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Chapter 1

The Likelihood

In this chapter we review some results that you may have came across previously. We
define the likelihood and construct the likelihood in slightly non-standard situations.
We derive properties associated with the likelihood, such as the Cramer-Rao bound and
sufficiency. Finally we review properties of the exponential family which are an important

parametric class of distributions with some elegant properties.

1.1 The likelihood function

Suppose z = {X;} is a realized version of the random vector X = {X;}. Suppose the
density f is unknown, however, it is known that the true density belongs to the density
class F. For each density in F, fx(z) specifies how the density changes over the sample
space of X. Regions in the sample space where fx(z) is “large” point to events which are
more likely than regions where fx(z) is “small”. However, we have in our hand z and our
objective is to determine which distribution the observation z may have come from. In
this case, it is useful to turn the story around. For a given realisation x and each f € F
one evaluates fx(z). This “measures” the likelihood of a particular density in F based
on a realisation z. The term likelihood was first coined by Fisher.

In most applications, we restrict the class of densities F to a “parametric” class. That
is F = {f(z;0);0 € O}, where the form of the density f(z;-) is known but the finite
dimensional parameter # is unknown. Since the aim is to make decisions about 6 based
on a realisation z we often write L(0;z) = f(x;0) which we call the likelihood. For

convenience, we will often work with the log-likelihood L(#;x) = log f(z;#). Since the
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logarithm is a monotonic transform the maximum of the likelihood and log-likelihood will
be the same. This preservation of maximum is very important.

Let us consider the simplest case that {X;} are iid random variables with probability
function (or probability density function) f(z;6), where f is known but the parameter 6
is unknown. The likelihood function of 6 based on {X;} is

L(; X) = [ [ (X 0) (1.1)

i=1

and the log-likelihood turns product into sum
log L(6; X) = L(6; X) = > log f(X;; ). (1.2)

We now consider some simple examples.

Example 1.1.1 (i) Suppose that {X;} are iid normal random variables with mean

and variance o® the log likelihood is
2. vy ;» I~ (Xi—p?® n
En(ﬂ,0'7£)——§10g0 —§;T—§log2w

Observe that the parameters and random variables are “separable”.

(i1) Suppose that {X;} are iid binomial random variables X; ~Bin(m,m). We assume

m 1s known, then the log likelihood for 7 is

Lo(mX) = Zlog( >+Z(X log 7 4 (m — X)log(1—7r))
_ Zlog( )—I—Z(Xlog(l_ )+ miog(1 7))

Observe that the parameters and random variables are “separable”.

(111) Suppose that {X;} are independent random variables which give the number of “suc-
cesses” out of m;. It seems reasonable to model X; ~Bin(m;, ;). It is believed that
the the regressors z; influence the chance of success m;. We try to model this influ-
ence with the nonlinear transform

e/glzi

Bz
Z)_ 1_’_66,317

i = g(e
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(iv)

(v)

(vi)

where B are the unknown parameters of interest. Then the log likelihood is

) = Ytos (1) + 3 (s (2050 )+ ot o672 ).

i=1

Modelling categorical data in a contingency table. Suppose a continency table con-
tains C' cells, where each cell gives the number for the corresponding event. Let
1 <0 <O, at each “trial” probability of being placed in cell ¢ is my. If we do not make
any assumptions on the probabilities (except that each trial are iid random variables)
then we model the number of counts in each cell using a multinomial distribution.
Suppose the total number of counts is n and the number of counts observed in cell
0 is Xy, then the distribution is P(X; = x1,...,X¢ = x.) = (m’.ixc)wfl c T,
which has the log-likelihood

c
Lon(m1, 72,13 X1, ..+, Xe) :bg( " X ) +ZXilOg7Ti
y AC

X, ... —

n c-1 - c-1
= lo + X;log ————— + nlog(l — ).
g(Xl,---,XC) ; g1_2f2_117Tj g( ; )

Observe that the parameters and random variables are “separable”.

Suppose X is a random wvariable that only takes integer values, however, there is
no upper bound on the number of counts. When there is no upper bound on the
number of counts, the Poisson distribution is often used as an alternative to the
Binomial. If X follows a Poisson distribution then P(X = k) = A exp(=\)/kl.
The log-likelihood for the iid Poisson random variables {X;} is

LX) =) (Xilogh— X —log X;l) .

=1

Observe that the parameters and random variables are “separable”.

Suppose that {X;} are independent exponential random variables which have the
density 0~ exp(—x/0). The log-likelihood is

L,.(0; X) :En: (—@;9—%).

i=1

11



(vit) A generalisation of the exponential distribution which gives more flexibility in terms

of shape of the distribution is the Weibull. Suppose that {X;} are independent

Weibull random variables which have the density “”;:1 exp(—(x/0)*) where 6, > 0

(in the case that o = 0 we have the regular exponential) and x is defined over the

positive real line. The log-likelthood s

n

X\
L,(a,0;X) = 1 —1Dlog X; —alogh — [ = )
(0:0:0) = 3 (1o (o~ Do X, —atowt (') )
Observe that the parameters and random variables are not “separable”. In the case,

that « is known, but 6 is unknown the likelihood is proportional to

Lo w3 (et (5)),

=1

observe the other terms in the distribution are fixed and do not vary, so are omitted.

If « is known, the unknown parameter and random variables are “separable”.

Often I will exchange £(0; X)) = L£(X;0), but they are the same.

Look closely at the log-likelihood of iid random variables, what does its average

CLX6) = D log f(Xi:) (1)

n

converge to as n — 0o?

1.2 Constructing likelihoods

Constructing the likelihood for the examples given in the previous section was straightfor-
ward. However, in many real situations, half the battle is finding the correct distribution
and likelihood.

Many of the examples we consider below depend on using a dummy /indicator variable
that we treat as a Bernoulli random variables. We recall if § is a Bernoulli random
variable that can take either 0 or 1, where P(0 = 1) = 7 and P(d = 0) = 1 — 7,
then P(6 = z) = (1 — 7)) *x®. We observe that the log-likelihood for 7 given § is
(1-9)log(1—m)+0logm. Observe after the log transform, that the random variable and

the parameter of interest are “separable”.
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Mixtures of distributions

Suppose Y is a mixture of two subpopulations, with densities fo(x;0) and fi(x;0) re-
spectively. The probability of belonging to density 0 is 1 — p and probability of be-
longing to density 1 is p. Based this information, we can represent the random variable
Y =6U 4+ (1—9)V, where U, V, 0 are independent random variables; U has density f;, V
has density fy, and P(6 =1) =p and P(6 =0) =1 — p. The density of Y is

fr(z;0) = fy (2|6 =0,0)P(6 = 0) + fy(z|d =1,0)P(0 = 1) = (1 — p) fo(x;0) + pfi(z;0).

Thus the log likelihood of 6 and p given {Y;} is

LHY:}:0,p) =Y log[(1—p)fo(Yi;0) + pfr(Yi; 6)].
i=1
Observe that the random variables and parameters of interest are not separable.
Suppose we not only observe Y but we observe the mixture the individual belongs to.
Not only do we have more information about our parameters, but also estimation becomes
easier. To obtain the joint likelihood, we require the joint distribution of (Y, d), which

is a mixture of density and point mass. To derive this we note that by using limiting

arguments
PY —€/2 2,0 = z; F. 2)— F.(y—¢€/2
e—0 € e—0 €

= fu(y;0)P(6 = 7;p)
= fi(y:0)" foly; 0)“p* (1 —p)' ™.

Thus the log-likelihood of # and p given the joint observations {Y;,d;} is

n

L(Y;,0:50,p) = Z {dilog f1(Y3;0) + (1 — &;) log fo(Yi; ) + 0;logp + (1 — &;) log(1 —p)}. (1.4)
i=1
The parameters and random variables are separable in this likelihood.
Of course in reality, we do not observe §;, but we can predict it, by conditioning
on what is observed Y;. This is effectively constructing the expected log-likelihood of
{Y;,9;} conditioned on {Y;}. This is not a log-likelihood per se. But for reasons that will
become clear later in the course, in certain situations it is useful to derive the expected

log-likelihood when conditioned on random variables of interest. We now construct the
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expected log-likelihood of {Y}, d;} conditioned on {Y;}. Using (1.4) and that {Y;,0;} are

independent over i we have

E[L(Y;, 60, p)|{Y:}] = Y {E[5:]Y;, 0, p] (log f1(Y;; 0) + log p) + E[(1 — 6,)|Y;] (log fo(Y;; 0) + log(1 — p))} .

i=1
E[6:Y;:, 0,p] = P[6; = 1|Y;, 0, p], hence it measures the probability of the mixture 1 being
chosen when Y] is observed and is

N A P[Y;,0, ] - ph(Ys0) + (1= p)fo(Yi )

Similarly

(1 —p)fo(Yz';@)
pfi(Yi;0) + (1 —p)fo(Yi; 0)

Substituting these in the the above gives the expected log-likelihood conditioned on {Y;};

E[L(Y;,6;0,p){Yi}] = ;{ (pfl(Yi;0)p4jil((ifi;—9;a)fo(lfi;0)) (log f1(Yi; 0) + log p) +

( (1—=p)fo(Y;;0)
pfi(Yi;0) + (1 —p) fo(Yi; 0)

Observe that this is not in terms of 9;.

) o u(456) + toe(1 ~ ) |

The censored exponential distribution

Suppose X ~ Exp(f) (density of X is f(z;6) = @ exp(—x0)), however X is censored at a

known point ¢ and Y is observed where

X X<c¢
Y = (1.5)
c X >c¢

It is known if an observation is censored. We define the censoring variable

5 0 X<c¢
B 1 X>c

The only unknown is # and we observe (Y, ). Note that ¢ is a Bernoulli variable (Binomial
with n = 1) with P(§ = 0) = 1 —exp(—cf) and P(6 = 1) = exp(—cf). Thus the likelihood
of 6 based only ¢ is L(5;60) = (1 — 7)1 707° = (1 — e=¢0)1=9(e=<0)19,

14



Analogous to the example above, the likelihood of (Y, d) is a mixture of a density and
a point mass. Thus the likelihood 6 based on (Y, d) is

{ﬂywzmpwzo)ézo
fY|s=1)P6=1) éd=1

= [f(Y|6=0)P(6=0)]'"°[f(Y|6 = 1)P(6 = 1))’
= [exp(—0Y + log 0)]' " [exp(—ch)]°.

L(Y,6;0) =

This yields the log-likelihood of 6 given {Y;, d;}

L(0) = zn: {(1 = 8) [-0Y; + log 0] — dich} . (1.6)

The inflated zero Poisson distribution

The Possion distribution is commonly used to model count data. However, there arises
many situations where the proportion of time zero occurs is larger than the proportion
one would expect using a Poisson distribution. One often models this “inflation” using
a mixture distribution. Let U be a Poission distributed random variable where P(U =
k) = Mexp(—=\)/k!. We see that P(U = 0) = exp(—\). We can boost this chance by

defining a new random variable Y, where
Y =0U

and 0 is a Bernoulli random variable taking zero or one with P(6 = 0) = p and P(§ =
1) = (1 —p). It is clear that
PY=0) = PY=0/0=0P0O0=0+PY =0[6=1)P(6=1)
= Ixp+PU=0(1-p)=p+(1—ple?>e*=PU=0).

Thus, in situations where there are a large number of zeros, the inflated zero Poisson

seems appropriate. For £ > 1, we have
PY=k) = PY=kl6=0P0O=0+PY =kld=1)P6=1)
Aee=A
k!

= PU=k(1-p)=00-p)

Thus altogether the distribution of Y is

)\ke_)\ }I(k¢0)

PY=k={p+(1 —p)e_’\}I(kZO) {(1 -p) X

15



where () denotes the indicator variable. Thus the log-likelihood of A, p given Y is

LY\, p) = Z[ 0)log (p + (1 — )eA)+ZI(K#0)(log(1—p)+log ;!A>~

Exercise 1.1 Let us suppose that X and Z are independent random variables with den-

sities fx and f7 respectively. Assume that X is positive.

(i) Derive the density function of 1/X.

(i1) Show that the density of X Z is

[ 3t fx(a)da (17)
(or equivalently [ ¢t fz(cy)fx(c™1)de).
(iii) Consider the linear regression model
Y, = o'z, + ose;
where the regressors x; is observed, e; follows a standard normal distribution (mean

zero and variance 1) and o? follows a Gamma distribution

2(5—1))\/@ —\o2
o exp(—Ao?) 5250

flo% ) = ) , >0,

with k > 0.

Derive the log-likelihood of Y; (assuming the regressors are observed).
Exercise 1.2 Suppose we want to model the average amount of daily rainfall in a par-
ticular region. FEmpirical evidence suggests that it does not rain on many days in the

year. However, if it does rain on a certain day, the amount of rain follows a Gamma

distribution.

(i) LetY denote the amount of rainfall in a particular day and based on the information

above write down a model for'Y .

Hint: Use the ideas from the inflated zero Poisson model.

(ii) Suppose that {Y;}I, is the amount of rain observed n consecutive days. Assuming
that {Y;}"_ are iid random variables with the model given in part (i), write down

the log-likelihood for the unknown parameters.

(iii) Ezxplain why the assumption that {Y;}, are independent random variables is tenu-

ous.

16



1.3 Bounds for the variance of an unbiased estimator

So far we have iid observations { X;} with from a known parametric family i.e. the distri-
bution of X; comes from F = {f(x;6);60 € O}, where § is a finite dimension parameter
however the true 6 is unknown. There are an infinite number of estimators of 6 based on
an infinite number of decision rules. Which estimator do we choose? We should choose
the estimator which is “closest” to the true parameter. There are several different distance
measures, but the most obvious is the mean square error. As the class of all estimators is
“too large” we restrict ourselves to unbiased estimators, 5(& ) (where mean of estimator

is equal to the true parameter) and show that the mean squared error
~ 2 ~ ~ 2 ~
B (0(X)~6) =var (0(x)) + (EIB(X)] - 0) = var (6(X))

is bounded below by the inverse of the Fisher information (this is known as the Cramer-
Rao bound). To show such a bound we require the regularity assumptions. We state the
assumptions and in the case that # is a scalar, but they can easily be extended to the case

that 6 is a vector.

Assumption 1.3.1 (Regularity Conditions 1) Let us suppose that L, (-;0) is the like-
lihood.

(i) & [ Ly(z;0)dz = [ &%—%mc@ = 0 (for iwid random variables (rv) this is equivalent
to checking if afgg;g)dx =2 [ f(z;0)dz).

Observe since a by definition a density integrates to one, then % [ Ln(z;0)dz = 0.

BLn(z 0)

(i) For any function g not a function of 6, 2 % [ 9(z)Ly(z;0)dz = [ g(z) .

(ii1) E(M) > 0.

To check Assumption [I.3.1)i,ii) we need to apply Leibniz’s rule https://en.wikipedia.

org/wiki/Leibniz_integral_rule

[ o= [ o0, , ,
3, s o= [ o T s 60), 0000)10) ~ f(a(6).0la(0)a 0)1)

Therefore Assumption [1.3.1f(1,ii) holds if f(b(6), 0)g(b(0))b'(8) — f(a(0),0)g(a(0))a’(9) = 0.

Example 1.3.1 (i) If the support of the density does not depend on 0 it is clear from

(1.8) that Assumption [1.3.1)(i,ii) is satisfied.
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(i) If the density is the uniform distribution f(x;0) = 071 (x) then the conditions
are not satisfied. We know that 61 f00 dx = 1 (thus it is independent of ) hence

o= [¥ dx
dgo = 0. Howewver,

0 do—1 —1 / / 3
/0 o5 dx = —= and f(b(9), 0)b'(9) — f(a(6),6)a’(0) = 07"

Thus we see that Assumption |1.3.1/(i) is not satisfied. Therefore, the uniform dis-

tribution does not satisfy the standard reqularity conditions.

(iii) Consider the density

(:6) = 5~ 6)? expl~ (& — )] (0).

The support of this estimator depends on 0, however, it does satisfy the reqularity
conditions. This is because f(x;0) =0 at both x = 0 and x = co. This means that

for any 6

f(0(0),60)g(b(0))b'(6) — f(a(8),0)g(a(6))a’(8) = 0.
Therefore from the Leibnitz rule we have

d [ o 0f(.0)

i, s o= [ o

Thus Assumption |1.3.1] is satisfied.

We now state the Cramer-Rao bound, which gives the minimal attaining variance
bound for a large class of estimators. We will use the matrix inequality A > B to mean

that A — B is a non-negative definite matrix (or equivalently positive semi-definite).

Theorem 1.3.1 (The Cramér-Rao bound) Suppose the likelihood L, (X;0) satisfies

the reqularity conditions given in Assumption . Let 5(5 ) be an unbiased estimator
of 0, then

var [5(&)] > [E (810%"9(&’6)) 2] -1 |

18



PROOF. We prove the result for the univariate case. Recall that a(X ) is an unbiased

estimator of @ therefore

/ 0(a) Lo (z;0)dz = 0.

Differentiating both sides wrt to 6, and taking the derivative into the integral (allowed

under the regularity condition) gives

o ) 2nE0) 4y 1,

By Assumption |1.3.1(1) de"d(f;e)dg = aL’é((f;e) dz = 0. Thus adding ¢ [ M%—(fﬂa@ to both

sides of the above we have

/ {é’(g) - 9} %dg — 1.

Multiplying and dividing by L, (x;0) gives
~ 1 OL,(z;0)
— — L, (x; =1. 1.
[ (7@ -0} g T Ll (1.9

Hence (since L, (x;0) is the distribution of X)) we have

E( {5(1) - 0} %W) ~ 1.

Recalling that the Cauchy-Schwartz inequality is E(UV) < E(U*)Y2E(V?)Y? (where
equality only arises if U = aV + b (where a and b are constants)) and applying it to

(alog Lé;(z; 0))2]

Thus giving the Cramer-Rao inequality. O

the above we have
log L (X;60)\? ~
(E?()g—(_,)) ] > 1 = var [0(5)] >E

-1

var [5(&)] E 20

Corollary 1.3.1 (Estimators which attain the Cramér-Rao bound) Suppose As-
sumption is satisfied. Then the estimator 5(& ) attains the Cramer-Rao bound only

if it can be written as

9(X) = al0) + b(o) 8L L0

for some functions a(-) and b(- of@

LOf course, in most cases it makes no sense to construct an estimator of @, which involves 6.

19



PROOQOF. The proof is clear and follows from when the Cauchy-Schwartz inequality is an

equality in the derivation of the Cramer-Rao bound. O

2
We next derive an equivalent expression for E (%ﬁ@) (called the Fisher infor-

mation).

Lemma 1.3.1 Suppose the likelihood L, (X;0) satisfies the reqularity conditions given in

Assumption |1.3.1] and for all 0 € O, g—;fg(g)Ln(g; 0)dz = [ g(x) aQLge(f;g)dL where g is

any function which is not a function of @ (for example the estimator of 0). Then

Olog Ly(X;0)\ . [0log L.(X;0)\* 82 log L, (X 6)
Var( 20 )-E( 2 =—-bB 502 .

PROOF. To simplify notation we focus on the case that the dimension of the vector @ is

one. To prove this result we use the fact that L,, is a density to obtain

/Ln(g; 0)dz = 1.

Now by differentiating the above with respect to 6 gives
0
%/Ln(z; 0)dz = 0.

By using Assumption [1.3.1ii) we have
OLy,(z;0) . dlog Ly (z;0) , _
/ Onli0) 0~ / R L (5 0)dz = 0

Differentiating again with respect to # and taking the derivative inside gives

0% log Ln(z;0) . Olog Ln(z;0) OLy(2:6)
/ —gp Lnlzi0)de + / 56 5g =0
/ & log L, (z; 0) Olog Ly(z;0) 1 OLy(z;0)

T Ln(z;ﬁ)dzwL/ 50 IRET) 5 Ln(zi0)dz =0

0% log Ln(z;0) , Olog Ly(z;0)\*,
/ 0 L () + / (T) Lo(z:0)dz = 0

Thus

g Plog Lu(X:0)\ _ [ (0log Lu(X;0)\*
062 N 00 '

The above proof can easily be generalized to parameters 6, with dimension larger than 1.

This gives us the required result.
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Note in all the derivations we are evaluating the second derivative of the likelihood at

the true parameter. Il

We mention that there exists distributions which do not satisfy Assumption [1.3.1]
These are called non-regular distributions. The Cramer-Rao lower bound does hold for

such distributions.

Definition 1.3.1 (The Fisher information matrix) The matriz

E(m%%ﬁ&mflz—h(mbﬁﬁiﬂvy

whose inverse forms the lower bound of Cramér-Rao bound is called the Fisher information

1(0) =

matrix. It plays a critical role in classical inference.
FEssentially 1(0) tells us how much “information” the data {X;}, contains about the

true parameter 6.

Remark 1.3.1 Define the quantity
9%log Ly, (z;0)
Iy (0) = —/(T> Ln(z;00)dz

- [ (Pl

This quantity evaluates the negative expected second derivative of the log-likelihood over

0, but the expectation is taken with respect to the “true” density L, (z;6y). This quantity
will not be positive for all . However, by the result above we evaluate Iy, (0) at 6 = 6Oy,
then

Iy, (00) = varg, (—alog[gg@; 90)).

In other words, when the expectation of the negative second derivative of log-likelihood is

evaluated at the true parameter this is the Fisher information which is positive.

Exercise 1.3 Suppose {X;} are iid random variables with density f(z;0) and the Fisher
information for 0 based on {X;} is 1(0).

Let Y; = g(X;) where g(-) is a bijective diffeomorphism (the derivatives of g and its
inverse ezist). Intuitive when one makes such a transformation no “information” about 0
should be lost or gained. Show that the Fisher information matriz of 6 based on {Y;} is
1(0).
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Figure 1.1: Interpretation of the Fisher information

22



Example 1.3.2 Consider the example of censored data given in Section |1.2. Both the

observations and the censored variables, {Y;} and {d;}, where

contain information about the parameter 0. However, it seems reasonable to suppose that
{Y;} contains more information about 6 than {6;}. We articulate what we mean by this

in the result below.

Lemma 1.3.2 Let us suppose that the log-likelihood of X, L,(X;0) satisfies Assumption
[1.3.1 Let Y = B(X) be some statistic (of arbitrary dimension) of the original data.
Let Lpx)(Y;0), and L(X|Y;0) denote the log-likelihood of Y = B(X) and conditional
likelihood of X|Y (we assume these satisfy Assumption however I think this is

automatically true). Then

Ix(0) = Ipx)(0)

where

OLx(X;0)\” LB (Y;0)\?
Ix(0)=E|———= dl ) =E|—————) .
5(0) =8 (P50 ) and i 0 o
In other words the original Fisher information contains the most information about the
parameter. In general, most transformations of the data will lead to a loss in information.

We consider some exceptions in Lemma|l.4. 1

PROOF. Writing the conditional density of X given B(X) as the ratio of a joint density
of X, B(X) and marginal density of B(X) we have

fx.Bx)(2,y;0)
freo(y:0)
where fx p(x) denotes the density of X conditioned on B(X) and fx p(x) the joint den-
sity of X and B(X). Note that if B(xz) = y, then the joint density fx px)(z,y;0) is
simply the density of fx(z;6) with the constraint that y = B(xz) i.e. fxpwx)(z, y;0) =
fx(z;0)0(B(x) = y), where ¢ denotes the indicator variableﬂ. Thus we have

fxipx)(zly) = = fx.5x0) (2 y:0) = fxipeo(2]y) fex) (Y3 9),

Ix(z;0)0(B(z) = y) = fxiBeo(zly, 0) fx)(y; 0).

2To understand why, consider the joint density of X,Y = B(X) the density ie not defined over R?
but over the curve (z, B(x)) fx px)(,y) = fx(x)d(y = B(x))
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Having written the likelihood in this way, the derivative of the log likelihood is
dlog fx(z;0) dlog fxpw0(z]y) [0 (y; 0)

00 00
_ Olog fxipx)(zly,0)  dlog frx)(y:0)
00 00 '
Therefore
_ o (Qlog fx(X50)\ 0log fx|pu0 (X|B(X). 0) Olog fp(x)(B(X): 0)
Ix(0) = var <T = var 50 + var 50 +
—I5x)(6)
1 X|B(X 1 B(X);
2cov (8 o8 fX|B(X5<9_| (_)79)7 Olog fB(Xa)é <_)’9)) . (1.10)

Under the stated regularity conditions, since fp(x), is a density it is clear that

. (alongpge(B(X)Se)) —0

and

- (810ng|B(X)<X‘B(X)’9)}B(K)) _ / Olog fxip(x ]y, 0)

0 20 fxipx(zly, 0)de = 0. (1.11)

Thus using the law of iterated expectation E(A) = E(E[A|B]), then B[22 fK‘B(%)Q(X‘B(&’G)] =
0. Returning to ([1.10)), since the mean is zero this implies that

o1 X|B(X),0)\* o1 X|B(X),0) 01 Y6
IX(H):[B(X)(9)+E( ngXB(Xéé_| (X) )) +2E( ngXB(Xé(e_| (X),0) ngBa(;()<_ )

Finally we show that the above covariance is zero. To do so we use that E(XY) =
E(XE[Y|X]) (by the law of iterated expectation) then by using ((1.11)) we have

p (2on e (KID(0.) Dl s BI0:0)
00 00

_ 9log frx)(B(X);0) _ [0log fxpx)(X|B(X),0)|dlog faux)(B(X):0)] |
- e = 0.
00 90 5
—0 by |
Thus
01 X|B(X),0 2
Ix(0) = Ipx)(0) + E ( og fXB(Xg)y(g_| (X) )> |

As all the terms are positive, this immediately implies that Ix () > Ipx)(6). 0
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Definition 1.3.2 (Observed and Expected Fisher Information) (i) The observed

Fisher information matriz is defined as

_ Plog Lu(X;0)

I(X;0) = 502

(i1) The expected Fisher information matriz is defined as

1) =E (_32 log gg@; 9))

These will play an important role in inference for parameters.

Often we want to estimate a function of 8, 7(6). The following corollary is a general-

ization of the Cramer-Rao bound.

Corollary 1.3.2 Suppose Assumption is satisfied and T(X) is an unbiased estima-
tor of 7(0). Then we have

7' (0)?

T
dlog Ln(X;0)
B | (2]

Exercise 1.4 Prove the above corollary.

var [T'(X)] >

In this section we have learnt how to quantify the amount of information the data
contains about a parameter and show that for the majority of transformations of data
(with the exception of bijections) we loose information. In the following section we define
a transformation of data, where in some certain situations, will substantially reduce the

dimension of the data, but will not result in a loss of information.

1.4 Sufficient statistics

We start with a simple example from introductory statistics.

Example 1.4.1 Samples of size 10 and 15 are drawn from two different distributions.
How to check if the two samples come from the same distribution? The data is given in
Figure [1.3. If the distributions are known to come from the Gaussian family of distri-
butions with, for the sake of argument, standard deviation one, then all the information

about the unknown parameter, is characteristized in terms of the sample means X 4 and
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Figure 1.2: Samples from two population

Xp (in this evample, 4.6 and 5.2 respectively). The sample mean is sufficient for describ-
ing all the information about the unknown mean, more precisely the data conditioned on
sample mean is free of any information about .

On the other hand, if the data comes from the Cauchy family of distributions { fo(z) =
[7(1+ (z — 0)*)]~'} there does not exist a lower dimensional transformations of the data
which contains all the information about 6. The observations conditioned on any lower

transformation will still contain information about 6.

This example brings us to a formal definition of sufficiency.

Definition 1.4.1 (Sufficiency) Suppose that X = (Xi,...,X,) is a random vector. A
statistic s(X) is said to be sufficient for the family F of distributions, if the conditional
density fx|s(x)(y|s) is the same for all distributions in F.

This means in a parametric class of distributions F = {f(z;0);0 € O} the statistic
s(X) is sufficient for the parameter 0, if the conditional distribution of X given s(X) is

not a function of 6.

Example 1.4.2 (Order statistics) Suppose that {X;}I, are iid random variables with
density f(x). Let X(y,...,X(m) denote the ordered statistics (i.e. Xy < Xy < ... <
X)) We will show that the order statistics X1y, ..., X is the sufficient statistic over
the family of all densities F.

To see why, note that it can be shown that the joint density of the order statistics
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(1.12)
0 otherwise

(21, >={ S s

Clearly the density of the X, ..., X, is [[;_, [(Xi). Therefore the density of X1, ..., X,
given X1y, ..., X 18

which is simply the chance of selecting the ordering X1, ..., X, from a sequence X1y, ..., X
Clearly this density does not depend on any distribution.

This example s interesting, but statistically not very useful. In general we would like
the number of sufficient statistic to be a lower dimension than the data itself (sufficiency

is a form of compression).

Exercise 1.5 Show .

Usually it is extremely difficult to directly obtain a sufficient statistic from its def-
inition. However, the factorisation theorem gives us a way of obtaining the sufficient

statistic.

Theorem 1.4.1 (The Fisher-Neyman Factorization Theorem) A necessary and suf-
ficient condition that s(X) is a sufficient statistic is that the likelihood function, L (not
log-likelihood), can be factorized as L,(X;0) = h(X)g(s(X); ), where h(X) is not a func-
tion of 0.

Example 1.4.3 (The uniform distribution) Let us suppose that {X;} are iid uni-
formly distributed random variables with density fo(x) = 0 i g(x). The likelihood is

1 1 1
Ln(X:0) = o [ [ 1o (X0) = 2 Tiogy(max X;) = g(max X; 0)
=1

Since L, (X;0) is only a function of max; X;, it is immediately clear that s(X) = max; X;

18 a sufficient.
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Example 1.4.4 (The normal distribution) Let {X;}" , be iid normal random vari-
ables. The likelihood is

- 1 1
. PAN _ )2 = _ _ 2
L,(X;p,0%) = 5 exp [ . E (X; — ) ] Gro)" exp [ 5,2 (Sow — 25,0 + 1%)

= g(Sxa Soc:c; y 02)

where Sy, = >0 X; and Sy, = > XZ2. We see immediately from the factorisation
theorem that the density is a function of two sufficient statistics S, and S,.. Thus S, and
Syz are the sufficient statistics for u and o?.

Suppose we treat 0% as known, then by using

1 1 Sy p?
. 2 _ T
Ln(l; u, o ) - (271_0),1 €xXp |:—QT"ZSWC:| exp |:_ 02 + ;

- gl(Sa:a:a 02)92(Sm; M, 02)

we see that the sufficient statistic for the mean, p, is S, = Y ., X;. Le. any function
of {X;} conditioned on S, contains no information about the mean u. This includes the
Sye. However, S, contains information about the both p and o®. We can explicitly see
this because Sy ~ N (np,no?).

Note that alternative sufficient statistics for the normal distribution are S, = >, X;

and S, =, (X; —n~1S,)%. Sufficient statistics are not unique!

Example 1.4.5 (The exponential family) The exponential family of distributions, char-

acterized by

f(z;w) = exp[s(z)n(w) — b(w) + c(z)], (1.13)

18 broad class of distributions which includes the normal distributions, binomial, exponen-
tials etc. but not the uniform distribution. Suppose that {X;}I | are iid random variables
which have the form We can write and factorize the likelihood as

L,(X;w) = exp |n(w) Zs(Xi) — nb(w)] exp [Z c(Xi)]

= g(z s(Xp);w)h(Xy, ..., X,).

=1

We immediately see that ;. s(X;) is a sufficient statistic for w.
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The above example is for the case that the number of parameters is one, however we

can generalize the above to the situation that the number of parameters in the family is p

p

flazw) = exp | Y s5(2)n;(w) = bw) + ()| ,

J=1

n

wherew = (wi, . ..,w,). The sufficient statistics for the p-dimension is (31, $1(Xi), -y Yy Sp(Xi)).
Observe, we have not mentioned, so far, about this being in anyway minimal, that comes
later.
For example, the normal distribution is parameterized by two parameters; mean and
variance. Typically the number of sufficient statistics is equal to the the number of un-
known parameters. However there can arise situations where the number of sufficient

statistics is more than the number of unknown parameters.

Example 1.4.6 Consider a mixture model, where we know which distribution a mixture
comes from. In particular, let go(-;0) and g1(+;0) be two different densities with unknown
parameter 0. Let 0 be a Bernoulli random variables which takes the values 0 or 1 and the

probability P(§ = 1) = 1/2. The random variables (X, ) have the joint “density”

1
5. _ 590(z;0) 6=0
f2.5:0) { .

%91(55; ) =1

= (1 8) gl 0) + 5501(36) = (ol 0)' (G n(:6))°

Ezxample; the population of males and females where we observe the gender and height of
an indwidual. Both (X, ) are the sufficient statistics for 6. Observe that X by itself is
not sufficient because

g1 (90; 9)
9o(2;0) + gi(;0)

P(|X = 1) =

Hence conditioned on just X, the distribution of 0 contains information about 6, implying
X by itself is not sufficient.

Remark 1.4.1 (Ancillary variables) The above example demonstrates the role of an

ancillary variable. If we observe only X, since the marginal density of X is

1 1

590(96; ) + 514 (z;0),
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then X contains information about 6. On the other hand, if we only observe §, it contains
no information about 6 (the marginal distribution of ¢ is half). This means that 0 is an
ancillary variable (since its marginal distribution contains no information about 0).

Furthermore, since (X,d) are the sufficient statistics for 6, § is an ancillary variable
and ¢ in conjuction with X does contain information about 6 then ¢ is called an ancillary
complement.

We already came across an ancillary variable. We recall that for the normal distribu-
tion one version of the sufficient statistics is Sy = Y. X; and S,, = > .(X; — n~15,)%.
Now we see that S., = >"1 (X; — X)? ~ 02x%_,, hence it is an ancillary variable for the
mean, since its marginal distribution does not depend on p. However, it is not an ancil-
lary complement for S, since S... conditioned on S, does not depend on 1 in fact they are
independent! So S, conditioned or otherwise contains no information whatsoever about

the mean L.

From the examples above we immediately see that the sufficient statistic is not unique.
For example, for the Gaussian family of distributions the order statistics X(i),..., X,
Sex, Sz and S, S, are all sufficient statistics. But it is clear that S,,, S, or S,, S’ is
“better” than X(y,..., X(,), since it “encodes” information the unknown parameters in
fewer terms. In other words, it drops the dimension of the data from n to two. This

brings us to the notion of minimal sufficiency.

Definition 1.4.2 (Minimal sufficiency) A statistic S(X) is minimal sufficient if (a)
it is sufficient and (b) if T(X) is sufficient statistic there exists an f such that S(X) =
F(T(X)).

Note that the minimal sufficient statistic of a family of distributions is not unique.

The minimal sufficient statistic corresponds to the coarsest sufficient partition of sam-
ple space, whereas the data generates the finest partition. We show in Lemma that
if a family of distributions belong to the exponential family and the sufficient statistics
are linearly independent, then these sufficient statistics are minimally sufficient.

We now show that the minimal sufficient statistics of the exponential class of distri-

butions are quite special.

Theorem 1.4.2 (Pitman-Koopman-Darmois theorem) Suppose that F is a para-

metric class of distributions whose domain does not depend on the parameter, this as-
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sumption includes the Cauchy family, Weibull distributions and exponential families of
distributions but not the uniform family. Only in the case that distribution belongs to the
exponential family will the number of minimal sufficient statistic not depend on sample

size.

The uniform distribution has a finite number of sufficient statistics (max X;), which does
not depend on the sample size and it does not belong the exponential family. However,
the Pitman-Koopman-Darmois theorem does not cover the uniform distribution since its

domain depends on the parameter 6.

Example 1.4.7 (Number of sufficient statistics is equal to the sample size) (i)

Consider the Cauchy family of distributions

F = {fe;fe(f’?) B (1x —6)? } .

the joint distribution of {X;}7_, where X; follow a Cauchy is

1
H m(1 4 (z;i —0)%)

=1

We observe that the parameters cannot be separated from any of the variables. Thus

we require all the data to characterize the parameter 6.

(i) The Weibull family of distributions

Fo { Joi foalz) = (g) (5) exp[—(x/sb)a}}

Example 1.4.8 (The truncated exponential) Suppose that X is an exponentially dis-

tributed random wvariable but is truncated at c. That s

fs ) = 2P0

1—e

However, the truncation point c is the point which cuts the exponential distribution in half,
that is 1/2 = e =1 —e . Thus c = 0 'log2. Thus the boundary of the distribution

depends on the unknown parameter 0 (it does not belong to the exponential family).
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Suppose {X;} are iid random variables with distribution f(x;0) = 20 exp(—z0)I(x <
0~'log?2) where § € © = (0,00). The likelihood for 0 is

L(0;X) = 2"0"exp(—0>  Xi) [ [ Tio.6-11052(X3)

i=1 i=1
= 29" exp(—@ Z Xi)][o,gfl log 2] (max Xz);
=1

thus we see there are two sufficient statistics for 0, s1(X) = >, X; and s2(X) = max; X;.

We recall that from Lemma [1.3.2] that most transformations in the data will lead
to a loss in information about the parameter #. One important exception are sufficient

statistics.

Lemma 1.4.1 (The Fisher information matrix and sufficient statistics) Suppose
Assumption holds and S(X) is a sufficient statistic for a parametric family of dis-
tributions F = {fy;0 € ©}. Let Ix(0) and Isx)(0) denote the Fisher information of X
and S(X) respectively. Then for all § € ©

Isx)(0) = Ix(0).
PROOF. From the proof of Lemma we have

dlog fx)s0)(X[S(X), 0) ) 2 .

7 (1.14)

1x(6) = T 6) + E
By definition of a sufficient statistic

fxisx)(zly, 0)

does not depend on . This means that Olog Jxis (?9(&5(5),9)

term on the right hand side of (1.14]) is zero, which gives the required result. O

= 0, consequently the second

Remark 1.4.2 [t is often claimed that only transformations of the data which are suf-
ficient statistics have the same information as the original data. This is not neces-
sarily true, sufficiency is not a mecessary condition for Lemma |1.4.1) to hold. |http:
// arziv. org/pdf/1107. 3797v2. pdf gives an example where a statistic that is not a
sufficient statistic of the data has the same Fisher information as the Fisher information

of the data itself.
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1.4.1 The Fisher information and ancillary variables

We defined the notion of ancillary in the previous section. Here we give an application.
Indeed we have previously used the idea of an ancillary variable in regression even without
thinking about it! I discuss this example below

So let us start with an example. Consider the problem of simple linear regression

where {Y;, X;}? , are iid bivariate Gaussian random variables and
}/; = BXZ + &i,

where Elg;] = 0, var[g;] = 1 and X; and ¢; are independent and ( is the unknown
parameter of interest. We observe {Y;, X;}. Since X; contains no information about £ it

seems logical to look at the conditional log-likelihood of Y; conditioned on Xj;

L(EYIX) = S S0(¥— ).

=1

Using the factorisation theorem we see that sufficient statistics for 5 are > | ¥;X; and
S X7 We see that the distribution of Y | X? contains no information about . Thus
it is an ancillary variable. Furthermore, since the conditional distribution of Y " | X?
conditioned on Y | X;V; does depend on § it is an ancillary complement (I have no idea
what the distribution is).

Now we calculate the Fisher information matrix. The second derivative of the likeli-
hood is

PLOEVIX) N~y PLEVIX) - o
7 2 XP=——m Z X2,
To evaluate the Fisher information, do we take the expectation with respect to the dis-
tribution of {X;} or not? In other words, does it make sense to integrate influence of the
observed regressors (which is the ancillary variable) or not? Typically, in regression one
does not. We usually write that the variance of the least squares estimator of a simple
linear equation with no intercept is (3, X7).

We now generalize this idea. Suppose that (X, A) are sufficient statistics for the
parameter 6. However, A is an ancillary variable, thus the marginal distribution contains

no information about 6. The joint log-likelihood can be written as
L(0; X, A)=L(0; X|A) + L(A)
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where L£(0; X|A) is the conditional log-likelihood of X conditioned on A and L£(A) is the
marginal log distribution of A which does not depend on A. Clearly the second derivative
of L(0; X, A) with respect to 0 is

CPLB:X,A) L6 X|A)
002 06°

The Fisher information is the expectation of this quantity. But using the reasoning in
the example above it would seem reasonable to take the expectation conditioned on the

ancillary variable A.

1.5 Sufficiency and estimation

It is clear from the factorisation theorem that the sufficient statistic contains all the
“ingredients” about the parameter 6. In the following theorem we show that by projecting
any unbiased estimator of a parameter onto its sufficient statistic we reduce its variance

(thus improving the estimator).

Theorem 1.5.1 (The Rao-Blackwell Theorem) Suppose s(X) is a sufficient statis-

tic and 0(X) is an unbiased estimator of 6 then if we define the new unbiased estimator

E[0(X)|s(X)], then E[E[(X)|s(X)]] = 6 and
var [E (é’(gns(g))} < var {é’(g)] .

PROOF. Using that the distribution of X conditioned on s(X) does not depend on 6,

since s(X) is sufficient (very important, since our aim is to estimate ) we have

E@@M&zm:/%mmmy@@

is only a function of s(X) = y (and not 0).

We know from the theory of conditional expectations that since o(s(X)) C o(X7, ..., X,),
then E[E(X|G)] = E[X] for any sigma-algebra G. Using this we immediately we have
E[E[(X)|s(X)]] = E[(X)] = 6. Thus E[#(X)|s(X)] is an unbiased estimator.

To evaluate the variance we use the well know equality var[X| = var[E(X|Y)] +
Elvar(X|Y')]. Clearly, since all terms are positive var[X] > var[E(X|Y)]. This immedi-

ately gives the Rao-Blackwell bound. 0
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Example 1.5.1 Suppose {X;}!, are iid normal random variable with mean u and vari-
ance 0. We know that S, = Z:.L:l X; 18 a sufficient statistic for p. We also know that X,
is an unbiased estimator of i, but it is not sufficient. It is clear that var|f] = var[X,] = o.
To improve the estimator we condition Xy on S, that is define h— E[X1|S.], by the Rao-
Blackwell theorem this has a smaller variance than Xi. To show that this is true for
this example, we use that X1,..., X, are jointly normal then E[X1|S;| is the best linear
predictor of Xy given S,

cov[Xy,S,] ,  o? S - X,

var[S,] °  no? "

which is not a surprise.
Is this the best estimator amongst all unbiased estimator? The Lehmann-Scheffe the-

orem shows that it is.

The Rao-Blackwell theorem tells us that estimators with the smallest variance must
be a function of a sufficient statistic. Of course, one can ask is there a unique estimator
with the minumum variance. For this we require completeness of the sufficient statistic.

Uniqueness immediately follows from the idea of completeness.

Definition 1.5.1 (Completeness) Let s(X) be a minimally sufficient statistic for all
0 € ©. Suppose Z(-) is a function of s(X) such that Eg[Z(s(X))] = 0. s(X) is a complete
sufficient statistic if and only if E[Z(s(X))] = 0 implies Z(t) = 0 for all t and all § € O.

Example 1.5.2 If the exponential family has full rank, that is the number of unknown
parameters is equal to the dimension of the exponential family (and the parameter space
© is an open set, as yet I cannot give a good condition for this) then it is complete (see
Lehmann (1986), Section 4.3, Theorem 1).

Ezxamples include the fully parameterized normal distribution, exponential distribution,

binomial distribution etc.

Example 1.5.3 (The constrained normal) Suppose that X ~ N (p?, u?). Then S, =
S Xiand SL, = S0 (Xi — X)? are still the sufficient statistics for p*. To see why
consider the conditional distribution of S..|S., we know that S., and S, are independent
thus it is the marginal distribution of S, which is p*x?*_,. Clearly this still depends on
the parameter p?. Hence we cannot reduce the number of sufficient statistics when we

constrain the parameters.
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However, S, and S,, are not complete sufficient statistics for p?, since there exists a

non-zero function Z(Sy, Szz) such that
E(Z(S:, ) =E (X —s%) =p> —p* = 0.

Example 1.5.4 (The uniform distribution f(z;6) = 0"'Ijg(x)) Given the random
variables {X;}1 |, we recall that the sufficient statistic is max(X;), we now show that it is
complete. Since P(max(X;) < x) = (2/0)"Ijg g () the density is fmax(x) = nz" /0" g (z).
We now look for functions Z (which do not depend on 0) where

0

E¢(Z(max X;)) = Hﬁn/ Z(x)x" tdx.
¢ 0

It is “clear” that there cannot exist a function X where the above is zero for all € (0, 00)

(I can’t think of a cute mathematical justification). Thus max;(X;) is a complete minimal

sufficient statistic for {X;}.

Theorem 1.5.2 (Lehmann-Scheffe Theorem) Suppose that {S1(X),...,5,(X)} is a
complete minimally sufficient statistic for the parametric family F = {fs;0 € ©} and for
all® € © T(X) is an unbiased estimator estimator of 0 then 5[&] =E[T(X)|s(X)] is the

unique minimum variance unbiased estimator (UMVUE) for all 6 € ©.

PROOF. Suppose ¢[s(X)] is an unbiased estimator of # with a smaller variance than
é\[s(l )] then taking differences it is clear by unbiasedness that

E (8[s(X)] - dls(0)]) = 0.

~

However, completeness immediately implies that 5[3(@)] —0[s(z)] = 0 almost surely. Thus

proving the result. 0J

This theorem tells us if the conditions are satisfied, then for every 6 € ©, the estimator
T(X) will give the smallest variance amongst all estimators which are unbiased. The
condition that the comparison is done over all unbiased estimators is very important. If

we drop the relax the condition to allow biased estimators then improvements are possible.

Remark 1.5.1 Consider the example of the truncated exponential in Example [1.4.8 In
this example, there are two sufficient statistics, s1(X) = Y X; and s3(X) = max; X,
for the unknown parameter 6, neither are ancillary in the sense that their marginal dis-

tributions depend on 0. Thus both sufficient statistics can be used to estimate 6.
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In general if there are two sufficient statistics for one parameter, 6, and neither of the
sufficient statistics are ancillary, then usually one can use either sufficient statistic as a

means of constructing an estimator of 6.

Exercise 1.6 In the above remark, calculate the expectation of max; X; and Y, X; and

use this to propose two different estimators for 6.

Example 1.5.5 For the curious, http: //www. tandfonline. com/doi/abs/10. 1080/
00031305. 2015. 110068372 journalCode=utas20 give an example of minimal sufficient
statistics which are not complete and use the Rao-Blackwell theorem to improve on the
estimators (though the resulting estimator does not have minimum variance for all 0 in

the parameter space).

1.6 The exponential family of distributions

We now expand a little on the exponential family described in the previous section. In
a nutshell the exponential family is where the parameters of interest and the random
variables of the log-likelihood are separable. As we shall see below, this property means
the number of minimal sufficient statistics will always be finite and estimation relatively

straightforward.

1.6.1 The natural/canonical exponential family

We first define the one-dimension natural exponential family
f(@;0) = exp (s(2)0 — k() + c(x)) , (1.15)

where £(0) = log [ exp(s(x)0+c(z))dv(z) and 6 € © (which define below). If the random
variable is continuous, then typically v(x) is the Lebesgue measure, on the other hand

if it is discrete then v(x) is the point mass, for example for the Poisson distribution
dv(z) =Y 7 o Op(z)d.

Example 1.6.1 We now give an example of a distribution which immediately has this
parameterisation. The exponential distribution has the pdf is f(x; \) = XAexp(—Az), which

can be written as
log f(z;\) = (—xzXA + log \) A€ (0,00)
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Therefore s(z) = —x and kK(\) = —log \.

The parameter space for this family is defined as

o= {9;/exp (s(2)0 + c(x)) dv(z) < oo} ,

in other words all parameters where this integral is finite and thus gives a well defined

density. The role of k() is as a normaliser and ensures that density integrates to one i.e

/f(x; 0)dv(x) = /exp (s(x)0 — k(0) + c(x)) dv(z) = exp(—k(0)) /exp (s(x)0 + c(x)) dv(z) =1
we see that
k(0) = log/exp (s(z)0 + c(x)) dv(x)

By using the factorisation theorm, we can see that >, s(X) is the sufficient statistic
for the family F = {f(z;0);0 € ©}. The one-dimensional natural exponential is only
a function of one-parameter. The p-dimensional natural exponential generalisation is

defined as
f(z;0) = exp[s(z)'0 — k(0) + c(x)]. (1.16)

where s(z) = (s1(x),...,s,(x)) is a vector which is a function of = and 0 = {6y,...,6,}

is a p-dimension parameter. The parameter space for this family is defined as

0= {9; / exp (8(2)'0 + c(x)) dv(z) < oo} ,

again k() is such that

k(0) = log/exp (Z sj(x)0; + c(m)) dv(z)

i=1

and ensures that the density integrates to one.

Lemma 1.6.1 Consider the p-dimension family F of densities where F = {f(x;0);6 =
(81, cen ,Qp) S @} with

f(z:0) = exp[s(z)'0 — k(0) + c(z)] .

