
Index

Note to the Reader: (*) identifies a reference to a section.

1D arrays,
embedding in 2D meshes 297(*)
simulation of 2D array on 298

2-SAT language 363
2D meshes,

embedding 1D arrays in 297(*)
fully normal algorithms on 306(*)
matrix multiplication on 295(*), 296
normal algorithm on 307
simulation on 1D array 298

3-COLORING language 359
3-SAT language 356

A
Abelson, H. 527 602 605
abnormal termination 210
Abrahamson, K. 528 605
absorption rules,

Boolean expressions 41
accept state 179
acceptance,

See, language(s)
accepting halt state 214

standard TM 210
accumulator 111

simple CPU,
circuits 146

accumulator (cont.)
simple CPU (cont.)

design spec 138
activation records 339
addition 58(*)

adder,
carry lookahead, circuit for 61
carry-save, circuit for 64
FSM 108
full 59
ripple 58
ripple, FSM simulating 107

carry lookahead 60(*)
function,

circuit for 60
integer 231
matrix 242

rings 239
simulating, with shallow circuit 105(*)

addr 110
address,

memory 111
MAR, simple CPU design spec 138
sequence 568

adjacency,
list 30
matrix 11

Boolean 248
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adversarial strategy, monotone
communication game 443 445
447

advice function 382
Aggarwal, A. 563 573 605
Aho, A. V. 278 279 602 605
Ajtai, M. 274 456 457 459 606
Akers, S. B. 528 606
Akl, S. G. 323 606
AKS sorting network 274
algebraic,

circuits 35 283
(chapter) 237(*)

properties, of Boolean functions 40(*)
algorithms 210

ascending 301
block merging 561 562
brief history 6
Cocke-Kasami-Younger, parsing 189
convolution, fast, complexity of 270
Csanky’s 260 262
descending 301
divide-and-conquer 67
dynamic programming 165
FFT 266(*)

convolution 263(*), 269
FSM minimal 175(*), 176
fully normal 307
implemenation by machines 170
inversion, arbitrary non-singular matrices

259
LDLT factorization 259
matrix,

inversion 260
multiplication 242 422
multiplication, improvements on 244

memory-management, two-level 568(*)
multiplication, standard integer 63
Newton’s approximation 69
normal 301(*), 301

ascending/descending 306 307
AT 2 upper bound for 585
cyclic shifting on the hypercube 304
fully 301 307
fully, on 2D arrays 306(*)
on CCC networks 307(*), 308
PRAM EREW simulation of 313

offline 567
online 567
page-replacement 567

FIFO 568

algorithms (cont.)
page-replacement (cont.)

LRU 568
MIN 568

parallel, performance 289(*)
polynomial time, CFL recognition 189
reachability, paths explored by 344
reciprocal 70
regular languages, decision problems 171
sorting 301 302
stable sorting 304
Strassen’s 245(*)

matrix multiplication 247
systolic, simulation on systolic array 298
VLSI,

performance of 592(*)
performance of, on functions 593(*)
performance of, on predicates 595(*)

VLSI design algorithmic level 577
Alon, N. 457 606
Alpern, B. 563 573 605 606
alphabet 9 181

choice input 214
DFSM 154
tape 214

Alt, H. 323 606
ALTERNATING QUANTIFIED SATISFIABILITY

language 369
GENERALIZED GEOGRAPHY

correspondance 371
Amano, K. 424 457 606
ambiguous languages 187
Amdahl, G. M. 323 606
Amdahl’s law 290(*)
Andreae, P. 602 605
Andreev, A. E. 456 457 606
annihilator,

under multiplication, rings 239
approximation method,

approximator circuits 426
monotone circuits, lower bounds derivation

424(*), 424
test inputs,

negative 425
positive 425

approximator(s),
b-approximator 448
circuits 426 427√

n-approximator 450
ARBITRARY PRAM model 313
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architecture,
RAM 110(*)
VLSI 577

array(s),
See also, matrix(s); mesh(es)
1D,

embedding in 2D meshes 297(*)
simulation of 2D array on, 298

hypercube embedding of 299(*)
linear,

bubble sort on 294
matrix multiplication on 294
matrix-vector multiplication on 293(*)
shuffle permutations 304(*)
sorting on 294(*)
unshuffle permutations 304(*)

PRAM simulation 313(*)
systolic 27 28

multiplication 296
systolic algorithm simulation on, 298

ascending algorithms 301
assembly language 112

assembler 141
instructions 112
simple CPU 140(*)

assignment,
operation 17
state, problem 107

associative operator 41 48 56 102
asynchronous parallel computers 285
Aussiello, G. 614
automaton,

brief history 4
linear bounded 204
pushdown, See PDA

Axler, S. 606

B
Babbage, Charles,

Analytical Engine 4
Backus, J. 323 606
backward substitution 263
bad matrix 504
balanced,

binary tree 564
associative operator 48

computer systems 532(*)
partition 425

Balcázar, J. L. 389 606

bandwidth 284

Bar-Hillel, V. 207 606

basis,

change 396(*)

circuit 38 239

complete 84 392

dyadic unate 392

fan-in 392

full two-input 392

logic circuit 11

monotone, completeness for the monotone
functions 392

standard 373 392

step 15

Batcher, K. E. 279 323 606

Batcher’s bitonic merging network 271 272

as ascending algorithm 302

complexity of 273

Baudet, G. M. 602 603 606

BDD (binary decision diagram) 490

Beals, R. 456 606

Beame, P. W. 72 88 528 606

Beauregard, R. A. 609

Belady, L. 573 606

Beneš, V. E. 323 607

Beneš network 289 310

global routing network example 310

Berkowitz, S. 458 607

Bertolazzi, P. 618

Bertsekas, D. P. 323 607

BFS spanning tree 591

big Oh notation, O( ) 13

divide-and-conquer multiplication 66

big Omega notation, Ω( ) 13

big Theta notation, Θ( ) 13

Bilardi, G. M. 323 601 602 603 607

bilinear form 420

semi-disjoint 420

replacement rule 420

binary,

decision diagram 490

functions 12 39

tree circuits for 78

merging 414

numbers, FSM adding 101

relation 10

representation, of integers 58
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binary (cont.)
representation, standard 8
search,

lower performance bounds 565
procedure 565
tree 564

sorting 85
functions, as symmetric function 74
monotone circuits lower bounds 413

trees 78 564
balanced 564
balanced, associative operator 48
balanced, pebbling 465
complete balanced 463 464
complete balanced, space lower bounds on

465
longest path length 565
longest path length for sorting 560
number of unlabeled 78
search 564

Bini, D.607
binomial theorems451
bipartite graph467
bisection width,

graph, network 287
bit reverse permutation267
bitonic,

sequence 278
sorter 271 272 278

blank symbol214
Blelloch, G. E.323 607
block ,

I/O 557
in the MHG 555(*)

block,
matrix 243
merging algorithm 561 562
row 503
transfer I/O model, See BTM

Blum, M.389 607
Blum, N.455 607
Boehm, C.614
Boolean,

adjacency matrix 248
circuits 35 283
convolution 419
convolution, function 422
functions 12 39

algebraic properties of 40(*)
circuit-size lower bound for most 77
circuit-size upper bound for all 82

Boolean (cont.)
functions (cont.)

class 400 403
class Q(n)

2,3 401
computing on CRCW PRAM 314
depth lower bound for most 79
depth upper bound for all 80
(k, s)-Lupanov representation in 81
logic gate implementation of 16
maxterm of 43
minterm of 42
negations needed to realize 409
normal form expansions 42(*)

matrix,
powers of 248

matrix multiplication 244 422
monotone circuits and 423
optimal monotone circuit 424

straight-line program, circuit as graph of 37
variable 11

boot program141
Bopanna, R. B.89 456 457 606 607
Borodin, A.279 337 389 497 504 528 607
Borodin-Cook lower-bound method497(*)

applications 505(*)
convolution 505(*)
DFT 513(*)
integer multiplication 506(*)
matrix inversion 511(*)
matrix multiplication 509(*)
matrix-vector product 507(*)
sorting 516(*)
unique elements 514(*)

bounded,
computations, impossibility theorem for 24
depth circuits 393 448(*)
depth parity circuits,

exponential size 448(*)
exponential size of 450

memory, RAM 19 111 122
Brakhage, H.609
branching program(s)488(*)

comparison with other computational
models 493(*)

computation on 489
decision 489
efficient,

for cyclic shifting 496(*)
for merging 496(*)

general 490
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branching program(s) (cont.)
lower bound method 498
normal-form 492
pebble game,

comparison with 493
lower bound from 494

RAM,
lower bound from 494
simulation 495

space 490
space–time,

tradeoffs 26
tradeoffs, analysis with 461

straight-line programs vs. 496(*)
Brent, R. P.88 323 455 601 602 607 608
Brent’s principle291(*)
broadcasting on the hypercube303(*)
Bryant, R. E.528 608
BSP (bulk synchronous parallelism)

model317(*)
BTM (block-transfer model)559(*)

sorting time 561
bubble sort294
Burrus, C. S.279 611
butterfly graph,

as ascending algorithm 301
comparator network replacement with 273
FFT 238
network 289

C
CAD (computer-aided design)578
canonical,

CCC network 307
normal algorithms on 308

TM encoding 221
capacity,

computational 532
I/O 532
storage 111

TM 119
cardinality, set7
Carlson, D. A.526 527 608
carry,

generate function 103
generation 59
lookahead adder 60(*), 105

circuit for 61

carry (cont.)
propagate function 103
propagation 59
save adder 64
save multiplier, circuit for 66
terminate function 103

Carter, L.573 606
Cartesian product8
Cayley-Hamilton theorem260
CCC (cube-connected cycles)300(*)

canonical networks 307
normal algorithms on 307(*), 308
VLSI layout of, 584(*)

ceiling function13
cells,

systolic arrays 292
Celoni, J. R.526 616
central slice435
certificate329

succinct 100
CFL (context-free language)22 153 183(*)

Chomsky,
hierarchy component 5
language type 182
normal form 187

machine type that corresponds to, (table)
182

parsing 186(*)
PDA,

acceptance of 192 192(*)
languages are 194

properties 197(*)
closure 198(*)
non-closure 199

pumping lemma 197(*)
recognition, polynomial time algorithm 189

chain536
Chandra, A. K.526 563 573 605 608
characteristic,

functions 13 375
polynomial, matrix 260

Chazelle, B. M.601 608
chip(s)575

area 27
layout,

H-tree 581(*)
VLSI 581(*)

VLSI,
fabrication of 576(*)
layout 28
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choice,
agent 99
input 99

alphabet 214
string 215
string, NDTM 120
verification of a string in a language by

121
Chomsky,

hierarchy 5 182
normal form, CFLs 187

Chomsky, N.207 236 608
Church, A.236 608

as a founder of theoretical computer science
4

Church-Turing thesis209
circuit(s),

accumulator input, simple CPU 146
addition function 60
algebraic 35 283

(chapter) 237(*)
LDLT factorization of SPD matrices 258

approximator 426 427 429 430
basis 239
Boolean 35 283 410
bounded FSM, computations and 96(*)
bounded-depth 393 448(*)

errors with b-approximator of 448
parity, exponential size 448(*)
parity, exponential size of 450

bounded-fan-out 395
carry lookahead adder 61
carry-save,

adder 64
multiplier 66

combinatorial, (chapter) 237(*)
comparator 35
complexity 27(*)

(chapter) 391(*)
classes 380(*)
measures of 40(*), 393(*)
measures, relationships among 394(*)
relationship to TM computation time 5

computations,
equivalence between FSM and 96
reductions of TM computations to 128 (*)

counting function 75
CREW PRAM,

equivalence 376(*), 379
simulation by 377

circuit(s) (cont.)
cyclic shifting 50
decoder 54
demultiplexer function 55
depth 11 35 40 239 394 436(*)

binary multiplication function 66
decoder 54
formula size vs 396(*)
in a simple CPU 146(*)
monotone communication game

relationship 441
relationship between formula size and 397
simple lower bounds on 399
with fan-out s 394

designing 36(*)
divide-and-conquer multiplier 67
encoder 52
encoder function 52
families 373

log-space uniform 373
uniform 373

fan-out-1 392
and formula size relationship 394

FFT, algorithm 267
FSM, compared with 94
full-adder 18
functions,

computed by 38(*), 39(*), 392
graph of Boolean straight-line program 37
integrated 575
log-space uniform,

computable by polytime DTMs 374
polytime DTM functions are computable

by 374
PRAM relationship 378

logic 11 16 17 392
as computational model 16(*)
(chapter) 35(*)
standard basis of 38
VLSI computational model 579

lower bounds, methods for deriving 399(*)
models 392(*), 451

parallel memoryless computational 282
monotone 27 353 392

Boolean convolution 419
Boolean matrix multiplication on 423
lower bound, approximation method

derivation 424(*)
lower bound, for binary sorting 413
lower bound, for merging 414
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circuit(s) (cont.)
monotone (cont.)

