AE = A(K.E)+A(P.E)
or
(K.EJs +(P.E). + Wy =(K.E.)s +(P.E.)s.

(20-34)

When Wy is positive (as, for example, when a
proton experiences an increase in speed with each
orbit in a cyclotron), the final energy will exceed the
initial energy. For dissipative forces (friction),
Wy <0, and the final energy will be less than the
original energy. Note that Eq. (20-34) reduces to
Eq. (20-30) when Wy = 0. Since the conclusions ob-
tained from Eq. (20-34) are physically acceptable,
we accept it and refer to it as a work-energy bal-
ance. This emphasizes the fact that analyzing
dynamical situations via the scalar work-energy
balance reduces the problem essentially to a debit-
credit type of bookkeeping problem. This is in con-
trast to the equally valid but usually more tedious
analysis required in a direct application of the
(vector) laws of motion.

PROBLEMS

Example 8. A 3kg block initially at rest is re-
leased to slide along a surface of non-simple shape.
When it is 2 m below its original position, its speed
is observed to be 4 m/sec. (See Figure 20-9.) Find
the work done by friction.

Va =4 m/sec
o]

.

Figure 20-9 Diagram for Example 7.

SOLUTION
Using Eq. (20-34),

W= (K.E)s — (K.E)x +(P.E)s — (P.E)a
- %(3 ke)(4 m/sec)— 0+ 0

— (3 kg)(9.8 m/sec’)(2 m)
= (24 — 58.8) joules = — 34.8 joules.

The negative sign indicated that Ez < E,, a result
consistent with our experience with frictional sys-
tems. Notice that this problem could not be solved
using Newton’s laws of motion unless additional in-
formation were provided. Using Eq. (20-34), how-
ever, the solution was straightforward.

1. A 501Ib box is pulled 10 ft up a rough plane (ux = 0.10) inclined 25° to the horizontal by a force of 100 1b

acting parallel to the plane. Find:

(a) the work done by the 100 1b force,

(b) the work done against gravity,

(c) the work done against friction, and

(d) the increase in kinetic energy of the body.
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2. A 401bbox is given an initial velocity of 30 ft/sec up a surface inclined 30° with the horizontal. Consider
the first 10 ft of motion up the incline. Determine:
(a) the initial kinetic energy of the box,
(b) the minimum possible change in kinetic energy (for 10 ft), and
(c) the maximum possible final kinetic energy (at 10 ft).

3. A 101b block slides down the frictionless arc of radius 10 ft, starting from rest at the position shown in
Figure 20-10. When the block reaches the horizontal portion of the track, it is brought to rest after
traveling 20 ft.

(a) What is the kinetic energy of the block just
as it reaches the horizontal portion of the
track?

(b) What is the coefficient of friction between
the block and the horizontal portion of the
track?

Figure 20-10

4. A force of 2301b parallel to a plane is required to pull a 300 Ib box at constant speed up a plane inclined
30° above the horizontal. The box is pulled a distance of 16 ft along the plane. Determine:
(a) the total work done in moving the box,
(b) the work done against friction, and
(c) the efficiency of this inclined plane.

5. A gun at the edge of a cliff 100 m above sea level fires a 2 kg shell towards the sea at an angle of 53°
above the horizontal with an initial velocity of 1000 m/sec. Find:
(a) the initial kinetic energy and potential energy of the shell,
(b) its kinetic and potential energy at the highest point of its path, and
(c) its kinetic and potential energy as its strikes the sea.

6. One force continuously pulls 40 nt horizontally north on a 98 kg block, initially at rest on a frictionless,
horizontal surface, while another force pulls 30 nt horizontally east on the same block. Compute the
kinetic energy of the block when it has moved 20 m.

7. (a) A walking horse can pull a load equal to one-half his weight. If the horse weights 1600 1b and walks
at the rate of 0.50 mi/hr, what horsepower does he develop?
(b) Calculate the power output for a motor that pulls a car on a horizontal track at a constant velocity of
15 m/sec against a frictional force of 20 nt.

8. A 601b body is being pushed a distance 20 ft up an inclined plane by a force P of 50 Ib parallel to the
plane. The plane rises 2 ft for every 5 ft of incline, and the force of friction between the body and the
plane is 18 Ib. Compute:

(a) the work done on the body by P,

(b) the amount of energy transformed into heat,

(c) the increase in potential energy of the body, and
(d) the change in kinetic energy of the body.

9. A box weighing 120 b is pulled 30 ft up a rough plane inclined 30° to the horizontal by a force of 90 Ib
parallel to the plane. The coefficient of friction between the box and the plane is 0.20. Find:
(a) the total work done by the 901Ib force,
(b) the work done against gravity,
(c) the work done against friction, and
(d) the increase in kinetic energy of the box.
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10. A 1001b box starting from rest at the top of a plane inclined 30° with the horizontal slides down the plane
until it attains a velocity of 20 ft/sec and has then covered a distance of 22 ft measured along the plane.
Find:

(a) the kinetic energy gained by the box,
(b) the potential energy lost by the box, and
(c) the work done against friction while the box was sliding down the plane.

11. A tractor hitched to a load of hay hauls it from the ground to the loft of a barn in 1 minute. If the load
weighs 500 b and the height through which it is lifted is 20 ft, find the power developed in horsepower
and watts.

12. A 20 kg block on a plane inclined at 37° with the horizontal is pulled 10 m up the plane by a force P of
250 nt parallel to the plane. Friction between the block and the plane is 40 nt.

(a) Find the total work done by P.

(b) Find the work done against friction.

(c) Find the increase in potential energy of the block.

(d) Without finding the velocity, find the increase in the kinetic energy of the block.
(e) Find the velocity of the block when its kinetic energy is 1000 joules.

13. A 21b hammer moving with a velocity of 20 ft/sec strikes a nail and drives it in a plank a depth of 1 in.
(a) Find the average force exerted upon the nail.
(b) If the operation lasted only % second, what was the horsepower of the blow?

14. On a plane making an angle of 37° with the horizontal, the point B is further down the plane than A by a
distance of 6 m measured along the plane. A 100 kg block starting at A slides down past B. The
coefficient of kinetic friction between the block and the plane is 0.250. Compute:

(a) the decrease in potential energy of the block from A to B,
(b) the work done against friction by the block from A to B, and
(c) the kinetic energy of the block at B.

15. A plank that is 12 ft long has one end resting on the ground and the other end 4 ft higher. On the plank is
a trunk weighing 1251b, which is just kept from sliding by friction.
(a) How great must the force of friction be?
(b) If the trunk is pulled up the plane a distance of 10ft, how much work is done?
(c) If the previous amount of work was done in 10 seconds, how much horsepower was required?
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CENTER OF GRAVITY

It is appropriate to remind the reader that our dis-
cussion of particle motion in the previous seven
chapters was limited at the outset to ideal or point-
particles (see Section 14-1). As a result, any system
of forces applied to such a particle is necessarily a
concurrent one—each force acts at the same point,
which is the location of the (point-) particle. When
the resultant force is tangent to the direction of
motion, straight line, rectilinear (or translational)
motion results (Chapters 17 and 18). When the re-

tThe term moment of force, like the term moment of
momentum, involves in its definition the concept of a
‘“‘moment arm.” When the meaning of “moment arm” is
clear, terms such as moment of force are quite descriptive
and practical. From the standpoint of the algebra of vec-
tor quantities, a “moment arm” is directly related to a
cross (or vector) product. In most modern literature, the
term moment of force is replaced by the term torque.
Similarly, moment of momentum is replaced by angular
momentum. Although we mention the early terms for
their descriptiveness, we shall conform to the modern
usage in what follows.
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tion of motion, uniform circular motion results
(Sections 18-4 to 18-6). In both cases, the point-
particle concept allowed us to ignore the possibility
of any intrinsic rotational motion (such as the rota-
tion of the Earth on its axis as it executes orbital
motion about the Sun).

If we now consider rigid objects (objects whose
non-negligible size and shape does not change) we
encounter the possibility that the system of applied
forces may not all act at the same point (be concur-
rent). The resulting motion can then be more com-
plex in that it may involve a combination of transla-
tion and rotation. This is the subject of this chapter.

Consider a point-particle of mass m attached to a
weightless arm of length r, which is in turn attached
at right angles to a long slender rod that can rotate
freely about an axis along the rod, as illustrated in
Figure 21-1. A force F is applied to the point mass
m, in order to cause rotation about the rod axis.
Now, any component of the force that is parallel to
the rod axis or parallel to the supporting arm cannot
cause rotation about the axis. On the other hand, an
applied force will have maximum rotational effec-
tiveness if it is applied perpendicular to both the
supporting arm and the rod axis. Thus, rotation de-
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Figure 21-1 Diagram illustrating parameters involved
in rotation about an axis.

pends not only on the force magnitude but also on
the orientation of the line of action of the force. As
a familiar example, the reader may consider the
most effective way of causing a door to swing on its
hinges. A force applied perpendicular to the plane
of the door and to an axis through the hinges will be
best.

This example is also useful in pointing out that
the effectiveness of a given applied force is in-
creased if the distance between the axis of rotation
and the point of application of the force is in-
creased. (The skeptic can test this by comparing the
results of pushing normally on the doorknob and
then pushing with a normal force of the same mag-
nitude along the inner or hinge edge of the door.)
Still another facet of this situation is the fact that
reversing the direction of the applied force simply
reverses the direction of the rotation around the
same axis of rotation. Our problem then is to incor-
porate all these observations in a relationship that
makes possible quantitative predictions for analo-
gous systems and that is compatible with the
mathematical requirements the vectors (force and
particle displacement) must satisfy. By referring to
Figure 21-1, it is seen that only the component of F
that is perpendicular to the arm can cause rotation
about the axis. If we call this component F,, it
follows from the figure that

F,=Fsin. (21-1)

Relative to the rod axis, the point of application
(the location of m) of the force F has a displace-
ment r of magnitude r, directed outward along the
arm from the rod axis to the mass m. Now we
introduce the quantity torque (7) to denote quan-

titatively the effectiveness of a force F in causing
rotation about an axis. In order to display all the
necessary properties, the definition of torque can
be written as

7=rxF. (21-2)

The expression r X F is a vector (or cross) product
in contrast to the scalar (or dot) product we have
encountered earlier. As is indicated in the Appen-
dix, the vector product magnitude r X F is given by

[rXFl=Irl|Flsin @ =Irlsin 0 [F|. (21-3)

(The quantity |r| sin 6 is referred to in the older lit-
erature as the moment arm of the force F. Hence,
the magnitude of the torque is just the product of
the moment arm and the magnitude of the force.
Thus, a force applied at the axis has a zero moment
arm, yielding a zero torque as required.)

The direction of rXF is perpendicular to the
plane containing r and F according to the conven-
tion that if the fingers of the right hand curl so that r
swings toward F, then the thumb points along the
direction of r X F. It follows from this that reversing
the direction of F reverses the direction of rxF
along the rod axis. Thus, r X F is a product of vec-
tors which yields a third vector perpendicular to the
two vectors. We intend that this vector product is
to relate to rotational motion. It is therefore clear
that for torque to have a unique meaning it cannot
lie in the plane containing r and F, for, once rotation
begins, the directions of r and F can both change,
while the sense of the rotational motion remains
the same. In addition, when two or more different
torques are applied to the mass m, one might expect
that the resulting rotational motion is related to the
vector sum of the applied torques, just as the resul-
tant translational motion of an object is related to
the vector sum of the applied forces. In fact, it is
our intent to show in this chapter that (with suitably
defined quantities pertinent to rotational motion)
Newton’s laws of motion are also adequate to de-
scribe rotational motion.

Next, we must introduce the quantities necessary
to describe rotational kinematics. Not surprisingly,
they are (analogous to rectilinear kinematical
terms): angular displacement (@), angular velocity
(w), and angular acceleration (a). If the angular
displacement changes with time, the following rela-
tions are valid:

_ de

=ar (21-4)

w



(21-5)

It should be stressed that the vectors 8, w, a are
directed parallel to the axis of rotation about which
the particle moves, rather than in the plane of mo-
tion.

Suppose the force F of Figure 21-1 (perpen-
dicular to the axis of rotation and the supporting
arm) remains constant in magnitude and always
directed tangent to the circular path of radius r
traversed by the mass m. This is shown in Figure
21-2. At any given instant, the tangential accelera-
tion a and the force F are related by Newton’s sec-
ond law,

F=ma. (21-6)

Figure 21-2 Circular motion of a particle about an
axis due to a tangential force F.

For circular motion of fixed radius, the following
scalar relations hold (the reader should verify them
from the geometry of Figure 21-2):

s=re. @1-7)

v= r%’- ro (21-8)
2

d6 21-9)

It is essential in these relations that the angu-
lar displacement be measured in radians—
abbreviated, rad—with analogous units for » and
a. Often, however, a rotational displacement may
be given in degrees—abbreviated, °. From the
geometry of a circle:

c =2,
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where c is the circumference and r is the radius in
the same units. Since 27 is the number of radians in
one complete revolution—equivalent to 360°— we
obtain the conversion relation

27 (rad)
360(°)
Thus, if the magnitude of F is constant, the mass m
will experience tangential acceleration, which is
also constant in magnitude. From Eq. (21-9), the an-
gular acceleration is also constant in magnitude.

Let us now determine the torque 7 due to F. Using
Egs. (21-2) and (21-6),

T=rXF=rXx(ma)=mrxa.

@ (rad) = 0(°) x

(21-10)

The right-hand rule for the cross product shows
that r x a, like 7, is perpendicular to the plane con-
taining r and F. Equation (21-9), in addition, re-
quires that the magnitude of the torque is given by

(21-11)

Equation (21-11) expresses the fact that for a given
mass m at fixed radial distance r from an axis of
rotation, the angular acceleration and the applied
torque are proportional. This is the desired analogy
(for translational or rectilinear motion of a given
mass m, the acceleration and the applied force are
proportional). For rotational motion, the inertial
quantity is seen to be dependent upon both the
mass and its radial distance from the axis of rota-
tion. If we introduce the term moment of inertia (I)
with the relation

T =mre

I=mr, (21-12)

then the rotational form of Newton’s second law of
motion becomes
21-13)

7= Ila.

If the net applied torque is zero, it follows that the
angular acceleration is also zero. Then the angular
velocity is constant (or zero as a special case),
which is equivalent to saying that the particle is
experiencing uniform circular motion (or else it is at
rest).

The reader may recall that Section 17-1 discussed
static and dynamic equilibrium of point-particles.
We see now that for equilibrium of a real object to
exist, we must require not only that the net applied
force be zero but also that the net applied torque
vanish.

Now consider a real object of weight W, which is
to be supported at rest at the Earth’s surface by a
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Figure 21-3 Diagrams illustrating the location of the
x- and y-coordinates of the center of gravity of a body.

single force F. The problem is to locate where the
force should be applied. It is clear from the discus-
sion of Chapter 17 that F must be equal in mag-
nitude but directed opposite to the weight W. For
complete equilibrium, we must also require that F
and W lie along the same line of action. If this were
not the case, rotation about some axis would result,
contrary to the conditions given. (Everyone has at
one time or another experimentally solved this
problem—for example, in the form of stacking
blocks or balancing on a narrow rail.) A material
object of total weight W on the Earth’s surface can
be regarded as a point-particle of weight W located
at a point known as the center of gravity of the
object. This point is located by determining the sum
of torques due to the weight elements making up
the body. Thus [see Figure 21-3(a)l, we must re-
quire that the x-coordinate of the center of gravity
X satisfy the relation

W.‘x-:i:(XiA“,l), (21-14)

N
where W = I (AW,) = total weight of the object,
i=1

and x;AW, is the torque of the ith element of the
object about the z-axis. Similarly, Figure 21-3(b)
illustrates the requirement satisfied by the y-
coordinate of the center of gravity:

Wy =§ (AW).

Thus, if the object is supported by a force equal in
magnitude to the weight passing through the center
of gravity, it will remain at rest. Stated differently,
Egs. (21-14) and (21-15) simply require that the sum
of clockwise torques balance the counterclockwise
torques about the center of gravity in any orienta-
tion of the object.

(21-15)

If the weight of equal volume elements varies
continuously throughout the object, Eqgs. (21-14)
and (21-15) become

Wx = J’xdW, (21-16)

W§=J’ydW, 21-17)
with

W=J’dW, (21-18)

Example 1. A student has a quantity of laundry
to be done in a machine which takes loads of 8Ib
each. Although he does not own a set of bathroom
scales, he possesses a uniform metal rod 1 m in
length weighing 41b and a pair of shoes weighing
31b. To insure that his machine loads are the max-
imum weight, he attaches the laundry at one end
of the rod, his pair of shoes at the other, and sup-
ports the rod at a point such that the rod rests in a
horizontal position. How far from the laundry load
end is this position?

SOLUTION
Since the rod is uniform, the center of gravity is
at the center (3 m from each end). When the rod is
supported at a position x meters from the 8 1b load
(see Figure 21-4), it remains horizontal. In equilib-
rium, the counterclockwise torques must balance
the clockwise torques. Thus,

@ Ib)(x) = (4 lb)[(%— x)m] +@31b)[(1 - x)m]

or
(15 Ib)(x) =5 Ib-m.
Therefore,

x= %m from 8 Ib load.

' F 41b 3ib
81b

Figure 21-4 Force diagram for Example 1.



21-2 ROTATIONAL MOTION OF AN
EXTENDED OBJECT

In the previous section, we analyzed the rota-
tional motion of a point-particle about a fixed axis
of rotation at a definite radial distance from the
axis. If instead we wish to consider the rotation of
an extended rigid object (for example, a thin flat
plate), as in Figure 21-5, it is only necessary to
subdivide the plate into small elements of mass
(dm) and apply the previous analysis to each ele-
ment. Thus, the magnitude of the torque dr re-
quired to produce an angular acceleration a for the
mass dm a distance r from the axis of rotation
through 0 is given by

(21-19)

The total torque required is then just the sum (an
integral for continuous distributions of mass) of the
individual contributions;

r=[dr=([amr)a

= Ja,

dr = dmr’a.

(21-20)

where the integration extends over the entire plate,
yielding the moment of inertia of the plate. The sig-
nificance of Eq. (21-20) is that, for a rigid body, the
inertial and dynamical parts of the problem have
been separated. The moment of inertia calculation
is primarily a geometric question (for uniform den-
sity). When it is known, the torque required to
produce a given angular acceleration (or vice versa)
follows immediately.

Figure 21-5 Rotational motion of a thin flat plate
about an axis L to the plate.
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Example 2. Figure 21-6 represents a uniform
slender rod of length L meters, total mass M, and
cross-sectional area A. If the rod is to rotate about
the axis as indicated with an angular acceleration a,
determine the magnitude of the torque required.

L
] ]
B — A
h
dr
CWD

Figure 21-6 Diagram for Example 2.

SOLUTION
From Eq. (21-20) and the discussion preceding it,
it is clear that we need only determine I, the mo-
ment of inertia, to obtain the desired result. The
moment of inertia is given by

I= f ridm.
From Figure 21-6,
My M _M
dm= VdV—LA(Adr)—L dr.

Since the integral must include all elements of mass
from r =0 to r = L, we have

L MJ*L
= 2—— = — 2
I LrLdr Lordr

_MP|t_ML
L3,

0
2

3

Equation (21-23) then gives 7 = a.

21-3 KINETIC ENERGY OF A
ROTATING BODY

To continue the study of rotational motion, we
next consider the motional or kinetic energy as-
sociated with rotation. Our starting point is the
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point-particle discussed in Section 21-1. Since the
tangential velocity at a given instant has a mag-
nitude v, the kinetic energy at the same instant is
given by the rectilinear expression of Eq. 20-12:

R

K.E.= Mo,

or, equivalently in rotational quantities (since
v =rw),

1m(rm)2 —Imrw=liw

2 2 2 (21-21)

For the point-particle, the kinetic energy for both
the rectilinear and rotational forms is thus seen to
be one-half the product of an inertial factor and the
square of the relevant velocity magnitude.

From Eq. (20-13), we can write

B
K.E.=f F - ds,
A

where ds is an element of the circular path
traversed by m due to the applied force F. If F is
tangent to ds,

F:ds=F ds = mads
= (mra)(rd®) = (mr*a)(d6)
= (Ia)d0 = vd6 = 1 - d6. (21-22)

For the point-particle of Section 21-1, we now can
present a table of analogues for describing dynamic
and kinematic quantities. Table 21-1 is such a table.

It contains additional analogues than will be discus-
sed in Section 21-6.

The reader should be able to extend the discus-
sion of rigid bodies in Section 21-2 to see that the
quantities and analogues of Table 21-1 remain valid
for the case of extended rigid bodies. Thus, the
reader who has mastered the mechanics of
translational motion may now obtain twice as much
utility from this knowledge by using the table of
analogues.

Example 3. The moment of inertia of a wheel is
400 nt m’. At a given instant, its angular velocity is
10 rad/sec. A constant torque is then applied which
increases the angular velocity to 30rad/sec after
the wheel has rotated through an angular displace-
ment of 100rad. Calculate the magnitude of the
applied torque and the work produced by it. As-
sume no frictional loss of energy.

SOLUTION

For an object of fixed moment of inertia subject
to a constant torque, Eq. (21-13) requires that the
angular acceleration be constant. Therefore, we
must first determine the magnitude of « if T is to be
found. For constant a, Egs. (21-4) and (21-5) can be
used to find, in complete analogy with Eq. (14-15),
that

0= w+2aAb. (21-23)

Table 21-1 A Table of Translational and Rotational Analogues

Physical quantity Translational Rotational
Displacement r (meters) 0 (radians)
. _dr _de
Velocity v= d—t(m/sec) w=7 (rad/sec)
3 de
Acceleration a= % (m/sec?) a=_7 (rad/sec?)
Inertia m(Kg) I=mr*kgm)
Law of motion F=ma(nt) 7 = Ia(nt-m)
=rxF
Kinetic energy KE.= %mv’(joules) K.E.= %Iw2 (joules)
Work-kinetic energy . s
relation AK.E. =I F-ds AK.E. = T-do
a 9
Momentum mv (kg m/sec) Iw (kg m*/sec)
t. lz
Impulse-momentum relation : Fdt =A(mv) j vdt = A (Iw)
Equilibrium condition >F.=0 and 2 =0
1 [




Therefore,

_w'—wd _ (30§ — (100
T a0 T 20109

= 4 rad/sec’,

and
= I = 1.6 X 10’ nt-m.

Now the work-energy relation:
o,

AK.E.=workduetor = j i T -do.

Ll

Thus,

work = %Iw2 - %Iwu’ = 1.6 x 10’ joules.
The reader may already have noted that this result
also follows from

OZ
work=j T-d0 =1A0
[}

(since 7 is constant)

=1.6x10°x 10* = 1.6 x 10’ joules,
as before.

21-4 MOMENTS OF INERTIA

As indicated in Eq. (21-20), the determination of
the moment of inertia of an extended rigid body is a
calculus problem (assuming the variation of density
with position in the body is known). Such calcula-
tions are in fact frequently used as practical ex-
amples of integration in an elementary calculus
course. Thus, in principle, one could proceed in this
fashion whenever necessary. However, the world
of interest to scientists and engineers is one pos-
sessing many kinds of symmetry—cars have cir-
cular wheels, axles roll on spherical bearings,
diatomic molecules can be viewed approximately
as two spherically uniform masses connected by a
massless rod (an ideal “dumbbell™), etc. The physi-
cist has usually found that exploiting these symmet-
ries can reduce or even eliminate the integration
necessary to obtain a given moment of inertia.

Thus, in Example 2, we found the value of I for
the slender rod of Figure 21-6 to be } ML’ with re-
spect to an axis perpendicular to the length of the
rod and at one end of the rod. Suppose, instead, we
have been required to determine the value of Icy
(for an axis parallel to the axis at the end but pass-
ing through the center of mass CM, of the rod nor-
mal to the length of the rod). We could, of course,
do the same integration except that the limits of
integration would now be from — L/2 to L/2 in-
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stead of from 0 to L. The reader can show that
Iow = LML
RN ) )

Rather than repeating the first calculation with dif-
ferent limits, we proceed as follows. Recognize
that a rod of length L with an axis through the
center of mass normal to the rod length is the same
as two rods of length L.’ = L /2 with an axis at one
end and normal to the length of the rod. Using the
result already obtained,

Iew =2l = 2(%)(%) ( ,5)2

1 2
= ﬁML s
as before.

Now suppose that for a given body we had first
calculated I-» and then wished to determine I for
an axis parallel to the one through the center of
mass but located a distance h from it. We will show
that the result is obtained by means of the
‘‘parallel-axis theorem,”

I = I + Mh. (21-24)

First, however let us test it for the example just
presented. In that case, h = L/2; it is indeed true
that

LZ

1ML’= ! ML’+MT.

3 12

The proof is not difficult. Figure 21-7 is a cross-
sectional view of an arbitrarily shaped object of
mass M with the center of mass at point C. If the
object rotates with angular speed @ about an axis
through point P, its kinetic energy by Eq. (21-21), is

1

K.E. =§Iw2, (21-25)

Figure 21-7 Cross-sectional view of an arbitrary ob-
ject used to illustrate the parallel-axis theorem.
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where I is the moment of inertia with respect to the
axis through P.

Alternatively, we may view the kinetic energy of
the rotating object as composed of two parts: (1)
the kinetic energy of a particle containing the total
mass M and moving with the center of mass (for
which vey = hw) about point P, and (2) the rota-
tional kinetic energy computed as though the body
were in pure rotation about the center of mass.

For (1), we have

(K.E.) =%M(hw)2; (21-26)

for (2),

(KE), =} ewor?, @1-27)
2
Equating Eq. (21-25) with the sum of Egs. (21-26)
and (21-27) yields
1 1 1
Elm2 = EMhzm2 +§Icm2
or

I= Mh2+ICM,

as stated. The reader may wish to execute the proof
replacing sums by the appropriate integrals.

Figure 21-8 The flat plate used to illustrate the
perpendicular-axis theorem.

Still another useful device to avoid integration is
available for any rigid body whose thickness is neg-
ligible compared to its area. (Such bodies are called
thin plates or laminar bodies.) The situation is
shown in Figure 21-8. The problem is to determine
I, the moment of inertia with respect to an axis (the
z-axis) perpendicular to the plane of the body (the
x-y plane). Because the body is thin (all z,=0),

L =fr2dm
=f(x’+y’)dm

=fx’dm +fy2dm

=1 +1,. (21-28)
In words, this is a “perpendicular-axis’’ theorem in
that, for laminar bodies, the moment of inertia with
respect to an axis perpendicular to the plane of the
body equals the sum of two moments of inertia in
the plane of the body that are at right angles to each
other.

Example 4. Calculate the moment of inertia of a
thin uniform circular disk of radius R and thickness
t with respect to an axis lying along a diameter of
the disk and in the plane of the disk.

Figure 21-9 Diagram for Example 4.

SOLUTION
Figure 21-9 illustrates the problem. Here I, =

I, = I, where I, is the desired result. Using Eq.
(21-28),

Iz = ZID
or

ID = %Iz
To calculate I, divide the disk into circular seg-
ments of thickness t, width dr and volume 2nrtdr
at a radial distance r from the z axis. Then

d _Md_V_ 2artdr _2Mrdr
mEMYTYSRT TR



therefore,

_2M([*, _2M (", 2MR* 1 2
L—? . r dm_? ] rdr—4—Rr—2MR.
Finally,

A =%MR’. (21-29)
The reader may wish to compare this calculation
with a direct calculation of Ip. The required choice
of elements for dm is reasonably straightforward,
but the integration involved should convince the
skeptic of the practical value of Eq. (21-28).

In summary, it is possible to calculate many com-
mon moments of inertia using Egs. (21-24) and
(21-28) together with a limited number of results
calculated directly from the integral definition.
Table 21-2 is a modest list of such results.

Finally, just as it is often useful to replace an
extended rigid body conceptually by a point-
particle of mass M at the center of mass, so it is
also useful to locate all the mass at a single distance
from the axis of rotation such that the moment of
inertia for this arrangement equals that of the ex-
tended body. This distance is called the radius of
gyration k, which satisfies the defining equation

I =Mk’ (21-30)

21-5 NEWTON'S LAWS OF MOTION FOR
ROTATING BODIES

We are now ready to discuss the dynamics of a
system involving a rotating body. Suppose the sys-
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tem also involves translational motion. It is then
necessary to first subdivide the problem (in free-
body diagrams) into its rotational part and the
translational part. The translational part is analyzed
using Newton’s laws (Chapter 18). The rotational
part, by analogy, is analyzed using Eq. (21-13). It
should be stressed here that Eq. (21-13) is valid only
with respect to an axis through the origin of an
inertial reference frame.T Again this is analogous to
translational dynamics in that the laws of motion
are valid for inertial frames of references only as
discussed in Chapter 18.

Consider the system shown in Figure 21-10, com-
posed of a uniform circular cylinder of mass M and
radius R, free to rotate about an axis through its
center parallel to the axis of the cylinder. Two mas-
ses, m, and m,, connected by an inextensible string
of negligible mass are hung over the cylinder, and
the system is released from rest. Assume that m, >
m,, the string does not slip on the cylinder, and the
bearings supporting the rotation axis are friction-
less. When m, has dropped a distance h below its
original position, what are the linear speeds of m,
and m; and the angular velocity of M?

As indicated in the figure, there are three free-
body diagrams: two translational and one rota-

+1In rotational motion this is equivalent to rotation about
an axis fixed in space or an axis through the center of
mass. When the axis of rotation is in translational motion
(rolling motion) the analysis is somewhat more involved.
We will discuss this case in Section 21-7.

Table 21-2 Moments of Inertia and Radii of Gyration for Some Simple Bodies of Uniform Density.

Body z-axis I k?
1 2 L?
Slender rod, length L 1 rod at center EML KT
Thin hoop, radius R 1 plane of hoop, MR® R?
at center
Thin circular ring, 1 plane of ring, 1 2 2 1 ... 2
radii R, R; at center 2 M(R/*+Ry) 2 R+ R)
Sphere, radius R through center %R’ %MR2
Thin rectangular plate, 1 w?
sides W, L |IL, at center 5 Mw? 73
Thin rectangular plate, ) (W4 L?
sides W, L 1 plate, at center ﬁM(W2+ LY —T)
Right circular cylinder, 2 2 2 2
radius R, length L 1 L, through center M(RT+’;—2) EKI-}L
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T, T,
T, T,
a,‘ a:
mzg
m.g

Figure 21-10 Free-body diagrams for a system show-
ing both translational and rotational motion.

tional. Since m,>m,, m, accelerates downward.
Because the string cannot stretch, it follows that
the magnitude of the acceleration of m, (upward)
must be the same as that of m,. The angular accel-
eration of the cylinder is similarly required to be
counterclockwise, as shown. Using Newton’s laws
and Eq. (21-13), we obtain (the reader should verify
this!):

(21-31)
(21-32)

mg—Ti=ma,

T~ m.g=maa,
TR-T,R=Ia= %MR’a = %MRa. (21-33)
Solving for a, we obtain the result

a= _(mi-m)g (21-34)

(m[+m2+%l)

Since the forces (and torques) are constant, we can
write (since v,0=0=0, w,=0)

2(m,—m;) gh

(m|+mz+%l)

2(m, — mz)gh]”2

(m.+mz+%l-

v.z = Zah =

or

(21-35)

and

mo+m,+=
1 2 2

173
=+ FM’-‘] . (21-36)

Finally, using either

v = Rew
or

w’=2ab (a= and 0=£),

s

yields

12
a)=[—( 2m, — ma)gh ] . @13

m; + m, +%)R

This shows that when m, = m,, then v, = v, =0 and
o = 0 (equilibrium exists). It shows further that the
more massive the cylinder when m,>m,, the
slower will be the motion—certainly a reasonable
result.

It is left as an exercise for the reader to solve this
problem using the conservation of energy and to
show that the same result is obtained.

21-6 ANGULAR MOMENTUM AND
ITS CONSERVATION

We saw in Chapter 19 that in some situations an
analysis based on Newton’s laws of motion was
less convenient than an analysis making use of the
impulse-momentum theorem. As indicated in Table
21-1, a rotational impulse-momentum theorem can
be derived from the rotational second law, Eq.
(21-13). Thus,

4 t (la),
f 'rdt=f %du[ d(Iw)
f n t (

$3]]
= A(lw) = (Iw), — (Iw). (21-38)

Here, 7 = I is replaced with the more fundamen-
tal relation

_ddw)

Toodt
in analogy with the translational second law discus-
sion of Chapter 19.

Continuing the analogy, Eq. (21-38) states that, in
the absence of any external torque on a system un-
dergoing rotational motion, there can be no change
in angular momentum. Thus, if there is a change in
the moment of inertia of the system, it must be
accompanied by an appropriate change in the angu-
lar velocity.

Example 5. A lecturer demonstrating the conser-
vation of angular momentum stands upon a rotat-



able platform holding a 16 Ib weight in each hand at
his sides. The platform is set in rotation with an
angular speed of 1rev/sec. He then extends his
arms horizontally, putting the weights at a larger ra-
dial distance from the axis of rotation. Assume that
frictional effects can be ignored and that the lectur-
er’s moment of inertia is 5 slug-ft* independent of
the position of his arms. In addition, let the original
radial distance of the weights be ! ft and their final
distance 2 ft from the axis of rotation. What will be
the final angular speed of the lecturer?

SOLUTION
There are no external torques acting; the forces
involved in shifting the weights are radial and con-
tribute no torques to the system. Therefore, from
Eq. (21-38),

(Iw), = (lw),
or
Ilwl = Izwz.
Initially,
II = Ileclurer + 2(mballrI2)
—s+2(18 (1)) - ;
=5+ 2(3 X (2) = 5.25 slug-ft.
Finally,
I = Lecrer + 2(Myar??’)
=5+ 2(% X (2)1) = 9 slug-ft’.
Therefore,
I 5.25
w; = T;wl = T x 1

=0.58 rev/sec.

A more glamorous version of this example is the
graceful pirouette executed by an ice skater who in-
itiates a rotational motion with arms outstretched,
then clasps her arms tightly to her body, and im-
mediately experiences a much more rapid rate of
rotation due to her lower moment of inertia. A
similar analysis can be made of the way a diver exe-
cutes a one turn (or multiple turn) somersault from
a diving board. The reader can supply the details in
this case.

21-7 ROLLING MOTION

To conclude this chapter, we now consider rota-
tion about an axis that is in translational motion, or
what is commonly called rolling motion. It is neces-
sary to use both the translational and the rotational
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relationships simultaneously. Either type of motion
can be analyzed from the point of view of the laws
of motion, the impulse-momentum theorem, or
energy considerations. It should not be surprising,
therefore, that rolling motion can be analyzed in
several alternative ways. To illustrate some of the
possibilities, consider the motion of a uniform cyl-
inder of mass M and radius R, released from rest,
to roll without slipping down an inclined plane of
incline angle 6, as in Figure 21-11. What will the
acceleration of the center of mass of the cylinder be
when it has moved a distance s down the incline?

Figure 21-11 Force diagram for a system exhibiting
rolling motion.

Since there is no energy lost due to friction (no
slipping), it is possible to apply the conservation of
energy principle. Thus, at the starting position,
Yeu =y and E,.u = Mgy:. At the final position,
Yyou = y2, and Eow = Mgy, +3iMviy+5ilw®. Since
energy is conserved,

Mg(yl_y2)=%Mv2CM+l(lMszz). (21-39)

2\2
The reader can show from Figure 21-11 that

y:—y =s5sin@ (21-40)
and

Vem = Rw. (21-41)
By combining Eqs. (21-39), (21-40), and (21-41), we

obtain

Vi = 2(2g sin 0) s.

3 (21-42)

This relation is in a familiar form, which relates an
initial velocity of the center of mass (vcu, = 0 in this
case), the final velocity of the center of mass, the
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displacement of the center of mass, and the acceler-
ation down the incline of the center of mass. That
is,

vl = v,  + 2as,

from which we conclude that

acu = %g sin 6. (21-43)

(Notice that had the cylinder slid without rolling,
the acceleration would have been g sin 0, a larger
result.)

Next, consider the same situation from the con-
text of the laws of motion. Considering rotation
about the center of mass, Eq. (21-13) requires that

FR =la (21-44)

(we have chosen clockwise torques as positive).
For the translational motion, we have:

perpendicular to the incline the sum of forces is
N-Mgcos8 =0, (21-45)

parallel to the incline the sum of forces is
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(21-46)

with down the incline taken as positive. By dif-
ferentiating Eq. (21-41) with respect to ¢, we obtain

Mg sin @ — F; = Macy,

dw
d_t = Ra.

Combining Eqs. (21-44), (21-46), and (21-47),

acv =R (21-47)

Mg sin 6 — I;C,“ = Macy (21-48)
or
_Mgsind_ Mgsiné
M= = Tarn?
I :MR
Mtgr M+
_2
= 3g sin 6,
as before.

Notice in this calculation that no use was made of
Eq. (21-45). It is not possible, for example, to calcu-
late the coefficient of static friction since this would
imply that slipping was about to occur and there is
no evidence either favorable or unfavorable to sup-
port such an assumption.

1. A wheel of 10 cm in radius turns through an angle of 500 rad in 10 seconds starting from rest. The

acceleration is constant. Calculate:
(a) the average angular velocity,
(b) the angular acceleration,

(c) the final angular velocity after 10 seconds,

(d) the tangential acceleration,

(e) the tangential velocity of a particle on the rim after 10 seconds, and
(f) the centripetal acceleration of the particle after 10 seconds.

2. A car goes around a curve of 121 ft radius at a speed of 30 mi/hr. What must be the coefficient of friction
between the wheels and the level pavement in order that the car does not skid?

3. A string is wound around the rim of a cylindrical grindstone of mass 2 slugs and radius 8 in. By pulling
on the end of the string, a man exerts a constant tangential force of 31b. Assume the bearings are

frictionless.

(a) Find the magnitude of the torque applied to the grindstone.
(b) Find the magnitude of the angular acceleration of the grindstone.
(c) Find the angular velocity of the grindstone 6 seconds after it starts from rest.
(d) What is the kinetic energy of the grindstone 6 seconds after it starts from rest?
(e) How far does the man pull the free end of the string in 6 seconds starting from rest?
4. (a) On a horizontal frictionless surface, a 500 gm body revolves in a circle whose radius is 90 cm. Find
the magnitude of the centripetal force on the body if it makes 1rev/sec.
(b) If the body in (a) should accelerate 0.50 rad/sec’ from the given velocity, what would its angular

velocity be at the end of 10 seconds?
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5. A figure skater with arms outstretched starts to rotate with angular velocity of 1rad/sec and then

10.

11.

immediately brings in her arms. Given that her initial and final radii of gyration are 20cm and 5 cm,
respectively, what is her resulting angular velocity?

. On a horizontal turntable a 100 gm lead block lies whose center of gravity is 40 cm from the axis. The

angular velocity of the turntable is very slowly increased until it becomes 0.50 rev/sec, at which instant
the block begins to slip. Find:

(a) the radial acceleration of the block at this time,

(b) the centripetal force on the block at this time, and

(c) the coeflicient of static friction between the block and the turntable.

. A car starts from rest on a circular race track of radius 1000 ft and increases its speed at the rate of

4 ftfsec’.

(a) How long a time will be required to attain the speed at which the tangential and radial components of
the car’s acceleration are equal?

(b) How far does the car move along the track before the radial and tangential components of its
acceleration are equal?

. A 40 gm ball on the end of a string revolves in a horizontal circle of 50 cm radius on smooth ice at a

uniform speed of 60 cm/sec.

(a) Find the angular velocity of the ball.

(b) Compute the tension in the string.

(c) If the ball should decelerate uniformly at 0.03 rad/sec’, through how many radians would it travel
before it stopped?

. A light rigid rod has point masses of 5 kg and 10 kg at 3 m and 1 m, respectively, from the supporting

frictionless pin P about which it is free to rotate in a vertical plane.

(a) If the rod is released with negligible angular
velocity from the position shown in Figure
21-12, find the angular velocity with which
the 5kg mass passes the horizontal line
through P.

(b) Calculate the angular acceleration of the
rod at the moment that the rod becomes
horizontal.

p 5kg

lrr:

® 10kg

Figure 21-12

A wheel 5 ft in diameter starts from rest and acquires an angular speed of 720 rev/min in 12 seconds. A
rivet on the rim weighs ;1b. Compute:

(a) the angular acceleration,

(b) the linear acceleration of the rivet,

(c) the instantaneous tangential velocity of the rivet 12 seconds from the start,

(d) the radial acceleration of the wheel 12 seconds from the start, and

(e) the centripetal force exerted on the rivet.

(a) An airplane in turning should not be subjected to an acceleration greater than 7 g. Find the radius of
the smallest possible circle when flying at 350 mi/hr.
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12.

13

14

15.

16.

Rotation

(b) A car with wheels of 2 ft diameter is traveling 20 ft/sec. Find the centripetal force necessary to
prevent 11b of mud from leaving the rim of the wheel.
Disks A and B are mounted on the same shaft so that they may rotate at different speeds or may be
connected together by a clutch to rotate at the same speed. Initially, A has an angular velocity
wo rad/sec and a kinetic energy of 400 ft-1b, while B is stationary. Then they are coupled together, and
heat is produced in the clutch. The moment of inertia of B is 3 times the moment of inertia of A.
(a) Find the ratio of the final angular velocity of the two disks to the initial angular velocity of A.
(b) Compute in ft-1b the heat produced in the clutch.
A stationary disk of mass 0.10 kg and radius 0.10 m, free to rotate about an axis through its center, has a
little projection on its circumference. A 0.02kg bit of putty with a velocity of 5 m/sec strikes the
projection tangentially and sticks to it. What is the angular velocity given to the disk?

In Figure 21-13, a weight W is attached to a light

string wrapped around a solid cylinder of mass
M, mounted on a frictionless axle at 0. If the
weight starts from rest and falls a distance h,
show that its tangential speed is given by R
b [2Wh 0
WM
g 2
w
Figure 21-13

Starting from rest, a small car of mass m
rolls down the incline of the ‘“loop-the-loop”
shown in Figure 21-14. It starts from a height H
of 32 ft, where R = 8 ft is the radius of the loop.
Find the magnitude of the velocity of the car as
it passes point A on the top of the loop. Neglect
friction.

Figure 21-14

(a) Find the moment of inertia about an axis perpendicular to the axis of a slender rod of uniform
cross-sectional area A and length L, if the density varies according to the relation

p=a+br,

where a and b are constants, and r is the distance along the rod from one end.

(b) A flywheel 3 ft in diameter is pivoted on a horizontal axis. A rope is wrapped around the outside of
the flywheel and a steady pull of 101b is exerted on the rope. It is found that 24 ft of rope are
unwound in 4 seconds. What was the moment of inertia of the flywheel?
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18.

19.
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Consider a circular ring of outer radius R, inner radius R, with a thickness ¢, and of uniform density p. As
indicated in Table 21-2, the moment of inertia about an axis L to the plane of the ring and through the
center is given by IM(R;> + R;?). Show that this result can be obtained without integration by noting (as in
Example 4) that for a solid circular disk (R, =0), I =3MR/, and considering the ring as a solid disk of
radius R, from which another solid disk of radius R, has been removed. That is, Iri,s = Lia(R:) — Liw(R>).
Note: the masses of the two rings must be calculated from the expression M = pV = pnR’t.

Use the perpendicular-axis theorem to verify the expression for the moment of inertia of a thin
rectangular plate of sides W and L about an axis L to the plate and through the center, given the validity of
the preceding result in Table 21-2.

The moment of inertia of a sphere of radius R, mass M, about an axis through the center, is given by
I =3MR?. Show that the moment of inertia for the sphere about an axis tangent to the sphere is
I=IMR".
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22-1 PERIODIC MOTION

One of the physical concepts discussed in a
number of earlier chapters (beginning with Chapter
10) had to do with repetitive phenomena. Thus, a
transverse sinusoidal wave propagating along a
string has the principal feature that any given par-
ticle of the string will take on a continuous se-
quence of displacements that lie between two ex-
treme values symmetrically located on either side
of the equilibrium position. When the particle has
gone through the entire sequence of displacement
values, it repeats the sequence or cycle of events
again and again, as long as the same wave motion is
maintained. As we have seen, the extreme displace-

ment value is called the amplitude of the wave mo-
tion and the time required for one cycle of the mo-
tion is the period.

In the present chapter, we will discuss the nature
of forces that can produce such repetitive motion,
which is generally referred to as periodic motion.
We shall be concerned primarily with sinusoidal
motion, but the reader should understand that a
more general periodic motion such as the *‘saw-
tooth” wave form illustrated in Figure 22-1 can be
discussed similarly (although the mathematics is
necessarily more involved). This can be partially
understood if it is recalled from Section 10-2 that
any periodic disturbance can be expressed as an
infinite series of sinusoidal disturbances. Such

Nl

T ' ar
2

t —a

Figure 22-1 Displacement versus time for a ‘‘saw-tooth’ wave.
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series are called Fourier series, and they are ex-
tremely useful in the analysis of general periodic
motion.

22-2 SIMPLE HARMONIC MOTION

A particle is said to experience simple harmonic
motion (SHM) if the displacement-time relationship
is a sinusoidal one. For example, one-dimensional
SHM is given by

2at

x=A sin( T +¢), (22-1)
where ¢ is the phase angle and is dependent upon
initial conditions. Since T = 1/f, where f is the fre-
quency, and 27f = w, Eq. (22-1) can also be written

x = A sin(wt + ¢). (22-2)

We wish to know the kind of force that could cause
a particle of mass m to experience the SHM of Eq.
(22-2). This is accomplished by recalling that the
velocity and acceleration of the particle are given
by dx/dt and d’x/dt?, respectively. That is,

v = -g—f = wA cos (ot + ¢) (22-3)
and
dv, d* .
a. = d’; =d—t’§= ~ A sin (ot + ¢), (224)
or
a, = — o', (22-5)

where Eq. (22-5) follows from Egs. (22-2) and
(22-4). The force F,, which is responsible for the
motion described by Eq. (22-2), can be determined
from Newton’s second law:

F, = ma, = — mw’x. (22-6)

Since me’ is a constant, we can rewrite Eq. (22-6)
as

F, =—kx, (22-7)
where
(22-8)

k=mo’.

The meaning of Eq. (22-7) is clear: a particle ex-
periencing SHM does so becau'se of the existence
of a force F which is proportional, but directed op-
posite, to the displacement of the particle. That is,
the direction of F, is always toward the equilibrium
position, and is greater in magnitude the further
from equilibrium the particle is located. This kind
of force is known as a linear restoring force or a

Hooke’s law force because the magnitude of the
force is a linear function of the displacement and
because Robert Hooke first stated the relationship.
Very few physical systems exhibit true SHM. (Fric-
tional effects in most systems cause the oscillations
to die out.) However, the simple harmonic oscil-
lator has proved to be a reasonable starting approx-
imation for a wide variety of situations, from a
simple pendulum to the small oscillations of one
atom in a diatomic molecule due to the force
exerted on it by the other atom.

22-3 EXAMPLES OF SIMPLE HARMONIC
MOTION

One of the simplest examples of SHM that can be
studied experimentally consists of a mass m con-
nected to a helically coiled spring (of negligible
mass), fastened to a rigid support as in Figure 22-2.
(See Section 20-4.) It is assumed that the surface on
which the mass moves is frictionless, and that the
amplitude of the motion of the mass is small, so that
the restoring force due to the spring is not altered
by distortion of the spring. (For large amplitude, a
coiled spring will suffer a permanent stretch, as a
result of which the restoring force is also changed.)
At equilibrium, the position of the mass relative to
the origin at the wall at left is x,, so that the dis-
placement from equilibrium is given by x’' = x — x,,
where x is the displacement of m from the origin. If
x'=A at t =0, then the motion is described by

x'= A cos wt, 22-9)

where @ is given by Eq. (22-8). For a spring, the
constant k is known as the force constant of the
spring, or simply the spring constant. Experimen-
tally, it is determined by measuring the force P
necessary to cause a given stretch x’ of the spring,

X
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Figure 22-2 An example of SHM.



since the applied force is equal in magnitude but
opposite in direction to the restoring force due to
the coiled spring. It follows from Eq. (22-7) that

=_F|x=£

k=—F=2. (22-10)

An experimental test for the suitability of SHM
conditions can be made by comparing the value of k
determined statically by Eq. (22-10) and the value
obtained dynamically by finding the period r of the
motion and using @ =2 /7 in Eq. (22-8).

As another example, consider the simple pen-
dulum shown in Figure 22-3. For a simple pen-
dulum, it is understood that the dimensions of the
mass m are small compared to the length ! of the
supporting cord, which has a negligible mass. Ap-
plying Newton’s second law along the string and
perpendicular to it, we have

T—mgcos 9 =0,
—mg sin 8 = F, = ma.. (22-11)

For motion along the arc of the circular path, we
can write

s =16, (22-12)
from which
_.d’6
a, _ldt , (22-13)

since ! is a constant. Combining Eqs. (22-11) and
(22-13) gives
mlﬁg2 =—mg sin 6
dt

or
2
ﬂ’=—%sin0.

ar (22-14)

L
|

mg sin 6 =—F,

Figure 22-3 Force diagram of a simple pendulum.
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This equation is complicated and leads to equally
complicated solutions without further assumptions.
Therefore, let us consider oscillations for which 8
is small enough to permit use of the approximation
sin 8 = 0. If this is done, Eq. (22-14) becomes

e (g)
a = \1)%
which is identical in form to Eq. (22-5). It follows,

therefore, that the solution to Eq. (22-15) is
0 = 6., sin (ot + ¢), (22-16)

(22-15)

where 8. is the amplitude of this rotational SHM,

and
w=2_‘"’=\/§
T l

by comparison with Egs. (22-5) and (22-8). [The
skeptical reader is invited to show for himself by
substitution that Eq. (22-16) is the solution of Eq.
(22-15).] Rearranging Eq. (22-17) leads to the result

that
T = 2#\/1.
g

We conclude, therefore, that the period of a simple
pendulum is independent of the amplitude of the
oscillations for small oscillations. A more sophisti-
cated analysis shows that the solution to Eq. (22-14)
can be written in the form

(22-17)

(22-18)

T= 271’\/gz{] +% sin’ 8,, +% sin 6, + - - } (22-19)
It is left to the reader to verify that for amplitudes
up to 6, =25° Eq. (22-18) is in error by less than
1%. Because the period of the simple pendulum is
independent of the amplitude of oscillation, it is a
convenient device for keeping time. Alternatively,
by means of an auxiliary time-keeping device, the
simple pendulum can be used to determine the
value of g, the acceleration due to gravity.

22-4 ENERGY RELATIONSHIPS

Throughout the discussions above, it has been as-
sumed that there are no frictional (dissipative)
forces. When this is true, it is clear from Chapter 20
that the principle of conservation of mechanical
energy can be applied. For the examples of the last
section, this means that the total energy of a system
exhibiting SHM must remain a constant. For the
mass attached to the spring of Figure 22-2, the total
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energy is partly kinetic energy and partly potential
energy stored in the coiled spring, in amounts that
are sinusoidal functions of time.
Thus, the kinetic energy is given by
1 1 (dx’

2
= — 2,=._ —_—
K.E.—zmv, 2m( lt)

-;-mw’A2 sin’ wt

= lmv,,.2 sin’ wt = (K.E.)p sin’ ot (22-20)

2
from Eq. (22-9). In the last expression, v. is the
maximum speed of the mass m.

From Eq. (20-28), the elastic potential energy of a
stretched spring is given by

_l 12
P.E.—zkx .

Therefore, from Egs. (22-8) and (22-9), we obtain

PE.= %kA2 cos’ wt = %mw’A2 cos’ wt

= (P.E.)mx €08’ 0t.

(22-21)

(22-22)

The total energy E for the system is the sum of
kinetic and potential energy expressions, or

E=K.E.+P.E.

mw’A’(sin’ wt + cos’ wt)

1
2

= %msz2 = (K.E.)nax = (P.EDuax,
which is a constant for fixed m and k.

1t is clear, then, that the transformation of energy
from a kinetic form to a potential form is beauti-
fully symmetric in cases of SHM. For maximum
displacement from equilibrium, the system is at rest
and the total energy is potential in form. At the
equilibrium position, there is no restoring force so
the potential energy vanishes while the speed of the
system as it goes through the equilibrium position
becomes a maximum, giving maximum kinetic
energy. At any other position, the total energy is
distributed in the two forms. Alternatively, we may
say that the kinetic and potential energies differ in
phase by /2 or 90°.

Example 1. A mass m =0.1kg is attached to a
helical spring of spring constant k =4 nt/m as in
Figure 22-2. If the mass is pulled out 0.10 m from

(22-23)

the equilibrium position and released, determine:

(a) the period of the resulting SHM,

(b) the total energy E of the system,

(c) the earliest time for which the kinetic energy
equals the potential energy, and

(d) the displacement from equilibrium for which
the kinetic energy is one-half as large as the poten-
tial energy.

SOLUTION
(a) From Eq. (22-8),

2w \/E_ f0.1kg
'r—w—21r k—21r 4nt/m—lsec.

(b) E =3ikA?=1(4nt/m)©0.1 m)’ = 0.02 joule.

(c) K.E.=P.E. = E/2, when sin’ ot = cos’ ot =}
or wt = /4. Therefore, t = ir ~0.12 sec.

(d) If K.E. =1P.E., then

E= %P.E. +P.E.= §P.E.

2
As a result, 1kA* = 3(kx?). Therefore,
xi= %A’
or

x == \/EA ~+0.824A = +0.082 m,

since A =0.1 m.

22-5 DAMPED OSCILLATIONS

Let us now turn to the effect of friction forces on
a system subject to a linear restoring force. Since
most freely oscillating systems do not continue to
oscillate indefinitely, it is clear that some dissipa-
tive mechanism must be included to account for the
damping (steady reduction of oscillation amplitude)
of the motion. The exact nature of the friction force
is a complex problem depending to a great extent
on the specific situation involved. Thus, a mass sus-
pended from a helical spring and immersed in a
beaker of oil will not experience the same frictional
forces as a mass fastened to a similar helical spring
and moving horizontally along a surface that is
rough enough to provide a drag on the mass. How-
ever, it is an experimental fact that in many cases
one can obtain a satisfactory analysis of the motion
by assuming that the friction force is proportional
to the speed of the oscillating object and is opposite
in direction to the motion of the object. Therefore,



we express the frictional force F; in the form

- gdr
F =~ Ky

(22-24)
where K is a proportionality constant that is
strongly dependent upon the system being consid-
ered, and dr/dt is the velocity of the particle. For
motion in one dimension, we can omit the vector
notation and write, for example,

dx

F=— KE'

Applying Newton’s second law to this situation
gives the equation

d’x _ dx

m-ﬁf— kx Kdt.