By using the Factorisation theorem it can be seen that {> | s1(Xi), ..., Y iy sp(Xi)} are
the sufficient statistics for F.
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However, once one goes beyond dimension one, there can arise redundancy in the

representation. For example, consider the two-dimensional exponential family defined by
F ={f(x:01,0:) = exp (as(z)br + Bs(x)02 — r(01,02) + c(z)); (61, 02) € O},

since f(z;61,02) is a density, then

(01, 02) = log ( / exp [(B1ar + 08)5(x) + ()] du(m)) |

We see that x(6q,02) is the same for all 6y, 65 such that (61« + 655) is constant. Thus for

all parameters
(01,62) € Oc = {(01,02); (61,62) € O, (6 + 623) = C}
the densities f(x;6;,6,) are the same. This means the densities in F are not identifiable.

Definition 1.6.1 A class of distributions/model F = {f(x;0);0 € ©} is non-identifiable

if there exists a 01,605 € © such that f(x;01) = f(x;03) for all x € R.
Non-identifiability of a model can be hugely problematic in estimation. If you cannot

identify the parameter, then a likelihood can have several mazimums, the limit of the

estimator is no longer well defined (it can be estimating several different estimators).

In the above example, a minimal representation of the above function is the one-

dimensional exponential family
F ={f(z;0) = exp [0s(x) — (0) + c(z)] ;0 € O}

Therefore to prevent this over parameterisation and lack of identifiability we assume
that the functions {s;(x)}?_, in the canonical representation are linear independent i.e.

there does not exist constants {a;}_; and C such that

p
> ajsi(x)=C
j=1

for all x in the domain of X. This representation is called minimal. As can be seen from
the example above, if there is linear dependence in {s;(x)}?_;, then it is easy to find an

alternative representation which is of a lower dimension and canonical.
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Lemma 1.6.2 If {X;}, are iid random wvariables, which belong to the p-dimensional

;96@}

dv(z) < oo}

exponential family that has the form

F - {f(x, 6) = exp [Z 0;si(x) — k() + c(z)

where © = {9;/exp [Z 0;s;(x) + c(x)

and this is a minimal representation. Then the minimal sufficient statistics are
{Zyzl Sl(Xi)7 R Z?:l Sp<Xi>}'

If the parameter space © is an open set, then the family of distributions F is called regular.

The importance of this will become clear in the next chapter. The parameter space O is
often called the natural parameter space. Note that the the natural parameter space is
convex. This means if 61,0 € N then for any 0 < o < 1 aby + (1 — )b, € N. This is
proved by using Hélder’s inequality and that £(6;), £(fs) < oo and e"? = [ exp(0's(z) +

c(x))dv(x).

Remark 1.6.1 Convezity of the parameter space basically mean if 01,05 € R? and both
of them are such that give a well defined density then for any convexr combination (think

a line between the two points) will also yield a well defined density.

1.6.2 Moments of the canonical representation

In this section we derive the moments of the canonical exponential family using some cute
tricks. To simplify the exposition we focus on canonical exponential families of dimension

one, though the same result holds for higher dimensions.

Definition 1.6.2 (Cumulant generating function) The cumulant generating function

(for a univariate random variable) is defined as Cx(t) = log E[e®X]. The power series ex-

pansion of the cumulant generating function is
oo tn
Cx(t) = log E[e"¥] = Z/{nm,
n=1

where k, = C’g?)(O) (analogous to the moment generating function). Note that ki1(X) =
E[X], ko(X) = var[X] and k; = x;(X,...,X). X is a Gaussian random variable iff
k; =0 for j > 3.
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We use the above in the lemma below.

Lemma 1.6.3 [Moment generating functions| Suppose that X is a random variable with

density
f(z;0) = exp (s(x)0 — k(0) + c(x)),0 € O (1.17)
where
0= {6’; /exp (s(x)8 — k(0) + c(x)) dv(z) < oo} :
. If 0 € int(O) (the interior of 0, to ensure that it is an open set),
(i) Then the moment generating function of s(X) is

B exp(s(X)1)] = Myx) (t) = exp [5(t + 0) — #(0)]

(i) The cumulant generating function is

log E [exp(s(X)t)] = Cyx)(t) = k(t +0) — k(0).

(7ii) Furthermore Eg[s(X)] = &'(0) = u(0) and vary[s(X)] = £"(0).
(iv) % = —rk"(0), thus log f(z;0) has a negative definite Hessian.

This result easily generalizes to p-order exponential families.

PROOF. We choose ¢ sufficiently small such that (0 + ¢) € int(0), since (6 + t) belongs
to the parameter space, then f(y; (6 + t)) is a valid density/distribution. The moment
generating function of s(X) is

Myx)(t) = E[exp(ts(X))] = /exp(ts(:p)) exp(fs(z) — k(0) + c(x))dv(x).

Taking exp(—~x(#)) out of the integral and adding and subtracting exp(x(6 + t)) gives

Myx)(t) = exp(k(0+1t)—r(0)) /exp((@ +1t)s(z) — k(0 +t) + c(x))dv(x)
= exp(k(0+1t) — k(6)),
since [ exp((0+t)y—r(0+t)+c(y))dy = [ f(y; (0+t))dy = 1. To obtain the moments we
recall that the derivatives of the cumulant generating function at zero give the cumulant of
the random variable. In particular C7 y(0) = E[s(X)] and C{x,(0) = var[s(X)]. Which

immediately gives the result. (]
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1.6.3 Reparameterisations and examples

We recall that a distribution belongs to the exponential family F if f € F can be written

as
P
f(z;w) = exp (Z oj(w)sj(x) — A(w) + c(x)) :
j=1
where w = (wy,...,w,) are the g-dimensional parameters. Since this family of distribu-

tions is parameterized by w and not # it is not in natural form. With the exponential
distribution there are very few distributions which immediately have a canonical/natural
exponential representation. However, it can be seen (usually by letting 6; = ¢;(w))
that all exponential families of distributions can be reparameterized such that it has
a canonical /natural representation. Moreover by making sufficient transformations, to
ensure the sufficient statistics do not satisfy any linear constraints, the representation
will be minimal (see the monograph http://www. jstor.org/stable/pdf/4355554.pdf?
acceptTC=true, Lawrence Brown (1986), Proposition 1.5, for the precise details). Let
O(w) = (P1(w), ..., dp(w)) and Q2 denote the parameter space of w. Then we see that
® : () — O, where O is the natural parameter space defined by

O = {9;/exp (i 6;si(x) + c(x)) dr < oo} :

Thus @ is an injection (one-to-one) mapping from 2 to ©. Often the mapping is a bijection
(injective and surjective), in which case p = ¢. In such cases, the exponential family is
said to have full rank (technically, full rank requires that N is an open set; when it is
closed strange things can happen on the boundary of the set).

If the image of @, ®(2), is not a linear subset of A/, then the exponential family F is
called a curved exponential.

Recall that # is a function of the d-dimension parameters w if

(i) If p = d then the exponential family is said to have full rank. In this case the

sufficient statistics are complete.

(i) If p > d then the exponential family is said to be a curved exponential family. This
means the image ®(Q2) (the parameter space of w onto #) is not a linear subset
of © For curved exponential families there are nonlinear constraints between the

unknown parameters.
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When the exponential family is curved it is not complete (see Exercise [1.6.2]). The
implication of this is that there is no unique unbiased estimator (in terms of the
sufficient statistics), which will give the minimal variance for all parameters in the

parameter space. See Brown (1986), Theorem 1.9 (page 13) for details on the above.

Lemma 1.6.4 If a distribution belongs to the exponential family, and the sufficient statis-

tics are linearly independent then the sufficient statistics are minimally sufficient.

Example 1.6.2 (The normal distribution) We recall that S,., S, are the sufficient
statistics of the normal family of distributions, where (Syz, Sp) = O p X2, >0 Xi). It
is clear that (S, Si) are linearly independent (i.e. for no linear combination aS,,+pS; =

0 for all S, and S, ), thus by Lemma they are minimally sufficient.

Exercise 1.7 Suppose that { X}, are iid normal random variables where the ratio be-
tween mean and standard deviation v = o/ is known. What are the minimal sufficient

statistics?

1.6.4 Examples

By making appropriate transformations, we show that the below well known distributions

can be written in natural form.

(i) The exponential distribution is already in natural exponential form and the param-

eter space is © = (0, 00).

(ii) For the binomial distribution where X ~ Bin(n,p) we note

log f(z;p) = xlogp + (n — z)log(1l — p) + log (Z)

One natural parameterisation is to let 6; = logp, 02 = log(1 — p) with sufficient
statistics x and (n —z). This a two-dimensional natural exponential representation.
However we see that the sufficient statistics are subject to a linear constraint, namely
s1(z) + so(z) = x + (n — ) = n. Thus this representation is not minimal. Instead

we rearrange log f(z;p)

log f(x;p) = xlog . LA nlog(l — p) + log (Z)
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(iii)

(iv)

Let 6 = log(:%;), since 0(p) = log(7£;) is invertible this gives the natural represen-

tation

X

log f(2;0) = |26 — nlog (1 + exp(8)) + log (")] .

Hence the parameter of interest, p € (0, 1), has been transformed, to 6 € (—o0, 00).
The natural parameter space is © = (—o00,00). The sufficient statistic is ), X;.

dv(z) = dx, the Lebesgue measure.

The normal family of distributions can be written as

1 7 2 1 1
log f(z;p,0) = _TﬂxQ + PRy §log o — §log 2. (1.18)

In this case the natural exponential parametrisation is x = (—322,2), 0 = (&, %) =

(01, 605) and k(6,605) = 65/(260,) — 1/21log(;). In this case © = (0,00) x (—00,00).
The sufficient statistics are >, X; and >, X?. dv(z) = dz, the Lebesgue measure.

The multinomial distribution can be written as

p p
log f(z1,...,xp;m) = inlogm—irlogn!—zml
i=1 i=1

p—1 p

g x;log p—l—n og T, + logn E x

i=1 =1

For 1 <i<p—1let 6; =logm;/m, then the natural representation is

p—1 p—1 4
log f(x1,...,xp;m) = Z@ixi —nlog (1 + Zexp(—@i)> + logn! — in!
i=1 i=1 i=1

and the parameters space is RP~. The sufficient statistics are Y, X;1,..., > ; X p—1.
0y (1) - 0,y (2j-1) 0o (21 + - +

n

The point measure is dv(z) = >0 . .

.Tp,1>d271 ce d.ﬁl}p,y

Note that one can also write the multinomial as
p p
log f(x1,...,2p;m) = Z@ixi + logn! — Zwi!,
i=1 i=1

where 0; = log 7;. However this is not in minimal form because n — > x; = 0 for

all {x;} in the sample space; thus they are not linearly independent.
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(v)

The censored exponential distribution. X ~ Ezp(\) (density of X is f(z;\) =
exp[—z A + log A]), however X is censored at a known point ¢ and Y is observed

where

X X <c
Y —
c X >c¢

and c is assumed known. Suppose we observe {Y;,d;}, using (2.3]) we have

LO) == (1= )Y + (1 - 6)log A — Gich.
i=1
We recall that by definition of Y when 6 = 1 we have Y = ¢ thus we can write the

above as

L) = —)\iYi —log/\iéﬁ—nlog)\.

i=1 i=1
Thus when the sample size is n the sufficient statistics are s1(Y,d) = >, Y;, s2(Y, 6) =
>0 = . 1(Y; > ¢)). The natural parameterisation is ¢; = —\, 6, = —log(—A)
and k(61,62) = 0, = 3(—log(—06;) + 6,) (thus we see that parameters are subject
to nonlinear constraints). As s1(Y,d) = >, Y;, s2(Y,6) = >, d; are not linearly de-
pendent this means that the censored exponential distribution has a 2-dimensional

natural exponential representation. The measure is dv(z, ) = dx[d(0)dd + 61(8)dd]

However since the parameter space is not the entire natural parameter space N =
(—00,0) X (—00,0) (since 6;1(N\) = A and O5(A\) = log A) but a subset of it, then the
family is curved and thus the sufficient statistics are not complete. This means that

there is no unique unbiased estimator with minimal variance.

The von-Mises distributions are distributions defined on a sphere. The simplest is

the von-Mises distribution defined on a 1-d circle

1
2rly(k)

flask,p) = exp (kcos(z — ) @ € [0,27],

where Ij is a Bessel function of order zero (k > 0 and p € R). We will show that it

has a natural 2-dimensional exponential representation

log f(x;k,u) = Kcos(x —p) —log2mly(k)
= kcos(x)cos(p) + rsin(x) sin(p) — log 2w ly(k).
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(vii)

(viii)

Let s1(z) = cos(x) and ss(x) = sin(z) and we use the parameterisation 0y (k, u) =
Kk o8 1, Oo(K, 1) = Ksin u, k(01,09) = —log 2mly (/07 + 63). The sufficient statistics
are »_, cos(X;) and Y, sin(X;) and (6,6,) € R? The measure is dv(z) = dz.

Consider the inflated zero Poisson distribution which has the log-likelihood
ﬁ(Y' A, D)
A\ " AYig=A
= Z[ 0)log (p+ (1 —p) )—l—ZI(Y;;«éO)(log(l—p)—Hog Vi )
i=1

n

= Y [ —I(Y;#0)]log (p+ (1 —p)e ™) +log A Y I(Y; #0)Y;

i=1 i=1

+ (log(1 — p) — ZIY%O i[(Yi%O)logY!
= {-log(p+(1—p)e” ) (log(1 — p) }ZIY%O
+log)\ZIY7é0)Y+nlog(p+(1— ZI Y; # 0)log Y.

=1 —n()

This has a natural 2-dimension exponential representation. Let

6 = {—log(p+(1—pe?)+ (log(1—p)— N}
Oy = logA

with sufficient statistics s1(Y) = >0 I(Y; # 0), s2(Y) = >0, I(Y; # 0)Y;. The
parameter space is (61, 0s) € (—00,0] X (=00, 00), the 0 end point for #; corresponds
to p = 0. If we allowed p < 0 (which makes no sense), then the parameter space for
1 can possibly be greater than 0, but this makes no sense. If calculated correctly
0 —1
k(01,02) = —log (%(1 — 6_692) + 6_692) .

The measure is the point mass dv(z) = 372 0;(z)dx.

Suppose (X;, Y;) are iid random variables with densities 6 exp(—0z) and 6! exp(—60~'y)
respectively. Then the joint density is f(z,y) = exp(—60x — 0~ 'y). The slight differ-
ence here is that there are two random variables at play. But this not change the

analysis. The natural exponential parameterisation is

f(x,y;01,02) = exp (—b1x — Ory) 61,0, >0
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subject to tthe constraint 6,65 = 1. The log-likelihood is

L,(0) = —6 Zn:Xi — by zn: Y;,
i=1 i=1

thus the minimal sufficient statistics are s1(X,Y) = >"" X; and s5(X,Y) = > V..
However, the parameter space is (0, 1/6) which is not a linear subset in (R)?, thus

it is not complete. This is a curved exponential. The measure is dv(z,y) = dxdy.

1.6.5 Some additional properties of the exponential family

We first state some definitions which we use later.

Definition 1.6.3 (Concave, convex functions and the Hessian) o A function is

said to be concave if

fly+alx—y)=flar+(1-a)y) = af(z)+ 1A -a)fly) = fly) +alfl@) - f)].

and strictly concave if

fly+ale—y)=flar+ (1 -a)y)>af(z)+ 1 -a)fly) = fly) +alf(z) - fY)]

For d = 1 this can be seen as the curve of f lying above the tangent between the

points (x, f(x)) and (y, f(y)). This immediately implies that if y > x, then

fly) - flz) < f(x+oz(y—x))—f(x)jf(y)—f(x)<f(x+a(y_x))_f<l,>
a y—x aly — )

for all0 < a < 1. Thus

e The Hessian of a function of p variables f : RP — R is its second derivative
52 ..
Vif(0) = {aefgﬁgj 1<id,j< p}.

e Ezamples of concave functions are f(x) = —z? (for v € (—00,0)) and f(z) = logx
for x € (0,00). Observe that —x* is mazimised at x = 0, whereas the mazimum of
log x lies outside of the interval (0, 00).

A function is a concave function if and only if the Hessian, Vif, is negative semi-

definite.
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We now show consider the properties of the log likelihood of the natural exponential.

(1)

We now show that second derivative of log-likelihood of a function from the natural
exponential family has a negative definite Hessian. It is straightforward to show

that the second derivative of the log-likelihood is
— > Vik(0) = —nVik(0).

From Lemma we see that for all § € © V2k(6) corresponds to the variance of a
random variable X, with density fy. This implies that V3x(6) > 0 for all # € © and
thus the Hessian V2L, () is semi-negative definite. We will later show that this
means that £,(X;60) can easily be maximised. Thus for the natural exponential

family the observed and expected Fisher information are the same.

Examples of different concave likelihoods are given in Figure Observe that the

maximum may not always lie within the interior of the parameter space.

We recall that 6 is a function of the parameters w. Therefore the Fisher information
for w is related, but not equal to the Fisher information for #. More precisely, in

the case of the one-dimension exponential family the likelihood is

n

L(0(w)) = 0(w) > s(X;) — nr(0 —i—an

i=1

Therefore the second derivative with respect to w is
02L,[0(w)] 8«9’ 0?k( - %0
—_—m X — .
Ow? " ow 892 8w Z Ow?
Recall that E[(Z X — 89 ) = nE[X;] — nk'(6) = 0. Using this we have

ey = (%) B "Z—gaaﬁz@)g—f

In this case the observed and expected Fisher information matrices are not the same.

However, if there is a diffeomorphism between the space of 6 and w, negative defi-

nite V2L, (0) = 826’;(20) implies negative definite V2L, (0(w)). This is because when

there is a diffeomorphism (a continuous invertible mapping between two spaces), the

48



(onave 1@3— U oo dus

1 i U\gl&\ P M oo mnugn S Y axre ol (rg
/\ % ®
/ \ 6
MO Oik ‘o
2 219) bO\N\(LO’:j X

> Moo @ \OUW\de, €ant deavohive o
bqwxckcrﬁ ndt .

e

Figure 1.3: Examples of different concave likelihoods

49



eigen-values of the corresponding Hessian matrices will change, however the signs

will not. Therefore if V2L, (6) is negative definite then so is its reparametrisation

ViLn(0(w)).

(ii) The natural parameter space N is convex, this means if 6;,6, € © then af; + (1 —

a)fy € © for 0 < a <1 (easily proved using Hélder’s inequality).

(iii) The function k(6) is convex (easily proved using that x(0) = log [ exp(fs(x) +
c(x))dv(z) and Holder’s inequality).

1.7 The Bayesian Cramer-Rao inequality

The classical Cramér-Rao inequality is useful for assessing the quality of a given estimator.
But from the derivation we can clearly see that it only holds if the estimator is unbiased.

As far as I am aware no such inequality exists for the mean squared error of estimators
that are biased. For example, this can be a problem in nonparametric regression, where
estimators in general will be biased. How does one access the estimator in such cases? To
answer this question we consider the Bayesian Cramer-Rao inequality. This is similar to
the Cramer-Rao inequality but does not require that the estimator is unbiased, so long
as we place a prior on the parameter space. This inequality is known as the Bayesian
Cramer-Rao or van-Trees inequality (see [?] and [?]).

Suppose {X;}", are random variables with distribution function L, (X;6). Let §(X)
be an estimator of . We now Bayesianise the set-up by placing a prior distribution
on the parameter space O, the density of this prior we denote as \. Let E[g(x)|0] =
[ 9(z)L,(x]0)dz and E, denote the expectation over the density of the parameter \. For

EAE[0(X)|0] = // (z]6)dzA(0)do.

Now we place some assumptions on the prior distribution .

example

Assumption 1.7.1 0 is defined over the compact interval [a,b] and \(xz) — 0 as x — a
and x — b (so AMa) = A(b) =0).
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Theorem 1.7.1 Suppose Assumptions|1.3. 1| and|1.7. 1| hold. Let 5(&) be an estimator of

6. Then we have
- 2
E\ {Ee { (9 (X) - 9)

BA[1(0)] = / / (alOgL M) Lo(z: O)A(0)dzdo
and  I(\) — / (m%g(e)) AO)db.

PROOF. First we derive a few equalities. We note that under Assumption [1.7.1] we have

o}| = B o)+ 100

where

b

" dL,(z;0)\(9) | )
/a Td@ = Ln(z; 9))\(9)} =0,

a

thus

/n 0(z) /ab WCZ@CZ@ = 0. (1.19)

Next consider [g, fab H%Wd&@. Using integration by parts we have

/Rn /abe%g)/\@dedg:/n <9Ln(g; G)A(G)]i)dg—/w /;Ln@; 0)A(6)dod:
—/Rn /abLn(z; ON(0)dbdz = —1. (1.20)

Subtracting (1.20]) from |D we have

// Ln(z; dﬁd —// n(z;0)A(0)d0dx = 1.
R Ja a R Ja

Multiplying and dividing the left hand side of the above by L, (x;0)A(0) gives

/]Rn / ‘5(@) - 0 (IZ))\(Q) dLn(%%g))\(e) L (z; 0)\(0)dzdf = 1.

) s LaONE) |, _
_ /R n / 2 Lo (2: 0)A(6) dzdf — 1

measure

Now by using the Cauchy-Schwartz inequality we have

1< / / n Wz Q)A(e)dgdfi / ’ / ) <legL”C%; Q)A(Q))QLH(@ )M\ (0)dxdo.

~

o (E((&X) 6)%19))

o1



Rearranging the above gives

Fa[Ea (00X [/ [ (e “”9)“”) n@;e)A(e)dme]

Finally we want to show that the denominator of the RHS of the above can equivalently

-1

written as the information matrices:

/ /n (mogL z; 9)/\(9))2%@; OINO)dzdd = Ex(1(0)) + I(N).

We use basic algebra to show this:

/ab / " (8 5 Ln(%; o ) 2 Ly (z; 0)A(0)dzdo
_ /"/ (alogLn(z;e)+61022(6))2Ln@;ewe)d@w

Nog L(@iO)\" . g1 7(0)ddb +2 / / ‘91"“ (2:0) 0108 NE) ;. )7 (6)dedt
20 . ol
EA((9))
/ / <8log)‘ ) Ly, (z;0)A(6)dzdd .
10 i

We note that

/ / alogL z;0) alog)‘(e)dxdez/abg)\w)/aL”@;e)dxd@:O.

00 00 00

-~
=0

2
and f Jzn (fﬂog)\ ) Ly (2;0)\(0)dzdt) = fab <61%9>‘(0)) A(#)df. Therefore we have

// (alogL ;0) A(e))QLn@;@))\(H)dgde

/a / (“’%ﬁ)%n(z;mw)dgd%/n L(26) /ab (m%g(e))?w)dedg.

N J/

-~

EX(1(9)) 10

Since [g, Ln(z;0)dz = 1 we obtain the required result. O

We will consider applications of the Bayesian Cramer-Rao bound in Section ?? for

obtaining lower bounds of nonparametric density estimators.
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1.8 Some questions

Exercise 1.8 The distribution function of the random variable X; is F(x) = 1—exp(—Ax).

(i) Give a transformation of {X;};, such that the transformed variable is uniformly

distributed on the interval [0, 1].

(ii) Suppose that {X;} are iid random variables. Use your answer in (i), to suggest a
method for checking that {X;} has the distribution F(x) = 1—exp(—Az) (by checking

I mean a graphical tool)?

Exercise 1.9 Find the Fisher information matriz of

(1) The normal distribution with unknown mean p and variance o2.

(ii) The normal distribution with unknown mean p and variance u*.

(iii) Let g : R — R be density. Show that %g (%) 1s a density function. This is known

as the location-scale model.

Define the family of distributions

F= {f(x;u,p) = %g <$) WER,pE (0,00)}'

Suppose that p and p is unknown, obtain the corresponding expected Fisher infor-
mation (make your derivation neat, explaining which terms depend on parameters

and which don’t); compare your result to (i) when are they similar?

Exercise 1.10 Construct a distribution which does not belong to the exponential family
but has only a finite number of sufficient statistics (the minimal number of sufficient

statistics does not grow with n).
Exercise 1.11 Suppose that Z is a Weibull random variable with density f(z;¢,a) =

(%)(%)O‘*l exp(—(z/¢)). Show that

B(Z7) = ¢Tr<1 + f).
o
Hint: Use
/x“ exp(—a®)dx = 11“ (2 + 1) a,b>0.
b \b b
This result will be useful in some of the examples used later in this course.
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Suppose we have two different sampling schemes to estimate a parameter 6, one mea-
sure for understanding which method is better able at estimating the parameter is the
relative frequency. Relative frequency is defined as the ratio between the two correspond-
ing Fisher information matrices. For example, if we have two iid samples from a normal
distribution N(u, 1) (one of size n and the other of size m), then the relative frequency
is In(p)/I;m(p) = 7. Clearly if n > m, then I, (u)/ L, (1) = 7= > 1. Hence the sample of

size n contains more information about the parameter .

Exercise 1.12 Consider the censored exponential in equation (1.5), where {(Y;,6;)}",

s observed.
(i) Calculate the expected Fisher information of the censored likelihood.
(ii) Calculate the expected Fisher information of {0;}.

(i1i) Calculate the expected Fisher information when there is no censoring.

By using the notion of relative efficiency comment on which sampling scheme contains

the most and least information about the parameter 6.
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Chapter 2

The Maximum Likelihood Estimator

We start this chapter with a few “quirky examples”, based on estimators we are already

familiar with and then we consider classical maximum likelihood estimation.

2.1 Some examples of estimators

Example 1

Let us suppose that {X;}"_, are iid normal random variables with mean y and variance o
The “best” estimators unbiased estimators of the mean and variance are X = %Z?ﬂ X
and s* = = 3>"" (X; — X)? respectively. To see why recall that ), X; and >, X?
are the sufficient statistics of the normal distribution and that >, X; and ), X7? are
complete minimal sufficient statistics. Therefore, since X and s? are functions of these
minimally sufficient statistics, by the Lehmann-Scheffe Lemma, these estimators have
minimal variance.

Now let us consider the situation where the mean is p and the variance is p. In this
case we have only one unknown parameter p but the minimally sufficient statistics are

>, Xi and Y, X2, Moreover, it is not complete since both

( n ) X? and s? (2.1)
n+1

are unbiased estimators of ;2 (to understand why the first estimator is an unbiased estima-

tor we use that E[X?] = 2u?). Thus violating the conditions of completeness. Furthermore
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any convex linear combination of these estimators

oz( n >X2+(1—a)82 0<a<l
n+1

is an unbiased estimator of p. Observe that this family of distributions is incomplete,

n _
E X?_ 2 _ 2 2
()<= =

thus there exists a non-zero function Z(S,, S,,) Furthermore

n — 1 1 1
X2— 2:— 2—— - :Z .
(n + 1) § n(n+ 1) S n—1 (Sm nSx) (2, Saz)

since

Thus there exists a non-zero function Z(-) such that E[Z(S,, S..)] = 0, impying the
minimal sufficient statistics are not complete.

Thus for all sample sizes and p, it is not clear which estimator has a minimum variance.
We now calculate the variance of both estimators and show that there is no clear winner
for all n. To do this we use the normality of the random variables and the identity (which

applies only to normal random variables)

cov[AB,CD] = cov[A,C|cov|B, D]+ cov[A, D]cov[B, C]| + cov[A, C|E[BJE[D] +
cov|A, D]E[B]E[C] + E[A]E[C]cov[B, D] + E[A]E[D]cov[B, C]

EE|. Using this result we have
2 2
v {n j— 1)_(2] - (TLZ 1) var[X?] = (n :L_ 1) {2var[X]* + 4p*var[X]}

2 4 4 4 2
2 4 2 1
AN /N T B T SR N S A
n-+1 n? n n \n-+1 n

LObserve that this identity comes from the general identity

cov[AB,CD]|

= cov[A, Clcov[B, D] + cov[A, D]cov|B, C] + E[AJcum[B, C, D] + E[B]cum[A4, C, D]
+E[D]cum[A, B, C] + E[C]cum[A, B, D] + cum[A, B, C, D]
+cov[A, CE[BJE[D] + cov[A, D|E[BJE[C] + E[A]E[C|cov[B, D] + E[A]E[D]cov|B, C|

recalling that cum denotes cumulant and are the coefficients of the cumulant generating function (https:

//en.wikipedia.org/wiki/Cumulant)), which applies to non-Gaussian random variables too

“Note that cum(A, B, C) is the coefficient of #;t5t3 in the series expansion of log E[eftA+t2B+t:B]
t1A+ty B+t B

and
h 9% log Ele

can be obtained wit 9,00,00; L1 t2,83=0
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On the other hand using that s* has a chi-square distribution with n—1 degrees of freedom

(with variance 2(n — 1)?) we have

Altogether the variance of these two difference estimators of p? are

_ 24 2 1 924
var " X?| = uladl " 44+ — ) and var [52} = a )
n+1 n \n+1 n (n—1)

There is no estimator which clearly does better than the other. And the matter gets

worse, since any convex combination is also an estimator! This illustrates that Lehman-
Scheffe theorem does not hold in this case; we recall that Lehman-Scheffe theorem states
that under completeness any unbiased estimator of a sufficient statistic has minimal vari-
ance. In this case we have two different unbiased estimators of sufficient statistics neither

estimator is uniformly better than another.

Remark 2.1.1 Note, to estimate i one could use X or v/s2 x sign(X) (though it is

unclear to me whether the latter is unbiased).

Exercise 2.1 Calculate (the best you can) E[v/s? x sign(X)].

Example 2

Let us return to the censored data example considered in Sections and [1.6.4], Example
(v). {X;}, are iid exponential distributed random variables, however we do not observe
X, we observe a censored version Y; = min(X;,c) (¢ is assumed known) and §; = 0 if
Y, = X, else §; = 1.

We recall that the log-likelihood of (Y, 6;) is

L,(0) = > (1—6){-0Y; +1log} — > 5ich

- _ZQYZ- —10g«925i+n10g9a

since Y; = ¢ when §; = 1. hence the minimal sufficient statistics for § are ) . 6; and >, Y;.

This suggests there may be several different estimators for 6.
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(i) -1, 0; gives the number of observations which have been censored. We recall that
P(6; =1) = exp(—ch), thus we can use n=' Y | §; as an estimator of exp(—cf) and

solve for 6.

(ii) The non-censored observations also convey information about #. The likelihood of

a non-censored observations is
Locn(0) = =03 (1—6)Y;+ > (1—6;){logh —log(1—e )}
i=1 i=1
One could maximise this to obtain an estimator of 6

(iii) Or combine the censored and non-censored observations by maximising the likeli-
hood of @ given (Y, 6;) to give the estimator

Z?:l(l — 5i)
i Y

The estimators described above are not unbiased (hard to take the expectation), but
they do demonstrate that often there is often no unique best method for estimating a
parameter.

Though it is usually difficult to find an estimator which has the smallest variance for
all sample sizes, in general the maximum likelihood estimator “asymptotically” (think
large sample sizes) usually attains the Cramer-Rao bound. In other words, it is “asymp-

totically” efficient.

Exercise 2.2 (Two independent samples from a normal distribution) Suppose that
{X;}™, are iid normal random variables with mean p and variance o2 and {Y;}™, are iid
normal random variables with mean p and variance o3. {X;} and {Y;} are independent,

calculate their joint likelihood.

(1) Calculate their sufficient statistics.

(ii) Propose a class of estimators for ju.

2.2 The Maximum likelihood estimator

There are many different parameter estimation methods. However, if the family of distri-

butions from the which the parameter comes from is known, then the maximum likelihood
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estimator of the parameter 6, which is defined as

0, = arg max L,(X;0) = arg max L,(0),

is the most commonly used. Often we find that Mge(e)J 9—5, = 0, hence the solution can be
obtained by solving the derivative of the log likelihood (the derivative of the log-likelihood
is often called the score function). However, if 6 lies on the boundary of the parameter
space this will not be true. In general, the maximum likelihood estimator will not be an
unbiased estimator of the parameter.

We note that the likelihood is invariant to bijective transformations of the data. For
example if X has the density f(-;0) and we define the transformed random variable
Z = g(X), where the function g has an inverse, then it is easy to show that the density
of Zis f(g~'(z);0)% 2 (Z) Therefore the likelihood of {Z; = ¢g(X;)} is

[Tt 0 252 = T 255

Hence it is proportional to the likelihood of {X;} and the maximum of the likelihood in
terms of {Z; = ¢g(X;)} is the same as the maximum of the likelihood in terms of {X;}.

Example 2.2.1 (The uniform distribution) Consider the uniform distribution, which
has the density f(x;0) = 0~ jg(x). Given the iid uniform random variables {X;} the
likelihood (it is easier to study the likelihood rather than the log-likelihood) is

g on(x

Using L,(X,,;0), the maximum likelihood estimator of 0 is §n = maxj<i<n, X; (you can
see this by making a plot of L,(X,,;0) against 0).
To derive the properties of maxi<;<, X; we first obtain its distribution. It is simple to
see that
P(max X; <z) = P(X;<=xz,...,X,<z)=

1<i<n

—
i
s
A
=

T\n
= (5) Toa (@),
and the density of maxi<i<n X; is fg (x) = na""/0".
Exercise 2.3 (i) FEvaluate the mean and variance of 0, defined in the above example.
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(ii) Is the estimator biased? If it is, find an unbiased version of the estimator.

Example 2.2.2 (Weibull with known «) {Y;} are iid random variables, which follow
a Weibull distribution, which has the density

a a—1

Qa

exp(—(y/0)%) 0,a > 0.

Suppose that v is known, but 0 is unknown. Our aim is to fine the MLE of 6.
The log-likelihood is proportional to

n Y -
Ln(X:0) = Z(logoz+(a—1)log}/;—alog9_(j) )

i=1

« 3 (~omo- (3))

The derivative of the log-likelihood wrt to 6 is

oL, no O e
90 __7+9a+1;Y; =0

Solving the above gives 0, = (L300 yle.

Example 2.2.3 (Weibull with unknown «) Notice that if o is given, an explicit so-
lution for the maximum of the likelihood, in the above example, can be obtained. Consider
instead the case that both o and 6 are unknown. Now we need to find o and 0 which

maximise the likelihood i.e.
arg max En loga+ (v — 1) logV; — alog 6 — (E)a .
0,« Py 0

The derivative of the likelihood is

oL, no Qe

a6 _7+9a+1;Yi =0

oL n “ no “ Y; Y;
o= Z Y logV; —nlogh — — log(=) x ()% =0.
o - izlog nlog 9+;0g(Q)X(9) 0

It is clear that an explicit expression to the solution of the above does mot exist and we
need to find alternative methods for finding a solution (later we show how profiling can be

used to estimate ).
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2.3 Maximum likelihood estimation for the exponen-

tial class

Typically when maximising the likelihood we encounter several problems (i) for a given
likelihood £,(#) the maximum may lie on the boundary (even if in the limit of £, the
maximum lies with in the parameter space) (ii) there are several local maximums (so a
numerical routine may not capture the true maximum) (iii) £,, may not be concave, so
even if you are close the maximum the numerical routine just cannot find the maximum
(iv) the parameter space may not be convex (ie. (1 — a)f; + afy may lie outside the
parameter space even if f; and 05 are in the parameter space) again this will be problematic
for numerically maximising over the parameter space. When there is just one unknown
parameters these problems are problematic, when the number of unknown parameters is
p this becomes a nightmare. However for the full rank exponential class of distributions
we now show that everything behaves, in general, very well. First we heuristically obtain

its maximum likelihood estimator, and later justify it.

2.3.1 Full rank exponential class of distributions

Suppose that {X;} are iid random variables which has a the natural exponential represen-
tation and belongs to the family F = {f(z;0) = exp[>_%_, 0;s;(z) — k(0) + c(2)];0 € O}
and © = {0;k(0) = log [exp(3_"_, 0;s(x) + c(x))dr < oo} (note this condition defines
the parameter space, if k(6) = oo the density is no longer defined). Therefore the log

likelihood function is

n

Lo(X;0) =0 s(X;) —nk(0) + > (X)),
i=1 i=1
where > s(X;) = 0o s1(X5), ..., > sp(X;)) are the sufficient statistics. By the
Rao-Blackwell theorem the unbiased estimator with the smallest variance will be a func-
tion of > | s(X;). We now show that the maximum likelihood estimator of 6 is a function
of Y~ s(X;) (though there is no guarantee it will be unbiased);

n
~

0, = arg max {QZS(X,) —nk(0) + ZC(X,)}

=1

61



The natural way to obtain é\n is to solve
0L, (X;0
#J 0—j. = 0.
00 —n
However, this equivalence will only hold if the maximum lies within the interior of the
parameter space (we show below that in general this will be true). Let us suppose this is

true, then differentiating £, (X;0) gives

0L, (X30) < /
= ;s(Xi) —nk'(0) = 0.
To simplify notation we often write £'(6) = u() (since this is the mean of the sufficient

statistics). Thus we can invert back to obtain the maximum likelihood estimator

0, = ! (% ZS(X%)) _ (2.2)

i=1
Because the likelihood is a concave function, it has a unique maximum. But the maximum
will only be at 6, = p= (230 s(X;)) if 1300 s(Xy) € w(©). If p 123" s(X;))
takes us outside the parameter space, then clearly this cannot be an estimator of the
parametelﬂ Fortunately, in most cases (specifically, if the model is said to be “steep”),

p (23" s(X;)) will lie in the interior of the parameter space. In other words,
wt ! is(Xi) = argmax L, (6).
n= 0co
In the next section we define steepness and what may happen if this condition is not

satisfied. But first we go through a few examples.

Example 2.3.1 (Normal distribution) For the normal distribution, the log-likelihood

18

L(X;0% p) = 558 <Z X?— 2“ZX1' +nu2> - Eloga2,
=1 i=1

note we have ignored the 2w constant. Differentiating with respect to o and p and setting

to zero gives

ﬁ:%ZXi UAQZ%Z;(Xi—ﬂ)?

=1

3For example and estimator of the variance which is negative, clearly this estimator has no meaning
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This is the only solution, hence it must the maximum of the likelthood.

Notice that % is a slightly biased estimator of o2.

Example 2.3.2 (Multinomial distribution) SupposeY = (Y1,....Y,) (withn=3"1Y;)
has a multinomial distribution where there are q cells. Without any constraints on the pa-

rameters the log likelihood is proportional to (we can ignore the term c(Y) =1log (,. "))

Yi,..,Yy
q—1 q—1

L(Yim) = Yilogm + Yy log(1—Y m).
j=1 i=1

The partial derivative for each i is

L(Y;n) Y Y,

om  m 1-SP g
Solving the above we get one solution as 7; = Y;/n (check by plugging it in).

Since there is a diffeomorphism between {m;} and its natural parameterisation 0; =
log m; /(1 — Z;’;i 7;) and the Hessian corresponding to the natural paramerisation is neg-
ative definite (recall the variance of the sufficient statistics is k”(0)), this implies that
the Hessian of L, (Y ;) is negative definite, thus m; = Y;/n is the unique mazximum of

L(Y;m).

Example 2.3.3 (2 x 2 x 2 Contingency tables) Consider the example where for n in-
dividuals three binary variables are recorded; Z =gender (here, we assume two), X =whether
they have disease A (yes or no) and Y =whether they have disease B (yes or no). We
assume that the outcomes of all n individuals are independent.

Without any constraint on variables, we model the above with a multinomial distri-
bution with ¢ = 3 i.e. P(X = 2,Y =y, Z = z) = Tyy.. In this case the likelihood is
proportional to

1

1 1
L) = D D) Vi logm,.

=0 y=0 2=0
= Y0000 + Yo10mo10 + Yooomoo1 + Yi00mi00 + Y1010 + Yio1mion

Yo117011 + Y111 (1 — 7o00 — To10 — Too1 — T100 — M110 — 101 — To11)-

Differentiating with respect to each variable and setting to one it is straightfoward to see
that the maximum is when Ty, = Yg,./n; which is intuitively what we would have used

as the estimator.
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However, suppose the disease status of X and Y are independent conditioned on
gender. i.e. P(X = 2,Y = y|Z = 2) = P(X = z|Z = 2)P(Y = y|Z = 2) then
PX=uaY=yZ=2z2 = X —2|Z==TY —y|Z2=-T 7—2, Since these are binary variables we
drop the number of unknown parameters from 7 to 5. This is a curved exponential model
(though in this case the constrained model is simply a 5-dimensional hyperplane in 7 di-
mensional space; thus the parameter space is convex). The log likelihood is proportional
to

1
E Y;cyz log T| 2Ty 2T 2
0 2=0

] -

LY;m) = )

=0y =
1

=l

1
= Yaoy- (log Tp|2 + log my|, + log 7TZ) .
=0 y=0 z=0
Thus we see that the maximum likelihood estimators are

7 o= Y—H—z ~ Y:v—i—z ~ Y+yz

z = Telz = o Tylz = .
n Yii. Yo

Where in the above we use the standard notation Y.,y =n, Yi,, = Ei«:o Z;ZO Yay. etc.
We observe that these are very natural estimators. For example, it is clear that Y,i./n
is an estimator of the joint distribution of X and Z and Yy,./n is an estimator of the
marginal distribution of Z. Thus Yyi./Y.y, is clearly an estimator of X conditioned on

Z.

Exercise 2.4 FEvaluate the mean and variance of the numerator and denominator of
. Then use the continuous mapping theorem to evaluate the limit of -1 (in proba-
bility).

Example 2.3.4 (The beta distribution) Consider the family of densities defined by
F={f(z;0,8) = B(a, ) "2 (1 = )" ;0 € (0,00), 5 € (0,00) }

and B(a, f) = T(a)T(B) /T (a+ 3) where T(ar) = [;° a* ‘e “dx. This is called the family
of beta distributions.

The log likelihood can be written as

L,(X30) = « Z log X + f8 Z log(1 = X;) — n [log(I'(e)) + log(I'(5) — log(I'(er + )] —

n

Z[log X; —log(1 — X3)].

i=1
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Thus 01 = «, 03 = 5 and k(01,02) = log(61) + log(62) — log(6; + 62).

Taking derivatives and setting to zero gives

l > i log X; _ F(C‘:) — F(3+5) |
no\ 2 log(l - X)) ') _ I'(a+f)

IN6)) I(a+8)

To find estimators for a and B we need to numerically solve for the above. But will the

solution lie in the parameter space?

Example 2.3.5 (Inverse Gaussian distribution) Consider the inverse Gaussian dis-

tribution defined as

1 1
f(x;01,05) = 1—x_3/2 exp (0137 — Oyt [—2(6,6,)? — = log(—eg)]) ,
ml/2 2
where © € (0,00). Thus we see that k(61,0:) = [—2(6165)"? — Llog(—6,)]. In this

case we observe that for 0, = 0 k(0,60;) < oo thus the parameter space is not open and

© = (—00,0] x (—00,0). Taking derivatives and setting to zero gives

0, 1/2
1 ( Z?:l ‘<i > (91)
- - 61/2

n Z:’Lzl Xi_l

To find estimators for a and B we need to numerically solve for the above. But will the

solution lie in the parameter space?

Example 2.3.6 (The inflated zero Poisson distribution) Using the natural param-

eterisation of the infltaed zero Poisson distribution we have
LY;01,00) = 6:) I(Y;#0)+6,> I(Y; #0)Y;
i=1 i=1

efr — g1 b b
—10g<1_—92_21(1—€ 2)"‘6 2).

where the parameter space is © = (—o0,0] x (—00,00), which is not open (note that 0
corresponds to the case p = 0, which is the usual Poisson distribution with no inflation).
To find estimators for 0 and p we need to numerically solve for the above. But will

the solution lie in the parameter space?
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2.3.2 Steepness and the maximum of the likelihood

The problem is that despite the Hessian V2£(#) being non-negative definite, it could
be that the maximum is at the boundary of the likelihood. We now state some results
that show that in most situations, this does not happen and usually maximises the
likelihood. For details see Chapters 3 and 5 of http://www.jstor.org/stable/pdf/
4355554 . pdf 7acceptTC=true| (this reference is mathematically quite heavy) for a maths
lite review see Davidson (2004) (page 170). Note that Brown and Davidson use the
notation N to denote the parameter space ©.

Let X denote the range of the sufficient statistics s(X;) (i.e. what values can s(X)

take). Using this we define its convex hull as
C(X)={ax; + (1 —a)xy; x,x€ X,0< <1}

Observe that £ >, s(X;) € C(X), even when 1 >~ s(X;) does not belong to the observa-

n

tion space of the sufficient statistic X'. For example X; may be counts from a Binomial
distribution Bin(m, p) but C(X) would be the reals between [0, m)].

Example 2.3.7 (Examples of C'(X)) (i) The normal distribution

CX) = {a(m,xQ) +(1—a)(y,v?); zyecR0<a< 1} = (—00,00)(0, 00).

(i) The [-distribution

C(X) = {a(logz,log(l — z)) + (1 — a)(logy,log(1 —y)); z,y€[0,1,0<a<1}=R")

(ii1) The exponential with censoring (see[2.9)

C(X) ={a(y1,61) + (1 —a)(y2,02); w1 €[0,¢],61,02 = {0,1};0 < o < 1} = triangle.

(iv) The binomial distribution Y ~ Bin(n, 7). Then

CX)={ar+(1—-a)y;0<a<1,y=0,...,m} =[0,m].

Now we give conditions under which p=* (237"  s(X;)) maximises the likelihood
within the parameter space ©. Define the parameter space © = {0; k(0) < oo} C RY. Let
int(©) denote the interior of a set, which is the largest open set in ©. Next we define the

notion of steep.
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Definition 2.3.1 Let k: RP — (—00,00) be a convex function (so —k is concave). K is
called steep if for all 6, € B(O) and by € int(O), lim,_, (01 — 90)8’5—?J9:90+p(91,90) = 00.
This condition is equivalent to limg_, pey |K'(0)| — co. Intuitively, steep simply means the

function is very steep at the boundary.

e Regular exponential family

If the parameter space is open (such as © = (0,1) or © = (0,00)) meaning the
density is not defined on the boundary, then the family of exponentials is called a

regular family.

In the case that © is open (the boundary does not belong to ©), then x is not

defined at the boundary, in which case k is steep.

Note, at the boundary limg_, g(e)log f(x;6) will approach —oo, since {log f(z;0)}
is convex over 0 this means that its maximum will be within the interior of the

parameter space (just what we want!).

e Non-reqular exponential family

If the parameter space is closed, this means at the boundary the density is defined,
then we require that at the boundary of the parameter space (+) is steep. This con-
dition needs to be checked by considering the expectation of the sufficient statistic

at the boundary or equivalently calculating «/(-) at the boundary.

If k() is steep we have the following result. Brown (1986), Theorem 3.6 shows that
there is a homeomorphismf]] between int(0) and int(C(X)).

Most importantly Brown (1986), Theorem 5.5 shows that if the density of X; be-
longs to a full rank exponential family (using the natural parameterisation) f(x;0) =
exp[_7_, 0;8(x) — K(0) + c(x)] with 6 = (01,...,0,) € O, where (-) is steep and for a
given data set £ "7 | s(X;) € C(X), then

. 1 n n n
P <E ZS(XZ)> = arg max {QZXZ' —nk(0) + ZC(XJ}
i=1 =1

i=1
In most situations the full rank exponential family will have a parameter space which

is open and thus steep.

4A homeomorphism between two spaces means there is a bijection between two spaces and the f and

£~ which maps between the two spaces is continuous.
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Example 2.3.8 (Binomial distribution and observations that lie on the boundary)
Suppose that {Y;}?_, are iid Binomially distributed random variables Y; ~ Bin(m, ;).
The log likelihood of Y; is Yilog(7™=) +m(1 — ). Thus the log likelihood of the sample is

proportional to

L,(Y;m) = ) Yilogm+» (m—Yi)log(l—7) =06 Y;—nmlog(l+e),
i=1 i=1 i=1
where € (—o00,00). The theory states above that the maximum of the likelihood lies
within the interior of (—oo,00) if Y i, Y; lies within the interior of C'(Y) = (0,nm).

On the other hand, there is a positive probability that Y . | Y; = 0 or Y | Y; =
nm (i.e. all successes or all failures). In this case, the above result is not informative.
However, a plot of the likelihood in this case is very useful (see Figure[2.1). More precisely,
if >,Y; = 0, then 0, = —o0 (corresponds to p = 0), if Y. Y; = nm, then 0, = o
(corresponds to p = 1). Thus even when the sufficient statistics lie on the boundary of

C(Y) we obtain a very natural estimator for 6.

Example 2.3.9 (Inverse Gaussian and steepness) Consider the log density of the

wverse Gaussian, where X; are vid positive random variables with log likelthood

n n 3 n 1
LX0) =01 Xi+6,> X' —nn(6,0,) — 5 D log X; — 5 log T,
=1 i=1 =1

where k(01,05) = —2/0,05 — 1log(—20,). Observe that (0,602) < oo hence (61,0) €
(—00,0] X (—00,0).
However, at the boundary %;1’92)] 9,—=0 = —00. Thus the inverse Gaussian distribution

is steep but non-reqular. Thus the MLE is ' (-).

Example 2.3.10 (Inflated zero Poisson) Recall
LY;01,00) = 6:) I(Y;#0)+6,> I(Y; #0)Y;
i=1 i=1

efr — g1 b b
—10g<1_—92_21(1—€ 2)"‘6 2).

where the parameter space is © = (—00,0] x (—00,00), which is not open (note that 0

corresponds to the case p = 0, which is the usual Poisson distribution with no inflation).
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Figure 2.1: Likelihood of Binomial for different scenarios
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an(ae;;%) is finite at 01 = 0 (for 6 € R). Thus k(-) is not steep

and care needs to be taken in using p= as the MLE.