lower bound, function replacement
method derivation 417(*)

lower bound, methods for deriving 412(*)
lower bound, path-elimination method

413(*)
lower bound, slice functions derivation

431(*)
optimal, Boolean matrix multiplication

424
paths 414
realization of pseudo-negations 432
size, clique function 430
slice functions 434
vertext-disjoint paths 415

multiplexer function 55
P/poly language acceptance 383
parallel prefix function 57
planar,

size lower bound in terms of w(u, v)-flow
593

size lower bounds for independent
functions 594

size, relationship between AT 2 and A2T
and 589

size, relationship between standard and
586(*)

size, VLSI chips 586(*)
polynomial size 382(*)
PRAM relationship 378
prefix, parallel, efficient 57(*)
RAM, next-state/output functions 120
random-access memory 116
reciprocal function 72
safe 106
Schönhage-Strassen 67
sequential 106

as concrete implementation of sequential
machine model 5

designing 106(*)
shallow,

FSM simulation 100(*), 102 104
simulating addition with 105(*)

simulation,
by dataflow computers 283
of FSM 95
of TM 124(*), 125 129 134(*)

size 11 35 40 239 393
as quantity whose rate of growth is

significant 13

circuit(s) (cont.)
size (cont.)

basis change effect on 396(*)
Boolean convolution 419
bound for indirect storage access function

405
bounds on 402
decoder 54
fan-out impact on 394(*)
gate-elimination method for 400(*)
in a simple CPU 146(*)

lower bound, for functions in F (n,k)
s 403

lower bound, for functions in Q(n)
2,3 401

lower bound, for most Boolean functions
77

simple lower bounds on 400
slice function relationship 432
upper bound, for all Boolean fucntions 82
upper bounds on 79(*)
with fan-out s 393

specialized 48(*)
straight-line programs and 36(*)
symmetric functions 76
synchronous FSM simulation 98
transitive closure 251
tree 78

decomposition of 398
for binary functions 78

uniform 373(*), 373
recognition NSPACE language 375
TM equivalence 374(*)

CIRCUIT SAT language132
CIRCUIT SATISFIABILITY language128
CIRCUIT VALUE language128 130 131 352

complexity theory role 128
CIRCUIT VALUE problem40
circulant277

matrix 244
CISC (complex instruction set computer)138
classes,

complexity 26(*)
equivalence 10 172

classification,
decision problem 334(*)
of problems, issues and parameters 328(*)

clause(s),
Horn 385
SATISFIABILITY language 132 328
triangles 359
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clique function412

communication complexity of 447

lower bound, technical lemma 445 446

monotone circuit size 430

monotone depth 442(*)

clique player,

monotone communication game 442

clock106

closure,

Kleene 158 163

properties,

CFL 198(*)

of regular languages 170

rings 239

transitive 182 248(*)

application to parsing CFLs 190

circuits for 251 252

function, complexity of 249

matrix 248

reduction of matrix multiplication
function to 250

cmd110

coarse-grained parallel computers284

Cobham, A.526 608

Cocke, J.207

color player442

combinatorial circuits, (chapter)237(*)

combiners406

COMMON model, PRAM313

communication,

complexity 437

depth relationship 438 439

monotone depth relationship 440(*)

of clique function 447

VLSI 595

game 437 441 447

parity communication problem 438

commutativity40

non, matrix multiplication 242

rings 239 264(*)

comparator,

based, merging networks 481

circuit 35

element 481

function 270

networks 270 271

compare-exchange operation560

competitive,
analysis 567
memory management 567(*)

compiler187
complementary number system432
complementation,

CFL, not closed under 199
complements,

complexity class 343(*)
decision problem 329
language 170

decision problems and 329(*)
NP 347(*)
Schur 254

complete,
basis 84 392

formula size relationship 399
language 130(*)

NP 130
P 130

problems 350(*), 351
records 339

complexity,
circuit 27(*)

bounded-fanout 395
(chapter) 391(*)
depth 436(*)
measures of 40(*), 393(*)
measures, relationships among 394(*)
relationship to TM computation time 5

classes 26(*), 334
(chapter) 327(*)
circuit, containment of 381
circuits 380(*)
complements of 343(*)
relationships among 342
space-bounded 338(*)
time-bounded 337(*)
time-bounded and space-bounded

relationships 341(*)
time-bounded, containment among 337
transformation class relationships with

350
communication 437

depth relationship 439
general depth and 438(*)
monotone depth relationship 440(*)
of clique function 447
VLSI 595

complex instruction set computer, See CISC
computational 23(*)
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complexity (cont.)
computational (cont.)

brief history 5
I/O 563

brief history 6
measures, size of smallest circuit for a

function 118
theory, P and NP-complete language role

128
TM vs circuit size, as tool to resolve P

?
= NP

equality question 128
transitive closure frunction 249

composition,
function 231
log-space TM 351

computability,
(chapter) 209
feasible problems, serial computation thesis

330
computation,

bounded, impossibility theorem for 24
capacity 532
circuit,

equivalence between FSM and 96
model, logic circuits as 16(*)
reductions of TM computations to 128(*)

cost, with HMM 563
data-dependent, branching programs 488
function, by standard TM 210
locality of reference 558
multilective 580
on a branching program 489
parallel 27(*)

(chapter) 281
circuit models 372

period 582
prefix 55(*), 583(*)
read-once 580
restricted models of, representing 217(*)
semellective 580
serial, thesis 330
step, red-blue pebble game 530
time,

in the VLSI synchronous model 579
pebbling strategy 531

computational,
complexity 23(*)

brief history 5
inequalities 23(*)

for FSM 95(*)
for interconnected FSMs 97

computational (cont.)
inequalities (cont.)

for the random-access memory 117(*)
for the TM 127 134 127(*)
RAM 118
VLSI chips 587(*)

models 16(*)
branching program comparison

with 493 (*)
parallel 282(*)
(part I - chapters 2-7) 35
serial 331(*)
VLSI 579(*)
VLSI, (chapter) 575(*)

time, TM relationship to circuit complexity
5

work,
on FSM 96
on PRAM 290

computer(s),
balanced systems 532(*)
distributed memory 284 285
distributed shared memory 285
networked 287(*)
parallel,

Brent’s principle 291(*)
Flynn’s taxonomy 285
memoryless 282(*)
synchronous 285
unstructured, circuit as form of 283
with memory 283(*)

science 3
shared memory 284

concatenation9
CFL closed under 198
NFSM 164
string 158

concurrency,
See also, PRAM
power of 314(*)

conditional vector operations286
configuration,

graph 218 334 340
TM, k-tape 218

connection network289
context-free grammar22 183

Chomsky normal form 187
context-sensitive grammar183
context-sensitive language(s)183(*), 183

Chomsky,
hierarchy component 5
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context-sensitive language(s) (cont.)
Chomsky (cont.)

language type 182
machine type that corresponds to, (table)

182
contradiction, proof by15(*)
control,

CPU, simple CPU 142(*)
unit 20

PDA 177
standard TM 210
TM 118

variable 144 474
controllers406
convolution,

Boolean,
circuit size 419
function, circuit size lower bound 422

as Borodin-Cook lower-bound method,
application 505(*)

complexity of fast algorithm 270
FFT-based algorithm 269

and 263(*)
function 268
I/O time bounds 553
space-I/O time tradeoffs 552(*)
systolic arrays and 28
theorem 268(*)
wrapped 276 473(*), 474 505

space–time lower bound 505
Conway, L.323 613 615
Conway, L. A.601
Cook, S. A.72 88 152 323 389 390 497 504

526 527 528 606 607 608
Cooley, J. W.279 608
Coppersmith, D.245 278 608
corollaries,

area lower bounds, for independent
functions, (12.8.1) 598

Boolean convolution function circuit size
lower bound, (9.6.1) 422

containment between time-bounded
complexity classes, (8.5.2) 341

distinguishable functions, space–time lower
bound for, (10.11.1) 500

existence of languages not in P, (8.6.1) 343
FFT decomposition, (6.7.1) 267
FSM, minimal-state, characterization of,

(4.7.1) 174

corollaries (cont.)
Grigoriev’s lower-bound method, (10.4.1)

471
I/O complexity bounds, multi-level, (11.4.1)

539
languages, accepted by NDTM accepted by

DTM, (5.2.1) 216
matrix multiplication function, vis-a-vis

transitive closure, (6.4.1) 250
nondeterministic space classes closed under

complements, (8.6.2) 346
Savitch’s Theorem, (8.5.1) 340
separator theorem for trees, (9.2.1) 397
space–time product lower bound for

independent functions, (10.4.1)
471

time-bounded and space-bounded
complexity class relationships,
(8.5.2) 341

Turing machine time lower bounds, (3.9.1)
128

counter,
incrementing/decrementing 148
modulo-p 148

counting,
binary trees 78
function 75

CPU (central processing unit)19 110
booting 141
circuit size and depth 146(*)
control, simple CPU 142(*)
simple,

design 111 137(*)
instructions 140
micro-instructions 142
microcode 142
registers 138

timing, simple CPU 142(*)
CRCW (Concurrent Read/Concurrent

Write) PRAM313
computing Boolean functions on 314
simulation by EREW PRAM 314

CREW (Concurrent Read/Exclusive Write)
PRAM313

circuits,
and 317(*)
equivalence 376(*), 379
simulation by 377

P-complete problems 380
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CREW (Concurrent Read/Exclusive Write)
PRAM (cont.)

realization of log-space transformations on
380

crossbar network289
crossing-sequence argument596
cryptography,

brief history 7
Csanky, L.279 609
Csanky’s algorithm262

fast matrix inversion with 260
Csirik, J.620
Culler, D. E.323 609
cycle(s)10

cube-connected, See CCC
fetch-and-execute 20
inside of the 590

cyclic shifting474(*)
circuit 49
efficient branching programs for 496(*)
functions 48 474

circuits for 50
independence properties 474
reductions between logical shifting

functions 51
space–time lower bound 475

on the hypercube 303(*), 304
reductions, between logical and 50(*)

Cypher, R.323 609

D
DAG (directed acyclic graph)10

adjacency matrix relationship 248
circuits 238
convolution theorem, FFT application 269
logic circuit as a 16
maximal path length 249
space upper bounds 483

DAM (directed acyclic multigraph)489
data-dependent computation,

branching programs 488
dataflow computer,

circuit simulation by 283
decidable languages223(*), 225

standard TM 210
decimal,

standard representation 8
decision,

binary decision diagram 490

decision (cont.)
branching program 489
problems 328

classification of 334(*)
complement of 329
language complements and 329(*), 330
regular languages, algorithms 171

tree 489
multiway 561

decoder53(*)
function 53

circuit for 54
definitions,

basis,
measure 397
of a circuit 38

big,
Oh notation, O( ) 13
Omega notation, Ω( ) 13
Theta notation, Θ( ) 13

bilinear form 420
block I/O model 557
Boolean,

convolution function 419
function class 400 403
matrix multiplication 422

branching program 489
space on 490

BTM 559
central slice 435
Chomsky normal form 187
circuit 38

depth 40 394
depth with fan-out s 394
family 373
family, log-space uniform 373
planar circuit size 586(*)
size 40 393
size with fan-out s 393

communication,
complexity, of a communication game

437
complexity, VLSI 596

commutative rings 264
complete problems 351
complexity,

class 334
class, complements 343
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definitions (cont.)
complexity (cont.)

communication, of a communication
game 437

communication, VLSI 596
computation on a branching program 489
configuration,

graph 218
k-tape TM 218

decision problems and their languages 328
depth, circuit 40
derivation, phrase-structure grammar 182
DFSM 154

equivalence classes 176
(φ, λ, µ, ν, τ)-distinguishability 497
DTM 119

language in P 120
equivalence,

classes 172
relation, DFSM 172
relation, for a language 172
relation, refinement 173
relation, right-invarian 172
right-invariant, for a language 173
states 175

expressions, regular 158
final state, FSM 92
formula, size 394
FSM,

computational work on 96
next-state function 92
output alphabet 92
output function 92

functions,
advice 382
computed by straight-line programs, 38
next-state, FSM 92
pairing 382
partial recursive 232
polynomial advice 382
primitive recursive 231
proper 330
reductions between 46
symmetric 74

general branching program 490
goal, communication game 437
grammar,

context-free 183
context-sensitive 183
phrase-structure 182
regular 184

definitions (cont.)
hard problems 351
hierarchical memory model 563
I/O,

operation 559
operations, simple 560
time 559

immediate derivation, phrase-structure
grammar 182

implicants 417
(α, n, m, p)-independent function 469
induction hypothesis 15
initial state, FSM, 92
input alphabet, FSM 92
Kronecker product 503
language,

CIRCUIT SAT 132
CIRCUIT VALUE 130
context-free 183
context-sensitive 183
FAN-OUT TWO CIRCUIT SAT language

150
in NP 120
in P 120
MONOTONE CIRCUIT VALUE 150
P-complete 130
phrase-structure 182
recognition, FSM 92
regular 158 184
SATISFIABILITY 132

matrix,
multiplication ring operations 245
nice and ok 501

monotone,
communication game 441
function replacement rule 418

multigraph 489
multiplication, smallest circuit 67
n-indistinguishable 175
NC languages 380
NDTM 120 214

language in NP 120
NFSM 154
non-terminals, phrase-structure grammar

182
notation,

big Oh, O( ) 13
big Omega, Ω( ) 13
big Theta, Θ( ) 13

P and NP,
complete problems 352
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definitions (cont.)
P and NP (cont.)

