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Simulation of an Autonomous
Biped Walking Robot
Including Environmental
Force Interaction

This autonomous biped walking control system is based on reactive force
interaction at the foothold. The precise 3D dynamic simulation present-
ed includes: 1) a posture controller which accommodates the physical
constraints of the reactive force/torque on the foot with quadratic pro-
gramming, 2) a real-time COM (center of mass) tracking controller for
foot placement, with a discrete inverted pendulum model. 3) a 3D
dynamic simulation scheme with precise contact with the environment.
The proposed approach realizes robust biped locomotion because envi-
ronmental interaction is directly controlled. The proposed method is
applied to a 20 axes simulation model, and stable biped locomotion with
velocity of 0.25 m/sec and a stepping time of 0.5 sec/step is realized.
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Anumber of biped walking systems have been proposed
in previous works[l}-[12]. Since the reactive force and
torque on the foothold depend on its complicated charac-
teristics, the relation between the input torque of the actua-
tor and the reactive force and torque is hard to solve. Thus
conventional control systems calculate trajectories of joint
angle or joint torque so as to approximately satisfy the sta-
ble contact condition[1]-{3]. This approximation, however,
does not yield walking robustness. The whole dynamic
equation of the robot and the
contact condition is consid-
ered to generate joints refer-
ences in [3], but this is
off-line type planning due to
the complexity of dynamics
of the biped robot.
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To improve walking robustness, we propose a new hierar-
chical control system based on the reactive force control on
the foothold and the force distribution system, in which the
physical constraints of the contact force on the foothold are
precisely considered. With a new foot placement algorithm,
on-line controlled autonomous biped locomotion is realized.
Also, a precise 3D dynamic simulator with environmental
interaction is proposed to investigate the control scheme.

MODELING

A legged robot is modeled as a
free-fall manipulator which
has no fixed-point, but has
interaction with the ground.
The dynamics of a free-falling
manipulator are formulated
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Figure 1. Representation of Link-fixed Coordinates.

by introducing the variables representing position and atti-
tude of a base-link. Let generalized coordinates x, generalized
velocities u, and generalized forces u be

x" =[p}, A} 07 |e R*xSO(3)x R” a
DT:[Ug,mg,wT]eR3xR3xR”’ ©)
u’ =[fBT,n§,'cT]eR3xR3><RN 3)

where
ps 3 x1vector specifying base-link position
Ag 3 x 3 matrix specifying base-link attitude
0 : N x1vector specifying joint angle
Vg ¢ 3 x 1vector specifying base-link velocity
g 3 x1vector specifying angular velocity
of base-link
® : Nx1vector specifying joint angular velocity
fz 1 3x1force vector generated in base-link
ny : 3 x1torque vector generated in base-link
T : Nx1torque vector generated by actuator
N : number of joints of robot
Ap is the direction matrix of the inertial base-link-fixed axes rel-
ative to the ground-fixed axes (see Figure 1, A; = [x3, ¥p, 25 ].)
The attitude Az moves in the Lie group SO(3).
The equations of motion of the robot become:

Pp="y (4)
Ap= <Ay ()
b=0 (6)
and
Hx)o+ Clr, v)0 + glx) =u + uy (7)
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where
H(x) : (N +6) x (N + 6) inertia matrix
: (N + 6) X (V + 6) matrix specifying centrifugal
and Coriolis effects
glx) © (N + 6) x 1 vector specifying gravity effect
ug ;- (N + 6) x 1 vector specifying generalized forces
generated by external forces

CONTROL ALGORITHM

To control a legged robot (Eqs. (4)-(7)), we must consider
physical constraints on the foothold directly or indirectly. We
propose a hierarchical control system with a direct and real-
time method, which realizes robust contact of the foothold
and the stable biped locomotion. Figure 2 shows the proposed
hierarchical system. The lower layer consists of a workspace
position controller and a robust reactive force controller.

Posture Controller
In a case of a biped robot, u;, the external force on the gener-
alized coordinates, is expressed as follows.