However, the derivative

p (L300 s(Xy)) may lie outside the parameter space. For example, = (£ 377 | s(X;))

n

may give an estimator of 61 which is greater than zero; this corresponds to the probability
p < 0, which makes no sense. If u‘l(% Yoy 8(X;)) lies out the parameter space we need

to search on the boundary for the maximum.

Example 2.3.11 (Constraining the parameter space) If we place an “artifical” con-
straint on the parameter space then a mazimum may not exist within the interior of the
parameter space. For example, if we model survival times using the exponential distribu-
tion f(x;0) = 0 exp(—0x) the parameter space is (0,00), which is open (thus with proba-
bility one the likelihood is mazimised at 6 = pH(X) =1/X). However, if we constrain
the parameter space 0= [2,00), 1/X may lie outside the parameter space and we need to

use 5: 2.

Remark 2.3.1 (Estimating w) The results above tell us if k(+) is steep in the parameter
space and L,(0) has a unique mazimum and there is a diffeomorphism between 6 and
w (if the exponential family is full rank), then L,(0(w)) will have a unique mazximum.
Moreover the Hessian of the likelihood of both parameterisations will be negative definite.

Therefore, it does not matter if we mazximise over the natural parametrisation or the usual

)

Remark 2.3.2 (Minimum variance unbiased estimators) Suppose X; has a distri-

parameterisation

bution in the natural exponential family, then the mazimum likelihood estimator is a func-
tion of the sufficient statistic s(X). Moreover if the exponential is full and ,u_l(% o Xi)
is an unbiased estimator of 0, then p~'(+ 31" | x;) is the minumum variance unbiased
estimator of 6. However, in general ,ufl(% Yo X;) will not be an unbiased estimator.
However, by invoking the continuous mapping theorem (https: // en. wikipedia. org/
wiki/ Continuous_ mapping_ theorem), by the law of large numbers %Z?:l x; 2% E[x];,
then ' (2370 %) =3 p(B(x)) = pt[x/(0)] = 0. Thus the mazimum likelihood esti-

mator converges to 6.
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2.3.3 The likelihood estimator of the curved exponential

Example 2.3.12 (Normal distribution with constraint) Suppose we place the con-

straint on the parameter space o> = p?. The log-likelihood is
-1 ¢ 1 n
LX;p)===Y X7+-—) Xi— =logu’.
(X ) 2“2; Hruzzl 5 log

Recall that this belongs to the curved exponential family and in this case the parameter
space is not convex. Differentiating with respect to ju gives
OL(X;0% ) 1 Sy, 1 0

O I

Solving for p leads to the quadratic equation

p(l’“) = /‘2 + Sept — Sz = 0.
Clearly there will be two real solutions

—S, + /52 + 45,

We need to plug them into the log-likelihood to see which one mazimises the likelihood.
Observe that in this case the Hessian of the log-likelihood cannot be megative (unlike
the full normal). However, we know that a maximum exists since a mazximum exists on

for the full Gaussian model (see the previous example).

Example 2.3.13 (Censored exponential) We recall that the likelihood corresponding

to the censored exponential is
L,(0)=—-0> Y, —1logf 5 +log. (2.3)
i=1 i=1

We recall that 6; = 1 if censoring takes place. The maximum likelihood estimator is

g="_ 2 i1 O
2 Vi

Basic calculations show that the mean of the exponential is 1/0, therefore the estimate

€ (0,00)

of the mean is

h-1 = ZiZ;Yi . (2.4)
=1

no. not censored terms
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If the exponential distribution is curved (number of unknown parameters is less than
the number of minimally sufficient statistics), then the parameter space Q@ = {w =
(Wi, wa); (Br(w), ..., 0,(w)) € B} C © (hence it is a curve on O). Therefore, by
differentiating the likelihood with respect to w, a maximum within the parameter space

must satisfy

Vo Ln(0(w)) = % <Z X; — nag(06>J9:,9(w)> =0. (2.5)

Therefore, either (a) there exists an w € Q such that §(w) is the global maximum of
{L£,(0);0 € ©} (in this case Y ', x; — nag—(:)ngg(w) = 0) or (b) there exists an w € Q
such that % and > " | X; — na';—(;)j 9=0(w) are orthogonal. Since £,(X,0) for 6 € © and
Yo, X; € int(X) has a global maximum a simple illustration this means that £, (6(w))
will have a maximum. In general will be true. As far as I can see the only case where
it may not hold is when 6(w) lies on some contour of £, (#). This suggests that a solution
should in general exist for the curved case, but it may not be unique (you will need to
read Brown (1986) for full clarification). Based this I suspect the following is true:

e If Q) is a curve in ©, then 8%#05“’) = 0 may have multiple solutions. In this case, we

have to try each solution £, (@) and use the solution which maximises it (see Figure

2.2).

Exercise 2.5 The aim of this question is to investigate the MLE of the inflated zero
Poisson parameters X\ and p. Simulate from a inflated zero poisson distribution with (i)
p =05, p =02 and p = 0 (the class is when there is no inflation), use n = 50.
FEvaluate the MLE (over 200 replications) make a Histogram and QQplot of the parameter
estimators (remember if the estimator of p is outside the parameter space you need to

locate the mazimum on the parameter space).

Exercise 2.6 (i) Simulate from the model defined in Example (using n = 20)
using R. Calculate and mazximise the likelihood over 200 replications. Make a QQplot

of the estimators and calculate the mean squared error.

For one realisation make a plot of the log-likelihood.

(ii) Sample from the inverse Gamma distribution (using n = 20) and obtain its maxi-
mum likelihood estimator. Do this over 200 replications and make a table summa-

rizing its bias and average squared error. Make a QQplot of the estimators.
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Figure 2.2: Likelihood of 2-dimension curved exponential

(11i) Consider the exponential distribution described in Example|2.3.11 where the param-
eter space is constrained to [2,00]. For samples of size n = 50 obtain the maximum

likelihood estimator (over 200 replications). Simulate using the true parameter
(a) 6 =5 (b)0 =25 (c) O =2.

Summarise your results and make a QQplot (against the normal distribution) and

histogram of the estimator.

2.4 The likelihood for dependent data

We mention that the likelihood for dependent data can also be constructed (though often
the estimation and the asymptotic properties can be a lot harder to derive). Suppose

{Xi}}-, is a time series (a sequence of observations over time where there could be de-
pendence). Using Bayes rule (ie. P(Ay, As,..., An) = P(A) [, P(AilAiz1, ..., A1)
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we have

Lo(X:0) = f(X1;0) [ (X Ximn, .., X35 0).
t=2

Under certain conditions on {X;} the structure above [, f(X¢|Xi—1,...,X1;6) can be
simplified. For example if X; were Markovian then X; conditioned on the past on depends
only on the recent past, i.e. f(Xy|X; 1,...,X71;0) = f(X;|X;_1;0) in this case the above
likelihood reduces to

n

Lo(X;0) = f(X1;0) [ | F(Xul X115 0). (2.6)

t=2

We apply the above to a very simple time series. Consider the AR(1) time series

Xy = 0 Xi 1 + &4, te,

2 In order to ensure

where ¢, are iid random variables with mean zero and variance o
that the recurrence is well defined for all ¢ € Z we assume that |¢| < 1 in this case the
time series is called stationaryﬂ.

We see from the above that the observation X;_; has a linear influence on the next
observation and it is Markovian; conditioned on X; 1, X; o and X, are independent (the
distribution function P(X; < x| X; 1, Xy o) = P(X; < x|X;_1)). Therefore by using

the likelihood of { X}, is

Lo(X;¢) = f(X1;0) [ [ £-(X: — 6Xim1), (2.7)

where f. is the density of ¢ and f(Xi;¢) is the marginal density of X;. This means
the likelihood of {X;} only depends on f. and the marginal density of X;. We use
&En = argmax L, (X; ¢) as the mle estimator of a.

We now derive an explicit expression for the likelihood in the case that ¢, belongs to
the exponential family. We focus on the case that {e;} is Gaussian; since X; is the sum

of Gaussian random variables X; = Z;io ®ei—; (almost surely) X; is also Gaussian. It
can be shown that if ¢, ~ N (0, 0?), then X; ~ N(0,0%/(1 — ¢*)). Thus the log likelihood

5If we start the recursion at some finite time point ¢y then the time series is random walk and is called

a unit root process it is not stationary.
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for Gaussian “innovations” is

1 = 2 n—1
L(6,0%) = —55 DX ZXtXH—i Xz, - logo?
t=2 t=2
=3 1X2 —X2 =t Xx2-x?
(1—¢%) 2 1 o’
— o Xi— 5l
202 gl—gzﬁ2
]__gb 2 2 2
= = ZX ZXtth— (X +X0) - — loga ——1og1

see Efron (1975), Example 3. Using the factorisation theorem we see that the sufficient
statistics, for this example are 31— X2, S0 0 X, X, ; and (X7 4+ X2) (it almost has two
sufficient statistics!). Since the data is dependent some caution needs to be applied before
ones applies the results on the exponential family to dependent data (see Kiichler and
Sgrensen (1997)). To estimate ¢ and 02 we maximise the above with respect to ¢ and o2.
It is worth noting that the maximum can lie on the boundary —1 or 1.

Often we ignore the term the distribution of X; and consider the conditional log-
likelthood, that is X5, ..., X, conditioned on X;. This gives the conditional log likelihood

Qn(0,0%X1) = log [ f-(X: — ¢Xi1)

t=2

1 < ¢ N, n-—1 )
— _@” ZXtth 2X_1— 5 log*(2.8)

again there are three sufficient statistics. However, it is interesting to note that if the
maximum of the likelihood lies within the parameter space ¢ € [—1,1] then g/bgn =
S, Xe X1/ 0, X2 (the usual least squares estimator).

2.5 Evaluating the maximum: Numerical Routines

In an ideal world an explicit closed form expression would exist for the maximum of a
(log)-likelihood. In reality this rarely happens.

Usually, we have to use a numerical routine to maximise the likelihood. It is relative
straightforward to maximise the likelihood of random variables which belong to the expo-

nential family (since they typically have a negative definite Hessian). However, the story
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becomes more complicated if the likelihood does not belong to the exponential family, for
example mixtures of exponential family distributions.
Let us suppose that {X;} are iid random variables which follow the classical normal

mixture distribution

f(;0) =pfi(y; 0h) + (1 —p) faly; 02),

where f is the density of the normal with mean p; and variance o7 and f, is the density

of the normal with mean juy and variance o3. The log likelihood is

1

- 1 1 1
LoY:0) = log [ p——— exp | —— (X; — 2}+ 1— ex {——XZ»— 2} ,
(Y5 6) 2 g<p ot p[ 20%( )|+ (1—p) g7 P 203( 112)

Studying the above it is clear there does not explicit solution to the maximum. Hence

one needs to use a numerical algorithm to maximise the above likelihood.

We discuss a few such methods below.

The Newton Raphson Routine The Newton-Raphson routine is the standard
method to numerically maximise the likelihood, this can often be done automatically
in R by using the R functions optim or nlm. To apply Newton-Raphson, we have to
assume that the derivative of the likelihood exists (this is not always the case - think
about the ¢;-norm based estimators!) and the maximum lies inside the parameter

0L, (0) (1)

space such that =, J0:§n = 0. We choose an initial value 6,,’ and apply the

routine

‘ - 2L, (0 oL, (0
07(3) = 61('7:7 - (WUJQSI—U) ae( )Jgﬁlj—l)-

This routine can be derived from the Taylor expansion of % about 0y (see

Section [2.6.3). A good description is given in https://en.wikipedia.org/wiki/
Newton%27s_method. We recall that _aQ,Cn(e)J g1 18 the observed Fisher informa-

002
. . . . 2
tion matrix. If the algorithm does not converge, sometimes we replace — 2 59”2(6) | gl

with its expectation (the Fisher information matrix); since this is positive definite

it may give better results (this is called Fisher scoring).

If the likelihood has just one global maximum and is concave, then it is quite easy
to maximise. If on the other hand, the likelihood has a few local maximums and

the initial value #; is not chosen close enough to the true maximum, then the
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routine may converge to a local maximum. In this case it may be a good idea to do
the routine several times for several different initial values . For each candidate
value 5; evaluate the likelihood En@;) and select the value which gives the largest
likelihood. It is best to avoid these problems by starting with an informed choice of

initial value.

Implementing a Newton-Rapshon routine without much thought can lead to esti-
mators which take an incredibly long time to converge. If one carefully considers
the likelihood one can shorten the convergence time by rewriting the likelihood and

using faster methods (often based on the Newton-Raphson).

Iterative least squares This is a method that we shall describe later when we
consider Generalised linear models. As the name suggests the algorithm has to be
interated, however at each step weighted least squares is implemented (see later in

the course).

The EM-algorithm This is done by the introduction of dummy variables, which
leads to a new ‘unobserved’ likelihood which can easily be maximised (see later in

the course).

2.6 Statistical inference

2.6.1 A quick review of the central limit theorem

In this section we will not prove the central limit theorem. Instead we summarise the CLT
and generalisations of it. The purpose of this section is not to lumber you with unnecessary

mathematics but to help you understand when an estimator is close to normal (or not).

Lemma 2.6.1 (The famous CLT) Let us suppose that {X;}!, are iid random vari-
ables, let p = E(X;) < oo and 0® = var(X;) < oo. Define X = 135" X, Then we

have



What this means that if we have a large enough sample size and made a quantile plot

against the normal distribution the points should lie roughly on the x = y line (though

there will be less matching in the tails).

Remark 2.6.1 (i) The above lemma appears to be ‘restricted’ to just averages. How-

(i)

ever, it can be used in several different contexts. Averages arise in several different
situations. It is not just restricted to the average of the observations. By judicious
algebraic manipulations, one can show that several estimators can be rewritten as
an average (or approzimately as an average). At first appearance, the MLE does not
look like an average, however, in Section|2.6.5 we show that it can be approximated

by a “useable” average.
The CLT can be extended in several ways.

(a) To random variables whose variance are not all the same (ie. independent but

identically distributed random variables).
(b) Dependent random variables (so long as the dependency ‘decays’ in some way).

(c) Weighted averages can also be asymptotically normal; so long as the weights

are ‘distributed evenly’ over all the random variables.

x Suppose that {X;} are iid non-normal random variables, Y = Zj]\io X
(16| < 1) will never be normal (however large M ).

« However, Y= 3" sin(2mi/12)X; is asymptotically normal.

There exists several theorems which one can use to prove normality. But really the
take home message is, look at your estimator and see whether asymptotic normal-
ity it looks plausible. Always check through simulations (even if asymptically it is

normal, it may require a very large sample size for it to be close to normal).

Example 2.6.1 (Some problem cases) A necessary condition is that the second mo-
ment of X; should exist. If it does not the CLT will not hold. For example if {X;} follow

a t-distribution with 2 degrees of freedom

then X = %Z?:l X; will not have a normal limat.
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We apply can immediately apply the above result to the MLE in the full rank expo-

nential class.

2.6.2 Sampling properties and the full rank exponential family

In Section we showed that if {X;}?; belonged to the exponential family and the
maximum of the likelihood lay inside the parameter space (satisfied if the distribution is

“steep”) then

i=1
is the maximum likelihood estimator. Since we have an “explicit” expression for the
estimator it is straightforward to derive the sampling properties of @L By using the law

of large numbers
BN as
— g s(X;) = E[s(X)] n — 0o
n
i=1

then by the continuous mapping theorem

pt (1 Zs(Xi)) BN ESX) =0 n— .

n
i=1
Thus the maximum likelihood estimator is a consistent estimator of . By using the CLT

we have
% D (5(X0) ~ Els(X)) BN O varls(X))  m o0

where we recall that var[s(X;)] = x”(6). Now by using that

n

= (1 > s<xi>> Sty ~ 2 (1 (X,) - E<s<Xi>>J)

_ (3/553)) =) (% 3 [s(x0) - E(s(X»)]) .

Q

i=1
Thus by using the above, the continuous mapping theorem and the CLT for averages we

have

Vi [w (%f}sm) e ww»] B (0 (2 ) 1o (25 )12,

! = N(0,x"(6)7").
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We recall that «”() is the Fisher information of 6 based on Xj.

Thus we have derived the sampling properties of the maximum likelihood estimator
for the exponential class. It is relatively straightfoward to derive. Interesting we see
that the limiting variance is the inverse of the Fisher information. So asymptotically the
MLE estimator attains the Cramer-Rao lower bound (though it is not really a variance).
However, the above derivation apply only to the full exponential class, in the following

section we derive a similar result for the general MLE.

2.6.3 The Taylor series expansion

The Taylor series is used all over the place in statistics. It can be used to prove con-
sistency of an estimator, normality (based on the assumption that averages converge to
a normal distribution), obtaining the limiting variance of an estimator etc. We start by
demonstrating its use for the log likelihood.

We recall that the mean value (in the univariate case) states that

(x — )*

(@) = f(wo) + (z = 20) /(1) and f(x) = f(z0) + (x = x0) ['(w0) + —————1"(T2),

where Z; = axg + (1 — a)r and Ty = Sz + (1 — )z (for some 0 < a, f < 1). In the case
that f : R? — R we have

fla) = flzo) + (2 —20)Vf(2)]2=z,
fl@) = flzo) + (&= 20)'V(@)]a=a, + %(z = 20)' V> f(2) Ja=z, (2 — 20),
where 7, = azg+ (1 — @)z and Z, = Sz + (1 — B)zg (for some 0 < o, 8 < 1). In the

case that f(z) is a vector, then the mean value theorem does not directly work, i.e. the

following is not true

fl@) = flzo) + (2 —20)'VI(@)]oms,,

where Z, lies between z and z,. However, it is quite straightforward to overcome this
inconvience. The mean value theorem does hold pointwise, for every element of the vector
f@) = (fi(@),..., fp(x)), ie. for every 1 < j < p we have

f]<£> = filzg) + (z — QO)ij<Q)Jg:a§+(l—a)£oa
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where Z; lies between z and z,. Thus if V f;(z)].=z, = V [j(2)]s=s,, we do have that

f(z) ~ [flz) +(z—z0)'V(z).

We use the above below.

e Application 1: An expression for £n(§n) — L,(6p) in terms of (gn —bp).
The expansion of £,(6,) about 6, (the true parameter)

DL(0)

£,0) — L2000 = =220 15 @, 00y 20,0y "D, @

062 Jén (971 - 90)

where 0, = afy + (1 — a)@\n. If gn lies in the interior of the parameter space (this
AL ()

is an extremely important assumption here) then =5;= |5 = 0. Moreover, if it can

be shown that |§n — 0| £ 0and n*1% converges uniformly to E(nil%bo)
(see Assumption [2.6.1(iv), below), then we have
0L, () P 02L,(0)
502 lg, = E( 502 Jgo) = —1,(60p). (2.9)
This altogether gives
2L (0) — L(00)) = (0 — ) I, (00) (6, — 00). (2.10)

e Application 2: An expression for (é\n — 6p) in terms of aﬁaLe(e)Jgo

The expansion of the p-dimension vector Mge(e)bn pointwise about 6, (the true

parameter) gives (for 1 < j < d)

35] n( ) IL;n(0) 0*L;n(0)

I, = 0 Joo + Wbm(en — ),

where 0,,, = ajéjjn + (1 — «)f. Using the same arguments as in Application 1 and

equation we have
9L,(0)

Lo & 1,(60)(6,, — 6p).

We mention that U, (6y) = 85” 9Ln0) |, is often called the score or U statistic. And we

see that the asymptotic samplmg properties of U,, determine the sampling properties

of (8, — ).
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Remark 2.6.2 (i) In practice I,,(6y) is unknown and it is approximated by the Hessian

evaluated at the estimated parameter [9\”, —82§g2(9)J§n. A discussion on the quality of

this approximation is given in Efron and Hinkley (1978).

i) Bear in mind that V2L, (0) is not necessarily negative definite, but its limit is the
0 y neg
negative Fisher information matriz —I,(0) (non-negative definite over 0 € ©).

Therefore for “large n V2L, (0) will be negative definite”.

(11i) The quality of the approximation depends on the the second order efficiency
measure ]n(gn) — 1,(00) (this term was coined by C.R.Rao and discussed in Rao
(1961, 1962, 1963)). Efron (1975), equation (1.1) shows this difference depends on

the so called curvature of the parameter space.

Example 2.6.2 (The Weibull) FEwvaluate the second derivative of the likelihood given in
Ezample take the expection on this, I,(0,a) = E(V2L,) (we use the V to denote
the second derivative with respect to the parameters o and 6).

Application 2 implies that the mazimum likelihood estimators @\n and a,, (recalling that

no explicit expression for them exists) can be written as

(/9\" — 9 -1 2 im1 ( — 9t a@n Yza>
- ~ I,(0,q)
o iy (4 —tomYi—logt = -+ 1on(5) x

Slos

_>a)

2.6.4 Sampling properties of the maximum likelihood estimator

We have shown that under certain conditions the maximum likelihood estimator can often
be the minimum variance unbiased estimator (for example, in the case of the normal
distribution). However, in most situations for finite samples the mle may not attain the
Cramer-Rao lower bound. Hence for finite sample Var(é\n) > I,(0)~!. However, it can be
shown that asymptotically the “variance” (it is not the true variance) of the mle attains
the Cramer-Rao lower bound. In other words, for large samples, the “variance” of the
mle is close to the Cramer-Rao bound. We will prove the result in the case that £, is the
log likelihood of independent, identically distributed random variables. The proof can be
generalised to the case of non-identically distributed random variables.

We first state sufficient conditions for this to be true.
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Assumption 2.6.1 Suppose {X;} be iid random variables with density f(X;6).
(i) The conditions in Assumption hold. In particular:

(a)

g (20810,

Of(x: 0 0 Of(x:; 0
90) = /%Je:eodl“:% f<39’ )dxjgzgon.

(b)

(i) Almost sure uniform convergence of the likelihood:
SUPgeo + |Ln(X;0) — E(La(X;0))] 23 0 as n — oo.

We mention that directly verifying uniform convergence can be difficult. However,
it can be established by showing that the parameter space is compact, point wise
convergence of the likelihood to its expectation and almost sure equicontinuity in

probability.

(11i) Model identifiability:

For every 0 € O, there does not exist another 6 € © such that f(z;0) = f(x; é) for

all z in the sample space.

(iv) Almost sure uniform convergence of the second derivative of the likelihood (using the
notation Vy): supgee + V3L, (X;0) — E(VZL,(X;0))] =3 0 as n — oo.

This can be verified by using the same method described in (ii).

2.6.1((iii-iv) to show asymptotic normality.

Theorem 2.6.1 Supppose Assumption |2.0.1\(ii,iii) holds. Let 0y be the true parameter
and 0, be the mle. Then we have 6, =5 6y (consistency).

PROOF. First define ¢(0) = E[log f(X;0)] (the limit of the expected log-likelihood). To

prove the result we first need to show that the expectation of the maximum likelihood is
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maximum at the true parameter and that this is the unique maximum. In other words
we need to show that E(:L,(X;6) — £L£,(X;6p)) <0 for all § € ©. To do this, we have

06) — €(6,) = E (%ﬁn(g; 0) — E(%cn(g; 90)) - /log }fg;g?)f(x; 0o)da
f(X;0)
E <log f(X;Ho)) .

Now by using Jensen’s inequality (since log is a concave function) we have

. <1°g J{((X)i;;o))) = log b (;&;Z)))) =g J{&;})ﬁ (00 = og. | S0z 0) =,

since 0 € © and [ f(x;0)de = 1. Thus giving E(%Cn(i; 0)) — E(%En(i; 0p)) < 0.
To prove that E(X[L,(X;6)) — L,(X;6)]) = 0 only when 6, we use the identifiability
condition in Assumption [2.6.1(iii), which means that f(z;6) = f(x;6) for all z only when

By and no other function of f gives equality. Hence only when 6 = 6, do we have

GO N o [ @0 o O\ —
=108 Siay) =1 | Fay ! sooda = os [ stz 0)da =0

thus E(1L£,(X;0)) has a unique maximum at 6.

Finally, we need to show that én 2% g,. To simplify notation for the remainder of this

proof we assume the likelihood has been standardized by n i.e.
1 n
£a(0) = D 1o (X0

We note that since £(6) is maximum at 6 if |£,(6,,) — £(6p)| 25 0, then 6, %3 6. Thus we
need only prove |£n(§n) —0(0y)| 23 0. We do this using a sandwich argument.

First we note for every mle é\n
La(X;00) < L(X;0,) =3 €(8) < £(0p), (2.11)

where we are treating é\n as if it were a non-random fixed value in ©. Returning to
|E(L,(X;00)) — L,(X; §n)] (they swapped round) we note that the difference can be

written as
00) = La(X:8,) = {€(00) — La(X:60)} + {€F) = La(X:8) } + {£a(X:00) — £F) }
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Now by using (2.11]) we have

~

U00) = La(X:02) < {€000) = La(X300)} + {6B0) = La(X:80) | + 4 La(X30) ~(F)
>Ln(X;00)

= {5(90) - ﬁn(1§ 90)}

and

(00) = La(X:8,) = {E(80) = La(X:00)} + {82) = La(X38,) | + € La(X500) — ((6y)

Thus
{00,) = £.(X:8.) | < 0(60) — £,(X38,) < {£00) — La (X500}

The above also immediately follows from (2.11)). This is easily seen in Figure [2.3] which
Reza suggested. Thus we have sandwiched the difference E(L,,(X; 6y))— L, (X; (/9\”) There-
fore, under Assumption [2.6.1|(ii) we have

0co

Since E[£,(X;6)] has a unique maximum at E[£, (X;6,)] this implies 8, %3 6.
O

Hence we have shown consistency of the mle. It is important to note that this proof is
not confined to just the likelihood it can also be applied to other contrast functions. We

now show asymptotic normality of the MLE.

Theorem 2.6.2 Suppose Assumption is satisfied (where 6y is the true parameter).

Let
e ([28fe0 ') (Zbeginin, )

(i) Then the score statistic is

1 3£néex; 9)J90 2) N(O,I(90)>. (2.12)

Bl
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Figure 2.3: Difference between likelihood and expectation.

(ii) Then the mle is

Vi (0, —6p) > N(o, I(@O)l) .
(i1i) The log likelihood ratio is

2(16,(:0) - (X)) B
(iv) The square MLE

(B, — 00)'Tn(60) (B — 60) = X

PROOF. First we will prove (i). We recall because {X;} are iid random variables, then

1 9L, (X:0) Z Olog 5,0)
\/ﬁ 89 00 \/— 907

is the sum of independent random variables. We note that under Assumption [2.6.1)i) we

have

(28100 ) ORI 0,
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Olog f(Xi;0)
00

Hence

thus g, is a zero mean random variable and its variance is 1(6p).

OLn(X;0)
20

I(6y). Therefore, by the CLT for iid random variables we have ([2.12)).
We use (i) and Taylor (mean value) theorem to prove (ii). We first note that by the

g, is the sum of iid random variables with mean zero and variance

mean value theorem we have

10L, ( ) 19L,(X;0) - 10°L,(X;0)
n Ja 5g J0% (O = b0) - —5 =15, (2.13)

—0

Using the consistency result in Theorem (@\n 2% 0y, thus 0, % 6,) and Assumption
2.6.1{(iv) we have

LIE R0, v (a0, ) —p(TRERNO ) — @), a9

Substituting the above in (2.15)) we have

10L,(X;0) ~ 19%L,(X;0) ~
L~ 1000, 00) + (2, 160)) @) =0 (219
SI;;H
Multiplying the above by \/n and rearranging gives
~ 1 0L,(X;0
Vi, — ) = 16007 =250

Jn 00

[ Hence by substituting the (2.12) into the above we have (ii).
To prove (iii) we use ([2.10]), which we recall is

2 (zn@; 0,) — La(X: eo>> ~ (B — 00 n(60) (B, — o)

Now by using that /71 (6)~"/2(8,, — 65) 2 N(0, I) (see (i)) and substituting this into the
above gives (iii).

The proof of (iv) follows immediately from (ii). O

This result tells us that asymptotically the mle attains the Cramer-Rao bound. Fur-

thermore, if fis a p-dimension random vector and 1(fy) is diagonal, then the elements of

2
6We mention that the proof above is for univariate 9 Lae(;x G)JG , but by redo-ing the above steps

pointwise it can easily be generalised to the multivariate case too
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0 will be asymptotically independent (for example the sample mean and sample variance
estimator for the normal distribution). However if 1(f) is not diagonal, then off-diagonal

elements in I(6p)~! measure the degree of correlation between the estimators. See Figure

24

Figure 2.4: Contour plot of two dimensional normal distribution of two parameter esti-

mators with diagonal and non-diagonal information matrix

Example 2.6.3 (The Weibull) By using Example we have

0.0 i S (- 5+ 58
( a ) = lf0) no[1 Y, Y;
Qlp, Yoy (a —logY; —logd — § +log(%) x (_l)a)

—

Now we observe that RHS consists of a sum iid random variables (this can be viewed as
an average). Since the variance of this exists (you can show that it is I,(0,«) ), the CLT

can be applied and we have that

where 1(0,a) = E[(Vlog f(X;0,))?].
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Remark 2.6.3 (i) We recall that for iid random variables that the Fisher information

for sample size n is

I”(Q()):E{%%WJ%} ZnE(%WJe()) — nl(6))
Therefore since
G-t =m0 250, — L] 1250,

= Vil 6~ Vi) P = )| =,

and Var(\/iﬁaﬁge(e)bo) =n"'E [(aﬁge(e)Jgo)Q} = I(6y), it can be seen that |0, — 6| =
O,(n=1/2).

(i1) Under suitable conditions a similar result holds true for data which is not iid.

(11i) These results only apply when 6y lies inside the parameter space ©.

We have shown that under certain regularity conditions the mle will asymptotically

attain the Fisher information bound. It is reasonable to ask how one can interprete this
bound.

(i) Situation 1. I,(6y) = E( — %Jgo) is large (hence variance of the mle will

be small) then it means that the gradient of 8559(9) is large. Hence even for small
ILn(0)
90

likely to be in a close neighbourhood of 6.

deviations from 6y, is likely to be far from zero. This means the mle é\n is

(ii) Situation 2. I,,(6y) = E (— a?ggmj 90> is small (hence variance of the mle will large).

In this case the gradient of the likelihood 35#(0) is flatter and hence 8%9(0) ~ 0 for
a large neighbourhood about the true parameter . Therefore the mle @L can lie in

a large neighbourhood of 6.

Remark 2.6.4 (Lagrange Multipliers) Often when maximising the likelihood it has
to be done under certain constraints on the parameters. This is often achieved with the

use of Lagrange multipliers (a dummy variable), which enforces this constraint.
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For example suppose the parameters in the likelthood must sum to one then we can

enforce this constraint by maximising the criterion

q

L(0,0) = L(0) +AD>_0; —1]

likelihood =1
with respect to § and the dummy variable \.
2.7 Some questions
Exercise 2.7 Suppose X1,..., X, arei.i.d. observations. A student wants to test whether

each X; has a distribution in the parametric family {f(z;a) : « € O} or the family
{g(z;B) : B € T}. To do this he sets up the hypotheses

Hy: Xi~ f(5a0) wvs. Ha: X;~g(-;05),

where ag and By are the unknown true parameter values. He constructs the log-likelihood

ratio statistic

~

L = maxly(X;p) —maxL;(X;a) = Ly(X;5) - Ly(X; ),
where

Ly(X;8) = logg(XiiB), Lp(X;a)= logf(X;a),

i=1 i=1

& = argmax,eo L7(X; a) and = arg maxger Ly(X;5). The student applies what he
believe he learned in class to L and assumes that the distribution of L under the null
hypothesis (asymptotically) follows a chi-squared distribution with one-degree of freedom.
He does the test at the 5% level using the critical value x* = 3.84, rejecting the null in
favor of the alternative if L > 3.84.

(a) Using well known results, derive the asymptotic distribution of

under the null and the alternative.
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(b) Is the distribution of L chi-squared? If not, derive the asymptotic distribution of L.
Hint: You will need to use your answer from (a).

Note: This part is tough; but fun (do not be disillusioned if it takes time to solve).

(¢) By using your solution to parts (a) and (b), carefully explain what the actual type
error I of the student’s test will be (you do not need to derive the Type I error, but

you should explain how it compares to the 5% level that the student uses).

(d) By using your solution to parts (a) and (b), carefully explain what the power of his
test will be (you do mot have to derive an equation for the power, but you should
explain what happens to the power as the sample size grows, giving a precise justifi-

cation).

(e) Run some simulations to illustrate the above.

Exercise 2.8 Find applications where likelihoods are mazimised with the use of Lagrange

multipliers. Describe the model and where the Lagrange multiplier is used.

2.8 Applications of the log-likelihood theory

We first summarise the results in the previous section (which will be useful in this section).
For convenience, we will assume that {X;}? , are iid random variables, whose density
is f(x;6y) (though it is relatively simple to see how this can be generalised to general
likelihoods - of not necessarily iid rvs). Let us suppose that 6 is the true parameter that

we wish to estimate. Based on Theorem we have

Vi (6, — 60) > N(o, 1(90)—1), (2.16)

%%@”Jg:go 3 N(O, 1(90)) (2.17)
and
2 [ﬁn(én) - cn(eo)] L (2.18)



where p are the number of parameters in the vector 6 and I(6) = E[(%WJGO)Q] =
n‘lE[(aloga—Le"(mJ 0,)°]. Tt is worth keeping in mind that by using the usual Taylor expansion

the log-likelihood ratio statistic is asymptotically equivalent to
2[£0(8n) - £(80)] 2 Z1(00)2,

where Z ~ N (0,1(6y)).
Note: There are situations where the finite sampling distributions of the above are

known, in which case there is no need to resort to the asymptotic sampling properties.

2.8.1 Constructing confidence sets using the likelihood

One the of main reasons that we show asymptotic normality of an estimator (it is usually
not possible to derive normality for finite samples) is to construct confidence intervals/sets
and to test.

In the case that 6y is a scaler (vector of dimension one), it is easy to use (2.16]) to

obtain
VnI(60) (6, — 6,) > N(0,1). (2.19)
Based on the above the 95% CI for 6, is

—~ n 1
9n — (Qo)za/g, Hn + [(90)2(1/2 .

1
vt i
The above, of course, requires an estimate of the (standardised) expected Fisher informa-
tion 1(6p), typically we use the (standardised) observed Fisher information evaluated at
the estimated value @L
The CI constructed above works well if 6 is a scalar. But beyond dimension one,
constructing a CI based on (2.16) (and the p-dimensional normal) is extremely difficult.

More precisely, if 6y is a p-dimensional vector then the analogous version of (2.19) is
Vil (80) (8, — 65) B N (0, 1,,).

However, this does not lead to a simple set construction. One way to construct the

confidence interval (or set) is to ‘square’ (én — 90) and use

(0, — 00) T(00) (B, — b0) 2 X2 (2.20)

p
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Based on the above a 95% CI is

{9; (6, — 9)’nE(%§X§9>JQO>2(én —0) < X§(O.95)}. (2.21)

Note that as in the scalar case, this leads to the interval with the smallest length. A
disadvantage of is that we have to (a) estimate the information matrix and (b) try
to find all # such the above holds. This can be quite unwieldy. An alternative method,
which is asymptotically equivalent to the above but removes the need to estimate the

information matrix is to use (2.18)). By using (2.18]), a 100(1 — «)% confidence set for 6

is
{9; 2(Ln(0,) — La(0)) < x2(1 — a)}. (2.22)
The above is not easy to calculate, but it is feasible.

Example 2.8.1 [In the case that 0y is a scalar the 95% CI based on 18

{e; £2(6) > La(6h) — %ﬁ(o.%)}.

See Figure which gives the plot for the confidence interval (joint and disjoint).

Both the 95% confidence sets in and will be very close for relatively large
sample sizes. However one advantage of using instead of is that it is easier
to evaluate - no need to obtain the second derivative of the likelihood etc.

A feature which differentiates and is that the confidence sets based on
(2.21) is symmetric about 8, (recall that (X — 1.960/v/n, X + 1.960/1/n)) is symmetric
about X, whereas the symmetry condition may not hold for sample sizes when construct-
ing a CI for 6 using . Using there is no guarantee the confidence sets consist
of only one interval (see Figure . However, if the distribution is exponential with full
rank (and is steep) the likelihood will be concave with the maximum in the interior of the
parameter space. This will mean the CI constructed using (2.22)) will be connected.

If the dimension of ¢ is large it is difficult to evaluate the confidence set. Indeed
for dimensions greater than three it is extremely hard. However in most cases, we are
only interested in constructing confidence sets for certain parameters of interest, the other
unknown parameters are simply nuisance parameters and confidence sets for them are not
of interest. For example, for the normal family of distribution we may only be interested

in constructing an interval for the mean, and the variance is simply a nuisance parameter.
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Figure 2.5: Constructing confidence intervals using method ([2.22]).

2.8.2 Testing using the likelihood

Let us suppose we wish to test the hypothesis Hy : 6 = 6 against the alternative H, :

0 # 0y. We can use any of the results in (2.16)), (2.17) and (2.18)) to do the test - they will
lead to slightly different p-values, but ‘asympototically’ they are all equivalent, because
they are all based (essentially) on the same derivation.

We now list the three tests that one can use.

The Wald test

The Wald statistic is based on (2.16]). We recall from (2.16)) that if the null is true, then

we have

Vi (6n — o) 3/\/<0, {E(%WJ%)Q}I).
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Thus we can use as the test statistic
= v/n1(60)"* (0, — 60)
to test the hypothesis. Under the null
7. 5 N(0,1).

We now consider how the test statistics behaves under the alternative H4 : 6 = 0. If the

alternative were true, then we have

160) 20— 00) = 1(00)"* (B~ 01) + (61— 60))

~ 1(00)'*L(6:) ") % + 1(0o)%(6, — 6y)
1

%

where I,,(61) = Eel[(%ﬁjethﬂ-

Local alternatives and the power function

In the case that the alternative is fized (does not change with sample size), it is clear that

the power in the test goes to 100% as n — oo. To see we write

Vl(00)2(0, — 00) = /nI(6 W?(é —91>+f 1(05)"/(6, — )

~ 1(60)'71(61 \/_ Z o J<;9)1(“ By Vil (80)"/2 (61 — o)

5 N (o, 1(90)1/21(91)*11(90)1/2) +/nd (6)2(0, — 6y).

Using the above calculation we see that

—Q - 9 —9 19 1/2
P(Reject|9:01):1_(p<zl 2 — /10y — 0)1(6o) )

VI(00)V21(0,) 11 (6,)1/2

Thus, we see that as n — oo, the power gets closer to 100%. However, this calculation
does not really tell us how the test performs for #; close to the 6.

To check the effectiveness of a given testing method, one lets the alternative get closer
to the the null as n — oo. This allows us to directly different statistical tests (and the
factors which drive the power).

How to choose the closeness:
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e Suppose that ¢, =0, + % (for fixed ¢), then the center of 77 is

Vrl(0)%(0, — 6,) = /nl(6o )1/2(5 — 01) 4+ V/nI(0)"%(6, — b,)

~ 1(0)"1(6, fZaloggef(“@l)+ﬁ<el—eo>

(90)1/2¢
= N[ 0,1(60)"21(61) " 1(6,)"? = SN0
N ~ n
—1 \—\/0—/
_)

Thus the alternative is too close to the null for us to discriminate between the null

and alternative.
e Suppose that 6, = 0y + \% (for fixed ¢), then

Vl(00)2(0, — 60) = /nI(6 >1/2<5 —01) + /nI(00)*(0; — 6)

= 10007 3 G ¢ )0, -

= N (0,1(69)"21(0:) " 1(66)"?) + I(60)"?¢
~ N (I(00)¢,1(60)"*1(0y + ¢n="/2) 711 (0p)"?) .

Therefore, for a given ¢ we can calculate the power at a given level a. Assume for

simplicity that ¢ > 0 and 6 is univariate. Then

_ 1/2
P(T> 50p) 2 P<T1>zla/2>:p(z s = 10020 )

\/I 90 1/21(90+¢n 1/2) 1[(00)1/2

= 1-d Zimaj2 — 1(60)'/%¢
\/[(90)1/2[(90 + ¢n71/2)—1[<90)1/2
L= @ (21-a/2 — 01(60)"/?) .

Q

this gives the power function of the test for a fixed n over ¢. What we observe is
that the power of the test Hy : 0 = 0y vs Hy : 0 # 0y depends on the size of 1(6y)"/2.
The larger the Fisher information () the greater the ability of the Wald test to
discriminate between the null and the alternative. Based on what we understand
about the Fisher information this make sense. The larger the Fisher information

the “better” our ability to estimate the true parameter.
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In the case that the dimension of 8 is p > 1, we use the test statistic n; = (én —
2

QO)ﬁE(%WJQO) (én — 90) instead of T}. Noting that the distribution of T} is a

chi-squared with p-degrees of freedom.

The Score test

The score test is based on the score. Under the null the distribution of the score is

i (o ()

Thus we use as the test statistic

1 dlog f(X;0 N Vo,
TQZ%{E(%J%) } = Jo—gs 2 N(0, 1).

An advantage of this test is that the maximum likelihood estimator (under either the null

or alternative) does not have to be calculated.

The log-likelihood ratio test
This test is based on (2.18)), and the test statistic is
D 2
T3 =2 () — L.(0p)) = x=.
5 (Tgle%ﬁ (0) = La(%)) = x5
Tj is often called Wilk’s statistic. An advantage of this test statistic is that it is asymptot-
ically pivotal, in the sense that it does not depend on any nuisance parameters (we discuss
this in the next chapter). However, using the chi-square distribution will only give the
p-value corresponding to a “two-sided” hypothesis. This is because the chi-square distri-

bution is based on the approximation

Ty = 2(L0(0,) — L (60)) = n(0, — 60)*1(6),
Mgg(g)nggn = 0. However, in a one-

sided test Hy : po = pg vs Hy : 1 > o parameter space is restricted to g > po (it is on the

which assumes that §n = argmaxy L,(0) and solves

boundary), this means that T3 will not have a chi-square (though it will be very close)
and p-value will be calculated in a slightly diifferent way. This boundary issue is not a

problem for Wald test, since for the Wald test we simply calculate
P(Z = T) = (Val(60)*(0 - 60))
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Indeed, we show in Chapter 4, that the p-value for the one-sided test using the log-
likelihood ratio statistic corresponds to that of p-value of the one-sided tests using the

Wald statistic.

Exercise 2.9 What do the score and log-likelihood ratio test statistics look like under the
alternative? Derive the power function for these test statistics.

You should observe that the power function for all three tests is the same.

Applications of the log-likeihood ratio to the multinomial distribution

We recall that the multinomial distribution is a generalisation of the binomial distribution.
In this case at any given trial there can arise m different events (in the Binomial case
m = 2). Let Z; denote the outcome of the ith trial and assume P(Z; = k) = m; (m +

.+ m, = 1). Suppose that n trials are conducted and let Y; denote the number of
times event 1 arises, Y5 denote the number of times event 2 arises and so on. Then it is

straightforward to show that

P(Yi=ki,... Yoy =ky) = (k )Hw
ITEREE)

If we do not impose any constraints on the probabilities {m;}, given {Y;}, it

—e

S
straightforward to derive the mle of {m;} (it is very intuitive too!). Noting that =, =
I 11 m;, the log-likelihood of the multinomial is proportional to

m—1 m—1

L,(r) = Z y;logm; + ym log(1 — »  m).
=1 =1
Differentiating the above with respect to m; and solving gives the mle estimator 7; =
Y / n! We observe that though there are m probabilities to estimate due to the constraint
=1-— """, we only have to estimate (m — 1) probabilities. We mention, that the
same estimators can also be obtained by using Lagrange multipliers, that is maximising
L, (m) subject to the parameter constraint that Z?zl m; = 1. To enforce this constraint,
we normally add an additional term to £,(x) and include the dummy variable A. That

is we define the constrained likelihood

Z?Ji log m; + )\(Z m —1).
=1 i=1
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Now if we maximise £, (xr, \) with respect to {m;}7*, and A\ we will obtain the estimators
7; = Y;/n (which is the same as the maximum of £,(mx)).
To derive the limiting distribution we note that the second derivative is
v Yo .
32£n(£) w2 T Aoy 1=

— k3

(%mj —(I—Ei"’::‘ll )2 7 7é j

Hence taking expectations of the above the information matrix is the (k — 1) x (k — 1)

matrix
1 1 1 1
T + Tm Tm T T,
1 1 1 1
o m T =
I(m)=n :
1 1 1
Tm—1 Tm—1 TTm

Provided no of m; is equal to either 0 or 1 (which would drop the dimension of m and
make /(m)) singular, then the asymptotic distribution of the mle the normal with variance
I(m)~L.

Sometimes the probabilities {m;} will not be ‘free’ and will be determined by a param-
eter § (where 6 is an r-dimensional vector where r < m), ie. m; = m;(), in this case the

likelihood of the multinomial is

Lalm) = 3 wilogm(6) + ymlog(1 — 3 m(0).

By differentiating the above with respect to # and solving we obtain the mle.

Pearson’s goodness of Fit test

We now derive Pearson’s goodness of Fit test using the log-likelihood ratio.

Suppose the null is Hy : m = 7Ty, ..., Ty = T, (Where {7;} are some pre-set proba-
bilities) and H, : the probabilities are not the given probabilities. Hence we are testing
restricted model (where we do not have to estimate anything) against the full model where
we estimate the probabilities using m; = Y;/n.

The log-likelihood ratio in this case is
W = 2{ argmax L, (1) — L,(7) }.
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Under the null we know that W = 2{ arg max, £,,(7) — L,(7) } 2 x2,_; (because we have
to estimate (m — 1) parameters). We now derive an expression for W and show that the

Pearson-statistic is an approximation of this.

m—1 m—1
1 Y; Y, . _
§W = ; Y; log (5) + leogT — ; Y;logm;, — Y., log 7,
- Y;
= Y v (1),
=1
Recall that Y; is often called the observed Y; = O; and n7; the expected under the null
E; = nm;. Then W = 237" O;log (%) =z x2,_,. By making a Taylor expansion of

zlog(za™) about z = a we have zlog(za™) = alog(aa™) + (z — a) + 3(z — a)*/a. We

let O =z and F = a, then assuming the null is true and F; ~ O; we have

m

Vi . 1
W = QZY;IOg(m}i)%Q ((Oi_Ei)+§
i=1 i=1

(0; — E;)?

Now we note that Y ", E; = > " O; = n hence the above reduces to

m

. F.)?
W =~ Z—<OZ i) ng

E‘ m—1-
i=1 v

We recall that the above is the Pearson test statistic. Hence this is one methods for

deriving the Pearson chi-squared test for goodness of fit.

Remark 2.8.1 (Beyond likelihood) In several applications in statistics we cannot ar-
ticulate the question of interest in terms of the parameters of a distribution. However, we
can often articulate it in terms of some parameters, ¢. Indeed, whether ¢ is zero or will

tell us something about the data. For example:
(i) Are some parameters in a linear regression zero?
(i) Is there correlation between two variables?
(iii) Is there an interaction between two categorical variables in a regression?

(iv) In my own area of research on detecting nonstationarities, transforming the time
series can yield more information then the original data. For example, nonstation-

arities imply correlations in the transformed data. The list goes on.

100



None of the above requires us to place distributional assumptions on the data. However, we
can still test Hy : ¢ = 0 against Ha : ¢ # 0. If we can estimate this quantity and obtain
its limiting distribution under the null and show that under the alternative it “shifts”,
using (E we can construct a test statistic which has some power (though it may not be the

most powerful test).

2.9 Some questions

Exercise 2.10 A parameterisation of a distribution is identifiably if there does not exist
another set of parameters which can give the same distribution. https: //en. wikipedia.
org/wiki/Identifiabelity| Recall this assumption was used when deriving the sam-
pling properties of the maximum likelithood estimator.

Suppose X; are iid random variables which come from a mixture of distributions. The
density of X; is

flz;m A, A2) = mApexp(—Az) + (1 — m) A2 exp(—Aq2)
where x >0, A\{,\a >0 and 0 <7 < 1.
(i) Are the parameters identifiable?

(i) Does standard theory apply when using the log-likelihood ratio test to test Hy : m =0
vs Ha:m #0.

(i1i) Does standard theory apply when using the log-likelihood to estimate ™ when A\; = Ao.
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Chapter 3

The Profile Likelihood

3.1 The Profile Likelihood

3.1.1 The method of profiling

Let us suppose that the unknown parameters 6 can be partitioned as 6’ = (¢, \'), where
¥ are the p-dimensional parameters of interest (eg. mean) and A are the g-dimensional
nuisance parameters (eg. variance). We will need to estimate both ¢ and A, but our
interest lies only in the parameter ¢). To achieve this one often profiles out the nuisance
parameters. To motivate the profile likelihood, we first describe a method to estimate the
parameters (¢, A) in two stages and consider some examples.