(22-25)

(22-26)

The solution of this equation is a straightforward
exercise in differential equations, but we prefer to
use physical arguments to infer the form of the pos-
sible solution(s) to it. Thus, let us suppose that the
linear restoring force could somehow be neglected
in comparison with the friction force. This could be
done, for example, if the system involved a mass
suspended from a helical spring with a weak spring
constant and immersed in a highly resisting fluid
such as molasses. If this is true, it is not difficult to
deduce that the particle will approach the equilib-
rium position exponentially with time. That is,

x =Ae ", 22-27)
where c is a constant, is a solution to the equation
d’x dx
ma =~ Kar

On the other hand, we have seen that SHM results
if the frictional force is neglected. It is tempting to
suppose that a solution to Eq. (22-26) would be a
trigonometric expression (for the SHM) multiplied
by a decreasing exponential (due to the damping
force). Let us, therefore, try the expression

(22-28)

as a possible solution. Substituting in Eq. (22-26),
and equating the coefficients of sin (wt + 8) and
cos (wt + 8) on both sides of the equation, shows
that if

x = Ae “ sin(wt + 8)

c= % (22-29)
and
2712
CEET @
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then Eq. (22-28) is indeed a possible solution. It
should be noted that if K =0, Eq. (22-30) reduces
to Eq. (22-8), and Eq. (22-28) becomes Eq. (22-2), as
they should. We have obtained much more, how-
ever. Thus, Eq. (22-30) predicts that for damped
oscillatory motion the frequency is a constant de-
pending upon k, K, and m. The maximum fre-
quency occurs for the undamped (K = 0) situation.
For K#0, the frequency is reduced to a lower
value, but the motion is still oscillatory. This case is
called underdamped motion. If (K/2m) =k/m,
o =0 and the motion ceases to be oscillatory, be-
coming exponential instead—a situation referred to
as critically damped motion. For (K/2m) = k/m,
the motion is still non-oscillatory (since w cannot
be negative), but the exponential decay proceeds
much more slowly, giving rise to overdamped mo-
tion. If (K/2m)*> k/m, Eqs. (22-28) to (22-30) no
longer apply, but the motion is still exponential in
form. We will not pursue this point. Figure 22-4 is a
graph of x versus ¢ for the three cases. Finally, we
remark that the exponential term can be rewritten
in the form e ", where

_2m
K

is called the decay time for the system. That is, in a
time equal to the decay time the amplitude of the
motion decreases to 1/e of its original value. The
reader should find physical arguments for the decay
time increasing with increasing mass m or decreas-
ing frictional effects (decreasing K).

(22-31)

T

(a) underdamped
(b) critically damped
(c) overdamped

Figure 22-4 Displacement versus time for damped
oscillatory motion.
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22-6 FORCED OSCILLATIONS

If the oscillations of a damped system are to
remain constant in amplitude, it is clear from the
last section that energy must be supplied by some
external agency to compensate for the energy lost
because of the frictional force. This can be done by
applying an external force to the system. To be
effective, however, it is necessary that the force
applied be an oscillatory function of time. This is
because a constant force would resist the motion of
the system whenever the system was moving in the
direction opposite to the applied force. Further-
more, it is not difficult to see that an applied force
with a frequency equal to that of the oscillatory
system will be more effective than a force with a
different frequency. An example of this is a child
being pushed in a swing. Only when the swing is
moving in the direction of the applied force will that
force have its maximum effect.

The mathematics of a driven, damped oscillator
is substantially more complex than the damped free
oscillator. To begin with, when the driving force is
initially applied, there will be an initial motion de-
scribed by an equation of the form of Eq. (22-28).
This motion dies out rather quickly (that is, for
t = 47), and is therefore referred to as the transient
part of the solution. The more important part of the
solution is the steady-state part, which describes
the motion for all time once the transient part has
damped out. In the analysis that follows, we will
discuss only the steady-state solution for the case
of an applied force varying sinusoidally with time.
That is, we assume a driving force given by the
equation

F; = F,sin wdt, (22-32)

where wq is the angular frequency of the applied
force. In this case, 3 F = ma leads to
2
mz—t’gc = F, sin wst — kx — Kg%c, (22-33)
where the various quantities retain the meanings as-
signed to them in the previous section.

Since we are interested in the steady-state mo-
tion, it is certainly reasonable to assume that the
time dependence will be sinusoidal with the fre-
quency of the driving force, ws. On the other hand,
if wi# o =(k/m)"”, the natural frequency of the
undamped oscillator, we should expect that the
amplitude of the oscillations will not be a maximum

and will be frequency dependent. To test these as-
sumptions, we substitute a solution of the form

x = A(wy) sin (wat + 8) (22-34)
in Eq. (22-33). The result is

- mwdzA (wd) sin (ll)dt + 6)
= Fu sin wat — kA (ll)d) sin (ll)dt + 6)

— Kw,A (ll)d) Ccos (ll)dt + 8)
or

(;"1._ wd’)A(wd) sin (wt +8)

=%sin wat —%’A(m)cos (wat +8).
(22-35)
This can be simplified by using the identities

sin (@ + B) =sin a cos B +cos a sin B
and
cos (a + B) =cos a cos B —sin a sin B,

and rearranging terms to give

W4

[A(wd){(wz —wd)cos 8 + Ifn

sin 6} - f—"] sin wat
m

= [— (0’ — @) sin 6 — LCH
m

cos 6] A(wy) cos wat,
(22-36)

where w?=k/m, from Eq. (22-8). Since cos wat #
sin wat, Eq. (22-36) is satisfied only if the coeffi-
cients of sin wst and cos wst vanish independently.
We then have

Fo
Aws) = m = (2237
{(m2 — wl) cos 8 + ——2sin 6}
m
and
Kll)a
sind _ __ m :
tans=is= s (239)

From Eq. (22-38), it follows that

_ Ko,
. m
sind = 212>
K
wr-wr+ ()]
_ (w2 - waz)
cos & -(wz — 2)2 N (Kwd)lelz.
I ‘ m




When these expressions are substituted into Eq.
(22-37), we obtain
(@)
m

These somewhat laborious manipulations show
that, as we had anticipated, the steady-state does
indeed possess the frequency of the driving force.
The amplitude of the oscillations depend not only
upon the driving frequency and the natural fre-
quency of the undamped oscillator but also upon
the friction force constant K. The displacement of
the oscillating object differs in phase from the ap-
plied force by the phase angle 8, given by Eq.
(22-38).

We can draw additional conclusions from our
solution. As asserted above, A (w;) will be a max-
imum when ws = w. In fact, for an undamped oscil-
lator (K =0), Eq. (22-39) indicates that the am-
plitude increases without limit as w; - w. This is a
situation known as resonance. At resonance an o0s-
cillating system absorbs a maximum amount of
energy from the driving force mechanism during
each cycle of the motion, and the amplitude in-

(22-39)
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Figure 22-5 Amplitude versus driving frequency.

creases until some portion of the system breaks
down. The torsional oscillations induced in the
Tacoma Narrows suspension bridge by winds of
resonant frequency resulted in gigantic oscillations,
which ultimately led to a collapse of the bridge. Fig-
ure 22-5 is a plot of amplitude versus frequency for
undamped and damped driven oscillations.

1. A body of mass 0.10 kg hangs from a long spiral spring. When pulled down 0.10 m below its equilibrium
position and released, it vibrates with a period of 2 seconds.
(a) What is its velocity as it passes through the equilibrium position?
(b) What is its acceleration when it is 0.05 m above the equilibrium position?

(c) What is the force constant of the spring?

2. A spiral spring of negligible mass hangs vertically with a 200 gm lead ball fastened to its lower end. The
ball is then pulled down 4 cm and released. In 60 seconds it completes 150 vibrations or cycles. For the

vibrating ball, compute:
(a) its maximum speed and

(b) the magnitude of its maximum acceleration.

When the ball is 2 cm below its equilibrium position, compute the magnitude of:

(c) its speed and
(d) its acceleration.

3. A 3kg mass is attached to a spring and set into oscillation. The mass executes 9 oscillations in 40
seconds. The total energy associated with the simple harmonic motion is 2 joules. Determine:

(a) the maximum velocity of the mass and
(b) the amplitude of the motion.

4. For a body undergoing simple harmonic motion,

(a) when the displacement is one-half the amplitude, what fraction of the energy is kinetic and what

fraction is potential?

(b) At what displacement is the energy half kinetic and half potential?
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5.

10.

11.

12,

Harmonic Motion

A fifty cent coin is placed at the end of a rough plank that is vibrating horizontally with simple harmonic
motion of an amplitude of 10 cm and a period of 2 seconds. Compute the coefficient of friction between
the coin and the plank if the coin is just on the verge of slipping.

. A body oscillates with simple harmonic motion according to the equation

y = 10sin (5m +%’) m,

where ¢t is in seconds. Find:
(a) the displacement, velocity, and acceleration when t =2 seconds and
(b) the amplitude, frequency, and period of the motion.

. A 0.070 kg mass is attached to a spring and placed on a horizontal frictionless plane as shown in Figure

22-6. The mass is displaced 0.12 m from equilibrium and released. The force constant of the spring is
8.47 nt/m. Determine the following quantities:
(a) the frequency of oscillation,

(b) the total energy of motion,
(c) the maximum speed of the mass, and 2
(d) the maximum acceleration of the mass. Y
Z
A
Z
ZLLALLELLL LY
Figure 22-6

For a mass that is oscillating harmonically, plot the kinetic energy as a function of time and the potential

energy as a function of time. Assume that the mass is displaced an amount A and released from rest at

t=0.

(a) A particle oscillates with a frequency of 1000 cycles/sec if the amplitude is 0.010 cm and its mass is
0.10 gms. What is the maximum restoring force on the particle?

(b) Write the equation for a sinusoidal transverse wave of wavelength 2 m, traveling in the positive
x-direction with a period of 0.05 seconds.

A body is vibrating with simple harmonic motion of amplitude 10 cm and frequency 3 vibrations/sec.

Compute:

(a) the maximum values of acceleration and velocity,

(b) the acceleration and velocity when the displacement is 5cm, and

(c) the time required for the body to move from the equilibrium point to a point 8 cm distant from it.

A point at the end of one prong of a tuning fork makes 128 vibrations/sec, and the amplitude is 0.10 cm.

Calculate the maximum velocity and maximum acceleration of this point.

In what ratio will the frequency, maximum potential energy, and maximum kinetic energy of simple

harmonic motion in a spiral spring be altered if the load mass is quadrupled? If the amplitude is doubled?
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23-1 ELASTICITY

When a substance is described as being rather
elastic, one commonly pictures something like a
rubber band or even a steel band which will, if
deformed by stretching or bending, ‘‘snap back’ to
its original configuration. This qualitative behavior
is similar to the Hooke’s law situation of the last
chapter. Therefore, if we wish to develop a more
quantitative means of classifying substances that
exhibit elastic behavior, it seems reasonable to pro-
ceed by discussing them in terms of SHM.

No real substance is completely elastic, if this
means that it exhibits perfect SHM or is completely
restored to its undisturbed state with no increase or
decrease in energy content. Thus, the helical spring
was idealized to permit the discussion in Chapter
22. It is easily demonstrated that such a system, if
set in motion, will eventually come to rest because
of internal dissipative forces that cannot entirely be
eliminated. Furthermore, if such a spring is ex-
tended beyond a particular limiting extension, it
becomes permanently deformed and assumes new
characteristics. From these observations one can
postulate a number of things:

1. Within rather restricted limits, many sub-
stances may exhibit properties that approxi-
mate those related to SHM.

199

2. Beyond those limits, the properties exhibited
could vary markedly in a manner dependent
upon both the material and the extent to which
limiting values have been exceeded.

3. It might be useful to classify materials in gen-
eral in terms of Hooke’s law and to give some
indication of the manner in which they fail to
satisfy the ideal behavior requirements.

Ultimately, one would prefer a microscopic or
detailed understanding of the interatomic or inter-
molecular forces that make it possible for a mater-
ial to appear to behave like a harmonic oscillator.
To attempt such a program here is not desirable for
several reasons, although it does make an interest-
ing study. Instead, we present a macroscopic de-
scription relating the application of external forces
to changes in the size or shape of isotropic material
and the forces produced by these changes.

Consider a metal wire, which is subjected to a
tensile or stretching force parallel to the length of
the wire. Measuring the applied force and the re-
sulting elongation or extension of the wire for a
wide range of values, we can illustrate the results
graphically. It is customary to speak of the tensile
stress, which is the applied force divided by the
original cross-sectional area of the wire upon which
it acts normally. The strain is given by the elonga-
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Rupture
/ point

Strain——

Figure 23-1 Stress-strain relation for a metal wire.

tion divided by the original length. Since the origi-
nal area and the original length are constants, it is
clear that an equivalent statement to Hooke’s law is
that the tensile stress is proportional to the strain. If
the relevant data is plotted in this fashion, the re-
sults are as shown in Figure 23-1. Point A, the pro-
portional limit, indicates where non-linearity begins
on the curve. For metals, this corresponds to a
strain of less than 1%. Above A, at point B, a
permanent “set” or deformation takes place, so
that reducing the stress to zero yields the dashed
curve instead of the original curve. Beyond point B,
a very slight increase in stress produces a marked
increase in the strain. This region of the curve is
referred to as the plastic region. The rupture point,
as the name implies, is the point representing the
stress that causes the sample to fail.

If we limit our discussion to stresses falling in the
proportional region, we can expect that the material
will behave in a manner approximating the SHM of
Chapter 22. In the next section, the constant of
proportionality in Hooke’s law (in stress-strain

form) will be identified for the common types of
deformation that can occur at low stress. In Section
23.3, we discuss the relationships that exist be-
tween these elastic moduli, and present a table of
moduli values for some common materials. Section
23-4 gives a brief indication of phenomena for
which the SHM approximation is not a satisfactory
description. The propagation of a longitudinal elas-
tic wave along a metallic rod is the subject of Sec-
tion 23-5,

23-2 STRESS, STRAIN, AND ELASTIC
MODULI

If Hooke’s law is to be written in the form dis-
cussed above (stress « strain), our attention should
be directed to the evaluation of the proportionality
constant that is required if Hooke’s law is to be an
equation. This proportionality constant is called an
elastic modulus and is equal to the ratio of stress to
strain, provided that the material has not been sub-
jected to stresses exceeding the proportional limit.

It is important to distinguish between types of
deformation that can occur and to properly define
the stress and strain related to these types. Three
cases are presented here: the tensile case discussed
above, tangential deformation or shear, and bulk or
volume deformation. Figure 23-2 illustrates the
three cases, with solid lines indicating the initial
geometry and dashed lines indicating the geometry
resulting from the application of the appropriate
stress.

As indicated in Figure 23-2(a), the tensile force F;
is applied perpendicular to the cross-sectional area

F. i AR
T - Y

p— |

",}" / P =
S F—-2il| «—F

-~ ___Lr
b A \

Area of cross-section A

(a) Tensile stress

(b) Shear stress

}/"’--h’. p7é
—w—

F.
F.

(c) Bulk stress

Figure 23-2 Stress-strain geometry for tensile stress, shear stress, and bulk stress.



A. The tensile stress or normal stress is thus defined
to be

tensile stress = F,/A, (23-1)
and the related strain is given by
tensile strain = AI. (23-2)

Iy

The elastic modulus for this case is called Young’s
modulus and is indicated by Y. Thus, Hooke’s law
for this case becomes

F._ Al .
e Y I (23-3)
so that
= —‘;ﬁ Al (23-49)
Q0
can be compared with
F=kAl (23-5)

which follows from Eq. (22-8) for the extension of a
material obeying Hooke’s law. We see, therefore,
that by determining Young’s modulus it is possible
to calculate a force constant for the material. This
constant represents an estimate of the force per
unit separation exerted by one atom on another in a
metal sample. Typical values of k obtained in this
manner are of the order of 10 nt/m. One would ex-
pect, therefore, that any microscopic theory of the
mechanical behavior of metal wires should predict
values of this magnitude.

For the shear case, Figure 23-2(b) indicates that
by applying the force F; tangentially to the surface
area A = lw, the solid is deformed linearly through
an angle A¢. For this case, the shear stress is de-
fined by the relation

shear stress = F,/A = F,/lw, (23-6)
and the shear strain is taken to be
shear strain = Aw_ tan A¢. 23-7)

h

Since we are concerned with strains of less than 1%
(<0.01), we can use the relation

tan A¢ =~ A¢ (inradians),
so that

shear strain = Q}Tw =Ad. (23-8)

If the elastic modulus in the case of shear is given
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the symbol S, Hooke's law becomes

F,_
2~ Sa¢ (23-9)

or
FJ
S‘X/Ad”
F.h

“lwaw’

for the geometry of the figure.

Figure 23-2(c) illustrates a rectangular block of
material subject to forces that are all normal to the
surface to which they are applied. To avoid motion
of the sample as a whole, it is clear that the forces
applied to the surfaces must be equal in magnitude.
Like the tensile case, it is natural to define the
stress in this case as the ratio of the force applied
normally to the surface divided by the area of the
surface. The strain is the sum of the strains. There-
fore, we write

bulk strain = Aw + Ah + A’,

w h |
where w = total change in the width due to the bulk
stress, etc. Since the volume of the solid is given by

(23-10)

V = lwh, (23-11)
AV Al Aw  Ah
7— +T+7+_h—' (23-12)

Therefore, the bulk strain is equal to the fractional
change in volume produced by the bulk stress. The
elastic modulus for this situation is given the sym-
bol B, and we define it by the relation

bulk stress= B (— ﬂ) s

v (23-13)

where the minus sign is introduced to insure that
the bulk modulus (B) will be a positive number. An
increase in applied force causes a decrease in
volume.

In order to determine the bulk stress, we first in-
troduce the concept of fluid pressure. An extended
discussion of fluids is given in Chapter 24, so that
we merely note here that a fluid is not capable of
resisting shear or tangential stresses. When a gas or
a liquid is subjected to a shear stress, slip motion
occurs freely until the removal of the stress. Now
consider a fluid enclosed in a container equipped
with a tightly fitting piston. If the fluid is subjected
to a compressive force by moving the piston, this
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force will be transmitted uniformly throughout the
fluid if static equilibrium is to be maintained. Figure
23-3 shows a wedge-shaped portion of the fluid that
has been isolated from the remaining fluid in the
piston. Since the fluid is in equilibrium and shear
forces do not exist, the forces F,, F, and F; on the
surfaces of the wedge due to the surrounding fluid
must act normal to the respective surfaces of area
Ai, A, and A,. This means that F, must be equal in
magnitude to F,,, and F; is equal in magnitude to
F,, (see the decomposition of force F; into compo-
nent forces F,, and F,, in the figure). As a result,
the magnitude of the stresses

5|_ fﬁl_ F,sin0| _ Fz'
A B A, B A;sin 6 - Xz
and
F| _|Fy| _|Facos 8] _ ﬂ'
Al A5l A cos 8| |A.l°

We see, therefore, that the magnitudes of the
stresses are equal for an arbitrary wedge angle 6;
the stress must, therefore, be independent of orien-
tation of the fluid wedge. This compressive stress is
called the fluid pressure Ap (or hydrostatic pres-
sure in the case of a liquid), and it follows that the
pressure is the same on all the surfaces of the

wedge.
Returning to Eq. (23-13), we can now write
bulk stress = Ap (23-14)
and, therefore,
= _Ap(- ¥
B=—Ap (AV)' (23-15)

In the case of solids and liquids, the fractional
change due to a given pressure increase is very

Figure 23-3 Segment of a fluid subject to a compres-
sive force.

small, so that the value of B is truly constant. For
gases, however, the volume changes markedly for
rather small changes in pressure. In this case, it is
useful to use the relation
B=-V=t (23-16)

together with the gas law relating pressure and vol-
ume (and temperature). In fact, it is possible to
obtain an infinite number of values for B, depend-
ing upon how the temperature varies during the var-
iation of pressure that produces the volume change.
To avoid confusion or ambiguity, it is customary to
quote only values of the adiabatic bulk modulus,
B.4, and the isothermal bulk modulus, Br. B, is the
value obtained when the pressure volume change
takes place in an insulated situation, so that no heat
energy can enter or leave the system. Equivalent
results are obtained if the change takes place so
rapidly that heat energy does not have time to enter
or leave the system before the change is complete.
It is this modulus that is required in discussing the
propagation of a sound wave in a gas (Chapter 28),
since the periodic variations of pressure due to the
sound wave take place too rapidly for heat energy
to enter or leave a given region of the gas during the
variation. The isothermal modulus on the other
hand is the value obtained when the temperature is
held fixed during the change in pressure.

Finally, it should be noted that some tables pre-
sent values not of the bulk modulus but rather of
the compressibility k, where

(=1 1(ay)
“ B~ v\Ap/

Thus, the compressibility gives the fractional de-
crease in volume per unit increase in pressure, and
is usually quoted in reciprocal atmospheres or other
(pressure units)~'. As an example a one atmosphere
increase in pressure on a volume of water will pro-
duce a decrease in volume of less than 0.01%.

(23-17)

23-3 INTERRELATIONSHIPS OF THE

ELASTIC MODULI

It was assumed in our discussions of Section 23-2
that no changes occur in the areas upon which the
deforming forces are applied. It is known experi-
mentally, however, that in the tensile case an in-
crease in length is accompanied by a decrease in
cross-sectional area at right angles to the length in-



crease. If the substance is isotropic (as we have as-
sumed in this chapter), the connection between the
length strain and the linear strains associated with
the fractional area change can be written

Al_Aw_Ah

—o w R’ (23-18)
where o is called Poisson’s ratio, and the cross-
sectional area A = wh. Since an increase in ! is
accompanied by decreases in w and h, this defini-
tion assures that o is positive. Experimentally, o is
found to be about 0.3. Theory shows that it cannot
be negative and must be less than } for isotropic ma-
terials. Furthermore, it is possible to show that for
homogeneous isotropic materials a knowledge of o
and Y will provide the values of S and B. The rela-
tionships connecting them are:

Y=28(+o0) (23-19)

Y =3B(1-20). (23-20)

Example 1. Derive Eq. (23-20).

SOLUTION

Consider a rectangular solid of length I, and
transverse dimensions w and h, which is placed in a
pressure tank and subjected to a uniform hydro-
static pressure Ap on all surfaces. As a result, com-
pressional forces will produce corresponding com-
pressional strains in all three directions. From the
definition of Poisson’s ratio (o), however, it is clear
that a compressional strain in the (w) (or h) direc-
tions will be related to a tensile strain in the [
direction. Let us therefore determine the total
strain in the ! direction and relate this to the volume
strain.

First of all, the compressional stress in the ()
direction (Ap) produces a strain given by

-

or
g _ AB .
( ] ), =~y @)
For the (w) direction, we can write
Aw\ _ Ap
By w
Since
(5)=-<(7). @
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we have

(F).-o% ®
Similarly, in the (h) direction we obtain

(AI!)A - 0'%’. vi)

Now the total strain in the (I) direction becomes
AL_ (A1), (B1) | (B1) _ _dp_ )
T_<I)r+<l)w+<l),,_ y(l 20).  (vi))

Since the material is isotropic and the applied
pressure is uniform, the same result is obtained if
we calculate the total strain in the (w) or (h) direc-
tions. That is,

Al_Aw_Ah_ _Ap
T~ w - h Y(l 20). (viii)

Notice now that the volume of the solid is
V =lwh, (ix)

so that the fractional change in volume due to the

applied pressure is just the volume strain;
AV Al Aw  Ah
vVoITw T ®

Substituting (viii) in (x), we obtain

%/= —2%2(1—20') (xi)
or
-_[Ap _ n
Y= ( ﬂ,){3(1 20)}. (xii)
\ "4
Equation (23-13) then leads to the desired result
Y =3B(1-20). (xiii)

It should be noted that Eq. (xi) requires that
o <3, since a greater value would result in an ex-
pansion when the solid is subjected to a compres-
sion, which is contrary to experiment.

It should bé emphasized that the assumption of a
homogeneous isotropic material is an idealization.
This is because no real material is microscopically
homogeneous (there is empty space between the
atoms constituting the material). Furthermore,
most materials are not isotropic. Their properties in
fact vary markedly with direction in the material,
due to the forces holding the material together.

In Table 23-1, approximate values of the moduli
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and Poisson’s ratio are given for some materials.
The reader can determine readily the extent to
which Eqgs. (23-19) and (23-20) are satisfied. Even
where the equations fail, the lack of validity is not
generally a gross failure. As a result, these equa-
tions can be used for estimation purposes when it is
not desirable to measure all the moduli for materi-
als whose values are not tabulated.

Table 23-1 Approximate Elastic Moduli and Pois-
son’s Ratio for Selected Materials.

Sub- Y(10'°“—‘,) s(lo"‘“—t,) 3(10"’“—‘,) o
stance m m m

Aluminum 7.0 28 70 034
Copper 12.0 4.2 12.0 0.34
Tron 20.0 8.2 160 030
Lead 1.16 0.5 33 040
Silver 8.0 8.0 100 038
23-4 INELASTIC PROPERTIES OF SOLIDS

It is possible to demonstrate experimentally that
the elastic properties discussed in the preceding
sections provide a satisfactory description of real
materials. For example, consider a mass m sus-
penridded from a wire and set into small amplitude
vertical oscillatory motion. The observed fre-
quency of vibration is consistent with the value
o = (k/m)"* calculated from a knowledge of the
mass m and the value of k obtained from a com-
parison of Egs. (23-4) and (23-5). Other examples of
such tests are given in the problems. In the next
section, the propagation of longitudinal elastic
waves in solids is developed in terms of elastic
moduli. The results can similarly be shown to be in
accord with physical reality (within the limits im-
posed on the development at the outset).

As a result, it is tempting to speculate that the
world around us is primarily governed by linear re-
storing forces which produce oscillatory motions
that are essentially symmetric about the equilib-
rium position. Providing the amplitudes of the mo-
tions are suitably limited, this speculation is in fact
essentially correct. On the other hand, some situa-
tions cannot be described by an elastic model for
solids. When this is the case, the force law govern-
ing the motion is found to have a more complicated
form, a principal feature of which is a departure
from the symmetry of Hooke’s law. For example,
when the displacement Al of a solid rod is negative,

the restoring force is substantially larger than the
restoring force for a corresponding positive dis-
placement, and the disparity becomes more pro-
nounced at larger displacement magnitudes. This
behavior is not unreasonable from a microscopic
point of view. As the atoms or molecules of a solid
are brought closer together, the restoring forces
might be expected to increase sharply, especially
when the atoms are essentially in contact with one
another. Conversely, as they become more widely
separated, one would expect the restoring forces to
diminish steadily.

Physical evidence favoring this picture of inelas-
tic or asymmetric forces is not hard to find, al-
though a complete discussion of the various phe-
nomena belongs in a study of the solid state. We
shall now discuss qualitatively the situation in-
volved in the thermal expansion of solids and
merely list some other inelastic properties. For ad-
ditional details, the reader can consult any intro-
ductory text devoted to the solid state.

In Chapter 3, the length of a solid rod as a
function of temperature was given by Eq. (3-2),

I = L1+ aAt),
where

I, =length at temperature t,

I, =length at temperature t, (usually 0°C),
a = coefficient of linear expansion,
At =t —t, = change in temperature.

This relationship can also be written in the form of
Eq. (3-1):

Al
“T LAt
or
Al= alyAt. (23-21)

This latter form can be interpreted as a linear rela-
tionship between the displacement (Al) from the
equilibrium configuration (l;) and the temperature
(measured from the reference temperature to). If
the solid is viewed microscopically as a collection
of atoms each oscillating about an equilibrium posi-
tion, it is reasonable to assume that the higher
the temperature the greater will be the range of
displacements from the equilibrium positions.
Furthermore, it is also reasonable to consider the
displacement (Al) in Eq. (23-21) as the average dis-
placement resulting from the oscillations of the
atoms of the solid. For an atom oscillating in SHM,
the symmetry of the motion would produce an av-



erage displacement of zero magnitude. In other
words, the elastic model predicts no thermal expan-
sion. On the other hand, an inelastic model predicts
that the oscillating atom would vibrate to larger
positive displacements than negative displacements
from the equilibrium position for a given total
energy because of the lack of symmetry of the re-
storing forces, as mentioned earlier. As a result, the
average displacement of each atom will be positive,
corresponding to an increased separation of the
atoms. If the total energy is regarded as a linear
function of temperature, it is plausible to assert that
the inelastic model predicts a thermal expansion
that increases linearly with temperature, in agree-
ment with Table 3-1. From the values indicated in
that table for a, it is clear that the linear expansion
is very small for small changes in temperature
(At =0), giving further support to the assumption
of elastic forces for small displacements.

Finally, other properties requiring an inelastic
force model are: (1) the dependence of the elastic
constants of a solid on temperature and pressure;
(2) the temperature dependence of the thermal con-
ductivity of a solid; and (3) the temperature depen-
dence of the heat capacity of a solid at high temper-
atures.

23-5 ELASTIC WAVES*

The discussion of SHM in Chapter 22 considered
the motion of a mass under the influence of an
elastic or linear restoring force. Such a force can be
provided by a helical spring or, as mentioned in the
previous section, by suspending the mass from a
slender wire, which is given an initial extension,
and then releasing it. In these two situations, it was
tacitly assumed that the mass undergoing the mo-
tion was large enough to permit neglecting the mass
of the elastic material. In this section, we consider
the motion of an elastic medium itself.

As a specific example, we will consider the prop-
agation of longitudinal waves in an isotropic solid in
the form of a long slender rod of uniform cross
section. For simplicity, the cross-sectional area is
assumed to be small enough that transverse vibra-
tional effects (related to Poisson’s ratio considera-
tions) are negligible. It is not difficult to visualize
such a system. For example, by striking the end of

+This section is not essential in the remainder of the
text and may be omitted if desired.)
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the rod periodically with a hammer, a wave (or train
of pulses) will be produced that travels along the
rod. At any given thin section of the rod, the dis-
placement from its equilibrium position depends
upon time and upon position along the rod. Figure
23-4 jllustrates the situation. We now write New-
ton’s second law of motion as it applies to the thin
section whose volume is Adx. For a uniform den-
sity p, the mass of this section is pAdx. If u, the
displacement of the segment from equilibrium, is
small, then we may neglect the small change in size
of the section without appreciable error. As indi-
cated in the diagram, the force on the section di-
rected to the right is then given by#
[ﬁx a(F./A )dx] dFdx

A ax A=F+ ax ’

while the force on the section directed to the left is

(B)a-r

As a result, the net force becomes
sF, =% gy,
ax

and the second law becomes

aF, , _ 3’u
a—xdx = pA dx—a—ty (23-22)
But from Hooke’s law, we have
F_ o _
A= Y ax’ (23-23)

where du/dx is the strain. Note again that the par-
tial derivative notation is required, since u also de-
pends upon both x and t. From Eq. (23-23), we see
that

g (3 yand s
a—xdx—YAdxa( )—YAdxax,. 23-24)

x \dx
Combining Egs. (23-22) and (23-24), we get

su_Yo'u

At pox” (23-25)

{The notation JF,/dx indicates a partial derivative.
That is, since F, depends upon both position and time,
dF, [ax indicates that the derivative with respect to x is to
be determined, while the dependence on time is not al-
lowed to vary. Similarly, dF,/dt indicates a differentiation
with respect to time, while the x dependence is held fixed.
For example, suppose F, =4xt*. Then aF,/dx = 4t and
aF,[at = 8xt.
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Figure 23-4 Longitudinal stresses acting upon a thin section of a long rod.

Equation (23-25) is a one-dimensional wave equa-
tion. Its solution is clearly a rather special kind of
function in that differentiating it twice with respect
to time must be equal to a constant times the result
of differentiating twice with respect to position.

Rather than considering this problem from a
strictly mathematical point of view, it is more
appropriate to be guided by the physical considera-
tions presented in Chapter 10, where we first dis-
cussed traveling waves. Thus, let us assume in anal-
ogy with Eq. (10-5) that the solution we seek can be
written in the form

u = A sin 3;—' (x - vt). (23-26)
Equation (23-26) leads to
bu_ (21 4 o 2
ax—(A)Acos Y (x —vt),
Pu__(22) 4 g 22y
o (A AsmA (x —vt)
2
- - ZT" u; @3-27)
u_ _(2m 2m
i (A v)AcosA (x —ot);
du_ _ 2_1r_v) 27
rel (A AsmT(x—vt)
2
= —(27’"’) u (23-28)

Substituting Egs. (23-27) and (23-28) in Eq. (23-25),

we obtain
-G)v=-(0)F
A Al p
or

(23-29)

We see, therefore, that our assumed solution, Eq.
(23-26), is satisfactory provided that the velocity of
propagation is related to the elastic and mechanical
properties of the rod by Eq. (23-29). It is left for the
reader to show that the expression (Y/p)"” has the
dimensions of velocity. Since Y =~ 10" nt/m’ and
p = 10°kg/m’, v =3x 10’ m/sec for a solid rod.

Although we shall not do so here, it is not difficult
to show by similar reasoning that similar wave
equations result for transverse waves upon a string,
longitudinal waves in gases, or longitudinal and
transverse waves in solids of unlimited extent. In
every case, it is found that the velocity of propaga-
tion is proportional to the square root of the ap-
propriate elastic modulus divided by the density of
the medium.



Problems 207

PROBLEMS

1.

bl

10

11.

12,

13.

14.

A 100 kg weight W is attached by means of a
hook to a horizontal rod 2 m long, suspended by
two wires of equal length, as shown in Figure
23-5. Wire A has a cross-sectional area of
1 mm?, and wire B has a cross-sectional area of A 2m B
3 mm’. The weight of the rod may be neglected. I ——
At what distance from A should the weight be
placed to give equal stresses in wires A and B?

LA

x
wiR

Figure 23-5

. A wire of 0.5 mm in diameter and 10 m long hangs from the ceiling, and an added weight of 2 kg causes

an extension of 1 mm. Find the Young’s modulus for the wire.

. Find the extension caused in a steel wire 1 mm in diameter and 5 m in length when an extra weight of

900 gm is hung on it. Y =22 X 10" nt/m’.

. When a 5 kg block is attached to the end of a spring hanging vertically, the spring experiences an

elongation of 10 cm. Find the force constant of the spring.

. A hollow cylindrical iron column 12 ft high, 10in. external diameter, and 8in. internal diameter is

anchored in a vertical position to a rigid base. The column is then subjected to a load of 220 tons placed
at its upper end. Yio. = 2 X 107 Ib/in’ for this specimen.

(a) Find the amount by which the column is shortened.

(b) Find the work done in shortening the column.

A 9.8 kg weight fastened to the end of a steel wire of unstretched length 1 m is whirled in a vertical circle
with an angular velocity of 1 rev/sec at the bottom of the circle. The cross section of the wire is 1 mm?.
Calculate the elongation of the wire when the weight is at the lowest point of its path. Y. =
22 x 10" nt/m’.

A mass of 5 kg attached to a spring causes it to stretch 1 cm. What is the work done in stretching the
spring?

A rod of elastic material is elongated 2% by a stress of 10° nt/m’, assuming this to be within the elastic
limit. What is the Young’s modulus of the material?

The force constant of a certain spring is 1 nt/cm. What is the potential energy of the spring when it is
extended 10 cm?

A spiral spring with a force constant of 0.501b/ft is 3 ft long when unstretched. What is its elastic
potential energy when it is stretched to a length of 4.20 ft?

How much force is necessary to stretch a steel wire 2 mm’ in cross-sectional area and 2m long a
distance of 0.50 mm? Y. =22 x 10" nt/m’.

A high pressure apparatus can produce pressures as high as 2 X 10° nt/m*. What change in volume will a
cube of quartz 1 cm on a side undergo if subjected to this pressure? B quar. = 2.7 X 10" nt/m’.

Suppose a rubber ball 4 in. in diameter is immersed in water until the pressure on its surface is 20 1b/in’.
What is the change in volume of the ball? B e = 1 10" nt/m’.

What is the shear modulus of a rod 1 m long and 2 mm in diameter if the torsion constant of the rod is
5000 m-nt/rad?
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15. The tension in a rod, whose cross-sectional
area is 25in’, is 10001b. What is the shearing
stress on the inclined section of the rod shown
in Figure 23-6?

Figure 23-6

60°
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24-1 IDEAL AND REAL FLUIDS

A fluid is a substance that has the ability to flow
or alter its shape to conform more closely to that of
its container. Thus, solids are non-fluid, but both
gases and liquids are classified as fluids. Although
glass exhibits an extremely slow flow, it behaves in
many respects more like a solid and is not usually
considered to be a fluid. Another way of describing
fluids is to say that they have little or no rigidity.
From Chapter 23, a rigid substance is one that can
resist a change in shape when acted upon by
tangential or shearing forces. All real substances
must exhibit some tendency toward rigidity.t This
is due to the existence of the forces that the
molecules of the substance exert upon each other
and upon the molecules of any containing vessel.
For solids, these forces are quite large, but for
fluids they are much weaker and in some cir-
cumstances can be neglected.

We can distinguish between a real fluid and the
concept of an ideal fluid in terms of this rigidity. A
real fluid exhibits some rigidity while an ideal fluid
does not. This absence of rigidity simplifies the dis-

tWe do not include superfluids in this discussion. Their
properties are discussed in the June 1958 issue of Scien-
tific American.
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cussion of fluids in static equilibrium (Sections 24-2
and 24-3) and in motion (Sections 24-4 and 24-5).
Because of the mathematical complexities in-
volved, we will not discuss modifications that are
required in dealing with the motion of real fluids.

24-2 FLUID STATICS

If a given body of fluid is at rest, Newton’s first
law of motion requires that at any point in the fluid
the resultant force at the point is zero. Further-
more, for any small surface area element about a
point in the fluid, any force acting on that surface
must be acting in a direction perpendicular to the
surface. This assertion follows from our assump-
tion that the fluid is ideal and so cannot respond to
tangential or shearing forces except by flowing
freely, which would not be a static situation. Even
for real fluids, there can be no tangential forces if
static equilibrium exists. It simplifies the applica-
tion of Newton'’s laws of motion to ideal fluids if the
concept of pressure is used. Pressure is a scalar
quantity, which is equal to the magnitude of the
normal force per unit surface area acting on a given
element of surface area. If we consider a small sur-
face area A in the fluid, a total force F due to the
fluid on one side of A will be exerted on the fluid on
the other side of A (and, conversely, by Newton’s
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third law). In terms of these quantities, the average
pressure p is given by

__F
p= A (24-1)
The pressure at a given point in the fluid is given by
the ratio of the force to the surface area as the
surface area (bounding the point in question) be-
comes vanishingly small. That is,
. F
p=lim 7. (24-2)

Additional simplification becomes possible by
using the density of the fluid at the point in question
instead of the mass of a given part of the fluid. Den-
sity is defined as the mass per unit volume of the
substance,
p= -"'/l (24-3)
As we have already seen in Chapter 3, a change in
temperature can alter the dimensions (and thus the
volume) of a substance. Since the mass of the sub-
stance will not be altered by temperature (unless
the substance somehow disintegrates and disperses
or else undergoes a chemical reaction), it is reason-
able (and correct!) to assume that the density of a
substance depends upon the temperature. There are
other factors that can influence the density of a
substance which vary in importance for the differ-
ent phases of matter. Because of their very low
compressibilities, solids and liquids show little
change in density as the pressure varies, in marked
contrast to the situation for gases. Densities of vari-
ous substances are given in Table 24-1.

Let us now apply the condition of static equilib-
rium to determine the variation of pressure with
depth in a fluid assumed to be at rest. Consider a
small volume of fluid at a depth y below the sur-
face, as in Figure 24-1. The element of fluid has a
horizontal surface area A and a thickness dy. For

Reference

level y=0

2
PA

!

[}
y
4
dy
1

(p+dp)A

(pAdy)g

Figure 24-1 Pressure variation with depth in a fluid.

fluid density p, the mass of fluid in the volume is
pAdy, and its weight is therefore (pA dy)g. Since the
fluid is at rest, the sum of all forces must be zero.
The horizontal forces on the volume element must
cancel one another in pairs. Since the horizontal
forces are due to the pressure exerted by the sur-
rounding fluid, symmetry requires that the pressure
be the same at all points in a given horizontal plane.
In equilibrium, the vertical forces must also vanish.
From Figure 24-1, it is clear that

2F,=0=(p+dp)A —pA —(pAdy)g,

dp = pgdy (24-4)
or
dp _
dy ~ P& (24-5)

From Eq. (24-5), we see that there is a downward
pressure gradient; that is, the pressure increases
with increasing depth below the surface. To deter-
mine the pressure difference between two points, it
is necessary to integrate Eq. (24-4). Thus, if p, is the
pressure at depth y,, and p, is the pressure at depth

y2, we have
P, ¥y
f dp = f pgdy
Py »n

Table 24-1 Approximate Densities of Solids and Liquids (values are given for 20°C except when otherwise stated).

Liquids (10° kg/m®)

Metallic solids (10° kg/m’)

Non-metallic solids (10° kg/m®)

Ethyl alcohol 0.789 Steel 7.80 Ice 0.992 (0°C)

Carbon tetrachloride 1.59 Copper 8.90 Concrete 2.30

Sea water 1.03 Brass 8.70 Glass 2.60

Pure water 1.000 (4°C) Gold 19.3 Cork 0.240

Mercury 13.6 (0°C) Lead 11.3 Balsa wood 0.130

Benzene 0.880 Aluminum 2.70 Oak 0.720
Ebony 1.20




or

p.—pr=Ap =f

¥

Y2
pgdy. (24-6)
The integral on the right-hand side of Eq. (24-6)

cannot be performed unless the relationship be-

tween density and depth is known. Furthermore,
one must be sure that there is no variation of the
value of g in the depth interval involved. For lig-
uids on the Earth’s surface, this is true, but in the

Earth’s atmosphere there is a non-negligible varia-

tion of density with height (negative depth) above

the Earth’s surface, and, for sufficiently large differ-
ences in height, g varies also.

Example 1. Find the relationship between pres-
sure and depth below the surface of water.

SOLUTION
At the surface (y, = 0), the pressure p, = pyis that
due to the atmosphere, at y, = d, the pressure is
p2=po+ Ap. For an incompressible fluid and as-
suming no variation in g, Eq. (24-6) gives

P2— Po=Ppo+Ap — po=pg(y:— y1) = pgd,

Ap = pgd
or, alternatively,
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The weight density (pg) of fresh water is about
62.4 Ib/ft’. Equation (24-7), therefore, indicates that
the pressure increases by 62.4 Ib/ft’ for every foot
of depth below the surface in a lake. Since atmos-
pheric pressure at sea level is about 15 Ib/in?, the
reader can show that an increase in pressure equal
to atmospheric pressure corresponds to a depth of
approximately 35 ft in a fresh water lake.

p2=po+ pgd.

24-3 ARCHIMEDES’ PRINCIPLE

Over 2000 years ago, Archimedes deduced that a
body immersed in a fluid should experience a lifting
(or buoyant) force equal to the weight of fluid dis-
placed by the body and acting in a vertical direction
through the original center of gravity of the dis-
placed fluid. To see that this must be so, consider a
volume of the undisturbed fluid having the same
shape as the solid to be immersed in the fluid. From
the discussion of the previous section, the net force
exerted on the volume of fluid by the surrounding
fluid must be just equal in magnitude and opposite
in direction to the weight of that volume of fluid for
equilibrium to exist. In addition, that force must act
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through the center of gravity, as does the weight of
the volume of fluid involved. If the volume of fluid
is replaced by a body with the same shape and vol-
ume, the remaining fluid will still exert the same
force as it did on the volume of fluid, since no
change has been made in the remaining fluid. If the
body remains at rest when immersed, it follows that
its average density must correspond to that of the
displaced fluid.

When the buoyant force is greater than that of
the weight of the body (density of the fluid greater
than density of the body), the body floats in a liquid
or gains altitude in a gas. Conversely, when the
buoyant force is less than the weight of the body
(density of the fluid less than density of the body),
the body sinks in a liquid or loses altitude in a gas.
For example, if a gas-filled ballon is released in still
air, it will rise to a height at which the density of the
supporting air equals the average density of the bal-
loon and the gas inside. At that height, the buoyant
force will equal the weight of the balloon and its
contents; no further increase in height will occur.

Buoyant forces must be taken into account if one
makes precision ‘‘weighings” with a sensitive equal
arm analytical balance when the density of the ob-
ject being measured differs appreciably from the
density of the standard ‘“‘weights” used with the
balance. For an object of volume and density V,
and p., and using ‘“weights” of density p. and
balancing volume V, in air of density p,, a balanced
situation requires that

Vi —pVi)g = (p Vo —p.Vu)g.  (24-8)

The desired quantity is the actual mass (p, V) of the
object, which from Eq. (24-8) is

vax = pwVw + pa(Vx - Vw) (24—9)

If p, differs greatly from p,, then V, and V, will
also differ markedly, and the buoyant force exerted
by the air cannot be neglected.

24-4 APPLICATIONS OF FLUID STATICS

The mercury barometer can be used to measure
atmospheric pressure. As shown in Figure 24-2, it
consists of a glass tube filled with mercury. The
tube is then inverted in an open dish of mercury.
The mercury in the tube then drops, until the weight
of the remaining column of mercury exerts the
same pressure on a unit cross section of surface of
mercury at point 2 as does the atmosphere outside
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Figure 24-2 The mercury barometer.

the tube on a unit cross section of the surface at
point 3. (The small amount of mercury vapor in the
evacuated space above the column is negligible at
ordinary temperatures.) By Eq. (24-7),

P2=pi+ pusgh
= pu,8d.

Since points 2 and 3 lie in the same horizontal
plane, symmetry requires that the two points are at
the same pressure. Therefore,

Patm = pHngh-

From Table 24-1, the density of mercury is 13.6 X
10°kg/m*>. At 0°C at sea level, where g=
9.81 m/sec’, a pressure of one atmosphere is taken
to be equal to exactly 0.76 m of mercury. Thus, one
atmosphere is equivalent to

Pam = (13.6 X 10° kg/m*)(9.81 m/sec?)(0.76 m)
= 1.013 X 10’ nt/m’
= 14.70 Ib/in’.
=1 atm.

It is common to quote pressures in centimeters or
inches of mercury, but it should be understood that
this is done for convenience. The example above
indicates the calculation that is required to convert
centimeters of mercury to actual units of force per
unit area. If a liquid of density p. (and negligible
vapor pressure) is used in the barometer instead of
mercury, it should be clear that equilibrium with at-
mospheric pressure requires that

p:he = pughug
or

h = %;—‘hu,. (24-10)

Example 2. What is the height of a column of
water in a water barometer on a day when atmos-
pheric pressure is one atmosphere?

SOLUTION
From Eq. (24-10),
_ (13.60 x 10’ kg/m®)
h,= Tx10 kg/m) (0.76 m)

= 10.34 m of water
= 33.9ft of water.

As another example of the application of the con-
ditions of static equilibrium to fluids at rest, con-
sider the situation shown schematically in Figure
24-3. An upright gate of width L and height d,
hinged along its base, serves as part of a dam. If the
water surface is level with the top of the gate:
(a) what is the total horizontal force acting on the
gate, and (b) what is the torque about the hinge due
to the body of water?

To begin with, we can neglect atmospheric pres-
sure since it acts on both sides of the gate, directly on
the one side and as an increase in hydrostatic pres-
sure on the upstream side. From Eq. (24-7), neglect-
ing Pa.., the pressure p at depth y is

P = pgy,

so that the resulting horizontal force on the element
of area
dA = Ldy
is
dF = pdA = pgLydy.
The total force will be

F d 2
F =J dF =J pgLydy =%d—.
L] L]

f-— Q) ——t|
\

Figure 24-3 A hinged vertical gate in a dam.



The torque acting about the hinge due to the
pressure p on the area element dA is

dr=(pdA)(d -Yy)
= pgLy(d — y)dy,

and the total torque about the hinge will be
T d
T =L dr =L pgLy(d — y)dy

=%ngd’. (24-11)
Let us examine more closely the assertion in the
example above that the effect of the external
(atmospheric) pressure on the surface of the water
is to increase the total pressure at any point by ex-
actly the same amount. This follows directly from
Eq. (24-7), and is known as Pascal’s principle since
it was stated by Blaise Pascal in the mid-
seventeenth century. A major application of the
principle can be found in the operation of a hy-
draulic jack or hydraulic press. As indicated in Fig-
ure 24-4, a small force F, is applied to a piston of
cross-sectional area A,, which thus exerts a pres-
sure p = F,/A, on the liquid in the device (oil, for
example). By Pascal’s principle, this pressure is
transmitted undiminished to a larger piston of area
A;. Since the increase in pressure is the same at
both pistons, the force F. exerted on the larger pis-
ton because of the applied force is found from the
relation

_E_F
P=4 A

or
FL =E%

Thus, the hydraulic press is a force multiplying de-
vice that depends upon the ratio of the piston areas
for its multiplying factor.

-5k

P

Figure 24-4 The hydraulic press.
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24-5 FLUID DYNAMICS—BERNOULLI'S
EQUATION

We turn now to fluid dynamics, the study of
fluids in motion. To begin our study, we continue to
discuss only ideal fluids which are free from dis-
sipative forces. For simplicity, it is also assumed
that the flow pattern is static, which means that at
any given point in the fluid the velocity remains
constant even though the particles of the fluid are
always in motion from point to point. When this is
true, one can sketch representative paths followed
by the particles. Such paths are called streamlines,
and the velocity vectors of the various particles
along the streamline are tangent to the streamline.
This latter requirement means that streamlines can-
not cross, since to do so would involve points of
intersection at which the velocity vector would
have to be double-valued in order to be simultane-
ously tangent to both streamlines. In considering
the fluid confined between two surfaces formed by
sets of adjacent streamlines, the absence of inter-
secting streamlines leads to a view of the fluid flow
as occurring in sheets or layers between the two
streamline surfaces. For this reason, lJaminar flow is
an alternative description of streamline flow.

A tube of flow exists if the boundary of a given
portion of flowing fluid is a set of adjacent stream-
lines. The assumption of an ideal fluid means that a
tube of flow and the flow pattern in the containing
pipe should be the same at any given cross section
of the pipe, since there are no dissipative forces be-
tween the pipe and fluid or between adjacent layers
of fluid. For the moment, let us also assume the
fluid is compressible and that at point 1 all fluid par-
ticles have a velocity of magnitude v, directed per-
pendicular to the cross-sectional area A, of the
pipe, while at point 2 the particle velocities are all
of magnitude v, directed perpendicular to the
cross-sectional area A, of the pipe, as in Figure
24-5. In a short time interval At, the particles that
were crossing A, will move a distance v,At and
those that were crossing A, will move a distance
v,At. If the density of the fluid at point 1 is p,, the
mass of fluid crossing A, in At will be approxi-
mately given by

Am, = p,AvAt,,

and the mass of fluid crossing A, in At will similarly
be
AmZ = pzAzUzAt.



214 Fluid Mechanics

AL
I E— Y
) bu e
P et i
-
A

Figure 24-5 Streamline flow in a pipe of varying cross
section.

If the time interval becomes infinitesimally small
(At —»0), the mass flux at 1 and 2 become

d

“ar =P
and

d

In the pipe between points 1 and 2, there are no
locations where mass can be removed from the flow
(sinks) nor are there locations where mass can be
introduced (sources). As a result, the mass flux at
any point in the pipe must be identical to that at any
other point in the pipe. Therefore, we can write

dm, _ dm,
dt dt -

This result is known as the equation of continuity,
and is expressed in the form

p1A v = pr A, (24-12)

For incompressible fluids, p, = p;, and the equation
of continuity simplifies to the form

A]U] = szz. (24‘13)

For liquids then, Eq. (24-13) indicates that where
the cross section increases the velocity must de-
crease, and conversely. In terms of the streamlines
of Figure 24-5, it is clear that in regions where the
streamlines are close together the fluid velocity is
greater than in regions of wider spacing.

Now let us consider the conservation of energy
for an ideal liquid in streamline or laminar flow. In-
stead of the pipe of Figure 24-5, we shall use the
modification shown in Figure 24-6. In a short time
interval At, the net work done on the fluid will be

W= F]U]At - FzU;At = (p.Aw, - pzAzUz)At-
(24-14)

Fi=p,A,
‘ f-viAt=—
1—= A
Vy
A,
v VA L=
14
Y2 Fz= Per
i

Figure 24-6 Streamline fiow in a pipe of varying cross
section and elevation.

The work-energy theorem states that
W= (K.E.)r —(K.E.); +(P.E.)s —(P.E.),
= A(K.E.) +A(P.E.). (24-15)
For the system of Figure 24-6,

AK.E)= %psz;At —%pA,vl’At

= 1p(Aw; — A vt
and
A(P.E.) = pA,v,Atgy, — pA,v,Atgy,
= pg(A.v2y:— A\v.y)AL.
Using Eq. (24-13),

AKK.E)= %p(vz’ — 0.)(A, v AD),

A(P.E) = pg(y: — y)(AvAt).  (24-16)

Combining Eqs. (24-14), (24-15), and (24-16), we
obtain

1
Pr—p:= EP(UZZ - Ulz) +pg(y:—y) (24-17)
or

1
Pty pv’+ pgy = constant.

Equation (24-17) is known as Bernoulli’s equa-
tion for the streamline flow of an incompressible
ideal fluid. From the form of our derivation, it is
clear that it is just the statement of conservation of
energy for a moving ideal fluid. It might also be
noted that Eq. (24-17) reduces to Eq. (24-7) when
v, = v, =0, as it should for energy conservationin a
static situation.
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24-6 APPLICATIONS OF BERNOULLI'S
EQUATION

There are a variety of devices for determining
fluid speeds by means of pressure measurements
and Eq. (24-17). One such device is the Venturi
meter, which consists of a manometer tube (simply
a U-tube) located so that it can measure the pres-
sure difference between a point in the main body of
a pipe and a point in a constricted portion of the
pipe (called the throat) as shown in Figure 24-7. The

p=fluid density

pm=manometer
fluid density

Figure 24-7 A Venturi meter.

value of v is to be found with the device. Since the
pipe is horizontal, y, = y, in Eq. (24-17), measuring
from the axis of the pipe. As a result, we can write

Dl‘*‘%ﬂlﬁz=Dz‘*'%Ple2 (24-18)

Now
P~ D:={(pn — py)gh. (24-19)
This is because
pi+pg(h +y)=p,+p.gh + pgy

is the pressure at the level of the top of the left-
hand column of manometer fluid. From Eq. (24-13),
we find

Sy 24-20)
Combining Egs. (24-18), (24-19), and (24-20),

1 A\
(o~ — pr)gh = ip’[(X;) - l]uz
and, therefore,

[t

(24-21)
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Example 3. Water flows in a pipe of cross-sec-
tional areas A,=200cm’, A,= 50cm’. The man-
ometer fluid is mercury (p. = 13.6gm/cm’, pr =
gm/cm®), and h is found to be 30.4 cm. Find:

(a) v, and
(b) Q = A,v, the volume flux in the pipe.