I, 0 L, 0
fy 7,
ug=|[x,x] I, { }+ [x.x] 1, L ]
le J;z ! JLTl JLTQ ‘ (8)
where
o, £, 3 x 1 vector of reactive force at the center of
right or left foot
ng n; 13 x 1 vector of reactive torque at the center
of right or left foot
Jei Jri + 3% N Jacobian matrix of right or left foot
Xe X, ¢ 3 X 1 position vector of the right or left foot

with respect to the origin of pg
Here, [a x] denotes a matrix representing a cross product, and
1, denotes an n X n identity matrix.

While there is no actuated control input for the position
and the attitude of the body, i.e., f;=n,=0, we can still control
them by using the reactive force and torque (f, £;, nz, n;) as
indirect control inputs. To use the reactive force and torque
as indirect control inputs, hybrid position/force control is
applied to each leg. If the leg is in the support phase, the force
control is activated. Otherwise the position control becomes
active. The workspace position control system consists of
inertia fluctuation insensitive servo control[14] and inverse
kinematics by the Newton method. The force controller is
applied as the upper layer of the position controller[15] (see
Figure 2).

Next the posture control system is applied as a supervisory
control to the reactive force controller. The objective is to
make the cenfer of mass (COM) of the robot and the attitude
of the body converge to their given reference trajectories. The
parallel motion of the COM of the robot and the rotational
motion of the body can be modeled from the first 6 rows of (7)
and (8) as follows.
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ﬁE = KfA (10)
and
i LEH 1
o7 =[vf 0}] (12)
fl :[fRT n, f! n[] (13)
S A R AR
[x:x] I, [x,x] I, (14)
pc="; (15)
where
H : 6 x 6 inertia matrix
b : 6 x 1 vector specifying gravity effect and
non-linear terms
U, @ 6 x 1 vector specifying external force at COM

and external torque around body
¢+ 3% 1vector spec1fymg COM of the robot
The 1deal external force input &}, at the COM of the robot
and around the body is determined by the state feedback.

a;:ﬁn[hf,,( E )+K( ’;)J“;'ef}l;" (16)

where
H, : 6 x 6 diagonal matrix specifying nominal inertia
b, : 6 x 1 constant vector specifying non-linear
terms, gravity effect, and non-diagonal
inertial force
and K,, K, represent gain matrices. The posture reference .,
is generated by linearized inverted pendulum models[16].

The contact force and torque are, however, physically lim-
ited to the repulsive condition, the friction condition, and
zero moment point (ZMP) condition. Thus the ideal force u},
is not always realized by the reactive force/torque £,. We need
to consider the following physical conditions. Let "= [/, f,
fRz]) nRT = [nRx Mgy n!\’z]’ &T: [fo /},y "Lz]r and nLT‘_‘ [an nyy an]-
The normal component of the reactive force on the ground
plane is not attractive but repulsive, which yields the follow-
ing non-negative conditions.

fre20, .20 n
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The friction force, i.e., the tangent component of the reactive
force on the ground plane always exists within the friction cone.

L+ iy <pf fLAr s, 8

PN Suhy l”lel <wf. (19)
where u and |’ denote friction coefficients. It is possible to
break out slips at the contact points when the equality in
Eq.(18)-(19) is realized.

The tangent component of the reactive torque at the cen-
ter of the foot on the ground plane is also limited due to the
finiteness of the contact area.

Ingd <d,fr, |nyd <d,f, (20)

Ing| <d.fo. Inyl <d.f. 21)

where d, and d, denote half of the length and width of the foot,
respectively. Eq.(20)-(21) are equivalent to the ZMP conditions.

Due to the physical limitations (Eq.(17)-(21)), the ideal
force input @ by (16) cannot always be realized by the reac-
tive force and torque £,. Thus the following performance
indices are introduced, which should be minimized under the
limitations.

jmar'n 2 (uE u;})T Cl (uE u;) (22)
Jon = 'Z’unguE 23)

The index J,,,;,, corresponds to the square error between the
ideal force and torque and the realizable ones. The index J,;,
corresponds to the square error between the force/torque of
the left foot and those of the right. The reactive force and
torque input £, is determined by the quadratic programming,
which minimizes the performance index under the linearized
constraints of Eqs.(17)-(21).