Let us suppse that {X;} are iid random variables, with density f(x;,\) where our
objective is to estimate ¢ and A. In this case the log-likelihood is

Lo(,3) = log (X5, \).
i=1

To estimate ¢ and A\ one can use (S\n,zﬁn) = argmax, y L£,(¢, \). However, this can be
difficult to directly maximise. Instead let us consider a different method, which may,
sometimes, be easier to evaluate. Suppose, for now, v is known, then we rewrite the
likelihood as L, (1, A\) = L4(A) (to show that 1 is fixed but A varies). To estimate A we

maximise £, () with respect to A, i.e.
Ay = arg max Ly(N).
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In reality ¢ is unknown, hence for each 1 we can evaluate ;\¢. Note that for each v, we
have a new curve Ly(\) over \. Now to estimate ¢, we evaluate the maximum L (\),
over A, and choose the 1), which is the maximum over all these curves. In other words,

we evaluate

~ ~

), = arg mﬁxﬁw(j\w) = arg Hlj}iXﬁn(iﬁ, Ap).

A bit of logical deduction shows that 1, and A, are the maximum likelihood estimators
(Ans ) = arg maxy » Ln, (10, A).

We note that we have profiled out nuisance parameter A\, and the likelihood /jw(j\w) =
L, (1), \y) is in terms of the parameter of interest 1.

The advantage of this procedure is best illustrated through some examples.

Example 3.1.1 (The Weibull distribution) Let us suppose that {X;} are iid random

a—1

variables from a Weibull distribution with density f(z;a,0) = “5—exp(—(y/0)*). We

know from Ezxample that if a, were known an explicit expression for the MLE can

be derived, it is

~

0, = arg max L.(0)

= argmeaxz; (loga—{—(a—l)logY,-—Ozlog@— (g) )

= —alogh — (2 “) Yy 1/a
s 3 (—atons = (5)7) = (L3
where Lo(X;0) = >0, <10ga + (a—1)logY; — alog — (%)a> Thus for a given «,
the maximum likelihood estimator of 8 can be derived. The mazimum likelthood estimator

of a s

A n 1 n e Y; N
an:argmgxz(loga—l—(a—l)logn—alog(gzn )/ _(<lzn ya)1/a) )
i=1 i=1 n £<i=1 "1

Therefore, the mazimum likelihood estimator of 6 is (£ 37 YA )Yéan - We observe that
evaluating &, can be tricky but no worse than mazximising the likelihood L, (o, 0) over «
and 6.
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As we mentioned above, we are not interest in the nuisance parameters A and are only
interesting in testing and constructing ClIs for ¢. In this case, we are interested in the
limiting distribution of the MLE ),. Using Theorem M(u) we have

N —1
Y= \ p Ly Ty )
(5 ane (=) )

9% log f(X;3,\ 9% log f(X;3,\

E( 02 1oga]:p(gf)f;¢7/\))’ E( 2 logf(Xi;%)\))

where

Ly, I 52

To derive an exact expression for the limiting variance of \/ﬁ(zﬂn — 1)), we use the block

inverse matrix identity.

Remark 3.1.1 (Inverse of a block matrix) Suppose that
A B
C D

A B\ (A—BD'C)"'  —A'B(D-CA'B) o)
¢ D) \ —D'CB(A-BD™'C)! (D — CA'B)~! ' '

18 a square matriz. Then

Using (3.2) we have
Vi, =) S N, Ly = Lpali Tng) - (33)

Thus if ¢ is a scalar we can use the above to construct confidence intervals for .

Example 3.1.2 (Block diagonal information matrix) If
I 0
1. )= " ,
0 Ixn

-~

then using we have
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3.1.2 The score and the log-likelihood ratio for the profile like-
lihood

To ease notation, let us suppose that 1y and \g are the true parameters in the distribution.

We now consider the log-likelihood ratio

2{%%5 (1, X) = maix L (1o, )}, (3.4)

where 1)y is the true parameter. However, to derive the limiting distribution in this case
for this statistic is a little more complicated than the log-likelihood ratio test that does
not involve nuisance parameters. This is because directly applying Taylor expansion does

not work since this is usually expanded about the true parameters. We observe that

2{%%){5”(1#,)\) maxﬁ (%o, )}

_ 9 {%x Lo(0, ) — Lo(to, /\0)} ) {maxz (0, A) — max Ly (v, )\0)}/.

N / N
-~
-

2
Xp+q

X3

It seems reasonable that the difference may be a xg but it is really not clear by. Below,
we show that by using a few Taylor expansions why this is true.

In the theorem below we will derive the distribution of the score and the nested log-

likelihood.

Theorem 3.1.1 Suppose Assumption holds.  Suppose that (g, \o) are the true

parameters. Then we have

OLn(Y,A) Ly (1, A) OLn (¥, A) _
90 — w0 © 90 g Juere = g Juo e ign Trow (3.5)
1 0L, (¢, D _
\/ﬁ 8(¢ )on,ﬁ\wo - N(07 (Iwowo - Illf())\ol)\ol)\o[)\oﬂl}o)) (3'6>
where I s defined as in and
2 Ca ) = Lalin )} B (3.7

where p denotes the dimension of 1. This result is often called Wilks Theorem.
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PROOF. We first prove (3.5)) which is the basis of the proofs of (3.6). To avoid, notational

difficulties we will assume that 65"(7;# 9n(2) | Ay b0 and M"—MJ =)oy e univariate random
variables.
Our objective is to find an expression for %J Aug ot in terms of 2 ”(w J A=Ao,tho and
MJ A=xo,5 Which will allow us to obtain its variance and asymptotlc dlstrlbutlon
Making a Taylor expansion of 2% “(w P Sy o about MJ oo SlVES
b JM,O o a¢ J)\O %o ()‘?bo - )‘O)WJ Ao,%o

Notice that we have used = instead of = because we replace the second derivative

with its true parameters. If the sample size is large enough then 825;%”\”)\0,% ~

E(ﬁ%;éﬁ,/\)hwo); eg. in the iid case we have

1L )
n oMY Ve

0 log f(Xi; ), A)
= Z ONOY J)\oﬂ/io

51 X0,
E( Ogéf)faw L )Jxo,wo) =Dy

Q

Therefore

OLn(¥,A), OLa(¥, A)

TJMO’% ~ TJAWO — n(Ago — Ao) Inp- (3.8)

Next we make a decomposition of (Ay,—Xo). We recall that since £, (¢, Ay, ) = arg maxy Ly, (1o, \)
then

on g =0

(if the maximum is not on the boundary). Therefore making a Taylor expansion of

—85" Yo A)J Auy o about —M”gﬁo”\)J Aowbo B1Ves
OLu(Yo )| Lo N PLaeN), 4
TJM’O’%J ~ TJAOﬂ/)O TJXOMO( Po T 0)'
-0
Replacing %J Ao With Iy gives
0L, (g, A .
%J)\oﬂbo —nlu(Ag, — Ao) &0,
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and rearranging the above gives

]/\)\ 8£ (¢0a )

(g = do) o 22 Z2n 03|, (39)
Therefore substituting (3.9) into gives
aw J)\'(/)O’wO ~ TJN)J/)O - B Jl/}o >\0 >\¢
and thus we have proved .
To prove (3.6) we note that
0L, (1, \) 0L, (o, A) |, _ /
TJJ\%,% ~ TJ%,AO (L —IAAIAM#) : (3'10>

We recall that the regular score function satisfies

1 9L, (1/) )J)\ _ L 8[:713(1217)\” 0,0
\/ﬁ o0 0,%0 \/ﬁ oL

H—JQJJO Ao
Now by substituting the above into (3.10) and calculating the variance gives (3.6)).

) B N0, 1(6y)).

Finally to prove (3.7) we apply the Taylor expansion on the decomposition

2{£n(7gnv 5‘n) - £n<¢0a S\wo)} = 2{£n(¢n> 5‘n) - ﬁn(wm )\0)} - 2{£n(¢0a j\wo) - En(woy )\0)}
~ (0 —00)1(0)(0, — 00) — Mgy — M) DAy, — Xo),  (3.11)

/

where @ = (1), \) (the mle). We now find an approximation of (Ay — o) in terms

0, — 0,). We recall that 0—0)=1 00) VoL, (0)|p—s, therefore
0

OLn (0 -~
ag—w(e) o D e Ya =0 (3.12)
8£a(0) Ly L Ao — A

From and the expansion of M" 9L (9) given in 1-) we have

I)\_)\ 8£n(¢0, )

~ I_ “ .
(Ago — o) n B\ 0.0 & % (Iww — o) + (A — )\o)>
1 N o 1, ~
R Do ($ = %0) + (A =) = — (I3 s, 1) <9n - 90) :

Substituting the above into (3.11)) and making lots of cancellations we have
2{/571(1&7“ An) — L (2o, 5‘1/10)} ~ n( — o) (Ipy — waﬁfmﬁ)@ — o).

Finally, by using 1) we substitute v/n(¢) — 1) 2 N(0, (Lyy — Iyad5 3 Ihg) ™), into the
above which gives the desired result. 0
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Remark 3.1.2 (i) The limiting variance of @/Z)\ — Yo if X were known s ]ww, whereas

AL (Y,N)
2y

variance of \/ﬁ(@ — o) is (Lypy — LMI/\AIM,) L Therefore if 1 and \ are scalars

and the correlation Iy is positive, then the limiting variance of 12 — 1 1s more than

the the limiting variance of JM wo 18 (Tyy — IpnIy Maw) and the limiting

if X were known. This makes sense, if we have less information the variance grows.

(i1) Look again at the expression

0L (¥, A 0L (P, A 0L, s A
%Jﬁ\woﬂbo ~ %Jx\o,wo - Iw],\)\ %JAO,% (3.13)

It is useful to understand where it came from. Consider the problem of linear re-
gression. Suppose X and Y are random variables and we want to construct the

best linear predictor of Y given X. We know that the best linear predictor is
Y(X) = B(XY)/E(X*)X and the residual and mean squared error is

E(XY)
E(X2)

E(XY)
E(X2)

Y -V(X)=Y — X and E(Y - X)2 = E(Y?) — E(XY)E(X?) 'E(XY).

Compare this expression with (3.15). We see that in some sense a(:pb )‘)J Ay b €O

be treated as the residual (error) of the projection of %ﬁ’)‘” Nowtbo OTEO MZMJ

Aoso -

3.1.3 The log-likelihood ratio statistics in the presence of nui-

sance parameters

Theorem can be used to test Hy : 1) = 1)y against H, : 1 # 1y since
2{ r?l}axﬁ n(, ) — maxﬁ (o, )} K X;.

The same quantity can be used in the construction of confidence intervals By using ({3.7))
we can construct CIs. For example, to construct a 95% CI for ¢ we can use the mle
0, = (zﬁn, 5\,1) and the profile likelihood 1' to give

{oaf o) - w0} < 099}

Example 3.1.3 (The normal distribution and confidence intervals) This example
is taken from Davidson (2004), Example 4.51, p129.
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We recall that the log-likelihood for {Y;} which are iid random variables from a normal
2

distribution with mean p and variance o= is
£al11.0%) = £y(0%) =~ S (V= 1 = 2o
e a 202 ‘ 2 '

i=1

Our atm is to the use the log-likelihood ratio statistic, analogous to Section to con-
struct a CI for p. Thus we treat o* as the nuisance parameter.
Keeping 1 fized, the mazimum likelihood estimator of o is 02(p) = 2 >0 (V; — p)2.

Rearranging 0*(u) gives

where t2 () = n(Y —p)?/s* and s* = 2= 30 (Y;—Y)2. Substituting 52(p) into L, (11, 0?)
gives the profile likelihood

3

—1 n
~2 — Y . 2 __1 ~2
Lo, (1)) 20,0 i:1( i — ) 5 loga ()
—n)2

o, a1, B

It is clear that L, (11, 5%(1)) is mazimised at i =Y. Hence

Thus the log-likelihood ratio is

Wa(n) = 2 {L(1,5%(1) = La(,5% (1))} = nlog (1 * %) |

[\

-~

D
—)x% for true

Therefore, using the same argument to those in Section the 95% confidence interval

for the mean is

{2 {L0(1,5° (1) = Lo, 5°(0)}} = {1 Walp) < x3(0.95)}
= {u;nbg (1 + ;"(—”i) < X?(0-95)} :
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However, this is an asymptotic result. With the normal distribution we can get the exact
distribution. We note that since log is a monotonic function the log-likelihood ratio is

equivalent to

{1 %(n) < Ca},

where Cy,, is an appropriately chosen critical value. We recall that t,(p) is a t-distribution
with n — 1 degrees of freedom. Thus C,, is the critical value corresponding to a Hotelling

T2-distribution.

Exercise 3.1 Derive the x? test for independence (in the case of two by two tables) using

the log-likelihood ratio test. More precisely, derive the asymptotic distribution of

O, — E,)? Oy — E5)? O3 — E3)? Oy — Ey)?

O =E? (0= B (0= Baf | (01— En?
Ey Ey Ey Ey

under the null that there is no association between the categorical variables C' and R,

where and Fy = ng xny /N, Ey =nyxXni/N, E3 =n3z xXny/N and Ey = ng X ny/N. State

T —

Cy | Cy | Subtotal
R O; | Oy nq
Ry O3 | Oy4 o
Subtotal | n3 | ny N

all results you use.

Hint: You may need to use the Taylor approzimation xlog(x/y) ~ (x—y)+5(x—y)?/y.

Pivotal Quantities

Pivotal quantities are statistics whose distribution does not depend on any parameters.
These include the t-ratio t = v/n(X —p)/s, ~ t,_1 (in the case the data is normal) F-test
etc.

In many applications it is not possible to obtain a pivotal quantity, but a quantity can
be asymptotically pivotal. The log-likelihood ratio statistic is one such example (since its
distribution is a chi-square).

Pivotal statistics have many advantages. The main is that it avoids the need to
estimate extra parameters. However, they are also useful in developing Bootstrap methods

ete.
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3.1.4 The score statistic in the presence of nuisance parameters

We recall that we used Theorem m to obtain the distribution of 2{ maxy y Ln (1, \) —
maxy L, (Yo, /\)} under the null, we now consider the score test.

We recall that under the null Hy : ) = g the derivative 22424 [{ =0, but the
0’ R
f %&f”’\)j A 0 However, if the null were true we would expect Ay, to
07

be close to the true Ag and for 85%(;#9\) |

showed in (3.6)), where we showed that under the null

_120L, (W0, N)
1/2
n —31/)

same 1s not true o

Sy by 1O be close to zero. Indeed this is what we
P Y0

D —
Jj‘wo — N(O’ LZ”Z’ - L/’)‘I)\,/l\]%df)a (314)

where Ay, = argmaxy L, (1o, A).
Therefore (3.14)) suggests an alternative test for Hy : 1 = 1) against Hy : ¢ # 1. We

can use —=2£ ”(w”\)J 5 as the test statistic. This is called the score or LM test.
\/ﬁ o /\7,00

The log-likelihood ratio test and the score test are asymptotically equivalent. There

are advantages and disadvantages of both.

(i) An advantage of the log-likelihood ratio test is that we do not need to calculate the

information matrix.

(ii)) An advantage of the score test is that we do not have to evaluate the the maximum

likelihood estimates under the alternative model.

3.2 Applications

3.2.1 An application of profiling to frequency estimation

Suppose that the observations {X;;t = 1,...,n} satisfy the following nonlinear regression

model
Xi = Acos(wt) + Bsin(wt) + ¢;

where {e;} are iid standard normal random variables and 0 < w < 7 (thus allowing the
case w = 7/2, but not the end points w = 0 or 7). The parameters A, B, and w are real
and unknown. Full details can be found in the paper http://www. jstor.org/stable/
pdf/2334314.pdf (Walker, 1971, Biometrika).
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(i) Ignoring constants, obtain the log-likelihood of {X;}. Denote this likelihood as
L,(A, B,w).

(ii) Let

Sn(A, Bw) = (Z X} -2 Z X (Acos(wt) + Bsin(wt)) — %n(A2 + BZ))

t=1 t=1

Show that

2 p2y " n
2L, (A, B,w) + Sn(A, B,w) = A =B Z cos(2tw) + AB Z sin(2tw).

2
t=1 t=1
Thus show that |£,(A, B,w) 4+ 3S,(4, B,w)| = O(1) (ie. the difference does not

grow with n).

Since L, (A, B,w) and —%Sn(A, B, w) are asymptotically equivalent, for the rest of
this question, use _TIS,L(A, B, w) instead of the likelihood L, (A, B,w).

(iii) Obtain the profile likelihood of w.
(hint: Profile out the parameters A and B, to show that &, = arg max,, | >, X; exp(itw)[?).

Suggest, a graphical method for evaluating @,

(iv) By using the identity

exp(3i(n+1)Q) sin(4nQ) 0<Q<2r

> " exp(iQt) = sin(32) (3.15)
—1 n Q=0 or 27.

show that for 0 < ) < 27 we have

D teos(Qt) =O0(n) Y tsin(Qt) = O(n)
Zt2 cos(Qt) = O(n?) ZtQ sin(Qt) = O(n?).

(v) By using the results in part (iv) show that the Fisher Information of £, (A, B,w)
(denoted as I(A, B,w)) is asymptotically equivalent to

n 0 2B+ O(n)
S, 2
QI(AaBaw)IE(W)I 0 2 —5A+0(n)
B+0(n) —2A+0(n) %(A2+ B?) +0(n?)



(vi) Derive the asymptotic variance of maximum likelihood estimator, @,, derived in

part (iv).

Comment on the rate of convergence of w,,.

Useful information: The following quantities may be useful:

n ntirnlind) < g < o7
Y explit) = e Q=0or?2 o
> n =0 or 2.

the trignometric identities: sin(29) = 2sinQcosQ, cos(2Q) = 2cos?(Q) —1 = 1—2sin* Q,
exp(if2) = cos(2) + i sin(2) and

Zt:n(n+1) Ztg (2n+1)
2

Solution

Since {¢;} are standard normal iid random variables the likelihood is

L, (A B,w) = —% Z(Xt — Acos(wt) — Bsin(wt))?.

t=1

If the frequency w were known, then the least squares estimator of A and B would be

(3)-(s) 2Ee ()

where x; = (cos(wt),sin(wt)). However, because the sine and cosine functions are near

orthogonal we have that n™' Y 7" | xjx; ~ I, and

A RS cos(wt)
< B ) - ﬁ;Xt ( sin(wt) ) 7
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which is simple to evaluate! The above argument is not very precise. To make it precise

we note that
—2L,(A, B,w)

— i X2 -2 i X;(Acos(wt) + Bsin(wt))

t=1 t=1

+A? Z cos? (wt) + B? Z sin®(wt) + 2AB Z sin(wt) cos(wt)

t=1 t=1 t=1

= Z X2 -2 Z X (Acos(wt) + Bsin(wt)) +
t=1 t=1

%2 Y (14 cos(2tw)) + 372 i(l — cos(2tw)) + AB i sin(2tw)

t=1 t=1 t=1
= ZXE -2 Z X (Acos(wt) + Bsin(wt)) + g(A2 + B?) +
t=1 t=1

n n

@ Z COS(QtCU) + AB Z Siﬂ(?t&))

t=1 t=1

= S.(A, B,w) + M 2”: cos(2tw) + AB z”: sin(2tw)

2
t=1 t=1

where
S,.(A, B,w) = E X2—2E X (Acos(wt) + Bsin(wt —|——n A% + B%).
( ) — t — t( ( ) ( )) 2( )

The important point abut the above is that n™'S,, (A4, B,w) is bounded away from zero,

however n~' Y7 | sin(2wt) and n=! 3" | cos(2wt) both converge to zero (at the rate n™*,

though it is not uniform over w); use identity (3.16). Thus S,(A, B,w) is the dominant
term in £, (A, B,w);

—2L,(A,B,w) = Su(A B,w)+O(1).

Thus ignoring the O(1) term and differentiating S,,(A, B,w) wrt A and B (keeping w

fixed) gives the estimators

Aw) 1 & cos(wt)
~ - — Xt .
( B(w) ) n ; ( sin(wt) )
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Thus

we have “profiled out” the nuisance parameters A and B.

Using the approximation Sn(;ln(w), B, (w),w) we have

L(Au0), Buw)w) = 5 8,(w) +00),

Sy(w) = (Z)@ —2 th ) cos(wt) + B(w) sin(wt)) + g(A\n(w)Q + B(@?))

Thus

Thus

which

(iv)

_ (ZX2—3{ w)? +§n(w)2D.

~ ~ -1
argmax L, (A, (w), By(w),w) =~ argmaxTSp(w)

~ ~

= argmax {An(w)2 + B, (w)?|.

O, = arg mgx(—1/2)8p(w) = arg max (A\n(w)z + B, (w)?)

= argmax | Z X, exp(itw) |2,

t=1

is easily evaluated (using a basic grid search).

Differentiating both sides of (3.15) with respect to {2 and considering the real and
imaginary terms gives » . tcos(Qt) = O(n) .7, tsin(Qt) = O(n). Differenti-
ating both sides of (3.15]) twice wrt to € gives the second term.

In order to obtain the rate of convergence of the estimators, @, /Al(@), B (W) we eval-
uate the Fisher information of £, (the inverse of which will give us limiting rate
of convergence). For convenience rather than take the second derivative of £ we
evaluate the second derivative of S,,(A, B,w) (though, you will find the in the limit
both the second derivative of £, and S, (A, B,w) are the same).

Differentiating S, (A, B,w) = (Y X?—2>"1, Xi (A cos(wt)+B sin(wt))+3n(A*+
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B?)) twice wrt to A, B and w gives

% = —Qtzn;Xt cos(wt) + An
% = —Qtzn;Xt sin(wt) + Bn
%i =2 Z AXitsin(wt) — 2 ; BXt cos(wt).
and G = n, Gk = n, Fiok = 0,
6?:‘;74 =2 g Xt sin(wt)
;jg}; = —2 tzn; Xyt cos(wt)
?925271 =2 i 1 X, (A cos(wt) + Bsin(wt)).

t=1

Now taking expectations of the above and using (v) we have

E(aa:gzl) = 2 g tsin(wt) (A cos(wt) + Bsin(wt))
= 2B i tsin®(wt) + 2 i At sin(wt) cos(wt)
=1 t=1
= B it(l — cos(2wt)) + Aitsin@wt) = WB +0(n) = B%Q + O(n).
=1 —
Using a similar argument we can show that E(8 ) = —A%Q + O(n) and

2
E(%;n) = 22t2(Acos(wt ) + B sin( wt)

t=1

= (4 +B?

(n+1)6(2n~|—1)+ O(n?) = (A% + B2 /3 + O(n?).

Since E(—V?2L,) ~ $E(V2S,), this gives the required result.
(vi) Noting that the asymptotic variance for the profile likelihood estimator @,

-1
(Iw,w - [w,(AB)I,Z}BI(BA),w) )
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by subsituting (vi) into the above we have

A% 4 B?
2 (—+

-1
G n® + O(n2)) ~ ( 12

A2 4+ B?)n?
Thus we observe that the asymptotic variance of @, is O(n™?).

Typically estimators have a variance of order O(n™!), so we see that the estimator
wy, converges to to the true parameter, far faster than expected. Thus the estimator

is extremely good compared with the majority of parameter estimators.

Exercise 3.2 Run a simulation study to illustrate the above example.

Evaluate I,(w) for allwy, = 22£ using the ££t function in R (this evaluates {3}, ng”%}}g:l),
then take the absolute square of it. Find the maximum over the sequence using the function
which.max. This will estimate &,. From this, estimate A and B. However, @, will only
estimate w to O,(n™1), since we have discretized the frequencies. To improve on this, one
can use one further iteration see http: //www. jstor. org/stable/pdf/ 2334314 . pdf
for the details.

Run the above over several realisations and evaluate the average squared error.

3.2.2 An application of profiling in survival analysis

This application uses some methods from Survival Analysis which is covered later in this
course.

Let T; denote the survival time of an electrical component (we cover survival functions
in Chapter [6.1). Often for each survival time, there are known regressors z; which are

believed to influence the survival time 7;. The survival function is defined as
P(T; >t)=Fi(t) t>0.

It is clear from the definition that what defines a survival function is that JF;() is positive,

Fi(0) =1 and F;(o0) = 0. The density is easily derived from the survival function taking

Y210
dt

To model the influence the regressors have on the survival time, the Cox-proportional

the negative derivative; f;(t) =

hazard model is often used with the exponential distribution as the baseline distribution
and ¥(z;; B) is a positive “link” function (typically, we use ¥ (z;; 5) = exp(Sx;) as the link

function). More precisely the survival function of 7; is

Fi(t) = ]:O(t)iﬁ(:m;ﬁ)’
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where Fy(t) = exp(—t/#). Not all the survival times of the electrical components are
observed, and there can arise censoring. Hence we observe Y; = min(7}, ¢;), where ¢; is
the (non-random) censoring time and d;, where §; is the indicator variable, where §; = 1
denotes censoring of the ith component and d; = 0 denotes that it is not censored. The

parameters [ and 6 are unknown.

(i) Derive the log-likelihood of {(Y;,d;)}.

(i) Compute the profile likelihood of the regression parameters (3, profiling out the
baseline parameter 6.

Solution
(i) The survivial function and the density are
flt) = e LR} fol) and - Fife) = Fofe) .

Thus for this example, the logarithm of density and survival function is

log fi(t) = log®(xi; B) — [¢(x:; 8) — 1] Fo(t) + log fo(t)
= log (i 6) — [(wB) 1] ~logh— 7

log Fi(t) = (xi;B)log Fo(t) = —(xi; B)

|+

Since

fy = | 500 =@ LR ) =0
1\J1y Y1 ./—-;(yz) — fo(t)w(xhﬁ) 61 _ 1
the log-likelihood of (3, 6) based on (Y;,d;) is

n

L,(8,0) = Z(l — 0i){ log ¥ (ws; B) +log fo(Vi) + (¢ (ws; B) — 1) log Fo(Yi) } +

=1

Z 8 { W (xs; B) log Fo(Yr) }

= 31-a) (logv(e8) ~ o0 5 — (wla) - 1Y)

i=1

- Yi

- Z 050 (w3 B)g
i=1

n

= Z(l — 61){ log ¥ (x;; B) — log 6’} - Z¢($i;5)

=1

>~<

7

|
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Differentiating the above wrt 8 and 6 gives

oL - v Vips(zi; B)
=1
oL

= a-a{- 5} + Z@b(xi;ﬁ)e—é

which is not simple to solve.

le"<

Instead we keep [ fixed and differentiate the likelihood with respect to 6 and equate

to zero, this gives

oL, - Y
g = 2= gh+ ey

i=1
and
>oic (i B)Y;

Z?:l(l - 51’) .
This gives us the best estimator of # for a given 3. Next we find the best estimator
of #. The profile likelihood (after profiling out 0) is

0(8) =

n n

(p(B) = L, (8,0(8)) = Za —6){ log¥(x;; B) —log ()} — Z@b(xi;m%.

Hence to obtain the ML estimator of § we maximise the above with respect to 3,
this gives us 3. Which in turn gives us the MLE /9\(3)

3.2.3 An application of profiling in semi-parametric regression

Here we apply the profile “likelihood” (we use inverted commas here because we do not

use the likelihood, but least squares instead) to semi-parametric regression. Recently this

type of method has been used widely in various semi-parametric models. This application

requires a little knowledge of nonparametric regression, which is considered later in this

course. Suppose we observe (Y;, U;, X;) where

Y; = BXi + o(Us) + &,

(X;, U, &;) are iid random variables and ¢ is an unknown function. Before analyzing the

model we summarize some of its interesting properties:
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e When a model does not have a parametric form (i.e. a finite number of parameters
cannot describe the model), then we cannot usually obtain the usual O(n~'/2) rate.
We see in the above model that ¢(-) does not have a parametric form thus we cannot

expect than an estimator of it /n-consistent.

e The model above contains $X; which does have a parametric form, can we obtain

a y/n-consistent estimator of 57

The Nadaraya-Watson estimator

Suppose
Yi =¢(U:) + ¢,

where U;, ; are iid random variables. A classical method for estimating ¢(-) is to use the
Nadarayan-Watson estimator. This is basically a local least squares estimator of ¢(u).
The estimator qAﬁn(u) is defined as

~ B . 1 u—"U; o 2 iWh(u—U)Y;
On(u) = argmalnzi:gW< b )(Yz‘—a) = Ziml;b(u—Ui)

where W(-) is a kernel (think local window function) with [ W(z)dz = 1 and W(u) =
bW (u/b) with b — 0 as n — oo; thus the window gets narrower and more localized
as the sample size grows. Dividing by >, Wy(u — U;) “removes” the clustering in the
locations {U;}.

Note that the above can also be treated as an estimator of

E(Y|U = u) = / yfio(ylu)dy / yf;—(%))dy = (),

where we replace fyy and fy with
fY,U(ua y) = — Z dy; (Y)Wy (u — Uy)

fol) = -3 Wiu=0i),
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with dy (y) denoting the Dirac-delta function. Note that the above is true because

Mdy - / yfyo(y, u)dy
R

R J?U(U) fu(u)
- fl(u) [ 5 3 v Wi = U dy
1 1< 2 Wi(u — U3)Y;
= =——— ) Wy(u—U) [ ydy,(y)dy = = AN
fuu) bn i=1 \_/R —_— 22 Wilu = Ui)

=Y,
The Nadaraya-Watson estimator is a non-parametric estimator and suffers from a far

slower rate of convergence to the non-parametric function than parametric estimators.

This rates are usually (depending on the smoothness of ¢ and the density of U)
~ 1
2 4
n(u) — =0,| —+0b"|.
) — 600 = 0, (- +11)

Since b — 0, bn — oo as n — oo we see this is far slower than the parametric rate
O,(n~1/2). Heuristically, this is because not all n observations are used to estimate ¢(-)

at any particular point u (the number is about bn).

Estimating $ using the Nadaraya-Watson estimator and profiling

To estimate 3, we first profile out ¢(+) (this is the nuisance parameter), which we estimate

as if § were known. In other other words, we suppose that 3 were known and let
Yi(B) =Y, — BX; = o(Us) + &,

We then estimate ¢(-) using the Nadaraya-Watson estimator, in other words the ¢(-)

which minimises the criterion

¢,6(U) = arg mamz Wb(u _ Ui)(Y;(ﬁ) . a)z _ ZZ Wb(u — Ui)}g(ﬂ)

- > Wi(u —U;)
> Wi(u—Uy)Y: 5Zi Wy (u — U;) X;
i Wi(u —Uy) 2 i Wi(u—Uj)
— Gylu) — BHy(u), (3.17)

where

_ ZZ Wb(u - Uz)Y; . ZZ Wb(u — UZ-)Xi
Go(u) = S Wy(u—U) and Hy(u) = :




Thus, given 3, the estimator of ¢ and the residuals ¢; are

~

¢p(u) = Go(u) — BHy(u)
and
Es = Yi— BX; — ¢p(Uy).
Given the estimated residuals Y; — SX; — (/gﬁ(Uz-) we can now use least squares to estimate
coefficient 5. We define the least squares criterion
L.(8) = Y (Y- BXi— dp(Uy)’

= Y (Vi - BX; — Gy(U;) + BH(U)))”
= 3 (Yi— Gy(Uh) = BIXi — Hy(U)])*.
Therefore, the least squares estimator of 3 is
5 Y= GUUIILY: — Hy(U)
’ >l X — Hy(Uy)]?
Using (1 we can then estimate (3.18). We observe how we have the used the principle of

profiling to estimate the unknown parameters. There is a large literature on this, including

Wahba, Speckman, Carroll, Fan etc. In particular it has been shown that under some
conditions on b (as T'— o), the estimator Bb;p has the usual \/n rate of convergence.

It should be mentioned that using random regressors U; is not necessary. It could
be that U; = % (observations lie on a on a grid). In this case n™' >, Wy(u — i/n) =
LS W) = o7 [W(5E)da + O((bn)™Y) = 1+ O((bn)™") (with a change of

variables). This gives

 aem i s X Wi — 2)Yi(9)
dalt) = argain 3T Wilu - DO - = SEEE e

= Gy(u) — BHp(u), (3.18)
where
Gy(u) = Z Wiy(u — %)y;- and  Hy(u) = Z Wiy(u — %)Xi.

Using the above estimator of ¢(-) we continue as before.
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Chapter 4
Non-standard inference

As we mentioned in Chapter [2| the the log-likelihood ratio statistic is useful in the context
of statistical testing because typically it is “pivotal” (does not depend on any nuisance)
under the null hypothesis. Typically, the log-likelihood ratio statistic follows a chi-square
distribution under the null hypothesis. However, there are realistic situations where the
this statistic does not follow a chi-square distribution and the purpose of this chapter is
to consider some of these cases.

At the end of this chapter we consider what happens when the “regularity” conditions

are not satisfied.

4.1 Detection of change points

This example is given in Davison (2004), pages 141, and will be considered in class. It is

not related to the boundary problems discussed below but none the less is very interesting.

4.2 Estimation on the boundary of the parameter

space

In this section we consider the distribution of parameters which are estimated on the

boundary of the parameter space. We will use results from Chapter 2.
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4.2.1 Estimating the mean on the boundary

There are situations where the parameter to be estimated lies on the boundary (or very,
very close to it). In such cases the limiting distribution of the the parameter may not be
normal (since when we maximise the likelihood we do so over the parameter space and
not outside it). This will not impact Wald based tests (by much), but it will have an
impact on the log-likelihood ratio test.

To understand the changes involved, we start with a simple example.

Suppose X; ~ N (p, 1), where the mean p is unknown. In addition it is known that
the mean is non-negative hence the parameter space of the mean is © = [0,00). In this
case X can no longer be the MLE because there will be some instances where X < 0. Let
us relook at the maximum likelihood on the restricted parameter space

-1
An = ﬁn - - Xz - 2‘
fin = argmax (1) = arg max — ;1( 1)

Since L, (u) is concave over pu, we see that the MLE estimator is

ﬂn:{

Hence in this restricted space it is not necessarily true that 856#(“)] in 7 0, and the usual
ILL n

o X
><' :><1\

>0
< 0.

Taylor expansion method cannot be used to derive normality. Indeed we will show that
it is not normal.

We recall that /7(X — p) = N(0, (1)) or equivalently \%%ﬁjx B N0, I(p)).
Hence if the true parameter ;1 = 0, then approximately half the time X will be less than
zero and the other half it will be greater than zero. This means that half the time /i, =0
and the other half it will be greater than zero. Therefore the distribution function of fi,

is

P(v/nfi, < x) = P(v/nfi, =0 or 0 < v/nji, < x)
0 <0
R~ 1/2 r=0,
1/24+P0< /nX <z2)=d(nX <z) 2>0

where ® denotes the distribution function of the normal distribution. Observe the distri-

bution of v/nX is a mixture of a point mass and a density. However, this result does not
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change our testing methodology based on the sample mean. For example, if we want to
test Hy : =0 vs Hu : pu > 0, the parameter space is [0, 00), thus we use the estimator

i, and the p-value is

-0 (\/E//Zn)a

which is the p-value corresponding to the one-sided test (using the normal distribution).
Now we consider using the log-likelihood ratio statistics to test the Hy : u = 0 vs

Hy : > 0 (parameter space is [0,00)). In this set-up the test statistic is

W, =2 {arg max L,(u) — En(O)} = 2{L,,(fin) — L,(0)}.

1E[0,00)

However, since the derivative of the likelihood at ji,, is not necessarily zero, means that
W will not be a standard chi-square distribtion. To obtain the distribution we note that
likelihoods under p € [0,00) and = 0 can be written as
- RS £ N2 1 o
Ln(fin) = D) Z(Xz — fin) L£,(0) = _ézXz
i=1

=1

Thus we observe that when X < 0 then £,(j1,) = £,(0) and

IN

)

0 /2
> 0)

/2

Y

1
1

S

Hoall) =4O} =\ % x50 P

{ 0 X<0 P

the above probabilities are exact since X is normally distributed. Hence we have that

P<2{£n(ﬂn) - En(o) < l')
= P2{L.(f1n) — L,(0)} < z|X <0)P(X <0)+ P2{Ly(tn) — L,(0)} < z|X > 0)P(X > 0).

Now using that



and P(y/nX < 0) =1/2, gives

0 <0
P2{L,(f1n) — L,(0)} <z) = 1/2 z=0
1/2+3P(n|X]*<z) >0
Therefore
. 1 1 9 1, 1,
P(Q{ﬁn(“n) - En(())} <w)= B} + §P(X <z)= 5 X0 + S X1

where we use the x2 notation to denote the point mass at zero. Therefore, suppose we
want to test the hypothesis Hy : © = 0 against the hypothesis H4 : p > 0 using the log
likelihood ratio test. We would evaluate W, = 2{L,(fi,) — £,(0)} and find the p such
that

1 1
S+ -PW,<xj)=1-p.
5 + 5 ( <xi) p
This is the p-value, which we then use to make the decision on the test.

Remark 4.2.1 FEssentially what has been done is turned the log-likelihood test for the

mean, which s a two-sided test, into a one-sided test.

(i) It is clear that without a boundary testing Hy : =0 against Hy : pn # 0 the LLRT

15 simply
2{L0(X) ~ La(0)} =n|X* 5 .

under the null.

Ezxample, n = 10 and x = 0.65 the p-value for the above hypothesis is

P (W, >10x (0.65)*) = P (xi> 10 x (0.65)%)
= 1-P(x]<42)=1-0.96 = 0.04.

The p-value s 4%.

(ii) On the other hand, to test Hy : u = 0 against the hypothesis Ha : > 0 we use

1 1
2{Lalin) = La(0)} 3 5+ 2x1.
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Example: Using the same data, but the one-sided test we have

P (W, >10 x (0.65)°) = 1—P (W, <10 x (0.65)°)

1

= 1-— <— + lp (X7 <10 x (0.65)2)) = - (1-P(xi <4.2)) =0.02.

1
2 2 2
The p-value is 2%. Thus, as we would expect, the result of the one-sided test simply

gives half the p-value corresponding to the two-sided test.

Exercise 4.1 The survivial time of disease A follow an exponential distribution, where
the distribution function has the form f(x) = AX~'exp(—xz/)). Suppose that it is known

that at least one third of all people who have disease A survive for more than 2 years.

(i) Based on the above information obtain the appropriate parameter space for X. Let
Ap denote the lower boundary of the parameter space and © = [Ag,00) and the

corresponding parameter space.
(i) What is the mazimum likelihood estimator of Xn = arg maxyeo L, ().

(i1i) Derive the sampling properties of maximum likelihood estimator of \, for the cases

)\:)\B and/\>)\B.

(iv) Suppose the true parameter is \g derive the distribution of 2lmaxpee L, (N)—L,(AB)].

4.2.2 General case with parameter on the boundary

It was straightfoward to derive the distributions in the above examples because a closed
form expression exists for the estimator. However the same result holds for general max-
imum likelihood estimators; so long as certain reqularity conditions are satisfied.

Suppose that the log-likelihood is £, (6), the parameter space is [0, 00) and

0, = arg max L,(6).

We consider the case that the true parameter 6y = 0. To derive the limiting distribution

we extend the parameter space O such that 6o = 0 is an interior point of O. Let

0, € argmax L,,(f),
€O
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Figure 4.1: A plot of the likelihood for large and small n. For large n, the likelihood tends
to be concave about the true parameter, which in this case is zero. This means that if
the true parameter is = 0, then for large enough n, there is a 50% chance 5n is less than

zero and 50% chance /H\n that greater than zero.

this is the maximum likelihood estimator in the non-constrained parameter space. We as-
sume that for this non-constrained estimator /n(6, — 0) AN (0,1(0)~!) (this needs to be
verified and may not always hold). This means that for sufficiently large n, the likelihood
will have a maximum close to 0 and that in the neighbourhood of zero, the likelihood is
concave (with only one maximum). We use this result to obtain the distribution of the

restricted estimator. The log-likelihood ratio involving the restricted estimator is

W, = 2 (argee[o,oo) Ln(e) - £n(0))
— 9 (zn@) - £n(0)) .
Roughly speaking §n can be considered as a “reflection” of 5n ie. if gn < 0 then @\n =0
else §n =40, (see Figure (since for a sufficiently large sample size, if 0, < 0, then the
maximum within [0, co) will lie at zero). We use this principle to obtain the distribution
of W,, by conditioning on O,
P (W, <x)=P(W, < z|8, <0)P(6, <0)+ P(W, < |, > 0)P(, > 0).

Now using that \/nf, 2 N(0,1(0)7!) and that £, (6) is close to concave about its max-

imum thus for gn < 0 we have W,, = 0, and we have a result analogous to the mean
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case

1 ~ 1 ~ 11
PW,<z) = §P(Wn <zl0, <0)+ §P(Wn <zl0, >0) = 3 EX%'

The precise argument for the above uses a result by Chernoff (1954), who shows that

W, 2 max [—(Z — 0)I(0)(Z — 0)] + ZI(0)Z + 0,(1), (4.1)

0€[0,00)

where Z ~ N(0,1(0)7!) (and is the same for both quadratic forms). Observe that when
Z < 0 the above is zero, whereas when Z > 0 maxgejo,o0) [—(Z — 0)I(0)(Z — 6)] = 0 and
we have the usual chi-square statistic.

To understand the approximation in we return to the log-likelihood ratio and add
and subtract the maximum likelihood estimator based on the non-restricted parameter

space )

2 lgleag L, (0) — zn(eo)] —9 [max £,(0) — max ﬁn(e)] +9 lmagi L,(0) — zn(aoy%m)

0cO 0cO 0O

Now we do the usual Taylor expansion about gn (which guarantees that the first derivative

is zero) for both terms to give

2 [?Eag L,(0) - cn(eo)}
- -n (e”n . @) 1(6,) (5n - é;) +n (5n - 90) 1(60) (ﬁn - 00) +o,(1)
= n ([é; - 90} - [én - 90]) 1(60) ([é; - 90} . [én - 90]) +n (é’n - 90) 1(6) (é’n . 90) .

We recall that asymptotically v/n (5n — 90> ~ N(0,1(6p)7"). Therefore we define the
random variable y/n (571 — 90> ~ 7 ~ N(0,1(0)~") and replace this in the above to give

2 £0(Ba) — La(60)]
o _ <Z /2 [én - QOD 1(6,) (Z /2 [@; - BOD + ZI(00)Z.
Finally, it can be shown (see, for example, Self and Liang (1987), Theorem 2 or Andrews
(1999), Section 4.1) that \/ﬁ(@\n —0y) € © — 0y = A, where A is a convex cone about 6

(this is the terminology that is often used); in the case that © = [0,00) and 6y = 0 then
\/ﬁ(é\n —6y) € A =[0,00) (the difference can never be negative). And that the maximum
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likelihood estimator is equivalent to the maximum of the quadratic form over O i.e.

2 [cn@) - .cn(eo)] L (z s [92 - 90}) 1(60) (z s [én - GOD v Z1(60)7

0cOe

= —(Z—=0)1(00)(Z —0)+ Z1(0y)Z
969_9?:%(})(’00):@ ( ) (0)( )+ (0) ,

which gives (4.1).

Example 4.2.1 (Example 4.39 (page 140) in Davison (2002)) In this example Davi-
son reparameterises the t-distribution. It is well known that if the number of degrees of
freedom of a t-distribution is one, it is the Cauchy distribution, which has extremely thick
tails (such that the mean does not exist). At the other extreme, if we let the number of
degrees of freedom tend to oo, then the limit is a normal distribution (where all moments

exist). In this example, the t-distribution is reparameterised as

—1 _(a)y—1
F[(H—;ﬁ )]w1/2 (1+ ¢(y—ﬂ)2) (p=1+1)/2

(0'27T)1/2F<%) o2

fysp, 0, 0) =

It can be shown that limy1 f(y; u, 0%,¢) is a t-distribution with one-degree of freedom
and at the other end of the spectrum lim,_o f(y; p, 02,%) is a normal distribution. Thus
0 < ¥ <1, and the above generalisation allows for fractional orders of the t-distribution.

In this example it is assumed that the random variables {X;} have the density f(y; u, 0% 1),
and our objective is to estimate 1, when b — 0, this the true parameter is on the bound-
ary of the parameter space (0, 1] (it is just outside it!). Using similar, arguments to those
giwen above, Davison shows that the limiting distribution of the MLE estimator is close

to a mizture of distributions (as in the above example).

Testing on the boundary in the presence of independent nuisance parameters

Suppose that the iid random variables come from the distribution f(x;0,1), where (0, )
are unknown. We will suppose that 6 is a univariate random variable and ¥ can be
multivariate. Suppose we want to test Hy: 0 = 0 vs Hy : 6 > 0. In this example we are

testing on the boundary in the presence of nuisance parameters .
Example 4.2.2 Ezamples include the random coefficient regression model
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where {(Y;, X;)}1, are observed variables. {(n;,&;)}1, are independent zero mean random

vector, where var((mi,e;)) = diag(oy, o2

model is a classical regression model of the type

). We may want to test whether the underlying

}/; - O{XZ +€’i7

vs the random regression model in . This reduces to testing Hy : 02 =0ws Hy: 0,27 >
0.

In this section we will assume that the Fisher information matrix associated for the
mle of (6,1)) is block diagonal i.e. diag(/(f),I(¢)). In other words, if we did not constrain

the parameter space in the maximum likelihood estimation then

On

\/ﬁ< Jn:i ) BN (0, diag(1(6), T(1)))

The log-likelihood ratio statistic for testing the hypothesis is

WTL:2 En 0; - En 07
Ler[gggg? . (6,1) max (0,1)

Now using the heuristics presented in the previous section we have
P (W, <z)=P(W, < |, <0)P(6, <0)+ P(W, <z|d, > 0)P(f, > 0).

The important observation is that because (5,1,7:571) are asymptotically independent of
each other, the estimator of gn has no influence on the estimate of Jn Thus the estimator

of v conditional on @L = 0 will not change the estimator of ¢ thus

2 - max L, (0,¢) — meﬁn(O,w)] ‘571 <0

_96 [0700)7w

-~

= 2| max ,cn(e,zﬁ) —mﬁxﬁn(o,dz)} ‘gn <0

| 0€[0,00).¢

= 2(L£,(0,%) —mfx,cn(o,@z))] = 0.
This gives the result

1 ~ 1 ~ 1 1
P(W,<z) = §P(Wn <zlf, <0)+ §P(Wn < xld, >0) = 5t 5)&
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4.2.3 Estimation on the boundary with several parameters when

the Fisher information is block diagonal

In the following section we summarize some of the results in Self and Liang (1987).

One parameter lies on the boundary and the rest do not

We now generalize the above to estimating the parameter 0 = (04,62, ...,0,+1). We start
by using an analogous argument to that used in the mean case and then state the precise
result from which it comes from.

Suppose the true parameter #; lies on the boundary, say zero, however the other pa-
rameters 0y, ...,0,41 lie within the interior of the parameter space and the parameter
space is denoted as ©. Examples include mixture models where 6 is the variance (and
cannot be negativel). We denote the true parameters as 6y = (619 = 0,650, ..., 0,410). Let
L, (6) denote the log-likelihood. We make the informal assumption that if we were to ex-
tend the parameter space such that 8, = 0 were in the interior of this new parameter space
O ie. (610 =0,0,...,0,110) = (610,08
then

) € int(8), and § = (6,,0,) = argmax,.g L (0)

=p

01, — o D I1(60) 0 B
‘/ﬁ(é —0 >_>N 0’( 0 J,,p(eo))

Zpn  Zp0
It is worth noting that the block diagonal nature of the information matrix assumes that
the two sets of parameters are asymptotically independent. The asymptotic normality
results needs to be checked; it does not always hold. Let §n = arg maxgeo L£,(0) denote
the maximum likelihood estimator in the restricted parameter space (with the cut off at
zero). Our aim is to derive the distribution of
W, =2 <r51€a@x£n(9) — En(ﬁo)) :
We use heuristics to obtain the distribution, by conditioning on the unrestricted estimator

gn (we make this a little more precisely later on). Conditioning on 51n we have

P (W, <x) = P(W, < |01, <0)P(f1, <0)+ P(W, < z|f, > 0)P(fy, > 0).

!Sometimes we cannot estimate on the boundary (consider some of the example considered in Chapter
with regards to the exponential family), sometimes the /n-rates and/or the normality result is
completely different for parameters which are defined at the boundary (the Dickey-Fuller test is a notable

example)
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Figure 4.2: The likelihood for diagonal and nondiagonal Fisher information matrices.

Again assuming that for large n, £,,(0) is concave about (9;1 such that when gn <0, gn =0.
However, asymptotic independence between 5711 and 5np (since the Fisher information
matrix is block diagonal) means that setting é\nl = 0 does not change the estimator of 0,

0y i.e. roughly speaking

2L (B1n, Bpn) = L (0,6,)]10n2 < 0 = 2[L0(0, 8,n) — L£(0,6,)]

~
X7

If 5711 and 5@ were dependent then the above equality does not hold and it is not a X,Q,
(see Figure . The above gives

P(W,<z) = P(W, <zl <0)P(0, <0)+P(W, <z|0, >0)P(0, >0)
~—— ——

X7 X;2y+1
1 1
= §X,29 + §X;27+1- (44)

See Figure for a plot of the parameter space and associated probabilities.