SOLUTION
(a) Using Eq. (24-21),

_ [2(12.6 gm/cm’)(980 cm/sec?)(30.4 cm) ]
v= ] /200 cm®)?
(1 gm/cm’) Soem’) 1
= 224 cm/sec.

(b)
Q = (200 cm’)(224 cm/sec) = 4.48 X 10* cm’/sec.

Notice that continuity requires that Q = A,v, =
Ay,

Although our derivation of Bernoulli’s equation
was for an ideal liquid, it can be used to give a
qualitative explanation for the curving of a pitched
spinning baseball in air, a compressible fluid. The
air flow past a stationary spinning ball, as indicated
in Figure 24-8, will be the same as that for a spin-
ning ball moving through stationary air. Due to the
roughness of the ball cover, some air will be carried
in rotation with the ball. As a result, the net velocity
on either side of the ball will be the vector sum of
the flow and rotational air velocities. In Figure 24-8,
the velocity at the right is a difference, while the
velocity at the left is a sum of the two velocities.

Figure 24-8 Top view—air flow around a spinning
ball.

Therefore, vy > V0. Since y, = y,, it follows that
D\ < p1, and the pressure difference results in a side
thrust to the left that creates the curved path.

In concluding this section, two warnings are ap-
propriate. Many devices measure not the total or
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absolute pressure at a point but the gauge pressure,
which is the difference between the absolute pres-
sure and atmospheric pressure. Bernoulli’s equa-
tion requires absolute pressures in all calculations.

PROBLEMS

Furthermore, it is necessary to check carefuily to
be certain that all quantities involved in Bernoulli’s
equation are expressed in a single system of units.
Otherwise all efforts will be futile.

1. What is the pressure at the bottom of a vessel 76 cm deep when filled with water?

2. Rain falls into a boat pulled up on the beach; can it be emptied by a siphon? If the boat were floating on
the water, could it be emptied? A siphon is a pipe or tube bent to form two legs of unequal length by
which a liquid can be transferred to a lower level over an intermediate elevation.

3. In a hydraulic press, the large piston has cross-section area A, =200cm’, and the small piston has
cross-section area A, = 5 cm’. If a force F, = 25 nt is applied to the small piston, what is the force on the

large piston?

4. A large tank contains water to a depth of 4 m, and a round hole 1cm’ in area is opened 1 m from the

bottom. Find the rate of flow in liters/min.

5. If the velocity of water in a pipe 10 cm’ in area is 2 m/sec, what is the velocity in a pipe 5 cm’ in area that

connects with it, both pipes flowing full?

6. If a baseball 4 inches in diameter is thrown
through the air with a velocity of 20 ft/sec and is
rotating once per second, as shown in Figure
24-9, compare the velocities of the air at the top
side and bottom side of the ball.

Figure 24-9

7. A glass ball of mass 25 gm has an apparent mass of 15 gm in water and 13 gm in brine. Find the density

of the glass and the brine.

8. Because the density of air (p.) is so small, the mass of an object (p.V.) will not differ greatly from the
mass of the “weights” (p.V,). Show that, to a good approximation, Eq. (24-9) can be written

V. =p. V., + p.,[g”-— I]Vw.

Using

m, = p.V,,

this can be written

m. = p.V.,

m,=m, [l 42 (&— l)]
pw \p:
9. A block of oak (p, = 0.720 g/cm’) is balanced by brass weights (p. = 8.70 gm/cm’) of mass m,, = 10 gm.
Taking the density of air to be p, = 1.3 x 10~ gm/cm?’, find:

(a) the true mass m, of the oak and

(b) the percentage error involved if the buoyant effect of air is neglected.
10. What is the approximate volume of a floating log of specific gravity 0.60 which just supports a 160 1b man?
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13.

14.

The pipe illustrated in Figure 24-10 carries
water in streamline flow. The water discharges
into the atmosphere with a velocity of 60 ft/sec
at point B. The cross-sectional area of the pipe
is 0.03 ft at point B and 0.09 ft* at point A. The
elevation of point B is 15 ft above the level of
A. Determine the gauge pressure at point A.

A frictionless fluid flows through the horizontal
system shown in Figure 24-11. Points 1, 2, and 3
are on the axis of the system, and point 3 is at the
wall. At point 1, the pipe has a cross-sectional
area of 80 cm’; at point 2, the area is 20 cm?’, and
the two side tubes each have areas of 10 cm’. The
fluid flowing from the left discharges from the
system at a rate of 0.02 m’/sec.
(a) Determine the speed of the fluid at points
1, 2, and 3.
(b) Determine the pressure of the fluid at points
1, 2, and 3.

The volume flow rate of water in the pipe shown
in Figure 24-12 is 12 ft'/sec. The cross-sectional
area at points 1, 2, and 3 are 0.4 ft, 0.3 ft’, and
0.3 ft’, respectively. The water discharges from
the right end of the pipe into the atmosphere.
(a) Find the velocities of flow at points 1 and 2.
(b) Find the heights h, and h; to which the
water will rise in the two vertical tubes.

Figure 24-12

The section of pipe shown in Figure 24-13 car-
ries water in streamline flow. At point A, the
water discharges into the atmosphere at the rate
of 10ft)/sec. The cross-sectional area of the
pipe at point A is 0.25 ft’ and 1 ft* at point B.
Point B is 8 ft above point A. What is the gauge
pressure at point B?

Figure 24-13

Problems
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Figure 24-10

Figure 24-11




218 Fluid Mechanics

15. The section of pipe shown in Figure 24-14 car-
ries water in streamline flow. At point A, the
water discharges into the atmosphere at the rate
of 9 ft'/sec. The cross-sectional area of the pipe
at point A is 0.75 ft* and 0.5 ft* at point B. Point
B is 12ft below point A. What is the gauge
pressure at point B?

Figure 24-14
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Thermodynamics is a subject that involves the per-
formance of work, the flow of heat, and the change
in energy of a system. The laws of thermodynamics
are important to many branches of engineering,
physics, and chemistry. In this chapter, we will dis-
cuss work, heat and internal energy, and the
mechanical equivalent of heat. After a discussion
of the first law of thermodynamics and thermo-
dynamic processes, we will consider the specific
heat of an ideal gas and the special features of an
adiabatic process for an ideal gas.

25-1 WORK

Here we shall discuss work in terms of it being
done on or by a system. This is called external
work. Internal work, such as the work done by one
part of a system on another or by atoms or
molecules on one another, is not considered in ther-
modynamics.

We begin by showing that the work done on or by
a system is equal to the pressure exerted on or by
the system times the change in volume of the sys-
tem. It will further be shown that this work depends
upon how the process is carried out.

Suppose we consider a gas contained in a cylin-
der of cross-sectional area A fitted with a movable
piston subjected to an external force F. If the pis-

219

ton is moved a small distance Ad by the force F, as
illustrated in Figure 25-1, an amount of work W
equal to

W =FAd (25-1)

is done on the system. Since force is equal to the
product of pressure and area, Eq. (25-1) may be
written as

W =pAAd (25-2)
’[ //Area A
% // / 7/] Piston
T
Ad —————————— -1
I

GAS

Figure 25-1 Work done on a gas by a force F.
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But
AAd =AYV, (25-3)

where AV is the change in the volume occupied by
the gas. Therefore, the work done on the system is
given by

W =pAV. (25-9)

Example 1. One kilogram of water of volume
1 m’ is all changed to steam at a volume 1671 m’
when boiled at atmospheric pressure of 1.01 X
10° nt/m’. What is the external work done by the
system?

SOLUTION
External Work = pAV

= (1.01 X 10° nt/m?)[(1671-1)m"’]
= 1.69 x 10° joules.

So far, we have considered work done under con-
stant pressure. If, however, the pressure changes as
the volume changes, as in the case of the compres-
sion or expansion of a gas, this knowledge can be
obtained by plotting the pressure versus the volume
of the gas as work is done on or by the gas. The
graph obtained should be similar to Figure 25-2, and
the work done will be equal to the area under the
curve.

PRESSURE p

/WORK

72 Vo
[ AV {

VOLUME V

Figure 25-2 Work done when a gas changes its
volume.

The area under the curve can be obtained as fol-
lows:

VI
W= I pdV, 25-5)

Vo
where V, is the initial volume and V; is the final
volume. Since the pressure changes as the volume
changes, the integration cannot be performed
analytically unless the pressure can be expressed as
a function of the volume. If the gas can be treated
as an ideal gas, the curve can be fitted by Boyle’s
law or, in other words, the pressure-volume relation
obeys Boyle’s law. Here the pressure at any point is
given by

_ Do Vo
P="y

and

v,

w =J'W'ﬁ‘;‘ﬁdv =puVoln¥:’.

It is obvious that the work depends on the path
followed. If the curve of Figure 25-2 bowed upward
rather than downward, the work done would be
greater since the area under it would be greater. We
can see, therefore, that the work done on or by a
system depends not only on the initial and final
states but also on the intermediate states, that is, on
the path followed from the initial to the final state.

(25-6)

25-2 HEAT AND INTERNAL ENERGY

We discussed these two concepts briefly at the
beginning of Chapter 1. However, it seems a good
idea to repeat what we said in addition to making
another point regarding both concepts.

Heat is energy transferred between two or more
material substances or from one portion of the sub-
stance to another on a macroscopic scale. In other
words, heat is energy in transit. Heat added to or
removed from a system, like work done on or by a
system, depends on the path followed from one
state of the system to another. Again, suppose we
have a gas contained in a cylinder fitted with a
weighted movable piston, which can be clamped.
Now, consider the two different processes. First we
place the cylinder on a hot stove with the piston
clamped. Then we place the same cylinder on the
hot stove with the piston unclamped, so that it can
rise as the gas expands. The amount of heat trans-
fer required to increase the temperature of the gas
over the same interval will be different for the two
processes. In other words, the heat flow into the



system depends on how we go from one state of the
system to another.

If work is done on or by the system, and/or heat
is added to or removed from the system, we have a
change in what is called the internal energy of the
system. From the molecular point of view, the in-
ternal energy of a system is the sum of the total of
the kinetic and potential energies of its molecules.

Consider a system that undergoes a change from
one state to another by means of several alternative
paths. Each path involves a definite heat transfer
and a definite amount of work done on or by the
system. An important observation will be that for
all the paths there will be the same change in inter-
nal energy of the system equal to the difference be-
tween the heat added and the work done by the
system. It follows, therefore, that the change in
internal energy of a system is independent of the
path.

25-3 THE MECHANICAL EQUIVALENT OF
HEAT

Heat energy can be converted into mechanical
energy and vice versa. Rumford, in 1798, was the
first to demonstrate that the amount of heat created
in boring cannon was proportional to the amount of
mechanical work expended. Joule was the first to
prove experimentally the equivalence of heat and
mechanical energy. He used an apparatus in which
falling weights rotated a set of paddle wheels in a
container of water (Figure 25-3). The mechanical
energy was computed from the value of the
weights, and their distance of descent and the heat

Thermometer

~

Weight

Figure 25-3 Joule's paddle-wheel experiment.
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generated was computed from the mass of water
and its temperature rise.

We may state the results of Joule’s experiment in
the form of an equation

w=JQ, 25-7)

where W is the work expended in joules, Q is the
heat generated in kilocalories, and J is a constant
called the mechanical equivalent of heat. The best
experiments to date give

J= 4186 joules/kcal
= 4.186 joules/cal.

The conversion of work into heat energy is easily
accomplished, and it is possible to approach 100%
efficiency, as in the Joule experiment. However, the
conversion of heat energy into work is much more
difficult and, as will be shown in the following chap-
ter, it is impossible to have 100% efficiency. It is
necessary to have a working substance in order to
convert heat energy into work. In the steam engine,
the working substance is water vapor; in the
gasoline engine, it is a mixture of gasoline vapor
and air.

25-4 THE FIRST LAW OF
THERMODYNAMICS

The first law of thermodynamics is the conserva-
tion of energy principle, which states that in the
transformation of thermal energy into another form
of energy, no energy is created or destroyed. If we
have a system into which we put heat or on which
work is done, its energy is increased by the heat put
into it or the work done on it. Similarly, if we take
heat out of it, or if we allow it to do work, its energy
is decreased. This energy is that which we have
called the internal energy of the system. In other
words, the change in the internal energy of a system
is equal to the sum of the heat put into or taken out
of the system and the work done on or by the sys-
tem. Symbolically, this statement, which is the first
law of thermodynamics, can be written as follows:

AU=Q+W. (25-8)

AU, Q, and W may be either positive or negative. If
Q units of heat are put into the system, Q is taken
as positive (+) since it tends to increase the internal
energy U of the system; if Q units of heat are taken
out of the system, Q is taken as negative (—) since it
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tends to decrease the internal energy U of the sys-
tem. The sign of AU will depend on the signs and
relative magnitudes of Q and W. The first law of
thermodynamics may be written in differential form
if we assume that an infinitesimal amount of heat is
transferred and an infinitesimal amount of work is
done in the process. The differential form of the
first law is

dU =dQ +dw. (25-9)

Example 2. What is the change in the internal
energy of a system when 100 cal of heat are sup-
plied to it at the same time that it does 200 joules of
work?

SOLUTION
AU=Q+ W
= (100 cal)(4.186 joules/cal) — (200 joules)

= 418.6 joules — 200 joules
= 218.6 joules.

25-5 THERMODYNAMIC PROCESSES

We shall consider four thermodynamic processes
here—namely, adiabatic, isobaric, isovolumic, and
isothermal processes. It should be pointed out that
these four processes are not the only processes that
can occur in thermodynamics, but they are among
the more common ones.

An adiabatic process is one that occurs without
transfer of heat to or from the system. Applying the
first law of thermodynamics to an adiabatic pro-
cess, we have

AU =W. (25-10)

If a gas expands adiabatically, it does work on the
surroundings and therefore loses internal energy.
Conversely, if a gas is compressed adiabatically, its
internal energy increases since work is done on the
gas.

Example 3. During an adiabatic compression, 50
joules of work is done on the gas. What is the
change in internal energy?

SOLUTION

AU = Q + W=0 joules + 50 joules
=50 joules.

An isobaric process is one that takes place at
constant pressure. The work done on or by the sys-

tem at constant pressure is

W =pAvV, (25-11)

where AV is the change in volume. The first law of
thermodynamics for a constant pressure process
takes the form

AU=Q+pAV. (25-12)

Many chemical processes take place at constant
pressure.

Example 4. If 100 cal of heat are added to
107> m’ of CO; in a cylinder with a movable piston,
and the gas expands against an external pressure of
1 atmosphere (1.01 x 10° nt/m®) to a volume of 1.5 X
107 m’, what is the change in the internal energy of
the gas?

SOLUTION
AU=Q-W=Q—-pAV
= (100 cal)(4.186 joules/cal)— (1.01 X 10° nt/m?)
X(1.5x 107 m*~ 1.0x 10° m?)
= (418.6 joules — 1.01 X 0.5 x 10’ joules)
= 418.6 joules — 50.5 joules
=368.1 joules.
An isovolumic process is one that takes place at
constant volume. It is sometimes called an iso-
choric process. Since the volume does not change,

no work is done on or by the system, and the first
law takes the form

AU =Q. (25-13)
All the heat that is added or removed from the sys-
tem goes into a change in the internal energy.

Example 5. If 10 cal of heat are added to a gas in
a rigid container so that its volume cannot change,
what is the change in the internal energy of the gas?

SOLUTION
AU=Q+W=Q+pAV=0Q+0
= (10 cal)(4.186 joules/cal)

=41.9 joules.

An isothermal process is one that takes place at
constant temperature. The performance of an
isothermal process requires that the system be in
mechanical and thermal equilibrium with a heat

reservoir. No real process is ever perfectly isother-
mal just as no real gas is ever a perfect or ideal gas;
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Figure 25-4 Throttling process.

but many processes are quite close to being isother-
mal. A simple and important isothermal process is
the isothermal expansion or compression of an
ideal gas. The internal energy of an ideal gas de-
pends only on the temperature; its change is, there-
fore, zero in an isothermal process. Hence, for an
isothermal process involving an ideal gas, AU =0
in the first law and

Q=W, (25-14)

where both Q and W have the same units and can
be + or — according to the sign rule adopted for the
first law.

Example 6. An ideal gas does 100 joules of work
in an isothermal expansion. How many calories of
heat must be added to the gas during the process?

SOLUTION
Since the gas is ideal, AU = 0 in the expansion.
Therefore,

0=W+0Q
and
0=-100 joules + Q
Q= 100 joules = —1o0Joules __ 54 o1

4.186 joules/cal

Two other thermodynamic processes deserve
brief mention. One of these is the free expansion,
which is an internal energy conservation process, in
which a gas is permitted to expand freely into a
vacuum without any heat flow into or out of the gas.

In a free expansion,

ljf:Ufy

where U. is the initial internal energy and U is the
final internal energy. The free expansion process

(25-15) |

has some theoretical importance but no practical
importance.

The other thermodynamic process is known as a
throttling process. A throttling process is per-
formed by forcing a gas through a porous plug to a
region of lower pressure in an insulated cylinder, as
illustrated in Figure 25-4. A continuous throttling
process can be performed by a pump that maintains
a constant high pressure on one side of a porous
wall and a constant lower pressure on the other
side, as illustrated in Figure 25-5. It can be shown
that in a throttling process

U+p Vi=U:+p. Vs, (25-16)
where U\, p, and V| are the internal energy, pres-
sure, and volume of the gas on one side of the
porous wall and U, p,;, and V, are the internal
energy, pressure, and volume on the opposite side
of the wall. The quantity U + pV is called the en-
thalpy. The throttling process and Eq. (25-16) are
very important in steam engines and refrigerators.

Porous wall

Figure 25-5 Continuous throttling process.
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25-6 SPECIFIC HEAT OF AN IDEAL GAS

The specific heat of a gas, unlike a liquid or solid,
depends on whether it is measured at constant pres-
sure or constant volume. At constant pressure, the
volume of the gas increases when heated, and ex-
ternal work equal to pdV is done by the gas. At
constant volume, the pressure increases but no ex-
ternal work is done and all of the heat goes into
increasing the internal energy of the gas. Therefore,
the specific heat at constant pressure is greater than
the specific heat at constant volume.

By the use of the first law of thermodynamics, we
can obtain an expression that gives the difference
between these specific heats for an ideal gas. Sup-
pose Q units of heat are added to n moles of an
ideal gas at constant pressure, and the gas under-
goes a change in temperature dT. Then,

dQ = nC,dT, (25-17)

where C, is the molar specific heat at constant pres-
sure. The first law of thermodynamics, applied to
the case when heat is added to the gas and the gas
expands at constant pressure or does work, is

dU =dQ — dW. (25-18)

Since dU = nC,dT, where C, is the molar specific
heat at constant volume, and dW = pdV, we have
nC.dT = nC,dT — pdV
or
n(C, - C,)dT = pdV. (25-19)
Differentiating the general gaslaw, pV = nRT gives
pdV + Vdp = nRdT.

At constant pressure dp =0 and
pdV = nRdT. (25-20)
Substituting Eq. (25-20) into Eq. (25-19), gives

n(C, — C,)dT = nRdT
or

G -C =R (25-21)

Equation (25-21) shows that the molar specific heat
at constant pressure exceeds the molar specific heat
at constant volume for an ideal gas by the universal
gas constant R. The relation agrees well with ex-
perimental results for simple molecules but not so
well for complex ones. The ratio C,/C, is important
since it is easier to measure experimentally than
either C, or C,, independently. It is denoted by the
Greek letter y. The value of y decreases with the
complexity of the gas. For a monatomic gas, y =
1.67; for a diatomic gas, y = 1.40. Approximate val-
ues of C,, C,, C, — C,, and C,/C, are given in Table
25-1 for a number of real gases.

25-7 ADIABATIC PROCESS FOR
AN IDEAL GAS

In an adiabatic process, the pressure changes
more rapidly with volume than it does in an isother-
mal process. In addition to the volume change,
there is also a temperature change in an adiabatic
process. This leads to a greater change in pressure
than is the case for an isothermal process. To see
this, consider an ideal gas contained in a perfectly
non-conducting cylinder fitted with a movable pis-
ton. Let the gas undergo a small adiabatic expan-

Table 25-1 Approximate Molar Specific Heats of Gases.

cal cal _G

Type of gas Gas G (mole“C) G (mole°C) G-CG v= C.
Monatomic A 5.0 3.0 20 1.67
He 5.0 3.0 2.0 1.67
Diatomic Cl, 7.2 6.0 21 1.35
CO 7.0 5.0 2.0 1.40
H, 6.9 49 2.0 1.41
N, 7.0 5.0 2.0 1.40
0, 70 5.0 2.0 1.40
Polyatomic  CO, 88 6.8 2.0 1.30
H.S 83 6.2 2.1 134
SO, 9.7 7.5 2.2 1.30
Ethane (C;H.) 12.4 10.3 2.1 1.20
Ether [(C.H:),0] 333 30.8 2.5 1.08




sion so that there is a change in volume dV. The
work done by the gas will equal pdV. Since dQ =0
in an adiabatic process, and dU = nC,dT for an
ideal gas, we have from the first law

nC,dT = —pdV.

In Section 25-6, we saw that

pdV + Vdp = nRdT.
Eliminating dT between these equations, we obtain

nC,(pdV + Vdp)+ nRpdV = 0.

Since R=C, - C,

C,Vdp + C,pdV =0.
Dividing by C,V

(25-22)

dp C,dV _
prev 0
or
dp  dV_
i vy =0
where
G
YO

Integration of this equation gives

Inp + vy In V = constant

or
pV” = constant. (25-23)

Equation (25-23) may also be written
PV =p,Vy (25-24)

for any two points of the process. By applying the
general gas law to Eq. (25-24), relations between T
and V and T and p may be obtained. These rela-
tions are

T, ‘1177l =T, Vly_l (25-25)

and

p (UL pz((”‘f)‘”Tz. (25-26)

PROBLEMS
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Figure 25-6 is a p-V diagram for isothermal and
adiabatic processes. It can be observed that the
adiabatic curves have steeper slopes than the
isothermal curves at any one point, and that an
adiabatic curve cuts a set of isothermal curves.

Example 7. A volume of CO, gas at a temperature
of 27°C is compressed adiabatically to 3 of its
original volume. Find the final temperature.

SOLUTION
T] Vlr~l = T2 Vzr—l
o 130-8 _ &)I'N_l
300°K V. = Tz(lo

T, = (300°K)(10°%) = 597°K = 324°C.

Adiabatic curves

Isothermal
curves

Figure 25-6 p-V diagram for adiabatic and isothermal
processes.

1. A sample of CO; in a cylinder with a movable piston is heated by a burner. If 60 cal of heat are added to
the gas and the gas expands against an external pressure of 1 atmosphere (1.01 x 10° nt/m? from an
initial volume of 1000 cm’ to a final volume of 1600 cm’, how much work does the gas do on the piston?

What is the change in internal energy of the gas?
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2.

3.

4.

s.

6.

9
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The temperature of 1 mole of nitrogen gas is raised from 10°C to 110°C. Find the heat required to
accomplish this at constant volume. If the process is carried out at constant pressure, find:

(a) the heat added,

(b) the increase in internal energy, and

(c) the external work done by the gas.

Derive the following formulae for an adiabatic process of an ideal gas, assuming y to be a constant.

TV’' = constant
and

@M-DT = constant.

p
In a Wilson cloud chamber at a temperature of 20°C, particle tracks are made visible by causing conden-
sation on ions by an adiabatic expansion of the gas to 1.40 of its initial volume. If y = 1.40 for the gas,
what is the gas temperature after expansion?

Find the work done by a gas initially at a pressure p, = 10° nt/m’, temperature t, = 27°C, and volume
Vo=1m’ when it:

(a) expands to a volume of 2 m’ at constant pressure,

(b) expands to a volume of 2 m’ at constant temperature, and

(c) has its pressure increased to 2 X 10° nt/m’ at constant volume.

Niagara Falls is about 50 m high. What approximate temperature increase would you expect for the
water at the bottom of the Falls?

Starting with the definition of work W done by an expanding gas, show that for an adiabatic expansion
of a gas from a state (p,, V) to a state (p,, V>) the work done is given by

W =P|V1_P2V2'
y—1

When a system is taken from state a to state b along the path ach shown in Figure 25-7, 20 cal of heat

flow into the system and 30 joules of work are done by the system.

(a) How much heat flows into the system along
the path adb if the work done by the sys-
tem is 10 joules. p b

(b) When the system is returned to a along the
curved path, the work done by the system is
20 joules. Does the system absorb or liber-
ate heat, and how much?

Figure 25-7

How much heat must be added to helium gas initially at a pressure of 10° nt/m’, temperature 27°C, and of
volume 1 m’ when the gas:

(a) expands to a volume of 2 m’ at constant pressure,

(b) expands to a volume of 2 m® at constant temperature, and

(c) has its pressure increased to 2 10° nt/m’ at constant volume.
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When a system is taken from state i to state f along the path iaf in Figure 25-8, it is found that Q; = 50

cal and W; =20cal. Along the ibf path Q; =36cal.

(a) What is W; along the path ibf?

(b) If Wy = —13 cal for the curved return path
fi, what is Qy for this path? p| a f

(c) Take U, =10 cal, what is U;?

(d) If U, =22 cal, what is Q»? What is Qp?

Figure 25-8

Helium at 27°C and 1 atmosphere pressure is compressed adiabatically to a pressure of 5 atmospheres.

What is the final temperature?

A boy pumps up his bicycle tires on a day when the temperature is 27°C and the atmospheric pressure is

15 Ib/in’. Find the maximum temperature of the air in the bicycle pump if the tire pressures are to be 30

Ib/in’ and the air in the pump is assumed to be compressed adiabatically.

A block of copper weighing 0.50 kg initially at 500° A is placed in a tank containing 3.78 kg of water at

300° A. The tank is made of copper weighing 1 kg. If these items do not exchange heat with the external

surroundings, calculate:

(a) the change of internal energy of the copper block,

(b) the change of internal energy of the water, and

(c) the change of internal energy if all the components are considered a single system.

The volume of 2 moles of an ideal gas is increased isothermally from 1 to 10 liters at 27°C. How many

joules of work are done?

The density of air at 0°C and 1 atmosphere pressure is 0.001293 gm/cm’. If 10 gms of air are heated from

0°C to 100°C at constant pressure:

(a) How much will the volume change?

(b) How many joules of work will be done by the gas on expanding?

(c) The specific heat or air at constant pressure (c,) and constant volume (c,) is 0.24 and 0.17
cal/gm°C, respectively. From the work done in expanding the gas, determined the value. of v.

Compute the specific heats ¢, and ¢, in cal/gm°C for helium, hydrogen, nitrogen, and oxygen.

An atomic bomb explosion causes a ball of fire of about 20 m in diameter at a temperature of 200,000°K.

Estimate the diameter of the fireball at 2000°C, and state the assumptions you made.

Two insulated containers are connected by a pipe with a valve. One container contains 1 mole of helium

and the other contains 1 mole of nitrogen. If the valve is opened, what is the final temperature of the

mixture?

During a process in a closed system, the internal energy of a fluid changes from an initial value of 500

kcal/kg to a final value of 400 kcal/kg. If 90,000 joules/kg of work are performed by the fluid, compute

the quantity of heat added to or removed from the fluid during the process.

. If 22.4 liters of air at 0°C and 1 atmosphere pressure has its pressure suddenly doubled, what is the new

temperature and new volume?
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26-1 THE SECOND LAW OF

THERMODYNAMICS

The first law of thermodynamics, which is a con-
servation of energy law, places no limitations on
the possibility of transforming heat into work, or
vice versa. In the transformation of work into heat,
a complete conversion is possible. However, there
are definite limitations in the transformation of heat
into work. The second law of thermodynamics
rules out the possibility of converting heat entirely
into work.

There are two statements of the second law, one
postulated by Kelvin and the other by Clausius.
The Kelvin statement is:

it is impossible to construct an engine that
will continuously operate by extracting heat
from a source at a higher temperature and
converting it entirely into mechanical work.

In other words, it is impossible to construct an
engine that is 100% efficient, and that some of the
heat taken in by the engine must be ejected. We
shall see from the next statement of the second law
(the Clausius statement) that the ejected heat must
be into a region of a lower temperature than that of
the source. The Clausius statement is:

It is impossible to construct a self-acting
machine that will continuously operate by

229

extracting heat from a region at a lower
temperature and ejecting it into a region at a
higher temperature.

In other words, for a machine to transfer heat
from a region of lower temperature to a region of
higher temperature, there must be energy supplied
to the machine from an outside energy source. An
everyday example of this is a home electric re-
frigerator. In order for heat to be removed from the
inside of the refrigerator and ejected into the room,
electrical energy must be supplied by an outside
source. The Kelvin statement and the Clausius
statement of the second law can be shown to be
equivalent. The first and second laws of ther-
modynamics, like all physical laws, are not subject
to direct proof. However, all attempts to disprove
them have failed.

26-2 THE CARNOT CYCLE

If a substance is taken from an initial state back
to the same state, the substance is said to have un-
dergone a cycle of operations. Any cycle that can
be made to occur in the reverse direction by very
small changes in the conditions is called a rever-
sible cycle. A Carnot cycle is a reversible cycle
consisting of two isothermal processes and two
adiabatic processes, the details of which are discus-
sed below.
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Figure 26-1 The Carnot engine (schematic).

According to the Kelvin statement of the second
law of thermodynamics, in order for an engine to
convert heat extracted from a source at a higher
temperature into work, it is necessary to eject some
of this heat into a source of lower temperature. If
we have two such sources at temperatures T, and
T,, with T, greater than T, we can transform heat
into work by the following process, which is called
a Carnot cycle, or the cycle of a Carnot engine.

Consider a fluid contained in a cylinder with in-
sulating walls and a conducting bottom fitted with
an insulating piston. Let R, and R; be two reser-
voirs of heat at temperatures T, and T, (T, > T>),
and S—an insulating stand (Figure 26-1). We shall
assume that the heat reservoirs are so large that
their temperatures remain unchanged by the addi-
tion or subtraction of finite amounts of heat.

With the cylinder on R,, we raise the piston
very slowly so that the fluid undergoes a reversible
isothermal expansion at temperature T,, rep-
resented by AB in Figure 26-2. The fluid absorbs an
amount of heat Q, from R..

We now place the cylinder on the insulating stand
S and again raise the piston very slowly. Because
the system is thermally insulated during the pro-
cess, the fluid undergoes a reversible adiabatic ex-
pansion with a decrease in temperature from T, to
T.. The process is represented by BC in Figure
26-2.

The cylinder is now transferred to R, and the
piston is pushed down very slowly so that the fluid

undergoes a reversible isothermal compression at
temperature T, represented by CD in Figure 26-2.
The fluid gives up an amount of heat Q; to R,.
Finally, the cylinder is again placed on the in-
sulating stand S, and the piston is pushed down
very slowly until the temperature of the fluid is
again T,. The fluid undergoes a reversible adiabatic
compression and is now in its initial state again. The
process is represented by DA in Figure 26-2.
The net amount of heat absorbed by the system
during the cycle is Q,— Q.. From the first law of
thermodynamics, the net work done (W) by the

Figure 26-2 The Carnot cycle.



system is
W=0Q Q. (26-1)

The efficiency (n) of the Carnot cycle is defined as

the ratio of the net or useful work done by the cycle

to the heat absorbed from the high temperature
source.

_W_Q-Q

e Q

Since the Carnot cycle is reversible, the above op-
erations can be carried out in the reverse directions.
When this is done, work is done on the system; it
absorbs heat Q, at a temperature T, and rejects
heat Q, at a temperature T, greater than T>. This is
the process performed in the operation of a re-
frigerator.

Figure 26-3 is a schematic diagram of a Carnot re-
frigerator. External work W is done on the re-
frigerator, heat Q, enters the refrigerator at low

(26-2)

T,

Q

Q,

T.

Figure 26-3 Schematic diagram of a refrigerator.

temperature T,, and heat Q, leaves at a high tem-
perature T,. From the first law of thermodynamics,

W=0Q,-Q,= (Ql__Q_Z)QZ_
Q:
The best refrigerator is the one that removes the
greatest amount of heat (Q,) from the cold reser-
voir for the least amount of external work (W). We,
therefore, define the ‘“‘coefficient of performance”
(w) of a refrigerator as

Q__ O

w = 77

w QI_QZ.

(26-3)

(26-4)
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26-3 CARNOT'S THEOREM

Carnot’s theorem is stated as follows:

No other engine working between the same
temperatures T, and T. can be more efficient
than a reversible engine.

We shall now proceed to prove this theorem. Sup-
pose an irreversible engine I has efficiency w;
greater than the efficiency n of a reversible Carnot
engine, R, working between the same temperatures
T and T, and that both engines are adjusted to do
the same amount of work. Let Q, be the heat
absorbed and Q; the heat rejected by the Carnot
reversible engine (R), and Q! and Q3 the heat
absorbed and rejected by the irreversible engine (I).
Because both engines are adjusted to do the same
amount of work and =, is assumed greater than 7z,

W=Qi_Q;=Q|_Qz
and
m= Q;Q_'Qé >mp = Qléle.

(26-5)

Since the numerators of the above equation are
equal,

Q:<Q: and Qi< Q.

Let engine I drive engine R backwards, as illus-
trated in Figure 26-4. The combined system does
nothing but transfer Q.— Q3= Q,— Qj from T: to
T.. Since this is a violation of the Clausius state-
ment of the second law of thermodynamics, the as-

(26-6)

T,

Q; Q

T.

Figure 26-4 Schematic diagram of an irreversible
engine driving a reversible Carnot engine backwards.
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sumption that n; > nx is false. The conclusion is
that n < n&, and that Carnot’s theorem is true.

We leave it to the student to prove an important
corollary to Carnot’s theorem, namely:

All Carnot engines operating between the
same two temperatures have the same effi-
ciency.

From this statement, it is obvious that the efficiency
of a Carnot cycle is independent of the working
substance.

26-4 THE THERMODYNAMIC OR KELVIN
TEMPERATURE SCALE

The important corollary to Carnot’s theorem
stated above shows that the ratio Q./Q, has the
same value for all reversible engines that operate
between the same temperatures t, and t;. There-
fore, Q./Q. depends only on the temperatures t,
and t,. We may, therefore, write

Qe 1, 267
Q
where f is an unknown function of ¢, and t,. Con-
sider a sequence of engines, each receiving heat re-
jected by the previous one (Figure 26-5).

The efficiencies of the first two engines are given
by

= Q%IQZ = f(t, 1) (269)
and

= 026203 = f(ts 1), (269)
From Eq. (26-8),

Q__1 _

o= T = Fltut, (26-10)

where F is also an unknown function. The first two
engines working together constitute a third engine
and

% = F(t, 1,).

Therefore,
Q_QQ:_F(,ty)
Q: Q:Q: F(t,ty) 26-11)
Hence, from Egs. (26-10) and (26-11),
F(tl, tz) _ F(tl, tl)

F(t,, t5)

Q

W,

Wi, Q

fa

Figure 26-5 Schematic diagram of a sequence of
Carnot engines.

for any t,. Since t; does not appear on the left-hand
side of the above equation, it may be cancelled, and
we may write

% =%, (26-12)

where @ is another unknown function. The ratio on
the right side of Eq. (26-12) is defined as the ratio of
the two Kelvin temperatures, and is denoted by
T,/T.. We may, therefore, write Eq. (26-12)

Q_T

0. T (26-13)

It should be pointed out that the temperatures in
Egs. (26-7) through (26-12) refer to arbitrary tem-
perature scales. Equation (26-13) defines the Kelvin
temperature scale. Equation (26-13) states that the
ratio of two Kelvin temperatures is the ratio of the
heat absorbed to the heat rejected by a reversible
engine operating between these two temperatures,
and is independent of the working substances.
The definition of the Kelvin scale is completed by
assigning to T, the value of 273.16°K, the tem-
perature of the triple point of water as in Chapter 1.
For a Carnot engine operating between tempera-



tures T and T,, we have

T =273.16K 2. 6-14)
Q

The smaller the value of Q, the lower the corre-
sponding temperature T. The smallest value of Q is
zero, and the corresponding T is absolute zero. It
was pointed out that in a Carnot cycle the heat is
transferred during the isothermal processes. There-
fore, if a system undergoes a reversible isothermal
process without heat transfer, the temperature at
which the process takes place is absolute zero. This
is a fundamental definition of absolute zero, since it
is independent of the properties of the substance.

Making use of Eq. (26-13), we may now write the
efficiency of a Carnot engine and the coefficient of
performance of a Carnot refrigerator in terms of
the Kelvin temperatures as follows:

T.—-T,
n="F (26-15)

and

T
T,-T,

= (26-16)
For a Carnot engine, it is only possible to have
100% efficiency if T»=0. Since absolute zero tem-
perature is impossible to attain, a 100% efficient
heat engine is impossible. In a real engine, the max-
imum efficiency is attained by making the intake
temperature as high as possible and the exhaust
temperature as low as possible. For a Carnot re-
frigerator, Eq. (26-3) may be written

v-(5 80 (G- aon

From this equation, it is clear that the greater the
temperature ratio T,/ T, the more work is required
to remove a given quantity of heat from the cold
reservoir. This is true for real refrigerators as well
as Carnot refrigerators.

Example 1. Is it possible to have an engine that
takes in 25 X 10° cal of heat from its fuel, rejects
5 x 10°cal of heat in the exhaust, and delivers 10’
joules of mechanical work?

SOLUTION
Q1 — Q.= (25 % 10° cal) — (5 X 10° cal) = 20 x 10° cal
= (4.186 joules/cal)(20 x 10° cal)
= 8.372 x 10° joules.

Entropy 233

It is stated that
W = 10’ joules.

This is impossible, since the engine would deliver
more energy than it received from the fuel.

26-5 ENTROPY

If a substance undergoes a reversible process,
and takes in an amount of heat dQ at a temperature
T, its entropy (S) is said to increase by an amount
dQ/T. We therefore define the change in entropy of
a substance by the relation

ds = d—Q (26-18)
T

Let us first consider the change in entropy of a
substance that takes place when it is carried
through a Carnot cycle. For the adiabatic portions
of the cycle, no heat enters or leaves the substance,
so here the change in entropy is zero. During the
isothermal expansion part of the cycle, the sub-
stance takes in heat Q, at a temperature T, and its
entropy increases by an amount Q,/T,. During the
isothermal compression part of the cycle, the sub-
stance gives out an amount of heat Q; at a tempera-
ture T,, and its entropy decreases by an amount
Q./T.. The total change in entropy during the whole

process is (Q_Q_Z)

T T,
From Eq. (26-13), we have

Q_Q

T, T,

Therefore, the total change in entropy is zero.
Any reversible cycle may be replaced by a set of
isothermal and adiabatic processes or divided into a
series of Carnot cycles as illustrated in Figure 26-6.
The total change in entropy for all the Carnot

cycles will be A
> TQ =0, (26-19)

where AQ./T. is the entropy change for each Carnot
cycle. By enclosing a large number of Carnot cycles
in the reversible cycle, we may approximate the
reversible cycle more closely. In the limit Eq. (26-19)
transforms to an integral around the reversible cycle

and d
i TQ =0. (26-20)
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Figure 26-6 A reversible cycle divided into a series of
Carnot cycles.

It follows that the change in entropy is the same
for any reversible path leading from one state to
another, otherwise Eq. (26-20) would not be true.
We may then write that the entropy change of a
system taken from state 1 to state 2 along a rever-
sible path is given by

2
sz—s,=ﬁ =)

So far we have discussed entropy in terms of a
reversible process, which is only a hypothetical
process and can never be realized in practice no
matter how closely actual changes may approxi-
mate it. Some books on thermodynamics discuss
entropy almost solely on reversible processes and
only discuss irreversible changes in a meager way.
This seems to us a serious error as it gives the
reader a confused notion of the subject.

It can be shown that any process in which the
total entropy change of the system and its sur-
roundings is negative violates the second law of
thermodynamics. Therefore, the entropy change
must be equal to or greater than zero, and the sec-
ond law of thermodynamics may be written
mathematically as

(26-21)

S, -8 =20 (26-22)

when S; is the initial entropy of the universe and S;
is its final entropy. If only reversible cyclic proces-
ses occur, the entropy change is zero, otherwise it
is positive. Therefore, since all natural processes
are irreversible, and hence increase the entropy of
the universe, we may make the statement that the
entropy of the universe is continually increasing.

The term entropy is used as a measure of energy
unavailable for work. If we have two separate res-
ervoirs of water, one hot and the other cold, a heat
engine could be devised to perform mechanical
work by removing heat from the hot reservoir and
giving heat to the cold reservoir. However, if the
hot and cold water are mixed, and come to a uni-
form temperature, this energy is no longer avail-
able, since there is no temperature difference. In
this example, the energy of the system has re-
mained constant, but the entropy has increased.
The warm water will never unmix itself, and we
have an irreversible process. Since irreversible pro-
cesses are continually going on in nature, energy is
continually becoming unavailable for work. This is
known as the principle of the degradation of energy.

Entropy is also a measure of the disorder of a
system. If heat is added to a system, there is a
greater random motion of the molecules, and the
system becomes more disordered. Adding a given
quantity of heat to a system at a low temperature
increases the disorder more than adding the same
quantity of heat to the same system at a high tem-
perature. It is reasonable, therefore, to define the
change in disorder of the system when dQ units of
heat are added to it at a temperature T by dQ/T
which is equal to the change in entropy of the
system.

We showed that the change in entropy of a sys-
tem for any reversible path is given by Eq. (26-21).
We shall conclude the discussion on entropy by
saying that the change in entropy is the same for an
irreversible path as for a reversible one between the
same two states, since change in entropy is a func-
tion of the initial and final states only and not on the
path followed between the two states.

We can, therefore, calculate the change in en-
tropy for an irreversible process by replacing it
with a reversible one and using Eq. (26-21). The
change in entropy can also be calculated if S; and
S. are known for the two states as a function of,
say, V and T or from tables. Here the change in
entropy will be just S;—S..

Example 2. What is the change in entropy of
1 mole of an ideal gas that expands to twice its
original volume into an evacuated vessel?

SOLUTION
This is an irreversible process, and must be re-
placed by a reversible one. Since there is no tem-
perature change in the free expansion of an ideal



gas, it can be replaced by a reversible isothermal
expansion if we imagine that the gas is in a cylinder
with a piston which is allowed to be pushed out
slowly by gradually reducing the exterior pressure
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dQ = dW = pdV =R7Tdv.

From Eq. (26-21),

on it. The internal energy does not change, but heat

enters the gas and work is done by it. From the first

v dQ v dV

S-S, = — =R In2.

law of thermodynamics, v T v V

PROBLEMS

1.

10.

A Carnot engine, whose high temperature reservoir is at 400°K, takes in 100cal of heat at this
temperature in each cycle and gives up 80 cal of heat to the low temperature reservoir.

(a) What is the temperature of the low temperature reservoir?

(b) What is the efficiency of the engine?

. A Carnot engine absorbs 400 cal of heat from a source and rejects 300 cal to a reservoir.

(a) Find the efficiency.

(b) Find the ratio of the temperature of the source to the temperature of the reservoir.

(c) Reverse the Carnot engine given above so that it becomes a refrigerator. Find the coefficient of
performance.

. A Carnot engine during each cycle accepts 14 cal from the hot reservoir and rejects 6 cal to the cold

reservoir.

(a) How much mechanical work is done per cycle?

(b) What is the thermal efficiency?

(c) What is the ratio of the Kelvin temperature of the hot reservoir to the Kelvin temperature of the
cold reservoir?

. The motor in a refrigerator has a power output of 200 watts. If the freezing compartment is at 270°K and

the outside air is at 300°K, assuming ideal efficiency, what is the maximum amount of heat that can be
extracted from the freezing compartment in 10 minutes?

. The entropy of saturated water at 100°C is 0.31 cal/gm°C and that of saturated steam at the same

temperature is 1.76 cal/gm°C. What is the heat of vaporization at this temperature?

. When 1kg of water at 0°C is mixed with 0.5 kg of water at 50°C, what is the change in entropy?
. A refrigerator has a coefficient of performance equal to one-quarter that of a Carnot refrigerator. The

refrigerator is operated between two reservoirs at temperatures of 200°K and 300°K. It absorbs 400
joules from the low temperature reservoir. How much heat is rejected to the high temperature reser-
voir?

. What is the thermal efficiency of an engine which operates by taking n moles of an ideal gas through the

following cycle?

(a) Start at p,, Vi, To;
(b) change to 3p,, Vo;

(c) change to 3p,, 3V,;
(d) change to po, 3V,;

(e) change to p,, V..

. A Carnot refrigerator takes heat from water at 0°C and rejects 1000 kcal of heat to the room at 27°C.

(a) How much water is converted to ice?
(b) How much energy must be supplied to the refrigerator?
How much work must be done by a refrigerator to remove 1 kcal of heat from a reservoir at — 73°C and

reject it to a reservoir at 27°C if the refrigerator has a coefficient of performance equal to 80% of a
Carnot refrigerator?
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11. Anengine of 20% thermal efficiency is used to drive a refrigerator having a coefficient of performance of
4. What is the ratio of the heat input to the engine to the heat removed from the cold reservoir by the
refrigerator?

12. Calculate the change in entropy when a 2 kg block of aluminum at 727°C is brought in contact with 1kg
of water at 27°C,

13. Calculate the change in entropy of 2 kg of water when it is raised from the freezing point to the boiling
point temperature.

14. Show that, for any cycle,
d—TQ =0.

15. Show, by applying the result of Problem 14, that the entropy of an irreversible process is

daQ
dS>T,

and in the limiting case of the process in an isolated system,

ds >0.



Kinetic Theory
of Matter

Matter 237

Kinetic Theory of Gases 237
Kinetic Theory Interpretation of
Temperature and Specific Heat 239
Avogadro’s Law and Dalton’s Law
of Partial Pressures 240

27-1
27-2
27-3

27-4

27-5 Real Gases in Contrast to Ideal
Gases 240

27-6 Liquids 241

27-7 Solids 241

In this chapter we will discuss pressure, tempera-
ture, and specific heat in terms of molecular mo-
tion.

27-1 MATTER

The material of which all bodies are made is called
matter. There are three different states of matter—
solid, liquid, and gas. So far we have discussed the
macroscopic properties of matter. However, all
matter is made up of very small particles called
molecules. There are spaces between the molecules,
which are called intermolecular spaces; all macro-
scopic properties of matter are really based on the
properties of these molecules. Forces called inter-
molecular forces exist between the molecules. Al-
though the intermolecular forces are very strong, the
distance through which these forces act is very
small. The molecules of matter are in more or less
rapid motion, and the temperature of a given sub-
stance is determined by the average velocity of its
molecules. Differences exist in the kind of motion
possessed by the molecules in three states. In gases,
the intermolecular forces are very small and there is
complete random motion. In solids, where the
intermolecular forces are relatively large, the
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molecules oscillate about certain fixed points, being
held by the attractive forces of their neighbors. In
liquids, the molecules have no fixed positions and
slip about with ease over one another.

27-2 KINETIC THEORY OF GASES

We have previously discussed the macroscopic
behavior of gases and the equation of state (the
general gas law) for an ideal gas. We are now in
a position to develop a microscopic theory of
gases and to derive an equation of state for an
ideal gas from a molecular model. We shall first
make a few assumptions:

1.
2.

All molecules are in motion in all directions.
Molecules move in straight lines between
collisions.

3. All collisions are perfectly elastic.

. Diameters of molecules are neglected in
comparison to the distance traveled between
collisions.

. Intermolecular forces are very small.

. Time spent during collision is much less

than time spent between collisions.

19

Now let us consider n ideal gas molecules,
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Figure 27-1 Molecule with a velocity v, in a cubical
container.

each of mass m, contained in a cubical box of unit
edge length as illustrated in Figure 27-1. Con-
sider a molecule moving from face A to face B
with a velocity v,. Let the component of the vel-
ocity in the x-direction be v,,. The change in
momentum on impact with face B will equal
2muv,;. Since the time for the molecule to travel
across the cube and back will be 2/v,, the
number of impacts per second with face B will
equal v,,/2. From the above information, we now
know that the rate of change of momentum pro-
duced at face B in the x-direction, which equals
the average force F,,, is

Fui = @mu,) 5= mo}.. Q@71
Since pressure is force divided by area and the
area of each face of the cube is unity, the aver-
age pressure due to this molecule is

D= mvl,. 27-2)

Let us now consider other molecules with x-
components of velocities v, v.3, €tc. Since pres-
sures add the total pressure, p, with all
molecules of the same mass, is given by

p=pi+p+--=m@iu+vh+-). (27-3)

Let n be the total number of molecules in the
unit cube. The average value of the square of
the x-component of velocities of all the molecules is

— vatvhte
v =——m————, (27-4)
n
and Eq. (27-3) can be written
p =nmv.. (27-5)

Similar expressions can be obtained for the y-
and z-directions, namely,

p=nmv} and p=nmv’.

Since

V=vi4v 40 (27-6)
and because the molecules do not move in any
preferred direction,

vl=1v) =1}, @77
F,’=F,’=E’=1’; (27-8)
Hence, Eq. (27-5) becomes
p= ; nmy’. 27-9)
If the gas is contained in a volume V,
p =%1—;’ng5 @7-10)
or
pV=%Nm?, (27-11)

where N is the total number of molecules in the
volume V.

Since density equals mass per unit volume, we
can write Eq. (27-10) as

=1
p=3pv
or
3p
Vims = F (27-12)

Therefore, the value of ¢ can be calculated if we
know the pressure and density of the gas at a given
temperature. We call v? the mean-square velocity
of the gas molecules and v’ = V—the root-
mean-square velocity. Equation (27-12) states that
the root-mean-square velocity of the molecules in
a gas varies inversely with the square root of the
density of the gas at constant pressure and temper-
ature.

Example 1. Calculate the root-mean-square vel-
ocity of the molecules in air at 0°C and 1 atmos-
phere pressure.

SOLUTION
For air at 0°C and 1 atmosphere pressure,
p= 1.296 kg/m’
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p=1atm = 1.013 x 10° nt/m’

v = fe_  [xLOBXI0’nt/m’
™ Np 1.296 kg/m’

=485 m/sec.

27-3 KINETIC THEORY INTERPRETATION
OF TEMPERATURE AND SPECIFIC
HEAT

For one mole of an ideal gas, Eq. (27-11) may be
written
- 1 271
pV=§Nomv =§Mv =§(§Mv ),
(27-13)

where N, is the number of molecules in a mole of
the gas (Avogadro’s number) and M is the molecu-
lar mass of the gas. The quantity :Mv’ is the total
translational kinetic energy of the gas molecules;
for an ideal gas, it equals the internal energy (U) of
a mole of the gas.

The equation of state for one mole of an ideal gas
is

pV =RT. 27-14)
Combining Eqgs. (27-13) and (27-14),
2(1 7%& - X
3(2Mv =2u=rr 27-15)

The important deduction from this equation is that
the internal energy of an ideal gas varies directly
with the absolute temperature, and depends only on
the temperature. It defines temperature on the basis
of the kinetic theory, and gives us an understanding
of the temperature of a gas in terms of the motion
of its molecules.

Since R and N, are both universal constants,
their ratio is also a universal constant, called the
Boltzmann constant k.

R _ __ 831 joules/mole-°’K
No 6.02 % 10Z molecules/mole

= 1.38 x 10" joules/molecule-°K.

k:

Equation (27-15) may now be written as

mo? = %kT, 27-16)

1

2

which gives the average Kkinetic energy per
molecule of a gas in terms of its temperature.

Since the translational kinetic energy of a

molecule depends on the values of the three rectan-
gular components of its velocity, we say that the
molecule has three translational degrees of free-
dom. On the average, it is to be expected that the
energy associated with each degree of freedom is
the same. Since the total average kinetic energy per
molecule is 3kT, each molecule possesses an aver-
age kinetic energy of kT /2 per degree of freedom.
This is a special example of the Principle of
equipartition of energy.

For a monatomic gas, the molecular energy is all
kinetic energy, and its internal energy per mole can
be represented by Eq. (27-15)—namely,

=3
U=3RT.

27-17)
If the temperature of the gas is increased by dT, the
kinetic energy increases by

dU=%RdT.

Since the specific heat at constant volume (C,) is
equal to dU/dT,

(27-18)

Also, since C, =C, +R, the ratio C,/C, =v is
equal to

IR+R_5
_3 _5_
Y=g —37 1.67.

The above results for C, and y agree well with ex-
perimental results.

Boltzmann pointed out that the heat required to
raise the temperature of a gas depends on the
number of degrees of freedom —that is, the number
of independent coordinates necessary to describe
its motion. For a diatomic gas, there are 5 degrees
of freedom (3 translational and 2 rotational), and
for a polyatomic gas—6 degrees of freedom
(3 translational and 3 rotational). Therefore, for a
diatomic gas,

and
iIR+R 7
=12 =—=
v = —;R— 5 1.40.
These values are in good agreement with experi-
ment.

Example 2. What is the average kinetic energy
of a molecule of a gas at a temperature of 27°C?
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If the gas is CO,, what are the values of C,, C,, and
y?
SOLUTION

%mv2 = %KT = (%)(].38 % 107% joules/°K)(300°K)

= 6.20 X 107 joules.
Carbon dioxide (CQ,) is a triatomic gas with 3

atoms per molecule and 6 degrees of freedom.

C =§R = 3R = 6 cal/mole-°C,

C,=C, + R =4R = 8 cal/mole-°C,

C, _ 8 cal/mole-°C _

Y= T, ~ 6cal/mole-"C 133.

27-4 AVOGADRO’S LAW AND DALTON'S
LAW OF PARTIAL PRESSURES

Avogadro’s law is stated as follows:

Equal volumes of different or the same gases
under the same conditions of pressure and
temperature contain the same number of
molecules.