mln Jmam g‘[sub (2 4)
subjectto Af, <b (25)

where
C, = diag{w,,w,,w,,w,,w;,w} 26)
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Cz - l: 16 'Iei{
A A @7)
Sk
(28)
1 0 u 0 0 0 'I
-1 u 0 0 0
01 -uw 0 0 0
0 -1 u 0 0 0
00 1 0 0 0
00 -1 0 0 0
A=
00 -4, 1 0 0
0 0 -d, -1 0 0
0 0 -, 0 1 0
0 0 —d, -1 0
0 0 - 1
|0 0w ~1] (29)
b7 =[bg" b7] (30)
2=100002,0000000] (31)
7=[00002,0000000] (32)
any if right legisin support phase
Zp= .
0 otherwise (33)
any if left legisin support phase
z,= .
0 otherwise (34)

and ¢ is a small positive real number.
The main performance index J,,.;, approaches the solution

to the ideal force and torque u,” given by the state feedback.
The sub performance index ./, distributes the inner force and
torque to both feet in balance. Because ¢ is very small, the sub
performance index has almost no influence on the main per-
formance index. The constrained Eq.(25) acts as a kind of a
limiter in multi-input systems.

The optimization problem of Eqs.(24) and (25) is equiva-
lent to the following quadratic programming problem.

 Lerop ot
min 2fAQfA c,f, 35)

subjectto Af, <b (36)

where Q = K7 C, K + ¢C, and ¢, = K7 Cu;’. The reactive force
and torque reference can be obtained by solving these equa-
tions at each sampling period.

Free-leg Trajectory Planner
Using the posture controller with the environmental interac-
tion mentioned above, the on-line type autonomous walking
control system can be realized as follows.

The posture controller mentioned above stabilizes the robot
in the single and double support phases but does not realize the
global locomotion. In order to achieve stable walking, the foot
must periodically land at an adequate point. In this section, the
tracking control of the COM by planning the landing point of
the foot is described.

The dynamics of the COM of the robot behave like
an inverted pendulum with the posture controller, i.e.,
e = WHp,, - p,,) in the sagittal plane and 4, = ©¥(p,, - p,,)
in the lateral plane, where p,, and p,, denote the COM posi-
tion in the sagittal plane and in the lateral plane, respective-
ly. p,. and p,, denote the foot position of the support leg
with respect to the origin of the world fixed coordinates in
the sagittal plane and in the lateral plane, respectively. Digi-
tizing the inverted pendulum with one step period T, we
have the discrete time inverted pendulum of Eq. (37). (Here,
only the equations in the sagittal plane are described. The

Reactive Force

l { Joint Angle

Free-leg
Trajectory M;(;ng Joint Angle References of arms

Planner with
Discrete Inverted Compensator
Penduium Yaw. Mom.
Ref.

Body Posture

Tip Position
Reference of Free-leg

— Z3 () rog ()

O

yg(t+h)
Zg (i+h)

Reference Body Reactive

Workspace " G4
Generator Posture [=—— Force Position - g'p;ft X5 ()
with Inverted Position | Controller ﬁa Ve | Controller | — _ GControlier | Joint | RO
Pendulum Reference qies Tip Position Torque
of Center Reference Reference of
of Mass Support-leg
Reactive Force s
Joint Angle N

Figure 2. Biped Walking Control System.
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Figure 3. Rotation of Coordinates.
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forms of the equations in the lateral plane are identical.)

[ i
(37)

where c= coshwT and s = sinhw?.

The movement of the free-leg must just begin at one step
period in advance. Thus the augmented system, including one
step period delay can be described as:

(pcx(t+T)

Pu(t+T)|=

| Poclt+T)

(¢ s/o 1-c|p,(f)]| [0

os ¢ —as|p.(t)|+|0Ppe()
N EXGIRE 9

The reference of the landing point P,/#(¢), which sets the
system characteristic polynomial ¢(z) to 0(z) = 22+0,2 2+ o2
+ 0l is obtained by the state feedback as follows.

+f [pcx (t)- 5 z‘ ]
+fz[pgx t) C’"" t]
+p(¢+1) (39)
where ;o 1-0, 0, +0, +2(1-0, )c - 4e?
o 2(c-1)
(40)
P 1+ot, =0, =0, — 2(1+0, )c— 4’
! 2ams | (41)
fz =0a, +2c (42)

P denotes the reference trajectory of COM in the sagittal
plane and p, @ denotes the offset of the landing points syn-
chronizing the trajectory of COM in the sagittal plane.