problems 335
P/poly languages 383
permutation 74
planar circuit size 586(*)
programs, straight-line 38
proof by contradiction 15
protocol, communication game 437
reducibility 226
reduction,

between functions 46
via subfunction relationship 46

regular,
expressions 158
languages 158
sets 158

rings 239(*)
S-span of a DAG 537
set,

neighborhood 408
of states, FSM 92
regular 158

size, circuit 40
slice functions 431
space-bounded complexity classes 338
SPD matrices 253
start symbol, phrase-structure grammar 182
straight-line programs 38

functions computed by 38
subfunctions 46

reductions via 46
superconcentrator 485
terminals, phrase-structure grammar 182
time-bounded complexity classes 337
TM,

canonical encoding 221
configuration 218
standard 210

transformation 348
and complexity class relationships 350
classes 350

transitive,
closure, phrase-structure grammar 182
transformations 350

unique elements 514
universal 114
vertex-disjoint 485
w(u,v)-flow 469

degree,
in 10

degree (cont.)

out 10

Dekel, E.323 609
Demetrovics, J.620

DeMorgan’s rules,

Boolean expressions 41
demultiplexer55(*)

dependent variables399

depth,

circuit 11 35 40 239 394 436(*)
basis change effect on 396(*)

bounded 448(*)

errors with b-approximator of 448

formula size vs 396(*)
in a simple CPU 146(*)

monotone communication game
relationship, 441

relationship between formula size and 397

simple lower bounds on 400

with fan-out s 394

communication complexity,
relationship 438 (*)

lower bound, for most Boolean functions 79

monotone,
clique function 442(*)

communication complexity relationship
440(*)

upper bound, for all Boolean functions 80
derivation181

immediate 182

leftmost 186
parsing 186

rightmost 186

descending algorithms301 306 307

designing,
circuits 36(*)

deterministic,

FSM, See DFSM

PDA 177
Turing machine, See DTM

DFSM (deterministic finite-state machine)98
154

See also, FSM; NFSM

equivalence relation 172

languages accepted by, same as languages
accepted by NFSMs 156

minimal, equivalence relation 177

NFSM equivalence 156
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DFT (discrete Fourier transform)263 264 (*)
as Borodin-Cook lower-bound method,

application 513(*)
independence properties 479
inverse 265
space–time,

lower bounds 480 513
product 479(*)

vector-matrix product 513
diagonalization225
diagram,

binary decision 490
state 18 30

FSM 21
diameter,

graph, network 287
Dı́az, J.389 606
difference,

languages 170
sets 7
symmetric, between sets 234

diffusion model,
VLSI 579

Ding-Zhu, Du618
directed graph10
directed multigraph489
discrete Fourier transform,

See, DFT
disjoint sets7
(φ, λ, µ, ν, τ)-distinguishability property497
distinguishability properties,

flow property relationship to 500
matrix multiplication 509
matrix-vector product 508
(φ, λ, µ, ν, τ) 497
unique elements 515

distributed,
computing, brief history 6
memory computer 284 285

routing in 309
shared memory computer 285

distributive laws41
distributivity,

Boolean expressions 42
divide-and-conquer,

multiplier, circuit for 67
strategies, trees 288

division,
of integers 68
reciprocal and 68

domain,

of a function 11
dominant terms,

as rate of grown indicator 13
big Oh notation, O( ) 13
big Omega notation, Ω( ) 13
big Theta notation, Θ( ) 13

doped layer576
doping576
DTM ACCEPTANCE language354
DTM (deterministic Turing machine),

language acceptance 333
language in P 120
multi-tape 333
P problems 335
polynomial-time 330 374(*)
recursive language 333
simulation of RAM 332
standard 118 210(*)

dual-rail logic84
Duff, I. S.613
Dunne, P. E.89 457 458 609
Ďuriš, P.603 609
dyadic unate basis392
dynamic programming algorithm165

E
Earley, J.207 609
Eckert4
Eckstein, D. M.323 609
edge(s)10
Edmonds, J.330 609
efficiency,

PRAM 290
eigenvalues261
eigenvector261
electronic lock148
elementary symmetric functions74
elimination method,

gates,
for circuit size 400(*)
general circuits 400

Gaussian 274
paths, monotone circuits, lower bounds

derivation 413(*)
embedding,

1D arrays in 2D meshes 297(*)
arrays in hypercubes 299(*)
graph, problem 289

empty,
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set, acceptance problem 229
string 181

empty (cont.)
tape acceptance problem 228

emulation147(*)
encoder51(*)

circuit 52
function, circuit for 52

encoding,
canonical, of TM 221
string, TM and 222(*)
unary 383

end-of-tape marker210
endpoint,

set 426
size 426

ENIAC4
enumeration tape215
equivalence,

class 10 172
DFSM and NFSM 156(*)
regular expressions 159
relations 10 172

DFSM 172
on languages 171(*)
on states 171(*)
refinement 173
right-invariant 172
right-invariant 173

states 175
ERCW (Exclusive Read/Concurrent Write)

PRAM313
EREW (Exclusive Read/Exclusive Write)

PRAM simulation313
by hypercube network 317
CRCW PRAM 314
of normal algorithm 313

error function451
Evey, J.207 609
EXACT COVER language360
exclusive access,

PRAM 312
existential quantification365
expansion,

series, Taylor 73
sum-of-products 44

exponential,
functions 13

exponential (cont.)
size, bounded-depth parity circuits 448 450
time, polynomial time compared with 330

expressions,
See, regular expressions

EXPTIME class337
complexity class relationships 341

extreme tradeoffs466(*), 467

F
face,

planar graph 590
factorization,

prime 87
Schur 254(*)

Faddeev, D. K.279 609
Faddeeva, V. N.279 609
fan-in,

circuit 38
of a basis 392
trees 394

fan-out,
circuit 38

size impact 394(*)
reduction 150

construction used for 215
fan-out-1 circuit392 393

relationship to formula size 394
fast Fourier transform,

See, FFT
feasible381

problems 335
Feig, E.573 606
fetch-and-execute cycle20 110 138 139(*)
FFT (fast Fourier transform),

algorithm 266(*), 267 301
convolution and 263(*)

circuit 266
convolution application 269
decomposition 267
graph,

butterfly 238
decomposition 267 548
pebbling 463
pebbling of 25
with column numberings 302

I/O time bounds,
in red-blue pebble game 547
MHG 549 551
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FFT (fast Fourier transform) (cont.)
lower performance bounds 565
S-span 546
space-I/O time tradeoffs 546(*)
straight-line program for 238

Fich, F.528 607
field274
FIFO (first-in, first-out),

LRU analysis relative to 568
page-replacement algorithm 568

final state92 154
fine-grained parallel computers283 284
finite,

functions 12
language 9

finite-state machine,
See, FSM

first order linear recurrence86
Fischer, C. N609
Fischer, M. J.152 456 528 607 609 613 616
flip-flop109
floor function13
FLOP (floating point operations per

second)282
flow properties,

distinguishability property relationship to
500

functions 469(*)
matrix multiplication 477

Flynn, M. J.323 609
Flynn’s taxonomy,

parallel computers 285
form,

bilinear 420
semi-disjoint 420
semi-disjoint, replacement rule 420

formal,
computational models 4
languages 4 21

brief history 5
Chomsky language hierarchy 5

formula,
fan-out-1 circuit 392 393
size 394

bounds on 397
circuit depth vs 396(*)
fan-out-1 relationship 394
lower bounds for 404(*)
over two different bases 399

Fortune, S.323 390 609
Foster, M. J.601 609

Fourier,
See, DFT; FFT

Fraleigh, J. B.609
Friedman, J.456 610
FSM (finite-state machine)92(*)

See also, DFSM; NFSM
adder 108
adding two binary numbers 101
bounded,

circuits and 96(*)
brief history 5
(chapter) 153(*)
choice input 99
circuit,

compared with 94
computation equivalence 96
for 23
simulation of 95

computational,
inequalities 95(*), 95
model 18(*)
work on 96

computing exclusive or of its inputs 93
decision problems, algorithms 171
deterministic 98
equivalence of DFSM and NFSM 156(*)
exclusive or computation 97
functions computed by 22 94(*), 95
interconnction 97
language,

are regular 185
association with 173
described by regular expressions 164
recognition by 22

minimal algorithm for 175(*), 176
models 154(*)
nondeterministic 98(*), 154
PDA control unit as a 177
pumping lemma for 168(*)
RAM as 111(*)
regular expressions,

recognition by 160(*)
relationship with 158

regular language recognition by 184
ripple adder simulaton by 107
simulating with shallow circuits 100(*)
state-diagram 21
synchronous 97

circuit simulating 98
interconnection of 97(*)
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FSM (finite-state machine) (cont.)
TM,

control unit as 118
relationship 217
tape unit as 118

universal RAM for 114
VLSI chip design use 27

full adder59
carry-save adder realization by 64
circuit 18

full two-input basis392
fully normal algorithms301 306

on 2D arrays 307
function(s)10 11

addition 58 60 231
advice, polynomial 382
binary 12 39

tree circuits for 78
Boolean 12

algebraic properties of 40(*)
circuit-size lower bound for most 77
circuit-size upper bound for all 82
class 400 403
class Q(n)

2,3 401
complex 77(*)
computing on CRCW PRAM 314
depth lower bound for most 79
depth upper bound for all 80
(k, s)-Lupanov representation in 81
logic gate implementation of 16
maxterm of 43
minterm of 42
negations 409(*), 410 411
sum of 44

carry-generate 103
carry-propagate 103
carry-terminate 103
ceiling 13
characteristic 13 375
circuits that compute 39(*)
comparator 270
complete 11 119
composition 231
computation, by standard TM 210
computed by,

circuit 38(*), 392
DTM 119
FSM 22 92 94(*), 95
straight-line program 38
TM 230(*)

domain 11

function(s) (cont.)
error 451
exponential 13
finite 12
floor 13
implication 410
linear 13
logarithmic 13
monotone 85 392 418
naming 16
next-set 154
next-state 18

DFSM 154
DTM 119
NDTM 120
RAM 120
standard TM 210

output 18
pairing 382
partial 11

DTM 119 333
recursive 231 232 233(*)
standard TM 210

polynomial, as real number functions 13
predecessor 232
prefix 55

parallel, circuit for 57
primitive recursive 231(*)
projection 231
proper subtraction 232
punctured threshold 410
quadratic 14
range 11
rate of growth 13(*)
real number use by 12
realizing subfunction of 47
reductions between 46(*)
semi-disjoint 421
slice 431(*)
space-bounded 342(*)
successor 231
superpolynomial 330
symmetric 74(*)
total 210
transition 212
truth table 12 40
zero 231

Furst, M.459 610
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G
Gabarrò, J.389 606
Galil, Z.389 457 603 609 610 615
game(s),

communication,
complexity of 437
monotone 441 442

geography 369
I/O limited 531
memory-hierarchy pebble 533(*)

rules 533
monotone communication, adversarial

strategy 447
on graphs, PSPACE-complete problems

relationship 365
pebble 24 25

basic lower bounds method 470
branching program comparison with 493
brief history 6
lower bounds 470(*)
playing 463(*)
red-blue 26 530(*), 532(*), 542
space–time tradeoff analysis with 461
worst-case tradeoffs 483(*)

universal vs existential 369
gap theorem316 337
Garey, M. R.389 610
Gaskov, S. B.89 610
gate(s)392

circuit 38
logic 16

Gaussian elimination274
GENERALIZED GEOGRAPHY language370
Gentleman, A. M.323 610
geography game369
Gécseg, F.620
Gibbons, A.323 610
Gilbert, E. N.457 610
Gilbert, J. R.526 610
global routing networks310(*)
Goldmann, M.458 610
Goldschlager, L. M.323 389 390 610
grammar181

context-free 22 183
Chomsky normal form 187

context-sensitive 183
phrase-structure 182
regular 153 184

graphs,
bipartite 467

graphs (cont.)
bisection width, network 287
butterfly,

as ascending algorithm 301
comparator network replacement with

273
FFT 238
network 289

circuit as 37
configuration 218 334
diameter, network 287
directed,

adjacency matrix relationship 248
paths 249

directed acyclic 10
circuits 238
logic circuit as a 16

embedding problem 289
FFT 463
hypercube 288
inner product 541
mesh 288
path in a 10
pizza pie 600
pyramid 465

pebbling 466
trees 288
undirected 10

Greenlaw, R.389 390 610
grep command168(*)
Grigoriev, D. Yu.471 527 610
Grigoriev’s lower-bound method468(*), 470

471 472(*)
Guibas, L. J.601 602 610

H
H-tree VLSI chip layout581(*)

matrix-vector multiplication 582(*)
prefix computation on 583(*)

Hagerup, T.323 606
Haken, A.457 610
HALF-CLIQUE CENTRAL SLICE,

function 435
language 435

HALT (halt register)111
simple CPU design spec 138

halt state,
DTM 119
TM, nondeterministic 120
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halting,
problem 227 228

halting (cont.)
program 113

HAMILTONIAN PATH language387
Harper, L. H.456 610
Hartmanis, J.336 389 610 611
Håstad, J.458 459 610
Hatcher, P. J.323 611
Heideman, M. T.279 611
height, parse tree186
Heintz, C. A.603 611
Hennessy, J.532 611
Herley, K. T.323 607
Hewitt, C. E.526 573 616
hierarchy,

Chomsky 5 182
memory,

HMM 562(*)
tradeoffs, (chapter) 529(*)

space 336(*)
time 336(*)

Hillis, W. D.323 611
history of theoretical computer science4(*)
HMM (hierarchical memory model)562(*)

cost of problems in 565
lower bounds 564(*)
upper bounds 567(*)

Hochschild, P.602 611
Hockney, R. W.322 611
Hodes, L.456 611
Hong, J.-W.537 573 611
Hong-Kung lower-bound method537(*)
Hoover, H. J.72 88 389 390 455 606 610 611
Hopcroft, J. E.207 236 278 279 389 526 605