The above is a heuristic argument. If one wanted to do it precisely one needs to use

the asymptotic equivalent (based on the same derivations given in(4.2))) where (under
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Figure 4.3: Two parameters: one on boundary and one in interior.

certain regularity conditions) we have

W

where Z ~ N(0,111(6p)~") and Z, ~ N (0, I,,(6) ") (Z and Z,, are independent). Using

I

max [—(Z—=0)1(0)(Z —0)]+ Z1(69)Z + 0,(1)

max [—(Z — 01)]11(90)(Z — 01)] + ZIH(Q())Z

01€[0,00)
+ max [—(Zp - Qp)[n(eo)(zp — Qp)] +prpp(90)zp

0,66,

J/

-~

=0

max [—(Z — 01)]11(80)(2 — 01)] + ZIH(Q())Z

01€[0,00)
+prpp(‘90>zp

the above we can obtain the same distribution as that given in (4.4])

More than one parameter lies on the boundary

Suppose that the parameter space is © = [0,00) X [0,00) and the true parameter 6,
(010,020) = (0,0) (thus is on the boundary). As before we make the informal assumption

that we can extend the parameter space such that 6, lies within its interior of ©. In this
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extended parameter space we have

~ -1
0, — 0 I, (6 0
Jn 1= 00 ) p 0, 11(6)
0y — B0 0 Ixn(bh)
In order to derive the limiting distribution of the log-likelihood ratio statistic

0cO

W, =2 (max L,(0) — En(QO))
we condition on 51 and 52. This gives

P(W, <x)
- P(anx@lgo,§2go)P(§1§o,52§o>+P<Wn§x\§1§0,52>0)P(51§0,§2>0>+

P(Wn < 2|6, >0,52§0>P<§1 > 0,0, go) +P<Wn < 2|6 >o,52>0)P<51 >0,§2>0).

Now by using the asymptotic independence of 51 and 52 and for 51 > 0, 52 >0W, =0

the above is

1 1 1
PW, <x)= 1 +§Xf+;1><§-

This is easiest seen in Figure [4.4]
Again the above argument can be made precise by using that the distribution of W,,

can be approximated with the quadratic form

Wn 2 max [—(Zl — 01)]11(0)(21 - 01)] + 21]11(0)21

01€[0,00)

= "‘efél[gi(o) [—(ZQ — 92)[22(0)(Z2 — 62)] + ZQIQQ(O)ZQ

where Z; ~ N(0, I11(6p) ") and Zy ~ N(0, I5(fy)'). This approximation gives the same

result.

4.2.4 Estimation on the boundary when the Fisher information

is not block diagonal

In the case that the Fisher information matrix is not block diagonal the same procedure

can be use, but the results are no longer so clean. In particular, the limiting distribution
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Figure 4.4: Two parameters: both parameters on boundary.

may no longer be a mixture of chi-square distributions and/or the weighting probabilities

will depend on the parameter 6 (thus the log-likelihood ratio will not be pivotal).

Let us consider the example where one parameter lies on the boundary and the other
does not. i.e the parameter space is [0, 00) X (—00,00). The true parameter 6, = (0, 6a)
however, unlike the examples considered above the Fisher information matrix is not diag-
onal. Let 8, = (51, (/9\2) = arg maxgeo L£,(0). We can use the conditioning arguments given
above however they become ackward because of the dependence between the estimators

of 51 and 52. Instead we use the quadratic form approximation

W, — Q(maxﬁn(e)—ﬁn(90)>

0cO

D max [~(Z — 0)1(00)(Z — 0)] + Z'1(60)Z + 0,(1)

where Z ~ N(0,1(6)7"). To simplify the derivation we let Z ~ N(0, I). Then the above
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can be written as

0cO

W, — 2(max£n(9)—£n(9o))

I

0cO
—|—{[ } 90 {I 90 1/2Z}+0p

max |~ {I (00) /27 = 1(00)™/21(60)"/20}' 1(00) {1(60) /27 — 1(60)~/1(60)"/%0}
(6o)
(—(Z—=0Y(Z-0)|+Z7Z+0,(1)

= max
0cO

where © = {0 = 1(0,)"/?0;0 € ©}. This orthogonalisation simplifies the calculations.
Using the spectral decomposition of I(¢) = PAP" where P = (p,,p,) (thus I(0)\/? =
PAY2P') we see that the half plane (which defines ©) turns into the rotated half plane
© which is determined by the eigenvectors p1and p, (which rotates the line «(0,1) into

L= al\(py, (0. 1))py + 25" (p,, (0.1)p] = o (py, g, + 25" (p,, L)
where 1 = (0,1). We observe that
77 AC)
LA
Wn = X%
—[Z-P5(2)[Z-P5(2))+Z2Z Ze©"
We note that Pg(Z) is the nearest closest point on the line L, thus with some effort one
can calculate the distribution of —[Z — P5(2))'[Z — P5(Z)) +7'Z (it will be some weighted
chi-square), noting that P(Z € ©) = 1/2 and P(Z € ©°) = 1/2 (since they are both in
half a plane). Thus we observe that the above is a mixture of distributions, but they are
not as simple (or useful) as when the information matrix has a block diagonal structure.
The precise details can be found in Chernoff (1954), Moran (1971), Chant (1974), Self

and Liang (1987) and Andrews (1999). For the Bayesian case see, for example, Botchkina
and Green (2014).

Exercise 4.2 The parameter space of 0 is [0,00) x [0, 00). The Fisher information matriz

corresponding to the distribution is

](9): .[11<9) 112(6)
In(0) In(0) |

Suppose that the true parameter is 6 = (0,0) obtain (to the best you can) the limiting
distribution of the log-likelihood ratio statistic 2(arg maxgee L,(0) — L£,(0,0)).
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4

Figure 4.5: Two parameters: one parameter on boundary and the other in interior.

4.3 Regularity conditions which are not satisfied

In this section we consider another aspect of nonstandard inference. Namely, deriving the
asymptotic sampling properties of estimators (mainly MLEs) when the usual regularity
conditions are not satisfied, thus the results in Chapter 2 do not hold. Some of this
material was covered or touched on previously. Here, for completeness, we have collected

the results together.

The uniform distribution

The standard example where the regularity conditions (mainly Assumption [1.3.1{(ii)) are

not satisfied is the uniform distribution

L o<z<o
flas0)=q %~
(;6) 0 otherwise

We can see that the likelihood in this case is

L(X;0) =[]0 '1(0 < X; <0).

=1
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In this case the the derivative of L, (X;#) is not well defined, hence we cannot solve for
the derivative. Instead, to obtain the mle we try to reason what the maximum is. We
should plot L,(X;0) against # and place X; on the 6 axis. We can see that if § < X,
then L, is zero. Let X(; denote the ordered data Xy < X9),... < X(7). We see that
for § = X7y, we have L, (X;0) = (X(r))~7, then beyond this point L, (X;6) decays ie.
L,(X;0) =67 for § > X(7). Hence the maximum of the likelihood is 0, = max;<i<r X;.
The sampling properties of @\n were calculated in Exercise .

The shifted exponential

Let us consider the shifted exponential distribution

f(z;0,0) = %eXp (—(m;f@) T > ¢,

which is only well defined for 6,¢ > 0. We first observe when ¢ = 0 we have the usual
exponential function, ¢ is simply a shift parameter. It can be shown that the usual
regularity conditions (Assumption will not be satisfied. This means the Cramer-
Rao bound does not hold in this case and the limiting variance of the mle estimators will
not be the inverse of the Fisher information matrix.

The likelihood for this example is

Lo(X:0,0) an [[ew &@) (6 < X)),

We see that we cannot obtain the maximum of L, (X;#,¢) by differentiating. Instead
let us consider what happens to L,(X;0,¢) for different values of ¢. We see that for
¢ > X; for any t, the likelihood is zero. But at ¢ = X(1) (smallest value), the likelihood
is ein " exp(—m. But for ¢ < Xy, Ln(X;0,¢) starts to decrease because
(X — @) > (X)) — X@)), hence the likelihood decreases. Thus the MLE for ¢ is ¢, =
X(1), notice that this estimator is completely independent of §. To obtain the mle of 0,
WL&:X(D =0. We Ebtairi 0, =X— an For a reality check,
we recall that when ¢ = 0 then the MLE of 0 is 0,, = X.

differentiate and solve

We now derive the distribution of ggn — ¢ = Xy — ¢ (in this case we can actually
obtain the finite sample distribution). To make the calculation easier we observe that

X; can be rewritten as X; = ¢ + E;, where {F;} are iid random variables with the

141



standard exponential distribution starting at zero: f(z;6,0) = 6~ exp(—z/6). Therefore

the distribution function of g/gn — ¢ = min; E;

P(¢p,—¢p<z) = P(miin(Ei) <z)=1- P(miin(EZ-) > 1)
= 1— [exp(—z/0)]".

Therefore the density of an — s %exp(—nx /0), which is an exponential with parameter
n/0. Using this, we observe that the mean of ¢, — ¢ is 6/n and the variance is 62/n2. In
this case when we standardize (an — ¢) we need to do so with n (and not the classical
v/n). When we do this we observe that the distribution of n(ggn — ¢) is exponential with
parameter 6! (since the sum of n iid exponentials with parameter ! is exponential with
parameter nd1).

In summary, we observe that qgn is a biased estimator of ¢, but the bias decreases as
n — 00. Morover, the variance is quite amazing. Unlike standard estimators where the
variance decreases at the rate 1/n, the variance of an decreases at the rate 1/n?.

Even though an behaves in a nonstandard way, the estimator @\n is completely standard.
If ¢ were known then the regularity conditions are satisfied. Furthermore, since [éﬁ\n —¢| =
O,(n™') then the difference between the likelihoods with known and estimated ¢ are
almost the same; i.e. L£,(0,¢) ~ L,(0, (Z,l) Therefore the sampling properties of gn are
asymptotically equivalent to the sampling properties of the MLE if ¢ were known.

See Davison (2002), page 145, example 4.43 for more details.

Note that in many problems in inference one replaces the observed likelihood with
the unobserved likelihood and show that the difference is “asymptotically negligible”. If
this can be shown then the sampling properties of estimators involving the observed and

unobserved likelihoods are asymptotically equivalent.

Example 4.3.1 Let us suppose that {X;} are iid exponentially distributed random vari-
ables with density f(x) = %exp(—x/)\). Suppose that we only observe {X;}, if X; > ¢

(else X; is not observed).
(i) Show that the sample mean X = 3" | X; is a biased estimator of A.

(ii) Suppose that A and c¢ are unknown, obtain the log-likelihood of {X;}I_, and the

maximum likelihood estimators of A\ and c.

Solution
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(i)

(i)

It is easy to see that BE(X) = E(X;|X; > ¢), thus

E(Xi|Xi>c) = /0 x%dm

_ / (a:)&x >)c) e 618/A /:o o

)\e_c/)‘(ﬁ +1)
—c/A

“U

=\+c
Thus E(X) = X + ¢ and not the desired \.

We observe that the density of X; given X; > c is f(z|X; > ¢) = % =

A lexp(—1/MX —¢))I(X > ¢); this is close to a shifted exponential and the density

does not satisfy the reqularity conditions.
Based on this the log-likelihood {X;} is

L,(N) = Z{logf ) +log I(X; > ¢) — log P(X; > ¢)}

=1

— Z{—logk—%(Xi—C)‘HOg[(Xi >0)}.

Hence we want to find the A\ and ¢ which maximises the above. Here we can use the
idea of profiling to estimate the parameters - it does not matter which parameter we
profile out. Suppose we fix, \, and mazimise the above with respect to c, in this case

it 1s easier to maximise the actual likelihood:
da|
= H X exp(—(X; — ¢)/NI(X; > ¢).
i=1

By drawing L with respect to ¢, we can see that it is mazimum at min Xy (for all
M), thus the MLE of ¢ is ¢ = min; X;. Now we can estimate X. Putting ¢ back into
the log-likelihood gives

n 1 R R
> {—logr- 1 (Xi =) +log I(X; > o)}
Differentiating the above with respect to A gives > i (X; —¢) = An. Thus ) =

%Z?:l X, — ¢ Thus ¢ = min; X; \, = %Z?:l X; — Cn, are the MLE estimators of

¢ and X\ respectively.
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Chapter 5

Misspecification, the Kullbach

Leibler Criterion and model selection

5.1 Assessing model fit

The Kullbach Leibler criterion is a method for measuring the ”distance” between two
densities. Rather than define it here it will come naturally from the discussion below on

model misspecification.

5.1.1 Model misspecification

Until now we have assumed that the model we are fitting to the data is the correct model
and our objective is to estimate the parameter 6. In reality the model we are fitting will
not be the correct model (which is usually unknown). In this situation a natural question
to ask is what are we estimating?

Let us suppose that {X;} are iid random variables which have the density g(x). How-
ever, we fit the incorrect family of densities {f(x;0);6 € O} to the data using the MLE
and estimate #. The misspecified log likelihood is

L,(0) = Zlog F(X5;0).

To understand what the MLE is actually estimating we use tthe LLN (law of large num-
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bers) to obtain the limit of £, (0)

lcn(e) = %Zlog f(Xi50) = By (log f(X450)) = /log f(z;0)g(x)da. (5.1)

n

Therefore it is clear that 6, = arg max L, () is an estimator of
f, = argmax (/log f(z; H)g(:c)d:v).

Hence @\n is an estimator of the parameter which best fits the model in the specified family
of models. Of course, one would like to know what the limit distribution of (gn —0,) is
(it will not be the same as the correctly specified case). Under the regularity conditions
given in Theorem and Assumption (adapted to the misspecified case; these
need to be checked) we can use the same proof as that given in Theorem to show

that 6, LA 6, (thus we have “consistency’
this section that this result is holds.

of the misspecified MLE). We will assume in

To obtain the limit distribution we again use the Taylor expansion of £,,(f) and the

approximation

oL, 1
Jno 00 T m 00

2 o .
where [(6,) = E(—al%fgz(meOg)'

J@n + [(99)\/5(‘/9\71 —0y), (5.2)

Theorem 5.1.1 Suppose that {X;} are iid random variables with density g. However,
we fit the incorrect family of densities {f(x;0);0 € O} to the data using the MLE and

estimate 6, using gg = argmax L, (0) where

L,(0) = Zlog F(X3:0).

We assume

3fR10gf(fc;9)9(x)de9:% :/logf(x; 0)

90 20 Jo=s,9(x)dz =0 (5.3)

and the usual reqularity conditions are satisfied (exchanging derivative and integral is

allowed and the third order derivative exists). Then we have

1 9L.(0)

=gl = N(O.J0,)), (5.4)
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and

0 log f(X;0) 0?log f(x;0)
16, = E(—TJGQ) = —/Tg(fﬂ)dff

50 = e PTG, ) p(Ds S0, N [ (s SO

and {)\;} are the eigenvalues of the matriz 1(0,)~*2.J(0,)1(0,)~ /2.
PROOQOF. First the basics. Under assumptlon . A1 X 9)J are zero mean iid random
variables. Therefore by using the CLT we have
1 0L,(0)
Vn o 00

If 1) is satisfied, then for large enough n we have Ln( 9)J9 = 0, using the same ideas
as those in Section 2.6.3] we have

1o, B N(0, (6,)). (5.7)

1 9L,(0), -
% 90 J(’g ~ 1(99)\/5(9”—99)
~ _ B 1 9L,(0)
= (0, —0,) ~ I(6,) v R (5.8)
~—_———

term that determines normality

Hence asymptotic normality of \/ﬁ(én—eg) follows from asymptotic normality of \/iﬁ 8’68”9(9) Jo,-

Substituting (5.7]) into (5.8)) we have

V(B = 0,) B N(0,1(8,) T (0,)1(6,)7"). (5.9)
This gives .
To prove ((5.6) we make the usual Taylor expansion
2 (ﬁn(é;) - ﬁn(eg)) ~n ((’in - eg> 1(6,) (ﬁn - 99) (5.10)

Now we recall that since

~

Vil — 0y) S N(0,1(68,)7 7 (8,)1(8,) ), (5.11)
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then asymptotically the distribution of /7 (6, —0,) is v/ (f,—8,) 2 1(6,)"Y/2J(6,)/21(8,)"/2Z

where Z is a p-dimension standard normal random variable. Thus we have

2 (£a(Ba) - £4(6,))
b TLZ’](HQ)—1/2J(@g)1/21(99)—1/2](09)[<99)—1/2J(9g>1/2[(99)_1/QZ
= Z'1(0,)71 I (0,)1(0,)7*2

Let PAP denote the spectral decomposition of the matrix I(6,)~/2.J(0,)1(0,)~'/?. We
observe that PZ ~ N (0, I,), thus we have

P
2(La0h) = La6,)) = D N2
j=1
where \; are the eigenvalues of A and I(6,)~Y/2J(6,)I(6,)~'/% and {Z;} are iid Gaussian
random variables. Thus we have shown ([5.6]). 0

An important feature is that in the misspecified case I(6,) # J(6,). Hence whereas
in the correctly specified case we have \/ﬁ(é\n —6y) AN (0,1(6p)7") in the misspecified
case it is \/7(0, — 0y) = N(0,1(6,) 7T (0,)1(6,)").

Recall that in the case the distributions are correctly specified we can estimate the

information criterion with either the observed Fisher information

S —1 ¢ 3210gf(Xi;9)
I(0,) = 4 1 TJQ:G"

1=

or

- o 1 <~ (Qlog f(Xi:0) ’
Jn(0,) = — —— | ] .
( ) n ; < o0 JG_Hn

In the misspecified case we need to use both Zl(gn) and :f;(gn), which are are estimators
of I(6,) and J(6,) respectively. Hence using this and Theorem we can construct Cls
for 6,. To use the log-likelihood ratio statistic, the eigenvalues in the distribution need to
calculated using 1071(«/9\”)_1/2jn(§n)fn(§n)_1/2. The log-likelihood ratio statistic is no longer

pivotal.

Example 5.1.1 (Misspecifying the mean) Let us suppose that {X;}; are indepeden-

dent random variables which satisfy the model X; = g(+) + €;, where {&;} are iid random

K2
n
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variables which follow a t-distribution with 6-degrees of freedom (the variance of e; is
finite). Thus, as n gets large we observe a corrupted version of g(-) on a finer grid.
The function g(-) is unknown, instead a line is fitted to the data. It is believed that

the noise is Gaussian, and the slope @, maximises

2

where o = var(g;) (note the role of o* is meaningless in the minimisation).

Question: (i) What is @, estimating? (ii) What is the limiting distribution of @, ?

Solution:

(i) Rewriting L, (a) we observe that

1 -1 < 0 A
—Lala) = 2a2nz(g(ﬁ)+€"_a’ﬁ>

n n

—1 i i\ -1 )
o (ORI =) 3L T

=1 i=1

L -1 /0 (g(u) — au)2 — %

202%n

2 - i i
207 2 (9%) —a ;)

Thus we observe a,, is an estimator of the line which best fits the curve g(-) according

to the f5-distance

1
a, = arg min/ (g(u) — au)2du.
0
If you draw a picture, this seems logical.

(11) Now we derive the distribution of \/n(a,—a,). We assume (and it can be shown) that

all the regularity conditions are satisfied. Thus we proceed to derive the derivatives
of the “likelihoods”

10L,(a), 1
n  Oa Jag_rm?;()ﬁ_%'

0Ly (a)
0

a

i 12L,(a), 1 & ige
Vo e T T ()

S|

Note that + e, are not itd random variables with mean zero. However, “glob-
n g
0Ly (a)

ally” the mean will the close to zero, and 5% |4, is the sum of independent X;

thus asymptotic normality holds i.e

=1

B N(0, J(ay)).

3| .
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FEvaluating the variance of the first derivative and expectation of the negative second

derivative (and using the definition of the Reimann integral)
1 AL (a) 1 < i\° 1 [t 1
J((lg> = EV&I‘ < aa Jag) = W izlvar(Xi) (E) — ;/{; u du = @

1 L, (a) 1 —/i\> 1 [, 1
Iag) = ;E(— 9o J)_E <;) %E/OWU—@-

We observe that in this case despite the mean and the distribution being misspecified

we have that I(ay) ~ J(a,). Altogether, this gives the limiting distribution
Vi(a, — ag) 3 N(0,307).

We observe that had we fitted a Double Laplacian to the data (which has the distribution
filx) = %}exp(—‘%—b‘“')), the limit of the estimator would be different, and the limiting

distribution would also be different.

5.2 The Kullbach-Leibler information criterion

The discussion above, in particular (5.1]), motivates the definition of the Kullbach-Liebler
criterion. We recall that the parameter which best fits the model using the maximum

likelihood is an estimator of
6, = argmax (/log f(x;@)g(:v)d:c).

8, can be viewed as the parameter which best fits the distribution out of all distributions
in the misspecified parametric family. Of course the word ‘best’ is not particularly precise.
It is best according to the criterion [log f(z;0)g(z)dz. To determine how well this fits
the distribution we compare it to the limit likelihood using the correct distribution, which

1s
/ log g(z)g(z)dz  (limit of of likelihood of correct distribution).

In other words, the closer the difference

/logf(w;é’g)g(x)dx— /logg(w)g(l’)dl’ = /10g %g(x)dx
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is to zero, the better the parameter 0, fits the distribution g, using this criterion. Using

Jenson’s inequality we have

/log f;f;)e)g(x)dx ~E, <log %) < logE, (%) log/f(x)dx <0.(5.12)

where equality arises only if f(z;6) = g(x).
Therefore an alternative, but equivalent interpretation of 8, is the parameter which

minimises the ‘distance’ between g and f, which is defined as

[0
D(g, fo) = /logf(:v; 0y)g(x)dz — /logg(ﬂf)g(x)dx = /log ﬁg(af)dw,
i.e. 8, = argmaxgee D(g, fo). D(g, fo) is called the Kullbach-Leibler criterion. It can be
considered as a measure of fit between the two distributions, the closer these two quantities
are to zero the better the fit. We note that D(g, fy) is technically not a distance since
D(g, fo) # D(fy,g) (though it can be symmetrified). The Kullbach-Leibler criterion arises

in many different contexts. We will use it in the section on model selection.

Often when comparing the model fit of different families of distributions our aim is to
compare maxgeo D(g, fo) with max,cq D(g, h,) where {fp;0 € Q} and {h,;w € Q}. In
practice these distances cannot be obtained since the density ¢ is unknown. Instead we
estimate the maximum likelihood for both densities (but we need to keep all the constants,
which are usually ignored in estimation) and compare these; i.e. compare maxgee Lf(0)
with max,ecq L5 (w). However, a direct comparison of log-likelihoods is problematic since
the log-likelihood is a biased estimator of the K-L criterion. The bias can lead to overfitting

of the model and a correction needs to be made (this we pursue in the next section).

We observe that §, = arg maxgeo D(g, fy), hence f(z;6,) is the best fitting distribution
using the K-L criterion. This does not mean it is the best fitting distribution according
to another criterion. Indeed if we used a different distance measure, we are likely to
obtain a different best fitting distribution. There are many different information criterions.
The motivation for the K-L criterion comes from the likelihood. However, in the model
misspecification set-up there are alternative methods, to likelihood methods, to finding
the best fitting distribution (alternative methods may be more robust - for example the

Renyi information criterion).
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5.2.1 Examples

Example 5.2.1 An example of misspecification is when we fit the exponential distribu-
tion {f(x;0) = 0~  exp(—x/0);0 > 0} to the observations which come from the Weibull
distribution. Suppose the data follows the Weibull distribution

o0 = (%) (5)xp (C@/6)):  @p>0, x>0

but we fit the exponential with the likelihood

n

%En(e) = %1 Z <log0 - %) - —log ) — E(%) = — / (log + %)g(x)dx

i=1
Let é\n = argmax L, (0) = X. Then we can see that é\n 1s an estimator of
0, = argmax{—(logf + E(X;/0))} = ¢I'(1 + o) = E(X)) (5.13)

Therefore by using Theorem 1| (or just the reqular central limit theorem for iid random

variables) we have

Vi, — oT(1+a1)) B N(0,1(6,) 1 T(0,)1(6,)7)

-~

=var(X;)
where
106, = E( — (072 - 2X9—3))J9_E<x> = [E(X)]™
e B 1 1 (B
969 = B((=0" X0 )leei = s~ o~ o (o 1)

Thus it is straightforward to see that 1(0,)~*J(6,)1(0,)~" = var[X]. We note that for the
Weibull distribution E(X) = ¢I'(1 4+ a™') and E(X?) = ¢*T'(1 + 2a71).

To check how well the best fitting exponential fits the Weibull distribution for different
values of ¢ and o we use the K-L information criterion;

B . 9—1exp(—€_ r) \a,x 1 e (— (N g
Do) = [ 108 (atrmg o) 5 (e

B o ST(1+a ) exp(—gl(1+ ) tz) & Trat o (T
= [ 3 () exp(—(2)" )55 el

We note that by using , we see that D(g, fo,) should be close to zero when o = 1

(since then the Weibull is a close an exponential), and we conjecture that this difference

) )dx. (5.14)

should grow the further o is from one.
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Example 5.2.2 Suppose {X;}!_, are independent, identically distributed normal random
variables with distribution N (u, 0?), where p > 0. Suppose that u and o are unknown.

A non-central t-distribution with 11 degrees of freedom

11 ) ’

f(z;a) = C(11) (1 +

where C(v) is a finite constant which only depends on the degrees of freedom, is mistakenly

fitted to the observations. [8]

(i) Suppose we construct the likelihood using the t-distribution with 11 degrees of free-

dom, to estimate a. In reality, what is this MLE actually estimating?

(ii) Denote the above ML estimator as a,. Assuming that standard reqularity conditions

are satisfied, what is the approximate distribution of a,, ?

Solution

(i) The MLE seeks to estimate the mazximum of E(log f(X;a)) wrt a.
Thus for this example @, is estimating

(X —a)?
11

ay = argmaxE( —6log(1l +
a o

—a)? —
) = argmin/log(l + %))d@(m 'u)da:.
(11) Let a, be defined a above. Then we have

Vi@, —ag) B N (0, T (ag)I(ag) ] (ay)),

where
I(a,) — —C(11)6E(d10g(1 + (22 — a)Q/ll)Ja:ag)z
Ja,) _0(11)6E(d2 log(1 +c(lf; — a)Q/H)Ja:ag).

5.2.2 Some questions
Exercise 5.1 The iid random variables {X;}; follow a geometric distribution m(1—m)*~1.
However, a Poisson distribution with P(X = k) = ekexkﬁ is fitted to the data/

(i) What quantity is the misspecified mazimum likelihood estimator actually estimating?
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(11) How well does the best fitting Poisson distribution approximate the geometric distri-

bution?

(i1i) Given the data, suggest a method the researcher can use to check whether the Poisson

distribution is an appropriate choice of distribution.

Exercise 5.2 Let us suppose that the random variable X is a mixture of Weibull distri-

butions

aq x

Pl

%)

2\ %

f(x;0) = p( 5

) exp(—(x/¢1)*) + (1 = p)( )?* 7 exp(—(2/62)*).

(i) Derive the mean and variance of X.

(ii) Obtain the exponential distribution which best fits the above mizture of Weibulls
according to the Kullbach-Lieber criterion (recall that the exponential is g(x; \) =
s exp(—z/A)).

Exercise 5.3 Let us suppose that we observe the response variable and regressor (Y;, X;).
Y; and X; are related through the model

Yi=9(Xi) +ei

where €; are 1id Gaussian random variables (with mean zero and variance o*) which are
independent of the regressors X;. X; are independent random variables, and the density
of X; is f. Suppose that it is wrongly assumed thatY; satisfies the model Y; = X; + &,
where €; are 1id Gaussian random variables (with mean zero and variance o*, which can

be assumed known,).
(i) Given {(Y;, X;)}r,, what is the maximum likelihood estimator of B¢

(ii) Derive an expression for the limit of this estimator (ie. what is the misspecified

likelihood estimator actually estimating).

(#1i) Derive an expression for the Kullbach-Leibler information between the true model

and the best fitting misspecified model (that you derived in part (ii)).
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5.3 Model selection

Over the past 30 years there have been several different methods for selecting the ‘best’
model out of a class of models. For example, the regressors {z; ;} are believed to influence

the response Y; with the model

p
Y; = E Cljil)@j +€Z‘.

j=1
The natural question to ask is how many regressors should be included in the model.
Without checking, we are prone to ‘overfitting’ the model.

There are various ways to approach this problem. One of the classical methods is
to use an information criterion (for example the AIC). There are different methods for
motivating the information criterion. Here we motivate it through the Kullbach-Leibler
criterion. The main features of any criterion is that it can be split into two parts, the
first part measures the model fit the second part measures the increased variance which
is due to the inclusion of several parameters in the model.

To simplify the approach we will assume that {X;} are iid random variables with
unknown distribution g(z). We fit the family of distributions {f(x;0);0 € ©} and want
to select the best fitting distribution. Let

oy = B DI [0

J(b,) = E(%WJHQY:/(%fﬂfgwdﬂ%'

Given the observations {X;} we use the mle to estimate the parameter

~

0u(X) = argmax £,(X;0) = argmax Zl log f(Xi;6),

we have included X in f to show that the mle depends on it. We will use the result

Vi (0) = 0,) BN (0,100, 717(6,)1(6,)7")

Example 5.3.1 Suppose we fit a Weibull distribution to the iid random variables { X;}7_,
and the best fitting parameter according to the K-L criterion is = 6, and o = 1 (thus

the parameters of an exponential), then

~

6, — 0,

W%A_1>3N&WJU@M@ﬂ‘
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Of course in practice, a,, # 1. Thus we would like a model selection criterion to penalize

the “larger” Weibull distribution in favour of the exponential distribution.

We cannot measure “fit” of an estimator by simply plugging the MLE back into the
same likelihood (which gave the MLE)

L, (é\( Zlongl,e (X)),

because 5(& ) is finding the best fitting parameter for the data set X. For example,
suppose {X;} are iid random variables coming from a Cauchy distribution

1
m(1+ (z—6)?)

c(z;0) =

Let Lo(0; X) and 9\(& ) correspond to the log-likelihood and corresponding MLE. Sup-
pose we also fit a Gaussian distribution to the same data set, let Lo (i, 0; X) and f(X)
and ¢2(X) correspond to the log-likelihood and corresponding MLE. Even though the
Gaussian distribution is the incorrect distribution, because it has the flexibility of two
parameters rather than one, it is likely that
Lali(X),6%(X); X] > Le[0(X): X].

Which suggests the Gaussian likelihood better fits the data than the Cauchy, when its
simply that there are more parameters in the Gaussian likelihood. This is the reason that
validation data sets are often used. This is a data set Y, which is independent of X, but

where Y and X have the same distribution. The quantity
L0(00(X);Y Zlogf Y 0(X)

measures how well (X) fits another equivalent data. In this case, if {X;} and {Y;} are
iid random variables from a Cauchy distribution it is highly unlikely

~

Loli(X),0%(X); Y] > Le[0(X); Y.

Since Y is random and we want to replace highly unlikely to definitely will not happen,

we consider the limit and measure how well f(y; é\n(& )) fits the expectation

By | 2,000 )| = [ 108 £, 000y
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The better the fit, the larger the above will be. Note that if we subtract [ logg(y)g(y)dy
from the above we have the K-L criterion. As a matter of convention we define the

negative of the above
D [g, fg;n@)} = —/10gf(y;5n(l))g(y)dy-

The better the fit, the smaller D [g, f@t(&)} will be. We observe that 5[9, f§n(§)] depends
on the sample X. Therefore, a more sensible criterion is to consider the expectation of

the above over all random samples X
EK{E [9’ f@(z)}} =-Ex {EY [10g f(Y;@L(X)} } .

Ex {5 [g, f§n( X)}} is the information criterion that we aim to estimate. First we show

~

that Ex {5 [g, fgn@)} } penalizes models which are over fitted (which n™'£(8(X); X)) is
unable to do). Making a Taylor expansion of Ex (Ey (log f(Y; 0,(X ))) about 6, gives

Ex {f) [g, f@m] } = —Ex {Ey [log FY; @L(X)] }

Q

—Ex {Ey [log f(Y;0,)]} — Ex [§(X) - 09] By [ww—eg]

00

~
=0

—EX{ [5()() - 99] Ey [WWJ [5()() - eg} }

~yBrlog f(v36,)]+ 3B (6.0 - /16,0, -6, ).

/

Q

The second term on the right of the above grows as the number of parameters grow (recall
it has a y2-distribution where the number of degrees of freedom is equal to the number
of parameters). Hence Ex {IN) [g, f§n( K)]} penalises unnecessary parameters making it
an ideal criterion. For example, we may be fitting a Weibull distribution to the data,
however, the best fitting distribution turns out to be an exponential distribution, the
additional term will penalize the over fit.

However, in practise Ex {IN) [g, fé\n( X)]} is unknown and needs to estimated. Many

information criterions are based on estimating Ex {5 [g, 13, ( X)] } (including the AIC and
corrected AIC, usually denoted as AICc). Below we give a derivation of the AIC based

on approximating Ex {5 [9: f %(&} }

157



We recall that 9 (X) is an estimator of 6, hence we start by replacing Ex { D [g, 13, ( X)] }
with EX{D [g, fgg)}} = D[g, fo,] to give

E&{ﬁ [gafé\n(i)]} = E[g, fo,] + (EX{E [g, fé\n(i)]} -D [g7f9g]) :

We first focus on the first term D]g, fo,]. Since Ex (ﬁ(g, fo,)) is unknown we replace it

by its sample average

Dig, fs,] /f y;by)9(y)dy ~ —%Zlogf(Xi;Hg)
i=1

Hence we have

~ 1 <& ~ ~
E&{D [gafé\n(g)]} ~ —5210%(&;99) + (EX{D [97 f@n(g)} } - E&{D[Qa feg]})
i=1
= —lilo f(Xi;0,)+ 1
- n pa g 15 Vg 1-
Of course, 0, is unknown so this is replaced by én (X) to give

Ex(D(9, f3,x) = _%Zlogf(Xﬁé\n(K))‘f’[l-i-b (5.15)

where

L ( Zlogf(Xz,G )——Zlongz,Q))

We now find approximations for I; and I,. We observe that the terms I; and I, are both
positive; this is because 6, = argmin (ﬁ(g, fo)) (recall that D is the expectation of the
negative likelihood) and 0, = argmax y ., log f(X;;6). This implies that

EX{E [g, fgn@}} > Eg{ﬁ[gafeg]}

and S log £ (X:0,(X)) > > lo f(Xis6,).
i=1 i=1

Thus if 0, are the parameters of a Weibull distribution, when the best fitting distribution
is an exponential (i.e. a Weibull with o = 1), the additional terms I; and I will penalize
this.
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We bound I; and I, by making Taylor expansions. By using the Taylor expansion
(and the assumption that E(MO%—WM:%) = 0) we have

Ex [5(97 fén(i)) - ﬁ(ga feg)]

n

- (13 { g (10, ~ 108 176, }

= Loy (£,000,00) - 2,10,
- e (20 ege< )= 0)) e (Bu) 0 T D 20 o)
S (O 82“ T Bu() -6,

where 0(X) = af(X) + (1 — a)d, for some 0 < o < 1. Now we note that

P

1 azcn(z7 6) 1 - 82 1Og f(X’M 6)
L Tl I R ),

Tu o o L

i=1

which (using a hand wavey argument) gives

B = Ex(Blo.fr.0) ~ Dlafo)) = 5Ex (0,(X) 060 -0, )10

We now obtain an estimator of I in ((5.15]). To do this we make the usual Taylor expansion
(noting that acge(e)Jezgn =0)

I, = ( Zlong,,H ZlongZ,é’( )))

%(é;(x) — 0, 1(6,)0u(X) ~ 0, (5.17)

Q

To obtain the final approximations for (5.16|) and (5.17)) we use ((5.11]) where

VB~ 85) 5 N(0.1(85) 71 7(6,)1(6,)).
Now by using the above and the relationship that if Z ~ AN(0,%) then E(Z'AZ) =
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trace{AZ} (check your linear models notes). Therefore by using the above we have

I, = ( ZlongZ,Q Zlongz,Q( )))
(02(X) — 0,)'T(0,)(0n(X) — 0,)

Q

N | —

-~

1 ~
SE (0n(X) = 05)"  1(0,)(0n(X) — b)
—_—
~N(0,1(09)=1J(04)I(04)~1/n)

%traee (J(eg)lmg))

Q

Q

and by the same reasoning we have

X(@@ —0,1(0,)(6,(X) — eg>)

l\DI»—

L = E&(ﬁ(gvfén(g) (9 Jo, ))
2itrace <I(eg)lj<eg)) |

n

Q

Simplifying the above and substituting into (5.15)) gives

Q

Ex{Dlg, fa.001} —% Zlog F(X30,(X)) + %trace <J(0g)l(09)1>

— —%ﬁn(l; é\n(i)) + %trace(z](eg)](eg)_l)'

Altogether one approximation of Ex {IN)[g, o X)]} is

~

Ex(Blo. ) = —a(X000) + Sunace(S0,)10)7 ). (519

n

This approximation of the K — L information is called the AIC (Akaike Information
Criterion). In the case that J(6,) = 1(6,) the AIC reduces to

1 ~
AIC(p) = ==Ly (X3 By0) + 2

and we observe that it penalises the number of parameters (this is the classical AIC).
This is one of the first information criterions.
We apply the above to the setting of model selection. The idea is that we have a set

of candidate models we want to fit to the data, and we want to select the best model.
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e Suppose there are N different candidate family of models. Let {f,(z;6,);0, € ©,}
denote the pth family.

o Let
Lon(X:0,) = Y log f(Xi36,)
i=1
denote the likelihood associated with the pth family. Let gp’n = argmaxg,co, Lpn (X;6,)

denote the maximum likelihood estimator of the pth family.

e In an ideal world we would compare the different families by selecting the family of
distributions { f,(x;0,); 0, € ©,} which minimise the criterion EX(IN)(g, foa n@))).
However, we do not know Ex (5(9, Fo o X))) hence we consider an estimator of it
given in ([5.18]).

This requires estimators of J(6,,) and 1(6,,), this we can be easily be obtained

from the data and we denote this as jp and fp.

e We then choose the the family of distributions which minimise
: 1 ~ 1 ~ e
,in, ( — ;L'pyn(i; Opn) + Etraee(Jp[ 1)) (5.19)

In other words, the order we select is p where

1<p<N

. . 1 ~ 1 ~
p = arg min ( — —Lpn(X;0,,) + —trace(J,I 1))
n n

Often (but not always) in model selection we assume that the true distribution is
nested in the many candidate model. For example, the ‘true’ model V; = ag + ayz;1 +¢;

belongs to the set of families defined by

p
Yv@p = Qg + Zajxi,j + & p > 1.
j=1

In this case {ag+>_"_; a;z; j+¢i; a; € RPF!} denotes the pth family of models. Since the
true model is nested in most of the candidate model we are in the specified case. Hence
we have J(0,) = I(f,), in this case trace(J(6,)1(0,)7") = trace(I(0,)I(6,)7") = p. In
this case reduces to selecting the family which minimises

AIC(p) = min ( - %ﬁp,n(i; é\p,n) + %)

1<p<N
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There is a bewildering array of other criterions (including BIC etc), but most are

similar in principle and usually take the form

1 —~
_E‘CP,TL(X? 910,71) + penn(p)7
where pen,(p) denotes a penality term (there are many including Bayes Information

criterion etc.).

Remark 5.3.1 o Usually the AIC is defined as
AIC(p) = =2L,0(X;6,0) + 2p.
this is more a matter of preference (whether we include the factor 2n or not).

e We observe that as the sample size grows, the weight of penalisation relative to the
likelihood declines (since Ly, n(X; gp,n) =0(n)).

This fact can mean that the AIC can be problematic; it means that the AIC can easily

overfit, and select a model with a larger number of parameters than is necessary (see

Lemma .

o Another information criterion is the BIC (this can be obtained using a different

reasoning), and is defined as

BIC(p) = —2L,(X;0,,) + plogn.

e The AIC does not place as much weight on the number of parameters, whereas the
BIC the does place a large weight on the parameters. It can be shown that the BIC
is a consistent estimator of the model (so long as the true model is in the class of
candidate models). However, it does have a tendency of underfitting (selecting a

model with too few parameters).

e However, in the case that the the true model does not belong to any the families, the

AIC can be a more suitable criterion than other criterions.

Note that ”estimators” such as the AIC (or even change point detection methods,
where the aim is to detect the location of a change point) are different to classical estima-
tors in the sense that the estimator is ”discrete valued”. In such cases, often the intention

is to show that the estimator is consistent, in the sense that
~ P
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as n — oo (where p denotes the estimator and p the true parameter). There does exist
some paper which try to construct confidence intervals for such discrete valued estimators,

but they tend to be rarer.

Lemma 5.3.1 (Inconsistency of the AIC) Suppose that we are in the specified case
and 0, is the true model. Hence the true model has order p. Then for any ¢ > 0 we have
that

lim P(arg min AIC(m)>p) >0,

n—00 1<m<p+q

moreover

lim P(arg min AIC(m)=p) # 1.

n—00 1<m<p+q

In other words, the AIC will with a positive probability choose the larger order model, and

15 more likely to select large models, as the the order q increases.

PROOF. To prove the result we note that (p+¢)-order model will be selected over p-order
in the AIC if =L, o7+ (p+¢q) < =L, + p, in other words we select (p + ¢) if

Lptgn — Lpn > ¢
Hence

P(arg min AIC(m) >p) = P(arg _min AIC(m) < AIC(p))

1<m<p+q p<m<p+q

> P(AIC(p+q) < AIC(p)) = P(2(Lpsqn — Lpn) > 20).

But we recall that £,,,, and L,, are both log-likelihoods and under the null that the
pth order model is the true model we have 2(L,1q,, — Lp.n) 3 Xz Since E(xZ) = ¢ and
var[xz] = 2¢, we have for any ¢ > 0 that

P(arg1 min = AIC(m) > p) > P(2(Lprqn — Lpn) > 2q) > 0.

<m<ptq
Hence with a positive probability the AIC will choose the larger model.
This means as the sample size n grows, with a positive probability we will not neces-

sarily select the correct order p, hence the AIC is inconsistent and

lim P(arg min AIC(m)=p) # 1.

n—r00 1<m<p+q
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Remark 5.3.2 (The corrected AIC) In order to correct for the bias in the AIC the
corrected AIC was proposed in Sugiura (1978) and Hurvich and Tsai (1989). This gives a
more subtle approximation of Eg{ﬁ[g, fén(g)]} which results in an additional penalisation
term being added to the AIC. It can be shown that for linear models the AICc consistently

estimates the order of the model.

Remark 5.3.3 The AIC is one example of penalised model that take the form
—Lpn(X;0) + A0]]a,

where 0], is a “norm” on 0. In the case of the AIC the ly-norm ||0]|o = > 5_, 1(6; # 0)
(where 0 = (04, ...,0,) and I denotes the indicator variable). However, minimisation of
this model over all subsets of @ = (01,...,60,) is computationally prohibitive if p is large.
Thus norms where o > 1 are often seeked (such as the LASSO etc).

Regardless of the norm used, if the number of non-zero parameter is finite, with a

positive probability we will over estimate the number of non-zero parameters in the model.

5.3.1 Examples

This example considers model selection for logistic regression, which is covered later in

this course.

Example 5.3.2 Ezample: Suppose that {Y;} are independent binomial random variables
where Y; ~ B(n;,p;). The regressors i, ..., Ty, are believed to influence the probability
p; through the logistic link function

Di
log 1 = Bo + G121 + BpTpi + Bpr1Tpi1i + - -+ By

- M

where p < q.

(a) Suppose that we wish to test the hypothesis

Hy : log 1 b - = Bo + Piz1; + Bpp,

against the alternative
Di

1 —p;

State the log-likelihood ratio test statistic that one would use to test this hypothesis.

Hy : log = Bo+ Brrri + BpTpi + Bpr1Zprri + - + By,

If the null is true, state the limiting distribution of the test statistic.
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(b) Define the model selection criterion
M, (d) = 2L,,(By) — 2Cd

where C' is a finite constant,

n

Lia(Ba) = Z (Y;ﬁélgid — n; log(1 + exp(Byz;4) + (?xﬁ))’

i=1
Ty = (14,...,24;) and B\d = argmaxg, L£; 4(04). We use d = arg maxy M, (d) as an
estimator of the order of the model.

Suppose that Hy defined in part (2a) is true, use your answer in (2a) to explain
whether the model selection criterion M, (d) consistently estimates the order of

model.
Solution:

(a) The likelihood for both hypothesis is

n

Loai) = 3 (Vi = mitostr + exp(3z) + (1) ).

i=1

Thus the log-likelihood ratio test is
>n = 2(£n,q(ﬂq> - Ei,p(ﬁp)
= 2y (Y;[BA — Bplz; — nallog(1 + exp(B)a;) — log(1+ exp(@’)%)])
i=1

where Bo and B A are the maximum likelihood estimators under the null and alterna-

tive respectively.

If the null is true, then ), K Xg_p as T — oo.

(b) Under the null we have that ), = 2(£n,q(§q) - Ln,p(Bp) 2 Xi_,- Therefore, by
definition, if d= arg maxy M, (d), then we have

(L1(Ba) —2Cd) — (L,(B,) — 2Cp) > 0.

Suppose q > p, then the model selection criterion would select q over p if

~

2[L4(B,) — L,(5,)] > 2C(q — p).
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Now the LLRT test states that under the null 2 [ﬁq(ﬁq)—ﬁp(ﬁp) 2 Xo_,, thus roughly

speaking we can say that
P|L,(By) = (£p(By) > 2C(d = p) | = P(x;_, > 2C(q —p))-

As the above is a positive probability, this means that the model selection criterion
will select model q over the true smaller model with a positive probability. This
argument holds for all ¢ > p, thus the model selection criterion M,(d) does not

consistently estimate d.

5.3.2 Recent model selection methods

The AIC and its relatives have been extensively in statistics over the past 30 years because
it is easy to evaluate. There are however problems in the case that p is large (more so
when p is large with respect to the sample size n, often called the large p small n problem).

For example, in the situation where the linear regression model takes the form

p
Y, = Z a;x; ;i + &,
j=1
where the number of possible regressors {z; ;} is extremely large. In this case, evaluating
the mle for all the p different candidate models, and then making a comparisoon can take
a huge amount of computational time. In the past 10 years there has been a lot of work
on alternative methods of model selection. One such method is called the LASSO, this is
where rather than estimating all model individually parameter estimation is done on the

large model using a penalised version of the MLE
p
i=1

The hope is by including the AD>"?_ |6;| in the likelihood many of coefficients of the
regressors would be set to zero (or near zero). Since the introduction of the LASSO in
1996 many variants of the LASSO have been proposed and also the LASSO has been

applied to several different situations.
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Chapter 6

Survival Analysis

6.1 An introduction to survival analysis

6.1.1 What is survival data?

Data where a set of ‘individuals’ are observed and the failure time or lifetime of that
individual is recordered is usually called survival data. We note that individual does not

necessarily need to be a person but can be an electrical component etc. Examples include:

e Lifetime of a machine component.

Time until a patient’s cure, remission, passing.

Time for a subject to perform a task.

Duration of an economic cycle.

Also it may not be ‘time’ we are interested in but:

— Length of run of a particle.

— Amount of usage of a machine, eg. amount of petrol used etc.
In the case that we do not observe any regressors (explanatory variables) which influence
the survival time (such as gender/age of a patient etc), we can model the survival times

as iid random variables. If the survival times are believed to have the density f(x;6),

where f(z;6) is known but 6y is unknown, then the maximum likelihood can be used to
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estimate #. The standard results discussed in Section can be easily applied to this
type of data.

6.1.2 Definition: The survival, hazard and cumulative hazard

functions

Let T denote the survival time of an individual, which has density f. The density f
and the distribution function F(z) = [ f(u)du are not particularly informative about
the chance of survival at a given time point. Instead, the survival, hazard and cumlative
hazard functions, which are functions of the density and distribution function, are used

instead.

e The survival function.

This is F(z) = 1—F(z). It is straightforward to see that F(z) = P(T > x) (observe
that the strictly greater than sign is necessary). Therefore, F(z) is the probability

of survival over z.
e The hazard function
The hazard function is defined as

Plx <T <x+z|T > x) Plx <T <x+dz)

hz) 550 ox 5550 dzP(T > )
1 i F(z+6x) - F(z)  f(z) _ dlog F(x)
- F(x) 5530 o - F(r) de

We can see from the definition the hazard function is the ‘chance’ of failure (though
it is a normalised probability, not a probability) at time x, given that the individual

has survived until time =x.

We see that the hazard function is similar to the density in the sense that it is a

positive function. However it does not integrate to one. Indeed, it is not integrable.
e The cumulative Hazard function

This is defined as



It is straightforward to see that

H(z) = /I —dl%f(x)h:udu = —log F(z).

—0o0

This is just the analogue of the distribution function, however we observe that unlike

the distribution function, H(x) is unbounded.

It is straightforward to show that f(x) = h(x) exp(—H(x)) and F(z) = exp(—H (z)).

It is useful to know that given any one of f(x), F(z), H(x) and h(x), uniquely defines the

other functions. Hence there is a one-to-one correspondence between all these functions.
Example 6.1.1 e The Exponential distribution

Suppose that f(z) = %exp(—x/@).