The trajectory of the free-leg is given by connecting the
next and previous landing points with a smooth function as
follows.

p(t+m)=p(t-T)
1-cosmmy el \
+-——2—[pyxf(t+ T) pr(t- T‘j] 43)
and the height of free-leg is also given by
o 1—C082mm
ref t — h:ef Itk
Py (t+m) 5 w4
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where 0<m<T.
The global system configuration is shown in Figure 2,

NEW SIMULATION SCHEME

We now describe a new simulation method for multi-degree-
of-freedom mechanical systems with time dependent contact
and Coulomb friction, such as a legged robot interacting with
the ground, a satellite-mounted manipulator catching an
object, etc. The proposed method is an extension of the open
link manipulator simulation[20] and the contact simulation
of rigid body mechanics[21]. The proposed simulation model
is mathematically exact; thus this simulator enables the
essential investigation for control algorithms of the mechani-
cal systems.

Numerical Integration
It is easy. to simulate the dynamic motion of a legged robot
(Egs.(4)-(7)) numerically by integrating band v on each time
step after solving Eq.(7) for the acceleration ¥ given x, v, u,
and u;. In a case of the Euler integration, we have

Pyt + h) = Py(t) + hog (¢) (45)
Ap (£ + 1) = T(hay (1)Ag (£) (46)
ot +h)=0() + ho (f) (47)
V(t + h) =) + AH(E)) ! [u(t) + uglx(t),
v(t)) - blx(t), v(£) ] (48)

where biasing vector b(x(f), v(£)) = Clx(#), v(E))v({E) + glx(®)),
and 4 is the time-step. T(hw;) acts as a rotational transformer
around the o, axis with angle ] @l (see [18] and Figure 3).

T(ho,)= [(cosw) +(1—cosy)rr” +(sinw)[r x]] (49)

where y=h|wy, r = ol o .

H(x) and b(x, v) can be obtained by the inverse dynamics
calculation using the Newton-Euler formulation, i.e., given x,
v, and ¥, solve for u. In fact, H(x) can be calculated by solving
inverse dynamics by setting x to the current state, 0= e, and
ignoring centrifugal forces, Coriolis forces, gravity effects, and
external forces[20]. Here, e; means a unit vector with its j*
element equal to 1 and others are 0. The solution about « cor-
responds to the j# column of H (see Eq.(7)). The biasing vec-
tor b(x, v) can be also computed by setting v= 0.

The inverse dynamics can be calculated by following recur-
sive equations. The formulation is based on the algorithm in
[19], but several points are different. In the proposed method,
1) there is no fixed point in the robotic system and the base-
link is movable, and 2) the expression of the link-fixed coordi-
nates is modified to deal with branching links.

The index numbers of links are introduced as shown in
Figure 4 in a 14-axis biped case. Here, the link { is defined as
the inner link of i link whose index is the smallest in all links
connected to /" link. Also the set of links O; is defined as the
outer links of 7t link whose indices are larger than { in all
links connected to the /" link. The examples are shown in
Table 1. To compute the inverse dynamics efficiently, the
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Table 1: Examples of an Inner Link and Outer Links
in Figure 4 Case.

link 7 1 2 7 8 14
inner link — 1 6 1 1
outer links O;  2,8,14,15 3 0 9 0

link-fixed coordinates shown in Figure 5 are introduced. The
™ coordinates are defined as %A, = %A; 4, ... {4, and 4, = A,
where 4; = [ix;, iy, &2;] corresponds to the i coordinates refer-
enced to the /# coordinates system. 4, transforms any vector
with reference to the /#* coordinates system to one in the i
coordinates system. (Note: {41 =47 = i4,) In a case of the
parametrization of Figure 5:

C

+Co —S4CaSe

4=
P =8,0, 00 Sy —8ySe T CyCCs  —CyS,

—CySe = 5,CoCy  SyS,

Sase

where s, = Sind;,;, ¢, = COS¢;y, Sq, = SNy, €,y = COSOLy, So =
sind,.,, and ¢, = cos0, ;.