611
Horn clause385
Hromkovič, J.603 611
Huffman, D. A.207 611
hypercube(s)288

based machines 298(*)
broadcasting on 303(*)
cycle shifting on 303(*)
embedding arrays in 299(*)
fast matrix multiplication on 308(*)
normal algorithms 301(*)
PRAM simulation 313(*), 315(*)
sorting algorithm 302
summing on 302(*)

I
I/O (input/output)26

block 557
in the MHG 555(*)

bounded problem 540
bounds, matrix-vector product 539
capacity 532
complexity 563

bounds 539
brief history 6

I/O time bounds 535
limited,

game 531
memory hierarchy game 533

models,
block-transfer 559(*)
RAM-based 559(*)

operations 26 559
pebbling strategy 531
simple 560

pads, VLSI layout 577
time 559

MHG 534
pebbling strategy 531
space tradeoffs 24(*), 539(*), 541(*),

546(*), 552(*)
time bounds 536

for convolution 553
for FFT 547 551
in MHG 544 549
red-blue pebble game 537 542

ideal PRAM312
idempotence, semirings252
identities,

matrix 240
regular expressions 160
rings 239

Immerman, N.389 611
Immerman-Szelepscényi theorem344
implicant417
implication function410
impossibility theorem24 95 96
in wrd110
in-degree10
incrementing/decrementing counter148
independence properties,

cyclic shifting functions 474
DFT 479
matrix multiplication 470
wrapped convolution 473
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INDEPENDENT SET language357
indirect storage access function404 407
induction15(*)
inequalities,

computational 23(*), 95
for FSM 95(*)
for interconnected FSMs 97
for random-access memory 117(*)
for TM 127(*)
RAM 118
VLSI chips 587(*)

Markov’s 515
initial state92 214

DFSM 154
DTM 119
NDTM 120
PDA 177
TM, standard 210

initialization,
red-blue pebble game 530

inner product241
graphs, pebbling 472
matrix multiplication 242
alphabet 92
choice 99

NDTM 120
operation, red-blue pebble game 530
vertex 10

INR (input register)111
simple CPU design spec 138

insertion sorting network270
instruction,

assembly language 112
direct memory 140
indirect memory 140
set, simple CPU 140(*)
variable 143

integer(s),
addition function 231
INTEGER PROGRAMMING language 362
multiplication 475(*)

algorithm 63
binary function, space–time lower bound

475
function 232
function, space–time lower bound 475
space–time lower bound 507

representation 8 58
integrated circuits575
interconnection, synchronous FSM97(*)
interleaved random-access memory556

interrupt139
intersection,

CFL, not closed under 199
languages 170
sets 7

inversion,
DFT 265
matrix 243 252(*)

algorithm 260
Borodin-Cook lower-bound method

application 511(*)
Csanky’s algorithm 262
fast 260(*)
function, reduction from matrix

multiplication to 253
function, triangular matrices 256
non-singular 243
reduction to SPD matrix inversion 254
space–time lower bound 512

rings 239
triangular matricies 255(*)

isomorphism,
DFSM, conditions for 174

Iverson, K.323 611

J
JáJá, J.279 323 527 602 611
Jesshope, C. R.322 611
Johnson, D.455 611
Johnson, D. H.279 611
Johnson, D. S.388 389 610 612
Johnson, R. B.603 612
Jones, N. D.389 612
jump value,

for space 483
Juurlink, B. H. H.323 612
(k, s)-Lupanov representation80 82

K
Karatsuba, A.88 612
Karchmer, M.458 612
Karlin, A. R.323 612
Karp, R. M.88 152 323 388 389 390 609 612
Kasami, T.207 612
Kedem, Z. M.602 612
Khachian, L. G.353 389 612
Khang, S. M.601 622
Khasin, L. S.456 612
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Kirkpatrick, D. G.528 607
Klawe, M. M.455 528 611 612
Kleene,

closure 9 158
CFL closed under 198
NFSM acceptance of 163

star 158
Kleene, S. C.236 612
Kloss, M.456 612
Knuth, D. E.32 279 323 613
Kohavi, Z.611
Komlós, J.274 456 457 606
Koutsoupias, E.456 613
Krapchenko lower bound407(*)
Krapchenko, V. M.88 456 613
Krichevskii, R. E.456 613
Kronecker product,

nice matrices 503
three-matrix product in terms of 511

Kumar, V. K. P.602 611
Kung, H. T.323 537 573 601 602 606 608

609 610 611 612 613 617 618
Kuroda, S. Y.207 613

L
L2 decision problem338
L decision problem338
Laaser, W. T.389 612
Ladner, R. E.152 389 613
Lamagna, E. A.457 613
Landweber, P. S.207 613
language(s)181

2-SAT 363
3-SAT 356
3-COLORING 359
ACCEPTANCE 215

BY NDTM AND DTM 215 216
DTM 119 333
LIMITS 223(*)
NDTM 120 333

ALTERNATING QUANTIFIED

SATISFIABILITY,
PSPACE-complete language 369

assembly 112 140(*)
instructions 112

associated with a decision problem 329
CFL, Chomsky normal form 187

language(s) (cont.)

CIRCUIT SAT 132 355

CIRCUIT SATISFIABILITY 128

CIRCUIT VALUE 128 130 131 352

closed under an operation 170

complements 170 329(*), 330

complete 130(*)

context-free 22 153 183(*)

closure properties 198(*)

parsing 186(*)

PDA acceptance 192(*)

context-sensitive 182 183(*)

decidable 223(*)

decision problems relationship to 328(*)

difference between 170

DTM ACCEPTANCE 354

efficiently parallelizable 380(*)

element distinctness 233

equivalence relations on 171(*)

EXACT COVER 360

existence of languages not in P 343

finite 9

formal 21 181(*)

Chomsky language hierarchy 5

FSM,

described by regular expressions 164(*)

GENERALIZED GEOGRAPHY 370

HALF-CLIQUE CENTRAL SLICE 435

HAMILTONIAN PATH 387

INDEPENDENT SET 357 358

infinite 9

INTEGER PROGRAMMING 362

intersection of 170 171

LINEAR INEQUALITIES 353

machine 140

MONOTONE CIRCUIT VALUE 150 353

NAESAT 353 356

NC 380

NDTM machine recognition 215

non-recursively enumerable 224

NP 26 120

condition for P = NP 130

relationship to NDTM 26

NP-complete,
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language(s) (cont.)
NP-complete (cont.)

brief history 5
reduction to 132(*)

NSPACE, recognition by uniform circuit
family 375

P 120
condition for P = NP 130

P-complete,
brief history 5
log-space reduction 131
reduction to 130(*)

P/poly 382(*), 383
phrase-structure 182 182(*), 219(*)

are recursively enumerable 220
recursively enumerable languages are 219

programming, brief history of 4
properties, context-free 197(*)
QUANTIFIED SATISFIABILITY 365 366 367
recognition 215

by FSM 22 92 154
by TM 210
(chapter) 153
DFSM 154
NFSM 154
TM 119

recursive 210
DTM 333

recursively enumerable 210 223 224(*)
as Chomsky hierarchy component 5
but not decidable 225(*)
phrase-structure relationship 219 220

reducibility 226(*)
regular 22 153 158 170(*), 184(*)

as Chomsky hierarchy component 5
conditions for 174(*)
conditions for finite and infinite 169
machine type that corresponds to, (table)

182
SATISFIABILITY 132 133 353 356
strings and 9(*)
SUBSET SUM 361
TASK SEQUENCING 361
undecidable 228 229 230
unsolvable 223
verification of 121

latency26 284
layout, VLSI577(*)
LDLT factorization of SPD matrices257(*)
Le Blanc, Jr., R. J.609
Lehman, P. L.601 614

Leighton, F. T.323 603 613 614
Leiserson, C. E.323 601 613
lemmas,

approximator circuits,
on negative test inputs, (9.6.6) 427
on negative test inputs, (9.6.7) 428
positive test inputs, (9.6.8) 429

basis change effect on circuit size and depth,
(9.2.3) 396

binary trees,
longest path length, (11.9.1) 565
longest path length for sorting, (11.8.1)

560
number of unlabeled, (2.12.2) 78

Boolean,
function negations, circuits for, (9.5.1)

410
matrices, powers of, (6.4.1) 248
matrix multiplication by monotone

circuits, (9.6.3) 423
matrix multiplication on monotone

circuits, (9.6.4) 423
branching program,

pebble-game lower bound from, (10.9.3)
494

RAM lower bound from, (10.9.4) 494
ST lower bound for, by reductions,

(10.11.2) 500
circuits,

for cyclic shifting, (2.5.1) 50
for demultiplexer function, (2.5.6) 55
for multiplexer function, (2.5.5) 55
for next-state/output functions, (3.5.1)

120
size bound for indirect storage access

function, (9.4.1) 405
size, relationship between planar and

standard, (12.6.1) 586
class Q(n)

2,3 of Boolean functions, (9.3.1) 401
clique function, positive test inputs for,

(9.6.5) 425
clique lower bound technical lemma,

(9.7.3) 445
(9.7.4) 446
(9.7.5) 446

communication complexity no more than
depth, (9.7.1) 438

commutative rings,
example, (6.7.1) 264
example, (6.7.2) 264
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lemmas (cont.)
comparator-based merging networks,

disjoint paths in, (10.5.5) 481
counting, function, circuit for (2.11.1) 75
CREW PRAM simulation by circuits,

(8.14.1) 377
cyclic shifting independence properties,

(10.5.2) 474
decoder function, circuit for, (2.5.4) 54
decomposition of trees into subtrees, (9.2.4)

397
depth no more than communication

complexity, (9.7.2) 439
DFT,

independence properties, (10.5.4) 479
vector-matrix product is 1/4-ok,

(10.13.5) 513
distinguishability properties,

flow property relationship to, (10.11.1)
500

wrapped convolution, (10.13.1) 505
encoder function, circuit for(2.5.3) 52
errors with,

b-approximator of, (9.7.6) 448√
n-approximator of parity, (9.7.7) 450

fan-out-1 circuits and formula size),
relationship between, (9.2.2) 394

FFT decomposition, (6.7.4) 267
functions,

cyclic shifting, circuit for, (2.5.1) 50
cyclic shifting, reductions between logical

and (2.5.2) 51
realizing subfunction of, (2.4.1) 47

I/O time bounds, reductions between,
(11.3.2 ) 536

inverse DFT, (6.7.3) 265
Kronecker product of nice matrices,

(10.12.2) 503
lower bounds, indirect storage access

function, (9.4.2) 407
matrix,

multiplication distinguishability
properties, (10.13.3) 509

multiplication, flow properties, (10.5.3)
477

multiplication, independence properties
of, (10.4.1) 470

multiplication, S-span for, (11.5.1) 541
nice (10.12.1) 501
product, inverting, (6.2.1) 243

lemmas (cont.)
matrix (cont.)

vector product distinguishability
properties, (10.13.2) 508

maximal path length in DAG, (6.4.2) 249
monom removal, (9.6.1) 418
normal-form branching programs equivalent

to general ones, (10.9.2) 492
pebbling,

balanced binary trees, (10.2.1) 465
pyramid graph, (10.2.2) 466

pigeon-hole principle, (1.3.2) 16
planar circuit, size lower bounds for

independent functions, (12.7.1)
593

planar separator theorem,
conditional, (12.6.2) 590
multi-set, (12.6.4) 592
two-cost, (12.6.3) 592

PRAM and log-space uniform circuit
relationship, (8.14.2) 378

proof by induction example, (1.3.1) 15
pumping 153

application of, (4.13.2) 198
CFL, (4.13.1) 197
finite and infinite regular languages,

(4.5.2) 169
regular languages (4.5.1) 169

QUANTIFIED SATISFIABILITY language,
log-space hard, (8.12.2) 367
PSPACE-complete, (8.12.1) 366

realization of log-space transformations on
CREW PRAM, (8.14.3) 380

realizing subfunction of a function, (2.4.1)
47

reduction,
between logical and cyclic shifting

functions, (2.5.2) 51
from matrix multiplication to matrix

inverse, (6.5.1) 253
of matrix inversion to SPD matrix

inversion, (6.5.2) 254
of shifting to multiplication, (2.9.1) 68
of squaring to reciprocal function,

(2.10.1) 73
use of, (5.8.1) 227

regular languages, conditions for finite and
infinite, (4.5.2) 169

replacement rule semi-disjoint bilinear form,
(9.6.2) 420

rooted tree fan-in, properties of, (9.2.1) 394
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lemmas (cont.)
S-span for FFT, (11.5.2) 546
Schur complement of SPD matrix is SPD,

(6.5.3) 255
simple I/O time lower bounds, (11.3.1) 535
simulation of decision branching programs

by general branching programs,
(10.9.1) 491

slice functions, representation, (9.6.9) 431
squaring function, (2.9.2) 68
states, equivalence relation refinement,