The law is obtained from the kinetic theory ap-
plied to two different gases at the same pressure
and temperature. Let us apply Eqgs. (27-9) and
(27-16) to a unit volume of each of the gases.

p =-31-n1m1715, p =;nzm2725
and
g = 3mevs
Therefore,

n =n,, (27' 19)

where n, and n, are the number of molecules in a
unit volume of each of the gases.

Dalton’s law of partial pressures is stated as fol-
lows:

For a mixture of gases in a given volume at a
given temperature, the pressure exerted by
each gas is the same as if it alone occupied
the volume; and the total pressure is equal to
the sum of the partial pressures exerted by
each gas.

This law can also be obtained by applying the ki-
netic theory to two different gases at the same

temperature. Apply Eq. (27-9) to each of the gases
confined separately in a unit volume.

I T
DPi1=zmmvy’, PpP2=3naMmyv;.

3 3
The pressure exerted by a mixture of the two gases
in a unit volume is
1

p= -3-n.m,v[2 + 5"2"]2023.

(27-20)

(27-21)

Therefore,
p=pitpy

which is Dalton’s law.

Example 3. A volume of 100 cm’ of hydrogen is
collected over water at a temperature of 20°C and a
pressure of 75 cm of Hg. Find the volume of dry
hydrogen at a temperature of 0°C and a pressure of
76 cm of Hg.

SOLUTION
Since the hydrogen is collected over water, it is
saturated with water vapor. The pressure of satu-
rated water vapor at 20°C, from Table 5-1, is
1.75cm of Hg. The partial pressure of hydrogen
(pun), from Dalton’s law, is

pu=75—1.75=73.25 cmof Hg.
Applying the ideal gas law in the form of Eq. (3-17),

(76 cm Hg)(V) _ (73.25 cm Hg)(100 cm’)
(273°K) (293°K) )

V=90cm’.

27-5 REAL GASES IN CONTRAST TO
IDEAL GASES

The assumptions made in the kinetic theory deri-
vations of Section 27-2 are never quite realized in
the case of real gases. Experiment shows that the
equation of state for the ideal gas only holds for a
real gas at low pressures. For example, Figure 27-2
is a plot of pV/nRT versus p in atm for hydrogen
and oxygen. The horizontal line indicates the be-
havior expected for an ideal gas. The differences
exhibited are not difficult to explain. As the pres-
sure is increased, the volume is decreased, and the
volume of the molecules becomes a more signifi-
cant part of the total volume. The product pV is no
longer constant, but increases with pressure for
both gases. Also, the cohesive forces play a domi-
nant role when the gas is at an intermediate pressure
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Figure 27-2 pV/nAT versus p for oxygen and hy-
drogen.

and the molecules are closer together. These forces
account for the dip in the O, curve of Figure 27-2. At
higher pressures, the repulsion of the molecules
overcomes the cohesive forces. The lack of a dip in
the hydrogen curve can be attributed to the small
size of the hydrogen molecule.

At sufficiently high pressure and low tempera-
ture, the cohesive forces are able to prevent the
elastic collisions of the molecules to a large extent,
and we no longer have the kinetic properties of a
gas. At this point, the gas condenses into a liquid.

27-6 LIQUIDS

In terms of kinetic theory, a liquid may be con-
sidered as a continuation of the gas phase into a
region of small volumes and high molecular attrac-
tions. The molecular attractions must be high
enough to keep the molecules confined to a definite
volume. The molecules of a liquid have less free-
dom of motion than the molecules of a gas. This can
be observed directly by Brownian motion, discov-
ered by Robert Brown in 1827. Using a microscope,
he observed small pollen grains floating in water,
and found that they underwent random motion due
to the bombardment of the water molecules. The
same type of observations can be performed with
small particles suspended in a gas, such as smoke
particles in air. On comparison of the two observa-
tions, it can be concluded that the gas molecules
have much greater freedom of motion than liquid
molecules.

At temperatures near the critical temperature, it
is possible to regard a liquid as essentially a gas
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whose molecules have a finite volume and attract
one another. The equation of state here resembles
van der Waal’s equation [Eq. (5-1)]. The theory of
liquids is in a much less satisfactory state than the
theories of gases and solids, but important progress
is being made in our understanding of the structure
of liquids.

27-7 SOLIDS

The attractive forces between the atoms of solids
are stronger than in liquids. In fact, the forces be-
tween the atoms or molecules are so strong that
they are not free to move about as in a gas or liquid.
They are held together as if by springs, and oscillate
back and forth continuously. Thus, a solid is elastic
because of the elastic behavior of the atoms making
up the solid.

As noted in Section 5-1, most solids have a
periodic arrangement of atoms, and are called crys-
talline solids. Most metals are crystalline solids, We
may ask why there is a periodic arrangement of the
atoms in a crystalline solid. The answer is that the
potential energy of such a system is a minimum if
the atoms occupy the smallest possible volume. It is
observed that the most stable configuration of a
system is the one with a minimum potential energy.
A system of balls (or atoms) can occupy the small-
est volume only by the formation of a periodic
structure. A few solids, however, do not have a
periodic structure, and thus do not have crystalline
forms. These solids are called amorphous solids,
two common examples of which are glass and
rubber.

Since the atomic forces in a solid are very strong,
the following question may be asked. What is the
source of the forces that hold the atoms together in
a solid? The answer is that the source is elec-
tromagnetic since each of the atoms is made up of a
positively charged nucleus and negatively charged
electrons. We may distinguish between three types
of interatomic forces in solids.

(a) The Metallic-Bonded Solid

In this type of solid, the force may be simply ex-
pressed as electrostatic forces between the positive
nucleus and the electron cloud, which not only sur-
rounds the parent nucleus but also the nucleii of
neighboring atoms. A material in which the atoms
are held together by this type of bond has the high
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electrical and thermal conductivity characteristic of
metals.

(b) The Covalent-Bonded Solid

In this type of solid, the neighboring atoms share
valence electrons. It is a very strong bond. Coval-
ent crystals have poor electrical and thermal con-
ductivity. Diamond and carborundum are examples
of such solids.

(c) The lonic-Bonded Solid

The ionic bond is characteristic of an exchange
of electrons between atoms and the formation of
ions. It is a strong bond, and the solid has ionic con-
ductivity at high temperatures. Salts such as
sodium chloride and potassium chloride are exam-
ples of ionic-bonded solids or ionic crystals.

It should be pointed out that there must be strong
repulsive forces as well as attractive forces in a
solid, since large forces are required to compress a
solid. Figure 27-3 is a graph of interatomic forces
versus atomic separation. At a separation r, a sta-
ble state exists in which the resultant force is zero.
The source of the repulsive force that balances the
attractive force is not so easily explained. It is
made up of several effects, the most important of
which occurs when the outer filled electron shells
of both atoms begin to overlap one another. When

PROBLEMS

1. Are the following statements true or false?

two completely filled shells overlap each other, the
number of electrons in the single group formed by
these shells is too large for them all to be contained
in states of low energy, and many are forced to
occupy higher energy levels. The increase of
energy of these electrons is enough to give strong
repulsive forces which oppose the attractive forces
that tend to bring the ions together.

n—

Repulsive force

\ ~Resultant force

Attractive Force

Figure 27-3
tion.

Interatomic forces versus atomic separa-

(a) The lighter molecules in the air move faster, on the average, than the heavy ones.
(b) The pressure of air in a closed container might be doubled by heating the air, so as to make the

molecules go twice as fast.

2. Consider 1 mole of an ideal gas at 0°C and 1 atmosphere pressure. Imagine each molecule to be, on the

average, at the center of a small cube.

(a) What is the length of an edge of the cube?

(b) If the diameter of an average molecule is about 3 x 10°* cm, what is the ratio of the length of an edge

of the cube to the average diameter of the molecule?
3. Using the kinetic theory of matter, explain how the vapor forms in a closed space above a liquid, and
how this vapor exerts a pressure on the enclosing walls. Why does this pressure have a certain fixed

value at a given temperature?

4. (a) If we wish to double the root-mean-square velocity of a molecule, by what factor do we change the

temperature?

(b) If, at a given temperature, a molecule A has a mass double that of a molecule B, what is the ratio of

their root-mean-square velocities?

5. (a) What is the translational kinetic energy of the molecules in 10 gms of oxygen gas at 27°C?
(b) What is the root-mean-square velocity of a molecule of hydrogen at 273°C and 1 atmosphere pres-

sure?
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6. Calculate the mass, root-mean-square velocity, and kinetic energy of helium contained at 1 atmosphere
and 20°C in a balloon of volume 10 m’,

7. How much heat must be added to 3 kg of O, gas to raise its temperature from 0°C to 25°C at constant
pressure? What is the increase in internal energy? How much external work is done? How much heat
would need to be added in raising the temperature by the same amount at constant volume?

8. Two grams of oxygen and 6 gms of carbon dioxide are put into an evacuated § liter flask. Find the
pressure inside the flask if the temperature is 27°C.

9. Show that

C.,=M and G,
vy -1

_yRIM

=T
where y = G, /C..

10. The density of oxygen is 1.43 X 10~ gm/cm’ at 0°C and 1 atmosphere pressure. At what temperature
would the root-mean-square velocity of oxygen equal the escape velocity from the Earth, which is
approximately 11.2 km/sec.

11. The density of hydrogen is 9 X 10~° gm/cm’ at 0°C and 1 atmosphere pressure. Calculate the root-mean-
square velocity of hydrogen at 1000°C. If temperatures approaching 1000°C are present in the upper
atmosphere, and the escape velocity from the surface of the Earth is 11.2 km/sec, can there be much
hydrogen in the Earth’s atmosphere?

12. The velocity of a gas forced through a small hole in a wall of a container is proportional to the velocity
of the molecules. Compare the time required to force out equal volumes of hydrogen and oxygen under
the same pressure.
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All sounds have one thing in common. Each is
caused by the vibration of a material medium and is
transmitted by waves. The speed of sound depends
on the density, elasticity, and the temperature of
the medium. Because of the above properties of
sound, we have left a discussion of it until after we
discussed wave motion, properties of matter, and
temperature.

28-1 PRODUCTION AND SPEED OF SOUND

Sound is a vibratory motion that produces the
sensation of hearing. Sound waves are longitudinal
vibrations of material media. If the frequency of
the vibrations is greater than that which can be
detected by the ear, it is called an ultrasonic vibra-
tion, if less—an infrasonic vibration. The audible
range for a human is from 20 to 20,000 cycles per
second (cps).

In order for sound waves to be produced, there
must be a source that initiates a mechanical distur-
bance and a material medium through which the
disturbance can be transmitted. This material
medium requirement is not difficult to demonstrate.
Suppose we suspend an electric bell by means of a
fine string in a container which can be evacuated by
means of a pump. We start the bell ringing, and at
the same time pump the air from the container. The
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sound will become fainter and fainter as the air is
exhausted until the sound cannot be heard.

The speed of sound depends upon the elastic
properties of the medium. In general, the speed of a
wave in a material medium is given by

\/ elastic force factor
inertia factor

The quantities used for both the elastic force factor
and the inertia factor depend on the kind of wave
motion and the medium. For sound waves in solids,
the elastic force factor is the bulk modulus plus 3
the shear modulus of the solid (see Chapter 23),
while for fluids it is only the bulk modulus since the
shear modulus is zero for a fluid. In both solids and
liquids, the inertia factor is the density of the
medium. For sound waves in a solid rod, the elastic
force factor is the Young’s modulus of the medium,
which is also discussed in Chapter 23, and the iner-
tia factor is the density of the medium.

In the case of gases, the adiabatic bulk modulus
is used for the elastic force factor since they are
highly compressible and the heat of compression
cannot escape at ordinary frequencies. Therefore,
the speed of sound in gases is expressed by the

relation
v =Bx
p

(28-1)
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However,

- dp)
Bad - V(dV ad,
and the equation of state of an ideal gas for an
adiabatic process is

pV'=K.
Taking logarithms of both sides of this equation,

we get
Inp+yInV=InK,

and taking the differential of this equation gives

dp dv _
p+'yln V=

from which we obtain

(ﬁa) __
dV ad V

v =2
p

Since the density of a gas varies inversely with the
absolute temperature at constant pressure, the
speed of sound in a gas varies directly with the
absolute temperature. For an ideal gas,

p_RT

p M’

Therefore,

(28-2)

where R is the universal gas constant, M is the
molecular weight, and T is the absolute tempera-
ture. Therefore,

(28-3)

which gives good agreement with the measured
speed of sound in gases.

Example 1. Find the speed of sound in oxygen at
300°K.
SOLUTION
For oxygen, y =1.40 and M =0.032 kg/mole.
R =8.31 joules/mole deg.

o= (1.40)(8.31 joules/mole deg)(300°K)
(0.032 kg/mole)

=330 m/sec.

The speed of sound also varies directly with the
square root of the pressure, but since it also varies
inversely with the square root of the density and

since an increase in pressure increases the density,
the effect of pressure depends on the state of the
medium. The speed of sound in a gas is independent
of changes in pressure within wide limits since the
ratio of pressure to density is a constant. However,
the effect of pressure is much greater in liquids and
solids. In the case of liquids, it is an even more im-
portant factor than temperature.

Since sound is a wave motion, its wave length is
related to the speed v, and is given by the relation

L
f ’
where f is the frequency of the sound. Table 28-1
gives the speed of sound in air at various tempera-

tures, and Table 28-2 gives the speed of sound in
thin solid rods and in liquids.

A= (28-4)

Table 28-1 Measured Speed of Sound in Air.

Temperature (°C) Speed (m/sec)
0 3314
20 344.0
100 366.0
500 553.0
1000 700.0

Table 28-2 Measured Speed of Sound in Solid Rods
and Liquids.

Speed Speed
Solid rods  (m/sec) Liquids (m/sec)
Aluminum 5100 Alcohol 1143
Copper 3560 Ether 1032
Iron 1322 Turpentine 1326
Nickel 4973 Water 1461
Glass 5550 Sea water 1500

28-2 INTENSITY OF SOUND

A sound wave is a series of compressions and
rarefactions. We therefore have a pressure am-
plitude as well as a displacement amplitude. The
pressure amplitude (P) is the maximum amount by
which pressure differs from atmospheric pressure.
The intensity (I) of a sound wave is the energy
transported per unit area per unit time perpendicu-
lar to the direction of propagation of the sound
wave. A loud sound is one of high intensity, even
though no simple mathematical relation exists be-
tween them. This is so because the loudness of a
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sound depends upon the particular sensitivity of the
ear, while the intensity is a physical measurement.
It is frequently useful to compare sound inten-
sities. Two sounds having an energy ratio of 1 to 10
are said to differ by 1 bel. Since the ear is sensitive
to a very great range of intensities, a logarithmic
scale is used which is implicit in the definition of the
bel. It has been found that the decibel (db) is a more
convenient unit, and the intensity level (8) meas-
ured in decibels is defined by the equation
I
B =10log—, (28-5)
I,
where I, is the intensity corresponding to the
threshold of hearing or, in other words, the faintest
sound that can be heard by the average human. The
maximum that the human ear can tolerate is about
120 decibels. Referring to Eq. (28-5), this means
that the ear has a hearing range from the lowest
audible intensity to one which is 10” times greater.
Actually, this hearing range depends on the sound
frequency. Figure 28-1 is an audibility diagram for a
person with good hearing. Equation (28-5) is ordi-
narily used to compare the intensities of two
sounds. From Eq. (28-5), it is readily seen that a
sound 10 times as intense as another is 10 db higher,
one 100 times as intense is 20 db higher, and one
1000 times as intense is 30 db higher.

Example 2. A sonar operator on board a ship
pings on a submarine. The return signal is one-half
the intensity of the ping. What is the attenuation of
the ping by the water and the hull of the submarine
in decibels?
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Figure 28-1 Audibility diagram for a person with good
hearing.

SOLUTION
_ (I watts/m’) _ __
g =10 logm = 101og0.5 3db.

Thus, the return signal was 3 db below the ping in
intensity. Therefore, the attenuation of the ping by
the water and the hull was 3 db.

28-3 PSYCHOLOGICAL EFFECTS OF
SOUND AND ORIGINS OF
MUSICAL SOUNDS

A sound wave causes the eardrum (a fibrous
membrane) to vibrate in synchronization with the
sound vibrations. These vibrations of the eardrum
are transmitted to the inner ear. The inner ear is
filled with a fluid in which are located nerve endings
that transmit the sound vibrations to the brain.

The quality of a sound refers to the psychological
effect it produces for a listener. A musical note usu-
ally consists of a number of vibrations of different
frequencies, consisting of the lowest frequency,
called the fundamental, and other vibrations having
frequencies of two, three, or more times that of the
fundamental, called harmonics. By contrast, a
noise is a mixture of many unrelated vibrations. It
is the number of harmonics present and their re-
spective intensities that determine the quality of a
sound. Two notes with the same fundamental fre-
quency and intensity will differ in quality when
sounded on a guitar and a violin because of the
spectrum of harmonics produced. The pitch of a
musical note refers to the dominant frequency.
When several musical notes produce a pleasing sen-
sation to the listener, they are said to be in har-
mony. If the effect produced is disturbing, the notes
are said to be discordant. The explanation is
roughly as follows: the listener is aware of not only
the dominant frequencies of the notes but also the
difference frequencies or beat tones. Low fre-
quency, unrelated beat tones produce a discordant
sensation. Higher frequency beat tones, in cases
where the same beat frequency results from more
than one pair of dominant frequencies in the set of
musical notes, result in a sound that has a pleasing
fullness or richness. Musical instruments, whether
classified as strings (piano, violin), winds (clarinet,
flute), or percussion (xylophone, glockenspiel) are
all designed to minimize discordant effects.

The means of initiating vibrations is different for
the various classes of instruments. This is in part
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necessary because the medium in which the vibra-
tions originate differs. Thus, transverse standing
waves are excited in stretched strings in string
instruments. For wind instruments, the mode of
vibration is standing longitudinal waves in a column
of air. Percussion instruments involve transverse
standing waves in solid plates or stretched mem-
branes. In Section 10-3, we discussed standing
transverse waves of a stretched string. Equations
(10-22) and (10-23) provide the relations between
the wavelength, frequency, and length of the string
for all harmonics, including the fundamental.

Another reason for the various methods of in-
itiating vibrations is to provide musical notes of
higher quality. For example, a violinist enhances
the quality of notes by using his fingers to create
points of zero amplitude along the vibrating string.
This prevents the existence of any harmonics that
would have non-zero amplitudes at those points.
The same result is accomplished in a flute by cover-
ing various holes along the length of the instrument.

The reader should not infer that the physics of
musical sounds has been fully treated in this sec-
tion. The discussion here is in fact highly idealized,
and no consideration has been given to such ques-
tions as musical scales and the human voice. How-
ever, the ideas presented do represent a satisfac-
tory basis for further study.t

28-4 THE DOPPLER EFFECT

When a listener and/or source of sound are mov-
ing relative to each other, the frequency of the
sound as heard by the listener is not the same as the
true frequency of the source. We shall illustrate this
by discussing two specific cases.

(a) Source Stationary and Listener Moving

Suppose a stationary source emits a note of fre-
quency f, and the listener approaches the source
with a velocity v,, where v, is less than the velocity
of the sound v. This is illustrated in Figure 28-2,
where we take the initial distance between the lis-
tener L and the source S equal to the distance the
sound travels in 1 second or, in other words, numer-
ically equal to the velocity of the sound.

+The interested reader is referred to the text, Horns,
Strings and Harmony, by Arthur H. Benade, Doubleday
& Co., 1960.
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Figure 28-2 Listener moving toward source.

If the listener was stationary at L, f waves
would hit his ear per second. However, during 1
second he travels a distance v, to L’. He therefore
hears an extra vibration for each wavelength in the
path length LL’. The number of extra vibrations
per second he hears is equal to LL'/A or v./A.
Therefore, the frequency he hears (f') is given by

i _ e O fu
f_f+/\_f+v9
or
f =f(——":“). (28-6)

The wavelengthof the sound is unchanged, but the
listener goes to meet the oncoming waves and, con-
sequently, more waves hit his ear per second than
the source emits in 1 second.

If the listener had been going away from the
source, he would have heard v. /A fewer vibrations
per second. Therefore, the frequency he would
have heard is given by

i pU_g_foo
fref-gt=f-0

r-252)

(b) Listener Stationary and Source Moving
Suppose the source S is producing a note of fre-
quency f, and is approaching the listener L with a
velocity vs <v. As before, we shall let S be a
distance v from L, as illustrated in Figure 28-3
where v is equivalent to the distance traveled in 1
second by the sound. The first of the f vibrations is
given out by the source when it is at S, and the last
of the f vibrations—when it has advanced to S’, a
distance vs from S. Since vs < v, there will be f
vibrations between S’ and L. Hence, the new
wavelength A’ in front of the source will be less

or
(28-7)
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Figure 28-3 Source moving toward listener.

than A for the source at rest. The new wavelength is
_S'L
7

fIAI___v,
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But

where f' is the frequency the listener hears. There-
fore,

or

(28-8)

If the source had been going away from the listener,
by the same argument as presented above, the fre-
quency the listener would have heard is given by

f= f(v - vs). (28-9)

With the source and listener both in motion, we
can combine Egs. (28-6), (28-7), (28-8), and (28-9),

and obtain
f = f(v + vL)

v+ g

(28-10)

The signs adopted are such as to increase the ratio
{'/f when the source and listener are approaching
one another, and to decrease the ratio f'/f when
they are receding from one another. For example,
to a listener, the frequency of a locomotive whistle
will appear to be increased when there is relative
motion toward the listener, and decreased when
there is relative motion away from the listener. If
the medium is moving in the same direction as the
sound wave, its velocity is added to the velocity of
the sound, and subtracted if moving in the opposite

PROBLEMS

Problems 249

direction. This alteration of frequency due to the
motion of the listener and/or source is known as the
Doppler effect.

We have derived the above equations for the
case where the source and listener are moving
along a line joining them. In general, it can be
shown that the equations hold when vs and v, are
the components of the velocities along the line join-
ing the source and the listener. This is also true for
the velocity of the medium.

When the velocity of the source is greater than
the velocity of the sound wave, no regular wave
train results. Instead, a bow and stern wave is set
up similar to that produced by a boat moving over
water. Another example is the shock wave as-
sociated with a supersonic boom.

Example 3. A bat flies straight toward a wall at
30 m/sec on a day when the speed of sound is 330
m/sec, while emitting a note of 15,000 cps. What
frequency does it hear?

SOLUTION
The bat is both the source of the sound and the
listener.

L _ v to\ 330+ 30) m/sec]
f= f(v - vs) = 15,000 cps [(330— 30) m/sec

= 18,000 cps.

Example 4. A locomotive goes past a station at
20 m/sec, blowing its whistle at a frequency of 1000
cps on a day when the velocity of sound is 330
m/sec. What change in frequency is heard by a boy
standing on the station platform?

SOLUTION

The frequency heard by the boy as the train ap-
proaches is

f = 1000 cps ( 330 m/sec

(330-20) m/sec) = 1065 cps.

The frequency heard by the boy as the train recedes
is

. 330 m/sec ) _
f'=1000cps ((330 +20) m/sec/ 943 cps.
Change in frequency = (1065 — 943) cps
=122 ¢ps.

1. The speed of sound in steel is 5000 m/sec and the density of steel is 7.8 X 10’ kg/m’. What is the elastic

force factor of steel?
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2. What is the adiabatic bulk modulus of a gas if the speed of sound in the gas is 300 m/sec and the density

is 2 kg/m’?

3. A sound of frequency 1000 cycles/sec is radiated uniformly in all directions with an intensity of 16

watts/m’ at a radius of 5m on a day when the speed of sound is 300 m/sec.

(a) What is the total acoustic power radiated by the source?

(b) What is the apparent frequency of the sound to an observer approaching the source at a rate of 20
m/sec?

4. A cowardly man, running away from a dentist at a speed of 10 m/sec, emits a shriek of terror having a

frequency of 5000 cycles/sec. What is the frequency heard by the dentist who is pursuing the man at 4
m/sec, if the temperature is 20°C?

5. In Problem 3, if the intensity of the sound 50 m away is 16 X 10~? watts/m’, what is the intensity level in

decibels at a radius of 5 m compared to the intensity at a radius of S0 m?

6. A locomotive, traveling with a speed of 25 m/sec, sounds its whistle as it approaches an observer at a

grade crossing when the temperature is 20°C. The frequency of the whistle is 250 cycles/sec. What is the
wavelength of the sound waves in the region between the locomotive and the observer?

7. If the sound source in Problem 3 is mounted on a vehicle and is carried at a uniform speed of 50 m/sec

past a stationary observer, what is the difference between the apparent frequency as it approaches and
the apparent frequency as it goes away?

8. An automobile moving at 30 m/sec is approaching a factory whistle having a frequency of 500

cycles/sec. If the speed of sound in air is 340 m/sec, what is the apparent frequency of the whistle as
heard by the driver?

9. A ship, dead in the water, emits a sound pulse from its sonar gear, and 2 seconds later receives an echo

10

11.
12.

13.

14.

identifiable as a submarine. A short while later, the hydrophone picks up the sound of a torpedo being

fired, and the alarm is immediately given. Assuming the torpedo travels with a constant speed of 50

m/sec, how much time does the crew have to abandon ship from the time the alarm was sounded to the

time the torpedo strikes? Take the speed of sound in sea water as 1500 m/sec and neglect the motion of

the submarine.

A man runs at 5 m/sec on a calm day when the temperature is 20°C between two fire stations. The fire

whistles sound simultaneously in the two stations at a frequency of 600 cycles/sec. Find the apparent

frequency of each whistle.

What sound intensity is 3 db louder than a sound of 0.10 watts/m’?

A locomotive travels 30 m/sec in still air, blowing its whistle. The frequency of the whistle is 600

cycles/sec and the speed of sound in the air is 340 m/sec.

(a) What frequency would be heard by a passenger on a second train traveling at 20 m/sec away from
the first?

(b) What frequency would be heard by the passenger if a wind of velocity 10 m/sec is blowing in the
direction that the locomotives are traveling?

A train passes by a station, blowing a whistle, on a day when the speed of sound is 330 m/sec. A

stationary observer on the platform notices that the frequency of the note he hears changes in the ratio

9/8 as the engine passes him. Find the speed of the train.

How rapidly must an automobile be moving away from an observer so that the frequency of its horn will

drop from 1100 to 900 cps on a day when the temperature is 20°C?
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29-1 INTRODUCTION

The earliest observations of electrical phe-
nomena were made by the Greeks, but no careful
experiments were carried out until the seventeenth
century. The original observations indicated that
certain substances, when rubbed with fur or cloth,
attracted small objects in the neighborhood. Such
substances are said to be electrically charged.

Following the observations of the force exerted
by a charged body on all uncharged bodies, the next
step was the study of the forces exerted by differ-
ent charged bodies on each other. It was found, for
example, that if two pieces of glass were each rub-
bed with a separate piece of silk so that all four
acquired a charge, the two pieces of glass repelled
one another, but each piece of glass attracted each
piece of silk. Similarly, glass that had been rubbed
with silk attracted hard rubber that had been rub-
bed with fur, but repelled the fur. This led to the
realization that there must be two kinds of electric
charge.

To distinguish between the two kinds of charge,
that produced on glass by rubbing with silk was
called positive (+), and that produced on hard rub-
ber by rubbing with fur was called negative (-).
Then, by application of the rule that unlike charges
attract and like charges repel, it was possible to find
the sign of the charge on any body.

251

It was established early in this century that all
electrical charges are integer multiples of a funda-
mental or smallest unit of charge. The electron is a
negatively charged particle, and has a charge mag-
nitude that corresponds to this smallest unit of
charge. Matter is made up of atoms consisting of a
central core or nucleus surrounded by lighter par-
ticles called electrons. The nucleus contains two
kinds of particles: protons and neutrons, which are
roughly 1840 times as heavy as the electrons. The
protons are positively charged, while the neutrons
are uncharged. The number of electrons surround-
ing the nucleus is equal to the number of protons,
and each electron has a negative charge equal in
magnitude to the positive charge of the proton, so
that the atom as a whole is electrically neutral. The
number of neutrons is roughly equal to the number
of protons in light elements, but is greater in the
heaviest elements. A given element may have sev-
eral stable forms of different nuclear mass, that is,
it may have a different number of neutrons but the
same number of protons. This means that the ele-
ment can exist in forms with different mass but with
the same charge. Such forms of an element are
called isotopes.

For the purpose of electrostatic theory, sub-
stances can be divided into two classes: conductors
and insulators. In a conductor, the negative electri-
cal charge (electrons) can flow easily throughout
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the substance under the influence of an electric
field, while in an insulator, a large electric field is
required to cause the electrons to flow.

29-2 ELECTRICAL FORCES

Electrical forces, like gravitational forces, vary
inversely as the square of the distance, but they are
about 10* times stronger. If you were standing at
arm'’s length from someone, and each of you had
about 1% more electrons than protons, or vice
versa, the repulsive force would be enough to lift a
weight equal to that of the Earth. Since you feel no
force at all at this distance from someone else, this
must mean there is essentially perfect balance be-
tween the protons and electrons of each person.

We have said that the electrical force varies in-
versely as the square of the distance. This means
that if we have two point electrical charges, the
force of attraction or repulsion of one charge on the
other is inversely proportional to the square of the
distance between them. The force is also directly
proportional to the size or magnitude of these
charges.

This law was discovered by Coulomb in 1785. In
his apparatus, the charges were carried on pith balls
and the force between them was measured with a
torsion balance as shown in Figure 29-1. Two small
spheres A and B are attached to the ends of a rod,

w7
-s—Fiber
9 ~ ~~c
% =5
A ~ _
Figure 29-1 Torsion balance to demonstrate

Coulomb’s law.

which is suspended by a torsion fiber attached to
the center of mass of the rod. If sphere A is
charged and a sphere C charged with a like charge
is placed next to it, they will repel one another and
the fiber will be twisted through a measurable angle.
The force of repulsion is determined by the amount
of twist put in the fiber when the charged spheres
are at a given distance. Coulomb’s law states that:

The force between two point charges is
directly proportional to the product of the
charges and inversely proportional to the
square of the distance between them.

F= K‘—‘r“T‘, (29-1)
where K is a constant of proportionality.
The vector equation for the force is
F= K9, (29-2)

where #, is a unit vector pointing along the line join-
ing the charges.

If other charges are in the vicinity of g, each will
exert a force on g, and the total electrostatic force
on q will be

F= Kq zl %ifOE- (29'3)
The #y’s all have unit magnitude, but they may
point in different directions. The mutual interaction
of a pair of charges is unaffected by other charges.
The algebraic sum of the charges within a closed
system is constant.

(2 G = constant).

i=1

However, Coulomb’s law is not perfectly true
when the charges are moving. The electrical forces
also depend on the motion of the charges.

29-3 UNITS OF CHARGE

In the MKS units, the force is expressed in new-
tons, the distance in meters, and g in coulombs.
The constant K is not defined directly but through
another constant €, by the equation

1

K= 41750'

The new constant, called the electric permittivity



of free space, is defined to be

10" coul
*" 4mcint—m”

where ¢ is the velocity of light in free space; ¢ =
3 x 10° m/sec. Now we see that in free space

2
€ =8.85x 107U
nt—m
and
K =9x 10° 1M
coul

In MKS units, Coulomb's law is

F=kr=r -9 -9x109% s, (294

T 4meo 1
where
F =force (nt)
q = charge (coul)
q, = charge 1 (coul)

r = distance between point charges (m)
o = unit vector pointing in direction of line joining

the charges.

The total force exerted on a given charge g by n
other charges is given by Eq. (29-3). In a normal
laboratory situation, the number of electrons
and/or protons distributed in and around the
laboratory that can affect a given test charge g is
usually very large. As a result, the calculation re-
quired in the summation in Eq. (29-3) is prohibi-
tively difficult. This difficulty is easily by-passed,
however. One simply “maps” the electrical influ-
ences in the laboratory by carrying the charge g
throughout the volume of the laboratory and
measuring the magnitude and direction of the total
force experienced by g at each point. If g is re-
placed by a charge q’, the force it would experience
is simply (q'/q) times the force measured for g, and
a second measurement is unnecessary.

Any physical quantity that takes on different val-
ues at different points in space is said to define a
field. If the values change in magnitude only, the
field is a scalar field. If the values change in mag-
nitude and direction, the field is a vector field.

29-4 FIELDS

A field is any physical quantity that takes on dif-
ferent values at different points in space. There are
two kinds of fields: namely, scalar fields and vector
fields. Temperature is an example of a scalar field,
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while the velocity of a flowing fluid is an example of
a vector field. Also electric and magnetic fields are
vector fields.

A vector field may be represented by drawing a
set of arrows whose magnitudes and directions in-
dicate the values of the vector field at the points
from which the arrows are drawn (Figure 29-2).

,’,,'
P —
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Figure 28-2 Representation of an electric field by
arrows.

We can go further and draw lines that are tangent
to the vectors everywhere, with the density of the
lines proportional to the magnitude of the vector
field (Figure 29-3).

The lines are sometimes called lines of force. In
electrostatics, they originate on positive charges
and end on negative charges. Lines of force do not
intersect one another since the direction of the field
cannot have two values at one point.

We adopt the convention that the number of lines
per unit area over a surface perpendicular to the
direction of the lines is proportional to the field
strength.

=

—_\\\\

Figure 29-3 Representation of an electric field by
lines.
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An electric field js a vector point function, that
is, a vector function of position in space in
terms of which the force on a charge at rest at
that point in space may be determined. An
electric field exists at a point in space if a
force is exerted on an electric charge placed
at that point.

The electric field intensity or the electric field
strength at a point is a vector having the direction
of the force that would be exerted on a positive
point test charge placed at the point, and a mag-
nitude equal to the magnitude of this force divided
by the magnitude of the test charge,

E=—. (29-5)

If q is positive, E is in the direction of F and equal
in magnitude and direction to F/q. If q is negative,
E and F/q are opposite in direction to F. The unit of
E in MKS units is newtons/coulomb.

If the charges causing the field are free to move
(for example, metallic bodies), the presence of the
test charge @ may change their positions, and hence
change the field we wish to measure. The change
will be small if q is small, so an accurate definition
of E in the form of an equation is

E= !.'Z%'g or E=%§. (29-6)

Example 1. Find the field strength in magnitude
and direction at a point on the bisector and 6 m
from the line joining the charges of 5x10~°
coulombs each for both unlike and like charges
separated by a distance of 16 m.

SOLUTION
Put a test charge q at point P in Figure 29-4.

o nt-m’)[S x 107° coul)q]

E =E,= (9><10

coul’ (10°mHq
=0.45 nt/coul
E,
P
7
< 5%
% |
d o 16m 0’7} ~
+<£ 1 N
5x107° coul. 16m 5x107° coul

Figure 29-4

- 3 k2
E = (0.45 nt/coul) 10 + (0.45 nt/coul) 10
=0.72 nt/coul.

Therefore, E=0.72nt/coul parallel to line of
charges.
Put a test charge g at point P in Figure 29-5.

—F. = ) nt-mz) [(5 x 107 coul)q]
El E2 (9 x 10 coul2 (102 mz)q

= 0.45 nt/coul

- 6 6
E =(0.45 nt/coul) 10 + (0.45 nt/coul) 10
=0.54 nt/coul.

Therefore, E = 0.54 nt/coul along bisector.

Ez E‘

7,
A 7
L0 I6m 00\’\\

+ /, 1 LS
5%10~° coul 16m 5%107° coul
Figure 29-5

29-5 ELECTRIC POTENTIAL

When a charge moves in an electric field, work is
done on the charge by the electric forces. Thereis a
change in the electric potential energy of the
charge. Just as it was convenient to define E as the
force per unit charge, it is similarly convenient to
define the electrical potential V as the electrical po-
tential energy per unit charge.

Electric potential is best understood by consider-
ing first the difference of potential between two
points in an electric field.

The difference of potential between two
points in an electric field is defined as the
work per unit charge necessary to carry a test
charge from one point to another.

The work done by applying an external force, Fa,
in moving a charge q an infinitesimal distance ds is

Fi-ds=dW =~F-ds,

where F is the force of the field.
The negative sign is inserted because the compo-
nent of the motion anti-parallel to E is opposed by



the field, or work is done on the charge by the
external force. Since

F=qE

dW =—-qE - ds
or

ﬁ/=—E-ds.

q
Hence

dV =—-E-ds
or

dV =—E cos 8 ds, (29-7)

where dV is the infinitesimal increase in potential,
and @ is the angle between the positive directions of
the vector E and the vector ds.

The difference of potential between a point A
and a point B is given by the equation

B
Vs —Va=— L E-ds, (29-8)
and is independent of the path because the potential
energy difference is independent of the path.

The unit of potential in MKS units is the volt that
is equal to a joule per coulomb. The electric field
intensity can now be expressed in volts per meter,
which is equivalent to newtons per coulomb.

We shall now consider the potential at a point.
Potential is usually defined as being zero at a point
infinitely distant from the charges producing the
field. Therefore, the potential at a point s is the
work that must be expended in carrying a test
charge from infinity to the point s.

W=—j F-ds=—qj E-ds
or

V(s)= —j E- ds. (29-9)

As an example, let us consider the potential in the
vicinity of a point charge. Since the field from the
charge is radial, we can write,

E-ds=E-dr=Edr, and V(r)=—j Edr.

if we take the charge as the origin of the coordinate
system. But

_F__1
T q Amer

W

E

Therefore,

_ 1 "dr
vin = 4‘n'eoqL7f
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or

V-1 4

dmer (29-10)

The potential due to several charges is given by

1 &

Vi = dme i 1’

(29-11)

where r; is the position vector of the point r with
respect to the ith charge. If the potential is due to a
continuous distribution of charge,

(29-12)

29-6 CALCULATION OF E FROM V

The electric field E can be obtained easily from
the potential V. We have established that

dTW=dV=—E-ds.

In rectangular coordinates,

E=iE, +jE, +kE,

and
ds=idx + jdy +kdz.
Therefore,
dV =—(E.dx + E,dy + E.dz)
also
_V, L3V, 8V
dV—axdx+avdy+azdz.
Therefore
__9v __9v A4
E. = ax’ E, = ay’ E = az”
Hence
__9V_.9v_ L av_
E= lax ]ay kaz— VvV  (29-13)
where
I N |
V—lax+|ay+kaz

and is called the gradient operator (see Appendix
I-8, p. 332).

Thus, if V is known for all points in space, that
is, if the function V(x, y, z) is known, the compo-
nents of E and hence E itself can be obtained.

Example 2. The potential V of a particular elec-
tric field E is given by V = a(2x’—3y?— z?), where
a is a constant. Find the components of E.
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SOLUTION
_f_:8V_.8V  3aV\_ [_.i PN P K z]__ .
E a( i jay kaz) a lax(2x)+|ay(3y)+kaz(z)— 4axi+6ayj+2azk.

Therefore,

E.=—4ax, E,=6ay and E, =2az.

PROBLEMS

1. Two point charges are placed as A =—30x10"coul at (—9m,0) and B =+ 40X 10"’ coul at
(+ 16 m, 0).
(a) What is the magnitude and direction of the force which charge A exerts on charge B?
(b) What is the magnitude of the electric field intensity at the point P(0, 12 m)?
(c) What is the electric potential at the point P?

2. Two point charges are placed as A =+ 30x 10" coul at (—9m,0) and B = — 40 coul at (+ 16 m, 0).
(a) What is the electric field intensity at the point P(0, 12 m)? Calculate the magnitude, and show the
direction in a diagram roughly to scale.
(b) What is the electric potential at the point P?

3. A negative point charge of 20 microcoul is located at the point A(x =0, y =30cm), and an equal
positive charge is located at the origin.
(a) What is the electric potential at point B(x =40 cm, y =0)?
(b) What is the electric field intensity at point B?
(c) What is the electric potential energy of a positive point charge of 5 microcoul placed at the point B?

4. An electron (q. = 1.60 x 10 ® coul, m =9.11x 10 kg) is in the electric field between two charged
plates.
(a) What field is required so that the electron has no vertical motion?
(b) If the field is doubled, determine the time it takes for the electron to move 5 ¢cm vertically upward.
(c) If the direction of the field is changed by 180° in part (b) determine the time for the electron to move
5 ¢m vertically downward.

5. An electron (mass =9.11x 107 kg; charge = 1.60 x 107" coul) is projected horizontally with a velocity
of 10°m/sec between two parallel plates at right angles to a uniform electric field of intensity
2 x 10’ nt/coul, upward, as in Figure 29-6.
(a) Indicate in the diagram, by pluses or I

minuses, the charge distribution on the T
plates.
(b) Calculate the voltage between the plates re- |
. . E I
quired to produce this field. B
(c) What is the net force on the electron in the [ ]
field region? f————L=4cm |
(d) What is the acceleration of the electron?

oO—

b =g ——
U pR——

T
[}
|
]
[}
1
'
1

O
—_—— —e— —

Figure 29-6

6. Two small 1 gm pith balls are attached to fine threads 1 m long hung from a common point. When the
balls are given equal quantities of positive charge, they repel one another so that the threads are at an
angle of 30° with one another.

(a) Draw a diagram showing all the forces on each ball.
(b) Find the charge on each ball.
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10.

11.

12.

13.

14.
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An electron (mass = 9.11 X 10" kg; charge = 1.60 X 107" coul) is projected horizontally with a velocity
of 10°m/sec between two parallel plates at right angles to a uniform electric field of intensity
5 x 10’ nt/coul, upward, as in Figure 29-7.

(a) Indicate on the diagram, by pluses or
minuses, the charge distribution on the
plates.

(b) Calculate the voltage between the plates re-
quired to produce this field.

(c) What is the net force on the electron in the
field region?

(d) What is the acceleration of the electron?

_.._-<_-_
I—
I—
L]
L e ]
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r————T——JT

1
IL

p—m—————L=10cm —|

Figure 29-7

. (a) What is the electric field intensity halfway between two isolated positive point charges of

4% 107" coul, 60 cm apart?
(b) What is the electric potential (relative to a point at infinity) at the point halfway between the two
isolated charges of part (a)? )
An electron (mass = 9.11 x 107" kg, charge = 1.60 X 107" coul) released from rest in an electric field of
3 10’ volts/m travels 0.2 cm.
(a) What is its final speed?
(b) How long a time elapses before it reaches its final speed?
(c) What is its final energy?
Charges A, B, C, and D are located at the corners of a square 20 cm on a side as illustrated in Figure
29-8. Charge A =+ 15x 10 coul, B =+ 15x 10" coul, C = —15%x 10" coul, and D = — 15x 10"° coul.
At the intersection of the diagonals (E) find: '

(a) The magnitude and direction of the electric
field intensity and A B
(b) the potential. \\ //
\ /
\ /
\v/
20cm
\
,’ E N
Ve \\
// N
D (o]
Figure 29-8

Two electric charges of opposite sign, but of the same magnitude, 4 microcoul are separated by a
distance of 6 m in a vacuum. What is the electric field intensity and potential at a point midway between
them on a straight line joining them?

An electron (mass =9.11 X 10" kg, charge = 1.60 X 10™" coul) revolves about a proton which has the
same charge as the electron in an atom. The radius of the circular orbit is 107" m.

(a) What is the radial acceleration of the electron?

(b) What is the angular velocity of the electron?

If the electric potential along the x-axis is given by V = (8 +4x — 2x?) volts, where x is in meters, what
is the electric field along the x-axis at x =0 and at x =2 m?

A vacuum tube consists of a cylindrical cathode of 0.10 cm in radius inside a hollow cylindrical anode of
inside radius 0.60 cm. The potential of the anode is 400 volts above that of the cathode. An electron
leaves the surface of the cathode with zero initial velocity. Find its velocity when it strikes the anode.
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15. In a certain electric field, the potential is found to be given by the formula V = cd, where ¢ is a positive
constant and d is a coordinate.
(a) Find the value of E in the direction of increasing d.
(b) What formula would give the work done in moving a charge from + d, to + d. (d, greater than d,)?
(c) Give the units of the constant c.
16. A positively charged ring of radius R lies in the y-z plane. Show that the formula for the electric field
intensity at a point on the axis of the ring (x-axis) a distance r from the center of the ring is
E= Kqr
Ri+r?
where q is the total charge on the ring.
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30-1 GAUSS'S LAW

In Chapter 29, we replaced calculations of forces
on and potential energy of charges with calcula-
tions of field intensity and potential. This made it
possible to avoid the serious complications related
to the large numbers of charges involved in a typi-
cal situation. However, it will not have escaped the
perceptive reader that the simplifications are more
apparent than real for large numbers of charges.
For example, it is no easier to calculate the total
field intensity due to many charges than it is to
calculate the total force exerted on a test charge
due to the same charges. What is needed is some
further concept that will make possible calculations
such as the determination of the field intensity at all
points in space due to an array of charges uniformly
distributed on the surface of a hollow sphere.

Such a distribution has a degree of symmetry that
affords the needed additional simplification. That is,
because of the spherical symmetry of the charge
distribution, the field intensity should be the same
at all points that are the same distance radially from
the surface of the sphere. This assertion is easily
verified experimentally. We therefore turn to a
presentation of Gauss’s law, the method by which

259

the field intensity is calculated for symmetric
charge distributions.

To derive this law, let us take an arbitrary surface
A, called a Gaussian surface, which encloses a
positive point charge g, as illustrated in Figure 30-1.
Let g be a distance r from an element of area dA
on the surface A, and n—a unit vector perpendicu-
lar to dA in an outward direction. The magnitude of
the field intensity E at dA has the value

-1 4
477'60 rz.

E

Figure 30-1 Gaussian surface surrounding a point
charge.
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The product of E normal to the surface, E - n, and
the area dA is
E-ndA =E cos 0dA =—1——M,
47T€o r
where 6 is the angle between E and n.
The solid angle dw in steradians subtended by dA
at g, is, by definition,

cos 8 dA
dw = '——ri—
Therefore,
E-ndA =4m° qdw.

We now integrate both sides of the equation over
the entire closed surface,

éE-ndA=4“ §dm.
A oy}

Since a closed surface subtends a total solid angle
of 41 steradians, at any point within the volume en-
closed by the surface

§ E-nda=2 (30-1)
A €o

Equation (30-1) is Gauss’s law for the special case
where the enclosed charge is a single point charge.
Suppose the enclosed charge is some arbitrary dis-
tribution of charge. Since any distribution of charge
can be considered the sum of a number of point
charges, we can write Eq. (30-1) as follows:

ﬁE-ndA=E

Go’

(30-2)

where the summation is taken only over the charges
lying within the closed surface. The result is inde-
pendent of the way in which the charge is dis-
tributed. It also does not depend on whether the
charge is positive or negative. Why?

Equation (30-2) is a mathematical expression of
Gauss’s law, namely:

The surface integral of the normal component
of E over any closed surface in an electrosta-
tic field equals £q/e, where the 2q is the net
charge inside the surface.

In dealing with a continuous distribution of charge,
we can write Gauss’s law as

§ E-ndA -1 pdv,
A v

€

(30-3)

where p is the volume charge density inside the

volume v enclosed by the Gaussian surface A. In
the general case, p is a function of position.

30-2 APPLICATIONS OF GAUSS'S LAW

Gauss’s law can be used to solve a number of
electrostatic field problems involving a special sym-
metry. We shall now apply it to a few such prob-
lems.

(a) Fleld of a Charged Spherical Conductor

Let us find the magnitude of E at a point P which
is a distance r from the center of a spherical con-
ductor of radius a bearing a total charge +a uni-
formly distributed over the surface. We first choose
a spherical surface (Gaussian surface) A of radius
r > a around the charge distribution and concentric
with it, as shown in Figure 30-2. We now apply
Gauss’s law. E has the same magnitude at all
points on A since E can only be a function of r.
Therefore,

§ E-ndA =E§ dA =4‘rrr2E=Q.
A A €,

0

Thus, the electric field has the magnitude

Q
E = e (30-4)
which is the same as if all the charge were concen-
trated at the center of the spherical shell. If the
Gaussian surface had a radius r < a, the charge en-
closed would be zero (why?) so that E = 0 inside the
sphere. The above results are the same for a hollow
charged spherical conductor, since for a solid con-
ductor all of the charges are on the outside.

Figure 30-2 Spherical Gaussian surface surrounding
a charged sphere.



(b) Field of a Charged Conducting Plate

Suppose that a charged plate of finite thickness is
infinite in extent and that the charge per unit area is
o. Considerations of symmetry lead us to believe
that the field direction is everywhere perpendicular
to the plate and must be the same on each side. This
time we choose for our Gaussian surface a cylinder
with end areas A, one within and one outside the
plate, and side walls perpendicular to the plate, as
shown in Figure 30-3.

No lines of force cut the side walls of the cylin-
der, since they are parallel to the side walls, so that
the component of E perpendicular to these walls is
zero. Since E equals zero everywhere inside the
plate, the surface integral of E calculated over the
entire surface of the cylinder is EA, where A is the
area of the end of the cylinder outside the plate.
The total charge enclosed by the cylinder is oA.
Hence, from Gauss’s law,

EA = 1 oA,
€o
from which
E=Z. (30-5)
€0

Example 1. A soap bubble 10 cm in radius with a
wall thickness of 3.33 x 10~ cm is charged to a po-
tential of 100 volts. Show that if it breaks and falls
as a spherical drop the potential of the drop is
10,000 volts.

O[T
+ +
+
+ +
-~
E 4
+ +
]
-4'
+ +
A + +
+ +
i N Y.

Figure 30-3 Cylindrical Gaussian surface in a plane
conducting plate.
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SOLUTION
Volume = 47r’Ar, = @7)((0.1)’ m>(3.33 X 10* m)

gfrr;’ = (4m)(0.01 m")(3.33x 10 m)

r’=03x0013.33x109m’

=1x10"m’.
Therefore,
rn=1x10"m

Q
& — 47750’2 — ﬁ
V] Q r;
47r€,r
Vz _ 0.lm
100 volts  0.001 m
10 m-volts _
V.= Wm— = 10,000 volts.

Example 2. A hollow metallic spherical shell
0.50 m radius is charged uniformly with a negative
charge of 2 microcoulombs.

(a) What is the electric field intensity at the
center of the sphere?

(b) What is the electric potential at the center of
the sphere?

(c) What is the magnitude of the electric field in-
tensity at a point 1 m from the center of the sphere?

(d) What is the electric potential at a point 1 m
from the center of the sphere?

SOLUTION
(a) E =0 at the center of the sphere, since there
is no charge in the space inside the sphere.
(b) The electric potential at the center of the
sphere is the same as at its surface. It is constant in-
side the sphere.

V=E r=Er=—1_2@
dmey r

_ (9 % 10° nt-m’)(Z x 107 coul)

coul’ 0.5m
=36 x 10’ volts.
__1 Q_ ( 5 nt-m’)(z x 107 coul)
© E= dmer’ X 10 ur arm’
=18 % 10’ volts/m.

@ v=-1_9_ (9 x 10° nt-m’)(z X 10-°cou|)

4meo r coul’ 1m

= 18 X 10° volts.
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Example 3. What is the magnitude of the electric
field intensity just outside the surface of a plate 2 m
long and 1 m wide, which carries a charge of
4 microcoulombs?

SOLUTION
_ (4%X10°coul _ % .
o= (—(2 m){d m) ) =2x10"coul/m

_ o _ 2%x10"coul/m’
- - .
€ g 85x 100U
nt-m

= 2.26 X 10" volts/m.

E

30-3 CAPACITANCE

The capacitance of a conductor is defined as the
ratio of the charge carried by the conductor to the
potential of the conductor relative to zero. That is,

-Q
C=% (30-6)

For the case of two conductors, the charge that
must be transferred from one to the other per unit
potential difference is defined as the capacitance
between the two conductors,

c=2

=1V (30-7)

In MKS units, Q is in coulombs and V is in volts.
Therefore, from Eq. (30-6), C is in coul/volt and is
given the name farad.

1 coul

1 farad = Tvolt:

The farad is too large a unit of capacitance for prac-
tical work, so smaller units are usually chosen, such
as the microfarad (107°farads) and the pico- or
micromicrofarad (10”" farads).

The combination of two nearby conductors hav-
ing equal and opposite charge is called a capacitor.

30-4 THE PARALLEL-PLATE CAPACITOR

Let us calculate as an example the capacitance of
the parallel plate capacitor of Figure 30-4. The
electric field will be uniform and perpendicular to
the plates everywhere except near the edges, a
region that we neglect here. If o is the surface

f—av—|
A “ A
) —
+o -o
7
s
fe—d —=

Figure 30-4 Parallel plate capacitor.

charge density on one plate, Eq. (30-5) tells us that

a
E=—.
€o

(30-8)

Since the field is uniform, the charge density on the
other plate must be the same. By definition,

o= %, (30-9)

where Q is the total charge on a plate. Therefore,
the electric field is equal to

-0
E=_—< (30-10)

The potential difference between the plates is

AV=Ed=Zd. (30-11)
€
Hence, the capacitance is
- Q _ O'A _ qu "
AV-o — d (30-12)
—d
€p

30-5 THE ENERGY OF A CHARGED
CAPACITOR

In charging a capacitor, it is necessary to do work
to carry the charge from one plate to the other. The
amount of work required increases as more charge
is transferred. Suppose at the beginning of the
charging both plates are uncharged, and at the end



they have a charge Q. The element of work at any
time to take an element of charge dQ from one
plate and deposit on the other through a potential
difference AV is

dW = AVdQ =ng.

The total work to increase the charge from zero to
Qis
_1(° _1Q
W= C J; QdQ = 2 C ’
which may be written

CAV2=%QAV. (30-13)

The energy supplied to a capacitor in charging it is
stored by the capacitor and released when it dis-
charges. It is reasonable to assume that the energy
stored by a capacitor is stored in the electric field,
since the electric field increases as Q or AV in-
crease.

Let us choose a parallel plate capacitor of area A
and plate separation d. Its capacitance, we have
seen, is C = €,A/d. Also, Q = gA. Substitution of
these two expressions for C and Q into Eq. (30-13)
gives

o’Ad
260 '

W=

Since the volume v containing the field is just Ad
and E = o /e, we can write

_VY=1€DEZ,
v

3 (30-14)

where W/v is the energy per unit volume stored in
the field. We will later show this to be a more gener-
ally valid statement concerning energy storage in an
electric field.