Then the distribution function is F(x) = 1 — exp(—x/0). F(x) = exp(—z/0),
h(z) =5 and H(z) = z/0.

The exponential distribution is widely used. However, it is not very flexible. We
observe that the hazard function is constant over time. This is the well known
memoryless property of the exponential distribution. In terms of modelling it means
that the chance of failure in the next instant does not depend on on how old the

individual 1s. The exponential distribution cannot model ‘aging’.

e The Weibull distribution

We recall that this is a generalisation of the exponential distribution, where

f(z) = <§> (§> : exp(—(z/0)%);,0 >0, x> 0.
For the Weibull distribution

F(z) = 1—exp(—(x/9)a) F(x) :exp(—(x/ﬁ)o‘)

W) = (a/0)(x/0)*""  H(z) = (x/0)".

Compared to the exponential distribution the Weibull has a lot more flexibility. De-
pending on the value of «, the hazard function h(x) can either increase over time

or decay over time.
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e The shortest lifetime model

Suppose that Y1, ..., Y are independent life times and we are interested in the short-
est survival time (for example this could be the shortest survival time of k sibling
mice in a lab when given some disease). Let g;, G; H; and h; denote the density,
survival function, cumalitive hazard and hazard function respectively of Y; (we do
not assume they have the same distribution) and T = min(Y;). Then the survival

function is

FT(J:):P(T>:B):H (Y; > x) HQZ

Since the cumulative hazard function satisfies H;(z) = —log G;(x), the cumulative

hazard function of T is

— Z log G;(z) = Z H;(z)

and the hazard function is

d(—logGi(z)) <
— = > hi()

=1 =1

I
E

e Survival function with regressors See Section |3.2.2.

Remark 6.1.1 (Discrete Data) Let us suppose that the survival time are not continu-
ous random variables, but discrete random variables. In other words, T can take any of
the values {t;}5°, where 0 < t; < ty < .... Examples include the first time an individual
visits a hospital post operation, in this case it is unlikely that the exact time of visit is
known, but the date of visit may be recorded.

Let P(T =t;) = p;, using this we can define the survival function, hazard and cumu-

lative hazard function.

(i) Survival function The survival function is

Fi=P(T > t;) ZP ):io:pj.

j=i+1 J=i+1
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(i1) Hazard function The hazard function is

P(T = t,)
hi = P, <T<t|T>t_1)=
( 1 ‘ 1) P(T > ﬂ_l)
b Fii-F 7
= = =1 ) 6.1
Foo | P 7 (6.1)

Now by using the above we have the following useful representation of the survival

function in terms of hazard function

1

SR ER TR (R

Jj=2 Jj=1

since hy =0 and F;, = 1.
(ii) Cumulative hazard function The cumulative hazard function is H; = 22:1 h;.

These expression will be very useful when we consider nonparametric estimators of the

survival function F.

6.1.3 Censoring and the maximum likelihood

One main feature about survival data which distinguishes, is that often it is “incomplete”.
This means that there are situations where the random variable (survival time) is not
completely observed (this is often called incomplete data). Usually, the incompleteness
will take the form as censoring (this will be the type of incompleteness we will consider
here).

There are many type of censoring, the type of censoring we will consider in this chapter
is right censoring. This is where the time of “failure”, may not be observed if it “survives”
beyond a certain time point. For example, is an individual (independent of its survival
time) chooses to leave the study. In this case, we would only know that the individual
survived beyond a certain time point. This is called right censoring. Left censoring
arises when the start (or birth) of an individual is unknown (hence it is known when an
individual passes away, but the individuals year of birth is unknown), we will not consider
this problem here.

Let us suppose that T} is the survival time, which may not be observed and we observe

instead Y; = min(7j}, ¢;), where ¢; is the potential censoring time. We do know if the data
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has been censored, and together with Y; we observe the indicator variable

5 — 1 T, <¢ (uncensored)
' 0 T;>c¢ (censored)

Hence, in survival analysis we typically observe {(Y;,0;)}" ;. We use the observations
{(Y;, 6;)}7, to make inference about unknown parameters in the model.
Let us suppose that T; has the distribution f(z;6y), where f is known but 6y is

unknown.

Naive approaches to likelihood construction

There are two naive approaches for estimating 6,. One method is to ignore the fact that

the observations are censored and use time of censoring as if the were failure times. Hence

define the likelihood

L1n(0) =) log f(Yi;0),
=1

and use as the parameter estimator él,n = argmaxgee L£1,(0). The fundemental problem
with this approach is that it will be biased. To see this consider the expectation of

n~ 'Ly ,(0) (for convenience let ¢; = ¢). Since
Yi = TI(T, < ¢) + cl(T; > ¢) = log f(Yi;0) = [log f(T3; O)]I(T; < ¢) + [log f(c; O)[I(Ti > ¢)
this gives the likelihood

E(log f(Y;; 0)) = /Oclogf(x;H)f(x;Go)d$+ Fe) g f(c0).

probability of censoring

There is no reason to believe that 6, maximises the above. For example, suppose f is
the exponential distribution, using the £; ,(0) leads to the estimator 51@ =n 'Y " Y,
which is clearly a biased estimator of 6. Hence this approach should be avoided since the
resulting estimator is biased.

Another method is to construct the likelihood function by ignoring the censored data.

In other words use the log-likelihood function
Lon(0) =) 6ilog f(Vi0),
i=1
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and let égm = arg maxgeco L2,(0) be an estimator of . It can be shown that if a fixed
censor value is used, i.e. ¥; = min(7}, ¢), then this estimator is not a consistent estimator
of 6, it is also biased. As above, consider the expectation of n™'L,,,(#), which is
B(6ilog £(¥is6) = | log f(a16)f(wi60)da.
0
It can be shown that 6 does not maximise the above. Of course, the problem with the
above “likelihood” is that it is not the correct likelihood (if it were then Theorem [2.6.1]
tells us that the parameter will maximise the expected likelihood). The correct likelihood

conditions on the non-censored data being less than ¢ to give
Lon(0) = Z(Si (log f(Yi; 6) — log(1 — F(c;0)))-
i=1

This likelihood gives a consistent estimator of the #; this see why consider its expectation

1 Y;: 0 ¢ x;0 c; 0o
E (n* 52,n(9)) =E (log %\TZ < c> = /0 log 5__((6; 9; log j{‘((c; 90)> dz.

f(z;0)
F(c;0)

immediately see that the E (n"'L,,(#)) is maximised at § = 6. However, since we have

Define the “new” density g(z;60) =

for 0 < x < c¢. Now by using Theorem [2.6.1| we

not used all the data we have lost “information” and the variance will be larger than a
likelihood that includes the censored data.

The likelihood under censoring (review of Section (1.2))

The likelihood under censoring can be constructed using both the density and distribution
functions or the hazard and cumulative hazard functions. Both are equivalent. The log-
likelihood will be a mixture of probabilities and densities, depending on whether the
observation was censored or not. We observe (Y;,d;) where Y; = min(7}, ¢;) and J; is the
indicator variable. In this section we treat ¢; as if they were deterministic, we consider
the case that they are random later.

We first observe that if §; = 1, then the log-likelihood of the individual observation Y;
is log f(Y;; 0), since

x;0 h(y; 0)F (x; 60

L. ;(C) o = My )71 0) (C(i; é))dx. (6.3)

On the other hand, if §; = 0, the log likelihood of the individual observation Y; = ¢|§; = 0

PY,=x6;=1)=P(T;=z|T; < ¢) =

is simply one, since if §; = 0, then Y; = ¢; (it is given). Of course it is clear that

173



P(6; =1)=1—F(c¢;;0) and P(6; = 0) = F(c;;60). Thus altogether the joint density of
{Y;,6;} is
( f(x;0)
1 — F(ci;0)
Therefore by using f(Y;;0) = h(Y;;0)F(Y;;0), and H(Y;;0) = —log F(Yi;0), the joint
log-likelihood of {(Y;, 0;)}1, is

1-6;

x (1 — Fle; 0))>5i (1 x F(cs; 9)) = f(x;0)% F(ci; 0) 7.

n

Ln(0) = Z(ailogfm;e)ﬂl—5i>log(1—F(m;e)))

— Zéz—(log h(T;; 0) — H(T; 0)) — Z(l — ;) H(c;;0)

Y blogh(Yi0) - 3 H(Yio). (6.4

i=1 i=1
You may see the last representation in papers on survival data. Hence we use as the

maximum likelihood estimator 6, = arg max £, ().

Example 6.1.2 The exponential distribution Suppose that the density of T; is f(x;0) =
0~ exp(x/0), then by using the likelihood is

n

L.0) = > (@( —logh—67'Y;) — (1 — 51»)911@).

i=1
By differentiating the above it is straightforward to show that the maximum likelihood

estimator 1s

i Doy 0T Ay (1 — 5z‘)Ci.

" Z?:l 0i

6.1.4 Types of censoring and consistency of the mle

It can be shown that under certain censoring regimes the estimator converges to the true

parameter and is asymptotically normal. More precisely the aim is to show that
Vi (0, — 00) = N(0,1(66)7), (6.5)

where

B I~ Plog f(Yis0) 1< 0%log F(c;; 0)
1) = —E(gz‘*TmZ“‘@)T)

i=1 i=1
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Note that typically we replace the Fisher information with the observed Fisher information

D?log f(Yi;0) 1 < 02 log F(c;; 0)
2‘5 o TRl

=1

We discuss the behaviour of the likelihood estimator for different censoring regimes.

Non-random censoring

Let us suppose that Y; = min(7}, ¢), where ¢ is some deterministic censoring point (for
example the number of years cancer patients are observed). We first show that the expec-
tation of the likelihood is maximum at the true parameter (this under certain conditions
means that the mle defined in will converge to the true parameter). Taking expec-
tation of £, () gives

E(nlﬁn(ﬁ)) = E((Si log f(T};0) + (1 — 6;) log F(13; 9))
= /OC log f(x;0) f(x; 0p)dx + F(c; 0p) log F(c; 6).

To show that the above is maximum at 6 (assuming no restrictions on the parameter
space) we differentiate E(L,(0)) with respect to # and show that it is zero at 6y. The
derivative at 6 is

OF(n1L,,(0 :
(nae ())JHO _ 39/ Fes 0oy, + T 9)J9:90

This proves that the expectation of the likelihood is maximum at zero (which we would
expect, since this all fall under the classical likelihood framework). Now assuming that the
standard regularity conditions are satisfied then (6.5)) holds where the Fisher information

matrix is
I1(0) = ~ 50 (/ f(z;6p)log f(x;0)dx + F(c;6p) log F(c; 9))

We observe that when ¢ = 0 (thus all the times are censored), the Fisher information is
zero, thus the asymptotic variance of the mle estimator, 6,, is not finite (which is consistent
with out understanding of the Fisher information matrix). It is worth noting that under

this censoring regime the estimator is consistent, but the variance of the estimator will
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be larger than when there is no censoring (just compare the Fisher informations for both
cases).

In the above, we assume the censoring time ¢ was common for all individuals, such
data arises in several studies. For example, a study where life expectancy was followed
for up to 5 years after a procedure. However, there also arises data where the censoring
time varies over individuals, for example an individual, 7, may pull out of a study at time

¢;. In this case, the Fisher information matrix is

n 2 ci
RO = = ([ stwaos s oyae + Fieomyon Fieso))

= Z 1(0;c). (6.6)

However, if there is a lot of variability between the censoring times, one can “model these
as if they were random”. l.e. that ¢; are independent realisations from the random variable
C. Within this model can be viewed as the Fisher information matrix conditioned
on the censoring time C; = ¢;. However, it is clear that as n — oo a limit can be achieved

(which cannot be when the censoring in treated as deterministic) and

L3 [ 1k (6.7)

where k(c) denotes the censoring density. The advantage of treating the censoring as
random, is that it allows one to understand how the different censoring times influences
the limiting variance of the estimator. In the section below we formally incorporate
random censoring in the model and consider the conditions required such that the above

is the Fisher information matrix.

Random censoring

In the above we have treated the censoring times as fixed. However, they can also be
treated as if they were random i.e. the censoring times {¢; = C;} are random. Usually
it is assumed that {C;} are iid random variables which are independent of the survival
times. Furthermore, it is assumed that the distribution of C' does not depend on the
unknown parameter 6.

Let k and K denote the density and distribution function of {C;}. By using the
arguments given in the likelihood of the joint distribution of {(Y;,d;)}!; can be
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obtained. We recall that the probability of (Y; € [y — &,y + 2],6; = 1) is

_ h B
P K N o 751:1
< E_y 29"’2_ >
- h .
= P(Yie Y-y tg |5i—1>P<5i—1)

Thus

2 2
= P(T; < GI|T; = y) fr,(y)h

= Py < C)fr(yh = fr.(y) (1 = K(y)) h.

h
~ P65 =T c [y——,y+—]) Jr. ()

It is very important to note that the last line P(7; < C;|T; = y) = P(y < C;) is due to
independence between T; and C;, if this does not hold the expression would involve the

joint distribution of Y; and C;.

Thus the likelihood of (Y;,0; = 1) is fr(y) (1 — K(y)). Using a similar argument the
probability of (Y; € [y — %,y + 2],6;, = 0) is

h h h h
P(YiG |:y_§7y+§:|75i:0) :P(Cie [Q—an+§],5i=0)

= P ((51' = O‘Ci = [y_ gay+ g}) sz'(y>h

h

_p (ci < TICi = [y S 5]) fe)h = K(C)F(Cis )

Thus the likelihood of (Y;,6;) is

[fr,(Y2) (1= K (V)] [k(Y:)F (Ys 0)] %
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This gives the log-likelihood

n

Ly r(0) = Z <5z’ [log f(Yi;0) +log(1 — K(Y;))] + (1 — ) [log (1 — F(Cy30)) +log k<01)})
= 3 (Blor s 0) 4 (1~ 0) o (1 - F(Ci6))

i=1

. J/

—£(0)

+; (5,- log(1 — K(Y;)) + (1 — &) log k(Ci)>

= L0+ (@ log(1 — K(Y;)) + (1 — &) log k(CZ-)). (6.8)

The interesting aspect of the above likelihood is that if the censoring density k(y) does
not depend on 0, then the maximum likelihood estimator of y is identical to the maxi-
mum likelihood estimator using the non-random likelihood (or, equivalently, the likelihood

conditioned on ;) (see (6.3])). In other words

0, = arg max L, (0) = argmax L,, g(0).
Hence the estimators using the two likelihoods are the same. The only difference is the
limiting distribution of 6,.

We now examine what é\n is actually estimating in the case of random censoring. To
ease notation let us suppose that the censoring times follow an exponential distribution
k(z) = Bexp(—Bz) and K(z) = 1 — exp(—fz). To see whether 6, is biased we evaluate
the derivative of the likelihood. As both the full likelihood and the conditional yield the

same estimators, we consider the expectation of the conditional log-likelihood. This is
E(L,(0)) = nE <5¢ log f(T; 6)) + nE((l —4;) log F(C;; 9))

= nE(logf(ﬂ;e) M ) +nE(IOgF(C¢;9)E(1 —5,»|C¢)>,

=exp(—BTi) =F(Ci;00)

where the above is due to E(§|T;) = P(C; > T;|T;) = exp(—pT;) and E(1 — §;|C;) =
P(T; > C;|C;) = F(Ci;6p). Therefore

E(En(Q)) = n(/ooo exp(—px)log f(x;0) f(z; 90)d3:+/000 F(c;6p) 5 exp(—pc) log F(c; G)dc).
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It is not immediately obvious that the true parameter 6, maximises E(,Cn(e)), however

by using the expectation of the true likelihood is

Thus the parameter which maximises the true likelihood also maximises E(L,(6)). Thus

by using Theorem , we can show that 6, = arg max £ rn(0) is a consistent estimator
of 6y. Note that

~

Vit (O = 00) B N(O,1(06) ™)

where

10 - n/oooexp(—ﬁ:z:) (%)3(@%)%—

00 2
n/o exp(— 61:)8 J;(02 )dq:

+n /Oooﬂexp(—ﬂc) <w>2f(c; ) 'dc

0
—n/ B exp(—pSc) géz )dc.

Thus we see that the random censoring does have an influence on the limiting variance

of é\n,R~

Remark 6.1.2 In the case that the censoring time C' depends on the survival time T
it is tempting to still use as the “likelthood”, and use the parameter estimator the
parameter which maximises this likelihood. However, care needs to be taken. The likelihood
m 18 constructed under the assumption T and C', thus it is not the true likelihood
and we cannot use Theorem[2.6.1] to show consistency of the estimator, in fact it is likely

to be biased.

In general, given a data set, it is very difficult to check for dependency between survival

and censoring times.

Example 6.1.3 In the case that T; is an exponential, see Example the MLE is

63 Z?:l 01 + Z?:l(l - 5z‘)0i'

" Z?:l 0i
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Now suppose that C; is random, then it is possible to calculate the limit of the above. Since
the numerator and denominator are random it is not easy to calculate the expectation.
However under certain conditions (the denominator does not converge to zero) we have
by Slutsky’s theorem that

> i E(6:) - P(T < Cy)

5 7 T BOT +(1-6)C) _ B(win(T,, )

Definition: Type I and Type II censoring

o Type I sampling In this case, there is an upper bound on the observation time. In
other words, if T; < ¢ we observe the survival time but if 7; > ¢ we do not observe
the survival time. This situation can arise, for example, when a study (audit) ends
and there are still individuals who are alive. This is a special case of non-random

sampling with ¢; = c.

e Type II sampling We observe the first r failure times, T{y,...,T(;), but do not
observe the (n — r) failure times, whose survival time is greater than 7{,y (we have

used the ordering notation T(1) < Tip) < ... < T(n)).

6.1.5 The likelihood for censored discrete data

Recall the discrete survival data considered in Remark where the failures can occur
at {ts} where 0 <t; <ty < .... We will suppose that the censoring of an individual can
occur only at the times {¢;}. We will suppose that the survival time probabilities satisfy
P(T =t;) = ps(0), where the parameter # is unknown but the function py is known, and

we want to estimate 6.

Example 6.1.4

(i) The geometric distribution P(X = k) = p(1 — p)*=! for k > 1 (p is the unknown

parameter).

(ii) The Poisson distribution P(X = k) = A\exp(=\)/k! for k > 0 (X is the unknown

parameter).

As in the continuous case let Y; denote the failure time or the time of censoring of the

ith individual and let §; denote whether the ith individual is censored or not. Hence, we
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observe {(Y;,0;)}. To simplify the exposition let us define

ds = number of failures at time ¢, ¢s = number censored at time t,
Ny o= Y (di+aq).

So there data would look like this:

Time | No. Failures at time ¢; | No. censored at time ¢; Total Number
t d; ¢ Ny =372 (di + q)
to dy q2 Ny =327, (di + @)

Thus we observe from the table above that
N — ds = Number survived just before time ¢4, ;.

Hence at any given time tg, there are d, “failures” and N, — d, “survivals”.

Hence, since the data is discrete observing {(Y;, d;)} is equivalent to observing {(ds, ¢s) }
(i.e. the number of failures and censors at time t), in terms of likelihood construction
(this leads to equivalent likelihoods). Using {(ds, ¢s)} and Remark we now construct
the likelihood. We shall start with the usual (not log) likelihood. Let P(T = t4|0) = ps(0)
and P(T > t4]0) = Fs(0). Using this notation observe that the probability of (ds,gs) is
ps(0)4 P(T > t,)% = py(0)% F,(0)%, hence the likelihood is

La©@) = [Ipn(@"Fr ()= =[] p(0)"F.(0)"

= TIn@" X n O

For most parametric inference the above likelihood is relatively straightforward to max-
imise. However, in the case that our objective is to do nonparametric estimation (where
we do not assume a parametric model and directly estimate the probabilities without
restricting them to a parametric family), then rewriting the likelihood in terms of the
hazard function greatly simplies matters. By using some algebraic manipulations and
Remark we now rewrite the likelihood in terms of the hazard functions. Using that
ps(0) = hs(0)Fs—1(0) (see equation (6.1))) we have

Lo(0) = [ ] hs(0)™ Fu(0)* For ()" = || @s(mdsfsv(e)qﬁds@ (since Fy(h) = 1).

realigning the s
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Now, substituting F(0) = [[;_,(1 — h;(0)) (see equation (6.2)) into the above gives

S

hs(0)* [H (1 - hj(e))]

j=1

L.(0) =

n
3 3
—

= [Ir@)" J] (1 — (o))t

7j=1

©
Il

Rearranging the multiplication we see that hy(6) is multiplied by (1 — hy(6))2=i=1(giFdi+1),
hy(6) is multiplied by (1 — hy(#))2=2(%+d+1) and so forth. Thus

L,(0) = ﬁ he(0)% (1 — hs(g))Z%:S(qurde) ‘

s=1

Recall Ny = >" _ (¢m + dn). Thus > °_ (gm + dmy1) = Ns — ds (number survived just

before time ¢4, 1) the likelihood can be rewritten as

La(6) = TIpO)"[>_pi(o)"
= Jr0)" = hao)™ .

Z@@W”

= > (d log hs(0) + (Ns — ds) log(1 — hs(e))). (6.9)

s=1

The corresponding log-likelihood is

o0

L,(0) = Z {d log ps(0)% + log

s=1

Remark 6.1.3 At time t, the number of “failures” is ds and the number of survivors is

Ny — dg. The probability of “failure” and “success” is

ps(9) Zfi)is+1 pi(e)
> ies Ds(0) doiesPs(0)

Thus hs(0)% (1 — hy(0))N+"% can be viewed as the probability of d, failures and Ny — d,

successes at time t,.

hs(0) = P(T = s|T > s) = 1—hs(0)=P(T >sT>s)=

Thus for the discrete time case the mle of 6 is the parameter which maximises the
above likelihood.
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6.2 Nonparametric estimators of the hazard function

- the Kaplan-Meier estimator

Let us suppose that {T;} are iid random variables with distribution function F' and survival
function F. However, we do not know the class of functions from which F' or F may come
from. Instead, we want to estimate F nonparametrically, in order to obtain a good idea of
the ‘shape’ of the survival function. Once we have some idea of its shape, we can conjecture
the parametric family which may best fit its shape. See https://en.wikipedia.org/
wiki/Kaplani,E27,80%93Meier_estimator| for some plots.

If the survival times have not been censored the ‘best’ nonparametric estimator of the

cumulative distribution function F' is the empirical likelihood
Fu(z) =~ anf( <)
n\L) = — r = 1;).
i
Using the above the empirical survival function F(z) is
. 1 —

Folz)=1-Fy(z) = =S I(T, > ),
(«) (0) = 1T )

observe this is a left continuous function (meaning that the limit limgs_,o F},(x—9) exists).

We use the notation

ds = number of failures at time ¢,

s—1 00
Ny = n— Z d; = Z d; = Ns_1 — ds_1 (corresponds to number of survivals just before t;).
i=1 i=s

If ts <o <ty 1, then the empirical survival function can be rewritten as

~ Ns - ds - Nz - dz ° dl
Flr) = n H ( N, ) = H (1 - ﬁ) x € (ti, ti)
i1 % i

i=1
where N; = n are the total in the group. Since the survival times usually come from

continuous random variable, d; = {0, 1}, the above reduces to

Fula) = H <1 - %)d z € (ti tia).

=1
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Figure 6.1: The noparametric estimator of the survival function based on the empirical

distribution function (with no censoring).

However, in the case, that the survival data is censored and we observe {Y;,d;}, then
some adjustments have to made to ]:'n(x) to ensure it is a consistent estimator of the
survival function. This leads to the Kaplan-Meier estimator, which is a nonparametric
estimator of the survival function F that takes into account censoring. We will now derive

the Kaplan-Meier estimator for discrete data. A typical data set looks like this:

Time | No. Failures at time ¢; | No. censored at time ¢; Total Number
t 0 0 Ny =" (di+q)
ty 1 0 Ny =327 (di + 1)
t3 0 1 N3 =32, (di+q)
ty 0 1 Ny=32,(di+q)

It is important to note that because these are usually observations from a continuous
random variable and observation which as been censored at time t,_; may not have
survived up to time t5. This means that we cannot say that the total number of survivors
at time t, — € is Ny + ¢s_1, all we know for sure is that the number of survivors at t, — ¢
is N,.
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The Kaplan-Meier estimator of the hazard function hy = P(T = t5)/P(T > ts — €) is

where d, are the number of failures at time ¢, and N, are the number of survivors just
before time t4 (think ¢t —e). The corresponding estimator of the survival function P(7T" >
ts) = F(ts) is
. : d;
F(ts) = E (1 Nj) .
We show below that this estimator maximises the likelihood and in many respects, this is
a rather intuitive estimator of the hazard function. For example, if there is no censoring

then it can be shown that maximum likelihood estimator of the hazard function is

7o ds number of failures at time s
.=

Y. ds  number who survive just before time s’
which is a very natural estimator (and is equivalent to the nonparametric MLE estimator
discussed in Section ?7).

For continuous random variables, d; € {0,1} (as it is unlikely two or more survival

times are identical), the Kaplan-Meier estimator can be extended to give

Fo=T1 (1-+)

Jit>Y; J
where Yj is the time of an event (either failure or censor) and d; is an indicator on whether
it is a failure. One way of interpreting the above is that only the failures are recorded
in the product, the censored times simply appear in the number N;. Most statistical
software packages will plot of the survival function estimator. A plot of the estimator is
given in Figure [6.2]
We observe that in the case that the survival data is not censored then N; = " ; ds,
and the Kaplan-Meier estimator reduces to
ity =] (1—i).
Jt>Y; N
Comparing the estimator of the survival function with and without censoring (compare
Figures and we see that one major difference is the difference between step sizes.
In the case there is no censoring the difference between steps in the step function is always

n~! whereas when censoring arises the step differences change according to the censoring.
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Figure 6.2: An example of the Kaplan-Meier estimator with censoring. The small vertical

lines in the plot correspond to censored times.

Derivation of the Kaplan-Meier estimator

We now show that the Kaplan-Meier estimator is the maximum likelihood estimator in
the case of censoring. In Section 77 we showed that the empirical distribution is the
maximimum of the likelihood for non-censored data. We now show that the Kaplan-
Meier estimator is the maximum likelihood estimator when the data is censored. We
recall in Section that the discrete log-likelihood for censored data is

£(0) = X (dtogn(0)" + aulonf)_ pi(0)] )

s=1
(9

= > (ds log hs(6) + (Ns — ds) log(1 — h5(9)>,

s=1

where P(T = t5) = ps(0), ds are the number of failures at time ¢,, ¢; are the number of
individuals censored at time ¢ and Ny = >~ (¢, + d.n). Now the above likelihood is

constructed under the assumption that the distribution has a parametric form and the
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only unknown is #. Let us suppose that the probabilities p; do not have a parametric

form. In this case the likelihood is

Lo(pr,p2,-..) = Z(dslogps+qslog[2pj]>

s=1 j=s
subject to the condition that ) p; = 1. However, it is quite difficult to directly maximise

the above. Instead we use the likelihood rewritten in terms of the hazard function (recall

equation ([6.9))

Lo(h g, ) = Y <ds log hs + (Ns — dy) log(1 — hs)),

s=1
and maximise this. The derivative of the above with respect to hy is

oL, d, (N,—d,)

Ohs  hy 1 — hy

Hence by setting the above to zero and solving for hg gives

If we recall that d, = number of failures at time ¢, and Ny = number of alive just before
time ¢,. Hence the non-parametric estimator of the hazard function is rather logical (since
the hazard function is the chance of failure at time ¢, given that no failure has yet occured,
ie. h(t;) = P(t; <T < ti1|T > t;)). Now recalling and substituting h, into

gives the survival function estimator

Rewriting the above, we have the Kaplan-Meier estimator
- d
L - _ 4
F) =110 Nj).
7=1
For continuous random variables, d; € {0,1} (as it is unlikely two or more survival times
are identical), the Kaplan-Meier estimator cab be extended to give
~ 1 .4
;. J
53Y;<t
Of course given an estimator it is useful to approximate its variance. Some useful

approximations are given in Davison (2002), page 197.
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6.3 Problems

6.3.1 Some worked problems
Problem: Survival times and random censoring

Example 6.3.1 Question
Let us suppose that T and C' are exponentially distributed random variables, where the
density of T is 5 exp(—t/)) and the density of C is iexp(—c/,u).

(1) Evaluate the probability P(T — C' < x), where x is some finite constant.

(i1) Let us suppose that {T;}; and {C;}; are did survival and censoring times respec-
tely (T; and C; are independent of each other), where the densities of T; and
C; are fr(t;\) = %exp(—t/)\) and fo(c;p) = iexp(—c/u) respectively. Let Y; =
min(7;, C;) and 6; = 1 if Y; = T; and zero otherwise. Suppose A and p are unknown.
We use the following “likelihood” to estimate A

Lo\ = dilog fr(Yis ) + > (1= 6)log Fr(Yi; M),
=1 i=1

where Fr denotes is the survival function.

Let )\, = argmax L,,(\). Show that A, s an asymptotically, unbiased estimator of

A (you can assume that An converges to some constant).
(i1i) Obtain the Fisher information matriz of .
(iv) Suppose that 1 = X\, what can we say about the estimator derived in (ii).
Solutions
(i) P(T > x) =exp(—z/A) and P(C > ¢) = exp(—c/u), thus

PT<C+zx) = /f(T<C+$|C:c)fc(c)dc

7

use independence

= /P(T < c+x)fo(e)de

_ /OOO {1 _ exp(—c—;x)] %exp(—i)dc - exp(—x/)\)ﬁ.
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(ii)

(iii)

Differentiating the likelihood

along EaA) - o alOgFT(CH)\)
Za +) (1-4) 9

i=1
substituting f(x; \) = X lexp(—xz/\) and F(z;\) = exp(—xz/)) into the above and

equating to zero gives the solution

5\ Zizl 0;T; + Zl(l — (51)01

" Zz’5i

Now we evaluate the expectaton of the numerator and the denominator.

E(6,T;) = E(TI(T, <)) =E(LEI(C; > T,|T;)))
= E(T,P(C; > T,|T;)) = E(L;P(C; — T; > 0|T;))
— E(Texp(-Ti/p)) = / texp(—t/1)y exp(~t/A)d

1 UN |2 TP
= _X( ) - 2
A pF A (e +A)

Similarly we can show that

A
((1—=06:)Ci) = P(CiP( |C3)) TESE
Finally, we evaluate the denominator E(6;) = P(T < C) = 1—m = 5. Therefore

by Slutsky’s theorem we have

pA2 4 p2A

P (N2 T (w2

)\n_>(u+) M(wr)
TSN

Thus An converges in probability to \.

Since the censoring time does not depend on \ the Fisher information of X is

B 0?L,, r(N) B DL, (N B B
_ n_r
DY

where Ly g is defined in . Thus we observe, the larger the average censoring

time 1 the more information the data contains about .
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(iv) It is surprising, but the calculations in (ii) show that even when p = X\ (but we require
that T and C' are independent), the estimator defined in (i1) is still a consistent
estimator of X\. However, because we did not use L, r to construct the mazximum
likelihood estimator and the mazimum of L,(\) and L, r(\) are not necessarily the

same, the estimator will not have optimal (smallest) variance.

Problem: survival times and fixed censoring

Example 6.3.2 Question

Let us suppose that {T;}I'_, are survival times which are assumed to be iid (independent,
identically distributed) random wvariables which follow an exponential distribution with
density f(x;\) = 5 exp(—x/X), where the parameter X is unknown. The survival times
may be censored, and we observe Y; = min(T;, ¢) and the dummy variable §; = 1, if Y; = T;

(no censoring) and 6; = 0, if Y; = ¢ (if the survival time is censored, thus c is known).

(a) State the censored log-likelihood for this data set, and show that the estimator of A

18

i im0 YL (=)
Zi:1 6@‘

~

(b) By using the above show that when ¢ > 0, A, is a consistent of the the parameter \.

(c) Derive the (expected) information matriz for this estimator and comment on how

the information matrixz behaves for various values of c.
Solution

(1a) Since P(Y; > ¢) = exp(—c]), the log likelihood is

n

Lo(A) =) (5i log A — 6;\Y; — (1 — &i)c)\).

i=1
Thus differentiating the above wrt \ and equating to zero gives the mle

S Z?:l 0;T; + Z?:l(l - (5@)0'

" Zi:l 0i
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(b) To show that the above estimator is consistent, we use Slutsky’s lemma to obtain

< p E[6T + (1 -10)c]
A D G

To show tha \ = W we calculate each of the expectations:

E(0T) = /OC y% exp(—Ay)dy = cexp(—c/\) — %exp(—c/)\) + A

E((1=9)c) = cP(Y >c¢)=cexp(—c/A)
E() = PY <c¢)=1—exp(—c/A).

Substituting the above into gives An PN asn — 0.

(#1i) To obtain the expected information matriz we differentiate the likelihood twice and

take expections to obtain

10y = _nE(éiAQ):_l—exig—C/)\)_

Note that it can be shown that for the censored likelihood E(aﬁ#(’\))2 = —E(%).
We observe that the larger c, the larger the information matriz, thus the smaller the

limiting variance.

6.3.2 Exercises

Exercise 6.1 If {F;}, are the survival functions of independent random variables and
Bi>0,...,5, >0 show that [[}_, Fi(x)? is also a survival function and find the corre-

sponding hazard and cumulative hazard functions.

Exercise 6.2 Let {Y;}!' | be iid random variables with hazard function h(x) = X subject
to type I censoring at time c.
Show that the observed information for X is m/\*> where m is the number of Y; that
are non-censored and show that the expected information is I(\|c) = n[1 — e =] /\2.
Suppose that the censoring time c is a reailsation from a random variable C' whose

density is

fle) = exp(—cla) c>0,a,v > 0.
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Show that the expected information for A after averaging over c is
IN) =n[l1—1+1/a)™] /N
Consider what happens when
(i) o — 0
(ii) o — oo
(i) o« =1 andv =1
(iv) v — oo but such that p = v/« is kept fized.

In each case explain quantitively the behaviour of I(\).

Exercise 6.3 Let us suppose that {T;}; are the survival times of lightbulbs. We will
assume that {T;} are iid random variables with the density f(-;6y) and survival function
F(+;00), where Oy is unknown. The survival times are censored, and Y; = min(T;,c) and

d; are observed (c > 0), where §; = 1 if Y; = T; and is zero otherwise.

(a) (i) State the log-likelihood of {(Y;, ;) }i.
(ii) We denote the above log-likelihood as L,,(0). Show that

B <82§52<9)Je=90) . <acge(e)J0:%) 27

stating any important assumptions that you may use.

et us suppose that the above survival times satisfy a Weibull distribution f(x; ¢, a) =
b) L hat the ab wal 11 sfy a Weibull distribution f(x; ¢

(%)(%)O‘_lexp(—(m‘/qﬁ)a) and as in part (a) we observe and Y; = min(T;, c) and §;,
where ¢ > 0.

(i) Using your answer in part 2a(i), give the log-likelihood of {(Yi,0;)}: for this
particular distribution (we denote this as L,(a, ¢)) and derive the profile like-
lihood of a (profile out the nusiance parameter ¢).

Suppose you wish to test Hy : « = 1 against Hy : o # 1 using the log-likelihood

ratio test, what is the limiting distribution of the test statistic under the null?
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(ii) Let ¢, Gy, = argmax L, (a,¢) (mazimum likelihood estimators involving the
censored likelihood). Do the estimators gzgn and &, converge to the true param-
eters ¢ and « (you can assume that &n and &, converge to some parameters,

and your objective is to find whether these parameters are ¢ and «).

(i1i) Obtain the (expected) Fisher information matriz of maximum likelihood esti-

mators.

(iv) Using your answer in part 2b(iii) derive the limiting variance of the mazimum

likelihood estimator of &,.

Exercise 6.4 Let T; denote the survival time of an electrical component. It is known
that the regressors x; influence the survival time T;. To model the influence the regressors
have on the survival time the Cox-proportional hazard model is used with the exponential
distribution as the baseline distribution and ¥ (x;; 5) = exp(Sx;) as the link function. More

precisely the survival function of T; is
Fi(t) = Fo(t)w(xi;ﬂ)’

where Fo(t) = exp(—t/0). Not all the survival times of the electrical components are
observed, and there can arise censoring. Hence we observe Y; = min(T},¢;), where ¢
is the censoring time and 6;, where d; is the indicator variable, where 0; = 0 denotes
censoring of the ith component and 6; = 1 denotes that it is not censored. The parameters

B and 6 are unknown.
(i) Derive the log-likelihood of {(Y;,d;)}.

(i1) Compute the profile likelihood of the regression parameters 3, profiling out the base-

line parameter 6.
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Chapter 7

The Expectation-Maximisation
Algorithm

7.1 The EM algorithm - a method for maximising
the likelihood

Let us suppose that we observe Y = {Y;} ;. The joint density of Y is f(Y;0o), and 6, is

an unknown parameter. Our objective is to estimate 6y. The log-likelihood of Y is
L,(Y;0) =log f(Y0),

Observe, that we have not specified that {Y;} are iid random variables. This is because
the procedure that we will describe below is very general and the observations do not
need to be either independent or identically distributed (indeed an interesting extension
of this procedure, is to time series with missing data first proposed in Shumway and Stoffer
(1982) and Engle and Watson (1982)). Our objective is to estimate 6y, in the situation
where either evaluating the log-likelihood £, or maximising £, is difficult. Hence an
alternative means of maximising £, is required. Often, there may exist unobserved data
{U = {U;}",}, where the likelihood of (Y,U) can be ‘easily’ evaluated. It is through
these unobserved data that we find an alternative method for maximising £,.

The EM-algorithm was specified in its current form in Dempster, Laird and Run-
bin (1977)(https://wuw. jstor.org/stable/pdf/2984875.pdf) however it was applied

previously to several specific models.
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Example 7.1.1 (i) Suppose that {f;(-;0);0}7., are a sequence of densities from m
exponential classes of densities. In Sections and we showed that it was
straightforward to maximise each of these densities. However, let us suppose that
each f;(+;0) corresponds to one subpopulation. All the populations are pooled together
and given an observation X; it is unknown which population it comes from. Let 6;

denote the subpopulation the individual X; comes from i.e. 6; € {1,...,m} where
P(0; =j) = p;.

The density of all these mixtures of distribution is

fla;0) = f(X; = =[6; = j)P ijf]xé
j=1
where Y 37" pj = 1. Thus the log-likelihood of {X;} is

Of course we require that 2;11 pj = 1, thus we include a lagrange multiplier to the

likelihood to ensure this holds
i=1 j=1 Jj=1

It 1s straightforward to mazimise the likelihood for each individual subpopulation,
however, it is extremely difficult to maximise the likelihood of this mizture of distri-

butions.

The data {X;} can be treated as missing, since the information {;} about the which
population each individual belongs to is not there. If §; were known the likelihood of

{Xi, (51} 18

HH p]f] Xzae V Hpé f6 que)

j=1i=1

which leads to the log-likelihood of {X;, d;} which is

n

> logps, fi,(Xi0) = (log ps, + log f5,(Xi; 6))
=1

i=1



(i)

which is far easier to maximise. Again to ensure that Z?;pj = 1 we include a

Lagrange multiplier

> logps, f5,(Xi:0) = > (logps, + log f5,(Xi:60)) + A (ij - 1) :
im1

i=1 Jj=1

It is easy to show that p; =n~t> " 1(6; = 7).

Let us suppose that {T;}!4™ are iid survival times, with density f(x;0,). Some of

these times are censored and we observe {Y; }i4™, where Y; = min(T}, ). To simplify
notation we will suppose that {Y; = T;}?_,, hence the survival time for 1 < i < mn,
is observed but Y; = ¢ forn+1 < i < n+ m. Using the results in Section the

log-likelihood of Y is

L,(Y;0) = (élogf(iéﬁ)) + ( Tinf 10g}"(Y2;9)>'

i=n-+1

The observations {Y;}17" | can be treated as if they were missing. Define the ‘com-

plete’ observations U = {E}fjﬁrl, hence U contains the unobserved survival times.

Then the likelihood of (Y,U) is

n+m

Ly(Y,U;0) = log f(T;; 6).

=1

If no analytic express exists for the survival function F, it is easier to mazximise
L, Y,U) than L,(Y).

We now formally describe the EM-algorithm. As mentioned in the discussion above
it is often easier to maximise the joint likelihood of (Y, U) than with the likelihood of Y

itself. the EM-algorithm is based on maximising an approximation of (Y ,U) based on
the data that is observed Y.
Let us suppose that the joint likelihood of (Y, U) is

L,(Y,U;0) =log f(Y,U;0).

This likelihood is often called the complete likelihood, we will assume that if U were

known, then this likelihood would be easy to obtain and differentiate. We will assume
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that the density f(U|Y;#) is also known and is easy to evaluate. By using Bayes theorem
it is straightforward to show that

log f(Y,U;0) = log f(Y;0)+log f(U|Y;0) (7.1)
= L,(Y,U;0) = L,(Y;0)+log f(U|Y;0).

Of course, in reality log (Y, U; ) is unknown, because U is unobserved. However, let us

consider the expected value of log f(Y,U;0) given what we observe Y. That is

Q6. ) ZE(logf(K,Q; ew,eo) -/ (logf(X,u;0))f(u|X,Qo)du, (7.2

where f(ulY,0,) is the conditional distribution of U given Y and the unknown parameter
6. Hence if f(u|Y,0,) were known, then Q (6, ) can be evaluated.

Remark 7.1.1 [t is worth noting that Q(6y,0) = E(log fY,Uu; 9)‘X, 00) can be viewed
as the best predictor of the complete likelihood (involving both observed and unobserved
data - (Y,U)) given what is observed Y. We recall that the conditional expectation is
the best predictor of U in terms of mean squared error, that is the function of Y which

minimises the mean squared error: E(U|Y) = argmin, E(U — g(Y))?.

The EM algorithm is based on iterating Q(:) in such a way that at each step we
obtaining an estimator which gives a larger value of Q(-) (and as we will show later, this
gives a larger £,(Y;6)). We describe the EM-algorithm below.

The EM-algorithm:
(i) Define an initial value #; € ©. Let 6, = 0.
(ii) The expectation step (The (k+1)-step),
For a fixed 6, evaluate
Q(0..0) = 5 (tog 10, 050)|v.0,) = [ (108 1(¥.50)) FlY. 0.0,
for all 8 € ©.

(iii) The maximisation step

Evaluate 05,1 = arg maxgee Q (6., 0).
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We note that the maximisation can be done by finding the solution of

dlog f(Y,U;0) -
(PO

(iv) If 0 and 0. are sufficiently close to each other stop the algorithm and set é\n = Oky1-

Else set 0, = 0,11, go back and repeat steps (ii) and (iii) again.

We use én as an estimator of 6. To understand why this iteration is connected to the
maximising of £,(Y;0) and, under certain conditions, gives a good estimator of 6y (in
the sense that 6, is close to the parameter which maximises L,) let us return to 1}

Taking the expectation of log f(Y,U;#), conditioned on Y we have
Q0.6) = (1o fX. L3016 )

= E|log f(¥;0) +log f(U|Y;0)]Y, 6,]

— log f(Y30) + | o {010 (73)
Define

D0.0) = E(1og SIYsOY.0.) = [ [log Y30 (ulY.0.)

Substituting D (6., 6) into gives

Q(0.,0) = L,(0) + D(0.,0), (7.4)

we use this in expression in the proof below to show that £, (0x+1) > L£,(0x). First we
that at the (k4 1)th step iteration of the EM-algorithm, 6;,; maximises Q (0, 0) over all
0 € ©, hence Q (O, Or+1) > Q(0y, k) (which will also be used in the proof).

In the lemma below we show that £, (0x.1) > L, (0x), hence at each iteration of the
EM-algorthm we are obtaining a 6., which increases the likelihood over the previous

iteration.

Lemma 7.1.1 When running the EM-algorithm the inequality L, (0y41) > L,(0)) always
holds.

Furthermore, if 0, — 0 and for every iteration %‘g‘mj(gh%):(%gk“) = 0, then
6550(9)J9:§ = 0 (this point can be a saddle point, a local maximum or the sought after

global mazximum,).
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PROOF. From ([7.4)) it is clear that

QO Ory1) — Q(Ok, ) = [Ln(Ok11) = Lu(0k)] + [D(k, Ohy1) — D(0x,01)],  (7.5)

where we recall

DO,,0) — E(logf@z;enz,el): [ [1os sl 0)] sl )

We will show that [D(@k, Or+1) — D (b, Gk)] < 0, the result follows from this. We observe
that

By using the Jenson’s inequality (which we have used several times previously)

[D(@k, 0k+1) — D(Qk, Qk)] = /log f(g|X, Hk)dg

[D(0k, Ox11) — D0k, 0k)] < 10g/f(ull, Or1)du = 0.

Therefore, [D(Qk, Or+1) — D(Ok, Qk)] < 0. Note that if # uniquely identifies the distribution
f(ulY, 0) then equality only happens when 6y, = ). Since [D(Qk, Or+1) — D(0Ok, 91@)} <0
by (7.5 we have

(L0 (Ok11) — La(0k)] > Q(6k, Oy1) — Q(Ok, 0i) > 0.

and we obtain the desired result (L, (0k+1) > L, (0k))-
To prove the second part of the result we will use that for all § € ©

0D(61,65) dlog f(ulY;0)
————(01,02)=(0,0) =

FulY.0)du = o [ F(uly.0)du=0. (7.6)

004 00
We will to show that the derivative of the likelihood is zero at 6, i.e. %ngg* =0. To
show this we use the identity

L (Ok11) = Q(Ok, Ory1) — D(Ok, Opr1)-
Taking derivatives with respect to 0y, gives
a‘cn(6> - aQ(eb 92) aD(eb 92)

g A0=ten = G—%J(el,ez):(ek,ekm - a—ng(el,ez)z(ek,ekm'

By definition of 6,1, an:lQ’QQ)J(91792):(%9“1) = 0, thus we have
0L,(0) 0D(64,05)
50 0=t = —a—ezhel,ea):(ek,em).
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Furthermore, since by assumption 6, — 0 this implies that as k — oo we have

0L, (0) 0D(6,,02)
TJ 6=6 — _3—92J(91ﬁz):(§ﬁ) =0,
which follows from (7.6]), thus giving the required result. 0

Further information on convergence can be found in Boyles (1983) (http://www.
jstor.org/stable/pdf/2345622.pdf?_=1460485744796) and Wu (1983) (https://www|
jstor.org/stable/pdf/2240463 . pdf?_=1460409579185).

Remark 7.1.2 Note that the EM algorithm will converge to a 0 where 59(9)9 ;= 0.

The reason can be seen from the identity
Q0.,0) = L,(0) + D(0.,0).

The derivative of the above with respect to 0 is

0Q(0.,6) _ 9L(6) , OD(6..6)
00 o0 o0

(7.7)

Observe that D(H*,Q) is mazimum only when 0 = 0, (for all 0, this is clear from the

proof above), thus 899* ) g—g. Which for 0. = =0 implies 8Daz :0) 9—s = 0. Furthermore, by
9Q(0.0) _
definition 8 6=0 = 0. .
Since %925 =0 and %925 =0 by using this implies Mge(o)gza =0.

In order to prove the results in the following section we use the following identities.

Since

Q(@l, 0,) = L(62) + D(6y,6)
Q01 0:) _ 0°L(6) | *D(6.6))

392 062 002
32Q(91,«92)J B 82£(92)J n 82D(«91,02)J
862 (01’02):(979) - 89% (91702):(0)0) ae% (91792):(070)
825( 2) 92Q (64, 06,) 9?D(6y,65)
1,02)=(6,0) — — 1,02)=(6,0) T 1,02)=(6, 7.8
o0 =00 o7 Aee=00) oz Ane=00) (7:8)

We observe that the LHS of the above is the observed Fisher information matrix 7(0|Y),

0*Q(6, 6 92log f(u, Y0
T o = Tolo) = — [T D pgy i 79
2
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is the complete Fisher information conditioned on what is observed and

92D(6,,6 9 log f(ulY: 0
B 6(?0; 2>J(91,92)=(9,9) =Iy(0]Y) = —/ ggéQ_L >f(ﬂ|L 0)du  (7.10)
2

is the Fisher information matrix of the unobserved data conditioned on what is observed.
Thus

1(0]Y) = 1c(0]Y) — Tu(0]Y).

7.1.1 Speed of convergence of 0, to a stable point

When analyzing an algorithm it is instructive to understand how fast it takes to converge
to the limiting point. In the case of the EM-algorithm, this means what factors determine
the rate at which 6, converges to a stable point 0 (note this has nothing to do with the rate
of convergence of an estimator to the true parameter, and it is important to understand
this distinction).

The rate of convergence of an algorithm is usually measured by the ratio of the current

iteration with the previous iteration:

if the algorithm converges to a limit in a finite number of iterations we place the above
limit to zero. Thus the smaller R the faster the rate of convergence (for example if (i)
0 —0 = k' then R = 1if (i) 6 — 6 = p* then R = p, assuming |p| < 1). Note that
. > 0,41—0 :
since (0g11 —0) = H§:1 ( 79:1_5 ), then typically |R| < 1.