(4.7.1) 175
superconcentrator,

linear-size, existence of, (10.8.1) 485
technical lemma on, (10.8.2) 486
technical lemma on, (10.8.3) 486

three-matrix product in terms of Kronecker
product, (10.13.4) 511

tree circuit, for binary functions, (2.12.1) 78
unique elements,

distinguishability properties, (10.13.7)
515

technical lemma, (10.13.6) 514
unsolvability, (5.8.1) 227
wrapped convolution,

distinguishability properties, (10.13.1)
505

independence properties, (10.5.1) 473
Lengauer, T.482 526 528 601 602 610 614
length,

path 10
strings 9

Leon, S. J.614
level,

multigraphs 492
Leverrier’s theorem261
Levin, L. A.88 389 614
Lewis, H. R.236 389 614
Lewis II, P. M.389 610
lexical analysis181
lexicographical order222
Li, Ming618
Liang, F. M.602 610
linear,

arrays 292 293(*), 294 304(*)
bounded automaton 182 204
combination, matrix 242
equation systems 241 242 262(*)
equations, solutions 263
functions, as real number functions 13

linear (cont.)
independence, matrix 243
recurrence, first order, of length n 86

LINEAR INEQUALITIES language,
inequalities 353

Lingas, A.526 614
Lipton, R. J.601 602 612 614
list,

adjacency 30
ranking problem 321

literals,
positive 385
SATISFIABILITY language 132

load balancing56
local routing networks309(*)
locality of reference558
log-space,

computations 342
hard for PSPACE, QUANTIFIED

SATISFIABILITY language 367
P-complete problems, justification for 352
programs 129
PSPACE-complete problems,

ALTERNATING QUANTIFIED

SATISFIABILITYlanguage 369
GENERALIZED GEOGRAPHYlanguage

370
QUANTIFIED SATISFIABILITY language

367 369
reduction 131
TM, composition of 351
transformations,

on CREW PRAM, realization of 380
transitivity of 350

uniform,
circuits 373
circuits 374
PRAMs 377

logarithm functions13
logic,

circuits 392
(chapter) 35(*)
computational model 16(*)
computational model, VLSI 579

dual-rail 84
gate 16
mathematical, as foundation for theoretical

computer science 4
operations 48(*)

logical shifting reduction50(*), 68
LogP model317(*)
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loosely coupled,
computer network 284

Loui, M. C.526 528 614
lower triangular,

matrix 240
LRU (least recently used) page-replacement

algorithm568
Luccio, F.618
Luk, W. K.602 614
Lupanov, O. B.89 614
Lynch, N. A.528 607

M
machine(s),

language 140
programs 141

with memory,
See also FSM; PDA; RAM; Turing

machine
(chapter) 91(*)

main diagonal,
matrix 240

many-to-one reductions227
mappings11

state-to-state 101
MAR (memory address register)111

simple CPU design spec 138
marker,

end-of-tape 210
Markov’s inequality515
Maruoka, A.424 457 606
masks576
mathematical,

logic, as foundation for theoretical computer
science 4

preliminaries 7(*)
matrix(s)11 240(*)

addition function 242
adjacency 11 248
bad 504
block 243
Boolean, powers of 248
characteristic polynomial 260
circulant 244
decomposition 246
good 504
identity 240
inversion 252(*)

algorithm 260

matrix(s) (cont.)
inversion (cont.)

Borodin-Cook lower-bound method
application 511(*)

Csanky’s algorithm 262
fast 260(*)
function, reduction from matrix

multiplication to 253
function, triangular matrices 256
reduction to SPD matrix inversion 254
space–time lower bound 512

linear combination 243
lower triangular 240
main diagonal 240
multiplication 242 244(*), 477(*), 509

application to parsing CFL’s 190
Boolean 244 422
Borodin-Cook lower-bound method

application 509(*)
family of inner-product graphs 541
fast, on a hypercube 308(*)
flow properties 477
independence properties of 470
on a 2D mesh 295(*)
on a hypercube 308
on linear arrays 294
reduction to matrix inversion 253
reduction to transitive closure 250
S-span for 541
size and depth bounds 247
space–time lower bound 472 479 511
space-I/O time tradeoffs 541(*)
standard algorithm 422
Strassen’s algorithm 245(*), 247
three-matrix product space–time lower

bound 512
nice 501

Kronecker product 503
non-singular, inverse 243
ok 501
permutation 244 477
product, inverting 243
properties,

nice 501(*)
ok 501(*)

rank 243
scalar product 240
SPD 253(*)

LDLT factorization of 257
reduction of matrix inversion to 254
Schur complement is SPD 255
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matrix(s) (cont.)
square 240
standard matrix multiplication algorithm

242
symmetric 240
Toeplitz 243
trace 261
transitive closure 248
transpose 240
triangular, inversion of 255(*)
upper triangular 240
Vandermonde 265
vector product 241

Borodin-Cook lower-bound method
application 507(*)

DFT 513
distinguishability properties 508
on a linear array 293(*)
on an H-tree 582(*)
space-I/O time tradeoffs 539(*)
space–time lower bound 508

zero 240
Mauchly4
Maurer, H. A.618
maxterm43

monotone 441
McColl, W. F.602 614
McCulloch, W. S.207 615
McNaughton, R.207 615
MDR (memory data register)111

simple CPU design spec 138
Mead, C. A.323 601 613 615
Mealy, G. H.152 207 615
Mealy machine200

FSM 93
Mehlhorn, K.323 457 458 601 602 606 614

615
memory,

address 111
MAR, simple CPU design spec 138
sequence 568

bounded, RAM 19 111 122
distributed,

computer 285
routing in 309
shared, computer 285

fast, simulation in MHG. 558(*)
hierarchical models 562(*), 563

pebble game, See MHG
tradeoffs, (chapter) 529(*)

interleaved random-access 556

memory (cont.)
locality of reference 558
machines with, (chapter) 91(*)
management 567

algorithms, two-level 568(*)
competitive 567(*)

number of gates, RISC and CISC CPUs
compared with 138

organizations, language relationship to 5
page-replacement algorithms 567

FIFO 568
LRU 568
MIN 568

parallel computers with 283(*)
random-access 114(*)

circuit 116
shared, computer 284
unbounded, RAM 111
units, clocked 106
virtual memory-management systems 567

merging,
bitonic, sorting via 271(*)
block, algorithm for 561
efficient branching programs for 496(*)
monotone circuits lower bounds for 414
networks 270(*), 481(*)

Batcher’s bitonic 271 273
comparator-based 481
space–time lower bound 482

problem 270
mesh(es)288

2D arrays,
embedding 1D arrays in 297(*)
fully normal algorithms on 306(*)
matrix multiplication on 295(*), 296
normal algorithm on 307
simulation on 1D array 298

multi-dimensional 292 292(*)
layouts, VLSI chips 583(*)

row-major order 293
toroidal 293
of trees 319 599

message,
passing 284
priority 316

metal migration577
Meyer, A. R.389 456 609 619
Meyer auf der Heide, F.528 607 615
MHG (memory-hierarchy pebble

game) 533 (*)
block I/O in 555(*)
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MHG (memory-hierarchy pebble game)
(cont.)

convolution bounds 553
fast memory simulation in 558(*)
I/O time bounds,

for FFT in 551
for matrix multiplication in 544

on FFT graph, bounds 549
playing 534
rules 533

Micali, S.607 610
micro cycle139
micro-instructions139

simple CPU 142
affecting registers 145

microcode,
execute portion 143
simple CPU 142

Miller, G. A.207 608
Miller, R. E.612
MIMD (multiple instruction, multiple

data)285
MIN,

page-replacement algorithm 568
minimal,

DFSM, equivalence relation 177
FSM,

algorithm 175(*)
algorithm for 176
conditions for 174

pebbling 534
strategy 531

minimization232
state 171(*)

problem 158
minimum,

feature size, VLSI chip wires 578
space, existence of graph requiring large 488

minterm42
monotone 441

MISD (multiple instruction, single data)286
models,

branching program 488(*)
BSP 317(*)
circuit 372(*), 392(*)

parallel memoryless computational 282
computational 16(*)

branching program comparison
with 493 (*)

logic circuits as 16(*)
parallel 282(*)

models (cont.)
computational (cont.)

(part I - chapters 2-7) 35
restricted, representing 217(*)
serial 331(*)
VLSI, (chapter) 575(*)

data parallel 286(*), 286
FSM 154(*)
hierarchical memory 562(*), 563
I/O,

block-transfer 559(*)
RAM-based 559(*)

LogP 317(*)
machine,

parallel 29
sequential 5

MIMD 285
MISD 286
nondeterministic 4
PRAM 32 311 376(*)

as canonical structured parallel machine
311(*)

RAM 19(*)
role and types 3
SIMD 285
SISD 285
SPMD, data parallel model implementation

by 287
TM, standard 210(*)
VLSI,

computational 579(*)
diffusion 579
physical 578(*)
synchronous 579
transmission 579
transmission-line 579

modulo-p counter148
modulus,

functions, as symmetric function 74
Monier, L. M.601 608
monom417

removing 418
monotone,

basis 392
circuits 27 353 392
communication game 441

rules 442
depth, communication complexity

relationship 440(*)
functions 85 392

replacement rules 418
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monotone (cont.)
implicant 417
increasing 392
maxterm 441
minterm 441
prime implicant 417

MONOTONE CIRCUIT VALUE language150
353

Moore, E. F.93 152 207 615
Moore machine,

FSM 93
Muller, D. E.88 89 455 457 615 617
multi-dimensional meshes292 292(*)
multi-tape,

TM 119
multigraphs489

level 492
multilective computation580
multiplexer54(*)

function, circuit for 55
multiplier,

carry-save, circuit for 66
divide-and-conquer, circuit for 67

multiway decision tree561
Munro, I.279 607
Myhill, J.174 207 615
Myhill-Nerode theorem174(*)

N
n-indistinguishable states175
NAESAT language356
naming function16
Nassimi, D.323 609
natural numbers8
NC languages380
NDTM (nondeterministic Turing

machine)120(*), 214(*)
See also, DTM; Turing machine (TM)
language acceptance 333

by both DTM and 215 216
multi-tape 333

DTM simulation of 216
NP language 120

relationship to 26
NP problems 335
one-tape 333
recursive language 333

Nečiporuk, E. I.456 457 615
Nečiporuk lower bound405(*)

near-ring86
negations,

Boolean function 409 410
negative literal385
neighborhood,

set 408
Nerode, A.174 207 615
networks,

Beneš, global routing network example 310
brief history 6
CCC 307

normal algorithms on 308
comparator 270 271
computer 284 287(*)
connection 289
crossbar 289
hypercube, PRAM simulation 315(*), 317
merging 270(*), 481(*)

Batcher’s bitonic 271 273
comparator-based 481
space–time lower bound 482

mesh of trees 319
permutation 310
routing 309(*)
sorting 270(*)

Newton approximation algorithm69
NEXPTIME class337
next-set function,

NFSM 154
next-state function18 92 214

DFSM 154
DTM 119
NDTM 120
standard TM 210

NFSM (nondeterministic finite-state
machine)98(*), 154

acceptance of 163 164
DFSM equivalence 156
Kleene closure acceptance by 163
languages accepted by, same as languages

accepted by DFSMs 156
regular expression recognition by 160 161

162
regular language acceptance 185

nice matrices501
Kronecker product 503

Nishino, T.456 606 620
NL problems338

2-SAT language in 363
complexity class relationships 341

no-op115
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Nodine, M. H.573 615
non-ambiguous languages187
non-redundant,

branching program 490
non-singular,

matrix 243
non-terminal,

phrase-structure grammar 182
self-embedding 206
symbols 22

nondeterministic98
FSM, See NFSM
models 4
PDA 177
Turing machine, See NDTM

normal algorithms301(*)
on 2D array 307
ascending 306
AT 2 upper bound for 585
on CCC networks 308
cyclic shifting on the hypercube 304
fully 301 306

normal form,
Boolean function expansions 42(*)
branching program 492
comparison of 45(*)
conjunctive 43
disjunctive 42
product-of-sums 44(*)
ring-sum 45(*)
standard circuit construction methods 40
sum-of-products 44(*)

normalization263
notation,

big Oh, O( ) 13
big Omega, Ω( ) 13
big Theta, Θ( ) 13
binary relations 9
computational work done by a FSM 24
empty,

set 7
string 9

equivalence classes 10
integer operations 8
positive closure 9
product, equivalent number of logic

operations employed 24
register transfer 142
set 7 9

NP (nondeterministic polynomial time),
complement of 347(*)

NP (nondeterministic polynomial time)
(cont.)

complete,
problems that are 127
reducibility used to identify 227
simulation use to show 23

complete language 130(*)
brief history 5
complexity theory role 128
reduction to 132(*)

distinguishing P from, circuit complexity as
method for 391

equal to P question, as outstanding
computer science problem 121

language 120
condition for P = NP 130
relationship to NDTM 26

P as subset of 121
problems 335

NP-complete problems355(*)
3-COLORING language 359
3-SATlanguage 356
boundary between P-complete problems and

363(*)
CIRCUIT SAT 355
EXACT COVER language 360
HALF-CLIQUE CENTRAL SLICE language

435
INDEPENDENT SET language 357 358
INTEGER PROGRAMMING language 362
justification for 352
NAESAT language 356
SATISFIABILITY language 356
slice functions 435
SUBSET SUM language 361
succession of reductions 358
TASK SEQUENCING language 361