When Vg, &, 05, 8;, & and 6; are given, the angular veloci-
ty ‘o, the angular acceleration /Gy, and the acceleration of the
origin ; of i link referenced to its own link coordinates can
be recurrently obtained as follows. For i=1

lﬁlzl‘qo(bs + g)

(1)
'o,="4,0, (52)
'0,="4,0, (53)
For2<i<N
‘o,=4 0, +24,, (54)

$,Co c, (50) '

‘o,=4'0,+2,0,, +("A!.oaz.)><z[,(§i__1 (55)

Bi=A,[ o, xip] o, (Yo ,xp] )+, (56)

Thus tﬁe acceleration of the center of mass #, the total force
F;, and the total moment &, of the # link can be calculated as
follows. For 1 <i<N

=0, xs + o, x ("0, Xs, 1+,

(57)
1'141i=[mi ifi (58)
"NI.:"Ji"c'o[+"a),.><(".Ii"mi) (59)

Here, p;" denotes p, - p; which is calculated as i, = [a;., cos ¢,
a;, sin ¢4, d;;1]7. z; denotes the direction of the joint -1, and s,
denotes the center of mass with respect to the origin of link 7
coordinates (see Figure 5).

The gravity effect g is considered in Eq. (51).

Then, £; and n;, the force and moment exerted on link 7 by
inner link  can be calculated as follows. For 1</ <N

F=F+ Y AfHA, Y fy

je0; e (60)
‘n,='N,+ Z[Mﬁnﬁ% x(ZAjff].)]
je0; ,
o LR i iq 0
+s,x'F, jg;i[fcjx( A, fEJ.)] -

where f;; is the j* external force. /; is a set of index numbers
of external forces which are imposed on link {. ¢; is the posi-
tion vector of the /* contact point with respect to the origin of
its own link-fixed coordinates as shown in Figure 6.

As a result, the solution of the inverse dynamics u” = [f},
n'g, 17] given x, v, and  is obtained as follows, where £; and

=

il‘||i||||'i!!E!i) //‘ K‘N%:g
R ras
g S

7N

« ij Ground

/-// pl zo
H a [ Yo
ey
() (v Vs
%o
Figure 4. Indices of Links. Figure 5. Coordinates and Parameters of Links. Figure 6. Contact Poinfs.
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ng are the force and the moment exerted on the origin of the
base link, respectively, and T, is the torque on the i joint. For
1<i<N-1

t,="n] 2,-Dg, (62)

Fori=1
f3="A"f (63)
ny =4, In, (64)

where D; is the viscous damping coefficient of joint 7.

Constrained Force

In order to support the biped robot on the ground, the appro-
priate reactive forces from the ground should be determined
at each time step in the simulation. In general, springs and
dampers models at the contact points are introduced as colli-
sion models. This simulation model, however, requires a
shorter time step than the mechanical system itself does.
Therefore we introduce a collision model based on a mathe-
matical program, which is the extension of the plastic colli-
sion model[21] and can deal with the three dimensional
contact and arbitrary repulsion between plasticity and elastici-
ty. In addition, the motion with continuous colllslon behaves
as an exact ideal constrained motion.

In general, the external force on the generalized coordi-
nates u, in Eq.(7) is expressed by all external forces on the
contact points as follows.

fEx
= A%K,.f&. =K K, K| f, |=Kf,
le sz

(65)

where M, represents a set of index numbers of active contact
points. f,, and £, consist of tangent components of all active
contact forces. Also /3, consists of normal components of all
active contact forces. K., K,, and K, correspond to those
transformers. The dirensions of K and £; depend on the num-
ber of the contact points, which is time-variant. In advance, K
can be obtained by solving the inverse dynamics mentioned
above by setting x to the current state, f; = ¢, 0 = 0, and
ignoring gravity, centrifugal, and Coriolis effects.