30-6 CAPACITORS IN SERIES AND
PARALLEL

Figure 30-5 shows two capacitors connected in
series. What is the equivalent capacitance of this
combination if a potential difference AV is main-
tained across it? The total work done per unit
charge taken from one plate to the other on both
capacitors is

AV =AV|+AV1,
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AV, ! AV,

G, (9

[ | | |

| | | |

Q Q
AV

Figure 30-5 Two capacitors in series.

and, since Q = CAYV, we have

2.0,0
C C G

or
t_1,1
rolai C,+C2' (30-15)

Thus, the reciprocal of the equivalent capacitance
of a set of capacitors connected in series equals the
sum of the reciprocals of the individual capaci-
tances.

Figure 30-6 shows two capacitors connected in
parallel. What is the equivalent capacitance of this
combination if a potential difference AV is main-
tained across it? If Q. is the charge put on one
capacitor and Q. the charge put on the other, the
total charge supplied by the source is

Q=0Q/+Q:
Each capacitor, however, has the same potential
difference so that

AV=AV,=AV,

Since
Q =CAYV,
CAV =CAV+CAV
or
C=C+GC, (30-16)
av a___C a__"C

Figure 30-6 Two capacitors in parallel.
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OO0O0O0
OO0O0O0

(a) No field

D 9D QD DD D

S O o o o

(b) Field

Figure 30-7 Array of non-polar molecules.

Thus, the equivalent capacitance of a set of
capacitors connected in parallel is equal to the sum
of the individual capacitances.

30-7 A DIELECTRIC AND POLARIZATION
OF A DIELECTRIC

A dielectric, or insulator, is a material containing
no free charge. However, a charge appears on the
surface of a dielectric when it is placed between the
plates of a charged capacitor due to the rotation of
or production of dipoles. A dipole consists of two
separated charges of equal magnitude and opposite
sign. There are two kinds of dielectrics. They are
called polar and non-polar dielectrics. A polar
dielectric consists of permanent dipoles, while a
non-polar dielectric only possesses dipoles when it
is in an electric field. These dipoles are called in-
duced dipoles.

We shall first discuss non-polar dielectrics. In the
absence of an external electric field, the electrons
of a given atom of a non-polar dielectric are distrib-
uted symmetrically around the nucleus, as illus-
trated in Figure 30-7(a). When a field is applied, the
electrons are displaced in the direction opposite to
that of the field [Figure 30-7(b)]. The center of grav-
ity remains fixed since there is no translational
force on the atom as a whole. Each atom thus ac-
quires an electric dipole moment (p), which is paral-

lel and in the same direction as the applied field.
The dipole moment p of a pair of charges is defined
as

(30-17)

where ¢ is the magnitude of one of the charges and
d is the charge separation. The action of the elec-
tric field in giving each atom of the dielectric an
induced dipole moment is called polarization.

The polarization (P) of a substance is defined as
the electric dipole moment per unit volume, and it is
proportional in magnitude to the applied electric
field.

In a polar dielectric with permanent dipoles, the
dipoles are randomly oriented when no external
field is present, as shown in Figure 30-8(a). When an
external field is applied, an orientation of these di-
poles in the direction of the field takes place, as
illustrated in Figure 30-8(b). The degree of orienta-
tion is increased as the electric field strength is
increased.

Consider a dielectric slab with a field E applied
perpendicular to it as illustrated in Figure 30-9. If
the slab is a non-polar dielectric, the field polarizes
it; that is, it induces dipole moments throughout the
slab. If the slab is a polar dielectric, the field orients
the dipoles in the direction of the field. We can
readily see that the net effect of the field is the same
for both non-polar and polar dielectrics. The in-
terior of the dielectric remains neutral since the

p=qd,

O © O 0 o
o O 0 ¢ o

(a) No field

D O O QO O

o O o O 9O

(b) Field

Figure 30-8 Array of polar molecules.
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Figure 30-9 Dielectric slab in an electric field.

positive and negative charges of adjacent dipoles
cancel out each other’s effects. The net result is the
production of a layer of bound negative charges on
one surface of the slab and a layer of bound posi-
tive charges on the other, as depicted in Figure
30-9. From the definition of polarization and dipole
moment, it can be seen that P = g, where g, is the
bound charge per unit area.

30-8 SUSCEPTIBILITY, DIELECTRIC
CONSTANT, AND DISPLACEMENT

It is possible to discuss the consequences of
polarization without a consideration of the atomic
processes involved. The polarization P depends on
the nature of the substance and, for most dielec-
trics, is proportional and parallel to the electric field
in the dielectric Ep. We define a property of the
dielectric, called its susceptibility y., by the equa-
tion

(30-18)

Xe = «Ep
Since only a material substance can be polarized,
the susceptibility of a vacuum is zero. One may
question why y. is not just defined as y. =P/E,
since P is proportional to E,. The answer to this
question is that with y. defined by Eq. (30-18) we
may write . as a pure dimensionless number,
which is the same regardless of the system of units
used for measuring P and Ep.
The surface density of bound charge at any point
on the surface of a dielectric is equal to the normal

or P= y.ekEp.

component of P at the surface. For the special case
of a surface perpendicular to E,

(30-19)

Consider a dielectric between the plates of a
capacitor, as illustrated in Figure 30-10. In the reg-
ion between the plates and the dielectric, we en-
counter two different kinds of charge. On the sur-
face of the dielectric, there is a concentration of
bound charge per unit area o, equal to P. On the
surface of the conductor, there is a concentration
of free charge per unit area o; from an external
source equal to &E,. Since these charge concentra-
tions are opposite in sign, we can write

oy = P= Xzel]ED-

E()ED = EQ(E/ - Eb) =07 — Op. (30-20)
Since o, = P, we see that
(441 =(0'[_0'b)+0'b =60ED +P
or
anf = GoED +P. (30-21)
Since
P = x.e.Ep,
EOE/ = 60(1 + Xe )ED. (30-22)

AR E

AN

P P=0
D=eE+P D = ¢E,

Figure 30-10 Showing E,, E., E,, and P in a paralle!
plate capacitor.
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The quantity (1 + x.) is called the permittivity of
the dielectric e. Therefore,

€ =&(l+x). (30-23)

Since the permittivity of a dielectric is always
greater than the permittivity of vacuum, it is conve-
nient to have the ratio of the permittivity of the
dielectric to that of vacuum. This ratio is called the
relative permittivity or the dielectric constant (K)
of the dielectric. Thus,

€
K=—.
€o

(30-24)

The dielectric constant is a pure dimensionless
number. It is equal to unity for vacuum and is
greater than unity for a material substance. Its num-
erical value can be obtained for a particular dielec-
tric by measuring the capacitance (C) of a capacitor
with the dielectric between the plates and the
capacitance (C;) with free space between them.
The ratio C/C, then gives the dielectric constant of
the dielectric directly.

It is convenient to set the quantity (e.Ep + P) of
Eq. (30-21) equal to D. D is given the name electric
displacement and, in general, is a vector quantity
defined by the vector equation

D = ¢ekEp + P= EoEf = 0Oy. (30'25)
Equation (30-22) can now be written
D = Eu(l + Xr)ED = EED = Oy (30'26)

The electric displacement D has some similarity to
Es, but depends only on the free charge, while Ep
depends on both the free and bound charges.

From Eq. (30-25), as illustrated in Figure 30-10,
we see that while the magnitude of Ep in the
dielectric differs from that in the gap between the
dielectric and the plate, the magnitude of D does
not differ from one location to the other. If we
know o; on the plates of a capacitor and e for the
dielectric, we may find E, from Eq. (30-26).

We have seen that in free space the energy per
unit volume stored in the field equals je.E’. For a
dielectric material, we replace e; by €, which leads
us to the expression for the energy stored per unit
volume in a dielectric—namely,

W 1 ., DE_ 2’
> 2B =7 "2
We can readily see that the stored energy per unit
volume with a material dielectric is greater than

(30-27)

that for free space. This is due to the extra work
that must be done to polarize the dielectric.

Example 4. A parallel plate capacitor in air with
plates separated by 0.4 mm when charged with 1
microcoulomb is found to have a potential differ-
ence of 40 volts between the plates. What is the
area of each plate?

SOLUTION
_&A
C=-g
and
_Q_0qd
A V C EoA
or
A= Qd __ (10"coul)4x 10~ m)
- - b]
©AV (8.85 x 107" °°—“'2)(4o volts)
nt-m
_ 10" coul-m
8.85 x 10_.zcoul2 volts
) nt-m
=1.13m.

Example 5. A 2 microfarad capacitor (1),
charged to a potential difference of 100 volts,
is suddenly connected to and shares its charge
with an uncharged 1 microfarad capacitor (2).
What is the loss of energy in this process?

SOLUTION
In order for capacitor (1) to share its charge with
capacitor (2), they must be connected in parallel.

Q = C,AV,=(2 x 107 farads) (100 volts)
=2x10"coul
Q:+Q:=2%x10"coul=CAV + C AV
= (2 x 10°* farads + 10~ farads) AV

-4
AV= 2x 107 coul

T3 10 farads 0 VO

Woetore = %C.A Vi= %(2 x 10°¢ farads)
x [(100) volts?] = 1072 joules

W = %CA V:=2[@+ 1) x 10 farads]
x [(66.7)? volts’] = 0.67 x 107 joules

AW = (107 joules) — (0.67 x 107 joules)
=3.3x 10" joules.



equal and opposite charges. The space between the
plates contains a dielectric with a dielectric con-

Problems 267

Example 6. Two parallel conducting plates have (b) ov=0; —eEp

= (354 x 10" coul/m?)

stant of 4. The resultant electric field intensity in _ [(8.85 x 107" &l'li)(](y volts/m)]
the dielectric is 10’ volts/m. Compute: nt-m

(a) the free charge density (ay) on the plates, =265.5 % 107 coul/m?.

(b) the bound charge density (o:) on the surface .
of the dielectric, ©) x,=—€;—l=K—l=4—l=3.

(c) the susceptibility (y.) of the dielectric,
(d) the permittivity (e) of the dielectric,
(e) the polarization (P) in the dielectric, (d) e= Keo = (4)(8-85 x1
(f) the displacement (D) in the dielectric,
(g) the energy density in the dielectric.

nt-m’
=3.54x 107" coul’/nt-m’.

P coul’)

(e) P= a5 — &Ep = o, =265.5 X 10—6 coul/mz.

(f) D= EuED =05 = 354 X 10_6 coul/mz.

SOLUTION
B P
(@) ay=€Ep = &.KEp w D [(354>< 10 6)2%‘1—]
_12 coul’ ® =3~ I
= (8.85 x 10 “W)m)(lo’ volts/m) v (2)(3,54 x 107" %%l_,)
=354% 10"° coul/m’. = 1770 joules/m’.

PROBLEMS

1

2.
3.

. Figure 30-11 represents two long coaxial con-

. A long solid cylinder of radius a has a uniform volume charge density p. Find expressions for the field

and for the potential at all points outside the cylinder if the zero potential is defined to be at r = r,.

Find expressions for the field and for the potential for all points inside the cylinder of Problem 1.
Prove that the potential at a point P surrounded by charges q., q., g5, . . . , at distances ry, 2, 75, . . ., from
the point P is given by

V,, =K(‘_1_'+_‘£+.@+. . .),
r r

.

where the zero potential is taken at infinity.

ducting cylinders. The inner conductor is
grounded and the outer cylinder carries a posi-
tive charge per unit length of A. SketchE and V
as a function of r for all values of » from 0 to «.

Figure 30-11

. A solid sphere of radius R has uniform charge density p. Find expressions for the field and for the
potential at all points inside the sphere if the zero of potential is defined to be at r = r,.

6. Find expressions for the field and potential for all points outside the sphere of Problem 5.
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7.

10.

11.

12.

13.

14.

15.

16.

Gauss’s Law, Capacitance and Dielectrics

Two concentric conducting spherical shells of radii R, and R; (R, <R:) bear charges Q, and Q,,
respectively. Find expressions for the electric field at:

(@ r<R,

(b) R, <r <R, and

() r>R..

. Find expressions for the potential, relative to zero potential at infinity, in Problem 7 at

(@ r<R,
(b) R, <r <R, and
(C) r > R..

. A capacitor has a capacitance of 2 microfarads when its plates are separated by a layer of air. It is

charged to 400 volts by means of a battery.

(a) Find the charge on the plates.

(b) Find the energy stored in the capacitor.

Compute the energy stored in a 3 microfarad capacitor with air between the plates

(a) when charged to a potential of 100 volts and

(b) when the charge on each plate is 2 X 10~ coulombs.

The charged capacitor in Problem 9 is first disconnected from the battery and then immersed in oil
having a dielectric constant of 3.

(a) What is the difference of potential between the plates?

(b) What is the energy of the capacitor?

(c) What is the source of energy change?

The capacitor in Problem 10, after being charged to a potential of 100 volts, is immersed in a liquid of
dielectric constant 2.

(a) What is the potential difference between the plates?

(b) What is the energy of the capacitor?

Show that the energy of a dipole is given by the relation
W=-p-E
and the torque on the dipole is given by
T=pXE,
where p is the dipole moment.

A 2 microfarad capacitor charged to 100 volts
and a microfarad capacitor charged to 200 volts
are connected as in Figure 30-12. Find the
difference of potential and charge on each
capacitor and the loss of energy that has taken
place.

|”+
|
|

A1

Figure 30-12

Two capacitors, of capacitances C; =3 micromicrofarads and C: = 6 micromicrofarads, are connected

in series, and the resulting combination is connected across 1000 volts. Compute:

(a) the equivalent capacitance of the combination,

(b) the total charge on the combination and the charge on each capacitor,

(c) the potential difference across each capacitor, and

(d) the energy W stored in the capacitors.

(a) Calculate the capacitance of a capacitor consisting of 2 parallel plates 100 cm’®in area separated by a
layer of paraffin 1 mm thick and dielectric constant 2.

(b) If the capacitor is connected to a 200 volt source, calculate the charge on the capacitor and the
energy stored in the capacitor.



17.

18

19.

. In Figure 30-13, find the capacity between the
points A and B. A 40 volt battery is connected
between A and B. What is the energy stored in
the 4 uf capacitor? 3uf
A——] —
—_—
4uf
B
Figure 30-13
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Two oppositely charged conducting plates, having numerically equal quantities of charge per unit area,
are separated by a dielectric 5 mm thick of dielectric constant 1.5. The value of E in the dielectric is
10° volts/m. Compute:

(a) the free charge per unit area on the conducting plates,

(b) the bound charge per unit area on the surface of the dielectric,

(c) the polarization P in the dielectric,

(d) the displacement D in the dielectric, and

(e) the energy density in the dielectric.

Calculate the capacitance of a spherical capacitor, formed from two thin metal spheres of radii R, and
R,, the space between which is filled with a dielectric of dielectric constant K.

For the capacitor of Problem 18, find E, P, and D for a point in the dielectric medium when the
capacitor bears a charge Q.
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In this chapter we make the transition from static
electricity to current electricity. We will discuss the
flow of a charge in conductors and introduce the
concepts of current resistance and electromotive
force. Following this, we will give a detailed discus-
sion of direct current electric circuits and some
measuring instruments.

31-1 CURRENT AND CURRENT DENSITY

Electric current is defined as the time rate of flow
of charge across any cross section of a conductor.

_4dQ
Tdr

The MKS unit of current is the ampere. One am-
pere is equal to one coulomb per second. Direct or
steady currents are constant in time; that is, equal
quantities of charge pass a given cross section of a
conductor in equal intervals of time. The direction
of the current is taken conventionally as being that
in which a positive charge would move in an elec-
tric field. In a majority of cases, it is actually a
negative charge flow in the opposite direction that
produces the current.

If we are dealing with a current distributed uni-

I G31-1

27

formly over a cross-sectional area A of a conductor
perpendicular to the direction of the current, we
can express the current in terms of the current
density j, which is the current per unit area by the
equation

I=jA (31-2)

The general relationship for the total current
flowing through a surface area at any orientation,
with the current direction as shown in Figure 31-1,
is

I=J' j-ndA, (31-3)
A

where n is the unit vector normal to the surface and
dA is an element of the area A. The integral is
taken over the surface through which we are cal-
culating the current, and is independent of the
shape of the surface.

] ——

K =

Figure 31-1 Helatibnship between current and cur-
rent density.
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Since current is due to charged particles of
charge e (electron charge), with a mean drift veloc-
ity v and density N per unit volume, the current
density is

j= Nev. (31-4)

Thus, j is a vector whose direction is that of the
velocity v of the particles.

31-2 OHM’S LAW, RESISTANCE,
RESISTIVITY, AND CONDUCTIVITY

In many conductors (for example, metals), the
current I is proportional to the difference of poten-
tial AV,

IaAV
or
AV =1IR, (31-5)
where R is a constant called the resistance. It de-
pends upon the dimensions, material, and tempera-
ture of the conductor. The above equation is the
usual expression of Ohm’s law. The unit of R is the
ohm () if AV is in volts and I is in amperes.
Another form of Ohm’s law is obtained from the
fact that the current through a conductor is propor-
tional to the electric field. This fact may be expres-
sed mathematically in terms of the current density
as
jaE
or
E=pj, (31-6)
where p is a constant called the resistivity of the
material. This relation contains the same informa-
tion as the familiar form of Ohm’s law [Eq. (31-5)],
but it has a more general application. It is a vector
equation that applies to any point in the material. It
can be applied to a conductor of any shape in which
neither the field nor the current density are uniform
and integrated to give Eq. (31-5).
The reciprocal of the resistivity 1/p is called the
conductivity of the material . Equation (31-6),
written in terms of the conductivity, is

j=cE. 31-7)

It should be pointed out that, in many materials, p
and consequently ¢ are not constant at a particular
temperature but vary with the current in the mater-
ial. These materials are said to be non-ohmic or
non-linear.

For a uniform isotropic conductor of length | and
cross-sectional area A, with a potential difference
AV between its ends, the electric field and the cur-
rent density will be constant throughout the con-
ductor and will have the values

and j= i.

AV
E=7 A

1
The resistivity will be given by

_E_AV/

i ona-

Since R =AIX, we can write
l

R=p7, (31-8)

which shows that the resistance of a uniform con-
ductor is directly proportional to its length and in-
versely proportional to its cross-sectional area. We
also see from the previous equations that the units
of resistivity and conductivity are ohm-m and
(ohm-m)~', respectively.

Example 1. A wire 100 m long and 2 mm in
diameter has a potential difference of 1.5 volts be-
tween the ends of the wire, and carries a current of
1 ampere.

(a) What is its resistance?

(b) What is the resistivity of the material from
which the wire is made?

SOLUTION
_AV_15volts _
(@A R= T = Tamp amp 1.5 ohms
_ RA _ (1.5 ohms)(w)[(0.001)’ m’)
® p="= (100 m)

=4.7%x 107" ohm-m.

The resistivities of various materials at room
temperature are given in Table 31-1.

Most metals increase in resistivity with a rise in
temperature. The increase is linear over a fairly
large temperature interval. The size of the tempera-
ture interval and its position on the temperature
scale varies from metal to metal. As an example,
the interval for copper is from —200°C to +300°C
and the interval for platinum is from 0°C to 400°C.



Table 31-1 Resistivity and Temperature Coefficient
of Various Metals.

Temperature

Resistivity coefficient of

Metal at 20°C (ohm-m) resistivity per C°
Aluminum 28x%x10°® 4.0x 107
Copper 1.7x10°® 4.0x107°
Gold 2.4x107" 3.4x107°
Iron 1.0x 1077 5.0x107°
Nickel 7.8x 107" 6.0x107?
Platinum 98x 107" 3.6x 1072
Silver 1.5x10°° 38x107?
Tungsten 55x10°° 45x%107

The temperature coefficient of resistivity may be
defined as follows:

The temperature coefficient of resistivity is the
fractional change in resistivity per degree
change in temperature.

The definition is written mathematically as fol-
lows:

__Bp
Q2 = pzoAt (31'9)
or
p = pa(l + axdt), (31-10)

where At is the temperature interval.

The index a; means the temperature 20°C has
been chosen as the reference level. Table 31-1 gives
the temperature coefficient of resistance for various
metals.

Because the changes in physical dimensions are
much smaller than the change in resistivity with
temperature, we can neglect dimensional changes
in considering the change in resistance with temper-
ature of an extended material, and write Eq. (31-9)
as

AR

= RaAL 31-11)

A
since p = RA/l and the quantity A/l appears both
in numerator and the denominator when we substi-
tute RA/! for p in Eq. (31-9).

It should be pointed out that while the resistance
of most conductors increases with an increase in
temperature, there are a group of materials called
intrinsic semiconductors, where the resistance de-
creases with increase in temperature. Carbon is an
example. Also, the resistance of some conductors
disappears at very low temperatures. These materi-
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als are called superconductors. There are also al-
loys with a resistance independent of temperature
over a wide temperature range. Examples are con-
stantan and manganin, which are used in making
standard resistance coils.

31-3 RESISTANCES IN SERIES AND
PARALLEL

We will now begin a discussion of direct current
circuitry. First we will discuss resistance combina-
tions. Consider three resistances connected in
series as illustrated in Figure 31-2. The current
must be the same in each resistance since there are
no other paths through which some of the current
might go. Hence, the potential drops across the re-
sistances R,, R,, and R; will be

AV ,=1IR,, AV,=1IR,,
The total potential drop (A V) across the three re-
sistances will be the sum of the individual potential

drops, and will equal the current times the total re-
sistance (R), that is,

AV =IR=IR +IR,+IR;

AV3 = IR3

and

R=R+R;+R;. (31-12)

Therefore, the total resistance of a number of resis-
tances in series is the sum of the individual resis-
tances.

AV

Figure 31-2 Resistances in series.

Next, consider three resistances connected in
parallel, as illustrated in Figure 31-3. The total cur-
rent through the unbranched part of the circuit
splits up when it reaches the branch point, with a
fraction of the total current passing through each
branch. Therefore, the total current I must be equal
to the sum of branch currents I,, I, and I, that is,

I=L+L+L

The potential drop in each branch must be the
same since all the branches rejoin at a common
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AV

Figure 31-3 Resistances in parallel.

junction. Thus, the currents in each branch are

_AV AV AV

L= R’ L= R L= R’

and the total current I = AV/R, where R is the total
resistance. Combining these equations gives

AV AV AV AV
R R R'R
or

(31-13)

Therefore, the reciprocal of the total resistance of a
number of resistances in parallel is the sum of the
reciprocals of the individual resistances.

The total resistance of a number of resistances in
parallel is less than that of the smallest individual
resistance. Why?

31-4 ENERGY AND POWER IN ELECTRIC
CIRCUITS, ELECTROMOTIVE FORCE

Now we will consider energy and power in elec-
tric circuits. When a constant electric current [
passes through an ohmic resistance, the energy dis-
sipated appears in the form of heat. When the po-
tential drop across a resistance R is AV, the energy
W dissipated in the resistance per unit charge
equals AV, that is,

w
AV =—.
Q
Since
Q =1IAt,

where At is the time interval, we have

W =AVIAt

The rate at which energy is dissipated, or the
power P, is

_WwW_ _ap _AV?
P—At—AVI—IR— R

(31-14)

When a charge is taken around a circuit, work is
done on it. To provide this work, a source of energy
is required. The source of energy may be chemical
as in a battery, mechanical as in a generator, or
thermal as in a thermocouple, although the latter
situation is of less practical importance. When con-
sidering sources of electrical energy in a circuit, a
term called the electromotive force (%) of the source
is used and is defined as follows:

The electromotive force (emf) in a circuit is
equal to the energy supplied per unit positive
charge in carrying the charges around the
circuit.

It should be pointed out that the work done on
the charge or the energy dissipated in the circuit
may occur within the source of the emf as well as
outside it. In a steady state, the rate at which elec-
tric energy is put into an electric circuit is equal to
the rate of dissipation of the electric energy in the
circuit. Consider a simple circuit containing a bat-
tery B of emf (%) and an external resistance R, as
illustrated in Figure 31-4. In the battery, the elec-
trolyte and the plates have a certain resistance, re-
ferred to as the internal resistance R, The power
supplied must equal the power dissipated and,

therefore,
I€ =I’R + I'R..

The potential difference across the external circuit,

Figure 31-4 A circuit with a battery of emf &, terminal
voltage V, and internal resistance R,, in series with an
external resistance R.



which is the potential difference across the termi-
nals of the battery, is given by AV = IR. Using this
in the above relation and dividing by I, we have

€=AV+IR. (31-15)

When current is being drawn from the battery, the
potential difference between the terminals is less
than the emf by an amount IR.. The potential differ-
ence equals the emf when the current has been re-
duced to zero.

31-5 ELECTRIC CIRCUITS AND
KIRCHHOFF'S RULES

Many circuits are more complex than the simple
circuit illustrated in Figure 31-4. There are some-
times several conducting paths each with resistors,
batteries, or generators. Many complex circuits can
be broken down into somewhat more simple series
and parallel combinations allowing a somewhat
simple solution for the current in the circuit and the
difference of potential across each element. How-
ever, in many complicated circuits this is not
possible.

A complicated network can be solved with the
help of two general principles, known as Kirch-
hoff’s rules. They are:

1. The total current flowing into a junction of
two or more conducting paths in a circuit is
equal to the total current flowing out of the
junction.

2. Around any closed loop in a circuit, the alge-
braic sum of the potential differences is equal
to the albegraic sum of the emf’s in the loop.

In the application of Kirchhoff’s rules, we first
assign a current direction in each loop. This choice
may be correct or incorrect. If it is incorrect, the
current comes out negative, which means that the
current flows in a direction opposite to the chosen
direction. It is also necessary to choose the signs of
the emf’s and potential differences as we go around
the loop or, in other words, we must adopt a set of
sign conventions. The sign conventions are the fol-
lowing:

1. Anemf is taken as positive if we proceed from
the positive to the negative terminal of the
source in going around the loop, and negative
if we proceed from the negative to the positive
terminal.
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2. A potential difference is taken as positive if
we proceed in the same direction as the as-
signed loop current and negative if we proceed
in an opposite direction.

The method of applying Kirchhoff’s rules is best
illustrated by an example.

Example 2. Find the current through the 50 ohm
resistor in Figure 31-5.

10 ohms 10 ohms
—A A j —AMA
@ i &
ohms.
30 ohms 25 ohms
ANAA- —A WA
(&
1=
25 volts

Figure 31-5 Circuit with a divided current path.

SOLUTION
Apply Kirchhoff’s first rule to the junction A:

LW+i,=1
A‘pplying Kirchhoff’s second rule to the three loops
gives
*(M)(amp) = ()(amp) + (N)(amp) = = (volts)
10, + S0Ci, + i») + 30(i, — i) = 0,
10i, + 50(i, + i) + 25(i> + i5) = 0,
30(i — i) + 25(i, + i5) = 25.
These three equations may be written
= ())(amp) = (N)(amp) + (Q)(amp) = = (volts)
90i, + 50i,— 30i; = 0,
50i; + 85i,+ 25i; =0,
—30i, +25i, + 55i, = 25.

Solving for i, and i, from the above three equa-
tions, gives i,=—2%i, and i»=—1.244 amp. Sub-
stituting i, and i, into the equation from Kirchhoff’s
first law, gives

I =0.017 amp downward.
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31-6 THE WHEATSTONE BRIDGE AND
THE POTENTIOMETER

We shall now discuss two important measuring
instruments—namely, the Wheatstone bridge and
the potentiometer. The Wheatstone bridge is widely
used for measuring resistance. It consists of a cir-
cuit as illustrated in Figure 31-6. R,, R,, and R; are
adjustable calibrated resistors, and R, is an un-
known resistance. The resistors are adjusted so that
no current flows through the galvanometer G,
which is a current detecting instrument. Since no
current flows in bd, the potential difference be-
tween b and d is zero. Therefore,

Vab = Vad and Vbc = Vdc’

where V. is the potential difference between
points a and b, etc.

Using Ohm’s law, these equations can be re-
written as

I|R|=IzR2 and I|Rx=IzR3.

When the second equation is divided by the first,
we find

R;
R,

=@

(31-16)

If we know R,, R;, and R: we can calculate R..
Actually, it is only necessary to know one of the
resistances and the ratio of the other two.

Several types of the Wheatstone bridge are made
commercially. A simple form of the Wheatstone

—i|+

+1 -

R‘ G R’

X T Y
Rz =K’n 1 Rs= K’z

-
+I

=

Figure 31-7 Slide wire bridge.

bridge used in elementary work has two of the re-
sistors replaced by a bare wire of uniform diameter.
The wire is divided into two sections by a sliding
knife edge, as illustrated in Figure 31-7. Since the
wire is of uniform diameter the resistance of either
section is proportional to its length. Therefore,
when the bridge is balanced,

R_R,_ KL

R, R. Kl
or

> =7 (31-17)

where R, is a resistor of known resistance.

A potentiometer is an instrument that can be
used to compare the emf’s of two sources, or to
measure the emf of one source if the other is known
since it does not draw any current from the sources.
A simple form of the potentiometer is shown in
Figure 31-8. XY is a high resistance bare wire, Z is
a sliding point contact, and B is a battery that pro-
vides a steady current through XY. It must have a
greater terminal voltage than the emf of either the
unknown battery X or the standard battery S. The
point contact is positioned so that no current flows

Figure 31-6 Wheatstone bridge circuit.

Figure 31-8 Simple potentiometer.



through the galvanometer when S is in the circuit
and then repositioned so that no current flows in the
galvanometer when X is in the circuit. Let Z and
Z' be these positions. This indicates that the poten-
tial drop across the wire section k; and /, is equal to
the emf of the batteries S and X, respectively.
Therefore,

4 =IR,=IKl. and ¥ =IR, =IKl, (31-18)

or

»*

R. _

8]g8
o~

&

31-7 SERIES CIRCUIT WITH RESISTANCE
AND CAPACITANCE

In the application of Kirchhoff’s rules to DC cir-
cuits, only batteries, generators, motors, and resis-
tors are important. When a capacitor is in a DC
circuit in series with a resistor, there will be a
transient current while the capacitor charges or dis-
charges. When a steady state is reached, the current
through the capacitor will be zero.

Consider a capacitor of capacitance C in series
with a resistor R connected to a battery of voltaget
V, then

v=Qir
V=354 (31-19)
or
Q. pdQ ., _
CHRI-V=0. (31-20)

To solve the differential Eq. (31-20), multiply by C
and rearrange the terms

_dQ _ dt
V-0 =RC (31-21)

Integration of Eq. (31-21), gives
~In(CV-Q)= + constant. (31-22)

The constant is determined by setting Q =0 at ¢ =
0, and Eq. (31-22) becomes

tFor simplicity in notation we use the term voltage and
the symbol V rather than the term potential difference
and the symbol A V. Both notations, however, refer to the
same concept.

Series Circuit with Resistance and Capacitance 2m7

~In(CV - Q) =gz ~In(CV)
or
t . (CV-Q
—ﬁ_ln( v ) (31-23)

If we now take the antilogarithm of both sides of
this equation, we obtain

e—rIRC CV - Q_ Q

% cv

or

Q =CV({-e "), (31-24)

This equation shows that the charge on the
capacitor approaches exponentially to a value equal
to CV. At a time t = RC, the charge has increased
to within 1/e of its final value. The product RC is
called the time constant (7) of the circuit. The cur-
rent at any time is given by

dQ V —IIRC Ve-ll'r
rn “RrR® "R )

This shows that the current decreases exponen-
tially, and has the value Ife at t = 7.

If we have an isolated charged capacitor, initially
at a voltage V,, and resistance R is then connected
across it at time ¢ = 0, the differential equation for
the charge on the capacitor at any time as it dis-
charges is given by Eq. (31-20) with V = 0, which s

Q. LdQ_
+Rdt =0

(31-25)

A solution of this equation gives

Q=CVoe™ '™ =CVye ", (31-26)

which shows that the charge decays exponentially
to zero. The discharge current is

—d_Q__ﬂ) ‘I/RC__&) ~tir
I==—Re"™=-ge" 612D
and is the same as the expression for the charging

current except that it has a minus sign indicating
that it is oppositely directed.

Example 3. In the circuit of Figure 31-9, V = 10
volts, R = 10° ohms, and C = 2 microfarads. After
the capacitor is fully charged, switch S, is opened
and S, is closed.

(a) Find the charge on the plates of C at times
t =0, 2 seconds, and .

(b) What is the initial value of I?
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At time t =2 seconds,
S R Q = (2 x 10~ farads)(10 volts)[e secI(108 (D2 10-S Saradell}
! = (2% 107* farads)(10 e ' volts)
S S, 4 =7.32x 10" coul.
V== \ T ,
At time t =
Q = (2 X 10—6 farads)( 10 volts)[e —( sec)/[(106 A)2x10-6 faradsl]]
Figure 319 = (2% 107 farads)(0 volts)
=0 coul.
SOLUTION ) I —
(@) Apply Eq. (3126); namely, Q = CVe~*c. ot ®) APPIY Ea. 31-25); namely, I.=pe ",
time t =0,
m I= M ~ (0 56c)/1(106 (Y2 10 farads)) . 10 volts
Q = (2 % 10—6 farads)(lO Vohs)[e-(0.ncll[(loﬁn)(leo-‘fmds)]] 106 0 105 Q'
= (2 x 10~* farads)(10 volts) = 10" amps.
=2x107° coul.
PROBLEMS

1. A wire of 5 ohms resistance is stretched to increase its length by 10%, the volume and conductivity of
the wire remaining constant. What is the new resistance?

2. A rod of material A (p =2 x 107" ohm-m) of uniform cross section 0.5 cm’ and 2 m long is connected in
series with a rod of material B (p = 1.5x 10 ohm-m) of cross section 0.3cm’ and 1.8 m long. If a
current is passed through the combination, find the ratio of the potential drop across A to the potential
drop across B.

3. At 0°C, the resistance of a certain wire is 200 ohms; at 40°C, it is 220 ohms. What is the temperature
coefficient of resistance of this wire?

4. A current of 1 ampere flows in the 15 ohm resis-

tance of the circuit shown in Figure 31-10. What 10 ohms
is the potential difference between X and Y ? AAS
X— 5 ohms —Y
10 ohms
15 ohms

" Figure 31-10

5. Three 4-ohm resistors are connected as in Fig-

ure 31-11. What is the resistance between the 4 ohms
points A and B? W
4 ohms
A——AMW— —8
VW~
4 ohms

Figure 31-11
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6. Two cells, one of emf 1.5 volts and internal resistance 0.2 ohms, the other of emf 3 volts and internal
resistance 0.3 ohms, are connected in parallel. The combination is connected in series with an external
resistance of 5 ohms. What current flows through the external resistance?

7. The potential difference across the terminals of a battery is 10.8 volts when there is a current of 4
amperes in the battery from the negative to the positive terminal. When the current is 3 amperes in the
reverse direction, the potential difference becomes 12.9 volts.

(a) What is the internal resistance of the battery?
(b) What is the emf of the battery?

8. When the switch S is open in the circuit shown
in Figure 31-12, the voltmeter V, connected
across the terminals of the dry cell, reads 1.52 V)
volts. When the switch is closed, the voltmeter
reading drops to 1.37 volts and the ammeter +y —
reads 1.5 amperes. Find the emf and the internal I
resistance of the cell, assuming that the volt- B
meter reading with the switch open is the emf of
the dry cell. N

Figure 31-12

9. A series circuit consists of a 6 volt battery with an internal resistance of 0.4 ohms, a 3 volt battery with
an internal resistance of 0.6 ohms connected so as to aid the 6 volt battery, and a resistor of 5 ohms.
What will be the reading of a voltmeter requiring negligible power to operate connected across the 3 volt
battery?

10. A 600 ohm resistor and a 400 ohm resistor are connected in series across a 90 volt line. A voltmeter
across the 600 ohm resistor reads 45 volts.
(a) Find the voltmeter resistance.
(b) Find the reading of the same voltmeter if connected across the 400 ohm resistor.

11. In a resistor of 100 ohms, there is a constant current of 0.50 amperes for 3 minutes.
(a) What is the power expended in the resistor?
(b) How much energy is expended in the resistor?

12. How would you change, with the help of a resistor, a 10 volt voltmeter of internal resistance 1000 ohms
to an ammeter which has a full scale reading of 1 ampere. Show the circuit diagram and compute the
magnitude of the resistor.

13. The uniform wire of a slide wire Wheatstone bridge is 100 cm long, and a balance is obtained when the
sliding contact is 25 cm from one end. If the known resistor of 200 ohms connects to the slide wire at the
end nearest the sliding contact, what is the resistance of the unknown resistor?
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14. In the DC circuit shown in Figure 31-13,
I,=1.5 amps R, =2ohms R, a A,
L=1amp R, =2ohms _[ WI —VW
€ =4volts R; =3 ohms g, ! R, LY
%, =12 volts R,;=3ohms
r. =2 ohms R,=1ohm b
& r
MA T w
As b A,
Figure 31-13
Find:
(a) the current I,
(b) the power expended in the resistance R,
(c) the potential difference Vi,
(d) the internal resistance r: of the 4 volt battery, and
(e) the terminal voltage across the battery in part (d).
15. In the circuit shown in Figure 31-14,
I, =3 amps R; =8 ohms
V=21 volts R,=4 ohms a \,5\',\ c v'\f\!:/\, k
R, =3 ohms r =2 ohms %
R;=6ohms i R,
& T r éﬁ‘
L
b h d
Figure 31-14
Find:

(a) the emf of the battery,

(b) the power expended in the resistance R,,

(c) the effective resistance of R;, R;, and R,,

(d) the potential difference V., between ¢ and d, and
(e) the current I, through the resistance R..

16. Draw the circuit diagram of a potentiometer, label emf’s, currents, resistances, and use Kirchhoff’s laws
to write down equations from them from which solutions could be made for the currents in the circuit.

17. A capacitor of 2 microfarads charged so that the potential difference across its terminals is 120 volts, is
suddenly connected to a resistor of 250,000 ohms. What is the time constant of this circuit?

18. A S mlength of a potentiometer wire is required to balance the emf of a battery. When a 10 ohm resistor
is connected across the battery, the length required for balance is 4 m. What is the internal resistance of
the battery?

19. The differential equation for the instantaneous charge Q of a capacitor after being disconnected from a
source and connected to a resistance R is given by the equation

Q. pdQ_
E + RE =0.
Show that

Q=CVe™ and I =—R¥e"”’c.
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20. In the circuit shown in Figure 31-15, V =40 volts, R = 4 x 10° ohms, and C = 10 microfarads.

(a) Find the initial value of the current when S,
is closed, the maximum charge on the
capacitor plates, and the time constant of
the circuit.

(b) After the capacitor is fully charged, S, is | :li‘
opened and S is closed. Find the charge on c- s) =V
the plates of the capacitor C 4 seconds w T
after closing S..

]

Figure 31-15
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32-1 MAGNETISM

We turn now to another facet of electromagnetic
interactions—namely, magnetism and magnetic
fields. Some knowledge of magnetism existed at the
time of the ancient Greeks, about 600 B.C. Experi-
mental studies on magnetism began about the six-
teenth century. In 1600, William Gilbert published a
collection of experimental facts about magnetism.
We shall outline here the experimental facts known
by Gilbert.

It was observed that certain natural stones called
lodestones possess the property of attracting pieces
of iron. Also a piece of iron can be made into a
magnet by stroking it with a lodestone. It was also
found that the attractive force of a magnet is con-
centrated at regions called poles. When a magnet-
ized needle is freely suspended on a vertical axis,
one end of the needle points north and the other
end south. The end of the needle that points north is
called the north-seeking pole or north pole. The
other end is called the south-seeking pole or south
pole. Like poles repel and unlike poles attract each
other. The magnetic properties of a magnet can be
destroyed in several ways, one of which is by heat-
ing it.

The space outside a magnet in which its influence

can be detected contains a magnetic field. The
shape of the magnetic field can be mapped by scat-
tering iron filings in the vicinity of the magnet, as
illustrated in Figure 32-1. The direction of the
magnetic field at any point is chosen as the direc-
tion that a north pole of a freely suspended magnet,
or compass needle, points.

Figure 32-1 Magnetic field in the vicinity of an iso-
lated bar magnet.
32-2 MAGNETIC FORCE ON A CURRENT

The first experiments on the magnetic effects of
currents were performed by Ampere in 1820. The
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Figure 32-2 Magnetic fields around two wires carrying current.

work was continued by Oersted and others. They
found that two long wires carrying currents in the
same direction attract one another, whereas when
carrying currents in the opposite direction they
repel one another.

The magnetic field around a wire carrying a cur-
rent forms closed circular loops around the wire.
The direction is that in which a north pole of a freely
suspended magnet or compass needle points, and
can easily be remembered by means of the right-
hand rule. With the thumb pointing in the direction
of the conventional current, the fingers of the right
hand encircling the wire point in the direction of the
magnetic field.

The reason why wires carrying currents attract or
repel one another is best illustrated with the aid of
Figure 32-2. In Figure 32-2(a), the currents are flow-
ing in the same direction (out of the paper, as illus-
trated in the figure by a dot - representing the head
of an arrow). The fields oppose one another or are
in the opposite direction in the space between the
wires and reinforce one another or are in the same
direction outside the wires. Therefore, the field is
stronger outside the wires. If the field lines are con-
sidered to represent magnetic flux lines, it may be
said that the magnetic flux density is greater outside
the wires. It is experimentally observed that the

wires move toward one another. In Figure 32-2(b),
the currents are flowing in the opposite direction, as
is illustrated in the figure by a dot representing the
head of an arrow and a cross X representing the
tail of an arrow. The fields here are in the same
direction between the wires and in the opposite
direction outside the wires. In this case, it is experi-
mentally observed that the wires move apart.

Let us now consider a quantitative relation for
the force on a current element in a magnetic field.
Let an element of length d1 which carries a current
I, be placed in a magnetic field of flux density B at
an angle 0 to the direction of the field, as illustrated

d P

dF

Figure 32-3 The force on a current element in a
magnetic field.



in Figure 32-3. The force on this element as inferred
from experiments on a closed current loop is writ-
ten in terms of the vector-product or cross-product
as

dF = 1d1x B, (32-1)

where dF is the force on the element d1 in newtons,
I is the current in amperes, B is the magnetic flux
density or magnetic induction in newtons/ampere-
meter, and dl is the element of length in meters.
The direction of dF is perpendicular to the plane
containing d1 and B, and is directed into the paper.

32-3 THE BIOT-SAVART LAW

Experiments of Ampere and others showed that
the basic relation for magnetic flux density or
magnetic induction (B) at a point P produced by a
current carrying element, as illustrated in Figure
32-4, is given by

dB = CIle To

(32-2)

where C is a constant of proportionality, r is the
distance from the current carrying element to P,
and 7 is a unit vector in the direction of r. Equa-
tion (32-2) is known as the Biot-Savart law.

The constant of proportionality C is given as

C=im

where p is called the permeability constant. The

permeability of free space is po=4mwX
107" nt/amp’. Now, Eq. (32-2) may be written as
[.Lo Idl X fo
dB= in 7 (32-3)
For the entire circuit,
[.L()I dl x ro
B= in . (32-9)

From Egs. (32-1) and (32-3) the force on an ele-
ment of current I,dl,, due to the magnetic induction
from another current element Ldl, is

dF] =I|dl| X de,

where
_& dlzx To
dB; T 47 L r
Then
dF| [421112 dll dlz); To
T r
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aB
(inward)

Figure 32-4 Magnetic flux density dB at a point Pdue
to a current element dl.

or

[.L()I 11

dF, = 5 [d], X (d], X #)]. (32-5)

Example 1. What is the magnitude of the force
per unit length on a long wire carrying a current of
1 ampere placed parallel to and 1 m away from
another long wire carrying the same current?

SOLUTION
We shall first find an expression for |[B| at a
perpendicular distance R meters from a long
straight wire.

P O

From Eq. (32-3), the magnetic flux density at P due
to the current element d1 has the magnitude

|dB| }Lo IIle r0|

The magnitude of the total magnetic flux density at
P is then
® ol sin 0dl

|B|- . 4‘” r2
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Here,
dl sin 8 = rd6
and
R

Therefore,

B= f ;‘% sin 6 do
0

ol

4R

= Mol

27R’

[—cos 6]

Now we shall consider the two parallel wires as
shown

(1) dl
-
—
R
{

@)

The magnetic flux density a distance R from wire
(2) has the magnitude

_ ol
B, = 2wR’

The force due to B, on dl of wire (1) is

dF= I|dle2

_ o
= I'lI]Iz 27I’R dl,

where n is a unit vector along R pointing toward
wire (2). [Hf the currents were in the opposite direc-
tion, n would be negative or pointing away from
wire (2).}] Therefore,

i
_ o — H«ol
F_nIle'n’R J; dl nI'IZ_Z'TrR

and

With I, =L, =1ampere and R =1m,
F_ ny.(,I.Iz _ (47r x 1077 nt/ampz)((l amp)(1 amp))
1" " 2aR 27 (1m)

= (2 x 1077 nt/m)n.

32-4 THE MAGNETIC FIELD OF AND THE
FORCES ON A MOVING CHARGE

If a charge q is displaced an amount dl with a
velocity v, we have

- ﬂ) -
Idl_(dt vdt = dgv.

The Biot-Savart law, namely,

_ o Idlx ;'0
dB—4’Tf rz L]
becomes
_ [ paldl % fo_J'uadq(vX Fv)
p- [tuldlch_ [mddOxR) gy

For a point charge, v and r are constants in the
integration over dq, and we have

B= 1oq (v X Fo)
= oV > To)

47r (32-7)

The force on a current element in an external
magnetic field is given by Eq. (32-1), namely,

dF = Id1xB.

For a moving charge, Idl = dqv and

F=fdpva
or

F=q(vxB). (32-8)

If an electric field is also present, the total elec-
tromagnetic force on g is

F=q(E+vXB), (32-9)

which is often called the Lorentz force law. Con-
sider the motion of a charge in a uniform magnetic
field of flux density B. If the charge is initially mov-
ing in a plane normal to B, then the force on it
(assuming E =0) is also in this plane and perpen-
dicular to its direction of motion. The charge, there-
fore, will move in a circle in this plane.

By Newton’s second law, F = ma. Since a = v*/r
and F = quB, we obtain

mo®
r

= quB, (32-10)
where m is the mass of the charged particle and r is
the radius of the circle. The radius of the circle r
and the angular velocity « of the particle will be
given by

_mv

r—q—B (32-11)



and

p =9:B(i). (32-12)
r m
The equation shows that the angular velocity
and, hence, the time taken to make one revolution
is independent of the velocity of the particle so long
as the relativistic change of mass with velocity is
neglected.

32-5 THE CYCLOTRON

The cyclotron, an ion accelerator developed by
E. O. Lawrence in 1931, illustrates Egs. (32-10) to
(32-12). A cyclotron consists of an evacuated
chamber placed between the poles of a large elec-
tromagnet. The chamber contains two semicircular
hollow electrodes called ‘“‘dees” as illustrated in
Figure 32-5. A high frequency alternating potential
difference is applied to the dees, which produces an
alternating electric field between them. Ions enter
the chamber at the ion source F placed between the
dees.

The ions are accelerated across the gap by the
electric field between the dees, but are shielded in-
side from the action of the field. The magnetic field
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causes each moving ion to follow a semicircular
path, the radius of which depends on the velocity,
mass, and charge of the ion, and the magnetic field
strength according to Eq. (32-11). The velocity of
the ion increases each time it crosses a gap. As the
velocity increases, the radius of the ion path in-
creases. After many trips around, the high energy
particles are ejected out of the window W. From
Eg. (32-11), the velocity of the particles are given
by
Brq

v = 7 (32-]3)

and the final energy of the ions will be given by

1 . B qz
3 =m (32-14)

One might think that by increasing the radius that
an unlimited energy could be obtained. This is not
so, since when the velocity of the ion approaches
the speed of light, the relativistic increase in mass
causes the ions to cross the space between the dees
out of step with the changing electric field. As a
result, the gain in velocity and, thus, in energy does
not occur.

1. Evacuated
[ Fawa ] [~ chamber

S

Side view

Filament
(ion source)

High voltage,
high frequency
generator

Top view

Figure 32-5 Schematic diagram of a cyclotron.
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Axis of
rotation

Figure 32-6 Rectangular loop in a magnetic field.

32-6 TORQUE ON A LOOP, DIPOLE
MOMENT

We discuss now the torque on a current carrying
wire loop in a magnetic field, which is the principle
underlying the operation of electric meters. Con-
sider a rectangular loop, carrying a current I, with
sides of length I and d situated in a magnetic field
of uniform flux density B, as illustrated in Figure
32-6.

The force on any element of the loop is

dF = Idi X B.
The component of the force perpendicular to the
loop F, is
!
F, =FcosB=IBcosBJ' dl =IBl cos 6,
0

where 6 is the angle between the plane of the loop
and the direction of B. The magnitude of the total
torque 7 on the loop is given by

7 =F.d = IBld cos 6.
Since Id equals the area of the loop A, we can write
7 =IBA cos 6.

The product IA is defined as the magnetic dipole
moment (m) of the loop. Since m = IA, the torque
can be expressed as

T =mB cos § = mB sin ¢,

where ¢ is the angle between the normal to the
plane of the loop and the direction of B.

If the magnetic moment is regarded as a vector m
with direction n, where n is a unit vector perpen-
dicular to the plane of the loop, the torque relation
can be expressed in the form

T=mXB, (32-15)

where

m=nm =nlA (32-16)

is the magnetic dipole moment of the loop. The di-
rection of m is determined by the right-hand rule
for a loop or coil. Grasp the loop with the fingers of
the right hand following the loop and pointing in the
direction of the current flow, then the extended
thumb points in the direction of the magnetic field
due to current in the coil or in the direction of the
magnetic dipole moment m. The effect of the torque
is to rotate the loop toward its equilibrium position
with its magnetic moment m in the same direction
as the field B.

32-7 ELECTRIC METERS

Meters make use of the torque on a current
carrying coil in a magnetic field. Figure 32-7 is a top
view of a meter movement.

The pole pieces are shaped so that the field is
parallel to the plane of the coil for any position of
the coil. When the current passes through the coil,
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Figure 32-7 Schematic diagram of a meter move
ment.

the magnitude of the torque on the coil is given by
the relation

7 = NBIA, (32-17)

where N is the number of turns on the coil. The coil
will turn until the torsional restoring torque due to
the spring balances the magnetic torque 7. The re-
storing torque is proportional to the angle of deflec-
tion ¢ and can be put equal to K¢, where K is the
torsion constant of the spring. Therefore, the coil
comes to rest when

K¢ = NBIA
or
_ NBIA
¢=—p " (32-18)

Since N, B, A, and K are all constants for a
particular meter,

¢ =CI (32-19)

or the deflection of the pointer is proportional to the
current. Galvanometers, which are instruments
used to measure currents, work on the above prin-
ciple. Therefore, Figure 32-7 also shows the rudi-
ments of a galvanometer.

A voltmeter used to measure potential differ-
ences in a circuit is a galvanometer with a large
number of turns on the moving coil so that there is a
large deflection of the coil for small currents. It
must be designed to draw as little current as pos-
sible so as not to affect significantly the current in
the rest of the circuit. A high resistance is put in
series with the coil as illustrated in Figure 32-8.

The current through the coil is given by

__AV
R+r

where r is the resistance of the coil and R is the

R
AW

r
0,

AV

Figure 32-8 Internal connections of a voitmeter.
series resistance. Since the deflection is propor-
tional to I, it is also proportional to AV.

The range of the meter can be modified by vary-
ing the resistance R. If we wish the meter to have a
full scale reading A V; with a current I, through the
meter movement, we must have a series resistance
R so that

_Av,
I, = —— (32-20)
or the series resistance R required is
R=%ﬁ—u (32:21)

An ammeter, which is used to measure currents
in a circuit, is a galvanometer with a very low resis-
tance, so as to cause a low potential drop across the
instrument. This is achieved by putting a low resis-
tance (R) in parallel or shunt with the coil of the
meter as illustrated in Figure 32-9. Only a small
fraction of the current goes through the coil so a
coil with a large number of turns is necessary.

Figure 32-9 Internal connections of an ammeter.

As in the case of the voltmeter, the range of the
meter can be modified by varying the resistance R.
The shunt resistance R required to give a full-scale
reading I; with a current I, through the shunt resis-
tance and a current I, through the meter movement
is determined as follows: Since the same potential
difference exists across the meter movement and
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the shunt resistance,
L.r=1IR,

where r is the resistance of the meter movement or
coil. Also,
L=1,+1I.

Solving these two equations for R, gives

__Lr

T (32-22)

The total resistance of the meter is the sum of R
and r in parallel and is less than R, which is much
less than the resistance r of the meter movement.

Example 2. The moving coil of a meter move-
ment of height 3 cm and width 2 cm has 100 turns
and is pivoted in a field of 5000 nt/amp-m.

(a) Calculate the torque when 2 milliamperes
flow in the circuit.

(b) If the movement is controlled by springs that
exert a restoring torque of 0.02 nt-m/deg, what is
the steady deflection produced by a current of 2
milliamperes?

SOLUTION
(a) Assume that the field is parallel to the plane
of the coil for any position of the coil. Apply Eq.
(32-17),

PROBLEMS

7= NBIA = (100)(5000 nt/amp-m)(2 X 10~* amp)
X (0.03 m)(0.02 m)
= 0.6 nt-m.

(b) Deflection produced by the current of 2 mil-
liamperes is obtained by applying Eq. (32-19),

7 _ _ 0.6nt-m

¢ =T =002 nt-m/deg -~ 12 des-

Example 3. A meter movement has a resistance
of 100 ohms and takes 3 milliamperes for full scale
deflection.

(a) Calculate the series resistance necessary if
the meter is to act as a voltmeter having a full scale
deflection of 6 volts.

(b) Calculate the shunt resistance necessary if
the meter is to be used as an ammeter with a full
scale deflection of 2 amperes.

SOLUTION
(a) Applying Eq. (32-21),

_Vi___6volts _
R_I,,. r —3X10"amp 100 Q2 = 1900 ohms.

(b) Applying Eq. (32-22),

Lr _3x10”amp x 1000

R=1 1.~ @=3x10") amp

=0.15 ohms.

1. What is the force on a conductor of length 15 m carrying a current of 5 amperes in a field of 4 nt/amp-m

at right angles to the conductor?

2. Calculate the force on the conductor of Problem 1 if the conductor is

(a) parallel to the field and
(b) 30° to the direction of the field.

3. With 10 closely spaced turns carrying a current of 5 amperes, a square coil 40 cm X 40 cm is suspended
vertically in an east-west plane in a region, where there is a uniform horizontal magnetic flux density B,
of 1.5 nt/amp-m directed from west to east. What is the torque acting on this coil?