NPSPACE,
complexity class relationships 341
decision problem 338
language 375

NSPACE(r(n))334
TIME(r(n)) relationship with 341

NTIME(r(n))334
SPACE(r(n)) relationship with 341

number(s),
natural 8
systems 8(*)

number system,
complementary 432 433
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O
oblivious,

data 309
odd-even,

transposition sort 294
Oettinger, A. G.207 615
offline algorithm567
Ofman, Yu.88 456 612 616
ok matrices501
one-dimensional meshes292
online algorithm567
OPC (operation code register)111

simple CPU design spec 138
operator,

associative 48 56 102
balanced binary tree 48

oracle,
function 216
tape 216 333

oracle Turing machine,
See, OTM

ordering,
snake row 297

OTM (oracle Turing machine)216 333
out wrd110
out-degree10
output,

alphabet 92
function 18 92
next-state/output RAM functions,

circuits for 120
operation, red-blue pebble game 530
vertex 10

OUTR (output register)111
simple CPU design spec 138

overflow,
addition 61

P
P

?
= NP problem,
importance of 336
outstanding computer science problem 121
TM complexity vs circuit size complexity as

tool for resolving 128
P (polynomial time),

algorithm, CFL recognition 189
characteristics 5

P (polynomial time) (cont.)
complexity class relationships 341

to each other and to 381
distinguishing NP from, circuit complexity

as method for 391
existence of languages not in 343
hard problems, LINEAR INEQUALITIES 353
log-space contained in 342
problems 130(*), 328(*), 335
reduction 132

P-complete problems120 130 352(*)
boundary between NP-complete problems

and 363(*)
brief history 5
complexity theory role 128
condition for P = NP 130
CREW PRAM solutions 380
DTM ACCEPTANCE 354
examples of, CIRCUIT VALUE language 128
justification for 352
log-space reduction, 131
MONOTONE CIRCUIT VALUE 353
problems that are 127
reduction to 130(*)
subset of NP 121

P/poly languages383
page,

fault 567
replacement algorithms 567 568

pairing function382
Pan, V. Y.607
Papadimitriou, C. H.152 236 347 389 390

602 614 616
parallel,

algorithms, performance 289(*)
computation 27(*)

(chapter) 281
circuit models 372
models 282(*)
thesis 379(*)

computers 282 284
Amdahl’s law 290(*)
asynchronous 285
Brent’s principle 291(*)
Flynn’s taxonomy 285
memoryless 282(*)
synchronous 285
unstructured, circuit as form of 283
with memory 283(*)

data model 286(*)
languages, efficiently parallelizable 380(*)
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parallel (cont.)
machines,

P-complete language problem 128
PRAM 6 27 29 311(*)

prefix, circuits, efficient 57(*)
parallelizable381
parity,

bounded-depth parity circuits,
exponential size 448(*)
exponential size of 450

communication problem 438
function 43

parsing22 181
CFL 186(*)
Cocke-Kasami-Younger algorithm 189
parse tree 186

Chomsky normal form 197
parser 186

partial,
computations 210 211
functions 11 210

DTM computation 333
NDTM computation 333
recursive 232 233(*)
standard TM 210
TM 119

partition,
balanced 425

Paterson, M. S.89 455 456 457 458 526 573
602 609 614 616

path(s)10
directed graph 10

maximal path length 249
elimination method, monotone circuits,

lower bounds derivation 413(*)
external length 451
length 10

binary search tree 564
longest,

binary tree 565
for sorting, binary tree 560

monotone circuits 414
rich 499
unddirected graph 10
vertex-disjoint, monotone circuits 415

Patterson, D.323 532 609 611
Paul, W. J.455 456 526 611 616
Paz, A.611
PC (program counter)111

simple CPU design spec 138
PDA (pushdown automata)20 177(*)

CFL acceptance 192 192(*)
(chapter) 153(*)

PDA (pushdown automata) (cont.)
computational model 5 20(*)
languages accepted by, are context-free 194
one-way input tape 178
stack 178
state diagram 179 180
TM relationship 217

pebble game24
basic lower bounds method 470
branching program comparison

with 488 (*), 493
brief history 6
lower bounds 470(*)
memory-hierarchy 533(*)
pebbling,

balanced binary trees 465
FFT graph 463
inner product graphs 472
minimal 534
pyramid graph 466
strategy 531 558

playing 463(*)
red-blue 26

deletion of pebbles 530
playing 532(*)
rules and strategies 530(*)

relationship to red-blue pebble game 530
rules and strategies 462
space lower bounds 470(*), 471
space–time tradeoff analysis with 461
worst-case tradeoffs 483(*)

period,
computation 582
VLSI chip 580

Perles, M.207 606
permutation74 244

bit reverse 267
matrix 244 477
network 310

Beneš, global routing network example
310

routing problem 309
shuffle, on linear arrays 304(*)
unshuffle, on linear arrays 304(*)

Peterson, G. L.456 616
phrase-structure languages182(*)

are recursively enumerable 220
machine type that corresponds to, (table)

182
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phrase-structure languages (cont.)
recursively enumerable languages are 219
TM and 219(*)

Pietracaprina, A.323 607
pigeon-hole principle15(*), 16 168
pipelining307
Pippenger, N.152 390 455 456 457 526 527

528 611 616
Pitts, E.207 615
pizza pie graph600
planar circuit size586(*)

lower bound,
for independent functions 594
in terms of w(u, v)-flow 593

relationship between AT 2 and A2T and 589
planar graph,

face 590
triangular 590

planar separator theorem589(*), 591
conditional 590
multi-set 592
two-cost 592 600

Plaxton, G.323 609
pointer doubling321
polylogarithmic13 79
polynomial12

advice function 382
characteristic, of a matrix 260
functions, as real number functions 12
language in NP 120
language in P 120
time, See P

pop,
PDA 177
state 180

ports,
VLSI layout 577

POSE (product-of-sums expansion)44(*)
positive,

closure 9 158
instance, monotone communication game

442
literal 385
test inputs 425

approximator circuits 429
possible accept state179
Post, E. L.236 616
power,

set 8
Pracchi, M.601 607

PRAM (parallel random-access machine),
as parallel machine 27
as synchronous shared memory model 285
brief history 6
characteristics of 29
circuit relationship 378
CRCW 314
CREW 380

circuit equivalence 376(*), 379
circuits and 317(*)
simulation by circuits 377

efficiency 290
EREW,

CRCW PRAM simulation 314
simulation by hypercube network 317
simulation of normal algorithm 313

hypercube network simulation of 315(*)
log-space uniform 377 378
model 376(*)

as canonical structured parallel machine
311(*)

processor-time tradeoff 290
simulation, of trees, arrays, and hypercubes

313(*)
speed 290

Pratt, V. R.389 457 617
precise,

TM 334
predecessor function232
predicate15 232
prefix,

circuits, parallel, efficient 57(*)
computation 55(*), 583(*)

segmented 56
function 55

parallel, circuit for 57
Preparata, F. P.88 323 455 457 601 602 603

606 607 614 615 617 622
Preston, Jr., K.613
primality problem347

primality is in intersection of NP and coNP
348

test for 347
prime,

factorization 87
implicant 417

primitive recursive functions231(*)
priority,

message 316
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PRIORITY model,
PRAM 313

problems, feasible 335
complete 129 350(*), 351
decision,

classification issues 328(*), 334(*)
complement of 329
language complements and 329(*), 330
regular languages, algorithms 171

hard 350(*), 351
NL 338

2-SAT language in 363
complexity class relationships 341

NP-complete 352 355(*)
3-COLORINGlanguage 359
additional examples 357(*)
boundary between P-complete problems

and 363(*)
EXACT COVER language 360
INDEPENDENT SET language graph 358
INTEGER PROGRAMMING language 362
justification for 352
SATISFIABILITY language 356
SUBSET SUM language 361
succession of reductions 358
TASK SEQUENCINGlanguage 361

P
?
= NP 5

P-complete 352 352(*)
boundary between NP-complete problems

and 363(*)
DTM ACCEPTANCE 354
justification for 352
MONOTONE CIRCUIT VALUE 353

P-hard, LINEAR INEQUALITIES 353
PSPACE-complete 365(*)

ALTERNATING QUANTIFIED

SATISFIABILITY language 369
GENERALIZED GEOGRAPHY language

370
QUANTIFIED SATISFIABILITY language

365 366 367 369
state minimization 158
TSP, NP-complete association with 5
unsolvable 227(*)

product,
Cartesian 8
Kronecker 503
matrix-vector 507(*), 508
variables 44
vector-matrix, DFT 513

program(s),
boot 141
branching 488(*)

comparison with other computational
models 493(*)

straight-line programs vs. 496(*)
correctness 5
halting 113
machine language 141
RAM 112(*)
recursion 375
straight-line 17 35 238(*)

branching programs vs. 496(*)
circuits and 36(*)

tree 491
programming,

dynamic, algorithm 165
projection function231
proof,

by contradiction 15(*)
by induction 15(*)
methods of 15(*)

propagation,
carry 59

proper,
integer subtraction function 232
subset 7
subtraction 232

properties,
algebraic, of Boolean functions 40(*)
CFL 197(*)

closure 198(*)
non-closure 199

closure, regular languages 170
distinguishability,

(φ, λ, µ, ν, τ) 497
flow property relationship to 500
matrix multiplication 509
matrix-vector product 508
unique elements 515

flow 469
distinguishability property relationship to

500
functions 469(*)
matrix multiplication 477

independence,
cyclic shifting functions 474
DFT 479
matrix multiplication 470
wrapped convolution 473
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properties (cont.)

matrices,

nice 501(*)

ok 501(*)

regular,

expressions 159

languages 170(*)

rooted tree fan-in 394

of semirings 251

sets 8

trees 397

protocol,

communication game 437

pseudo-negations432

realization by monotone circuits 432

PSPACE decision problem338

PSPACE-complete problems365(*)

ALTERNATING QUANTIFIED

SATISFIABILITY language 369

GENERALIZED GEOGRAPHY language 370

QUANTIFIED SATISFIABILITY language 365

tree circuit 366

Pucci, G.323 607

Pudlák, P.456 617

pumping lemma153

application of 198

CFL 197(*)

FSM 168(*)

regular languages, conditions for finite and
infinite 169

punctured threshold function410

pyramid graph465

pebbling 466

Q
quadratic function14

quantification,

existential 365

universal 365

QUANTIFIED SATISFIABILITY language365
367 369

tree circuit 366

quasiplanar577

query,

superfluous 499

Quinn, M. J.323 611 617

R
Rabin, M. O.152 207 617
radius of a rooted spanning tree589
radix sort286
RAM (random-access machine),

architecture 110(*)
as serial computational model 331(*)
based I/O models 559(*)
bounded-memory 111
branching program simulation 495
circuits, next-state/output functions 120
computational inequalities for 117(*), 118
computational models 19(*)
FSM 111(*)
memory hierarchy simulations, speed and

size tradeoffs, (chapter) 529(*)
programs 112(*), 113
simulation 122 332
space 332

use 495
time 332
TM relationship to 124
unbounded-memory 111
universal 114(*)

Ramachandran, V.323 388 390 612
Ranade, A.323 617
Randell, B.32 617
random-access memory19 114(*)

architectural components 110
circuit 116
design 115(*)
interleaved 556

range,
of a function 11

rank,
matrix 243

RASP (random-access stored program
machine)114

rate of growth,
functions 13(*)

Raz, R.458 617
Razborov, A. A.457 459 617
reachability,

algorithm,
paths explored by 344
reachable vertex counting program 345

problem 338
read115

once computation 580
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real numbers,
functions using 12

reciprocal,
algorithm 70
division and 68
function,

circuit for 72
reduction of squaring to 73

integer 68
reduction from 72(*)

Reckhow, R. A.323 389 608
recognition,

language 215
by FSM 154
(chapter) 153
DFSM 154
NFSM 154
TM 119

regular,
expressions, by FSM 160(*), 161
languages 184(*)
languages, by FSM 185

records,
activation 339
complete 339

rectilinearity,
VLSI wire layouts 578

recurrence,
first-order linear, of length n 86

recursion,
decomposition, of set of strings 166
enumerable language, as Chomsky hierarchy

component 5
language, DTM 333
partial recursive functions 231 232(*)

RAM computability of 233(*)
primitive recursive functions 231(*)
standard TM 210

recursively enumerable languages223
are phrase-structure 219
but not decidable 226 228
Chomsky hierarchy component 5
decidable 225(*)
phrase-structure languages are 220
standard TM 210

red pebble game,
See, pebble game

Red’kin, N. P.88 455 457 617
red-blue pebble game,

See also, pebble game

red-blue pebble game (cont.)
I/O time bounds for matrix multiplication

in 542
on FFT graph, computation and I/O time

lower bounds 547
playing 532(*)
rules and strategies 530(*)

reducibility226(*)
classifying languages as unsolvable using 227
unsolvability and 226(*)

reduction348(*)
between logical and cyclic shifting functions

51
CIRCUIT SAT language to NAESATlanguage

357
from Turing to circuit computations 128(*)
function 46(*)
I/O time bounds 536
integer reciprocal 72(*)
log-space 131
logical and cyclic shifting 50(*)
many-to-one 227 348
multiplication 68(*)
NP-complete languages 132(*)
P-complete languages 130(*)
polynomial time 132
problem-solving method 35
of squaring to reciprocal function, reduction

of squaring to 73
subfunction relationship 46
to complete problems 129
Turing 348 385

refinement,
equivalence relation 173

on states 175
reflexive,

relation 10
register(s)109

pebble game relationship to 6
set 138(*)
simple CPU 138
transfer notation 142

regular,
expressions 158(*)

equivalence of 159
FSM and 160(*)
FSM languages described by 164(*)
NFSM recognition of 160 161 162 163
properties of 159
recognition by FSM 160(*)
string search use 168(*)
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regular (cont.)
grammar 184
languages 22 158 184(*)

as Chomsky hierarchy component 5
as Chomsky language type 182
closure properties 170
conditions for 174(*)
conditions for finite and infinite 169
decision problems on, algorithms 171
machine type that corresponds to, (table)