To obtain an approximation of R we will make a Taylor expansion of %91’92)

PN 2

the limit (61, 60y) = (0,60). To do this we recall that for a bivariate function f : R? — R

around

for (zo,y0) “close” to (z,y) we have the Taylor expansion

E)f T,y af T,y
f(z,y) = f(zo,y0) + (x — xo)%J (@)=(zo.0) T (Y — yo)(g—y)J(w,y)(l‘O:yo) + lower order terms.
Applying the above to %&;92) gives
aQ(Qlw 92)
8—02J (01,62)= (0 1 s1)
0Q(61,02) ~ 0°Q(0:,05) ~ 0°Q(0:,05)

90, J(el,eg):(éﬁ) + (041 — 9)—893 J(al,ez):(éﬁ) + (0 — 9)—891892 J(91,92):(§,§)'
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Since 01 maximises Q (6, #) and f maximises Q(é\, ) within the interior of the parameter

space then

0Q(01,0) 0Q(01,0)
a—QQJ(Gl,HQ):(OkﬁkJrl) = 0 and 00, J((7’1,92):(/9\,3 =0

This implies that

N 82Q(917 82) N azQ(ela 82)
(Or41 — 9)8—9%J(91,92):(§,§) + (6 — Q)WJ(el,ez):(éﬁ) =0.

Thus

) 82Q(01,05) 1 0%Q(01,02)
i ( 0, — 0 ) - ( 062 J(0r.0m)=09) 96,00, lovon=@a-  (7-11)

This result shows that the rate of convergence depends on the ratio of gradients of Q (6, 02)

around (6q,05) = (é’\, é\) Some further simplifications can be made by noting that

PQ(61,6:) _ 9°D(61,6)
00,00, 00,00,

Q(61,05) = L,(62)+ D(0y,6,)

Substituting this into (7.11]) gives

(=0 PQ(61,02) L 9PD(6,, 62)
lim ( = ) = - (a—ggJ(91792)(§7§) Wj(ghgz):(ag)' (7.12)

k= \ @, — 0

To make one further simplification, we note that

D010, / L OflY. 0 0f Y. 0),
091892 (61,62)=(6,0) f(g‘z7 02) 002 891 (01,02)=(0,0) "=
_ 1 Of (Y, 0)\*
N / f(ulXﬁ)( a0 )J”d@
_ _/8210g£é@|zae)f(g|x,9”9§du (7.13)
2

were the last line of the above follows from the identity

/f(zl; 0) (afé%(?)ydznt/a”%&—i@;@)f@;@)dz:0

(see the proof of Corollary [1.3.1]). Substituting (7.12)) into (7.13)) gives

- 0*Q(61, 62) ~ 02D (61, 6,)
1 - =< - —_— o~ - ~ 14
k;l—g}o ( 0, — 0 > ( ag% J(91,92)=(9, ) 86% J(al,eg):(e, ) (7.14)
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Substituting (7.9) and (7.10) into the above gives

lim (M> = Io(0]Y) 1 (A]Y) (7.15)

koo \ @, — @

Hence the rate of convergence of the algorithm depends on on the ratio I (0|Y) " 1 (0]Y).
The closer the largest eigenvalue of Io(0|Y ) '1(0]Y) to one, the slower the rate of
convergence, and a larger number of iterations are required. The heuristic of this result is
that if the missing information is a large proportion of the complete or total information
than this ratio will be large.

Further details can be found in Dempster et. al. (1977) pages 9-10 and Meng and Ru-
bin (1994) (http://www.sciencedirect.com/science/article/pii/0024379594903638).

7.2 Applications of the EM algorithm

7.2.1 Censored data

Let us return to the example at the start of this section, and construct the EM-algorithm

for censored data. We recall that the log-likelihoods for censored data and complete data

are
n+m
La(Y; (Zlogf m) (Z 1ogfn,9>)
1=n+1
and

L,(Y,U:0) (Zlogf 1@,9) (% log f T;,e))

1=n-+1

To implement the EM-algorithm we need to evaluate the expectation step Q(6,,6). It is

easy to see that

Q(6.,6) = E(ﬁn@,g; oy, 9*) - (glogf(lﬁﬁ)) ¥ ( S B(log (T )Y, e*)).

1=n+1

To obtain E(log f(T;;6)|Y,6.) (i > n+ 1) we note that
E(log f(T;;0)[Y,0.) = E(log f(T;;0)|T; > c)
— g | [loB S (Ts6)) f(ui8.)du



http://www.sciencedirect.com/science/article/pii/0024379594903638

Therefore we have

Q0.0) = (1o i) + g [ [ow1(T0)) 0.y

We also note that the derivative of Q(0.,0) with respect to 6 is

9Q(6.,0) (= 1 9f(Yi;6) mo [ 1 of(w6),

Hence for this example, the EM-algorithm is

(i) Define an initial value 6, € ©. Let 6, = 6.

(i) The expectation step:

For a fixed 6, evaluate
8@(0*,9 1 0f(Y;0) m * 1 Of(w0) .
(Zf )t rem | TS

(iii) The maximisation step:

Solve for 8Qg95‘ ) TLet 01 be such that 8Q 9* )nggk = 0.

(iv) If 0 and 0y are sufficiently close to each other stop the algorithm and set én = Oky1.

Else set 0, = 011, go back and repeat steps (ii) and (iii) again.

7.2.2 Mixture distributions

We now consider a useful application of the EM-algorithm, to the estimation of parameters

in mixture distributions. Let us suppose that {Y;}? ; are iid random variables with density

f(y;0) = pfiy; 1) + (1 — p) faly; 02),

where 6 = (p, 0y, 0,) are unknown parameters. For the purpose of identifiability we will
suppose that 0, # 65, p # 1 and p # 0. The log-likelihood of {Y;} is

L(Y50) = log (pfi(Yi;01) + (1 — p) fo(Yi: 0)). (7.16)
i=1
Now maximising the above can be extremely difficult. As an illustration consider the

example below.
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Example 7.2.1 Let us suppose that fi(y;01) and fa(y;01) are normal densities, then the
log likelihood is

- 1 1 1 1
L,Y;0)= lo —exp(———=(Y; — 1)) + (1 — exp(——=(Y; — 2>.
(Y;0) ;é; g (p\/§%g? P(— oz (¥i = m)?*) + ( p)\/§;gg (=g (Y= )"

We observe this is extremely difficult to mazimise. On the other hand if Y; were simply

normally distributed then the log-likelihood is extremely simple

& 1
L,(Y;0) x — ; <log o + 27‘%(}/; — ;1,1)2)). (7.17)
In other words, the simplicity of mazximising the log-likelihood of the exponential family of

distributions (see Sectz’on@) 1s lost for mixtures of distributions.

We use the EM-algorithm as an indirect but simple method of maximising . In
this example, it is not clear what observations are missing. However, let us consider one
possible intepretation of the mixture distribution. Let us define the random variables d;
and Y;, where §; € {1,2},

P(6;=1)=pand P(§; =2)= (1 —1p)

and the density of Y;|0; = 1 is f; and the density of Y;|0; = 1is f,. Based on this definition,
it is clear from the above that the density of Y; is

fly;0) = f(yld =1,0)P(6 = 1) + f(ylo = 2,0)P(0 = 2) = pfi(y; 01) + (1 — p) fa(y; 0a).

Hence, one interpretation of the mixture model is that there is a hidden unobserved
random variable which determines the state or distribution of Y;. A simple example, is
that Y; is the height of an individual and ¢; is the gender. However, 9; is unobserved and
only the height is observed. Often a mixture distribution has a physical interpretation,
similar to the height example, but sometimes it can be used to parametrically model a
wide class of densities.

Based on the discussion above, U = {6;} can be treated as the missing observations.
The likelihood of (Y, U;) is

§;=2

{plfl(Yz’; 91)}1(&:1) {p2f2(Yz’; 92)}1( )= P f5.(Yi3 05,).-
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where we set po = 1 — p. Therefore the log likelihood of {(Y;,d;)} is

n

i=1
We now need to evaluate

n

=1

We see that the above expectation is taken with respect the distribution of d; conditioned

on Y; and the parameter 6, Thus, in general,
E (A(Y,0)|Y,07) = ZA Y,8 = j)P(6 = j|Y;,0%),
which we apply to Q(0.,0) to give

Q(6.,0) = ZZ log ps,—j + og f,—;(Yi; 0)] P(6; = j[Y;, 6%).

=1

Therefore we need to obtain P(d; = j|Y;,0%). By using conditioning arguments it is easy
to see that [

P(6; = 1,Y; = y30,) pefi(y, 01.4)
P 61 =1 }/; - ,9* = = .
Ge=1l=10) PV =y0) phi(ua) (L p) oy o)
= wy(bs,y)
P((S»L — 2|}/; — y7 0*) — p*fZ(y; 02,*)

Pef1(y, 010) + (1 = i) fa(y, 2,0
= we(bi,y) =1 — wy(bs, ).

Therefore

n

Q(0.0) = (towp+1og (Y00 s 0., ) + 3 (1o8(1 = ) + 108 £(07:0) (0. YD)
i=1

i=1
Now maximising the above with respect to p, #; and 65 in general will be much easier than

maximising £,(Y;6). For this example the EM algorithm is

(i) Define an initial value #; € ©. Let 6, = 0.

1To see why note that P(6; = 1 and Y; € [y — h/2,y + h/2]|6*) = hp. f1(y) and P(Y; € [y — h/2,y +
h/2)10%) = h (p«fi(y) + (1 = px) f2(y))-
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(i) The expectation step:

For a fixed 6, evaluate

n n

Q0.0) = Y- (togp-+108 1100 )ur(0..70) + 3 (101 =) + log 25502) )0, o).

i=1 i=1

(iii) The maximisation step:

Evaluate 0,1 = arg maxgeg Q (0., 0) by differentiating Q(0,, 0) wrt to 6 and equating
to zero. Since the parameters p and 61, 05 are in separate subfunctions, they can be

maximised separately.

(iv) If 0 and 0. are sufficiently close to each other stop the algorithm and set én = Oky1-

Else set 0, = 0,11, go back and repeat steps (ii) and (iii) again.

Example 7.2.2 (Normal mixtures and mixtures from the exponential family) (i)
We briefly outline the algorithm in the case of a mixture two normal distributions.

In this case

2 n

QO 0) = =3 DD wi(0, ) (0720 = )+ log o) + 3 (6., ) (ogp -+ log(1 — ).

j=1 i=1

By differentiating the above wrt to p;, UJZ (for 7 =1 and 2) and p it is straightforward

to see that the i , O'JZ- and p which mazimises the above is

5 = i Wi Y)Ys o Y wi (0 YO (Y — 1)
’ Z?:l wj(é’*,Yi) ’ Z?:l wj(Q*,Y;)

and

],)\: Z?:1 wl(e*y }/z)
n

Once these estimators are obtained we let 0, = ([, lia, 0%,05,D). The quantities

w;(0.,Y;) are re-evaluated and Q(0,,6) mazimised with respect to the new weights.

(i1) In general if Y is a mizture from the exponential family with density

Fly;0) = pjexp (y8; — r;(0;) + c;(1))

j=1
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the corresponding Q(0,,0) is

m n

j=1 i=1
where
(0., ;) = 22 (50 = 5 0]) + ¢, (1)

ol prexp (Yif; — ki (07) + (V7))
subject to the constraint that Z;;pj = 1. Thus for 1 < 7 < m, Q(6,0) is

mazimised for

0. — oL > i1 wi (0., Y)Y
’ ’ Z?:l wj<0*’ Y;)

where p1; = /i; (we assume all parameter for each exponential mizture is open) and

~ _ 2?:1 wj (9*7 le)
pj = 0 .

Thus we set 6, = ({53,1/5]};":1) and re-evaluate the weights.

Remark 7.2.1 Once the algorithm is terminated, we can calculate the chance that any

given observation Y; is in subpopulation j since

~ . pif;(Y;8)
P, =Y = 5L T
T SR

This allows us to obtain a classifier for each observation Y;.

It is straightforward to see that the arguments above can be generalised to the case
that the density of Y; is a mixture of m different densities. However, we observe that the
selection of m can be quite adhoc. There are methods for choosing m, these include the

reversible jump MCMC methods.

7.2.3 Problems

Example 7.2.3 Question: Suppose that the regressors x; are believed to influence the

response variable Y;. The distribution of Y; s

_ )‘tyl eXP(—)\tly)
y!
where A = exp(5ix;) and g = exp(Fhay).

p) )\?2 exp(—Any)

PY; =y) ]

(-

Y
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(i) State minimum conditions on the parameters, for the above model to be identifiable?

(i1) Carefully explain (giving details of Q(0*,8) and the EM stages) how the EM-algorithm

can be used to obtain estimators of By, P2 and p.

(i1i) Derive the derivative of Q(0%,0), and explain how the derivative may be useful in

the mazximisation stage of the EM-algorithm.

(iv) Given an initial value, will the EM-algorithm always find the maximum of the like-
lihood?

Ezplain how one can check whether the parameter which mazximises the EM-algorithm,

maximaises the likelihood.
Solution

(i) 0 < p < 1and f; # By (these are minimum assumptions, there could be more which

is hard to account for given the regressors x;).

(ii) We first observe that P(Y; = y) is a mixture of two Poisson distributions where
each has the canonical link function. Define the unobserved variables, {U;}, which
are iid and where P(U; = 1) =pand P(U; =2) = (1 —p) and P(Y =y|U; = 1) =

W and P(Y =y)|U;, =2) = W. Therefore, we have
log (Y, Uy, 0) = (Y}B;txt — exp(B,,x:) + log Yi! + logp),
where § = (51, B2, p). Thus, E(log f(Yy, Uy, 0)|Y3, 0.) is
E(log f(Y, Uy, 0)|Y:,0.) = (Ytﬂixt — exp(Byy) + log Yi! + logp)ﬂ(e*,Yt)
+ (Ytﬂéwt — exp(fxy) + log Yi! + logp) (1= 7(0., Y1)

where P(U;|Y;, 0%) is evaluated as

pf1<Y;70*)
pfl(y;he*) + (1 _p)fQ(Y;fa 9*)7

PU;, =1Y;,0") =n(6,,Y;) =

with

exp(Blix:Y;) exp(—Y; exp(f5L,x exp(BLixY;) exp(—Y; exp(fSlx
fl(}/tye*) — p(ﬁ 14t t) th(' t p(ﬂ 1 t)) fl(}/t70*) — p(/B 1+t t) }Ijt(' t p(@ 1 t>‘
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Thus Q(0.,0) is
T
Q0,,0) = Z (Ytﬂixt — exp(fBizy) +1og V! + logp)w(@,k, Y;)

t=1
+ (Ytﬁéxt — exp(Bhzy) + log V3! + log(1 — p)) (1 —7(6,,Y2)).
Using the above, the EM algorithm is the following:

(a) Start with an initial value which is an estimator of ;, 5> and p, denote this as
0..

(b) For every 6 evaluate Q(0.,0).

(c) Evaluate arg maxy Q(6,,0). Denote the maximum as 6, and return to step (b).

(d) Keep iterating until the maximums are sufficiently close.

(iii) The derivative of Q(6.,0) is

80(0.. 0 d /

% ;:1 (Yt — exp(ﬁlxt)) (0., Y:)
80(0.. 0 ZT ,

% P (Yt N eXp(ﬁth))xt(l ~ 7 1)
2Q(6..0) ZT 1 1

Thus maximisation of Q(6.,0) can be achieved by solving for the above equations

using iterative weighted least squares.

(iv) Depending on the initial value, the EM-algorithm may only locate a local maximum.

To check whether we have found the global maximum, we can start the EM-

algorithm with several different initial values and check where they converge.
Example 7.2.4 Question

(2) Let us suppose that Fi(t) and Fa(t) are two survival functions. Let x denote a

univariate regressor.

(i) Show that F(t;x) = pF(t)*PP1®) 4+ (1 — p)Fp(t)*PB22) s a walid survival

function and obtain the corresponding density function.
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(ii) Suppose that T; are survival times and x; is a univariate regressor which ex-

Solution

erts an influence an T;. Let Y; = min(T;,c), where ¢ is a common cen-
soring time. {T;} are independent random wvariables with survival function
F(t;x;) = pFi(t)=PB12) 4 (1 — p)Fp(t)*P%2%)  where both F, and Fy are
known, but p, B1 and By are unknown.

State the censored likelihood and show that the EM-algorithm together with
iterative least squares in the mazximisation step can be used to maximise this
likelihood (sufficient details need to be given such that your algorithm can be

easily coded).

i) Since F; and F, are monotonically decreasing positive functions where F;(0) =
F2(0) =1 and Fi(o0) = Fa(oo) = 0, then it immediately follows that

Ft,z) = pF )" + (1= p)F(t)™

satisfies the same conditions. To obtain the density we differential wrt z

% — _peﬁlel(t)f1(t)eﬁ1x_1 - (1 —p)652mf2(t)f2(t)eﬁ2m_1

= f(t; $) = peﬁlwfl (t)fl (t)eﬁw—l I (1 . p)eﬂgxfg(t)]:é(t)eﬂgzq’

dF(t

where we use that 2 = —fit).

dt

ii) The censored log likelihood is

n

L (1, Basp) = Z [0 1og f(Yi; B1, B2, p) + (1 — 6;) log F(Yi; B1, B2, p)].

=1

Clearly, directly maximizing the above is extremely difficult. Thus we look for an

alternative method via the EM algorithm.

We first define the indicator variable (which corresponds to the missing variables)

which denotes the state 1 or 2

I - 1 with P(I, =1)=p=p,
"] 2 with P(I; =2) = (1 — p) = ps.
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Then the joint density of (Y}, d;, I;) is

b (6ﬁlixi fr.() T, (t)eﬁlimrl> <F1i (t)e’gfi’”i ) 1=0;

which gives the log-density
5 {log 1, + 1,2+ log f1,(Y:) + (%% — 1)log F1,(Y)} + (1~ &) {logpr, + (%) log Fy, (¥;)}

Thus the complete log likelihood of (Y;, d;, I;) is

Lo(X, 0,1 81, B2, p) = Y _{6illogpr, + Br,wi +log f1,(Yi) + (7% — 1) log Fy, (V)

=1

+(1 — 8;)[log py, + (") log Fr,(Y:)]) }

Next we need to calculate P(I; = 1|Y;,;,0%) and P(I; = 2|Y;, 0;,0%);

Wi 1) = P =116, =1,p", 8}, 65)
P (V) F (V)
PP (V) F (V)T 4 (1= pr)elie fo (V) Fa(Y)
wi=(1) = P(L;=1]Y;,6; =0,p", 1, 5;)
p*.F1 (Y;)Eﬁpi
PR+ (1= p) BV

and w1 (2) = 1 —w’=(1) and W’ =%(2) = 1 —w?(1). Let py = p and py = 1 —p.

Therefore the complete likelihood conditioned on what we observe is

Q0.,6) = ZZ{écf = (s)[log ps + Bizi + log fo(V;) + (™1 — 1) log Fu(Y)]

s=1 =1
+(1—5)wa 0( )[logps—l—eﬁsx’ log Fs(Y; )}}

= ZZ{{W “H(8)[Brs + log fo(Ya) + (77 — 1) log Fy(Y))]

s=1 =1

+eP%i Jog FS(YQ)}

+ZZ{5w5 =1(s)logps + (1—5i)wfi20(s)logp5}

s=1 =1

= Q(0.,51) + Q0+, B2) + Q(04, 01, D2)
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The conditional likelihood, above, looks unwieldy. However, the parameter estima-

tors can to be separated. First, differentiating with respect to p gives

0Q _ 0Q(b.,p,1—p)
op op

& PR B 1
= DT )+ DW= 6~
i=1 L — p
n 1 n
Siwli=h(2) —— — 7=02)(1 — &) —.
>l - el - 8
Equating the above to zero we have the estimator p = 2%, where
a = Z 5iwfi:1(1) + wa’:o(l)(l — ;)
i=1 i
b = Z(Siwgiil +Zw§ 0 1— )
i=1

Next we consider the estimates of 3; and 3 at the i*" iteration step. Differentiating

Q wrt to 5, and [y gives for s = 1,2
0Q  9Qs(0s,Bs)

9B 9B
= D> {0 ) [L+ P log B (YD)] + (1 = 6wy ™ (s)e™ " log Fy(Y;) }
i=1
*Q(0.,0) _ 0°Qs(0%, Bs)
B3 - 95
= Z {51,%{51:1(8)665@ log Fy(Y;) 4 (1 — 6;)w?=(s)e’ log F(Y))} =7
i=1
9?Q(0,;0) 0
95100, '

Observe that setting the first derivative to zero, we cannot obtain an explicit expres-
sion for the estimators at each iteration. Thus we need to use the Newton-Rapshon

scheme but in a very simply set-up. To estimate (3, 52) at the j'* iteration we use

22Q 0Q

4| 98 0 9B

0 20 99
G-p L 9B 1gu-1
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-1
Thus for s = 1,2 we have 8 = ¥~V + <g276§> %Jgﬁ—l)-

We can rewrite the above Newton Raphson scheme as something that resembles
weighted least squares. We recall the weighted least squares estimator are the

parameters a which minimise the weighted least squares criterion

Z Wii (YQ - QQ)Q
i=1
The « which minimises the above is
a= (X'WX) ' X'WY.

The Newtons-Raphson scheme can be written as
2\ —1
o9 = - (52) s

0p3? 0B
= GV - (XWOX) xS

where
X' = (v1,29,...,2,),
WO = diaglw ™ (s), .. wi V().
CEa
SU=1)  — . ,
B 547

where the elements of the above are

Wi = 0l og Fu(Y) + (1 - 6wl 0P o og F(Y))

S

SU=b (L-w?i:l[l + R log Fs(Yi)] + (1 — 5i)wfi*065§j_l)“ log Fs(Y3)].

87

By using algebraic manipulations we can rewrite the iteration as an iterated weighted
least squared algorithm
2\ —1
g0 — pu-y_ (9°) 09,
’ ’ 0p2) 098,78

— ﬁgjfl) (X' w! G-1x X)~ 1XSJ 1)
= (XWITX)TXWETNX)BPTY — (XWX T XS

= (XWETDX)TXWITXEITY — (XWITEX) T X W R WSy
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Now we rewrite the above in weighted least squares form. Define

2970 = XpY=Y — [WwETs Uy

this “acts” as our pseudo y-variable. Using this notation we have
@ﬁj) _ (X/WS(J'—I)X)—IX/WS(J’—I)Zgjfl)‘

Thus at each step of the Newton-Raphson iteration we minimise the weighted least
equation

n

ngfl) (Zgjfl) _ ngi)2 for s =1, 2.

i=1

Thus altogether in the EM-algorithm we have:
Start with initial value 39, 35, p°
Step 1 Set (B1,-1, Bor—1,0r—1) = (B, 55, p"). Evaluate wfi and wil_éi (these proba-
bilies/weights stay the same throughout the iterative least squares).

ar

ar+br

Step 2 Maximize Q(0.,0) by using the algorithm p, = where a,., b, are defined

previously. Now evaluate for s = 1,2

58(1') — (K'stj_l)i)_lilwy_l)Z(j_l).

S

Iterate until convergence of the parameters.

Step 3 Go back to step 1 until convergence of the EM algorithm.

7.2.4 Exercises

Exercise 7.1 Consider the linear regression model

/
Y, =o'z, + o

where €; follows a standard normal distribution (mean zero and variance 1) and o? follows

a Gamma distribution

o2\ exp(—Ao?)
['(x)

) O-2>0’

flo% ) =
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with k > 0.
Let us suppose that o and A are unknown parameters but k is a known parameter. We
showed in FExercise that directly maximising the log-likelihood was extremely difficult.
Derive the EM-algorithm for estimating the parameters in this model. In your deriva-

tion explain what quantities will have to be evaluated numerically.

Exercise 7.2 Consider the following shifted exponential mizture distribution

£ M, g, pra) = p% exp(—a/A)I(x > 0) + (1 - p% exp(—(z — a)/A)I(z > a),

where p, A\, Ay and a are unknown.

(i) Make a plot of the above mixture density.

Considering the cases * > a and v < a Sseparately, calculate the probability of
belonging to each of the mixtures, given the observation X; (i.e. Define the variable

di, where P(0; =1) =p and f(z|6; =1) = %exp(—x/)\l) and calculate P(9;|X;)).

(ii) Show how the EM-algorithm can be used to estimate a,p, A1, A2. At each iteration
you should be able to obtain explicit solutions for most of the parameters, give as

many details as you can.
Hint: It may be beneficial for you to use profiling too.

(iii) From your knowledge of estimation of these parameters, what do you congjecture the

rates of convergence to be? Will they all be the same, or possibly different?

Exercise 7.3 Suppose {Z;}!'_, are independent random variables, where Z; has the den-

sity
fZ(Z;BOaﬁ17M7a7ui> - ph(z;/BOMBhui) + (1 _p)g(z7aau>7

g(x;a,p) = (%)(%)a_l exp(—(z/pw)*) (0,00)(x) (the Weibull distribution) and h(x; By, B1, u;) =
A%- exp(—x/Ai)l(0,00)(x) (the exponential distribution), with N\; = Byexp(Biu;) and {u;}7,
are observed reqressors.

The parameters p, Bo, b1, v and o are unknown and our objective in this question is to

estimate them.

(a) What is the log-likelihood of {Z;}? (Assume we also observe the deterministic re-

gressors {u;}.)
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(b) By defining the correct dummy variable §; derive the steps of the EM-algorithm to
estimate the parameters p, By, b1, pi, o (using the method of profiling if necessary).

7.3 Hidden Markov Models

Finally, we consider applications of the EM-algorithm to parameter estimation in Hidden
Markov Models (HMM). This is a model where the EM-algorithm pretty much surpasses
any other likelihood maximisation methodology. It is worth mentioning that the EM-
algorithm in this setting is often called the Baum-Welch algorithm.

Hidden Markov models are a generalisation of mixture distributions, however unlike
mixture distibutions it is difficult to derive an explicit expression for the likelihood of a
Hidden Markov Models. HMM are a general class of models which are widely used in
several applications (including speech recongition), and can easily be generalised to the
Bayesian set-up. A nice description of them can be found on Wikipedia.

In this section we will only briefly cover how the EM-algorithm can be used for HMM.
We do not attempt to address any of the issues surrounding how the maximisation is
done, interested readers should refer to the extensive literature on the subject.

The general HMM is described as follows. Let us suppose that we observe {Y;}, where
the rvs Y; satisfy the Markov property P(Y;|Y;_1,Y;1,...) = P(Y;|Y;—1). In addition to
{Y;} there exists a ‘hidden’ unobserved discrete random variables {U,}, where {U;} satis-
fies the Markov property P(Ui|Ui—1,Us—a,...) = P(U;|U;—1) and ‘drives’ the dependence
in {Y;}. In other words P(Y;|Uy, Yio1,Us—1,...) = P(Y;|U;). To summarise, the HMM is
described by the following properties:

(i) We observe {Y;} (which can be either continuous or discrete random variables) but

do not observe the hidden discrete random variables {U,}.

(ii) Both {Y;} and {U,} are time-homogenuous Markov random variables that is P(Y;|Y;—1,Y;—1,...) =
P(Y,|Yi.1) and P(U|U;_1,Us_1,...) = P(U|U;—1). The distributions of P(Y;),
P(Y;|Y;-1), P(U;) and P(U¢|U;—1) do not depend on t.

(iii) The dependence between {Y;} is driven by {U,}, that is P(Y;|U;,Y;—1,Us—1,...) =
P(Y:|Uy).
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There are several examples of HMM, but to have a clear intepretation of them, in this
section we shall only consider one classical example of a HMM. Let us suppose that the
hidden random variable U, can take N possible values {1,..., N} and let p; = P(U; = i)
and p;; = P(U; = i|U;—1 = j). Moreover, let us suppose that Y; are continuous random
variables where (Y;|U; = i) ~ N (i, 0?) and the conditional random variables Y;|U; and
Y, |U, are independent of each other. Our objective is to estimate the parameters § =
{pi,pij, i, 02} given {Y;}. Let fi(+;6) denote the normal distribution N'(p;, 07).

Remark 7.3.1 (HMM and mixture models) Mizture models (described in the above
section) are a particular example of HMM. In this case the unobserved variables {U;} are
iid, where p; = P(Uy = i|Uy—y = j) = P(Uy = i) for alli and j.

Let us denote the log-likelihood of {Y;} as L(Y;6) (this is the observed likelihood).
It is clear that constructing an explicit expression for Lr is difficult, thus maximising the

likelihood is near impossible. In the remark below we derive the observed likelihood.

Remark 7.3.2 The likelihood of Y = (Y1,...,Yr) is

Lr(Y;0) = f(Yp|Yr_1,Yr_g,...;0)... f[(Y2|Y1;0)P(Y1;0)
= f(YT|YT—1;‘9)---f(Y2|Y1§9)f(Y1;9>-

Thus the log-likelihood s

T
Lr(Y;60) = log f(Vi|Yi_1;0) + f(Y1; 6).

t=2

The distribution of f(Y1;0) is simply the mixture distribution

J(Y15;0) =pr f(Y1;01) + ... + pn f(Ya; 0n),

where p; = P(Uy = 1). The conditional f(Y:|Y;—1) is more tricky. We start with

f(Yt,Yt—l;9>

An expression for f(Yy;0) is given above. To evaluate f(Y,Y;_1;0) we condition on
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Ui, U1 to give (using the Markov and conditional independent propery)
fOGYini0) = D f (G YialUs =, Uiy = )P(Uy = 1, Uy = )
= Zf(YHUt = i) P(Yer|Upy = ) P(Uy = 1)Uy = j) P(Upy = i)
= 2fz‘(i/%;ei)fj(yi—l;ej)pijpi-
4,3

Thus we have

Zi,jfi(YtS ')fj(Yt 1 ‘)Pijpi
Z pl (Yt 15 ) .

We substitute the above into L1(Y;0) to give the expression

S i(Ys i (Ye-1:0;)pijpi N
Z (mez pz){}é o i)p p)—i—log (Zpif(yl;gi)>‘

f(Y;|K—1;9) =

t=2 1=1

Clearly, this is extremely difficult to maximise.

Instead we seek an indirect method for maximising the likelihood. By using the EM al-
gorithm we can maximise a likelihood which is a lot easier to evaluate. Let us suppose that
we observe {Y;, Uy }. Since P(Y|U) = P(Yr|Yr_1,..., Y1, U)P(Yr_1|Yr_o,....Y1,U) ... P(1|U) =
1, P(Y:|U,), and the distribution of ¥;|U; is N (uu,, o), then the complete likelihood
of {Y;,U,} is

T T
(H F(Y|Us; 9))PU1 | J A
=1 =2

Thus the log-likelihood of the complete observations {Y;, U;} is

T T
Lr(Y,U;0) = log f(Yi|Ui30) + > log puu,_, + log pu, .

t=1 t=2

Of course, we do not observe the complete likelihood, but the above can be used in order
to define the function Q(0.,60) which is maximised in the EM-algorithm. It is worth
mentioning that given the transition probabilities of a discrete Markov chain (that is
{pij}i;) the marginal/stationary probabilities {p;} can be obtained by solving m = 7P,

where P is the transition matrix. Thus it is not necessary to estimate the marginal
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probabilities {p;} (note that the exclusion of {p;} in the log-likelihood, above, gives the
conditional complete log-likelihood).
We recall that to maximise the observed likelihood L7(Y';6) using the EM algorithm

o)

T T
= > (Zlogfmwt;e)+ZlongtUt_1+1ong1)p<Q|x,9*)-
N}T

involves evaluating Q (0., @), where

T T
Q(6..6) = E(Zlogfmwt;e)+ZlongtUt_1+1ong1
t=1 t=2

t=1 t=2

Note that each step in the algorithm the probability p(U|Y, 6.) needs to be evaluated.

This is done by using conditioning

T
pUY,0.) = p(Uh]Y,0.) [ P(U|Us s, ..., ULY;0.)

t=2

P(U|Ui—1,Y;0,) (using the Markov property).

=

t

||
N

Evaluation of the above is not simple (mainly because one is estimating the probability
of being in state U; based on U;_; and the observation information Y; in the past, present
and future). This is usually done using the so called forward backward algorithm (and is
related to the idea of Kalman filtering), see https://en.wikipedia.org/wiki/Forward/
backward_algorithm.

For this example the EM algorithm is
(i) Define an initial value #; € ©. Let 0, = 0.

(i) The expectation step,
For a fixed 6, evaluate P(U, Y, 0.), P(U;|U;_1,Y,0,) and Q(6,,0).
(iii) The maximisation step

Evaluate 6,1 = arg maxgeg Q(6., 0) by differentiating Q (., 0) wrt to 6 and equating

to zero.

(iv) If 0 and 0 are sufficiently close to each other stop the algorithm and set én = Oky1-

Else set 0, = 041, go back and repeat steps (ii) and (iii) again.
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Since P<U1|X7 8*) — P(UhX) 9*)/P(X7 8*) and P(Uta Ut—1|K7 9*) — P(Ut7 Ut—laKo 9*)/P(X7 9*)7
P(Y,0,) is common to all U in {1,..., N}* and is independent of 6,, Thus rather than

maximising (0., ) one can equvalently maximise

T T
QOO = > (Zlog FYa|U:0) + > " logpuyu,_, + logpzh)p(Q,X, 0.),
N}T

t=1 t=2

noting that @(9*, 0) x Q(6,,0) and the maximum of Q(6,,6) with respect to 6 is the same

as the maximum of Q(6.,0).
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Chapter 8

Non-likelihood methods

8.1 Loss functions

Up until now our main focus has been on parameter estimating via the maximum likeli-
hood. However, the negative maximum likelihood is simply one member of loss criterions.
Loss functions are usually distances, such as the ¢; and /5 distance. Typically we estimate
a parameter by minimising the loss function, and using as the estimator the parameter
which minimises the loss. Usually (but not always) the way to solve the loss function is
to differentiate it and equate it to zero. Below we give examples of loss functions whose

formal derivative does not exist.

8.1.1 L;-loss functions
The Laplacian

Consider the Laplacian (also known as the double exponential), which is defined as

—0
<_|y—e\)_ pep(Lr) y<d

p

1 0~y
5, XD | y>0.

We observe {Y;} and our objective is to estimate the location parameter 6, for now the

scale parameter p is not of interest. The log-likelihood is

R
La(0,p) = —nlog2p—p~' 5> |Yi—0].
=1
:Ln(e)

223



Figure 8.1: Plot of L1-norm

Since the 6 which maximises the above does not depend on p we can simply focus on
the component which maximises 6. We see that this is equivalent to minimising the loss

function

L) =33 W-0l= 3 S0 -0+ 3 50V
i=1 Y5y >0 Y(;) <6
If we make a plot of L,, over #, and consider how L,, behaves at the ordered observations
{Y)}, we see that it is piecewise continuous (that is it is a piecewise continuous function,
with joints at Y{;)). On closer inspection (if n is odd) we see that L, has its minimum at
0 = Y(n/2), which is the sample median (see Figure for an illustration).
In summary, the normal distribution gives rise to the f5-loss function and the sample

mean. In contrast the Laplacian gives rise to the ¢;-loss function and the sample median.
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The asymmetric Laplacian

Consider the generalisation of the Laplacian, usually called the assymmetric Laplacian,
which is defined as

P y=0

5 exp <p > ) y <86

fy;0,p) = ~ _
%exp <—(1 —p)y—p9> y>0.

where 0 < p < 1. The corresponding negative likelihood to estimate @ is
L) = > (1-p)(Yi—=0)+ > p(0—Y).
Y(i>0 V(=0
Using similar arguments to those in part (i), it can be shown that the minimum of L, is

approximately the pth quantile.

8.2 Estimating Functions

8.2.1 Motivation

Estimating functions are a unification and generalisation of the maximum likelihood meth-
ods and the method of moments. It should be noted that it is a close cousin of the gen-
eralised method of moments and generalised estimating equation. We first consider a few

examples and will later describe a feature common to all these examples.

Example 8.2.1 (i) Let us suppose that {Y;} are iid random variables with Y; ~ N'(u, 0?).
The log-likelihood in proportional to

1 1
Ln(:u70-2) = —§1Og0'2 - ﬁ

i=1

2 2

We know that to estimate p and o we use the y and o which are the solution of

n n

557 T g1 2 (Xi— w7 =0 %Z(Xi_ﬂ):()' (8.1)

(i) In general suppose {Y;} are iid random variables with Y; ~ f(+;0). The log-likelihood
is Ln,(0) = Y1 1log f(6;Y;). If the regularity conditions are satisfied then to esti-

mate 0 we use the solution of

~0. (8.2)



(111) Let us suppose that {X;} are #id random variables with a Weibull distribution f(x;0) =
(5)(5)" exp(—(x/¢)*), where o, ¢ > 0.
We know that E(X) = ¢T'(1+a™') and E(X?) = ¢*T(1+2a™ ). Therefore E(X) —
¢T(1 +a™) =0 and E(X?) — ¢’T'(1 + 2a~) = 0. Hence by solving

] — 1 —
=D X, —é'l+a b= =) X2 T(1+2a7H = .
n; oF(1+a ) =0 n;Zqﬁ(—i—a)O, (8.3)

we obtain estimators of a and I'. This is essentially a method of moments estimator

of the parameters in a Weibull distribution.

(iv) We can generalise the above. It can be shown that E(X") = ¢"T(1 +ra~'). There-

fore, for any distinct s and r we can estimate o and I' using the solution of
lzn:Xf —¢T(1+ra')=0 lix.s — ¢ T'(1+sa™!) = 0. (8.4)
[ l e l

(v) Consider the simple linear regression Y; = ax; +¢;, with E(g;) = 0 and var(e;) = 1,

the least squares estimator of a is the solution of

1 n
- Z(YZ —ax;)r; = 0. (8.5)
i=1

We observe that all the above estimators can be written as the solution of a homoge-

nous equations - see equations (8.1), (8.2)), (8.3), (8.4) and (8.5). In other words, for

each case we can define a random function G,,(#), such that the above estimators are the

solutions of G,,(0,) = 0. In the case that {Y;} are iid then G,,() = >, g(Yi; ), for some

function ¢(Y;;0). The function G,(0) is called an estimating function. All the function
G, defined above, satisfy the unbiased property which we define below.

Definition 8.2.1 (Estimating function) An estimating function G,, is called unbiased

if at the true parameter 6y G, (-) satisfies

If there are p unknown parameters and p estimating equations, the estimation equation
estimator is the 8 which solves G,,(0) = 0.
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Hence the estimating function is an alternative way of viewing parameter estimating.
Until now, parameter estimators have been defined in terms of the maximum of the
likelihood. However, an alternative method for defining an estimator is as the solution
of a function. For example, suppose that {Y;} are random variables, whose distribution
depends in some way on the parameter 6,. We want to estimate 6, and we know that
there exists a function such that G(6y) = 0. Therefore using the data {Y;} we can define
a random function, G,, where E(G,(#)) = G(#) and use the parameter 6,,, which satisfies
G,(6) = 0, as an estimator of §. We observe that such estimators include most maximum

likelihood estimators and method of moment estimators.

Example 8.2.2 Based on the examples above we see that

(i) The estimating function is
2 g i (X = ) )
% > i (Xi = )

9L, (0)
06

Gn(lu7 U) = <

(i) The estimating function is G, (0) =

(iii) The estimating function is

Sy Xi—ol(14+a™) )

Gn(a7 ¢) - ( %Z?:l )(Z2 — ¢2F(1 + 20571)

(iv) The estimating function is

1 s _ s _
Gn(a, ¢) = < nZz’:le ¢I'(1+sa™) )

2 X[ = ¢ T(1+ra™)

(v) The estimating function is

n

Gn(a) = %Z(Y; — ax;)w;.

i=1

Observe that regardless of the distribution of the errors (or dependency between {Y;})
1 n

(20— ame,) (56)

is true regardless of the distribution of Y; ({€;}) and is also true if there {Y;} are

dependent random variables (see Rao (1973), Linear Statistical Inference and its

applications).
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The advantage of this approach is that sometimes the solution of an estimating equa-
tion will have a smaller finite sample variance than the MLE. Even though asymptotically
(under certain conditions) the MLE will asymptotically attain the Cramer-Rao bound
(which is the smallest variance). Moreover, MLE estimators are based on the assump-
tion that the distribution is known (else the estimator is misspecified - see Section |5.1.1]),

however sometimes an estimating equation can be free of such assumptions.

Example 8.2.3 In many statistical situations it is relatively straightforward to find a
suitable estimating function rather than find the likelihood. Consider the time series {X;}
which is “stationary” (moments are invariant to shift i.e B[ X; X, = E[XoX,]) which

satisfies
Xy = a1 X1 +as X9+ 0gy,

where {&;} are #id zero mean random variables (zero mean ensures that E[X;] = 0). We
do not know the distribution of €;, but under certain conditions on a; and as (causality
conditions) e, is independent of X;_1 and Xy_o. Thus by multiplying the above equation

by X, 1 or Xy o and taking expections we have

E(X;X; 1) = aiB(X2 )+ aB(X 1 X o)
E(X: X, 2) = aiB(X; 11X, )+ aB(X2,).

Since the above time series is ‘stationary’ (we have not formally defined this - but basically

it means the properties of {X;} do not “evolve” over time), the above reduces to

(1) = a1c(0) + age(1)
c(2) = arc(1) + azc(0),

where B[ X; X;y,| = c(r). Given { X}, it can be shown that ¢, (r) = n~* Z?:MH Xe Xy
is an estimator of ¢(r) and that for small r E[c,(r)] = ¢(r) (and is consistent). Hence

replacing the above with its estimators we obtain the estimating equations



8.2.2 The sampling properties

We now show that under certain conditions én is a consistent estimator of 6.

Theorem 8.2.1 Suppose that G,,(6) is an unbiased estimating function, where G, (6,) =
0 and E(G,(6p)) = 0.

(i) If 0 is a scalar, for every n G,(0) is a continuous monotonically decreasing function
in 0 and for all 0 G,(0) A E(G,(0)) (notice that we do require an equicontinuous

assumption), then we have 6, LA 0o.

(11) If we can show that sup, |G, (0) — E(G,(0))] 20 and E(G,(0)) is uniquely zero at

Oy then we have 0~n L .

PROOF. The proof of case (i) is relatively straightforward (see also page 318 in Davison
(2002)). The idea is to exploit the monotonicity property of G,(-) to show for every
e>0 P(gn < by —¢cor gn > 0y +¢e) — 0 as n — oo. The proof is best understand by
making a plot of G,,() with 8, < 6y — £ < 6, (see Figure [8.2). We first note that since
E[G,(6p)] = 0, then for any fixed € > 0

G(Bo — &) B E[Gu(0 — €)] >0, (8.7)

since G, is monotonically decreasing for all n. Now, since G, (6) is monotonically de-
creasing we see that 6, < (6 — &) implies Gp(6,) — Gp(fy — €) > 0 (and visa-versa)

hence

P(0, — (6) — ) <0) = P(Gn(0,) — Gul(fo — ) > 0).

But we have from that E(G,(0y — €)) LA E(G.(6o — ¢)) > 0. Thus P(G,(6,) —
Gn(By — ) > 0) 5 0 and

P(én—(00—5)<0) 20 as n— oo
A similar argument can be used to show that that P(én — (0 +¢) > 0) 20 asn — .
As the above is true for all &, together they imply that 6, LA Oy as n — o0.

The proof of (ii) is more involved, but essentially follows the lines of the proof of
Theorem 2.6.11 O

We now show normality, which will give us the variance of the limiting distribution of

O,
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Figure 8.2: Plot of G,,(-)
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Theorem 8.2.2 Let us suppose that {Y;} are iid random variables, where Elg(Y;,0)] = 0.
Define the estimating equation G,(0) = £ 37" | g(Y;;0) and suppose G,(6,) = 0.
Suppose that 5n LA 0o and the first and second derivatives of g(Y;,-) have a finite

expectation (we will assume that 0 is a scalar to simplify notation). Then we have

~ D var(g(Yi; 00))
) 3N (o [E(@w)’

as n — oo.

Suppose {Y;} are independent but not identically distributed random variables, where
for all i Elg;(Y;,0)] = 0. Define the estimating equation G,(0) = 37" g(V;;0) and
suppose Gn(gn) = 0. Suppose that 0, 2 0o and the first and second derivatives of g;(Y;,-)
have a finite, uniformly bounded expectation (we will assume that 0 is a scalar to simplify

notation). Then we have

O I

as n — Q.

PROOF. We use the standard Taylor expansion to prove the result (which you should be

expert in by now). Using a Taylor expansion and that ]

Gall) = Guall) + (5, ~ 8) 7 89)

= (0, — 0y) = ( ( ag” 0))_1Gn(90),

where the above is due to dG” Jg LA (89" D04,) as n — oo. Now, since Gp(fy) =

L3, 9(Y;;0) is the sum of iid random variables we have

VnGy(60) B N (0, var(G,(60)) ), (8.10)
=var[g(Y;;00)]
(since E(g(Yi;6p)) = 0). Therefore and (8.10) together give
i ar(g(Y3; 60))
\/ﬁ<‘9n - 00) E} N(O, b —9a(Y::0 2 |
[E(%J 90)}

as required. O

In most cases —20050)) > 1(g)=1 (where I(f) is the Fisher information).

(5= 10,
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Example 8.2.4 (The Huber estimator) We describe the Huber estimator which is a
well known estimator of the mean which is robust to outliers. The estimator can be written
as an estimating function.

Let us suppose that {Y;} are #id random variables with mean 6, and density function
which s symmetric about the mean 0. So that outliers do not effect the mean, a robust

method of estimation is to truncate the outliers and define the function

—c Vi<—c+¥0
go(Yis0) =< YVi—c —c+0<Y;<c+¥6
c Y, >c+0

The estimating equation s

n

Gc,n(9> = Z ) (K, ‘9)-

i=1

And we use as an estimator of 0, the 6,, which solves chn(én) =0.

(i) In the case that ¢ = oo, then we observe that G n(0) = >0 (Y — 0), and the

i=1
estimator is 0, = Y. Hence without truncation, the estimator of the mean s the

sample mean.

(ii) In the case that c is small, then we have truncated many observations.

Definition 8.2.2 (Generalized method of moments) We observe from Example[8.2.1)(iii,iv)
that there are several estimating equations which can be used to estimate a finite number
of parameters (number of estimating equations is more than the number of parameters).
In this case, we can use M estimating equations to construct the estimator by minimising

the Lo criterion

n

M 2
1
Lo(o,¢) =Y (H S X7 —¢T(1+ m—l)> .
r=1 i=1

This is an example of the generalized method of moments, which generalizes the ideas of

solving estimating equations to obtain parameter estimators.
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8.2.3 A worked problem

(1) Let us suppose we observe the response Y; and regressor X;. We assume they satisfy

the random coefficient regression model
Yi=(¢+&)Xi+ei,

where {{;}; and {e;}; are zero mean iid random variables which are independent of
each other, with o = var[¢;] and o? = var[g;]. In this question we will consider how
to estimate ¢, & and e; based on the observations {Y;, X;}.

(a) What is the Expectation of Y; given (conditioned on) X,?
(b) What is the variance of Y; given (conditioned on) X;?

(c) Use your answer in part (a) and least squares to obtain an explicit expression

for estimating ¢.
(d) Use your answer in part (c) to define the ‘residual’.

(e) Use your answer in part (b) and (d) and least squares to obtain an explicit

expression for estimating o¢ and o?.

(f) By conditioning on the regressors {X;}? ;, obtain the negative log-likelihood
of {Y;}, under the assumption of Gaussianity of ¢; and ¢;. Explain the role

that (c) and (e) plays in your maximisation algorithm.

(g) Assume that the regressors, {X;}, are iid random variables that are indepen-
dent of ¢; and &;.

Show that the expectation of the negative log-likelihood is minimised at the

true parameters ¢, Jg and o2 even when &; and ¢; are not Gaussian.

Hint: You may need to use that —logx 4 x is minimum at x = 1.

Solution:

(a) What is the Expectation of Y; given (conditioned on) X;?

(b) What is the variance of Y; given (conditioned on) X;?

var[Y;| X;] = E[(§ X, + €)% Xi] = 02 X7 + 02
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(c)

(d)

(e)

Use your answer in part (a) and least squares to obtain an explicit expression for

estimating .

~ . n i YiXi
¢ = argming 3, (Y; — ¢X;)* = %117

Use your answer in part (c) to define the ‘residual’.

For 1 <i<n, 7 =Y — X

Use your answer in part (b) and (d) and least squares to obtain an explicit expression
for estimating o and o?.
Let

1 =Y, —E[Y]] =Y, — 0X; = X + e

From (b) it is clear that E[r;|X;] = 0 and E[r}|X;] = 07X} + 02, thus we can write
7“ = O'£X2 + 0 +¢;

where ¢; = r? — E[r?|X;] hence E[¢;] = 0, resembles a simple linear equation (with
hetero errors). Since 7; is an estimator of r; we can use least squares to estimate ag
and 0527 where we replace r; with 7; and minimise

n

Z(r —0§X2—0)2

=1

with respect to 05 and 2. These gives use explicit estimators.

By conditioning on the regressors { X;},, obtain the negative log-likelihood of {Y;}1,
under the assumption of Gaussianity of & and ;. Explain the role that (c) and (e)

plays in your maximisation algorithm.