4. A uniform magnetic field of 2 nt/amp-m is directed vertically upward. A proton (charge = + 1.60 X
107" coul) is directed into this field at a speed of 3 x 10" m/sec. Describe quantitatively how it will move
if it is projected
(a) eastward in a horizontal plane,

(b) northward in a horizontal plane,
(c) vertically downward, and
(d) at an angle of 30° with the upward direction of B.
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A single flat loop of area 25 cm’ lies in the x-y plane, carrying a current of 5 amperes, clockwise as
viewed from above. A uniform magnetic field of density 4 nt/amp-m is in the positive z-direction.
(a) What is the torque exerted by the magnetic field on the loop?

(b) What is the magnetic moment of the loop?

. A long, straight wire carries a current of 1.5 amperes. An electron (charge = — 1.60 X 107" coul) travels

with a velocity of 5 x 10° cm/sec parallel to the wire, and in the same direction as the conventional cur-

rent. What is the force (magnitude and direction) exerted on the electron by the magnetic field?

A circular loop of 0.2m’ area in the x-y plane carries a clockwise current of 4 amperes.

(a) What is the magnitude and direction of its magnetic moment?

(b) What is the torque on the loop due to a uniform magnetic field of 0.25 nt/amp-m parallel to the x-z
plane and making an angle of 30° with the positive x-direction?

. (a) What is the maximum torque on a rectangular galvanometer coil Scmx 12cm of 600 turns

when carrying a current of 10~° amperes in a field of B =0.10 nt/amp-m?
(b) What is the torque on the coil when the normal to the plane of the coil makes an angle of 60° with the
direction of B?

. (a) What current must an infinitely long straight wire carry in order that B=2.5x 10™ nt/amp-m at a

distance of 2 ¢cm from it?
(b) What current must a circular coil of 100 turns and 10 cm radius carry in order that B = 0.001 nt/amp-
m at its center?

A long, straight wire carries a current of 100 amperes.

(a) What is the magnetic flux density at a point 5cm from the wire?

(b) What is the force per unit length on another wire parallel to and 5 cm from it carrying a current of
10 amperes in the opposite direction?

A straight wire 25 cm long is at right angles to a uniform magnetic field of 0.7 nt/amp-m. What current
must flow in the wire such that the force on it be 0.4 nt?

For the meter of Problem 13, calculate the shunt resistance necessary if the meter is to be used as an
ammeter with a full scale deflection of 1 ampere.

A meter movement has a resistance of 50 ohms and takes 1.2 milliamperes for full scale deflection. Cal-
culate the series resistance necessary if the meter is to act as a voltmeter having a full scale deflection of
3 volts.

The magnetic field density in a cyclotron, which is accelerating protons (charge = + 1.60 x 107" coul,

mass = 1.67 X 1077 Kkg), is 2 nt/famp-m.

(a) Calculate the number of revolutions per second of the protons.

(b) If the maximum radius of the cyclotron is 0.30 m, what is the maximum kinetic energy of the
proton?

(c) Through what potential difference would the proton have to be accelerated in order for it to have the
same kinetic energy obtained as with the cyclotron?

What shunt resistance is required in a milliammeter with a movement resistance of 100 ohms giving full
scale deflection for 1 milliampere in order for it to give full scale deflection for 60 milliamperes?

What is the velocity of a beam of electrons (charge on electron = — 1.60 x 10" coul) when the simul-
taneous influence of an electric field of intensity 34 X 10° volts/m and a magnetic field of flux density
2 x 107 nt/amp-m, both fields being normal to the beam and to each other, produces no deflection of the
electrons?

The resistance of a galvanometer is 30 ohms and the current for full scale deflection is 10 milliamperes.
(a) What shunt resistance is required to make it into an ammeter of 1 ampere full scale deflection?
(b) What series resistance is required to make it into a voltmeter of 150 volts full scale deflection?

How would you change a 10 volt voltmeter with an internal resistance of 1000 ohms to an ammeter of
current carrying capacity [ ampere with the help of a resistor? Compute the magnitude of the resistor.



292 Magnetic Fields

19. In Figure 32-10, P and Q are cross sections of
two long, parallel, straight wires perpendicular
to the plane of the paper with P carrying a
current of 20 amperes into the plane of the
paper and Q carrying an equal current out of
the plane of the paper.
Compute the magnetic flux density (B) at
point R.

Figure 32-10

20. The earth’s magnetic field at a certain location has a northerly component of By = 0.1 X 10~ nt/amp-m
and an upward component of By = 0.4 X 10 nt/amp-m. Calculate the magnitude and direction of the
force a straight 1 m long wire would experience, if it were oriented parallel to the south-north direction

and was carrying a current of 10 amperes toward the north.
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In this chapter, we shall discuss magnetic fields and
energy stored in a magnetic field along with other
topics. In addition, we shall point out the strong
analogy with electric fields.

33-1 MAGNETIC FLUX

In Chapter 32, we mentioned briefly the terms
magnetic flux and magnetic flux density. However,
more should be said about both these terms. The
total number of magnetic field lines that cut any
area A as illustrated in Figure 33-1 is the magnetic
flux (¢) through the area, that is,

¢ =§ B-ndA, (33-1)
A
where n is a unit vector perpendicular to A.

The unit of ¢ in the MKS system of units is the
weber, which is equal to a nt-m/amp, and the unit of
the flux density B is webers/m’.

Experimentally, when we plot the magnetic field
about a wire as illustrated in Figure 32-2, we see
that the magnetic flux lines are closed lines. This
implies that if a closed surface A is taken in the
field, every line entering the surface must leave it.
This means that if we calculate the net flux through
the surface by integrating over the surface, the

293

Figure 33-1 Magnetic flux through an area A.

value of the integral must be zero.

¢m=§ B-ndA =0.

33-2 AMPERE’S LAW

In this section, we will discuss the relationship
between the line integral of B around any closed
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path and the current I enclosed by the path. In the
example given in Chapter 32, we saw that the mag-
nitude of B at a point a distance R from an infinitely
long straight wire was given by

ol
2@R’

and that the direction of B was perpendicular to the
wire. Now let us calculate the integral of B along a
circular arc of radius R about a current carrying
wire as illustrated in Figure 33-2.

B:

df
B
R/\&
x|
11

Figure 33-2 A circular path for integrating B around a
wire. The current links the path of integration.

Referring to Figure 33-2,
dl = Rde
& _ I (=1 _ . .(6.—6)
fo. B-dl= Moy - fo. RRdO = ‘LOI—_Z'TT ,
which is independent of R or

)
B‘ dl'— }L[)Izw.

Integrating completely around the circle gives

%B -dl= plL (33-2)
This equation states that the integral of B-dl
around any closed path is equal to p, times the
current passing through any area bounded by the
path of integration. This equation is called Am-
pere’s law. If there is no enclosed current,

§ B-dl=0. (33-3)

It should be pointed out that the above derivation

is not a general proof of Ampere’s law. A general
proof is beyond the scope of this book. The student
will have to accept here that the law is true in
general for- any magnetic field shape, for any as-
sembly of currents, and for any path of integration.

33-3 ELECTROMAGNETIC INDUCTION;
FARADAY'S LAW AND LENZ'S LAW

Faraday showed experimentally that when the
magnetic flux through a closed circuit is changing,
there is an emf induced in the circuit that is directly
proportional to the time rate of change of the flux.

In analytical form, Faraday’s law states that

g _do

=-= (33-4)

where % is in volts, ¢ is in webers, and t is in
seconds. The minus sign is an indication of the di-
rection of the induced emf. The direction of the
induced emf is a consequence of the principle of
conservation of energy. The induced current al-
ways flows in such a direction that its magnetic field
opposes the change in conditions giving rise to the
induced current. This statement is known as Lenz’s
law. The induced current is set up by the induced
emf.

We shall now consider some experimental verifi-
cations of both Faraday’s law and Lenz’s law. First,
we shall consider a current in a coil of wire induced
by a moving magnet, as illustrated in Figure 33-3. If
the north pole of the magnet is pushed into the coil,
the induced current will flow in such a direction so
as to set up a magnetic field that opposes the inser-
tion of the magnet, as illustrated in Figure 33-3(a).
If the magnet is pulled out of the coil, the induced
current flows in the opposite direction, or in such a
direction that its magnetic field opposes the with-
drawal of the magnet, as illustrated in Figure
33-3(b). The magnitude of the induced current will
be proportional to the speed with which the magnet
is pushed into or pulled out of the coil.

Let us consider for the moment the reason for
the above experimental facts based on energy con-
servation. The coil has a resistance and the induced
current produces heat, which requires a source of
energy. The only other source of energy is the
mechanical work done on the magnet in pushing it
into the coil. In order for work to be done on the
magnet, it must experience an opposing force as it
enters the coil. This means that the field produced
by the current in the coil must be in such a direction
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(a)

(b)

Figure 33-3 Currents induced by moving magnets.

o

(a)

(b)

Figure 33-4 Currents induced by currents.
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Figure 33-5 Currents induced by closing and breaking the circuit.

as to repel the magnet. If the magnet were attracted
by the field in the coil, mechanical energy and heat
energy would be produced by the system without
any work being done on it, which is a contradiction
of the principle of conservation of energy. A similar
argument can be presented for the direction of the
induced current when the magnet is withdrawn
from the coil.

If we insert or withdraw a current carrying coil
instead of a magnet into another coil, an induced

current will flow in the other coil. The magnitude
and direction of the induced current will be gov-
erned by Faraday’s and Lenz’s laws and the effects
are the same as with the magnet. This is illustrated
in Figure 33-4.

Let us consider what happens if, instead of in-
serting and withdrawing the current carrying coil
into the larger coil, we leave it inside the larger coil
and open and close the circuit leading to the inside
coil as illustrated in Figure 33-5. It is then observed
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that the induced current flows in the opposite direc-
tion to the current producing it when the circuit is
closed, and in the same direction when the circuit is
broken. Why?

33-4 MUTUAL INDUCTANCE AND
SELF-INDUCTANCE

Let us next consider two coils arranged so that
part of the flux produced by a current in the first
(primary) coil threads the other (secondary) coil.
What emf will be induced in the secondary coil by
this flux linkage with the primary coil? (If the cur-
rent in the primary coil is varied, an induced emf is
set up in the secondary coil.) In general, the emf
induced in the secondary coil is directly propor-
tional to the time rate of change of the current in
the primary coil. Symbolically,

dI,
3,(17{.
We can write this as an equation by introducing a
proportionality constant
dI,

€ = - M5t

ar’ (33-5)

where M is the coefficient of mutual inductance of
the two coils. The minus sign indicates that the emf
in the secondary coil is opposite in direction to the
emf in the primary coil.

Two coils have a mutual inductance of 1 henry if
a change in current of 1 ampere per second in the
primary coil induces an emf of 1 volt in the secon-
dary coil.

The value of %, is also given by Eq. (33-4).
Equating Eqs. (33-4) and (33-5) gives

—_ L _ _do,
¢ = dt~  dt
or
_ do,
M= dr,’ (33-6)

where do, is the total flux linkage between the two
coils produced by the current change dI, in the
primary coil.

An induced emf is also set up in single coil by a
current change in the coil. The induced emf op-
poses the change in current and is sometimes called
a “back emf’’ (%,). It is proportional to the time rate
of change of the current, which permits us to write
the following equation:

€b=—Lg!

dr’ @37
where L is the coefficient of self-inductance of the
coil and is expressed in henrys.

A coil has a coefficient of self-inductance of 1
henry if a change in the current of 1 ampere per
second induces a back emf of 1 volt in the coil.

The value of &, is also given by Eq. (33-4).
Equating Eqs. (33-4) and (33-7) gives

_d¢
L_ﬂ’

where d¢ is the total change in flux and dI is the
total change in current.

(33-8)

33-5 ENERGY AND THE MAGNETIC FIELD

When we build up a current in an inductor, an
external source of emf must do work against the
induced emf. This suggests the possibility of energy
storage in the inductor. Neglecting resistance, the
rate at which the external source does work is

dI
=—&I=LI,.
P o = LIg

The total work done in building the current up to

a value of I amperes in time t is

t 1
W=f Pdt=Lf IdI
) 0
or

W=iLI. (33.9)
As an example, consider a solenoid as illustrated
in Figure 33-6. At a point inside the solenoid and
sufficiently far from the ends, the magnetic field is
parallel to the axis and uniform. At a point outside
the field is very weak.:Let us calculate the line in-
tegral of the induction around the rectangular path
shown in Figure 33-6. Over the two radial sides, the
path is perpendicular to the field, so their contribu-
tion is zero. The same will be true for that part of
the field that is parallel to the axis, outside, since
the field there is very weak. The only contribution
then comes from that part of the path of length d
parallel to the axis and inside the solenoid, where

§B-d|=Bd = uondl
or

B = uponl, (33-10)



Figure 33-6 Magnetic field in a solenoid.

where n is the number of turns of wire per unit
length on the solenoid. The induced emf in the sol-
enoid is

dI do

‘gb =-L__—nlE;,

- (33-11)

where [ is the length of the solenoid. The magnetic
flux through the coil from Eq. (33-10) is

¢ = §B ndA = BA = ponlA, (33-12)

where A is the cross-sectional area of the solenoid.

From Eq. (33-11), the induced emf is
ey dl

& =— uon’lA ar (33-13)

Comparing Eqgs. (33-11) and (33-13), we obtain a
relation for the self-inductance of the solenoid

_pdr_ ol dl
Ldt =— poh IAdt
or
L = uonlA. (33-14)

If we substitute Eq. (33-14) into Eq. (33-9), we get
the energy stored in the solenoid to be

W =2 uon’lAL (33-15)
From this, we can conclude that this energy is
stored in the magnetic field. It should be pointed out
that this is not a proof. However, all experimental

work supports it. Since the quantity /A is the vol-
ume of the solenoid, the energy density or the
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energy per unit volume stored in the solenoid is

w_1 ..
v 2p.un r.
Since
B = uonl,
from Eq. (33-10),
2
-VY= l —E— (33-16)
v Mo

We may, therefore, state that the energy density
stored in a magnetic field is given by Eq. (33-16).
This is the analogue of the expression for the
energy density in an electric field of a capacitor
ie.E? with free space as a dielectric.

33-6 GENERATORS AND MOTORS

Generators and motors both make use of a coil
called the armature, rotating in a magnetic field.
The magnetic field of a generator is usually created
by electromagnets, which consist of soft iron
wound with many turns of wire called the field coils
through which pass an electric current. A generator
is a machine which, when driven mechanically, gen-
erates an electromotive force, while a motor is a
machine that does mechanical work at the ex-
pense of electrical energy.

We shall first discuss the operation of two prin-
ciple kinds of generators. These two kinds are: al-
ternating current (AC) and direct current (DC). If a
single coil is placed between the north and south
poles of two magnets and rotated, an induced emf is
set up in the coil as illustrated in Figure 33-7. The
emf and, consequently, the current changes direc-
tion every half revolution, and an alternating cur-
rent is generated. Figure 33-8 is a graph of the
induced emf versus position of the coil as deter-
mined in Section 32-6. If an alternating current is
desired in the external circuit, the current is re-
moved from the coil by collecting rings and
brushes, as illustrated in Figure 33-9, where B, and
B, are the brushes and C, and C, are the collecting
rings. The armature of a practical alternating cur-
rent generator consists of a large number of coils. If
a direct current is desired in the external circuit, a
commutator and brushes are required to remove
the current, as illustrated in Figure 33-10. The com-
mutator C is a divided ring. The segments are insu-
lated from one another, and the brushes B, and B,
are so arranged that they slip from one segment to
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Figure 33-7 Rotating coil in a magnetic field.

4 Position

0° 90° 180@6@’ of coil

External emf

Figure 33-8 External emf versus position of coil for a
coil rotating in a magnetic field.

Load

Figure 33-9 Simple alternating current generator.

the other at the instant the current in the coil of the
armature changes direction. Figure 33-11 is a graph
of the emf in the external circuit versus position of
the coil when such a commutator is used.

To obtain a practically steady direct current from
a direct current generator, a large number of coils
are placed on the armature, and the commutator is
divided into a correspondingly large number of seg-

Load

Figure 33-10 Simple direct current generator.

| Position
270° 360° of coil

0° 90° 180°

External emf

Figure 33-11 External emf versus position of coil for
a single coil rotating in a magnetic field when a
commutator is used.

ments. Figure 33-12 is a graph of the emf versus
position of the armature for a direct current gen-
erator with a number of coils on the armature.
We shall now briefly discuss electric motors. An
electric motor is the reverse of an electric gen-
erator. Any direct current generator can serve as a
direct current motor because if a current is passed
through the armature from an external source there
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Figure 33-12 External emf for a four coil armature
with a commutator.

will be a force on each armature coil and the coil
will start to turn. Some motors, called universal
motors, will run either on alternating or direct cur-
rent. In order to have a motor run on alternating
current, the armature and field currents must be in
phase with each other so that they reverse at the
same instant.

In a motor, in addition to the applied emf, we
have an induced or back emf when the armature
rotates, since the coils are cutting across lines of
magnetic flux. This back emf opposes the im-
pressed or applied emf. If V is the external applied
voltage, and %, the back emf, then the resultant
voltage available to cause a current in the armature
is V — &,. Therefore,

V-¢=IR or V=% +IR, (33-17)

where I is the current in the armature, and R is the
resistance of the armature coils, or the sum of the
resistance of the armature and field coils, depend-
ing upon the kind of motor.

33-7 SERIES CIRCUIT WITH RESISTANCE
AND INDUCTANCE

We must now discuss the effects that the inser-
tion of an inductor in a circuit entails. Consider an
inductor of inductance L in series with a resistor of
resistance R connected to a battery of voltage V.

- dI
V=IR+Lg (33-18)
or
Ldl
Vg =t (33-19)

Integrating both sides, we obtain
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1 t
"R In(V—-IR)= T + constant.  (33-20)
Let us assume that there is no current flowing at
t =0. We then obtain the constant of integration,
and Eq. (33-20) becomes
In(V-IR)-Inv=-2,

L
or
_Re
14 L’

(3321

If we now take the antilogarithm of both sides of
Eq. (33-21), we obtain

IR _amn
1 V——e
or

=Y -e®m), (33-22)
R

Equation (33-22) shows that the current increases in

the same way as the charge on a capacitor in the

R-C circuit. The quantity L/R is called the time

constant (7) of the inductor, and Eq. (33-22) may be

written

V. -
I= R Q—e™). (33-23)
The larger the value of 7, the slower is the build up
of current in the inductor.

If, after a steady current is reached in the induc-
tor, the battery or inductor is shorted out, then V =
0, and Eq. (33-19) becomes

LdI

-,

IR (33-24)

which can be solved in a similar manner to that
above to give

__Y ~Rt/L
I—Re .

(33-25)
Equation (33-25) shows that the current decreases
exponentially to zero, and that this decay is gov-
erned by the same time constant 7 = L/R.

Example 1.

(a) Find the flux through a coil of 10 turns of
average diameter 2 cm when placed in a field of
1000 webers/m’.

(b) If the field strength is reduced to 200
webers/m’ in 1 second, what is the induced emf?
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SOLUTION
(a) The total flux is

¢ = BA = (1000 webers/m’)}(w)((0.01)’m’)

=0.314 webers.
(b) The induced emf is
A ABA
g = N22- NADA
_ (10)((1000 —200) webers/m?)(7(0.01)’'m?)
1 sec
=2.51 volts.

Example 2. A long solenoid of cross-sectional
area 10 cm’ is wound with 1000 turns per meter. The
windings carry a current of 0.50 amperes. A secon-
dary winding of 10 turns encircles the solenoid.
When a switch in the circuit providing the current
to the solenoid is opened, the magnetic field of the
solenoid becomes zero in 0.10 seconds. What is the
average induced emf in the secondary?

SOLUTION
The change in field through the solenoid when the
switch is opened is
AB= p,nl -0
= (47 x 107" nt/amp?)(1000 m™')(0.50 amp)
=6.28 x 107" webers/m’.
The induced emf in the secondary is

_ AB _ 3 (6.28 x 107 webers/mz)
€ = N.AZy = (10)107 m) (0.10 sec)

=6.28 X 107 volts.

Example 3. An inductor of inductance 2 henrys,
and resistance 20 ohms, is connected to a 6 volt bat-
tery of zero internal resistance. Find:

PROBLEMS

(a) the initial rate of current increase in the cir-
cuit.

(b) the rate of increase of current at the instant
when the current is 0.2 amperes,

(c) the current 0.1 seconds after the circuit is
closed, and

(d) the final constant current.

SOLUTION
(a) Apply Eq. (33-18) in the form
a_V_IR
d¢ L L’
At
t=0, I=0,
and
dl _V_ 6volts

Et__ Z=m=3amp/sec.

(b) At I =0.2 amperes,

a1 _ V IR _ ( 6 volts )_ [(0.2 amp)(20 ohms)]
dt L L 2 henrys 2 henrys ’

=1 amp/sec.

(c) The current 0.1 seconds after the switch is
closed is obtained by applying Eq. (33-22).

I= %’(1 _ e-RlIL)

__ 6 volts
~ 2 ohms

(1 — e-[(ZO ohms)(0.1 sec)/2 henrysl)

= 3(1 —%) amp = 1.90 amp.

(d) The final constant current is obtained by sub-
stituting ¢t =  into Eq. (33-22), which gives

V__6volts _

I=E_20hms—3amp'

1. A proton of mass = 1.67 x 107 kg, charge = 1.60 x 10" coul, moves in a circular path of 12 cm radius
perpendicular to a uniform magnetic field. The velocity of the proton is 1 x 10" m/sec. What is the total
magnetic flux encircled by the circular path of the proton?

2. Derive an expression for the magnetic flux density inside a long, straight conductor of circular cross
section, having a radius R. The current is uniformly distributed over the cross-sectional area of the

conductor so that the current density j =I/wR”

3. (a) Derive an equation for B at the center of a circular coil of radius a.
(b) What is the value of B at the center of a circular coil of radius 4 cm containing 20 turns and carrying

a current of 10 amperes?
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. A coil of 5 turns has dimensions of 7 cm X 9 cm. It rotates at an angular velocity of 30+ rad/sec in a field

of 0.4 webers/m’. What is the maximum emf induced in the coil if the axis of rotation is perpendicular to
the field?

. Two coils placed close together have a mutual inductance of 25 millihenrys. The current in coil A is
increasing at the rate of 2 amp/sec. What is the emf generated in coil B by this changing current?

. A particle of mass 1 gm and charge 5 microcoulombs is moving in a circle in a solenoid of 50 turns and

length 10 cm carrying a current of 10 amperes. The radius of the circle is 10 cm. Find the linear speed.

. How much energy is stored in the magnetic field of a coil whose self-inductance is 10 henrys, when it is

carrying a steady current of 4 amperes?

8. A flat square coil of 10 turns has sides of length 12 cm. The coil rotates in a magnetic field whose flux

10.

11.

12.

13.

14.

15.

16.

density is 0.025 webers/m’.
(a) What is the angular velocity of the coil if the maximum emf produced is 20 millivolts?
(b) What is the average emf at this velocity?

. What is the time constant of an R-L circuit containing a pure resistance of 200 ohms in series with a 5
henry inductor whose resistance is 100 ohms?

A 500 ohm resistance and a 5 henry inductance are connected in series with a 20 volt battery.

(a) What is the value of the time constant of this circuit?

(b) How much energy is stored in the inductor after the switch has been closed for a period of time
equal to the time constant?

An inductor of inductance L and a resistor of resistance R are connected in series with a battery that
has set up a steady current I, in the circuit. At time ¢t =0, the battery is shorted out so that the series
circuit consists of only an inductor and the resistor. Set up the differential equation relating L, R, I, and
t, and integrate this equation to obtain the current through the resistor as a function of time.

An electron (g = 1.60 x 107" coul) circulates about a proton in an orbit of 0.52 x 107'° m radius at a speed
of 2.5x 10° m/sec.

(a) To what current is this equivalent?

(b) What is the magnetic field at the nucleus due to the orbital current?

(a) Show that self-inductance over resistance (L/R) and resistance times capacitance (RC) both have
the dimensions of time.
(b) Show that 1 weber per second equals 1 volt.

A closely wound rectangular coil of 50 turns has dimensions of 12 ¢cm % 25 cm. The plane of the coil is
rotated from a position where it makes an angle of 45° with a magnetic field of flux density 2 webers/m’
to a position perpendicular to the field in time ¢ = 0.1 seconds. What is the average emf induced in the
coil?

(a) If the current increases uniformly from 0 to 2 amperes in 0.40 seconds, in a coil whose coefficient of
self-induction is 0.60 henrys, what is the magnitude of the emf produced?
(b) With the aid of a diagram, specify its direction.

A uniform field of magnetic flux density B is changing in magnitude at a constant rate dB/dt. Given a
mass m of conducting material (density d, resistivity p) drawn into a wire of radius r and formed into a
circular loop of radius R, show that the induced current in the loop when placed normally in the above
field does not depend upon the size of the wire or the loop, and is given by

= (o) (@)
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17. In Figure 33-13, V is 120 volts, L is 120 henrys, and R is 60 ohms.

(a) To what value does the current build up
after the switch is closed?

(b) How much energy will be stored in the in-
ductor when the current has reached its R /
final value?

(c) Calculate the current and the rate of change
of the current when the potential difference
across the resistor is 50 volts.

41
+H N
P

Figure 33-13

18. In Figure 33-14, V =6volts, R,=0.10ohms,
R,=090hms, and L =1henry. Find the po- s /
tential across R, after switch S has been closed
for 0.4 seconds. What is the power dissipated in _I_—

the circuit 0.4 seconds after switch S has been ‘|'+

AN

closed? R,

Figure 33-14

19. An inductor of inductance 4 henrys and resistance 4 ohms is connected to a battery of terminal voltage
12 volts. Find
(a) the initial rate of increase of current in the circuit,
(b) the rate of increase of current at the instant when the current is 1 ampere,
(c) the current 0.4 seconds after the circuit is closed, and
(d) the final steady current.

20. Derive the expression
_RQ
B = NA

for a search coil used with a galvanometer to measure a magnetic field, where R is the total resistance of
the coil and galvanometer, Q is the total charge passing through R, N is the number of turns of wire in
the coil, and A is the area of the coil. The operation of a search coil is as follows: Originally the coil is
placed in the magnetic field with the plane of the coil perpendicular to the field. It is then quickly
removed from the field region. This induces a current in the coil which flows through the galvanometer
attached to the coil.
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34-1 ORIGINS OF MAGNETISM

The earliest guess as to the origin of magnetism
in magnets was that the material consisted of a
number of particles each being a small magnet.
These small magnets are oriented at random when
the material is unmagnetized. When the material is
magnetized they are aligned with unlike poles adja-
cent to one another within the material, thus leaving
unlike poles at each end of the material, as illus-
trated in Figure 34-1.

After the discovery that a small coil carrying a
current behaves like a small magnet, Ampere
suggested the following: (1) magnetism is due to
small circulating currents associated with each
atom; (2) each atom possesses a magnetic dipole
moment; and (3) the magnetic moment of any sub-

stance is equal to the vector sum of the magnetic di-
pole moments of its constituent atoms.
The magnetic moment of a current loop enclosing
an area A is defined by
m=nlA, (34-1)
where n is a unit vector in the direction of m, which
is normal to the plane of the loop and is in the
direction a right-hand screw projects if turned in
the direction of the current. Let us now list some of
the properties of the magnetic moment m of the
current associated with the orbiting electrons in an
atom, which have been verified experimentally.
(1) The resultant magnetic moment of an atom is
related to the vector sum of the individual
magnetic moments of its electrons.

NI

(a) Unmagnetized

6N N 7§ ] ]
N N N N W

(b) Magnetized

Figure 34-1 Materials in unmagnetized and magnestized states.
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(2) An atom, ion, or molecule has zero perma-
nent magnetic moment if the total angular
momentum of the electrons is zero. If the
total angular momentum is not zero, the par-
ticle has a permanent magnetic moment.

(3) Most free atoms have a permanent magnetic
moment, while molecules nearly always have
a zero permanent magnetic moment.

It should be clear to the reader that the above
properties of the magnetic moment indeed support
Ampere’s suggestions.

34-2 MAGNETIZATION, MAGNETIC
INTENSITY, SUSCEPTIBILITY, AND
PERMEABILITY

If we place a material substance within a coil car-
rying a current, it is quite likely that the value of B
will be different than when the substance is not pre-
sent. It is possible to consider the resultant B within
the coil material as the sum of two quantities B, due
to the current in the coil and a quantity p,M from
the magnetic properties of the substance in the coil.
We may write

B=B0+ }L(;M,

where u, is referred to as the permeability of free
space and M is called the magnetization of the sub-
stance. The magnetization M is the magnetic mo-
ment per unit volume and is analogous to the elec-
tric polarization P. Also, it is convenient to define
another vector H called the magnetizing force or
magnetic intensity just as in electrostatics it was
convenient to define the vector D. H is defined by
the relationship

(34-2)

n=2

e (343)

This allows us to write Ampere’s law [Eq. (33-2)] as

§H-dl=NI, (344)

for any substance placed within a coil of N turns.
In MKS units, H is measured in ampere turns per
meter.

In an isotropic substance, M is directly propor-
tional to H and parallel to it, so that we may write

M= x.H, (34-5)

where x. is known as the magnetic susceptibility
and is a dimensionless quantity. If we substitute

Eq. (34-3) into Eq. (34-2) for B,, we get
B=uﬂnmn=m0+%ﬁt (34-6)

Substituting Eq. (34-5) into Eq. (34-6), gives

B = uo(1 + xm)H (347
or

B=pH, (34-8)
where

1= pal(l+ xm). (349

The ratio p/u, is called the relative permeability u.,.
It follows from Eq. (34-9) that

wr=1+xn or xym=m—1  (34-10)

The susceptibility of a vacuum equals zero, since
. =1 in a vacuum.

Since M can be interpreted as the magnetic mo-
ment per unit volume, y, is a quantity whose
interpretation is in terms of a unit volume of the
material. For comparison between experiment and
theory, it is convenient to define mass susceptibility
or specific susceptibility xns,

= Xm

X
where p is the density of the material. Another
useful quantity is obtained by referring y. to a
particular number of molecules of the material. We
therefore define the term molar susceptibility by
the relation

Xms (34-11)

Xm mole = MXm, (34'12)
P
where M is the molecular mass of the material.
Real materials are usually characterized by the
sign of their susceptibility. In the next three sec-
tions we discuss the three types of magnetic
materials.

34-3 DIAMAGNETISM

Diamagnetic substances are those for which y.. is
negative and p. is less than unity. In diamagnetic
substances, y. is practically independent of temp-
erature and field strength, and is approximately
constant for a particular type of atom or ion.

The explanation of diamagnetism follows from
Faraday’s law and Lenz’s law of electromagnetic
induction. Atoms can be visualized as consisting of
electrons moving in orbits around the nucleus. This



orbital motion of the electrons constitutes a tiny
current loop. For certain atoms, those which make
up diamagnetic materials, the net magnetic moment
for the orbital motion of the electrons is zero. If a
magnetic field is applied to the substance, each
electron experiences a force, and its orbital motion
is altered so that it acquires an angular momentum
and hence a magnetic moment. The change in the
orbits will produce a net flux for the atom, which
will oppose the flux due to B,. Thus, the net flux
through the material will be less than if the material
were not present, causing the resultant B to be less
than By, or for the material to have a negative .

Diamagnetism is present in all substances, but its
presence is masked in substances where the atoms
have a net magnetic moment. Superconductors,
which are substances that have zero electrical resis-
tance at very low temperatures, are highly
diamagnetic when in the superconducting state.
When a superconductor is placed in a magnetic field
low enough not to destroy its superconductivity,
currents are produced in the surface layers and the
magnetic field in the interior of the sample remains
zero. Thus, we may say that superconductors are
perfectly diamagnetic.

34-4 PARAMAGNETISM

Paramagnetic substances are those for which y.
is positive and u. is slightly greater than unity.
Paramagnetism occurs in substances that possess a
permanent magnetic moment. In the absence of an
external magnetic field, the atomic dipoles point in
random directions, and there is no resultant mag-
netization. When a field is applied to the substance,
the atomic dipoles orient themselves parallel to the
field. This gives a net magnetization parallel to the
field and a positive contribution to the susceptibil-
ity. This positive contribution is affected by temp-
erature, since thermal agitations affect the random-
ness of the orientations of the dipoles. At a low
temperature, there is less thermal agitation, thus
giving less random orientation, which permits
greater magnetization for a given field. The temper-
ature dependence of y. for paramagnetic sub-
stances is given by an empirical relation known as

Curie’s law,

C

Xm = 7 (34-13)

where C is a constant and T is the absolute temper-
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ature. This relation is good for paramagnetic gases
at ordinary field strengths and temperatures, where
the interaction of the molecules is negligible.

For liquids and solids, where the interaction of
the molecules may be large, a modified Curie law
called the Curie-Weiss law is used.

C

Xm =T g (34-19)
where 6 is the Weiss temperature and is charac-
teristic of the substance. It may be positive or nega-
tive. The equation only holds for T > 8, and for
many substances no single equation holds over a
wide temperature range. Of the common gases,
only oxygen and nitric oxide are paramagnetic.
Most solids have filled electron inner shells and are
diamagnetic. Exceptions are compounds of transi-
tion elements, which have unfilled electron shells. It
should be mentioned again that diamagnetism is
also present in paramagnetic substances, but its
presence is masked by the stronger paramagnetic
effect. The magnetic behavior of metals is even
more complex. In metals, the bound electrons are
attached to positive ions, which (except in the
transition group) have filled electron shells and are,
therefore, diamagnetic. The conduction electrons
give rise to a diamagnetic and paramagnetic effect,
both of the same order of magnitude and both inde-
pendent of temperature. Exceptions are ferro-
magnetic metals such as iron, nickel, cobalt, along
with many alloys.

34-5 FERROMAGNETISM

Ferromagnetic substances are those for which ..
is positive and large, and u, is much greater than
unity. In ferromagnetic materials, the permeability
is not a constant but is a function of temperature
and magnetic field. Ferromagnetic substances are
all solids. Their magnetic properties change ab-
ruptly at a certain temperature called the ‘““‘Curie
point.”’ Above the Curie point, x.. is independent of
field strength and follows the Curie-Weiss law ap-
proximately. Below the Curie point, very large val-
ues of magnetization are produced by quite small
fields, and the magnetization varies nonlinearly
with field strength, which means that the permeabil-
ity varies with field strength. Figure 34-2 is a typical
magnetization curve for a ferromagnetic material.
This curve is not reversible. If the material is in-
itially unmagnetized, and an increasing field H is
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Figure 34-2 Magnetization curve for a ferromagnetic
material.

applied, B follows the solid curve 0S and reaches a
saturation value B.. If the field H is now reduced, B
follows the broken curve SS’. When H=0, B still
has a finite value, known as residual induction. As
the field is increased in the reverse direction, B
decreases and finally becomes zero. The value of
this reversed field to make B =0 is called the co-
ercive force. If we continue to increase the field Hin
the reverse direction, a reverse induction B is set
up, which reaches a saturation value B; = —B,. If
the field is now again increaséd in the positive di-
rection, B will follow the broken curve S'S, and we
have what is called a hysteresis loop or cycle traced
out by the broken curve.

A detailed explanation of ferromagnetism is
beyond the scope of this book, so only a brief qual-
itative description will be attempted here. Fer-
romagnetic substances contain atoms with perma-
nent magnetic dipoles. Groups of these atomic di-
poles point in the same direction. These groups are
called “domains.” In the unmagnetized material,
the domains are oriented at random, so there is no
resultant magnetic moment in any direction. When
a magnetic field is applied, the domains where the
magnetization is parallel or at a small angle with the
direction of the field grow at the expense of those
where the magnetization is anti-parallel, and the
boundaries of the domains are displaced. It is pos-
sible to map out domain boundaries and to detect
the shifting of domain orientation experimentally.

There are two classes of ferromagnetic materials:
(1) magnetically soft materials, which have a high
permeability and are easily magnetized and demag-
netized, and (2) magnetically hard materials, which

have a relatively low permeability and are difficult
to magnetize and demagnetize.

34-6 THERMOELECTRICITY

In 1821, Seebeck discovered that a current flows
in a simple circuit composed of two different
metals, when the junctions are maintained at differ-
ent temperatures. A thermocouple, a temperature
measuring device that utilizes this effect, is illus-
trated in Figure 34-3. The extended junctions are
temperature probes composed of metals A and B
twisted together. Since a steady current flows in the
circuit, an emf must exist. This emf is called a
thermal emf because it is produced by a difference
in temperature between the two junctions. The
effect is called the Seebeck effect.

The Seebeck current is due to the fact that the
density of free electrons in a metal depends on the
temperature and is different for different metals.
Therefore, when two different metals are con-
nected to form two junctions and the junctions are
at different temperatures, electron diffusion at the
junctions takes place at different rates, and there is
a net flow of electrons from one junction to the
other. In terms of energy considerations, energy is
absorbed from the heat source at the hot junction,
which is in part liberated to the surroundings at the
cold junction, the remainder being converted into
electrical energy in the circuit.

In 1834, Peltier discovered that if a current from
an external source is sent through a circuit com-
posed of two different metals (similar to a ther-
mocouple), one junction warms up and the other
cools, which means that heat is absorbed at one
junction and liberated at the other. The heat
absorbed or liberated at a junction between two
metals depends on the direction of the current. If
the Seebeck emf is from metal A to metal B at a

Temperature
probe

Temperature
probe

Metai A

Metal B

Figure 34-3 Thermocouple of metals A and B with
junctions 1 and 2 at temperatures t, and t (t, >1,).



hot junction, an external emf applied in this direc-
tion produces a cooling at this junction and a heat-
ing at the other junction. The heat absorbed or lib-
erated at a junction is dependent on the quantity of
charge that crosses the junction, on the tempera-
ture of the junction, and on the nature of the two
metals.

It was discovered by Sir William Thomson (Lord
Kelvin) that a thermal emf is set up in a metal hav-
ing a temperature gradient. The emf in a section of
the conductor is directly proportional to the differ-
ence in temperature between its ends. It is possible
to explain this effect in terms of our electron gas
model of conducting materials. The density of free
electrons at the hot end of the conductor will be
greater than at the cold end. This will cause the
electrons to migrate from the hot end to the cold
end of the conductor, leaving the hot end positive
and the cold end negative. As a result, an emf
should be produced in the conductor directed from
the cold to the hot end. This is the case for most
metals, but there are some metals in which the emf
is in the opposite direction, an effect for which
there is no simple explanation.

The Seebeck, Peltier, and Thomson effects are all
completely reversible. The Peltier emf, called the
Peltier coefficient (7.s) of a junction of metals A
and B, is defined as the quantity of heat absorbed or
liberated per unit electric charge crossing the junc-
tion. Thus,

TMap = %’, (34-15)

where Hp is the Peltier heat.

The Thomson emf of an infinitesimal length of
wire that has a temperature difference dt may be
written odt, where o is called the Thomson coeffi-
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cient and is defined as the heat absorbed or liber-
ated in this length of wire per unit electric charge
transferred. Thus,

odt = ET,
q

(34-16)
where Hr is the Thomson heat. The Seebeck emf in
a circuit like the thermocouple circuit (Figure 34-3)
is the resultant of two Peltier emf’s and two Thom-
son emf’s. Referring to this thermocouple circuit,

1, 1,

hO'Adt +f| O'Bdt.

L

s = (Tas)y + (84 +f

4

(34-17)

In this equation, the direction of the emf is taken so
that the current flows from B to A at the hot junc-
tion. The above equation is the ‘‘fundamental ther-
mocouple equation.” Since the emf is a function of
the t, and ¢, it is possible to use a thermocouple to
measure temperature if either ¢, or ¢, is fixed.

Example 1. A toroid with a core of relative per-
meability 500 is 1 m in circumference. It has 1000
turns of wire carrying a current of 0.5 amperes.

(a) What is the magnetic intensity?

(b) What is the flux density in the core?

SOLUTION
(a) The magnetic intensity is given by Eq. (34-4),

H-= NTI= —(1000)50;.: amp) = 500 amp/m.

(b) The flux density in the core is given by Eq.
(34-8),

B = pH= (500 nt/amp?)(500 amp/m)

= 25 x 10* webers/m’.

1. What is the magnetic moment of a flat coil of 20 turns, having an area of 5 cm’, and carrying a current of

8 amperes?

2. Consider a cylindrical rod of iron, length L = 60 cm, cross-sectional area A = 5 cm?, which is bent into a
ring with a small air gap ! = 0.1 cm between the ends. If 400 turns of wire, carrying 6 amperes, are wound
around the iron ring, and if the relative permeability of the iron is 5000, what is the magnetic flux inside

the iron?

3. An iron ring of relative permeability 1200 has a mean circumference of 40 cm and an area of 5 cm® The
ring is wound with 350 turns of wire and carries a current of 0.2 amperes.

(a) What is the magnetic intensity in the ring?

(b) What is the flux density in the ring?
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4. A metal ring having 800 turns of wire and a mean diameter of 16 cm carries a current of 0.3 amperes. The

relative permeability of the core is 650.
(a) What is the flux density in the core?
(b) What part of the flux density is due to electronic loop currents in the core?

5. The area of a hystersis loop is proportional to an energy loss. By the consideration of the physical
dimensions of B and H, show that the area of the loop has the units joules/m’.

6. Aniron rod of cross-sectional area 4 cm’ and relative permeability 1000 is bent into a circle with inside
radius 9 cm and outside radius 11 cm. It is wound with 1000 turns of wire per meter and a current of 2
amperes is sent through the wire. Determine the magnetic flux in the iron.

7. A solenoid has a cross-sectional area of 6 cm’ and the magnetic flux density (B) in its air core is
10~ webers/m’. What is the value of B and flux ¢ in the solenoid if an iron core of relative permeability
1000 replaces the air core?

8. The iron rod of Problem 6 is an alloy of relative permeability 10,000 and is wound with 1000 turns of
wire carrying 1 ampere. Find H, B, and ¢.

9. The hysteresis loops for four ferromagnetic alloys are shown in Figure 34-4, all to the same scale. Which
of the materials would make the best permanent magnet? Explain your answer.

(a) (b) (c) (d)

Figure 34-4

10. The current in the windings of a coil of 500 turns wound around an iron ring of relative permeability
1000 and circumference 50 cm is 1 ampere. Calculate:

(a) the magnetic intensity,
(b) the flux density,
(c) the magnetization, and
(d) the magnetic susceptibility.

11. A magnet has a coercive force of 6 X 10° amp/m. It is inserted in a solenoid 10 cm long, having 50 turns.
What current must be carried in the solenoid in order to demagnetize it?

12. Why is Eq. (34-17) the result of two Peltier emf’s and two Thomson emf’s?

13. A closed thermocouple circuit consists of the two thermal junctions and a low resistance galvanometer
all in series. The galvanometer has a resistance of 9 ohms and reads directly in millivolts across its
terminals. The resistance of the rest of the circuit is 1 ohm, and the thermocouple develops an emf of
20 microvolts per degree difference of temperature between the junctions. When one junction is
maintained at 0°C and the other is placed in a molten metal, the galvanometer reading is 5.40 millivolts.
What is the temperature of the molten metal?
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35-1 INTRODUCTION

An alternating current is one that flows alter-
nately in opposite directions in a circuit. When the
current rises from zero to a maximum, returns to
Zero, increases to a maximum in the opposite direc-
tion, and finally returns to zero again, it is said to
have completed a cycle. The time required for the
completion of one cycle is called the period (7).
The number of cycles per second is called the fre-
quency (f) of alternation of the current. The maxi-
mum instantaneous current in either direction is
called the amplitude.

Figure 35-1 is a graph of an alternating current
versus time, where positive values of the instan-
taneous current i represent currents in one direc-
tion and negative values in the other direction. This
graph can be represented by the equation

i = Iy sin 2nft + ¢), (35-1

where I, is the maximum value of the current and f
is the frequency of alternation of the current. ¢ is a
constant angle called the phase angle, which fixes
the value of i at time ¢ =0 relative to its maximum
value.

309

Figure 35-1 Graph of sinusoidal alternating current.

35-2 PROPERTIES AND EFFECTS OF
ALTERNATING CURRENTS AND
EMF'S

The effects of alternating currents and emf’s are
quite different from those due to direct currents and
emf’s. In general, it is possible for the applied emf
and the resulting current not to be in phase. That is,
the current and emf do not have maximum or
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minimum values at the same time. Alternating cur-
rents can flow continuously in a capacitor, while di-
rect currents cannot. In an alternating current cir-
cuit, the simple form of Ohm’s law must be modi-
fied to take care of capacitance and inductance.
Since an alternating current varies from zero to a
maximum value, we may ask what is the effective
value of this current, or, in other words, what is
meant by an alternating current of 1 ampere. Exper-
iment has shown that the heating effect of an elec-
tric current is independent of current direction. As
a result, the heating effect of an alternating current
is taken as the basis for the definition of an ampere.
An alternating current is said to have an effec-
tive value of 1 ampere when it will develop the
same amount of heat in a given resistance as
1 ampere direct current at the same time. If we des-
ignate the effective alternating current by I, then

RI’ = average value of Ri’
or

I = (average of i%)"

=[average of L/ sin’ Qaft + )"

The average value of sin’ @ and cos’ @ per cycle
must be the same since both have the same shape,
where 0 = (2uft + ¢). Since sin’ @ + cos’ @ = 1, the
average value of both sin’8 and cos’ @ is 3. There-
fore,

Iv
I==%=0.707I,
V2 "

In a similar way, we define the effective value of the

(35-2)

voltage V as

Vu
V =M =-0707V,,
V2 "

where Vy is the maximum or peak voltage. Alter-
nating currents and voltages are almost always ex-

pressed in terms of their effective values, which are
sometimes called their “‘root-mean-square” values.

(35-3)

35-3 CIRCUIT WITH RESISTANCE ONLY

In the case of an alternating current circuit that
has only a pure resistance, the instantaneous cur-
rent and voltage are connected by Ohm’s law,

2
R

i= (35-4)
Therefore, if an alternating voltage v = Vy sin 27ft
is across the resistance, the instantaneous current is

i — Y sin 2nft

R = I sin 27ft,

(35-5)
and the current and voltage are both in phase since
they both vary with sin2#ft. This is illustrated
graphically in Figure 35-2(a). The instantaneous
current and voltage values may be represented as
the projection of vectors on the vertical axis, which
are rotating about a common origin with an angular
velocity w = 2#f. Figure 35-2(b) is such a vector
representation showing current and voltage in
phase with one another. Since the effective current
and voltage are each given by I =0.707I,; and V =

(a)

Reference
direction

(b)

Figure 35-2



0.707 Vy, respectively, the relation

(35-6)

is also true.

35-4 CIRCUIT WITH CAPACITANCE ONLY

It was mentioned at the beginning of the chapter
that an alternating current can flow continuously in
a capacitor. It should be pointed out that no current
flows through the dielectric between the plates of a
capacitor. The current in the circuit is due to the
charging and discharging of the capacitor in oppo-
site directions. The current through the circuit is
equal to the time rate of change of charge on the
capacitor, since the current flowing to or from
either plate is the amount of charge transferred per
second. Therefore, if an alternating-current voltage
is applied to the capacitor, the instantaneous charge
on the capacitor is

q = Cv = CVy sin2mft,

and the current i is

%‘tl = dit (CVy sin 2mft)

= 2mfCVy cos 27ft.

i
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The maximum current is obviously
M= z’ﬂffCVM (35—7)
and
i = Iy cos 2mft. (35-8)
Ohm’s law in terms of the effective voltage and cur-
rent is

(35-9)
2#fC

The quantity 1/2afC is called the capacitive reac-
tance (Xc) of the capacitor and has the dimensions
of resistance. Then

\4

I=YC.

(35-10)

Figure 35-3(a) is a graphical representation of the
instantaneous voltage and current equations, and
Figure 35-3(b) shows the phase difference by a
vector representation.

The current and the voltage are out of phase by
90°. The current reaches its maximum one-quarter
period ahead of the voltage. Thus, it may be said
that in a capacitor the current leads the voltage by
90°.

(a

4 Reference
o ft direction

(b)

Figure 35-3
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(a)

Reference
direction

(b)

Figure 35-4

35-5 CIRCUIT WITH INDUCTANCE ONLY

If an alternating-current voltage is applied to a
pure inductance L, the instantaneous potential
difference across it is given by

_ . o di
v = Vy sin 2nft —Ldt
and

di = %’ sin 2#ftdt.

Integration of both sides, gives

. Vu
i=-3 L cos 27ft.
The maximum current is obviously
_ Vu
Iv= TafL (35-11)
and
i = — Iy cos 2aft. (35-12)

Ohm’s law in terms of effective voltage and current
is

A
T 2#fL”

The quantity 2nfL is called the inductive reactance
X, of the inductance. Then,

-V
X

I (35-13)

I (35-14)

Figure 35-4(a) is a graphical representation of the
instantaneous voltage and current equations and
Figure 35-4(b) shows the phase difference by a
vector diagram.

The current and the voltage are out of phase by
90°. The voltage reaches its maximum one-quarter
period ahead of the current. Thus, it may be said
that, in an inductance, the voltage leads the current
by 90°.

35-6 SERIES CIRCUIT WITH RESISTANCE,
CAPACITANCE, AND INDUCTANCE

We shall now consider a circuit with a resistance,
capacitance,-and inductance in series, as illustrated
in Figure 35-5. The instantaneous potential differ-
ence v between the terminals a and b is equal to
the sum of the potential differences across each cir-
cuit element. If we use the voltage-current relations

é

R L

O

Figure 35-5 A series R-L-C circuit.
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for each element, and use the vector diagram for
this type of circuit as illustrated in Figure 35-6 as a
guide, we can obtain a voltage—current relation for
this circuit. Referring to the vector diagram, we see

that
V=IVR*+(X. - Xc)’ (35-15)
or
- . G516
2 -
YR+ (2 wc)
We have introduced the quantity
— R _L)z :
z=R + (2t i)+ O8I

which is called the impedance of the circuit.

The voltage in this circuit can either lead or lag
the current, depending on the relative values of the
inductance and capacitance. From Figure 35-6 the
phase angle is given by the relation

27fL —
tan ¢ = ——ﬂg (35-18)
V.=IX,
N v=1z
- \
\
/” \\
\\ I
Vi—-Ve=LK L")'rc) 2w ft \\
& Va=IR
Reference
direction
Ve =1IXc

Figure 35-6 Vector diagram for a series R-L-C circuit.

Example 1. A series circuit connected across a
110 volt, 60 cycle line consists of a coil with
100 ohms resistance and 0.20 henrys inductance,
and a capacitor of capacitance 100 microfarads.
Calculate:

(a) the current in the circuit,

(b) the phase angle between the current and sup-
ply voltage, and

(c) sketch the vector diagram for this circuit.

SOLUTION
(@) X.=2afL = 2w)(60 cps)(0.20 henrys)
= 75.4 ohms.
1 1
XC = = —5
2wfC  (2mw)(60 cps)(100 x 107" farads)
= 26.6 ohms
Z=VR*+ (X, - Xc)’
=V(1000)" + [(75.4 — 26.6)Q)
=111 ohms
_V_110volts _
I= ARRETITON =0.991 amp.
_ X —Xc_ 75.40-26.60
(b) tan¢ = R - 1000 = (.488
& =26°

Voltage leads the current by 26°.

©

35-7 PARALLEL CIRCUIT WITH
RESISTANCE, CAPACITANCE,
AND INDUCTANCE

Another circuit we will examine is one with resis-
tance, capacitance, and inductance in parallel, as
illustrated in Figure 35-7. In this circuit, the poten-
tial difference across each branch is the same, but

@ R L J-C

i

Figure 35-7 A parallel R-L-C circuit.
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the current through each branch is generally differ-
ent. If V is the effective value of the applied emf,
then the current through each branch of the circuit
is

IR=1%/7

v _Vv

le=— T X’
27fC

=Y _V

L 21TfL XL.

The vector diagram for this circuit is shown in
Figure 35-8. The total effective current in the circuit
is obtained by the vector addition of the component
currents. The magnitude of this current is

1 l 272
I= V[R2+(Xc 7)]

and the impedance is given by the relation

z= (g (z"fc 2nfL)z)4[2

R (w o)

The phase angles (¢) may be computed with the
aid of the diagram.

11
Xe X _

(35-19)

(35-20)

2mfC - 211-fL

tan ¢ = (35-21)

1 1
R R

le

Reference
direction

L

Figure 35-8 Vector diagram for a paraltet R-L-C
circuit.

It should be noted that the signs of Xc and X, are
reversed in comparison with their use in the series
circuit. Why?

35-8 POWER IN ALTERNATING CURRENT
CIRCUITS

The instantaneous power in an alternating cur-
rent circuit is

Vi sin 2rft sin Qwft — ¢), (35-22)

where ¢ is the phase angle between the voltage
and the current, which may be either positive or
negative. The quantity of interest is not the instan-
taneous power, but the average power. We may
transform Eq. (35-22) by the use of the trigonomet-
ric identity

p=vi=

sinasinb = %[cos (a—b)—cos(a+b)],
and obtain the equation

P = 2 Vilulcos & — cos dft — ).

2 (35-23)

In this equation, cos (4mft — ¢) is periodic, alternat-
ing between positive and negative values, so that its
average value is zero. Thus, the average power in
the circuit is given by

P =LVl cos ¢. (35-24)

2
In terms of the effective current I and voltage V,
the average power may be expressed as

P = VI cos ¢. (35-25)

The term cos ¢ is called the power factor of the
circuit. For a pure resistance circuit, ¢ =0 and the
average power is P = VI. For a pure inductance or
capacitance, ¢ =90° and P =0. N
Equation (35-23) may be put in the form

p = VI[(1 — cos 4mft) cos ¢ + sin4xft sin ],
(35-26)

by expanding the variable term and replacing Vi
and Iy by V and I The first term in the square brac-
kets represents the fluctuating power dissipated
into heat, for this term is non-negative and exists
alone if the component has a pure resistance. The
second term represents the power alternately
stored in a circuit component and released to the
circuit, for this term changes sign and is the only



term present if the component has a pure reactance.
An ideal capacitor stores energy in the form of an
electric field and an ideal inductor—in the form of a
magnetic field. The peak power involved in energy
storage is

Ps = VI sin ¢. (35-27)

This is called reactive power. To help distinguish
reactive power from instantaneous or average
power, different units are used. For instantaneous
or average power, the unit is the watt if the current
is in amperes and the electromotive force or poten-
tial difference is in volts, while, by convention,
reactive power is left in volt-amperes.