182
properties of 170(*)
pumping lemma 169
recognition 184(*)
regular language acceptance 185

machine recognition problem 229
machine recognition problem 229
set 158

Reif, J. H.72 88 323 610 617 618 619
Reischuk, R.526 618
reject state179
relations9(*)

equivalence 10 172
DFSM 172
for a language 172
on languages 171(*)
on states 171(*)
right-invariant 172 173

reflexive 10
symmetric 10
transitive 10

Rem, M.601 615
replacement,

function replacement method, monotone
circuit lower bounds
derivation 417 (*)

rules 417
monotone functions 418
semi-disjoint bilinear form 420

representation,
integers 8
(k, s)-Lupanov 80 81 82
restricted models of computation 217(*)
standard,

binary 8
decimal 8

reset, flip-flop109
resource,

bounds 330(*)
transformations 348

resource (cont.)
vector 534

rewriting strings181
Rice, H. G.236 618
Rice’s Theorem229 230
rich path499
right-invariant equivalence relation172 173
rings239(*)

commutative 264(*)
linear arrays 292
matrix multiplication 242 245
near 86
semirings 251

Riordan, J.89 618
ripple adder58 107
RISC (reduced instruction set computer)138
root(s),

of unity, in commutative rings 264
rooted directed acyclic multigraph 489
vertex 489

Rosenberg, A. L.603 618
routing309

networks 309(*), 310(*)
permutation problem 309

row-major order,
meshes 293

RSE (ring-sum expansion)45(*)
Ruane, L. M.602 613
rules,

absorption, in Boolean expressions 41
DeMorgan’s, in Boolean expressions 41
replacement 417

semi-disjoint bilinear form 420
Ruzzo, W. L.389 390 610

S
S-span,

DAG 537
matrix multiplication 541

safe,
circuit 107

Sahay, A.323 609
Sahni, S.323 609
Santos, E. E.323 609
SATISFIABILITY language132 133 328 356
satisfiable328
Savage, C.602 618
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Savage, J. E.89 152 389 455 456 457 526 527
528 573 602 603 608 610 611 613
618 619

Savitch, W. J.323 389 618
Savitch’s theorem339 340
Saxe, J.459 610
CIRCUIT SAT language355
scalar product,

matrix 240
Schäfer, T. J.389 618
Schauser, K. E.323 609
Schmidt, E. M.458 615
Schmidt, H. A.611
Schnorr, C. P.152 455 619
Schönhage, A.67 88 619
Schönhage-Strassen circuit67
Schur,
Schürfeld, U.619

complement 254
factorization 254(*)

Schutte, K.611
Schutzenberger, M. P.207 619
Scott, D.152 207 617
search,

binary 565
tree 564

Sedgewick, R.601 602 614
self-terminating machine problem230
semantics,

programming language, brief history 5
semellective computation580
semi-disjoint bilinear form,

replacement rule 420
semi-disjoint function,

circuit size lower bound 421
semigroup56
semirings251
separator theorem,

for trees 397
planar 589(*), 591

conditional 590
multi-set 592
two-cost 592 600

sequences,
bitonic 278

sequential,
circuits 106

as concrete implementation of sequential
machine model 5

constructing from a FSM 92

sequential (cont.)
circuits (cont.)

designing 106(*)
machine, sequential circuit as concrete

implementation of 5
serial,

computation thesis 330
computational models 331(*)

branching program 488(*)
space, parallel time relationship to 379

series,
expansion, Taylor 73

set(s)7
binary relation over 9
cardinality 7
characteristics of 7(*)
difference 7
disjoint 7
final states,

DFSM 154
PDA 177

flip-flop 109
instruction, simple CPU 140(*)
intersection 7
matrix over 240
membership notation 7
neighborhood 408
power 8
properties 8
regular 158
strings, concatenation 9
symmetric difference 234
totally ordered 270
union 7

Sethi, R.527 605 608
shallow,

circuits,
simulating addition with 105(*)
simulating FSM with 100(*)

Shamir, E.207 606
Shannon, C. E.88 89 618 619

contributions to theoretical computer
science 4

shared memory computer284
Shepherdson, J. C.389 619
shifting,

circuits, cyclic 49
cyclic 474(*)

function 474
functions, independence properties 474
functions, space–time lower bound 475
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shifting (cont.)
cyclic (cont.)

on the hypercube 303(*), 304
reductions between logical shifting

and 50 (*)
functions 48(*)

cyclic 48
cyclic, circuits for 50

logical,
reduction to multiplication 68
reductions between cyclic shifting

and 50 (*)
Shriver, E. A. M.573 621
shuffle permutations304

on linear arrays 304(*)
Siegel, A.603 619
signed two’s complement61
SIMD (single instruction, multiple data)

model285
simulation23

branching program 491
circuit,

by dataflow computers 283
of FSM 95
of TM 124(*), 134(*)

CPU by another CPU 147(*)
CRCW PRAM, by EREW PRAM 314
CREW PRAM, by circuits 377
FSM, by shallow circuits 102 104
of 2D array on 1D array 298
of fast memory in the MHG 558(*)
of normal algorithm, PRAM EREW 313
PRAM,

by hypercube network 315(*)
of trees, arrays, and hypercubes 313(*)

by precise TM 334
RAM,

branching program 495
by DTM 332
by TM 122

TM, single-tape simulation of multi-tape
213

sink vertex489
Sipser, M.89 456 459 602 607 610 616
SISD (single instruction, single data)

model285
size,

circuit 11 35 239
as quantity whose rate of growth is

significant 13
basis change effect on 396

size (cont.)
circuit (cont.)

bounds on 402
fan-out impact on 394(*)
gate-elimination method for 400(*)
in a simple CPU 146(*)
monotone, clique function 430
planar 586(*)
simple lower bounds on 400
slice function relationship 432
upper bounds on 79(*)
with fan-out s 393

exponential, bounded-depth parity circuits
450

formula 394
bounds on 397
circuit depth vs 396(*)
fan-out-1 relationship 394
lower bounds for 404(*)
over two different bases 399

monotone circuits, slice functions 434
planar circuits, relationship between AT 2

and A2T and 589
polynomial, circuits of 382
speed tradeoffs,

(chapter) 461(*)
in memory hierarchies 529(*)

Skyum, S.457 619
Sleator, D. D.573 619
slice functions,

central slice 435
circuit size relationship 432
HALF-CLIQUE CENTRAL SLICE,

function 435
language 435

monotone circuits 431(*)
NP-complete 435
representation 431

sliding,
red-blue pebble game 462 530

Smith, C. H.152 619
Smolensky, R.459 619
snake row ordering297 316
Snir, M.563 573 605
solvable task210
solving,

linear systems 262(*)
Song, S. W.602 613
SOPE (sum-of-products expansion)44(*)
sorting,

algorithm 301 302
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sorting (cont.)
binary 85

functions as symmetric function 74
monotone circuits lower bounds 413

bitonic 271 272 278
as Borodin-Cook lower-bound method,

application 516(*)
BTM 561
bubble sort 294
comparison-based, lower performance

bounds 565
linear arrays 294(*)
longest path length, for binary tree 560
networks 270(*)

AKS 274
fast 274(*)
insertion 270

odd-even transposition 294
problem 270
radix sort 286
space–time lower bounds 516
stable sorting algorithm 304
via bitonic merging 271(*)

space,
bounded,

complexity classes 338(*)
complexity classes, time-bounded

complexity class relationships with
341(*)

functions 342(*)
branching program 490
deterministic, nondeterministic time

contained in 341
hierarchy 336(*)
I/O time tradeoffs 539(*)

convolution 552(*)
FFT 546(*)
matrix-matrix multiplication 541(*)
vector-matrix product 539(*)

jump value for 483
log-space,

contained in polynomial-time 342
reduction 131

lower bounds 465(*)
pebble game 470(*)

MHG 534
minimum 465

existence of graph requiring large 488
nondeterministic space classes closed under

complements 346
OTM 217 333

space (cont.)

pebbling strategy 531

quantity whose rate of growth is significant
13

RAM 332 495

serial, parallel time relationship to 379

time,

and I/O tradeoffs 24(*)

bounds on MHG 544

lower bound, cyclic shifting functions 475

lower bound, DFT 480 513

lower bound, integer multiplication 507

lower bound, matrix inversion 512

lower bound, matrix multiplication 511

lower bound, matrix-vector product 508

lower bound, merging networks 482

lower bound, sorting 516

lower bound, unique elements 516

lower bound, wrapped convolution 505

product for branching programs 500

product, matrix multiplication 472(*)

product (ST ) 118

tradeoffs, (chapter) 461(*)

tradeoffs in memory hierarchies, (chapter)
529(*)

tradeoffs, matrix multiplication 479

tradeoffs, pebble game study of, brief
history 6

TM 333

upper bounds 483(*)

SPACE(r(n))334

NTIME(r(n)) relationship with 341

space hierarchy 337

spanning tree589

BFS 591

SPD (symmetric positive definite)
matrices253(*), 253

inversion, reduction of matrix inversion to
254

LDLT factorization of 257(*), 257 258 259

Schur complement of SPD matrix is SPD
255

Specker, E.456 611

speedup,

PRAM 290

Spira,P. M.455 619

Spirakis, P.323 607 610

Spivak, M.72 619
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SPMD (single program multiple data)
model,

data parallel model implementation by 287
Sproull, B.606 612 613 617 618
square,

matrix 240
squaring function68
ST (space–time product)118
stable sorting algorithm304
stack,

alphabet, PDA 177
PDA 177

stacking state178
standard,

basis 373 392
of a logic circuit 38

representation,
binary 8
decimal 8

start,
symbols 22

state(s)30
accept 179
assignment, problem 107
branching program 495
diagram 18 30

FSM 21
equivalence 175

relations on 171(*)
relations refinement on 175

final, DFSM 154
initial,

DTM 119
NDTM 120

minimization 171(*)
problem 158

n-indistinguishable 175
next,

DTM 119
NDTM 120

next-state/output RAM functions, circuits
for 120

possible accept 179
reject 179
set of,

DFSM 154
DTM 119
NDTM 120

stacking 178
to-state mappings 101

Stearns, R. E.336 389 610 611

Steele, G.323 606 611 612 613 617 618
step,

basis 15
Stewart, G. W.613
Stimson, M. J.323 618
Stockmeyer, L. J.389 390 619
Stone, H. S.323 619
storage,

access function 54
capacity 111

TM 119
stored-program concept110
straight-line program(s)17 35 238(*)

algorithms, lower performance bounds 565
Boolean, circuit as graph of 37
branching programs vs. 496(*)
circuits,

and 36(*)
representation of 37 238

functions computed by 38
realizing subfunction of a function 47

Strassen, V.67 88 245 278 618 619
Strassen’s algorithm245(*)

matrix multiplication 247
strategy,

adversarial 443 445 447
pebbling 531 558

strict refinement173
string(s)9

acceptance 92
by FSM 154
DFSM 154
DTM 119
NFSM 154

choice input, acceptance by NDTM 120
concatenation 158
empty 9
encoding of, TM and 222(*)
languages and 9(*)
relation to alphabets 9
searching for, with grep 168(*)
sets of, concatenation 9

Sturgis, H. E.389 619
Subbotovskaya, B. A.456 619
subfunctions,

realizing, of a function 47
relationship, reduction via 46

Subramonian, R.323 609
subset(s)7
SUBSET SUM language361
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substitution,
backward 263
constants, in Boolean expressions 41

subtraction61(*)
function, proper 232

successor function231
succinct,

certificate 100
sum44

Boolean function 44
summing,

on the hypercube 302(*)
operations 48

superconcentrator485 486
superfluous query499
superpolynomial function330
Swamy, S.526 527 618 619
symbol(s),

non-terminal 22
start 22
terminal 22

symmetric,
difference, between sets 234
elementary, functions as symmetric function

74
functions 74(*)

circuits for 76
matrix 240
positive definite matrices, See SPD
relation 10

synchronous,
FSM 97

circuit simulating 98
model, VLSI 579
parallel computers 285

systems,
balanced computer 532(*)
number 8(*)

systolic array27 28 292
Szelepscényi, R.389 620
Szemerédi, E.274 456 457 606

T
table lookup493
Tanaka, K.456 606 620
tape,

alphabet 214
DTM 119
NDTM 120

tape (cont.)
alphabet (cont.)

