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Theorem (Original)

If the period of a repeating decimal for a/p, where p is prime and a/p
is a reduced fraction, has an even number of digits, then dividing the re-
peating portion into halves and adding gives a string of 9s. For example,
1/7 = 0.142857, and 142 + 857 = 999.

Theorem (Extended)

If the period of a repeating decimal for a/p, where p is prime and a/p is
a reduced fraction, is h = m X n, then dividing the repeating portion into n
parts and adding gives ¢, (a,p) X 9 m’s, where ¢ is a constant depending on
p, a and n.

Proof
We will show some interesting properties for various types of primes p.

Let a/p have period h > 1 with a < p, and assume a/p = 0.1 - Gmxn-
Thus, p # 2, 5.

Then, 10° x a/p — |10° X a/p] = 0.@;51 - - - Gmxnl1---a; < 1, since a < p.

Thus, px (10° x a/p—[10° x a/p|) = p X 0.G51 -+ Gmxnbr .- @ < p = 10" x
a—[10° x a/p| xp = ax10* (mod p), Va,7 20 <i<mxn—1,1<a<p-—1.

And, {a x 10" — [10" x a/p| x p,Vi 2 0 <1 <m xn—1} = {a,a x 10,a X
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10%,...,a x 10™"~1} (mod p) C {1,...,p — 1}.

And hence, there exists 2% distinct cyclic generators ({e = eq, ey, ...

p=1
h

such that U{ehe?a"'? Zm><n 1} {1 7p_1}
=1

Let

S, = g 0.Qmxitl - Cmxn01 - - - A

- E 0'am><i+l <o Amx(i41)
=0

n—1
= Z amxi+1 e amx(l+1)/(10m - 1)
1=0

Example:

0.142857 +0.571428 + 0.285714 = 0.141414 + 0.282828 + 0.575757 = 14/99 +

28,/99 + 57/99.

Thus,

pXxS, = pXx E 0.@mxitt - - QxnG1 - - - Qi

= pX Zammqu .. .amX(H_l)/(lOm - 1)
;=0

n—1
10™ —
Thus, ¢, (a,p) Zammﬂ i (i4l) = X Z (a X 10mXZ (mod
=0

D))



Example:

1/17 = 0.0588235294117647, and
| (mln e
0+5+8+8+24+34+54+24+9+4+1+1+7+6+4+7=72=0 | 1 | 16 | 8
(mod 9)
05+88+23+52+944+114+76+47=396=0 (mod | 2 | 8 | 4
99)
0588 + 2352 + 9411 + 7647 = 19998 = 0 (mod 9999) 4 | 4
05882352 + 94117647 = 99999999 = 0 (mod 99999999) | 8 | 2 | 1

1/19 = 0.052631578947368421, and
| [m[n e
0+5+2464+3+14+5+7+8+94+44+7+3+6+84+44+24+1=| 1 | 18| 9
81 =0 (mod 9)
054+264+314+57+89+474+364+844+21=396=0|2 |9 | 4
(mod 99)
05246314578 494743684421 = 2997 = 0 (mod 999) | 3 | 6
052631 4 578947 + 368421 = 999999 = 0 (mod 999999)
052631578 + 947368421 = 999999999 = 0 (mod | 9 | 2 | 1
999999999)

e}
o
—_

1/757 = 0.001321003963011889035667107, and
| |m[n e
0+0+1+34+24+14+04+04+34+94+6+34+04+14+14+ | 1 | 27| 10
8+8+94+04+3+5+64+64+74+14+04+7=90=0
(mod 9)

001 + 3214003 4+963+0114+889+4+035+667+107=| 3 | 9 | 3
2997 = 0 (mod 99)
001321003 4 963011889 4 035667107 = 999999999 =0 | 9 | 3 | 1
(mod 999)




Trivia:

The decimal expansion of 1/19 is equal to the sum of the powers of 2 in
reverse.

1/19 = 0.052631578947368421

Compare it to 1/49.

Summary

Assuming n | h, where 10" =1 (mod p) and 1 <a <p—1.
If p =3, then ¢,(a,3) =a x n/3.

If n =1, then ¢;(a,p) = 1/p.

If n = 2, then ¢,(a,p) xp < (p—1)+(p—2) =2xp—3 < 2xp.
Thus, ¢2(a,p) = 1 (Midy’s Theorem).

Ifn=3anda=1,thenc,(1,p)xp<14+(p—2)+(p—3)=2xp—2< 2Xp.
Thus, c3(1,p) = c3(2,p) = ¢3(3,p) = c3(4,p) = 1. However, these may not
be unique.
p—1
If n=p—1, then ¢,(a,p) x p = Zz Thus, ¢, 1(a,p) = ’%1 (Full Reptend
i=1
Prime).

If we replaced p with any number b £ {2,5}, then adding the n equal parti-
tions of the repeating decimal of a/b is also equal to ¢,(a,b) x 9 m’s, where
¢n(a,b) is a rational number.

Open Questions

Loca(Lp) = | 232, ¥ n | A,
When p is a full reptend prime, ¢,(a,p) = ¢,.(1,p), V a £ 1.

2. If 2| h, then h/2 < ¢j(a,p) < C, where C' = {supz > {hiﬂJ =1}
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If 3| h, then h/3 < ¢,(a,p) < C, where C' = {supz > {hLSJ =1}
If 6 | h, then h/2 < ¢p(a,p) < C, where C' = {supz > {ﬁJ =1}
Examples: 9 < ¢97(a,757) < 17, 9 < c¢15(a,19) < 11 and 3 <
cﬁ(a, 7) < 3.
3. en(l,p) <epla,p),V1<a<p.
n—1 n—1
This is equivalent to Y (10 (mod p)) < > ((a x 10™*") (mod p)).
i=0 i=0
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