When the external impulsive force Af (= f; Af) is imposed
on the system in Eq.(7), the following equation is realized:

H, -v) = Af, + KAf (66)

where v, and v. derote the velocity after the collision and
before the collision, respectively. Af; denotes the uncontrol-
lable impulse force, i.e., A, =[u - c(x, V)V - g(x)]AL. Thus, the
kinetic energy after the collision can be calculated as follows,

%uan* = %DTHU_ +%AITKTH’1KN'
+(1>7 + H"lAfb)TKAf +1Afb"H‘1Afb
2 (67)
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The plastic collision is defined as the energy minimization
with given conditions[21] which yields a quadratic program-
ming (QP) problem. The model is expanded to the following
problem to deal with three dimensional contact and arbitrary
repulsion between plasticity and elasticity.

mingylize %AfTQIAf +q] Af

©8)
subjectto  Af, = O0and JAF2 + AF) SpAf, (69)

where
Q=K HK (70)
0
g, = KT(D_ +H’1Af,,)+ 0 v
T
M, (71)

and A represents a repulsion coefficient which is arbitrarily
set within 0 <A< 1.
The problem is equivalent to
minAifmize the optimal value of sub — problem(72),(73)
]

e 7]l f2]
imjze — , !
o 2|af | lan T ar, @)
subjectto  Af,, > 0and|Af, | < pAf, 3)
where r
o e
K (74)
el o]
"o +H" Af v
zT ?\‘KZT (75)
Af, = JAFE +Af2 (76)
Afy = arctan Af, / Af,, 77
K, =K cosAf, + K sinAf, (78)

The constraints of the sub-problem become linear, so that the
problem can be solved by non-constraint optimization algo-
rithms (for example the quasi Newton method), including the
quadratic programming sub-problem.

The solution of the problem satisfies Kuhn-Tucker’s neces-
sary and sufficient conditions as follows:

> [af] 79)

N kv, <0 (80)
(wasy —|ar kT v, =0 @)
Mz 0 82)
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Figure 7. Snapshots of Biped Walking Simulation. (More details can be found on the Web, http:/fwww.kawalab.dnj.ynu.ac jp/)

k;l)++7\lt':i v. =20 (83)
Ay (kLo + 0L 0 ) =0 A < pas)
Koo 0G0 >kl .| s =pa;

(84)

where &, and k,; denote the i row of the matrices K, and K,
respectively.

Conditions (79) to (81) are related to the tangent motion.
Here £,7 v, corresponds to the tangent velocity after the colli-
sion due to the principle of the virtual work.??? Specifically,
Eq.(81) means that the friction condition is activated (| Af”| =
[ AF,) if the contact point slips. If the friction condition is
not activated (| A% < u A%,) the tangent velocity at the con-
tact point becomes zero. Eq.(83) shows that the method real-
izes arbitrary repulsion between plasticity and elasticity. The
motion with the proposed collision behaves as an exact ideal
constrained motion.

SIMULATION RESULTS
“The proposed control system is applied to a 20-axis human-type
biped robot and is tested by a precise 3D dynamic simulator.

40 « [EEE Robotics & Automation Magazine

The parameters of the robot are shown in Table 2. The control
parameters are set as follows: The walking velocity: 0.25 [m/s],
the walking period: 0.5 [sec/step], the double support period:
0.05 [sec], and the characteristic polynomial: (z - 0.3)3.

The QP is solved by the algorithm in [22].

Snapshots of the simulation are shown in Figure 7. The
initial movernent of COM is completed between [0, 1]. After
that, the walking motion starts. Figure 8 shows the trajectory
of the zero moment point (ZMP). Figure 9 shows the response

Table 2: Parameters of Biped Robot.

Parts Size[m] Weight[kg]

all 0.99 28.744
head 0.14 X 0.14 x 0.14(d x w x h) 2.744
arm 0.3 3.5
body 0.4 8
thigh 0.2 2
shin 0.2

foot 0.2 x0.1(d x w) 15
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Figure 8. Trajectory of Zero Moment Point.

of COM with the reference trajectory, in which the tracking
error converges to zero. From the magnified figures (c) and
(d), the COM follows the inverted pendulum model even dur-
ing the stepping period.

The walking motion becomes more robust when the arm
swing motion compensates the yaw axis moment [17].

CONCLUSIONS
In this paper the following hierarchical control system has
been proposed: 1) a posture controller which considers the
physical constraints of the reactive force/torque on the foot by
quadratic programming; 2) a real-time COM tracking con-
troller by the foot placement with a discrete inverted pendu-
lum model; 3) a three-dimensional dynamic simulation
scheme with precise contact with the environment.

When the proposed control system is applied to a 20-axis
simulation model, stable biped locomotion with a velocity
0.25 mv/sec and a stepping time 0.5 sec/step is realized.
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Figure 9. Trajectory of Center of Mass of the Robot.
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