PDA 177
standard TM 210

empty, acceptance problem 228
enumeration 215
head 20
multi, TM 119
one, TM 118
oracle 216 333
PDA, blank symbol 177
TM 20 118 149 210 213(*)

Tardos, É.457 620
Tarjan, R. E.482 526 528 573 602 610 614

616 619
TASK SEQUENCING language361
Tate, S. R.72 88 618 620
taxonomy,

Flynn’s, parallel computers 285
Taylor series expansion72 73
terminal(s),

phrase-structure grammar 182
symbols 22

termination,
abnormal 210

terms,
dominant,

as rate of grown indicator 13
big Oh notation 13
big Omega notation 13
big Theta notation 13

test cases,
approximation method 425

Thatcher, J.612
theorems,

2-SAT language in NL, (8.11.1) 363
(2.6.1), theorem 3.2.1 as restatement of 102
3-COLORING is NP-complete,

(8.10.4) 359
3-SATis NP-complete, (8.10.1) 356
addition function, circuit for (2.7.1) 60
algorithms,

Csanky’s, for matrix inversion, (6.5.6) 262
decision problems on regular languages,

(4.6.2) 171
fast, convolution complexity of, (6.7.3)

270
FFT, (6.7.1) 267
FFT-based for convolution, (6.7.2) 269
fully normal ascending/descending,

(7.7.4) 306
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theorems (cont.)
algorithms (cont.)

hypercube sorting, (7.7.1) 302
LDLT factorization of SPD matrices,

(6.5.3) 259
matrix inversion, (6.5.4) 260
minimal FSM, (4.7.2) 176
normal, EREW PRAM simulation,

(7.9.1) 313
normal, on 2D array, (7.7.5) 307
normal, on CCC network, (7.7.6) 308
polynomial time, CFL recognition,

(4.11.2) 189
Strassen’s matrix multiplication, (6.3.1)

247
ALTERNATING QUANTIFIED

SATISFIABILITY language,
log-space complete for PSPACE, (8.12.2)

369
Amdahl’s law, (7.4.2) 290
area lower bound, for matrix multiplication,

(12.8.3) 598
AT 2 and A2T lower bounds and

communcation complexity,
(12.7.4) 596

AT 2 and A2T lower bounds for
independent functions, (12.7.2)
593

AT 2 and A2T lower bounds for matrix
multiplication, (12.7.3) 595

AT 2 upper bound for normal algorithms,
(12.5.1) 585

basic pebble-game lower bound method,
(10.4.1) 470

Batcher’s bitonic merging network, (6.8.2)
273

complexity of, (6.8.3) 273
binomial 451
Boolean,

convolution circuit size, (9.6.3) 419
functions, circuit-size upper bound for all,

(2.13.2) 82
functions, depth lower bound for most,

(2.12.2) 79
functions, depth upper bound for all,

(2.13.1) 80
functions, negations needed to realize,

(9.5.1) 409
matrix multiplication optimal monotone

circuit, (9.6.5) 424

theorems (cont.)
bounded-depth parity circuits, have

exponential size, (9.7.4) 450
bounded-fan-out circuits, (9.2.1) 395
branching program, basic, lower bound

method, (10.11.1) 498
Brent’s principle, (7.4.3) 291
broadcasting on the hypercube, (7.7.2) 303
BTM sorting time, (11.8.1) 561
bubble sort, on linear array, (7.5.2) 294
carry lookahead adder, circuit for (2.7.2) 61
carry-save adder, circuit for (2.9.1) 64
Cayley-Hamilton 260
CFL,

Chomsky normal form for, (4.11.1) 187
closure properties, (4.13.1) 198
non-closure properties, (4.13.2) 199
PDA acceptance of, (4.12.1) 192
recognition, polynomial time algorithm,

(4.11.2) 189
chip area,

lower bound in terms of w(u, v)-flow,
(12.8.1) 597

lower bounds for independent functions,
(12.8.2) 597

Chomsky normal form, for CFLs, (4.11.1)
187

circuit(s),
Boolean convolution, size, (9.6.3) 419
bounded-depth parity, have exponential

size, (9.7.4) 450
bounded-fan-out, (9.2.1) 395
complexity classes, containment of,

(8.15.1) 381
complexity classes, P/poly, (8.15.2) 383
computations, equivalence between FSM

and, (3.12) 96
CREW PRAM equivalence, (8.14.1) 379
depth, relationship between formula size

and, (9.2.2) 397
for addition function, (2.7.1) 60
for carry lookahead adder. (2.7.2) 61
for carry-save adder, (2.9.1) 64
for carry-save multiplier, (2.9.2) 66
for divide-and-conquer multiplier, (2.9.3)

67
for parallel prefix function, (2.6.1) 57
for reciprocal function, (2.10.1) 72
for symmetric functions, (2.11.1) 76
for transitive closure, (6.4.3) 251
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theorems (cont.)
circuit(s) (cont.)

log-space uniform, polytime DTM
functions are computable by,
(8.13.1) 374

MONOTONE CIRCUIT VALUElanguage,
is P-complete, (8.9.1) 353

monotone, lower bound for binary
sorting, (9.6.1) 413

monotone, lower bound for merging,
(9.6.2) 414

monotone optimal, Boolean matrix
multiplication, (9.6.5) 424

monotone, realization of
pseudo-negations by, (9.6.8) 432

monotone, size of clique function, (9.6.6)
430

planar, relationship between size and AT 2

and A2T , (12.6.1) 589
planar, size lower bound in terms of

w(u, v)-flow, (12.7.1) 593
semi-disjoint function, size lower bound,

(9.6.4) 421
shallow circuit simulation of FSM, (3.2.1)

102
shallow circuit simulation of FSM, (3.2.2)

104
simulation of TM (3.9.1) 125
size, and depth, simple lower bounds on

(9.3.1) 400
size, lower bound for most Boolean

functions, (2.12.1) 77
size lower bounds for functions in F (n,k)

s ,
(9.3.3) 403

size lower bounds for functions in Q(n)
2,3 ,

(9.3.2) 401
size, of function and its slices, (9.6.7) 432
size, slice functions have comparable

monotone and non-montone,
(9.6.9) 434

size, upper bound for all Boolean
functions, (2.13.2) 82

uniform circuit family, NSPACE language
recognition by, (8.13.3) 375

CIRCUIT SAT language, (3.9.6) 132
CIRCUIT VALUE language, P-complete

(3.9.5) 131
communication complexity,

AT 2 and A2T lower bounds and,
(12.7.4) 596

equals depth, (9.7.1) 438

theorems (cont.)
communication complexity (cont.)

monotone, equals depth of monotone
functions, (9.7.2) 441

of clique function, (9.7.3) 447
competitive analysis of FIFO and LRU,

(11.10.1) 568
complexity,

Batcher’s bitonic merging network, (6.8.3)
273

classes, circuit, containment of, (8.15.1)
381

classes, circuit, P/poly, (8.15.2) 383
classes, containment among

time-bounded, (8.5.4) 337
classes, time and space-bounded,

relationship between, (8.5.6) 341
communication, AT 2 and A2T lower

bounds and, (12.7.4) 596
communication, equals depth, (9.7.1) 438
communication, of clique function,

(9.7.3) 447
convolution, of fast algorithm, (6.7.3) 270
monotone communication, equals depth

of monotone functions, (9.7.2) 441
of transitive closure function, (6.4.1) 249

computing Boolean functions on CRCW
PRAM, (7.9.2) 314

containment among time-bounded
complexity classes, (8.5.4) 337

containment of,
circuit complexity classes, (8.15.1) 381
deterministic classes and their

complements, (8.6.1) 343
convolution 268(*)

Boolean, circuit size, (9.6.3) 419
complexity of fast algorithm, (6.7.3) 270
FFT-based algorithm, (6.7.2) 269
in I/O-limited MHG, I/O time bounds,

(11.5.8) 553
in MHG, I/O time bounds (11.5.7 ) 553
wrapped, space–time lower bound,

(10.13.1) 505
wrapped, space–time lower bound,

(10.5.1) 474
CREW PRAM and circuit equivalence,

(8.14.1) 379
cyclic,

shifting on hypercubes, (7.7.3) 304
shifting space–time lower bound, (10.5.2)

475
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theorems (cont.)
decidable languages,

(5.7.1) 224
(5.7.2) 224
(5.7.3) 224
complement is decidable, (5.7.5) 225

DFT,
space–time lower bound, (10.13.7) 513
space–time lower bound, (10.5.5) 480

DTM ACCEPTANCEis P-complete, (8.9.3)
354

empty,
set acceptance problem, (5.8.3) 229
tape acceptance problem, (5.8.2) 228

EREW PRAM simulation,
by hypercube network, (7.9.4) 317
of CRCW PRAM, (7.9.3) 314
of normal algorithm, (7.9.1) 313

EXACT COVERis NP-complete, (8.10.5) 360
existence of graph requiring large minimum

space, (10.8.1) 488
FFT algorithm, (6.7.1) 267
formula size,

and circuit depth, relationship between,
(9.2.2) 397

over two different bases, (9.2.3) 399
FSM,

computational inequalities for
interconnected, (3.1.3) 97

equivalence between circuit computations
and, (3.12) 96

function computed by, (3.1.1) 95
languages are regular, (4.10.1) 185
minimal, algorithm for, (4.7.2) 176
shallow circuit simulation of, (3.2.1) 102
shallow circuit simulation of, (3.2.2) 104

gap, (8.5.3) 337
GENERALIZED GEOGRAPHY language,

log-space complete for PSPACE, (8.12.3)
370

HALF-CLIQUE CENTRAL SLICE language is
NP-complete, (9.6.10) 435

halting problem, unsolvablity, (5.8.1) 228
HMM, cost of problems in, (11.9.1) 565
Hong-Kung lower-bound method, (11.4.1)

537
I/O bounds, matrix-vector product, (11.5.1)

539
I/O time bounds,

for convolution in I/O-limited MHG,
(11.5.8) 553

theorems (cont.)
I/O time bounds (cont.)

for convolution in MHG, (11.5.7 ) 553
for FFT in I/O-limited MHG, (11.5.6)

551
for FFT in MHG, (11.5.5) 549
for FFT in red-blue pebble game, (11.5.4)

547
for matrix multiplication in MHG,

(11.5.3) 544
for matrix multiplication in red-blue

pebble game, (11.5.2) 542
Immerman-Szelepscényi, (8.6.2) 344
impossibility 96

(3.1.1) 95
for bounded computations 24

INDEPENDENT SET is NP-complete,
(8.10.3) 357

integer,
multiplication, space–time lower bound,

(10.5.3) 475
multiplication space–time lower bound,

(10.13.2) 507
INTEGER PROGRAMMING, is

NP-complete, (8.10.5) 362
justification for P-complete problems,

(8.14.2) 380
Krapchenko lower bound, (9.4.2) 408
languages,

2-SAT, in NL (8.11.1) 363
accepted by NDTM accepted by DTM,

(5.2.2) 215
accepted by NFSMs and DFSMs are

same, (4.2.1) 156
accepted by PDAs are context-free,

(4.12.2) 194
ALTERNATING QUANTIFIED

SATISFIABILITY, log-space
complete for PSPACE, (8.12.2) 369

CIRCUIT SAT, (3.9.6) 132
condition for P = NP, (3.9.4) 130
decidable, (5.7.1) 224
decidable, (5.7.2) 224
decidable, (5.7.3) 224
decidable, complement is decidable,

(5.7.5) 225
FSM, described by regular expressions,

(4.4.2) 164
GENERALIZED GEOGRAPHY, log-space

complete for PSPACE, (8.12.3)
370
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theorems (cont.)
languages (cont.)

HALF-CLIQUE CENTRAL SLICE, is
NP-complete, (9.6.10) 435

MONOTONE CIRCUIT VALUE is
P-complete, (8.9.1) 353

non-recursively enumerable, (5.7.4) 224
NSPACE, recognition by uniform circuit

family, (8.13.3) 375
P-complete, CIRCUIT VALUE (3.9.5) 131
phrase-structure languages are recursively

enumerable, (5.4.2) 220
phrase-structure, recursively enumerable

languages are, (5.4.1) 219
QUANTIFIED SATISFIABILITY, log-space

complete for PSPACE, (8.12.1) 369
recursively enumerable, are

phrase-structure, (5.4.1) 219
recursively enumerable, but not decidable,

(5.7.6) 226
recursively enumerable, but not decidable,

(5.8.1) 228
recursively enumerable, but not decidable,

(5.8.6) 230
recursively enumerable, phrase-structure

languages are, (5.4.2) 220
regular, closure properties, (4.6.1) 170
regular, conditions for, (4.7.1) 174(*)
regular, decision problems on, (4.6.2) 171
regular, FSM recognition of, (4.10.1) 185
SATISFIABILITY, (3.9.7) 133
undecidable, (5.8.5) 230
undecidable, example, (5.8.2) 228
undecidable, example, (5.8.3) 229
undecidable, example, (5.8.4) 229

LDLT factorization of SPD matrices,
(6.5.2) 257
algorithm for, (6.5.3) 259

Leverrier, (6.5.5) 261
linear, equation solutions, (6.6.1) 263
LINEAR INEQUALITIES, is P-hard, (8.9.2)

353
log-space,

contained in polynomial-time, (8.5.8) 342
uniform circuits computable by polytime

DTMs, (8.13.2) 374
matrix,

inversion algorithm, (6.5.4) 260
inversion for triangular matrices, (6.5.1)

256

theorems (cont.)
matrix (cont.)

inversion, space–time lower bound,
(10.13.6) 512

multiplication as ring, (6.2.1) 242
multiplication on a hypercube, (7.7.7)

308
multiplication on linear array, (7.5.1) 294
multiplication, space–time lower bound,

(10.13.4) 511
multiplication, space–time lower bound,

(10.4.2) 472
multiplication, space–time lower bound,

(10.5.4) 479
SPD, LDLT factorization of, (6.5.2) 257
SPD, LDLT factorization of, algorithm

for, (6.5.3) 259
vector product, space–time lower bound,

(10.13.3) 508
merging network space–time lower bound,

(10.5.6) 482
monotone circuit,

lower bound for binary sorting, (9.6.1)
413

lower bound for merging, (9.6.2) 414
size of clique function, (9.6.6) 430

MONOTONE CIRCUIT VALUE language, is
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(12.6.2) 591
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FSM recognition of, (4.10.1) 185

regular machine recognition problem,
(5.8.4) 229

relationship between planar circuit size and
AT 2 and A2T , (12.6.1) 589
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