35-9 RESONANT CIRCUITS

Equation (35-17) is the expression for the impe-
dance of a series AC circuit. It is evident that for a
given value of the resistance R, the impedance Z is
a minimum when

_ 1
2mfL = 27fC”

This happens when the frequency is

_ 1
AZWVLC,

where fz is called the resonant frequency of the cir-
cuit. We then have what is called a resonant circuit.
For this particular frequency, the impedance re-
duces simply to the resistance, i and v are in phase,
and the current-voltage relationship is as given by
Ohm’s law for a direct current circuit. Also, at the
resonant frequency, the current is a maximum, and
the voltages across the capacitance and inductance
are equal and opposite, so the phase angle is zero.

It is also possible to have a resonant parallel cir-
cuit. Equation (35-20) is the expression for the im-
pedance of a parallel AC circuit. It is evident that,
for a given value of the resistance R, the impedance
Z is a minimum when

1
2nfC =3l

fr (35-28)

which leads again to

_ 1
fr 27VLC
It should be noted from Egs. (35-19) and (35-20)
that in a resonant parallel circuit the impedance is a
maximum and the current is a minimum.

(35-29)
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Since the capacitance and inductance of a circuit
can be varied, the resonant frequency can also be
varied. Resonant circuits are of great importance in
radio and television. They provide a means by
which one particular frequency can be selected so
as to respond to the signal of a desired station.

35-10 THE TRANSFORMER

An alternating current has the advantage over di-
rect current in that its voltage can be changed in
any desired ratio by means of a transformer. This is
the reason why alternating current is used almost
universally for power transmission.

A transformer consists of two separate coils
wound on opposite sides of a common iron core as
illustrated in Figure 35-9. The coil to which the cur-
rent is supplied is called the primary coil, and the
coil from which the current is delivered is called the
secondary coil. An alternating current is induced in
the secondary coil by the changing magnetic flux in
the primary coil due to the impressed alternating
current in the primary coil. If we let N, equal the
number of turns in the primary coil and N; the
number of turns in the secondary coil, respectively,
and assume that the magnetic flux (¢) is the same
throughout the iron core, then the primary flux link-
age is N,¢ and the secondary flux linkage is N.¢.
Since the flux is varying, an induced emf is pro-
duced in both coils that is proportional to the rate of
change of flux, and we have

i
v = @ (35-30)
P dt

The rate of change of flux will be the same in both
coils, since the change in both coils is due to the
same source, an alternating current at a definite fre-

L 20N

O—
n<~——-
<J

en——
A o

171771
TI17T

&

[z—{ron core

Figure 35-9 Schematic diagram of a transformer.
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quency. Therefore, Eq. (35-30) becomes

Y._N
V. N,

Thus, the ratio of the secondary voltage to the
primary voltage can be controlled by the choice of
the number of turns on each coil.

The power loss in a transformer is usually quite
small, and it can be shown that the current and volt-
age are nearly in phase. We can therefore arrive at
the following approximate relations, namely,

(35-31)

VI, = V,I,
and
L_V._N, :
L-V." N (35-32)

Equation (35-32) points out that the voltage ratio is
the same as the ratio of the number of turnms,
while the current ratio is the inverse ratio of the
number of turns.

Example 2. A series circuit includes a resistor of
resistance 20 ohms, a capacitor of capacitance 30
microfarads, and an inductor of inductance
0.30 henrys. Impressed upon this is a 60 cycle AC
voltage whose effective value is 120 volts. Calcu-
late:

(a) the inductive reactance,

(b) the capacitive reactance,

(c) the impedance,

(d) the effective current in the circuit,

(e) the phase angle,

(f) the power factor,

(g) the power dissipation in the circuit,

(h) the maximum instantaneous voltage applied
to the circuit,

(i) if the frequency of the supply voltage could
be changed, the resonant frequency,

(i) when in resonance the current in the circuit,
and

(k) the voltage drop across the capacitor at res-
onance.

PROBLEMS

SOLUTION
(a) X =27nfL = (2w)(60 cps)(0.30 henrys)
=113.1 ohms.
®) Xe=5 = :
2xfC ~ (2m)(60 cps)(30 X 107 farad)
= 88.3 ohms.

(©) Zc =VR™+(X. - Xc)
=V(20Q)’ + (113.10 — 88.3Q)°

= 32 ohms.
V_ 120 volts _
@ I= 7= "m0 - 3.75 amp.
aXe—Xe_ |, 2480

(e) ¢ =tan R tan 200 = 51.1°

) cos ¢ =cos 51.1°=0.628.

(g P=VIcosd
= (120 volts)(3.75 amp)(0.628) = 282 watts.

(h) Vi = V2V = (1.414)(120 volts) = 169.5 volts.
D fo= 1
" 2mxVLC
_ 1
27 V(0.30 henrys)(30 X 107 farad)
-1 _ -
= 6nx 10_3-—53 sec”.
. _V_120volts _
3g) I—R =500 =6 amp.
I
V2afC
_ 6 amp
V(2m)(53 cps)(30 X 10°° farad)
= 60 volts.

k) V=IXc=

1. In a series R-L-C circuit, R = 80 ohms, X; = 100 ohms, and Xc = 40 ohms. What is the impedance of

the circuit?

2. An AC circuit has a resistance of 500 ohms, an inductor of inductance 5 henrys, and a capacitor of

capacitance 20 microfarads all in series.

(a) At a frequency of 60 cps, what will be the power supplied to this circuit if Vi =220 volts?

(b) At what frequency will resonance occur?
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3. A resistor of resistance 8 ohms is connected in a series circuit to an inductor of inductive reactance
8 ohms.
(a) What is the impedance of this circuit?
(b) Does the current lag or lead the voltage?
(c) What is the phase angle?
4. Every inductor has a resistance due to the wire in its windings. With reference to Figure 35-10.
(a) Calculate the effective current in the cir-

cuit. VAN
(b) Calculate the average power in the circuit. R=40 ohms
L =0.1 henry
@ V =28 volts
f =400cps
R.=20 ohms

Figure 35-10

5. A series circuit consists of an 8 ohm resistor, a 12 ohm inductor, and a capacitor. A 60 cycle AC is
impressed across this circuit.
(a) What capacitance will cause this circuit to be in resonance?
(b) What will be the phase angle between the current and the voltage when the circuit is in resonance?

6. A series AC circuit has an impedance of 50 ohms and a power factor of 0.60 at 60 cps, the voltage
. lagging the current.
(a) Should an inductor or a capacitor be placed in series with the circuit to raise its power factor?
(b) What size element will raise the power factor to unity?

7. (a) An AC series circuit contains a resistance of 200 ohms, an inductance of 10 henrys, and a
capacitance of 2.5 microfarads in series with a variable frequency generator. What is the resonant
frequency of the circuit?

(b) If the applied voltage in part (a) has a peak value of 200 volts, what is the effective current at
resonance?

8. An AC series circuit consists of a generator, which provides an effective voltage of 500 volts at
2000 rad/sec to a resistor with a resistance of 150 ohms, an inductor of inductance 0.4 henrys, and a
capacitor of capacitance 0.5 microfarads. Calculate:

(a) the reactance of the circuit,

(b) the impedance of the circuit,

(c) the effective current and current amplitude,

(d) the power factor and average power dissipation, and
(e) draw the vector diagram of the circuit roughly to scale.

9. A resistance of 80 ohms, an inductance of 0.4 henrys, and a capacitance of 100 microfarads are
connected in series with an AC source whose angular frequency is 250 rad/sec. The effective current is
1 ampere.
(a) Calculate the reactances X; and X: of the circuit.
(b) Calculate the effective voltage and the voltage amplitude.
(c) Draw the vector diagram of the circuit roughly to scale.

10. The mutual inductance of a transformer is 0.50 henrys. Find the expression for the voltage induced in
the secondary coil when the primary coil carries an alternating current I, = 0.2 sin wt.
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11. A series circuit includes a resistor of resistance 5 ohms, a capacitor of capacitance 20 microfarads, and

12.

13.

14

15.

16

17.

18.

an inductor of inductance 0.50 henrys. Impressed on this is an AC voltage whose effective value is
120 volts and whose frequency is 60 cps. Calculate:

(a) the impedance,

(b) the effective current,

(c) the power factor, and

(d) the power dissipation in the circuit.

For the circuit shown in Figure 35-11, it is de-
sired that the current I, shall lead the current I,

by 30°. What must be the value of R, if L, = L L
12henrys, L,=7henrys, R,=30ohms, f is ! 2
1000 cps, and V) is 68 volts? @ 2 A

R, R,

Figure 35-11

A resistance of 400 ohms, a pure inductance of 0.55 henrys, and a capacitance of 4 microfarads are
connected in series with an AC source whose effective voltage is 100 volts. The angular frequency is
1000 rad/sec. Calculate:

(a) the reactance of the circuit,

(b) the impedance of the circuit,

(c) the effective and peak currents,

(d) the voltage across the resistor,

(e) the voltage across the capacitor, and

(f) the power dissipated in the circuit.

A resistance of 100 ohms, a capacitance of 10 microfarads, and a coil having a resistance of 200 ohms
and an inductance of 0.5 henrys are connected in parallel to a 110 volt 60 cps power line. Calculate:

(a) the current in the circuit and

(b) the power supplied by the line.

A series circuit connected across a 200 volt 60 cps line consists of a capacitor of capacitive reactance
30 ohms, a resistor of 44 ohms, and a coil of inductive reactance 90 ohms and resistance 36 ohms. Calcu-
late:

(a) the current in the circuit and

(b) the potential difference across each unit.

If the circuit in Problem 15 consisted of all the units in parallel, what would be the current in the circuit?

A step-down transformer operates on a 2200 volt line and supplies a load of 20 amperes. The ratio of the
secondary to primary windings is 1:20. Determine:

(a) the secondary voltage,

(b) the primary current, and

(c) the power output.

A toroidal coil has a 1000 turn primary and a 5 turn secondary wound on an iron ring. The rate of change
of flux is 0.5 webers/sec in the core. Certain information is missing; hence, you cannot calculate all of
the following quantities:

(a) voltage across the secondary,

(b) voltage across the primary, and

(c) permeability of the core.

For each guantity, calculate the value or list the missing data, and show how the calculation could be
made had all the data been given.
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36-1 INTRODUCTION

Clerk Maxwell condensed all of electromagnetic
field theory into four field equations. In recognition
of this outstanding contribution to electromagnetic
theory, they are called Maxwell’s equations, and
they govern all macroscopic electromagnetic
phenomena. Maxwell developed these equations by
cotrelating the expressions for electric and magne-
tic fields based on Gauss’s, Ampere’s, and Fara-
day’s laws, which we have previously discussed.
The equations used in either the differential or in-
tegral form are applicable to time dependent as well
as constant fields, and lead to expressions for elec-
tromagnetic waves, which we shall discuss later in
this chapter.

36-2 MAXWELL’'S EQUATIONS*

Gauss’s law was written in Chapter 30 in the fol-
lowing form:

3q

€

i E-ndA = (36-1)

which may be written

tThe vector relationships required in this chapter are
discussed in Appendix I.
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§ E - ndA =Q, (36-2)
A €

where Q = 2q. This is one of Maxwell’s equations
in integral form. For a continuous charge distribu-
tion, either Eq. (36-1) or (36-2) may be written

§ E-ndA=l§ pdv,
A €0 Jo

where p is the volume charge density inside the
volume v enclosed by the Gaussian surface.

The divergence theorem in vector analysis states
that, for any vector function F,

(36-3)

§ F-ndA=§ V-.Fdy, (36-4)
A 3

where dv is any volume element enclosed by the

surface area A. If we apply this theorem to Eq.
(36-3), it becomes

1

€ Jy

§ V:-Edv = pdv. (36-5)
A

Since we are integrating over the same volume, the
integrands are equal, and we obtain the equation

p

€o

‘E= (36-6)

or
P

divE=—,
€9
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which is the differential form of Maxwell’s Eq.
(36-2).

Ampere’s law for a complete circuit was given by
Eq. (32-4) of Chapter 32 as

I[{dl xF?F
Q‘—;’r T"’ (36-7)

B=
which tells us that the lines representing B are
circles about the axis of a current element. In Chap-
ter 33, we saw that

§B-ndA =0, (36-8)
since magnetic induction lines are closed lines and
every line entering a closed surface must leave it.
Equation (36-8) is another of Maxwell’s equations
in integral form. Since, from the divergence
theorem,

§ B -ndA =§ div Bdy,
A [

thus
divB=0 (36-9)
or

V-B=0,

which is another of Maxwell’'s equations, Eq.
(36-8), in differential form.

In Chapter 33, we discussed Faraday’s law,
which is expressed in analytical form in that chap-
ter by Eq. (33-4); namely,

¢ _do

dt’ (36-10)

where € is the induced emf and ¢ is the magnetic
flux. Also
d>=§ B-ndA (36-11)
A
and

€ =§E-ds, (36-12)

Eq. (33-1) and Eq. (29-8), respectively. Substituting
Egs. (36-11) and (36-12) into Eq. (36-10), gives
§E-ds=——‘1§ B - ndA, (36-13)
dt Ja

which is another one of Maxwell’s equations in in-
tegral form. By Stoke’s theorem,
§E-ds=§ curl E - ndA. (36-19)
A

Furthermore, the time and space coordinates are in-

dependent variables. Therefore, Eq. (36-13) can be
rewritten in the form
§ curlE-ndA =—¢ 2B.144. @615)
A A dt
Since this equation holds for any surface area, the
integrands must be equal, giving the differential
form of Maxwell’s equation [Eq. (36-13)]

dB
curlE————-—dt (36-16)
or
dB
VXE= —‘I.

We will now derive the remaining Maxwell’s
equation. In Chapter 33, we derived Ampere’s
law—namely,

§B-ds=p.ol, (36-17)
where I is the total current passing through any sur-
face bounded by the path. In general, I is the sum
of the true or conduction current Ic and the dis-
placement current Ip. Since B = uH for free space,
we may write Eq. (36-17) as
*H-ds=IC +In, (36-18)
which is the final Maxwell equation in integral
form. It may be written in terms of current densities

as

§H-ds=§ j-nda+¢ 2. 144
A 4 dt

(36-19)
where j is the conduction current density and d D/dt
is the displacement current density. By Stoke’s
theorem, Eq. (36-19) can be written

db ndA.

§ curl H - ndA =§ i*ndA+
A A A dt
(36-20)

Since this equation holds for any surface, the integ-
rands must be equal, giving the differential form of
the above Maxwell equation

curlH=i+%:—) (36-21)
or
., dD
VxH=j+ TR

Equations (36-19) and (36-21) tell us that the dis-
placement current density dD/dt has the same



effect in producing a magnetic field as does the con-
duction current density j. For steady currents, Egs.
(36-19) and (36-21) reduce to

§H-ds=§ j-ndA
A

curlH=j,

(36-22)

and
(36-23)

respectively. Let us consider the space between the
plates of a capacitor which is being charged. Here
there is no conduction current between the plates
but, since the voltage between the plates is changing
with time, there is a displacement current between
them; Egs. (36-19) and (36-21) become

§n-ds= 4D L 4a  (3624)
A dt
and
_dDb
curlH= ar’ (36-25)
respectively.

36-3 THE WAVE EQUATION

One of the most important applications of Max-
well’s equations is the derivation of the elec-
tromagnetic wave equation. It is possible to derive
a wave equation for each of the field vectors E, H,
B, and D. Let us derive the wave equation for the
field vector E. We first take the curl of Maxwell’s
equation for the field vector E—namely, curl E =
— dB/dt. This gives

curl curl E=— ;% curl B. (36-26)
By the use of the theorem
V’A =grad div A — curl curl A,
we can write
culcurlE=graddivE-V’E. (36-27)

Substituting Eq. (36-27), Maxwell’s equation
curlH=j+ (dD/dt) and B = pHinto Eq. (36-26), we
obtain

. 2
di_ 9D (36 8)

graddivE—V2E=—u.dt— 3

If the field is uniform, the medium obeys Ohm’s
law, and the susceptibility is independent of the
field intensity, then we can show that

divE=0,
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j=oE, and D=¢E.

By substitution of these equations into Eq. (36-28),
we get

3’E JE
25 — _—
VE - pne o Mooy 0.

(36-29)
This is the three-dimensional wave equation for E
in an absorbing medium. It will be left as a problem
to derive the wave equation for each of H, B, and D.
These equations are similar to Eq. (36-29). All four
equations can be written collectively as

E
3’ 3\ H
(Vz—u.e?—u.trﬁ) B =0. (36-30)
D

In a medium in which the absorption or power
loss to the medium is zero, the conductivity (o) is
also zero, and Eq. (36-29) may be written

E 1

_
P e V’E. (36-31)
Let us introduce a quantity v such that
yoLl
ne
and
2
‘Z—f = v'VE. (36-32)

Dimensionally, Eq. (36-32) in MKS units is

volts 2 volts
meters seconds’ = meters’
so that
_ Imeters
" second’

Thus, it appears that v has the dimensions of speed.
This speed is characteristic of the medium, being
dependent on the constants u and ¢. We may,
therefore, write

1

Ve

The index of refraction n of a medium, as indicated
in Eq. (10-26), is

1

v (36-33)

£ = u'e = u_ €,
v V' Wo€o ’
where c is the speed of electromagnetic radiation in

space, u, is the relative permeability, and €,—the
relative permittivity of the medium.

n= (36-34)
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We have shown in this section that the elec-
tromagnetic field quantities have the attributes of
wave phenomena. That is, they satisfy a wave equ-
ation and their speed of propagation is directly re-
lated to the medium in which they propagate. In the
next section, we discuss in more detail the nature
and energy of electromagnetic waves.

Example 1. Polystyrene has a relative permea-
bility (u,) of 1 and a relative permittivity (e,) of
2.70. Find the index of refraction for polystyrene,
and the speed of electromagnetic waves in poly-
styrene.

SOLUTION
n = Ve =V@270) = 1.65
3 x 10° m/sec
Speed = —S— =
P V €, 1.65

=1.82 % 10°* m/sec.

36-4 THE NATURE AND ENERGY OF
ELECTROMAGNETIC WAVES

A system of traveling electric and magnetic fields
comprises what is called an electromagnetic wave.
There is no microscopic vibration of a material sub-
stance taking place, but only an alternation of the
electric and magnetic field. An electromagnetic
wave can travel through empty space, that is,
energy can be transmitted through empty space.
This energy transmission through space by an elec-
tromagnetic wave must be related to the energy as-
sociated with electric and magnetic fields, which we
described previously. We saw in Chapters 30 and 33
that the energy per unit volume stored in an electric
and magnetic field in empty space is equal to } ,E’.
and (1/2u0)B? =3u.H?, respectively. The simplest
form of an electromagnetic wave is one in which
the electric field E and the magnetic field H vary
sinusoidally in space and time, are at right angles to
one another, have the same frequency, and are in
phase. This kind of electromagnetic wave is called a
plane polarized wave. Here, the total energy per
unit volume, W/v, at any point is given by

1
2

The E vector oscillates in one plane and the H
vector in a plane perpendicular to it, as illustrated in
Figure 36-1. Therefore, the energy flow associated
with the electromagnetic wave also oscillates and is

Wio =%50E2+ poH™.

Envelope of electric
y intensity vectors

|
/ s

H Wave motion

Envelope of magnetic induction vectors

Figure 36-1 A simple electromagnetic wave.

best represented by a vector (S in Figure 36-1). The
sense of this vector gives the direction of energy
flow, and the length of the vector gives the mag-
nitude of the energy flow per unit area, per unit
time, across a plane perpendicular to the vector.
Although we will not prove it here, the rate at which
this energy per unit area is transported is given by

S=ExH.

The vector S is called the Poynting vector. We see
that, for energy to be transported in an elec-
tromagnetic field, we must have an electric and a
magnetic field not parallel to one another. Why? It
is worth repeating that E and H are not independent
of one another. The change in E gives rise to H, and
the change in H gives rise to E. In electrostatics, the
Poynting vector is zero since a static charge does
not produce a magnetic field.

Example 2. If the earth has a downward electric
field of 100 volts/m at the Equator and a northward
magnetic field of 40 amperes per meter, what is the
Poynting vector?

SOLUTION
Since E is perpendicular to H, the magnitude of S
is EH. Therefore,

S = EH = 100 volts/m X 40 amp/m
= 4000 watts/m’.
The direction of S by the right-hand screw rule for

vector products applied to the diagram following is
east.



36-5 THE ELECTROMAGNETIC SPECTRUM

Electromagnetic waves exist with all possible
wavelengths, from the longest radio waves of about
10° m to the shortest gamma rays of about 107" m.
The shorter wavelengths are usually measured in
either angstroms (1A =10" m) or X-ray units
(1XU=10"m). The electromagnetic spectrum
has no definite upper or lower limit, and the spec-
trum regions overlap. Table 36-1 gives the approxi-
mate wavelength limits of the different types of
electromagnetic waves and how each is produced,

Table 36-1 The Electromagnetic Spectrum.

The Electromagnetic Spectrum 323

detected, or used. Light is defined as the portion of
the electromagnetic spectrum that is capable of
affecting the eye’s sense of vision and ranges from
about 4300 A to about 6900 A.

We have previously discussed light in some de-
tail. However, we have said little on the other por-
tions of the electromagnetic spectrum. At the long
wavelength end of the spectrum, we have radio
waves. An antenna is used to produce the waves.
The size of the antenna depends upon the
wavelength to be transmitted. Antenna designers
have found that antennas about one-quarter the
wavelength give efficient transmission. Thus, anten-
nas can vary in size from 100 m in length for long
wave radio transmission to a few centimeters for
some radar sets operating in the microwave region.

Thermal radiation is produced by heating a solid.
When the solid is heated, it first appears a dull red,
and its spectrum is almost wholly in the red. As its
temperature is increased, its spectrum extends to
include all the spectral colors from red to violet.
The shorter the wavelength or the higher the fre-
quency of the radiation emitted, the greater the
energy. Figure 36-2 is a distribution of the energy in
a continuous spectrum of thermal radiation for
different temperatures of the source.

Infrared radiation is given out by most ordinary
light sources. About 95% of the radiation given out
by an ordinary incandescent lamp is in the infrared

Approximate How
Kind of units of How detected
radiation wavelength produced or used
Radio waves 10°- 10" m Oscillating electronic Radio, radar, television
circuit
Thermal radiation 10 —8x 107" m Hot bodies Heat effects, thermopile
Infrared light $5x107°—8% 107" m Light sources Heat effects, photography
Visible light 7000-4000 A Light sources Eye, photography, photo-
electric cell
Ultraviolet light 4000-50 A Electric spark, gas dis- Photography, photo-
charge, the sun electric cell, ionization,
fluorescence
X-rays 50,000-100 XU Electron impact on solid Photography, ionization,
bodies fluorescence
y-rays 100-6 XU Radioactive materials Ionization, photography
Cosmic rays 0.7-0.4 XU Bombardment of earth’s Ionization, nuclear

atmosphere by high

disintegration

energy particles from
outer space
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Figure 36-2 Distribution of energy in the continuous
spectrum of thermal radiation, for different tempera-
tures of the source.

region. The spectrum of both thermal radiation and
infrared radiation can be studied by means of a
thermopile. A thermopile consists of a large
number of copper-bismuth thermocouple junctions
in series, one set of junctions being exposed to the
radiation, while the other set is protected. The cur-
rent produced is proportional to the radiant energy
received by the instrument. The spectrum of in-
frared radiation can also be studied by means of
specially prepared photographic plates and coarse-
ruled diffraction gratings.

The greatest source of ultraviolet radiation ob-
served on the Earth is the Sun. Ultraviolet radiation
in ordinary light has an important effect on animal
health. When absorbed by the skin, it causes chemi-
cal reactions that are usually beneficial to the
health. One of these reactions is the generation of
vitamin D in both animal and vegetable tissue.
However, overexposure to high frequency ul-
traviolet radiation can cause burns to the tissue,
especially such sensitive tissue as that of the eye.
As mentioned in Table 36-1, the ultraviolet portion
of the spectrum can be studied by means of photo-
graphy, ionization, and fluorescence. In fluores-
cence, the emitted wavelength is longer than the

JHIM"“

- SOURCE OF HIGH POTENTIAL

Figure 36-3 X-ray tube.



wavelength absorbed, so that when ultraviolet light
falls on a fluorescent material, visible light is emit-
ted permitting the detection and study of the ul-
traviolet radiation.

X-rays are produced by accelerating electrons in
a vacuum tube. Figure 36-3 shows an X-ray tube.
Electrons are emitted by the hot filament F, accel-
erated across the tube striking a target T, usually
made of some heavy metal. The electrons are accel-
erated by a constant high potential placed across
the tube. The high energy electrons, on hitting the
target, cause it to radiate X-rays. X-rays affect a
photographic plate, ionize gases, cause some mater-
ials to fluoresce, and can be detected and studied
because of these properties. For the lighter ele-
ments, the absorption of X-rays is directly propor-
tional to the electron density in the absorbing ma-
terial. It is this property of materials that makes
possible the successful application of X-rays to
medicine and industry. For example, if a part of the
body is placed between a beam of X-rays and a

PROBLEMS
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photographic plate, the photographic plate will
show shadows of the bones, since the bones ab-
sorb X-ray radiation to a greater extent than the
flesh.

Gamma (y-) rays are emitted by radioactive ma-
terials and have a greater penetrating power than
ordinary X-rays. They affect a photographic plate
and will ionize gases like X-rays. The y-rays of
radioactive elements are very often used in treat-
ment of cancer, although the use of very short
wavelength X-rays for such treatments has in-
creased.

Cosmic rays are present all over the Earth and
come from outer space. In spite of many experi-
mental investigations, the origin of cosmic rays is
still not completely understood. When they reach
the Earth’s surface, the rays consist of elec-
tromagnetic radiation of shorter wavelength than
v-rays along with high energy charged particles.
They can be detected by such devices as ionization
chambers and Geiger counters.

1. A parallel plate capacitor of area A is connected to a voltage source that increases slowly and linearly

with time. Find an expression for
(a) the displacement current density and

(b) the displacement current at a point between the plates.
2. Starting from Maxwell’s equations, show that the electric field intensity due to a point charge g is given

by
E

LY (%4

('

Fo.

(&

3. Paraffin has a relative permittivity e, of 2 and a relative permeability p, of 1. Find:

(a) the index of refraction for paraffin and

(b) the speed of electromagnetic waves in paraffin.

. Write out Maxwell’s equations in terms of E and H only for a non-homogeneous medium in which € and
u are functions of the coordinates.

. Develop the wave equation in E for a plane wave traveling in the y-direction with E in the z-direction.

. Given a plane monochromatic wave traveling in a linear, isotropic homogeneous medium, show that the
electric and magnetic energy densities are equal.

. A plane electromagnetic wave, having an electric field of magnitude E = 100 volts/m, is traveling in a
non-conducting medium of relative permittivity 9 and relative permeability unity. Find:
(a) the velocity of the wave,
(b) the index of refraction of the medium, and
(c) the energy density of the wave in the medium. Hint: Refer to Problem 6.

. A low frequency radio wave is incident upon a body of distilled water of relative permittivity 9 and
relative permeability unity. Find:
(a) the speed of the wave in the water and
(b) the index of refraction of the water.
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9. Derive Snell’s law for light refraction through the consideration of polarized plane light waves incident
obliquely at a plane dielectric interface.
10. A plane radio wave travels in the x-direction and is plane-polarized with its electric field vector in the
z-direction. Its frequency is 10° cps. The average power propagation by the wave is 16 watts/m’. Find:
(a) the wavelength of the wave and
(b) the effective values of E and H for this wave.
11. Calculate the Poynting vector for a plane wave in free space having an effective electric field of 50
microvolts/m.
12. A wire of diameter 2 mm, resistivity 10~ ohm/m, carries a current of 5 amp. Calculate the component of
. the Poynting vector (S) perpendicular to the wire.
13. Lines of magnetic induction are always closed. They neither originate nor terminate at any point, and as
many flux lines enter a volume as leave it. Assuming the preceding statement is true, prove Maxwell’s

equation
V-B=0.

14. A radar transmitter emits a 10 kilowatt pulse lasting for 107 seconds. At a certain distance from the
transmitter, the area of the wavefront is 0.5 km’. Find the average energy density within the pulse.
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APPENDIX | VECTOR ANALYSIS

1 Vector Quantities and Vectors

Vector quantities have magnitude and direction,
for example, force, displacement, electric field, etc.
The complete specification of a vector quantity re-
quires (1) a unit for the quantity, (2) a number stat-
ing how many times the unit is contained in the
quantity, and (3) a statement of direction.

Vectors are directed line segments or arrows
used to represent vector quantities. The length of
the line segment gives the magnitude and its sense
the direction of the vector quantity.

2 Addition and Subtraction of Vectors

Vectors may be added by two methods: the
polygon method and the method of components,
which will be discussed briefly in the next section.
In the polygon method, the tail of the second vector
is joined to the head of the first vector, the tail of
the third to the head of the second, and so on,
keeping their direction as given. The sum of the
vectors is a vector drawn from the tail of the first
vector to the head of the last vector. Figure 1
represents the addition of two vectors A and B. C is
the sum of the two vectors

A+B=C
or

B+A=C. m

327

Figure 1 Vector addition.

Therefore, the sum of the two vectors is commuta-
tive.

Subtraction of the vector B from the vector A is
defined as the addition of the negative vector — B to
A. Thus,

A-B=A+(—B).

The sum of any number of vectors is associative.
That is, vectors may be added in any desired
manner.

R=(A+B)+C=A+B+C)=(A+C)+B. (2)
3 Components of a Vector

Vectors may be conveniently represented in Car-
tesian coordinates by means of the unit vector con-
cept. A unit vector is one of unit magnitude.
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Let the vectors i, j, k be unit vectors along with
x-, y-, Z-axes, respectively. A vector A can be con-
sidered to be the sum of the vectors iA,, jA,, and
kA., each of which lies along one of these axes.

A = iAx + jAy + kAza (3)

where A,, A,, and A, are known as the Cartesian
components of A. The sum of vectors A, B, C in
terms of their components can be written

A+B+C=i(A, +B.+C)+j(A, +B,+C,)
+k(A.+B.+C.), @

since the components along the x -axis add directly,
as do those along the y- and z-axis. The magnitude
of the length of a vector A is

A=VA’+A’+ AL 5)

Proof:
Refer to Figure 2.

A’=(0OP)+ A},
(OP)2 = sz + A)'Za
A=A+ A+ A’
A=VA+A + A~

4 The Products of Two Vectors

or

(a) Scalar (Dot) Product. The scalar (dot) pro-
duct is the product of the magnitude of one vector
by the magnitude of the projection of another vec-
tor upon it. The result is a scalar, and the process is
commutative; that is,

A-B=B-A. (6)
z
AT 2
A o
e 'z e 1
b il 1
i A i 1
ta 8 b y
39~ et
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x

Figure 2 Cartesian components of a vector.

Consider the scalar product of the two vectors A
and B as shown in Figure 3.

A-B=B-A=ABcos . )]

IfA-B=0,then A=0,B=0,or A is perpendicular
to B. If A-B= AB, then A and B are parallel.
The scalar products of the unit Cartesian vectors
obey the relations
i‘j=j-k=k-i=0
i-i=j-j=k-k=1. )]
The scalar product of two vectors is the sum of
the products of the corresponding components.

Consider the two vectors A and B written in terms

of their components:
A=iA.+jA,+kA, and B=iB, +jB, +kB.

Multiplying out in the usual way, and then sub-
stituting the values of the products of the unit vec-
tors, the scalar product becomes

A-B=AB. +A,B, + A.B. ()]
The scalar product is distributive, that is,
A-B+C)=A-B+A-C, (10)

which we shall not prove here since its proof is
available in any book on vector analysis.

Figure 3 Scalar product of two vectors.

(b) Vector (Cross) Product. The vector, or
cross product, of two vectors A and B is written A X
B. It is defined as the vector perpendicular to the
plane determined by A and B, as illustrated in Fig-
ure 4, and is equal in magnitude to AB sin 0, where
9 is the angle between A and B, that is,

V=AXB=nAB sin §, (08))]

where n is a unit vector in the direction of V. It is so
directed that a right-handed rotation about V
through an angle # carries A into B. A X B is equal
in magnitude to the area of the parallelogram. A XxB



Figure 4 Vector product of two vectors.

is non-commutative

AXB=—-BXxA, (12)

since rotation from B to A is opposite to that from A
to B.

If A and B are parallel, 8 =0°or 180°and A XB =
0. Conversely, if the vector product is zero, one of
the vectors is zero or else the two are parallel. If A
and B are perpendicular, AxXB=nAB, in which
case the two vectors and their product are mutually
at right angles.

The vector products of the unit Cartesian vectors
are seen to obey the following relations:

iXi=jxj=kxk=0,
ixj=—-jxi=k,
ixk=—kxj=i,
kxi=—ixk=]j. (13)
The vector (cross) product of A and B may be
expressed in terms of their components and the unit
vectors.
AXB=(iA, +jA, +kA,)x(B: +jB, +kB.),
= (Asz - AzB)v )i + (Asz - Asz ).i
+(AB, — A,B.)k. (14)

As a determinant, this can be written

i § k
AxB=|A, A, Al (15)
B. B, B,

The vector product, like the scalar product, is dis-
tributive; that is,

AX(B+C)=AxB+AxC. (16)
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5 The Products of Three Vectors

(a) Scalar Triple Product[A-(BxC)]. A- (Bx
C) is a scalar and represents the volume of a paral-
lelopiped as illustrated in Figure 5. Any face of the
solid may be taken as the base. The three equival-
ent expresssions for the volume are:

A-BxC)=B-(CxA)=C-(AxB). a7

Since the order of the terms in a scalar product is
immaterial, these relations are equivalent to

BxC)-A=(CxA)-B=(AxB)-C
or
(AxXB):C=(BxC)-A=(CxA)-B. (18)

Therefore, in the scalar triple product, the dot and
cross can be interchanged without changing the
value of the result.

The sign of the scalar triple product is unchanged
as long as the cyclic order of the factors is un-
changed. For every change in cyclic order, a minus
sign is introduced, for example,

A-BxC)=—A-(CxB).

Therefore, three vectors have six identical scalar
triple products.

The scalar triple product may be expressed in
determinant form. Consider the product A - (B x C).

i
BxC=|B, B,
C. G

A A, A,
A-(BxC)=|B. B, B,[. (19)
c. C C

When three vectors are in a plane, the volume of
the parallelopiped formed by them is zero. Hence,

Figure 5§ The scalar triple product.
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the condition for three vectors to be coplanar is that
their scalar triple product equals zero.

(b) Vector Triple Product [Ax(BxC)]. AX
(B x C) is a vector. The sign of the product changes
every time the order of the factors A and Bx C is
changed in A X (B x C) or whenever the order of the
factors B and C is changed in (B x C). The vector
B x C is perpendicular to the plane containing B and
C. The vector AX (B X C) is perpendicular to the
plane containing A and (B x C) and is, therefore, in
the same plane as B and C, as illustrated in Figure 6.

The product A X (B X C) can be reduced to a sim-
pler form as follows: Let the x-axis be along vector
B, the y-axis in the plane B and C, and z-axis along
B x C, as in Figure 6.

A=1A, +jB, +kB,, (20)
B=iB,, 2n
C=iC, +jC, (22)
BxC =kB.C, (23)
AX(BXxC) = (1A, +jA, +kA,)x (kB.C,)
=jA,B.C, —JA.B.C,. 249
But
A-C=(iA, +jA, +kA,) - (C. +jC,)
= AC. + A,C, (25)
and

A -B=(iA: +jA, +kA,) - (iB.)
= A,B.. (26)
From Eqgs. (24), (21), and (22),

AX(BxC)

AxXx(BxC)=AC,B-jA.B.C,
= (A,Cy + AxCx )B - iAxBxCx - iAxBny
=(A:C + AC,)B— AB.(iC; +jC,).

From Egs. (22), (25), and (26),
AXBxC)=(A-C)B—(A-B)C. 27)

Each term of the product involves the external fac-
tor in a scalar product first with the extreme and
then with the middle factor.

6 Vector Integration

(a) Line Integral. Suppose ds is an element of
length along a curve, where s = s(t) is the equation
of a curve. Let V denote a vector at an angle 8 with
that of the length element, as illustrated in Figure 7.
It is possible to form the integrals

IV-ds=IVcos0ds (28)

and
Ides=ansin6ds, (29)

each being a line integral along the curve C. Such
integrals occur frequently, for example, if V is a
force on a particle and ds an element of its dis-
placement, Eq. (28) denotes the work done on the
particle; while if V is a force on an extended body
free to rotate about a given axis and ds is an ele-
ment of its moment arm, Eq. (29) denotes the tor-
que on the body. Also, the integral { Sds could be
formed where S is a scalar function.

(b) Surface and Volume Integrals. Consider a
surface A drawn in any vector field, as illustrated in
Figure 8. Let V be the value of the vector at an

Figure 6 The vector triple product.

Figure 7 Tangential line integral of a vector.



Figure 8 Normal surface integral of a vector.

element of surface dA, n a unit outward vector nor-
mal to dA, and 6 the angle between n and V. The
total outward flux is then given by

¢=LV-ndA=LVcosBdA. (30)

The outward flux or flow is positive if it is in the
direction of the outward unit normal vector n, and
negative—if in the opposite direction. Other sur-
face integrals that may be formed are

deA, fSndA and fondA, 31
A A A

where S is a scalar function.
Consider a closed surface enclosing a volume v.
The following volume integrals may be formed

dev and dev, (32)

where V and S are vector and scalar fields, respec-
tively.

7 Differentiation

(a) Differentiation of Vectors. If V is a vector
function of a scalar variable t, then when t changes
from t to t + At, V becomes V + AV, and AV/At =
average rate of change of V with t. Also,

. AV _dV

G0 At dt’

which is the derivative of V with respect to t. When
V is expressed in rectangular coordinates,

V=iV, +jV, +kV.

Vector Analysis INn

Since V,, V,, V, are functions of t and i, j, k are unit
vectors,
dv __dV. .dV, . dV,

at " Var tigr TR 33)

and similarly for higher derivatives.

(b) Differentiation of Sums and Products. If
V = A+B, which are all functions of t,
dv_d dA  dB

ET AR T 34
so we can say that differentiation of vector sums is
distributive.

Consider the scalar product

S=A‘B
and
dS_dA _dB
&a - dr B+A i 35)

Since the order of the factors can be interchanged
in Eq. (35), the differentiation of scalar products
gives a result that is commutative.

Consider the vector product

V=AxB
and
dv _dA dB
" dr XBYAXG, (36)

Since a change in order of the factors changes the
sign of the result, the differentiation of vector pro-
ducts gives a result that is non-commutative.

(c) Partial Differentiation. Consider a vector as
a function of more than one scalar independent var-
iable. Let a vector V be a function of the Cartesian
coordinates x, y, and z. If y and z remain constant
while x changes, the partial derivative aV/ax de-
notes the rate of change of V with respect to x.

If x, y, and z change simultaneously by dx, dy,
and dz, the total change or total differential is

_OV 4 3V o 9V
dv = I dx+ay dy+az dz,
which may be written
. 9 9
dV—[axdx+ay dy+az dz]V. 37

If r=ix +jy +kz is the radius vector from the
origin, then

dr = idx + jdy + kdz. (38)
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We define an operator V by
a
V—|—+]— k—. 39

By the use of this operator, Eq. (39), and Eq. (38),
Eq. (37) may be rewritten as

=(V-dr)V, 40)

The vector differential operator V is of great
physical significance in vector analysis. It is useful
in defining three important quantities—namely, the
gradient, divergence, and curl, which will now be
discussed.

8 Gradient, Divergence, and Curl

(a) The Gradient of a Scalar Field. In studying
the field of some scalar function S we sometimes
need to know the rate of change of S in going from
one point to another. This information is obtained
with the aid of a vector called the gradient of the
field.

When S(x, y, z) is a scalar point function, then
the vector

S as . aS
+ i— 3y +k— 32

is called the gradient of S, grad S, or VS. Symboli-
cally, in Cartesian coordinates,
aS .aS, ., a8
VS =i—+j ——+ k—. 41
§=i ax ) ay dz @1
Gradient S or VS is a vector perpendicular to a
level or equipotential surface at the point x, y, z, a
vector which is equal in magnitude to the fastest
rate of increase of S with distance and points in the
direction of the fastest rate of increase of S.

(b) The Divergence of a Vector Fleld. If V
represents a vector field whose components, to-
gether with their partial derivatives, are continuous,
a useful scalar field can be derived from it by the
scalar multiplication of V and V. The scalar quan-
tity resulting from V - V is known as the divergence
of V or div V. Symbolically, in Cartesian coordi-
nates,

V-V=(i— ki—)-(iV,+ij+kV1)

4+
ax 13y
or

6V,+3_Vy+éy_z

V-V= .
v ax ay a9z

42

The divergence of a vector field at a point gives
the rate of flow per unit volume into or out of a
volume element. If the divergence is positive, the
flow is away from the point; if it is negative, the
flow is toward the point. In the case of thermal,
electric, or magnetic fields, the existence of a di-
vergence means the presence of a source or sink of
flux at the point. When the divergence is zero
everywhere, there are no sources or sinks and the
flux leaving equals the flux entering any volume ele-
ment.

(c) The Curl of a Vector Field. The curl of a
vector field V is the vector multiplication of V and
V. The vector quantity resulting from VXV is
known as the curl of V or curl V. Symbolically, in
Cartesian coordinates,

a 3 a
VxV=[(i—+j— — H z
v (l +jay+kaz)X(lV,+]V,+sz),

ax
i j k
{8 92 3
dx dy oz
V. V, V,
or
av, avV, av, av,
x y . x_ OV
vy =155+ (5 -5)
2V, _av.)
k(ax 3y ) (43)

In order to discuss the physical meaning of the
curl of a vector, we shall first define the mathemati-
cal quantity circulation. Circulation is the line in-
tegral of a vector field along a given path. If the
vector field is V, its circulation about a closed path

is
%V - ds,

where ds is an element of length along the path.
The curl of a vector field at a point is the limit ap-
proached by the ratio

circulation about a small closed path
area of surface bounded by that path

as the path is allowed to shrink to a point. The curl
is thus the limiting value of circulation per unit
area.



9 More Vector Operators

(a) Div Grad. If S is a scalar function of position
in space,

grad S = vs—l-a—sﬂaf e,

div grad S=V-VS

3 . @
—_— + —_—
(i tigytk az)

as  .a8S as
(|§+] ay+kb?),

2
8_S+6 S+a§,
ax® ay’ 8z

and the operation

2 2 2
divgrad=V’=a + 2,9

+=,
2 822

2% 3y (44)

V? is known as Laplace’s operator. V’ can also oper-
ate on a vector, if
V=iV, +jV, +kV,,
V'V =ViV, + ViV, + VkV.

This result is important in mechanics and in elec-
tricity and magnetism.

(b) Curl Grad. If S is a scalar point function of
position in space,
] 9w
ax ay 8z
is a vector, and it is possible to calculate its curl.

curl grad S=VxVS

a3 .3 .8
(' ax tigy kaz)

asS , .asS as
x(]6x+]ay+kaz)
i j k
a a d |_
=lax :9; 2 =0. 45)
s 8 38
ax 3y dz

The result illustrates the fact that the line integral of
any vector resulting from the gradient of a scalar
(for example, grad S) around a closed path is zero.

Vector Analysis
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(c) Grad Div. If V is a vector field, divV is a
scalar field which, therefore, has a gradient.

graddivV=V(V-V)

(a
ax

62
=l( ax?
.(a’V,
axay

\%

a
ay
a’V,

v, , v,

a f
'—“‘5) (‘a?*

oxay

'V, a8

2
4 a3 V,)
0xadz

'V,

(d) Div Curl

curl V=

and

j
A
ay

V. V,

i

a
div curl V —a—(

aV.
8z

— a Vz
oxay

k

i=(3_"=

8z

V.

2

ox

ay

5 (o

y__

a3,

ay
2
Vx+8

32
k (ax

8z dyéz

2

ay

av,
ox

)

3V,

_ 'V,

0xa3z

+a’V,_

ayax

a'v,

3z’

A%

-2%)
)

av,

ay

an__

)

ayaz
v, aV)

)
0z ay \ 6z

ayax

(e) Curl Curl.

curl V=

VX

av,

+j(

6z

XA

ox

8zax

k

[i74
V:

av,

oxay

(2%
ay

2%+

ax

a

_av.

ay

=0.

A
8z

)

)

ay

av,
ax

)

+2Y)
8z

(46)
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i j k
- 2 9 9
curlcurl V= o 3y p
(avz_a_w) (a_v,_ avz) (aV,_a_V,)
ay 0z 0z ox ax ay

=i(a’V,_62Vx ’V,
axdy 9y’ = 9zdx

_3V. oV, azv,)
9z°  ax’  oax?

+ analogous terms for j and k
= grad div—V’,
so that the operation
curl curl = grad div — V2.

() Other Formulas Involving V. If A and B are
differentiable vector functions, and ¢ and ¢ are
differentiable scalar function of position x, y, z,
then

Ve +¢)=Ve +Vy
V-(A+B)=V-A+V-B
VXx(A+B)=VxA+VxB

V- (0A)=(Vd) A+ (V- A)

VX (pA)=(Vd)X A+ ¢(VXA)

V(dy) = (Vo) + (Vi)

V-(AxB)=B-(VxA)—A-(VxB)

Vx(AxB)=(B-V)A-B(V-A)
-(A-V)B+A(V-B)

VA -B)y=(B-V)A+(A-V)B+B
X (VX AY+ A xX(VxB).

10 Gauss’s Divergence Theorem and Stokes’
Theorem
The total flux through a closed surface A is given
by

é = § V- ndA,
A
where V is a vector field and n is a unit outward

vector normal to dA. Also, the total flux diverging
from the volume v enclosed by the surface A is

given by
¢ =§ V- Vdv.
v

Therefore,

§AV-ndA=£V-Vdv, 47

which is Gauss’s divergence theorem.

Stokes’ theorem states that the tangential line in-
tegral of a vector function V around a closed path is
equal to the normal surface integral of curl V over
the enclosed surface or cap enclosed by the path.

In symbols,

§V-d5=j n - curl VdA, (48)

where n is a unit vector normal to the element of
surface.
Proof:

Let the surface (Figure 9) be divided into in-
finitesimal surface elements. Consider the shaded
area of the vector area ndA. At the middle of dA,
the vector field has a curl. From the definition of the
curl (namely, that it is the limiting value of the cir-
culation per unit area), we may write

éV-ds=n-cuerdA

for this element of area. A similar process is applied
to all the elements. The line integral along the com-
mon sides of the elements cancel, thus leaving only
the contributions along the surface boundary.
Therefore,

§V-d5=§ n - curl VdA,

which is Stokes’ theorem.

Figure 9 Stokes's theorem.
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UNIT CONVERSION
FACTORS

1 Length

1 meter =139.37 inches
1 kilometer= 0.6214 miles
1 angstrom = 10™"° meters

1 micron = 10"° meters

1 foot =0.3048 meters

1 inch =0.0254 meters

1 mile = 1.609 kilometers
Force

1 newton = 10° dynes = 0.2248 pounds
1 kilogram-force = 9.807 newtons = 2.205 pounds
1 pound = 0.4536 kilogram-force

Mass
1 kilogram = 0.0685 slugs
1 slug = 14.59 kilograms

FUNDAMENTAL CONSTANTS

Unit Conversion Factors/Fundamental Constants

335

4 Pressure

atmosphere = 1.013 X 10’ nt/m®
=1.013 x 10° dynes/cm’
=14.7 Ibfin’

5 Energy

1 joule = 10’ ergs = 0-7376 foot-pounds
1 kilocalorie = 4185 joules =3.968 B.T.U.
= 3086 foot-pounds

1 electron volt = 1.60 x 10 2 ergs

=1.60 X 107" joules

1 kilowatt-hour = 2.655 x 10° foot-pounds

1 foot-pound = 1.356 joules
1 B.T.U. = 778 foot-pound
= 0.252 kilocalories

6 Power

1 kilowatt = 737.6 foot-pounds/sec
= 1.341 horsepower
1 horsepower = 550 foot-pounds/sec
=0.7457 kilowatts

Name of quantity Symbol Value
Velocity of light in vacuum ¢ 2.9979 x 10° m/sec
Charge of electron q. —-1.602 x 107*° coul
Rest mass of electron m, 9.109 x 10 kg
Planck’s constant h 6.625 x 10~ joules-sec
Boltzmann’s constant k 1.380 x 107> joules/°’K
Avogadro’s number N, 6.025 X 10 molecules/mole
Universal gas constant {(chemical

scale) R 8.314 joules/mole-°K
Mechanical equivalent of heat J 4.185 joules/cal
Standard atmospheric pressure 1 atm 1.013 x 10° nt/m’
Volume of ideal gas at 0°C and
1 atm 22.415 liters/mole
Absolute zero of temperature 0°K —273.15°C
Acceleration due to gravity (sea g
level, at equator) 9.78049 m/sec’
Universal gravitational constant G 6.673 x 107" nt-m*/kg*
Mass of earth me 5.975 x 10* kg
Mean radius of earth 6.371 x 10° m = 3959 miles
Coulomb’s law constant K 8.98 x 10° nt-m*/coul®
2
Permittivity of free space € 885x 107" nt-mz
coul
Permeability of free space Ho 47 x 107" nt/famp®
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APPENDIX IV MATHEMATICAL TABLES

1 Natural Trigonometric Functions

Angle Angle Angle
De- Ra- Co- Tan- | De- Ra- Co- Tan- | De- Ra- Co- Tan-
gree dian  Sine sine gent | gree dian Sine sine gent |gree dian Sine sine gent
0° .000 0.000 1.000 0.000
1° .017 018 1.000 018 | 31° .541 515 857 .601 61° 1.065 .875 485 1.804
2 035 035 0999 035 | 32° .559 .530 .848 625 | 62° 1.082 .883 470 1.881
3° 052 052 999 052 | 33° .576 .545 .839 649 | 63° 1.100 .891 454 1.963
4 070 070 998 070 | 34° 593 .59 .829 675 | 64° 1.117 .899 438 2.050
5°  .087 087 996 088 | 35° .611 .574 819 700 | 65° 1.134 906 423 2.145
6° .105 105 .995 105 | 36° .628 .588 .809 727 | 66° 1.152 914 407 2.246
7 122 122 993 123 | 377 646 602 799 754 | 67° 1.169 .921 391 2.356
8  .140 139 990 .141 38  .663 .616 .788 781 | 68° 1.187 .927 375 2475
9° 157 .156 .988 158 1 39° .681 .629 777 810 | 69° 1204 934 358 2.605
10° 175 174 .985 176 | 40° 698 .643 .766 839 | 70° 1.222 940 342 2.747
11° 192 191 982 194 | 41° 716 658 755 869 | 71° 1.239 946 326 2.904
122 .209 .208 978 213 | 42° 733 .669 743 900 | 72° 1.257 951 309 3.078
13¢ 227 225 974 231 43° 751 682 731 933 | 73° 1.274 956 292 3.271
14° 244 242 970 249 | 44° 768 .695 719 966 | 74 1.292 961 .276 3.487
15° .262 .259 966 268 | 45° 785 .707 707 1.000 | 75° 1.309 .966 .259 3.732
16° .279 .276 961 287 | 46° 0.803 .719 .695 1.036 | 76° 1.326 .970 242 4.011
17° .297 292 956 306 | 477 820 .731 .682 1.072 | 77° 1344 974 225 4.331
18°  .314 309 951 325 48° 838 .743 669 1.111 | 78 1.361 .978 .208 4.705
19° 332 326 946 344 | 49° 855 .755 656 1.150 | 79° 1379 982 .191 5.145
20° 349 342 940 364 | 50° 873 .766 643 1.192 | 80° 1.396 .985 174 5.671
21° 367 358 934 384 51° 890 .777 .629 1.235 | 81° 1.414 988 156 6.314
22° 384 375 927 404 52° 908 .788 616 1.280 | 82° 1431 .99 139 7.115
23° 401 391 921 425 53¢ 925 .799 .602 1327 | 83° 1.449 .993 122 8.144
24° 419 407 914 445 54° 942 809 .588 1.376 | 84° 1466 .995 .105 9.514
25° 436 423 906 466 55° 960 .819 574 1428 | 85° 1.484 .996 087 11.43
26° 454 438 .899 488 56° 977 .829 .559 1.483 | 86° 1.501 998 070 1430
27 4N 454 891 510 57° 995 .839 .545 1.540 | 87° 1518 .999 052 19.08
28° .489 470 .883 532 58° 1.012 .848 .530 1.600 | 88° 1.536 .999 035 28.64
29° 506 485 875 554 59° 1.030 .857 515 1.664 | 89° 1.553 1.000 018 57.29
30°  .524 500 866 577 60° 1.047 .866 500 1.732 | 90° 1.571 1.000 000 L




2 Table of Logarithms to Base 10

N

1

2

3

4

5

6

7

8

9

4

5

10
11
12
13
14

15
16
17
18
19

20
21
22
23
24

25
26
27
28
29

30
31
32
33
34

35
36
37
38
39

40
41
42
43
4

45
46
47
48
49

50
51
52
53
54

0414
0792
1139
1461

1761
2041
2304
2553
2788

3010
3222
3424
3617
3802

3979
4150
4314
472
4624

477
4914
5051
5185
5315

5441
5563
5682
5798
5911

6021
6128
6232
6335
6435

6532
6628
6721
6812
6902

6990
7076
7160
7243
7324

0043
0453
0828
1173
1492

1790
2068
2330
2577
2810

3032
3243

3636
3820

3997
4166
4330
4487
4639

4786
1928
5065
5198
5328

5453
5575
5694
5809
5922

6031
6138
6243
6345

6542
6637
6730
6821
6911

6998
7084
7168
7251
7332

0492
0864
1206
1523

1818
2095
2355
2601
2833

3054
3263

3655
3838

4014
4183
4346
4502
4654

4800
4942
5079
5211
5340

5465
5587
5705
5821
5933

6042
6149
6253
6355
6454

6551

6739
6830
6920

7007
7093
7177
7259
7340

0128
0531
0899
1239
1553

1847
2122
2380
2625
2856

3075
3284
3483
3674
3856

4031
4200
4362
4518
4669

4814
4955
5092
5224
5353

5478
5599
5717
5832
5944

6053
6160
6263
6365

6561
6656
6749
6839
6928

7016
7101
7185
7267
7348

0170
0569
0934
1271
1584

1875
2148
2405
2648
2878

309
3304
3502
3692
3874

4216
4378
4533

4829
4969
5105
5237
5366

5490
5611
5729
5843
5955

6170
6274
6375
6474

6571
6665
6758
6848
6937

7024
7110
7193
7275
7356

0212

0969
1303
1614

1903
2175
2430
2672
2900

3118
3324
3522
3711
3892

4065
4232
4393
4548
4698

4843
4983
5119
5250
5378

5502
5623
5740
5855
5966

6075
6180
6284
6385

6580
6675
6767
6857
6946

7033
7118
7202
7284
7364

0253
0645
1004
1335
1644

1931
2201
2455
2695
2923

3139
3345
3541
3729
3909

4082
4249

4564
4713

4857
4997
5132
5263
5391

5514
5635
5752
5866
5977

6085
6191
6294
6395
6493

6590

6776
6866
6955

7042
7126
7210
7292
7372

0204
0682
1038
1307
1673

1959
2227
2480
2718
2945

3160
3365
3560
3747
3927

4265
4425
4579
4728

4871
5011
5145
5276
5403

5527
5647
5763
5877
5988

6201
6304

6503

6599
6693
6785
6875
6964

7050
7135
7218
7300
7380

0334
0719
1072
1399
1703

1987
2253
2504
2742
2967

3181
3385
3579
3766
3945

4116
4281

4594
4742

4886
5024
5159
5289
5416

5539
5658
5775
5888
5999

6107
6212
6314
6415
6513

6702
6794
6884
6972

7059
7143
7226
7308
7388

0374
0755
1106
1430
1732

2014
2279
2529
2765
2989

3201

3598
3784
3962

4133
4298
4456

4757

4900
5038
5172
5302
5428

5551
5670
5786
5899
6010

6117
6222
6325
6425
6522

6618
6712
6803
6803
6981

7067
7152
7235
7316
7396
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Table of Logarithms to Base 10 (cont’d)

N

2

3

4

5

6

7

8

9

—

E-S

w

55
56
57
58
59

60
61
62
63
64

65
66

85
86
87

89

7404
7482
7559
7634
7709

7782
7853
7924
7993
8062

8129
8195
8261
8325
8388

8451
8513
8573
8633
8692

8751
8808
8865
8921
8976

9031
9085
9138
9191
9243

9294
9345
9395

9494

9542
9590
9638

9731

9777
9823
9868
9912
9956

7412
7490
7566
7642
7716

7789
7860
7931
8000
8069

8136
8202
8267
8331
8395

8457
8519
8579
8639
8698

8756
8814
8871
8927
8982

9036

9143
9196
9248

9299
9350

9450
9499

9547
9595
9643
9689
9736

9782
9827
9872
9917
9961

7419
7497
7574
7649
7723

7796
7868
7938
8007
8075

8142
8209
8274
8338
8401

8463
8525
8585

8704

8762
8820
8876
8932
8987

9042

9149
9201
9253

9304
9355
9405
9455
9504

9552

9647
9694
9741

9786
9832
9877
9921
9965

7427
7505
7582
7657
7731

7803
7875
7945
8014
8082

8149
8215
8280
8344
8407

8470
8531
8591
8651
8710

8768
8825
8882
8938
8993

9047
9101
9154
9206
9258

9309
9360
9410

9509

9557
9605
9652
9699
9745

9791
9836
9881
9926
9969

7435
7513
7589
7664
7738

7810
7882
7952
8021
8089

8156
8222
8287
8351
8414

8476
8537
8597
8657
8716

8774
8831
8887
8943
8998

9053
9106
9159
9212
9263

9315
9365
9415
9465
9513

9562

9657
9703
9750

9795
9841
9886
9930

7443
7520
7597
7672
7745

7818
7889
7959
8028
8096

8162
8228
8293
8357
8420

8482
8543
8603
8663
8722

8779
8837
8893
8949

9058
9112
9165
9217
9269

9320
9370
9420
9469
9518

9566
9614
9661
9708
9754

9800
9845
9890
9934

7451
7528
7604
7679
7752

7825
7896
7966
8035
8102

8169
8235
8299
8363
8426

8549

8669
8727

8785
8842
8899
8954

9063
917
9170
9222
9274

9325
9375
9425
9474
9523

9571
9619

9713
9759

9805
9850
9894
9939
9983

7459
7536
7612
7686
7760

7832
7903
7973
8041
8109

8176
8241
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8370
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9430
9479
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7543
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7839
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8116

8182
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8312
8376
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8500
8561
8621
8681
8739

8797
8854
8910
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9074
9128
9180
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9335
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9435
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9581
9628
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9814
9859
99503

9991
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7701
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7846
7917
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8055
8122
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8254
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8382
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8506
8567
8627

8745

8802
8859
8915
8971
9025

9079
9133
9186
9238
9289
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9390

9489
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9586
9633
9680
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9773

9818
9863
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3 Table of Exponentials

[4

X 0 1 2 3 4 5 6 7 8 9

0.0 1000 1010 1020 1031 1.041 1051 1062 1.073 1083 1.094
0.1 1105 1116 1.127 1139 1150 1.162 1.174 1.185 1197 1.209
0.2 1221 1234 1246 1259 1.271  1.284 1.297 1310 1323  1.336
03 1350 1363 1377 1391 1405 1419 1433 1448 1462 1477
04 1492 1507 1.522 1.537 1.553 1.568 1.584 1.600 1.616 1.632
05 1649 1665 1.682 1699 1716 1733 1751 1768 1786 1.804
06 1822 1840 1859 1878 1.896 1916 1935 1954 1974 1994
0.7 2014 2034 2054 2075 209 2.117 2138 2160 2.181  2.203
0.8 2226 2248 2270 2293 2316 2340 2363 2387 2411 2435
09 2460 2484 2509 2535 2560 2586 2.612 2.638 2.664 2.691
1.0 2718 2746 2773 2.801 2829 2858 288 2915 2945 2974
1.1 3.004 3.034 3065 3.09 3.127 3.158 3.190 3.222 3.254 3287
1.2 3320 3353 3387 3421 3456 3490 3.525 3.561 3.597 3.633
13 3.669 3706 3.743 3781 3819 3.857 3.8% 3935 3975 4.015
14 4055 409 4.137 4179 4221 4263 4306 4349 4393 4437
1.5 4482 4527 4572 4618 4.665 4712 4759 4.807 4855 4904
1.6 4953 5003 5053 5.104 5.155 5207 5259 5312 5366 5419
1.7 5474 5529 5585 5641 5697 5755 5.812 5871 5930 5989
1.8 6050 6.110 6.172 6234 6.297 6360 6424 6488 6.554 6.619
19 668 6753 6821 6890 6959 7.029 7.099 7.171 7.243 7316
20 7389 7463 7.538 7.614 7691 7768 7.846 7925 8.004 8.085
2.1 8.166 8248 8331 8415 8499 8585 8.671 8758 8.846 8935
22 9025 9.116 9.207 9.300 9393 9488 9583 9.679 9.777 9.875
23 9974 1007 10.18 1028 1038 1049 1059 10.70 10.80 10.91
24 11.02  11.13  11.25 1136 1147 11.59  11.70 11.82 1194 12.06
25 1218 1230 1243 1255 1268  12.81 1294 13.07 1320 13.33
26 1346 1360 1374 1387 1401 1415 1430 1444 1459 1473
27 148 1503 1518 1533 1549 1564 1580 1596 16.12 16.28
28 1644 1661 1678 1695 1712 1729 1746 1764 1781 17.9
29 1817 1836 1854 18.73 1892 19.11 1930 1949 19.69 19.89
30 2009 2029 2049 2070 2091 21.12 2133 2154 21.76 21.98
3.1 2220 2242 2265 2287 2310 23.34 2357 23.81 2405 2429
3.2 2453 2478 2503 25.28 2553 2579 2605 2631 2658 26.84
33 2711 2739 2766 2794 2822 2850 2879 29.08 2937 29.67
34 2996 30.27 30.57 3088 31.19 31.50 31.82 3214 3246 32.79
X .0 1 2 3 4 5 .6 i 8 9

3 20,09 2220 2453  27.11 2996 33.12 36.60 4045 4470 4940
4 5460 6034 66.69 7370 81.45 90.02 9948 1099 121.5 1343
5 1484 1640 181.3 2003 221.4 2447 2704 2989 330.3 365.0
6 4034 4459 4927 5446 601.8 6651 7351 8124 897.8 9923
7 1097 1212 1339 1480 1636 1808 1998 2208 2441 2697
8 2981 3295 3641 4024 4447 4915 5432 6003 6634 7332
9 8103 8955 9897 10938 12088 13360 14765 16318 18034 19930

log.e* = x log,.e = 0.43429 x
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Table of Exponentials (contd)

x 0 1 2 3 4 5 6 7 8 9
0.0 1.000 9900 9802 9704 9608 9512 9418 9324 9231 9139
0.1 9048 8958 .8869 .8781 8694 8607 .8521 .8437 8353 .8270
0.2 8187 8106 .8025 .7945 7866 .7788 .7711 7634 7558  .7483
0.3 7408 7334 7261 7189 7118 7047 6977 .6907 .6839 6771
04 6703  .6637 .6570  .6505 .6440 .6376 .6313  .6250 .6188  .6126
0.5 6065 6005 5945 5886  .S827 5769 5712 5655 5599  .5543
0.6 5488 5434 5379 5326 5273 5220 5169 .S117 5066  .5016
0.7 4966 4916 4868 4819 4771 4724 4677 4630 4584 4538
0.8 4493 4449 4404 4360 4317 4274 4232 4190 4148 4107
09 4066 4025 3985 3946 3906 3867 3829 3791 3753 3716
1.0 3679 3642 3606 3570 3535 3499 3465 3430 3396 3362
1.1 3329 3296 3263 3230 3198 3166 3135 3104 3073 .3042
1.2 3012 2982 2952 2923 2894 2865 2837 2808 .2780  .2753
1.3 2725 2698 2671 2645 2618 2592 2567 2541 2516  .2491
14 2466 2441 2417 2393 2369 2346 2322 2299 2276  .2254
1.5 2231 2209 2187 2165 2144 2122 2101 2080 .2060  .2039
1.6 2019 1999 1979 1959 1940  .1920 .1901 .1882  .1864  .1845
1.7 1827 1809 1791 1773 1755 .1738 1720 .1703  .1686  .1670
1.8 .1653  .1637  .1620 .1604  .1588  .1572 .1557 .1541 .1526 .1511
1.9 1496 1481 1466  .1451 1437  .1423 1409 .1395  .1381  .1367
20 1353 1340 1327  .1313 1300 .1287  .1275  .1262 .1249  .1237
2.1 Jg225 0 1212 1200 .1188  .1177  .1165  .1153  .1142 1130  .1119
22 1108 1097 1086  .1075  .1065 1054 .1043  .1033 .1023 .1013
23 L1003 *9926  *9827 *9730 *9633  *9537 *9442 *9348 *9255 *9163
24 00 9072 8982 8892 8804 8716 8629 8544 8458 8374 8291
25 0.0 8208 8127 8046 7966 7887 7808 7730 7654 7577 7502
26 00 7427 7353 7280 7208 7136 7065 6995 6925 6856 6788
27 00 6721 6654 6587 6522 6457 6393 6329 6266 6204 6142
28 0.0 6081 6020 5961 5901 5843 5784 5727 5670 5613 5558
29 0.0 5502 5448 5393 5340 5287 5234 5182 5130 5079 5029
3.0 00 4979 4929 4880 4832 4783 4736 4689 4642 4596 4550
3.1 00 4505 4460 4416 4372 4328 4285 4243 4200 4159 4117
32 0.0 4076 4036 3996 3956 3916 3877 3839 3801 3763 3725
33 00 3688 3652 3615 3579 3544 3508 3474 3439 3405 3371
34 0.0 3337 3304 327 3239 3206 3175 3143 3112 3081 3050

x .0 .1 2 3 4 5 .6 7 8 9
3 00 4979 4505 4076 3688 3337 3020 2732 2472 2237 2024

4 00 1832 1657 1500 1357 1228 1111 1005  *9095  *8230 %7447

5 0.00 6738 6097 5517 4992 4517 4087 3698 3346 3028 2739

6 0.00 2479 2243 2029 1836 1662 1503 1360 1231 1114 1008

7 0.000 9119 8251 7466 6755 6112 5531 5004 4528 4097 3707

8 0.000 3355 3035 2747 2485 2240 2035 1841 1666 1507 1364

9 0.000 1234 1117 1010 *9142 *8272 *7485 *6773 *6128 *5545 *S017
10 0.0000 4540 4108 3717 3363 3043 2754 2492 2254 2040 1846

log,ce * = — xlog,e = —0.43429 x
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Answer Section

ANSWERS TO ODD-NUMBERED PROBLEMS

Chapter 1
1. 25°C 3. 25°C 5. 80°F 7. 122°F, 50°C

Chapter 2
1. 23.3°C 3. (a) lostin the form of vapor or steam (b) 100°C 5. 0.57 cal/gm°C 7. 7200 cal
9. 543 cal/gm 11. 0.10cal/gm°C 13. (a) 5.9°C (b) 0°C 15. 10Kkcal/gm

Chapter 3
1. 340°C 5. 864cm’ 7. 83.5°C 9. 0.29lcm’ 11 d=—2%
ag — Qs

13. I(steel) =21.7 cm, I(brass) = 13.7 cm 15. 369cm’ 17. 9.65x10°*°C™' 19. 27.8cm’
21. (a) 2.67X107°°C™" (b) 18x107°°C”’

Chapter 4
1. 190°C 3. 31.6Kkcal/sec-m’ 5. 0.12 7. 3700 9. 5920°K 11. (a) 640 kcal
(b) 19,500 seconds 13. 100.5°C 15. (@) —2.5°C (b) —6.7°C

Chapter 5
1. (a) yes (b) yes (c) positive 3. 13.5 mm 5. 5°C, 51% 7. 107 atm 9. 0.01°C

Chapter 6
5. D=323cm 11. §=1524°

Chapter 7
§. p=75cm 7. h=151m 9. 1.6R from the front of the bowl
11. Image is erect, real, twice original size and located ¥R to right of spherical surface

Chapter 8
1. Correct: final image is 3.4R behind front surface; Incorrect: final image is 1.5R behind
front surface 3. f=-60cm 7. =12cm, +60cm 9. 60 cm behind the diverging lens
11. (@ f=-75cm (b) 100cm 13. 2.5, 16.7cm 17. fl/4

Chapter 9
1. t=2x%10"sec 3. ¢ =3.01x10"m/sec 5. ¢ =2998x10° m/sec
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342 Answer Section

Chapter 10

3. 43m §. y=2sin[27(0.2 x —4t)]; f = 4cycles/sec 9. (a) wradians (b) 0 (c) 0
(d) /2 radians 11. fi =523 or 501 cycles/sec 13. nA =2qr

13. nA =27r

Chapter 11
1. A=6800A 3. t=:x10"m 7. (@) y=8.1mm (b) n =3 for 4500 A; n =8 for 6000 A
9. n=182 11. (N.— N.)~94

Chapter 12
5. (@ rs=40lmm (b) rs=126cm 9, (a) 6,=11.5° 6,=20.5° (b) Ay =8.5cm
17. (c) A, =4920A (d) 6, =22°

Chapter 13
1. (@) Xww=V3Asin [ZT‘"(Z —vt) +60°] (b) X = V7 A sin[6; +70.9°)
i@ 9. (a) |A+B|=232 (b) «a=72.9°
|A—B|=30.5 B=126°
|2A +B| = 30.1 y=61.9°

11. (@) 6nx=45° (b) I/L=3 15. (a) 53° (b) vertical 17. t=8.56%x10"m
19. (b) All light transmitted by the first polaroid film will be transmitted

Chapter 14

1. 11.5 ft/sec? 3. 1421t 5. —1.33 ft/sec? 7. (a) 56ft (b) —36ftfsec, 36 ft from ground

9. (a) 3000 ft west (b) 157 ft/sec 11. (a) 2m/sec (b) 15m, 5 m/sec south 13. (a) 36ft
(b) 0.5sec (c) 48ft/sec (d) — 32 ft/sec’

Chapter 15
§. L/Lo=1-4x10" 7. At;=5.77x10"sec 9. v =0.6x%10*m/sec toward S,

Chapter 16
1. F=1nt 5. s=21x10™m 7. x=#%Rew 11. g=g(1+h/Rg)
13. t <12x10’sec or =~;day 15. (@) Fu=%x10"nt toward m, (b) Fn=4%x 10" nt toward m;
(c) a, =%x 107" m/sec’ up; a, = 4% 10" m/sec’ to right (d) a = 1.45% 107" m/sec’; 6 ~29°

Chapter 17

1. (b) ©/(2sin ¢) (c) 30° 3. (a) m/sec’ (b) 2.1 m/sec’; 6.3 nt 5. 16101b
7. (a) 20 cm/sec? (b) 0.384 nt = 3.84 x 10* dynes 11. (a) 19.6nt (b) 2.1kg

13. (a) 1701b (b) 1501b (c) O (“free fall’”)



Answer Section 343

Chapter 18

1. (a) 4ft/sec> (b) 1.41b 3. 425mfsec’ 5. (a) 3.92m/sec’ (b) 16.2nt (c) 2.75kg

7. (a) 5.201b (b) 20.51b (c) 25.51b 9, (a) 42ft, 1.5seconds (b) 259 ft 11. (a) 86,900 ft
(b) x =23,000ft, y = 53,400 ft 13. (a) 30seconds (b) 14,400ft (c) 96,000 ft

15. (a) 15.8seconds (b) 500 ft 17. 0.318rev/sec

Chapter 19
1. 49,000 cm/sec 3. l4cm/sec 5. 3.1ft/sec 7. 1000m 9. (a) 1ft/sec

(b) 40,000 1b sec 11. (a) 20 ft/sec (b) 2 ft/sec’, 0.51b (c) 0.062 13. 40 m/sec, 0.2 seconds
15. (a) 188slugft/sec (b) 3761b

Chapter 20

1. (a) 1000ft1b (b) 211.5Ib (c) 453ftlb (d) 743.2ft Ib 3. (a) 100ft Ib (b) 0.50

5. (a) 10° joules; 1.96 x 10° joules (b) 3.6 10° joules; 6.42 x 10° joules (c) 1x 10°;joules, 0
7. (a) 1.06 hp (b) 300 watts 9. (a) 2700ft Ib (b) 1800ft Ib (c) 624 ft Ib (d) 276 ft/lb
11. 0.30 hp, 224 watts 13. (a) 1501b (b) 1.14 15. (a) 41.71b (b) 834ftlb (c) 0.152

Chapter 21
1. (a) SOrad/sec (b) 10rad/sec’ (c) 100rad/sec (d) 100 cm/sec’ (e) 1000 cm/sec

(f) 10°cm/sec® 3. (a) 21b ft (b) 4.5rad/sec’ (c) 27rad/sec (d) 162ft-Ib (e) 54 ft
5. l6rad/sec 7. (a) 15.8seconds (b) 500 ft 9. (a) 1.33rad/sec (b) 0.89rad/sec?
11. (a) 1220ft (b) 12.51b 13. 14.3rad/sec 15. 32 ft/sec

Chapter 22
1. (a) 0.314m/sec (b) —0.49 m/sec’ (c) 0.99 nt/m 3. (a) 1.15m/sec (b) 0.82 m
5. 0.10 7. (a) 1.75sec™ (b) 0.061joules (c) 1.32m/sec (d) 14.5 m/sec?

_ . t _ X . 2
9, (a) 0.40nt (b) y=A sin 217(—0‘05 e Jem cm) 11. 80.4 cm/sec; 64,700 cm/sec

Chapter 23
1. 1.5m 3. 0.026cm 5. (a) 0.112in. (b) 2.08 x 10’ ft-Ib 7. 0.24 joules 9. 0.50 joules
11, 10°nt 13. 0.46in’ 15. 17.31b/in

Chapter 24

1. 7.45x10° nt/m’ 3. 1000nt 5. 4m/sec 7. 2.S5gm/cm’; 1.2gm/cm’

9. (a) 10.0166gm (b) 0.16% 11. 281Ib/in’ 13. (a) 30 ft/sec and 40 ft/sec (b) Oft and 10.8 ft
15. 3.961b/in’

Chapter 25

1. 60.6joules; 191 joules 5. (a) 10°joules (b) 6.93 joules (c) 0 9. (a) 2.50x 10° joules
(b) 6.93 x 10° joules (c) 1.50 % 10° joules 11, 298°C 13. (a) —9.05kcal (b) 7.56 kcal
(c) 0 (adiabatic) 15. (a) 2833cm’® (b) 287 (c) 140 17. 200m 19. —78.5kcal/kg

Chapter 26
1. (a) 320°K (b) 20% 3. (a) 33.4joules (b) 57% (c) 2.33 5. 540cal/gm
7. 600 joules 9, (a) 11.4kg (b) 3.68x 10" joules 11. 1.25 13. 0.62 kcal/°’K

Chapter 27
1. (a) true (b) false S, (a) 1170 joules (b) 2600 m/sec 7. 16.4 kcal; 11.7kcal; 4.7 kcal;
11.7 kcal 11. 94,400 cm/sec
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Chapter 28
1. 1.95x10" nt/m’ 3. (a) 5030 watts (b) 1060 cycles/sec 5. 20db 7. 310cps
9. 29seconds 11. 0.20 watts/m’ 13. 19.4m/sec

Chapter 29
1. (@ 1.73x10"nt toward A (b) 13.8x10“nt/coul (c) 0 3. (a) 9x 10*volts
(b) 7.07 x 10° volts/m at an angle of 38.2° with the + x direction (c) 0.45 joules
5. (b) 20volts (c) 3.2x 10°nt downward (d) 3.5x 10" m/sec’ downward 7. (b) 100 volts
(c) 8x10"*nt downward (d) 8.8 10" m/sec’ downward 9. (a) 1.45x 10°m/sec
(b) 2.76 x 10’ sec  (c) 9.60 x 107 joules 11. 8x10'volts; 0  13. —4 volts/m; 4 volts/m
15. @) E=—-c¢ (b) E=—-gc(di—d») (c) volts/m

Chapter 30
_a _@ap 1 Py P Q,
1. E= e V= 7€, In . 5. E= ey V= 6e, [re —r? 7. (@ 0 (b) K?-

(c) K@ 9. (a) 8x10™coul (b) 0.16 joules 11. (a) 133 volts (b) 0.053 joules
(¢) polarized oil dielectric 15. '(a) 2 micromicrofrads (b) 2x 10°coul (c) 667 volts and 333
volts (d) 107° joules 17. (a) 13.3 microcoul/m*> (b) 4.5 microcoul/m’ (c) 4.5 microcoul/m’

d) 133 mi 2 6i 3 - Q 5,_ xQ ,__Q
(d) microcoul/m’ (e) 6.6 joules/m 19. E 41rer2’P 41rKr2’D g

Chapter 31
1. 6.05ohms 3. 0.0025/°C 5. 6ohms 7. (a) 0.30ohms (b) 12 volts 9, 2.1volts
11. (a) 25 watts (b) 4500 joules 13. 600 ohms 15. (a) 27 volts (b) 27 watts (c) 4 ohms
(d) 12volts (e) 2 amp 17. 0.5 seconds

Chapter 32

1. 300nt 3. 12nt-m 5. (@) 0 (b) 0.0125amp-m* 7. (a) 0.80 amp-m’/sec along negative
z-axis (b) 0.173 nt-m parallel to y-axis 9. (a) 25amp (b) 1.6amp 11. 23amp

13. 2450 ohms 15. 1.69ohms 17. (a) 0.3030hms (b) 14,970 chms 19. 5x 107’ nt/amp-m
vertically downward

Chapter 33
1. 0.04 webers 3. 3.14x107° webers/m> 5. 0.050volts 7. 80joules 9, 16.7 millisec
15. 3volts 17. (a) 2amp (b)240joules (c) iamp; & amp/sec 19. (a) 3 amp/sec
(b) 2amp/sec (c) 1amp (d) 3amp

Chapter 34
1. 0.08 amp-m’ 3. (a) 175 amp-turns/m (b) 0.264 webers/m’ 7. (@1 @®) 6x10™ 9. a
11. 12amp 13. 300°C

Chapter 35
1. 100 ohms 3. (a) 11.310ohms (b) lag (c) 45deg 5. (a) 221 microfarads (b) Odeg
7. (a) 200rad/sec (b) 0.707 amp 9. (a) 100 ohms; 40 ohms (b) 100 volts; 141 volts
11. (a) 56.2ohms (b) 2.14amp (c) 0.09 (d) 23 watts 13. (a) 300ohms (b) 500 ohms
(c) 0.20 amp and 0.283amp (d) 80 volts (e) 50volts (f) 16 watts 15. (a) 2amp
(b) V. =60volts; Vi =88 volts; V= 194 volts 17. (a) 110volts (b) 1amp (c) 2200 watts

Chapter 36
1. (a) aD/at =curlH (b) Displacement current = A curl H 3. (a) 1.41 (b) 2.13
7. (a) 1x10°m/sec (b) 3 (c) 8% 107 joules/m’ 11. 6.65x 107" watts/m’



Index’

Aberration

chromatic 59

of light 64

spherical 44

Absolute

humidity 33

pressure 216

scales of temperature 3
temperature 3

thermodynamic temperature scale 3, 232, 233

zero 2, 233
Absorber, perfect 25
Absorption

factor 25

of light 24-26

of radiation 251
AC 309-316

circuits 309-316

parallel 313-314

power relations 314
series 312-313
vector diagrams

generator 297-298

motors 297-299
Accelerated motion
Acceleration 108

angular 176

average 110

centripetal 147

constant 110

instantaneous 110

of center of gravity

of gravity 127

variations 127

of rockets 159-160

radial 148-149

tangential 149
Accommodation 56

310-314

109-112, 126

185-186

Acoustics (see also Sound) 245-249

t11¢t refers to a table.

345

Action and reaction 137-138
Adiabatic

compression 222

expansion 224-225

processes 222, 224-225

in sound waves 245-246

Alternating current see AC
Ammeter 289
Amorphous

solid 241

substance 29
Ampere 271
Ampere's law 293-294
Amperian currents 303
Amplitude

of AC 309

of longitudinal wave 67

of simple harmonic motion

of transverse wave 67
Analogues, rotational 180
Analyzer 101
Angle

critical 40

of incidence 38

of reflection 38

of refraction 39

of shear 201

phase 69, 192

plane 45, 177; Units and conversion factors

45,177

solid 260; Units 260
Angstrom 322
Angular

acceleration 176
displacement 176
impulse 180
momentum

conservation of
velocity 176
Antenna 323
Aperture 58
Aqueous humor 56

180, 184
184, 185

191, 193



346 Index

Archimedes principle 211
Armature see Generator and Motor
Astigmatism 56
Atmospheric

humidity 33

pressure 211, 212
Atom 251

concept 251

nuclear model 251
Atwood’s machine 140
Audibility 247
Avogadro’s

law 240

number 239; Value 239
Axis

optic 104

Balance equal arm 127
Barometer 212
Battery 274, 275
Beam, light 37
Beat frequency 70
Beats 70
Bel 247
Bernoulli’s equation 213-216
Bimetallic thermometer 15
Biot-Savart law 285-286
Birefringence 104
Black body 25

radiation 25
Boiling

point curve 31

points 10, 11¢, 31
Boltzmann’s constant 239
Bomb calorimeter 11
Bound charges 265
Boyle’s law 16
Bradley, James 64
Brewster’s angle and law 103
British-engineering system 126
British thermal unit (BTU) 275
Brown, Robert 241
Brownian motion 241
Bulk modulus 201, 204t
Buoyant forces 211

Calorie 7
Calorimeter 8
bomb 11
continuous flow 11

Calorimetry 8

Camera 58, 59

Capacitance 262-264; Units 262

Capacitive circuits

voltage relations in 311

Capacitive reactance 311

Capacitor 262

charge 262

cylindrical 267

discharge 277-278

energy of 262-263

in parallel 263

in series 263

parallel plate 262

Carnot

cycle 229-231

efficiency 231

engine 230-233
performance coefficient 231
refrigerator 231

theorem 231

Cavendish experiment 129

Cavendish, Henry 129

Center

of curvature of mirror 43
of gravity 178

of mass 185

Centigrade scale 2

Central force 151

Centrifugal force 149

Centripetal

acceleration 147

force (see also Central force) 155

Charge, electric (see also Electric
251-256; Units 252
capacitor 262

on conductors 260-262

Charles’ law 16

Chemical energy 274-275
source of emf 274-275

Chromatic aberration 59

Circuits see AC and DC

Circular motion 146-149

Clausius 229

Coated optics 79

Coaxial conducting cylinders 267

Coefficient of

area expansion 14
friction 143

linear expansion 13, 14¢
thermal conductivity 21, 22t

charge)



Coefficient of (contd.)
volume expansion 14, 15¢
Coercive force 306
Cohen, E. R. 65
Coherence 77-78
Collisions 158-159
elastic 158
inelastic 158
Combustion, heat of 10, 11¢
Compass needle 283

Components
rectangular 327-328
vector 99-100

Compound microscope 57
Compressibility 202
Compression of a gas
adiabatic 222
isothermal 223
Concave mirrors 43-47
Concurrent forces 175
Condensation 32
Conducting coaxial cylinder 267
Conduction
of electricity 271-272
of heat 21
Conductivity
electrical (see also Resistivity) 27
thermal 21, 22t
Conductors, electrical 251
charges on 260-262
Cones (receptors) 56
Conservation of
angular momentum 184-185
energy 158, 169, 171
mechanical energy 169, 171
momentum 156-158
Conservative and non-conservative forces
Constants, fundamental 335
Continuity equation 214
Continuous flow calorimetry 11
Contraction Lorentz 120
Convection 21, 23, 24
coefficient 24
Converging lens 53
Conversion factors, 335¢
Convex mirrors 43
Cooling curve 9
Cooling, Newton’s law of 24
Coordinate systems 112-113
moving 112-114
Cornea 56

Index

Cosines, 336t

Cosmic rays 325
Coulomb 252
Coulomb’s law 252
determination of constant in 252
Crest 71

Critical

angle 40
constants, 31t

point 30
pressure 30
temperature 30
Cross (vector) product 328
Crystalline

lens of eye 56
solids 241

Curie

law 305

point 305
Curie-Weiss law 305
Curl 332

347

Current, electric (see also AC and DC) 271-278;

Units 271
decay in inductive circuit 299
density 271
element 284-285
growth in inductive circuit 299
lagging 313
leading 313
Curvature, center of 43
Cycle 191
Carnot 229-231
electrical 309
Cyclotron 287

Dalton’s law of partial pressures 240
Damped oscillations 194-195
DC 271-278

circuit 273-278

generator 297-299

motor 297-299
Decay time 195
Decibel 247
Definite integral 111-112
Deformation 199-200
Degradation of energy principle 234
Degree see Angle and Temperature
Density

current 271

magnetic flux 285

of matter, definition 210, 210¢



348 Index

Deviation angle 41

Dew point 33
Diamagnetic materials 304
Dichroism 104

Dielectric 264-266
constant 266
permittivity 266
polarization 264-266
Difference of potential 254
Differentiation 109
Diffraction 85-92
gratings 91-92

of light 85-92

of waves 73-74, 85
Diffuse reflection 30
Dipole 264

Dipole moment

electric 264

magnetic 288

Direct currents see DC
Dispersion 40—41

by diffraction 91

by prism 4041

by refraction 40

of light 4041, 91
Displacement 108
angular 176

electrical 266

rate of change of 109
Dissipation of mechanical energy 172
Divergence 332
Diverging

lens 54

mirror 43

Domain, magnetic 306
Doppler effect 248-249
Dot (scalar) product 163, 328
Double refraction 104
Double slit diffraction 89-91
Du Mond, J. W. M. 65
Dynamic equilibrium 133
Dynamics 107

of fluids 213-216

of particle 125-137

of rigid body 179

of rotational motion 183
Dyne 335

Ear 247
Earth rotation 148-149

Effective value of current and voltage
Efficiency
Carnot 231
of heat engine 231
Einstein, Albert 117
Einstein’s relativity theory 119
Elastic
body 199
collisions 158
constants (moduli) 200, 204t
relations among 202
materials 199
potential energy 170
restoring force 170
waves 205-206
Elasticity 199-203
moduli of, 204t
Electric, Electrical
charge 251-256; Units 252
negative 251
positive 251
circuits see AC and DC
conductivity 272
conductors 251
current see also AC and DC
alternating 309-316
direct 271-278
element 284-285
magnetic effects 283-300
dipole 264
displacement 266
energy 274
field 253-254
strength 253-254; Units 254
force 252
generator 297
insulator 251
intensity 254
lines 253
meters 288-290
permittivity 252-253
potential 254-255; Units 255
power 274
resistance 272-274; Units 272
resistivity 272-273; Units 272
structure of matter 251
susceptibility 265-266
Electromagnetic
induction 294-296
radiation 323-324
spectrum 323, 332¢

310



Electromagnetic (contd.)
theory of light 323-325
waves 322-325

Electromotive force (see emf) 274

Electron 251
charge on 256
mass 256

Electrostatics 251-267

emf
induced 294
thermal 306

Energy; Units and conversion factors 164-165

capacitor 262-263
conservation 158, 169, 171
elastic 170
electric 274
internal 219
kinetic 158, 165, 179, 180
mechanical see Kinetic and Potential
dissipation of 172
transformation of 221
of a capacitor 262-263
of a rolling body 185-186
of self inductance 296-297
potential 169-171
elastic 170
relations in harmonic motion 193-194
rotational 179-180
states 171
thermal 1
total 171
Engine see Heat engine
Enthalpy 223
Entropy 233-235
Equal-arm balance 127
Equation of state of a gas 16, 17, 32
Equilibrium 7, 133
static and dynamic 133

thermal 7
Erecting lens 58
Erg 164

Ether (luminiferous),
velocity of 117-118
Evaporation 30
Expansion

adiabatic free 223
isothermal 222
thermal 13-16
Exponentials 339t, 340¢
External work 219
Extraordinary ray 104

Index

Eye 56-59
defects of 56
far point of 56
near point of 56

Eyepiece 57

Fahrenheit scale 2

Farad 262

Faraday, Michael 117

Faraday’s law 294

Far point of eye 56

Fermi, Enrico 161
Ferromagnetic materials 305-306
Ferromagnetism 305-306

Fields see Electric and Magnetic

First law of motion (see also Newton’s) 136

First law of thermodynamics 221
Fitzgerald, George 117

Fizeau’s toothed wheel experiment 64
Flatness, interference tests for 80
Flow of fluid 213-216

Fluid 209
dynamics 213, 216
ideal 209
pressure 209-210
real 209

statics 209-212
Fluorescence 324-325
Flux, magnetic 293
Focal length

of lens 54

of mirror 45
Focal point 44, 54
Foot, definition 126
Foot-pound 165, 335

349

Force definition 125; Units and conversion fac-

tors 126
buoyant 211
central 151
centrifugal 149
centripetal (same as Central force) 155
constant of a spring 192
electric 252
frictional 143
gravitational 128
magnetic 282-286
moment of 175-178
normal 136, 143
nuclear 125
of gravity 127
restoring 192



350 Index

Force definition (contd.)
types 125
Forced oscillations 196
Forces, systems of
concurrent 175
conservative and nonconservative 166
equilibrium of 133
fundamental 125
interatomic 241
Foucault, Jean 64
Frames of reference 112
Fraunhofer diffraction 88-91
Free body diagram 138
Free expansion 223
Freezing see Fusion
Frequency 68, 192, 246, 309
Fresnel diffraction 86-88
Friction 142-144
coefficient of 143, 144¢
kinetic 143
on inclined plane 152, 153
static 143
work against 167, 168
Fundamental
constants 335
forces 125
frequency 71, 247
quantities see Introduction
units see Introduction
Fusion 10, 31
curve 31
latent heat of 10, 11¢
f-value 59
f-value of lens 59

g 127
G 128-130
Galilean transformation 112-114
Galvanometer 288, 289
element in voltmeter and ammeter 289
Gamma rays 325
Gas
adiabatic processes 222, 224
external work 219
internal energy 221
isothermal processes 223
kinetic theory 237-240
laws 16-18
liquefaction 32
real 240
specific heats 224, 224t

thermal energy 1
thermal properties 16, 17
thermometer 4

universal constant 17

Gauge pressure 216

Gauss’s divergence theorem 334

Gauss’s law  259-262

General gas law 17

Generator 297-299

Geometrical optics 37

Gilbert, William 283

Gradient

operator 255, 332
potential 255
temperature 22

Grating

diffraction 91

Gravitation

Cavendish experiment 129
constant 130

Newton’s law of 128
universal 128-130

Gravity

acceleration of 127
variations 127

center of 178

force of 127

Gyration, radius of 183, 183¢

Harmonic motion 191-197

Harmonics 71, 247

Heat 1

capacity 7

conduction 21-23
coefficient of 21, 22t
convective transfer of 23-24
engine 230-233
efficiency of 231
latent 10-11

of combustion 10, 11¢
quantity 7

radiative transfer of 24-26
specific 7-10, 9t
transfer 21-26

units 8

Henry 296

Hertz, Heinrich 117

Hooke, Robert 192

Hooke's law 192

Horsepower 165

Human audible range 245



Humidity 33

absolute 33

relative 33

Huygens, Christian 63

Huygens’ principle 73
Hygrometer (wet and dry bulb) 34
Hygrometry 33

Hypermetropic eye 56
Hysteresis 306

Ideal

fluid 209

gas 224
Image 44

distance 44

formation 44

real 47

virtual 47
Impedance 313
Impulse 155-156
Incidence, angle of 38
Inclined plane

motion on 152-153
Index of refraction 39, 40¢, 321
in eyeball, 56¢
Induced emf 294
Inductance 296-300, Units 296
mutual 296

self 296

energy of 296-297
Induction 294-297
electromagnetic 294-296
residual 306
Inductive circuits

current growth and decay 299
voltage relations in 311
Inductive reactance 312
Inelastic

collisions 158

properties of solids 204-205
Inertia 125

law of 137

moment of 177, 181-183
rotational 177
Inertial reference frame 137
Infrared radiation 323
Infrasonic waves 245
Insulators 251

thermal 22
Integral

definite 111-112

Index

line 164
Intensity

electric 254
magnetic 304

of light beam 102
of sound 246-247
Interatomic forces 241
Interference 69, 77-82
fringes 82

in thin films 79-80, 82
of light waves 77-79
Interferometer 81, 118
Internal

energy 220-221

of gas 221-225
reflection 40
resistance 274-275
work 219
Iris 56
Irreversible process 234
Isobaric processes 222
Isothermal processes 222
Isothermals of real gases 32
Isotopes 251

Joule 164
Jupiter, satellites of 63

Kelvin, Lord (William Thomson) 307
Kelvin temperature scale 3, 232
Kepler’s laws 150-151
Kilocalorie 7
Kilogram, definition 126
Kilowatt-hour 165
Kinematics 107-115, 180
Kinetic

energy 1, 158, 165

friction 143

theory of gases 237-240

theory of liquids 241

theory of solids 241-242
Kirchhoff’s law of radiation 25
Kirchhoff’s rules of electric circuits 275

Land, E. H 104
Laser 77-78

351

Latent heat (see also Fusion and Vaporization)

11¢

fusion 10
vaporization 10
Lawrence, Ermest O. 287



3s2 Index

LeChatelier’s principle 29 Magnet 283

Length 126 external field of 283

Lens 53-59 magnetic moment of 303

axis 54 Magnetic

combinations 55 deflection of charged particles 286-287
converging 53 dipole moments 288

diverging 54 domain 306

equation 54 field 283

focal length 54 of coil 297

focal point 54 of currents 293-300

f-value 59 of solenoid 297

maker’s equation 54 torque on loop in 288
nonreflecting 79 vector 253

thick and thin 53 flux, Units 293

Lenz’s law 294-296 density (induction) 284-286; Units 285, 293
Light in solenoid 297

aberration 64 force

absorption 24-26 on conductors 283-284
diffraction 62 on current element 284
dispersion 40-42, 62 on moving charge 286
interference 63, 77-79 hysteresis 306

nature of 61-65 intensity 304; Units 304
particle theory of 62 lines 293

point source of 37 materials 304-306

polarization 101-104 diamagnetic 304-305

ray 37 ferromagnetic 305-306
rectilinear propagation of 37, 62 paramagnetic 305

reflection 38-39, 62 real 304

refraction 3940, 62 moment 303

speed 63-65 per unit volume 304

waves 63, 67 permeability constant 285
Linear permeability relative 304
expansion 13 properties of matter 303-306
polarized waves 101 susceptibility 304
Lines Magnetization 304

electric 253 curve 306

magnetic 293 intensity of 304; Units 304
Liquefaction of gases 32 saturation 306
Liquids Magnetizing force 304; Units 304
kinetic theory of 241 Magnification 47

thermal properties 15-16 Magnifier 57
Lloyd’s mirror experiment 79 Magnifying power 56-58
Lodestone 283 of microscope 57

Logarithms 337-338t of telescope 58

Longitudinal wave 67, 97 Malus law 102

Loops Mascons 127

in electrical networks 275 Mass 125-130; definition 126; Units and conver-
Lorentz contraction 120 sion factors 126

Lorentz force law 286 inertial and gravitational 127-128
Lorentz, Hendrick 117 rest 161

Lorentz transformation 120 standard 126



Mass (contd.)

variation with speed 161
Mathematical tables 336-340
Matter

electrical structure of 251
Maxwell, James Clerk 117, 319
Maxwell’s electromagnetic equations 319-321
Mechanical

energy see also Energy

conservation 169, 171
dissipation 172

equivalent of heat 221

units, systems of 164—165
Melting (see Fusion) 10

point 11¢, 29

pressure effect 30
Meter 126

in terms of standard wavelengths 81
Meters

electrical 288-290

Venturi 215
Michelson

interferometer 81, 118

measurement of speed of light 65-66
Michelson-Morley experiment 117
Micron 335
Microscope 57

compound 57

simple 57
Mirror

center of curvature 43

concave 43-47

convex 43-47

equation 46

focal length 45

focal point 44

parabolic 45

paraxial rays 45

plane 38

radius of curvature 44

spherical 45
MKS system of units 126
Modulus, elastic

bulk 201

shear 201

Young’s 201
Molecular mass 239
Moment

arm 175

magnetic 203

of force 175-178

Index 353

of inertia 177, 181-183, 183¢
parallel axis theorem 181
perpendicular axis theorem 182
Momentum
angular 180, 184
conservation of 184-185
linear 156
conservation 156-158
Morley, Edward 117
Motion see also Dynamics and Kinematics
accelerated 110-112, 126
Brownian 241
in a circle 146-149
non-equilibrium 134-136
of a point in a rotating body 177-178
periodic 191
planetary 149-151
projectile 144-146
rolling 185, 186
rotational 179-186
systems with variable mass 159-160
wave 67
Motor 297-299
AC 297-299
DC 297-299
Musical instruments 247-248
Mutual inductance 296
Myopia 56

Near point of eye 56
Negative charge 251
Neutrino 161
Neutron 251
Newton, Sir Isaac 62
Newton (nt) 126
Newton’s
first law 136
law of cooling 24
law of gravitation 128
laws of motion (or of mechanics) 136
rotational analogues 180
particle theory of light 62
rings 80
second law 136
in terms of momentum 159
rotational analogue 183
third law 136
Nicol prism 104
Noise 247
Nonequilibrium motion 134-136
Nonreflecting lenses 79



354 Index

Normal force 136, 143
Nuclear

forces 125

model of atom 251
Nucleus 251

Object (optical) 44
distance 44

real 47

virtual 47
Objective 57-58
of microscope 57
of telescope 57

Ocular 57
Ohm 272
Ohm’s law 272
Optic

axis 104
nerve 56
Optical

instruments 56-59

path length 78-82
Optics coated 79
Ordinary ray 104
Oscillations

damped 194

forced 196

of pendulum 193
Overtones 71

Parabolic mirror 45
Parallel

AC circuit 313-314
-axis theorem 181
connections of capacitors 263
connections of resistors 274
-plate capacitor 262
Paramagnetic materials 305
Paraxial rays 45

Partial derivative 205
Partial pressure 204
Particle 107

accelerators 287
dynamics of 107
theory of light 62
Pascal, Blaise 213
Pascal’s principle 213
Peltier

effect 306-307

emf 307

heat 307

Pendulum simple 193

Performance coefficient of refrigerator 231
Period 68, 191, 309
Periodic motion 191
Permeability constant 285
Permittivity

dielectric 266
electrical 252-253; Units 253
Perpendicular

axis theorem 182
Phase angle 69, 192

AC 309

Phases of matter 30-31
Pitch

of sound 247

Plane mirror 38
Planetary motion 149-151
Point charge 252
Poisson’s ratio 203
Polarization

dielectric 264-266

of light 101-104
Polarizer 101

Polaroid 102

Position vector 108
Positive charge 251
Potential

difference 255

electric 254-255
energy 169-171
gradient 255
Potentiometer 276-277
Pound 126

Power 165; Units and conversion factors
average 165

factor 314

in electric circuits 274
instantaneous 165
reactive 315

relations in AC 314
Poynting vector 322
Presbyopia of eye 56
Pressure

absolute 216
atmospheric 211, 212
critical 30, 30t

effect on melting 30
fluid 209-210

gauge 216

gradient 210

partial 240
temperature diagram 31

165



Pressure (contd.)
vapor 30
volume diagram 32
Prevost’s theory of exchanges 24
Principle of degradation of energy 234
Principle of equipartition of energy 239
Prism
deviation of light by 40-42
dispersion 4042
Problem solving 141-142
Projectile motion 144-146
Proton 251
Psychological effects of sound waves 247
Pupil (of eye) 56

Quality of sound 247
Quantity
of electricity see Charge
of heat 7
scalar 99

Radar 323
Radial acceleration 148-149
Radian 45, 177
Radiant energy see Radiation
Radiation (see also Electromagnetic) 21
absorption 24-26
antenna 323
black-body 25
electromagnetic 24
infrared 323
Kirchhoff’s law 25
radio-frequency 323
Stefan-Boltzmann law 26
thermal 24-26, 323-324
ultraviolet 323-324
visible see Light
Radiator perfect 25
Radio waves 323
Radius
of curvature 44
of gyration 183
Range of projectile 145
Rankine temperature scale 3
Ratio of specific heats of gas 244, 239, 240
Rays, light 37
extraordinary 104
ordinary 104
paraxial 45
R-C series circuit 277-278
Reactance 311-313

Index

capacitive 311
inductive 312
Reaction forces 137
Reactive power 315

Real
fluid 209
gases 240
image 47

magnetic materials 304
Rectilinear propagation of light 37
Reference frame 112

inertial 137
Reflection 38

by plane mirror 38

by spherical mirrors 44-47

diffuse 30
factor 25
laws of 38

of waves 71
polarization by 103-104
specular 38

total internal 40
Refraction 39
dispersion by 40

double 104
index 39, 40-41¢, 321
laws of 39

of light 39-42
of superconductors 273
of waves 71
Refractive index 40, 4041t
Refrigerator 231
performance coefficient 231
work done on 231
Regelation 30
Relative humidity 33
Relative permeability 304
Relative velocity 113, 118
Relativistic expressions
addition of velocities 121-122
mass 161
Relativity 117-122
Einstein’s theory of special 119
Residual induction 306
Resistance 272-274
determination of 276
internal 274-275
of semiconductors 273
superconductors 273
temperature coefficient of 273, 273¢
thermometer 5

355



356 Index

Resistivity 272, 273¢; Units 272 Seebeck emf 307
temperature coefficient 273, 273t Self-inductance (see also Inductance) 296
Resistor Semiconductors 273
parallel and series connection 273-274 Series connections
Resonance capacitors 263
AC electrical 315 resistors 273
in forced oscillations 197 Series resonance 315
Restoring force 192 Shear 200-201
Retina 56 angle 201
Reversible-heat engines 229-230 modulus 201, 204¢
Right-hand rule strain 201
for magnetic field of straight conductor 284 stress 200
for magnetic moment of coil 288 Simple
for torque vector 288 harmonic motion 192
R-L series circuit 299-300 amplitude 191
Rockets 159-160 energy of 193-194
Rods (visual receptors) 56 frequency 192
Rolling motion 185-186 period 191
Rémers observation 63 rotational 193
Rotation 175-186 microscope 57
dynamics 180, 183 pendulum 193
equilibrium 180 Sines 336t
kinematics 180 Single slit diffraction 88-89
kinetic energy 179-180 Sinusoidal wave motion 68
Rotational Slug definition and conversion factor 126
analogues of Newton’s laws 180 Snell, Willebrord 39
analogues of translational motion 180 Snell’'s law 39
equilibrium 180 Solar system 150, 150¢
inertia 177 Solenoid
motion 179-186 energy 297
dynamics of 180, 183 magnetic field of 297
energy in  179-180 magnetic flux in 297
quantities 176 Solid angle 260
simple harmonic work 192-193 Solids
work 180-181 amorphous 241
Rupture point 200 covalent bonded 242

ionic bonded 242
kinetic theory of 241-242
metallic bonded 241

Saturated vapor 30 thermal properties of 13-15

pressure of water, 30t Sound 245-249
Saturation magnetization 306 adiabatic character of 245, 246
Scalar frequencies 246

field 253 intensity 246-247

product 163, 328 loudness 246-247

quantity 99 musical 247-248
Second definition 126 pitch 247
Second law of motion (see also Newton’s) 136, production 245

159 psychological effects of 247

Second law of thermodynamics 229 quality 247

Seebeck effect 306-307 speed 109, 245-256, 246t



Sound (contd.)
waves 67, 245
waveform 245
Source of emf (see also emf) 274
Specific heat 7-10, 9t
measurement methods 8§, 9
of gases 224, 224t
of liquids 8
of solids 8
Spectra 92
Spectrum
electromagnetic 323, 323t
infrared 324
ultraviolet 324
Specular reflection 38
Speed
of light (see also Light) 63
of longitudinal waves 68, 206
of sound (see also Sound) 109, 245-246
of transverse waves 68, 206
Spherical aberration 44
Spherical mirrors 45
Springs 192
Standing waves 70
State, change of 29
Static equilibrium 133
Static friction 143
Statics
of fluids 209-212
Stefan-Boltzmann law 26
Steradian 260
Stoke’s theorem 334
Straight conductor, magnetic field of 293, 294
Strain 200205
bulk 201
longitudinal 205
shear 201
tensile 201
Streamlines 213
Stress
bulk 200
longitudinal 206
shear 200
tensile 200
Sublimation 31
curve 31
Superconductors 273, 305
Superposition principle 69
Susceptibility
electric 265-266
magnetic 304

Index

Tangential acceleration 149
Tangents 336t
Telescope
magnifying power 58
objective 57-58
terrestrial 58
Temperature 1
absolute scales 3
Centigrade scale 2
coefficient of resistance 273
critical 30, 30t
Fahrenheit scale 2
gradient 22
Kelvin scale 3, 232-233
Rankine scale 3
scales 24
temperature measurement 2
thermodynamic scale 3, 232-233
Tensile
strain 201
stress 200
Thermal
conductivity 21, 22t
emf 307
energy 1
equilibrium 7
expansion
coefficient of 13-16, 14¢, 15t
of water 15
properties
of gases 16-17, 22, 31-34
of liquids 15-16, 22, 29-31
of solids 13-15, 21-22, 29-31
radiation 24-26, 324
units of energy 7
Thermocouple 5, 306
Thermodynamics 219-235
first law 221
second law 229
Thermodynamic
processes 222-223
temperature scale 3, 232-233
Thermoelectric
effects 306-307
Thermometers 2-5
gas 4
mercury 4
resistance 5
Thermometric properties 2
Thermopile 324
Thermostat 15
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Thin films, interference in 79-80, 82 cross product 176, 328
Third law of motion (see also Newton’s) 136-137 diagrams for AC 310-314
Thomson effect 307 direction 99, 321
Thomson heat 307 electric fields 253
Thomson, William (Lord Kelvin) 307 magnitude 99-100, 328
Threshold of hearing 247 position 108
Throttling process 223 Poynting 322
Time-constants of circuits 277, 299 product 176, 328
Time dilation 120 quantities 327
Torque 176 rectangular components 327-328
on loop, magnetic 288 representation 99, 327
vector 176 sum 327
work done by 180, 181 unit 100, 328
Torsion Vector analysis 327-334
constant 130, 289 Velocity 108
Total angular 176
energy of particle 171 average 109
internal reflection 40 instantaneous 109
Tourmaline 104 magnitude 109
Trajectory of projectile 145 relative 113
Transformation relativistic addition of 121-122
Galilean 112-114 root-mean-squared 238
Lorentz 120 tangential 180
Transformer 315, 316 Venturi meter 215
Transverse waves 67, 97-99 Virtual
amplitude 68, 97-98 image 47
sinusoidal 68, 97-98 object 47
speed of 97 Visible radiation, wavelengths 79
Trigonometric functions, 336¢ Vitreous humor 56
Triple point 4, 31 Volt 255
Triple point diagram 31 Voltmeter 289

Volume expansion 14
Ultrasonic waves 245

Ultraviolet spectra 324-325 Watt 165
Units, system of Wave 67-74
British engineering 126 amplitude 68
FPS see Introduction diffraction 73-74
rationalized MKS (see Introduction) 126 elastic 205-206
Unit vector 100 electromagnetic 322-325
Universal equation 321
gas constant 17 interference 69
gravitation 128 light 67, 79

linear polarized 101
Van der Waals equation 32 longitudinal 67
Vaporization motion 67
curve 31 sinusoidal 68
latent heat of 10, 11t reflection 71
Vapor pressure 30 refraction 71
Vector 99-101, 327 sinusoidal 68
addition 101, 327 sound 67, 245

component 99-100, 327 speed 68, 206
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Wave (contd.) internal and external 219
standing 70 Work energy balance 172
transverse 67

sinusoidal 68 X rays 324-325

Wavelength 68 X-ray tube 324

Weber 293 ;

X- t (XU) 323

Weight 127 ray unit (XU)

Wet and dry bulb hygrometer 34 .
Wheatstone bridge 276 Young:s experiment 78
Work 163-165; Definition 163; Units and con-  YOUng's modulus 201, 204¢
version factors 164-165, 219 Young, Thomas 78
in friction 167-168
in rotational motion 180-181 Zero, absolute 2, 233