The log-likelihood is equal to
> log f(Yi]Xi; 6).
i=1

We recall from (a) and (b) that E[Y;|X;] = ¢X; and var[Y;|X;] = 02 4+ 07 X?. There-
fore Y| X; ~ N(¢X;, 02 + 0 X7). Thus the negative log likelihood is proportional

to
. _ - 2 22 (Y;_¢Xz)2
L(Qazn) - Z (log[as + Ong] + O_g + O_gXlQ :

=1
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We choose the parameters which minimise L(0;Y,,). We note that this means we
need to take the derivative of L(#;Y ) with respect to the three parameters and
solve using the Newton Raphson scheme. However, the estimators obtained in (c)

and (d) can be used as initial values in the scheme.

Let us assume that the regressors are itd random variables. Show that the expectation
of the negative log-likelihood is minimised at the true parameters ¢, ag and o? even

when & and g4 are not Gaussian.
Hint: You may need to use that —logx + x s minimum at x = 1.

Since {X;} are iid random variables, {Y;} are iid random variables the expectation
of LL(0;Y,,) is

where

Li(0) = Eloglo?+0;X}|+E

<n—¢Xm]

o2+ ang

= loglo? + 07 X7] + E[(Y; — ¢X;)]

o2+ UEXE

Let 6y denote the true parameter in the model. Our aim is to show that

n

L)~ L(80) = + 37 (Ll6) — Lu(6)) > 0,

=1

where equality to zero arises when 6 = 6. Taking differences we have

Li(0) — L;(6y)
(02 + 02 X 7]

= log—————
05 + 05 X7 02+ 0¢XP | | o0e T o0 XD

(E—¢&V]_

(Y; — ¢0X¢)2]

[0(2),5 + 0(2),£Xi2]

= —1
% o2+ 02X

2 2y2 2 2 v2
o+ aéXi o5+ Uo,gXi

(n—¢&ﬁ]_E

(n—%&P]

We will show that L;(6) — L;(6y) is non-negative for all § and zero when 0 = 6.
This immediately implies that 6, minimises the negative pseudo (pseudo because

we do not assume Gaussianity) likelihood.
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Our aim is to place the difference in the form —logz + x plus an additional positive
term (it is similar in idea to completing the square), but requires a lot of algebraic

manipulation. Let

where
A(0) = — (10g T o0e
[0-2 +0-2X2]
€ 3
Y, — ¢X,)? Y; — ¢oX;)?
oz +0:X; 0’05—|—U ¢X;

First consider the difference

Bi(#) = E (=9, (i = doX,)"
! o2 + 0 X7 005+005X2
:(0(2),5+08,§Xi2) 1Var(YZ)—l
Y- X2
_pfoimex)
0z +0:X;

Now replace ¢ by ¢

(Vi — ¢ X,)?
BO) = B\ oaxe | TE

Vi—6X)P— (V- X
o+ agX?

.@i§££]+EF@—@MK—¢M3&]+

i o2+ UEXE o+ O'?XZ?

e
. %]_1
(IE+Ué ;

EK@+&&W+$4%¢—%ME—¢MwX .

o+ o X7 o2 + o X}
(¢ — d0)° X7
o+ o X7
05 + 05 X7 | (¢ — 00)? X7

- 7 sz T oyvs L
0+ o0 X; 0+ o0 X;

—1
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Therefore, substituting this into L;(0) — L;(6y) we have

Li(0) — Li(6o)

I B e DS
02 + Ung] o2+ J?Xf 0 o? + Ung ’
Let
05+ 0 X7
o2+ ang ’
Hence
X2
Li(0) — Li(6y) = —logz+z—14(¢— ¢) -

o2 + oZXZ

Since — log x + x is minimum at x = 1 where it is 1, we can see that L;(0) — L;(6p)
is non-negative and zero at 0 = 6,. As this is true for all i we have that
1 n
L(0) — L(6y) = - Z (Li(0) — Li(6o)) > 0,

i=1
where equality to zero arises when 6 = 6.

This example, illustrates the versatility of the models based on the assumption of
Gaussianity. Even if the Gaussian assumption does not hold, often we can obtain
reasonable (consistent) estimators of the known parameters by treating the errors

as if they were Gaussian.

8.3 Optimal estimating functions

As illustrated in Example [8.2.2)(iii,iv) there are several different estimators of the same
parameters. But which estimator does one use?

Suppose that {Y;} are independent random variables with mean {y;(6p)} and variance
{Vi(0o)}, where the parametric form of {u;(-)} and {V;(:)} are known, but 6, is unknown.

One possible estimating equation is

n

Gra(8) = SOV — (6)]

=1
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which is motivated by the observation E(G,(6y)) = 0. Another estimating equation
comes from the least squares criterion

n

S - O],

i=1

which leads to the estimating equation

Gan(0) =3 PO 1y o),

=1

again it can be seen that E(G2,(6y)) = 0. Based on the above examples, we see that by
simply weighting [Y; — p;(6)] we obtain a valid estimating equation

Zwl ) [Y: — 1i(0)] .

We observe that E(G W)(Go)) = 0, thus giving a valid estimating equation. But we need
to select the weights w;(6). It seems reasonable to select the weights which minimise the

asymptotic “variance”

(0. ~ > iz var(gi(Yi; )
var(6,,) ~ (S, i | 7 (8.11)

Note the above comes from (8.8) (observe the n~! has been removed, since we have not

standardized 571) Since {Y;} are independent we observe that

var(G{)(6y)) = n! Zvaf(gi(Y;; bo) = Zwi(00)2%(00)

i=1

oG (9) _ “~ 9g(Y;; 6)
E<TJ00> = E(ZTJGO

=1
= (Zw o) [Yi — 115(6)] sz 0o) 1; (6o ) = —sz‘(eo)lé(@o)-
=1

Substituting the above into (8.11]) gives

iy o D WilBo)?Vi(6o)
var(n) X S B (60

Now we want to choose the weights, thus the estimation function, which has the smallest

variance. Therefore we look for weights which minimise the above. Since the above is a
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ratio, and we observe that a small w;(#) leads to a large denominator but a small numer-
ator. To resolve this, we include a Lagrangian multipler (this, essentially, minimises the
numerator by controlling the magnitude of the denominator). We constrain the numerator

to equal one; (3°7  w;(8)u'(0))? = 1 and minimise under this constraint
> witi6) + A 3w 0)0) - 1,
i=1 i=1

with respect to {w;(0)} and A. Partially differentiating the above with respect to {w;(6)}

and A and setting to zero gives for all ¢

2w; (0)V;(0) + p;(0) = 0 subject to Zwi(ﬁ)u;(e) =1

=1

Thus we choose

but standardize to ensure Y, w;(0)ui(0) = 1;

i) O
w,(6) = (Z Vi(6) ujw)) =

Since (Z?:1 ‘/j(H)_lu;(@)) is common for all weights w;(#) it can be ignored, thus

leading to the optimal estimating function is

- "L h(6)
cuv gy = SO ). 8.12
Y0 = 3 3y 6 = m0) (8.12)
The interesting point about the optimal estimating equation, is that even if the variance
has been mispecified, the estimating equation can still be used to consistently estimate 6

(it just will not be optimal).

Example 8.3.1 (i) Consider the case where {Y;} is such that E[Y;] = p;(5) = exp(f'z;)
and var(Y;) = Vi(B) = exp(B'z;). Then, %ﬂ/xi) = exp(f'z;)z;. Substituting this
yields the optimal estimating equation

n

Z(Yi — ) = 0.

=1
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In general if E[Y;] = var[Y;] = pu(B'z;), the optimal estimating equation is

> Wi B 0i)) ), =,

—~ (B
where we use the notation p'(0) = d’;—(:). But it is interesting to note that when Y;

comes from a Poisson distribution (where the main feature is that the mean and

variance are equal), the above estimating equation corresponds to the score of the

likelihood.

(ii) Suppose {Y;} are independent random variables where E|Y;] = p;(8) and var[Y;] =
wi(B)(1 — wi(B)) (thus 0 < p;(B) < 1). Then the optimal estimating equation

corresponds to

. [Y; - N(B/xl)] 10l
2 ﬁ T;)T; = 07
2 it - a0
where we use the notation ' (0) = d‘;—(;). This corresponds to the score function of

binary random variables. More of this in the next chapter!

Example 8.3.2 Suppose thatY; = 0,Z; where o; and Z; are positive, {Z;} are iid random
variables and the regressors x; influence o; through the relation o; = exp(Bo + Bix;). To

estimate By and [y we can simply take logarithms of Y;
log Vi = o + Bj; + log Z.

Least squares can be used to estimate By and 1. However, care needs to be taken since in
general Ellog Z;| # 0, this will mean the least squares estimator of the intercept By will be
biased, as it estimates [y + E[log Z;].

Examples where the above model can arise is Y; = N\ Z; where {Z;} are iid with ex-
ponential density f(z) = exp(—z). Observe this means that Y; is also exponential with

density A\, exp(—y/\i).

Remark 8.3.1 (Weighted least squares) Suppose that E[Y;] = 1;(0) and varly;] =
Vi(0), motivated by the normal distribution, we can construct the weighted least squared

criterion

£0) =) [ﬁ (i — 1u(0) +logVi(9)]
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Taking derivatives, we see that this corresponds to the estimating equation

n

- ; dus®) 1 LdVi(6) 1 avi(6)
Gut) = 3 |-y = i@} L 1 oy 4

=1

= G1,.(0) + Ga.,(0)

where

Cunl®) = =23 s 0= i) L0

N 2dVi(6) 1 dVi(6)
Gan(0) = —;{W{Yi““(‘))} o Vi(0) do

Observe that E[G1,,(8p)] = 0 and E[G2,,(00)] = 0, which implies that E[G,,(8y)] = 0. This

proves that the true parameter 6y corresponds to either a local minimum or saddle point

of the weighted least squares criterion L,(0). To show that it is the global minimum one

must use an argument similar to that given in Section|8.2.5.

Remark 8.3.2 We conclude this section by mentioning that one generalisation of esti-
mating equations is the generalised method of moments. We observe the random vectors
{Y;} and it is known that there exist a function g(-;0) such that E(g(Y;;6p)) = 0. To
estimate Oy, rather than find the solution of £ 3" | g(Vi;0), a matriz M, is defined and

the parameter which mimimises

(% ZQ(YZ-; 9)) M, (% Zg(Yi; 9))

1s used as an estimator of 6.
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Chapter 9
Generalised Linear Models

To motivate the GLM approach let us briefly overview linear models.

9.1 An overview of linear models

Let us consider the two competing linear nested models

q
Restricted model: Y, = 06y + Z Bixi; + €,
j=1
q P
Full model: Yi=Po+ Y Bimij+ » Bizij+ei (9.1)
j=1 Jj=q+1

where {¢;} are iid random variables with mean zero and variance o?. Let us suppose
that we observe {(Y;,z;;)}7,, where {Y;} are normal. The classical method for testing
Hy : Model 0 against H,4 : Model 1 is to use the F-test (ANOVA). That is, let 6% be the
residual sum of squares under the null and 6% be the residual sum of squares under the

alternative. Then the F-statistic is

F—

where

n

n P q
Sto= Y (Vi) Bfwy) Sp=> (Yi—> Blay)
j=1 j=1

=1 =1

n p
0% = ! M= Bfwi,)
1 j=1

n—p<
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and under the null ' ~ F,_,,_,. Moreover, if the sample size is large (p — ¢)F Z Xf;_q
We recall that the residuals of the full model are r; = Y; — By — 1 Bz ;— > Bz ;
and the residual sum of squares S% is used to measure how well the linear model fits the
data (see STAT612 notes).

The F-test and ANOVA are designed specifically for linear models. In this chapter

the aim is to generalise
e Model specification.
e Estimation
e Testing.
e Residuals.

to a larger class of models.
To generalise we will be in using a log-likelihood framework. To see how this fits in
with the linear regression, let us now see how ANOVA and the log-likelihood ratio test

2

are related. Suppose that o° is known, then the log-likelihood ratio test for the above

hypothesis is

1
LSS o,

where we note that since {g;} is Gaussian, this is the exact distribution and not an
asymptotic result. In the case that o2 is unknown and has to be replaced by its estimator
62, then we can either use the approximation

1 g2 _ g2 D 2
5__2( R F) —> Xp_q7 n —> 007

F

or the exact distribution

(Sk=SH)/=a) _
52 ~ Fp—qn—p>
F

which returns us to the F-statistic.

2

On the other hand, if the variance ¢~ is unknown we return to the log-likelihood ratio

statistic. In this case, the log-likelihood ratio statistic is

Sk (St —Sp)\ o
log S_% = log (1 + &—% = X?)—q?
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recalling that % Yo (Y — Ba:z) = n. We recall that by using the expansion log(1l + z) =
z + O(2?) we obtain

Sk (S — 5%)
log S_% = log (1 + S—%
S2 — S2

= % + 0,(1).
Now we know the above is approximately X]Q)—q' But it is straightforward to see that by

dividing by (p — ¢) and multiplying by (n — p) we have

(n-v), Sk _ <n—p>1og<l+<sz—s%>>

-0 "5 -9 Sk
= Be=S00=9) | 1) = F 4 0,0)

Hence we have transformed the log-likelihood ratio test into the F-test, which we discussed
at the start of this section. The ANOVA and log-likelihood methods are asymptotically
equivalent.

In the case that {g;} are non-Gaussian, but the model is linear with iid random
variables, the above results also hold. However, in the case that the regressors have a
nonlinear influence on the response and/or the response is not normal we need to take an
alternative approach. Through out this section we will encounter such models. We will

start by focussing on the following two problems:

(i) How to model the relationship between the response and the regressors when the

reponse is non-Gaussian, and the model is nonlinear.

(ii) Generalise ANOVA for nonlinear models.

9.2 Motivation

Let us suppose {Y;} are independent random variables where it is believed that the re-

gressors x; (z; is a p-dimensional vector) has an influence on {Y;}. Let us suppose that

Y; is a binary random variable taking either zero or one and E(Y;) = P(Y; =1) = ;.
How to model the relationship between Y; and x;?7 A simple approach, is to use a

linear model, ie. let E(Y;) = #'x;, But a major problem with this approach is that E(Y;),
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is a probability, and for many values of 3, 5'z; will lie outside the unit interval - hence
a linear model is not meaningful. However, we can make a nonlinear transformation
which transforms the a linear combination of the regressors to the unit interval. Such a
meaningful transformation forms an important component in statistical modelling. For
example let

exp(f'x;)

B = = T xp (o)

= M(ﬁlﬂ?i),

this transformation lies between zero and one. Hence we could just use nonlinear regres-

sion to estimate the parameters. That is rewrite the model as

R CEDRINCS

and use the estimator EZ-, where

= enmn > (i) (9.2

=1
as an estimator of 5. This method consistently estimates the parameter 3, but there are

drawbacks. We observe that Y; are not iid random variables and

Y = u(B'z;) + oie

where {¢; = %} are iid random variables and o; = v/varY;. Hence Y; has a hetero-

geneous variance. However, the estimator in gives each observation the same weight,
without taking into account the variability between observations (which will result in a
large variance in the estimator). To account for this one can use the weighted leasts

squares estimator

n

(Yi — u ﬁ’ )’

= arg min , (9.3)
Z ﬁlmz p(B';))

but there is no guarantee that such an estimator is even consistent (the only way to be
sure is to investigate the corresponding estimating equation).

An alternative approach is to use directly use estimating equations (refer to Section

. The the simplest one solves

n

> (Yi— p(B'z) =0,

=1
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where p(f'z;). However, this solution does not lead to an estimator with the smallest

“variance”. Instead we can use the "optimal estimation equation” given in Section
(see equation [8.12)). Using (8.12)) the optimal estimating equation is

—~ 115(0)

S CED) LB
; 'u(ﬁla:i)[l - N(B, ) 8 ; Bll’z 1 _ (ﬂ'%)]'u (ﬁ :U@)l'z =0,

where we use the notation p/(0) = d‘;—(;) (recall var[V;] = p(B'z;)(1 — p(B'x;))). We show

below (using the GLM machinery) that this corresponds to the score function of the
log-likelihood function.

The GLM approach is a general framework for a wide class of distributions. We recall
that in Section [L.G we considered maximum likelihood estimation for iid random variables
which come from the natural exponential family. Distributions in this family include
the normal, binary, binomial and Poisson, amongst others. We recall that the natural

exponential family has the form

F0:6) = exp (3= x(6) + ) ).

where x(0) = b(n~1(0)). To be a little more general we will suppose that the distribution

can be written as

yb — K(0)
¢

where ¢ is a nuisance parameter (called the disperson parameter, it plays the role of the

i) = exo Feln)), (9.4

variance in linear models) and 6 is the parameter of interest. We recall that examples of

exponential models include

(i) The exponential distribution is already in natural exponential form with 6 = A\ and
¢ = 1. The log density is

log f(y;0) = — Ay + log \.

(ii) For the binomial distribution we let 6§ = log(7*-) and ¢ = 1, since log(*-) is

invertible this gives

T exp(6 n
_W) = (y@—nlog (—1 —l—(iipzﬁ)) + log (y))

log f(y;0) = log f(y;log :
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(iii) For the normal distribution we have that
(y—m? 1 1
log f(y; p,0°) = ( ~ g, 3108 o’ — 5 log(2m)
—y* 4 2uy — pi°
202

1 1
—3 logo? — 5 log(27).

Suppose p = u(B'r;), whereas the variance o2 is constant for all i, then o2 is the
scale parameter and we can rewrite the above as
poy—p?/2
~—~— ~—

0 x(0) y? 1 1
log f(y; pt,0%) = 2 (_ﬁ - 510,9;02 - 510g(27r) :

[\

—e(5,9)

(iv) The Poisson log distribution can be written as
log f(y; 1) = ylog pn — pu +logy!,

Hence 0 = log u, k(0) = —exp(f) and c(y) = logy!.

(v) Other members in this family include, Gamma, Beta, Multinomial and inverse Gaus-

sian to name but a few.

Remark 9.2.1 (Properties of the exponential family (see Chapter 1 for details)) (i)
Using Lemma[1.6.9 (see Section [1.6) we have E(Y) = £/(0) and var(Y') = &"(6)¢.

(i) If the distribution has a “full rank parameter space” (number of parameters is equal
to the number of sufficient statistics) and 6(n) (where n is the parameter of interest)
s a diffeomorphism then the second derivative of the log-likelihood is non-negative.

To see why we recall for a one-dimensional exponential family distribution of the

form
F0:6) = exp (3 = (6) + <) ).

the second derivative of the log-likelihood is

0?1 ;0
_g%&JZ_M@:—mmw
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If we reparameterize the likelihood in terms of n, such that 6(n) then

o2 1Og gf;z, 6’(77)) _ y9"(?7) . K’(@)@”(n) i m”(&)[@’(n)]Q.

Since 0(n) is a diffeomorphism between the space spanned by n to the space spanned

by 0, log f(y;0(n)) will be a deformed version of log f(y;0) but it will retain prop-

erties such concavity of the likelihood with respect to 0.

GLM is a method which generalises the methods in linear models to the exponential
family (recall that the normal model is a subclass of the exponential family). In the GLM
setting it is usually assumed that the response variables {Y;} are independent random
variables (but not identically distributed) with log density

log f(yi; 0;) = (ny()

where the parameter #; depends on the regressors. The regressors influence the response

+c<yz~,¢>), (9.5)

through a linear predictor n; = f'x; and a link function, which connects f'z; to the mean
E(Y;) = u(6:) = £'(6:).

Remark 9.2.2 (Modelling the mean) The main “philosophy/insight” of GLM is con-
necting the mean 1(0;) of the random variable (or sufficient statistic) to a linear trans-
form of the regressor B'x;. The “link” function g is a monotonic (bijection) such that
w(0;) = g7 (B'z;), and usually needs to be selected. The main features of the link function
depends on the distribution. For example

1

(i) If Y; are positive then the link function g~ should be positive (since the mean is

positive).

i) If Y; take binary values the link function g~' should lie between zero and one (it
Y g

should be probability).

Let g : R — R be a bijection such that g(u(6;)) = n; = B'x;. If we ignore the scale

parameter, then by using Lemma (which relates the mean and variance of sufficient
statistics to k(0;)) we have

dr(6;)

do;

(
0, = u (g™ () = 0(n)
var(Y;) =




Based on the above and (9.5)) the log likelihood function of {Y;} is

Remark 9.2.3 (Concavity of the likelihood with regressors) We mentioned in Re-

mark that natural exponential family has full rank and 0(n) is a reparameterisation

92log f (y;m)
on?

We now show that the likelihood in the presence of regressors in also concave.
We recall that

in terms of n, then is non-positive definite, thuslog f(y;0) is a concave function.

n

£4(8) = 3 (Yot  s(6()) + ) ).

i=1
where n; = 'x;. Differentiating twice with respect to 3 gives

2 . .
0108 [ V00))
on?

n

VAL, () =X">

i=1

where X is the design matriz corresponding to the regressors. We mentioned above that

92 log f (Yi;mi)
8771-2

positive definite. Thus L, () is concave in terms of B, hence it is simple to mazimise.

s mon-positive definite for all © which in turn implies that its sum is non-

Ezample: Suppose the link function is in canonical form i.e. 0(n;) = ['x; (see the
following example), the log-likelihood is

£a(9) = 3 (il = w6t + e ).

=1

which has second derivative
VAL (B) = =X k"(Ba)X
i=1

which 1s clearly non-positive definite.

The choice of link function is rather subjective. One of the most popular is the

canonical link which we define below.

Definition 9.2.1 (The canonical link function) Every distribution within the expo-
nential family has a canonical link function, this is where n; = 6;. This immediately

implies that p; = k' (n;) and g(£'(0;)) = g(k'(n;)) = n; (hence g is inverse function of K').
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The canonical link is often used because it make the calculations simple (it also saves one

from ”choosing a link function”). We observe with the canonical link the log-likelihood
of {V;} is

£.(8) = Z e )

Example 9.2.1 (The log-likelihood and canonical link function)
(i) The canonical link for the exponential f(yi; Ai) = \jexp(—=N\y;) is 0; = —\; = B'z;, and
A = —p'x;. The log-likelihood is

n

3 (Yiﬁ'wi - 1og(ﬁ’a:i>).

=1

exp(8'z;)
1+exp(B'x;) °

Uy

i), hence m; =
k2

(i) The canonical link for the binomial is 6; = 'x; = log(
The log-likelihood is

= , exp(f'z;) n;

i=1

(11i) The canonical link for the normal is 0; = §'x; = p;. The log-likelihood is

(Y; — 15”331-)2 1 5 1
— <+ —logo® + = log(27
< 202 2 8 2 0g(27) ).

which is the usual least squared criterion. If the canonical link were not used, we would

be in the nonlinear least squares setting, with log-likelthood

Yi—g '(Pz)? 1 2 1
— =1 —log(2
< 502 +20ga —|—2og(7r) ,

(iv) The canonical link for the Poisson is 0; = B'z; = log \;, hence \; = exp('x;). The
log-likelihood is

n

> (Yiﬁ'mi — exp(f'z;) + log Yi!) .

i=1

However, as mentioned above, the canonical link is simply used for its mathematical

simplicity. There exists other links, which can often be more suitable.
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Remark 9.2.4 (Link functions for the Binomial) We recall that the link function is
defined as a monotonic function g, where n; = f'x; = g(u;). The choice of link function
is up to the practitioner. For the binomial distribution it is common to let g=' = a well
known distribution function. The motivation for this is that for the Binomial distribution
Wi = n;m; (where 7; is the probability of a ‘success’). Clearly 0 < m; < 1, hence using g~ *

= distribution function (or survival function) makes sense. Examples include

(i) The Logistic link, this is the canonical link function, where 'x; = g(p;) = log(lf—jri) =

(i) The Probit link, where m; = ®(8'x;), ® is the standard normal distribution function
and the link function is B'z; = g(p;) = @ H(pi/n;).

(i) The extreme value link, where the distribution function is F'(x) = 1 —exp(—exp(z)).
Hence in this case the link function is f'z; = g(p;) = log(—log(1 — p;/n;)).

Remark 9.2.5 GLM is the motivation behind single index models where E[Y;|X;] =
n(>2%_, Bjwis), where both the parameters {3;} and the link function u(-) is unknown.

9.3 Estimating the parameters in a GLM

9.3.1 The score function for GLM

The score function for generalised linear models has a very interesting form, which we
will now derive.

From now on, we will suppose that ¢; = ¢ for all ¢, and that ¢ is known. Much of the
theory remains true without this restriction, but this makes the derivations a bit cleaner,
and is enough for all the models we will encounter.

With this substitution, recall that the log-likelihood is
La(5,6) =3 {”‘Tf”w) ¥ cm,w} )

i=1

i=1

where

0(8,6) = {W_Tf(e) +c<n,¢>}
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and 0; = 0(n;).
For the MLE of 3, we need to solve the likelihood equations

0L, <~ O,
98, & B,

=0 forj=1,...,p.

Observe that

oty 06; 90; (Yi = w'(6:))
55 = 3050 = 5 ' (n;)ij.

Thus the score equation is

0L, = [Y:i—r(6;)]
aB; ; ¢

Remark 9.3.1 (Connection to optimal estimating equations) Recall from

the optimal estimating equation is

0'(ni)xi; =0 forj=1,...,p. (9.7)

69 =3 ﬁ Y — () a%juxm, (9.8)

we now show this is equivalent to . Using classical results on the exponential family

(see chapter 1) we have

E[Y] = #(0) = u(8)
varlY}] = #"(6) = Vi(B).

We observe that
0 ou(6;) 00; ,
8_5#1'(5) = % % = Vi(B)0' (i),
J \ v, J
=Vi(8)
substituting this into gives
0L, [ H(B)],

5, 5 (mi)xi =0

=1

which we see corresponds to the score of the likelihood.

To obtain an interesting expression for the above, recall that

var(Y;) = op/(0;) and n; = g(u;),
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and let 1/ (0;) =V (p;). Since V(u;) = Zg?, inverting the derivative we have j—z? =1/V ().
dn;

Furthermore, since = g'(i;), inverting the derivative we have Z‘;j =1/¢'(u;). By the

chain rule for differentiation and using the above we have

= = 9.9
0; dn; 9B;  dn; 00; 0B3; 6-9)
- d_fz dO; dy; On;
B db; dy; dn; aﬁj
_ d_& dp; - dn - on;
}/i - "<‘:, H’L " — / —
— E= D o)) g )
(Y= )z
oV (1i)g' (i)
Thus the likelihood equations we have to solve for the MLE of 3 are
" (Y — 1) s Y — oY B )
Z ( 1 /’Ll)xlj — Z ( 1 g (6 xl))xw — O, 1 S] Sp; (910)

i=1 OV (1i)g' (1s) i—1 oV (g~ (B'x:)) g (1)

(since p1; = g~ (B'xy)).
(9.10) has a very similar structure to the Normal equations arising in ordinary least

squares.

Example 9.3.1 (i) Normal {Y;} with mean p; = B'x;.

Here, we have g(u;) = p; = B'x; so ¢'(p;) = %:i) =1; also V() =1, ¢ = 02, so
the equations become

n

1
) (Y; = B'z)zi; = 0.
i=1

Ignoring the factor o2, the LHS is the jth element of the vector XT(Y — Xf'), so

the equations reduce to the Normal equations of least squares:
XY —X3)=0 orequivalently X'Xp =X'Y.
(ii) Poisson {Y;} with log-link function, hence mean p; = exp(f'x;) (hence g(p;) =

log p; ). This time, ¢'(p;) = 1/, var(Y;) = V(u;) = pi and ¢ = 1. Substituting
w; = exp(f'z;), into gives



9.3.2 The GLM score function and weighted least squares

The GLM score has a very interesting relationship with weighted least squares. First
recall that the GLM takes the form

(Y; — uz x” I Nl A L) LT 9.11
Z(W (11)g' () Zl oVig' () =Er .

Next let us construct the weighted least squares criterion. Since E(Y;) = u; and var(Y;) =

¢V, the weighted least squares criterion corresponding to {Y;} is

- Y, — u(6; 2 " Y, — -1 'z 2
Si(ﬁ)Z;%:;( a0l

The weighted least squares criterion §; is independent of the underlying distribution and
has been constructed using the first two moments of the random variable. Returning to

the weighted least squares estimator, we observe that this is the solution of

0s; (5 aul )
§: E: —0 1<j<p.
aﬁj 2" ou; 05 & av aﬁj =J =P

where s;(5) = (Yif# Now let us compare g—g;
sponding to the GLM (those in (9.11])). We observe that (9.11]) and the first part of the
RHS of the above are the same, that is
Z asz 8#1 Z Y /'Lz xzy o
a,uz a/BJ ¢V ,UJz

l

with the estimating equations corre-

In other words, the GLM estimating equations corresponding to the exponential family
and the weighted least squares estimating equations are closely related (as are the corre-

sponding estimators). However, it is simpler to solve " agy ) 65’“ 0 than ggl =
(3 7 J

As an aside, note that since at the true 8 the derivatives are
0s;(B (9,111) (GSZ-)
=0 and E =0,
(Z i 0PB; 03;

then this implies that the other quantity in the partial sum, E(gg?) is also zero, i.e.
J

0s; (5
(Z o, 869):0'
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9.3.3 Numerical schemes
The Newton-Raphson scheme

It is clear from the examples above that usually there does not exist a simple solution
for the likelihood estimator of 5. However, we can use the Newton-Raphson scheme to
estimate [ (and thanks to the concavity of the likelihood it is guaranteed to converge to
the maximum). We will derive an interesting expression for the iterative scheme. Other
than the expression being useful for implementation, it also highlights the estimators

connection to weighted least squares.

We recall that the Newton Raphson scheme is
(ﬁ(m—&-l))/ _ (ﬁ(m))/ _ (H(m))_lu(m)

where the p x 1 gradient vector u(™ is

um (% %)/J
25, 9B, B=pm)

and the p x p Hessian matrix H™ is given by

0°L(B)

HY = m
= 55,08, 19

for j,k=1,2,...,p, both u™ and H™ being evaluated at the current estimate 5.

By using , the score function at the mth iteration is

(m) 0L,(B)

U= aﬁ Jp—pom = Z@ﬁj B=pm
= (m) = — | g=g(m) T4
dnz 8/6j p=ptm — dnz‘ B=B J
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The Hessian at the ith iteration is

92L(B) i 02¢;
9,00, =g < 98,08 Jp=p

"0 [0
— Zaﬂk (86 )Jg B(m)

HGY

0%1;
— Z o —— | g—pm TijTik (9.12)

Let s(™ be an n x 1 vector with

and define the n x n diagonal matrix W with entries

. d20;
Wi=—".
dn?

Then we have u™ = XTs™ and H = —XTW™ X and the Newton-Raphson iteration
can succinctly be written as

(5(m+1))/ _ (ﬁ(m))/ _ (H(m))_lu(m)
_ (B(m)>/ + (XTW(m)X)—lXTS(m)
Fisher scoring for GLMs

Typically, partly for reasons of tradition, we use a modification of this in fitting statistical

models. The matrix W is replaced by W, another diagonal n x n matrix with

wim E(W<m>| By = E _@| Bm
22 (4 anQ °

Using the results in Section we have
)

2
i =e () = (G




so that W = var(s(™|30™)) and the matrix is non-negative-definite.

Using the Fisher score function the iteration becomes

(ﬁ(z’+1))/ _ (ﬁ(m))/ + (XTW(m)X)leTS(m).

Iteratively reweighted least squares
The iteration
(B = (B™Y + (XTWIW X)X T s (9.13)

is similar to the solution for least squares estimates in linear models
B=(XTX)"'XxTy
or more particularly the related weighted least squares estimates:
B=X"WX)'XTWy
In fact, can be re-arranged to have exactly this form. Algebraic manipulation gives

(XTWIM X)X st = (XTWm X)L X T e () =g,

Therefore substituting the above into (9.13)) gives

(B(m+1))/ _ (XTw(m)X)71XTw(m)X(B(m))/ + (XTw(m)X)leTw(m)(W(m))fls(m)
= (XTW(m)X)—lXTW(m) (X(ﬁ(m))’ + (W(m))—ls(m))
= (XTwimx)~-txTym zm,

One reason that the above equation is of interest is that it has the ‘form’ of weighted least
squares. More precisely, it has the form of a weighted least squares regression of Z(™ on
X with the diagonal weight matrix W™ . That is let ZZ-(m) denote the ith element of the
vector Z(™) | then S*+Y minimises the following weighted least squares criterion

n

S WA g).

=1

)

Of course, in reality Wi(m) and zl(m are functions of 8™ hence the above is often called

iteratively reweighted least squares.
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9.3.4 Estimating of the dispersion parameter ¢

Recall that in the linear model case, the variance o2 did not affect the estimation of 3.

In the general GLM case, continuing to assume that ¢; = ¢, we have

de; - dl; do; dp; Y —

dn; B d_ezd_/hd_ﬁz B ¢V(Mi)9/(ﬂi)

S; =

and
. var(s)) — var(Y;) _ oV (i)
W ) = G g e~ Vi ()2
1
V() (g ())?

so that 1/¢ appears as a scale factor in W and s, but otherwise does not appear in the
estimating equations or iteration for B . Hence ¢ does not play a role in the estimation of
B.

As in the Normal/linear case, (a) we are less interested in ¢, and (b) we see that ¢
can be separately estimated from f5.

Recall that var(Y;) = ¢V (u;), thus

B((Y: — )%
V(i)

We can use this to suggest a simple estimator for ¢:

=0

[ B
i=1 V(j:) n=pi= W)

where fi; = g~'(B'z;) and 0; = p~'g~'(B'z;). Recall that the above resembles estimators
of the residual variance. Indeed, it can be argued that the distribution of the above is

close to x5,

Remark 9.3.2 We mention that a slight generalisation of the above is when the disper-
siton parameter satisfies ¢; = a;p, where a; s known. In this case, an estimator of the ¢
15

L ~i—m)? 1 - (Y- mw)?

Q/g: — —
n—p<= V(i) n—pi= ay(0;)




9.3.5 Deviance, scaled deviance and residual deviance
Scaled deviance

Instead of minimising the sum of squares (which is done for linear models) we have been

mazimising a log-likelihood £;(f). Furthermore, we recall

S(B) = er = Z (}/z' — By — Zﬁﬂw - Z Bﬂm’)Z
i=1 i=1 j=1

Jj=q+1

~

is a numerical summary of how well the linear model fitted, S(/3) = 0 means a perfect fit.
A perfect fit corresponds to the Gaussian log-likelihood —% log o2 (the likelihood cannot
be larger than this).
In this section we will define the equivalent of residuals and square residuals for GLM.
What is the best we can do in fitting a GLM? Recall

Y0, — k(6;
gi:”—’{(%)Jrc(yi ®)
¢
SO
av; , B

A model that achieves this equality for all i is called saturated (the same terminology is
used for linear models). In other words, will need one free parameter for each observation.
Denote the corresponding 6; by é;-, i.e. the solution of &’ (é;) =Y.

Consider the differences

20,6 — (6} = %{n@—eg—n(@)m(@)}zo

and 25" {60 — 600} = %{Yi@ —0,) — k(0) + £(0:)}.

Maximising the likelihood is the same as minimising the above quantity, which is always
non-negative, and is 0 only if there is a perfect fit for all the i*® observations. This

is analogous to linear models, where maximising the normal likelihood is the same as

minimising least squares criterion (which is zero when the fit is best). Thus £,(0) =

>, Li(0;) provides a baseline value for the log-likelihood in much the same way that

—2logo? provides a baseline in least squares (Gaussian set-up).
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Example 9.3.2 (The normal linear model) x(6;) = 362, «'(0;) = 6; = p;, 0, = Y,

and ¢ = 02 so

2HB) ~ 0} = VY= ) — Y2+ 52} = (Vi — )/

Hence for Gaussian observations 2{(;(6;) — (;(6;)} corresponds to the classical residual

squared. O

In general, let
Dy = 2{Yi(0: — 0,) — x(0;) + £(0)}

We call D =" | D; the deviance of the model. If ¢ is present, let

% — 2L, () — £.(0)}.

¢~ 1D is the scaled deviance. Thus the residual deviance plays the same role for GLM’s
as does the residual sum of squares for linear models.
Interpreting D;

We will now show that

(Y; — )?

Di = 2%l ~ 0 — w(B) + wlB)} =

To show the above we require expression for Y;(0; —6;) and (6;) — x(6;). We use Taylor’s

theorem to expand x and k' about 0; to obtain
(6; — 6:)*K" (0) (9.14)
and

. — 0,)K"(6;) (9.15)

3\
=
R
3\
=
_l’_

But '(6;) = Y;, £'(0;) = fi; and £"(0;) = V(7i;), so (9.14) becomes

5(0) ~ w0+ (B~ B+ 56— )PV ()
= 5(91) - ’i@l) ~ (éz - éz)ﬁz + %<~z - éZ)QV(//L)> (9.16)



and ((9.15) becomes

=Y, — i~ (0; — 0,)V (i) (9.17)

D; = 2{Yi(0; — b;) — x(60:) + r(6:)}

~ 2V~ 0) — (B~ 0 — 56— 0V (7))
SRR

Recalling that var(Y;) = ¢V (u;) and E(Y;) = u;, ¢~'D; behaves like a standardised
squared residual. The signed square root of this approximation is called the Pearson

residual. In other words

(Y = i)
V(1)

is called a Pearson residual. The distribution theory for this is very approximate, but a

rule of thumb is that if the model fits, the scaled deviance ¢~*D (or in practice 5‘1D)

sign(Y; — f;) ¥ (9.18)

~ 2
~ anp‘

Deviance residuals

The analogy with the normal example can be taken further. The square roots of the
individual terms in the residual sum of squares are the residuals, Y; — §'x;.

We use the square roots of the individual terms in the deviances residual in the same
way. However, the classical residuals can be both negative and positive, and the deviances
residuals should behave in a similar way. But what sign should be used? The most obvious

solution is to use
—VD; Y, <0
T, =
VD; ifYi—7i; >0
Thus we call the quantities {r;} the deviance residuals. Observe that the deviance resid-

uals and Pearson residuals (defined in (9.18])) are the same up to the standardisation
VV (1)
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Diagnostic plots

We recall that for linear models we would often plot the residuals against the regressors
to check to see whether a linear model is appropriate or not. One can make similar
diagnostics plots which have exactly the same form as linear models, except that deviance
residuals are used instead of ordinary residuals, and linear predictor values instead of fitted

values.

9.4 Limiting distributions and standard errors of es-

timators

In the majority of examples we have considered in the previous sections (see, for example,
Section we observed iid {Y;} with distribution f(-;#). We showed that

Jn (é; . 9) ~ N (0,1(0)7),
where () = [ —Wﬂx;@)dm (1(0) is Fisher’s information). However this result
was based on the observations being iid. In the more general setting where {Y;} are

independent but not identically distributed it can be shown that

(B-8) ~ N0, (1))
where now I(f3) is a p x p matrix (of the entire sample), where (using equation (9.12))) we

0*L,(B) "L d; T
’ 950k — dn; ’ *

Thus for large samples we have

(B-8) N0, (X"WX)™),

have

where W is evaluated at the MLE B .

Analysis of deviance

How can we test hypotheses about models, and in particular decide which explanatory
variables to include? The two close related methods we will consider below are the log-
likelihood ratio test and an analogue of the analysis of variance (ANOVA), called the

analysis of deviance.
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Let us concentrate on the simplest case, of testing a full vs. a reduced model. Partition

the model matrix X and the parameter vector § as

X=X x| 8- (g;) :

where X is n x ¢ and f; is ¢ x 1 (this is analogous to equation (9.1]) for linear models).
The full model is n = X' = X5 + X352 and the reduced model is n = X; 5. We wish
to test Hp : B2 = 0, i.e. that the reduced model is adequate for the data.

Define the rescaled deviances for the full and reduced models

Dr _ 2{L,(0) — sup L,(0)}
10} B2=0,61
and
DF N
= 2{L,(0) — sup L,(8)}
B1,B2

where we recall that £,(f) = Z;‘il (,(6;) is likelihood of the saturated model defined in
Section [9.3.5. Taking differences we have

Dr—D
PR TE o sup La(B) — sup La(0)}
o) B1,82 B2=0,61

which is the likelihood ratio statistic.

The results in Theorem , equation (3.7)) (the log likelihood ratio test for composite
hypothesis) also hold for observations which are not identically distributed. Hence using
a generalised version of Theorem we have

Dr=Dr ; Dr =2{ gluﬁp; L,(B) — /828311?/6’1 L,(0)} A X}277q'
So we can conduct a test of the adequacy of the reduced model % by referring to a
X;Q;_q» and rejecting H if the statistic is too large (p-value too small). If ¢ is not present
in the model, then we are good to go.

If ¢ is present (and unknown), we estimate ¢ with

3= 1 Z":(Yi—ﬁ@-): 1 Z":(Yi—ﬁz-)z
n—p<= V() n—p<= 0,

(see Section 9.3.4). Now we consider D R;D L we can then continue to use the Xﬁ_q

distribution, but since we are estimating ¢ we can use the statistic

Dr—Dr = Dp st F
-~ agalins —q),(n—p)>
D—q n—p (p—q),(n—p)

as in the normal case (compare with Section [9.1)).
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9.5 Examples

Example 9.5.1 Question Suppose that {Y;} are independent random variables with the

canonical exponential family, whose logarithm satisfies

¢

where ¢ is the dispersion parameter. Let E(Y;) = p;. Let n; = f'z; = 0; (hence the

log f(y;0;) = + c(y; 9),

canonical link is used), where x; are regressors which influence Y;. [14]

(a) (m) Obtain the log-likelihood of {(Y;, z;)}1 .
(ii) Denote the log-likelihood of {(Yi,x;)}iy as L,(5). Show that

L, o Y= )z
9, ~ 2

and 0*L, " /i//<0i)xi,sz‘,k'

o 0B:0B; ; ¢

i=1

(b) Let'Y; have Gamma distribution, where the log density has the form

p—1

~Y;/ i — log i 1
log (Vi) = —i/ti—logu { ~ —logv! +1ogr<u—1>} + {v—l - 1} log Y,
1%
E(Y;) = pi, var(Y;) = pi /v and v; = 'z, = g(us).

(m) What is the canonical link function for the Gamma distribution and write down

the corresponding likelihood of {(Y;, x;)}i .

(ii) Suppose that n; = B'z; = o + Bixii. Denote the likelihood as L, (o, 1)
What are the first and second derivatives of L, (8o, b1)?

(#ii) Evaluate the Fisher information matriz at Sy and $; = 0.

test for testing Hy : 1 = 0 against Hy : 1 # 0.

Solution

(a) (m) The general log-likelihood for {(Y;,x;)} with the canonical link function is

. & Y;(ﬁlxi—/f(ﬁ/l"i)) (Y
ﬁnw,gb)—;( . n (m,@).
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(ii) In the differentiation use that £'(0;) = &'(8'x;) = 1.

(b) (m) For the gamma distribution the canonical link is 6; = n; = —1/p; = —1/beta’z;.
Thus the log-likelihood is

n

£0(8) = 3 5 (W(80) ~ tox(=1/8) ) + clm. Y0,

where ¢(+) can be evaluated.

(i1) Use part (ii) above to give

Ma%(f) -y (Y;H/(/a'a:i))xi,j

=1

OL.(B) _ _ ;) e
aﬁlaﬁj = v ZZ_;(/B,J}Z) T4,iLs,5

(iii) Take the expectation of the above at a general By and f; = 0.

(iv) Using the above information, use the Wald test, Score test or log-likelihood

ratio test.

Example 9.5.2 Question: It is a belief amongst farmers that the age of a hen has a
negative influence on the number of eggs she lays and the quality the eggs. To investigate
this, m hens were randomly sampled. On a given day, the total number of eggs and the
number of bad eggs that each of the hens lays is recorded. Let N; denote the total number
of eqgs hen i lays, Y; denote the number of bad eggs the hen lays and x; denote the age of
hen 1.

It is known that the number of eggs a hen lays follows a Poisson distribution and the
quality (whether it is good or bad) of a given egg is an independent event (independent of
the other eggs).

Let N; be a Poisson random variable with mean \;, where we model \; = exp(ap+712;)

and m; denote the probability that hen v lays a bad eqqg, where we model m; with

_ exp(fo + 11i)
1+ exp(fo + 7124)

Suppose that (v, Bo,v1) are unknown parameters.
(a) Obtain the likelihood of {(N;,Y;)}™,.
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(b) Obtain the estimating function (score) of the likelihood and the Information matriz.
(c) Obtain an iterative algorithm for estimating the unknown parameters.

(d) For a given ayg, By, V1, evaluate the average number of bad eggs a 4 year old hen will

lay in one day.
(e) Describe in detail a method for testing Hy : v1 = 0 against Hy : v # 0.
Solution
(a) Since the canonical links are being used the log-likelihood function is

Em(aoaﬁoa’)/l) = L (K|ﬂ)+£m(ﬂ)

3

N;
YiBz, — Nilog(1 + exp(Bz;)) + Niaxw; — ax; + log (Y) + log Ni!)

M

=1

YiBx; — Nilog(1 + exp(Bz;)) + Niax; — %) :
1

I
A/~

where a = (a0, )", B = (Bo,m)" and z; = (1, 2;).

(b) We know that if the canonical link is used the score is

VL= om (Yim W (@) = 3 (Y- )

and the second derivative is

O i(Ni—Ai)

8060 —1
oL,, -
= Y (i Nim
- Y-
o Z ((NZ )\,) + (Yz NmJ)xz.



The second derivative is

O*L,, - O*L,, &
-5 = D N A=) A
003 ; Daod ; !
O*L, = 0L, =
—_— = - Nﬂri 1—7I'Z' = — NZ"/Ti 1—’/Ti €T;
o8 2 Nml=m) e == 2 N1 - )
0*L & ( )
Y (1—m)
Observing that E(N;) = \; the information matriz is
2t A 0 2oty Aimi(1 = )

Somoami(l—m)a Yo ATl —m)z >, ()\i + Nmi(1 — 71'1))$Z2
(c) We can estimate 0y = (av, Bo, 1) using Newton-Raphson with Fisher scoring, that
18
0; = 0; + 1(0;)*S;_1

where

Z;‘Zl (Ni - )‘i)
Si_1 = 2211 (Yi - NﬂTz‘)

>y ((NZ- —N)+ (Vi — Nmi))aﬁi.

(d) We note that given the regressor x; = 4, the average number of bad eggs will be

E(Y;) = E(E(YiN;)) = E(Nim;) = \im;
exp(ag + 712:) exp(Bo + 7174)
1 + exp(fo + m12:) '

(e) Give either the log likelihood ratio test, score test or Wald test.
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Chapter 10

Count Data

In the previous chapter we generalised the linear model framework to the exponential
family. GLM is often used for modelling count data, in these cases usually the Binomial,

Poisson or Multinomial distributions are used.

Types of data and the distribution:

Distribution | Regressors Response variables
Binomial X Y, =(Y;,,N-Y) = (Yi1,Yi2)
Poission T Y, =Y,
Multinomial Z; Yi=(Y;1,Yio,...,Yim) (Zj Y;;i=N)
Distribution Probabilities
Binomial PYi1=kYo=N—-k)= (]]Z)(l — 7 (Bx))NEw (B x;)k
Poission P(Y;=k)= AB'z:)" E;:!(p(_ﬂl“)
Multinomial | P(Y;1 = ki, .-, Yim = km) = (,, ¥ Ym(B'z)™ . mpn (5'2:)™

In this section we will be mainly dealing with count data where the regressors tend
to be ordinal (not continuous regressors). This type of data normally comes in the form
of a contingency table. One of the most common type of contingency table is the two by

two table, and we will consider this in the Section below.

Towards the end of this chapter we use estimating equations to estimate the parameters

in overdispersed models.

269



10.1 Two by Two Tables

Consider the following 2 x 2 contingency table

Male | Female | Total
Blue | 25 35 60
Pink | 15 25 40
Total | 40 60 100

Given the above table, one can ask if there is an association between gender and
colour preference. The standard method is test for independence. However, we could also
pose question in a different way: are proportion of females who like blue the same as the
proportion of males who like blue. In this case we can (equivalently) test for equality of
proportions (this equivalance usually only holds for 2 by 2 tables).

There are various methods for testing the above hypothesis
e The log-likelihood ratio test.
e The Score test

e The Wald test.

e Through Pearson residuals (which is the main motivation of the chi-squared test for

independence).

There can be so many tests for doing the same thing. But recall from Section [2.8.2]
that asymptotically all of these tests are equivalent; for a large enough sample size their
p-values are nearly the same.

We go through some examples in the following section.

10.1.1 Tests for independence
Approach 1: Pearson and log-likelihood ratio test

The chi-square test for independence is based upon the Pearson residuals:

(0 — Eijy)?
Tl == Z Eij 5

i?j
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where O;; are the observed numbers and £;; are the expected numbers under indepen-
dence. We recall that by modelling the counts are a multinomial distribution we can show

that the test statistic 77 is asymptotically equivalent to the a log-likelihood ratio test.

Approach 2: Score test

Let us consider the altenative approach, testing for equality of proportions. Let 7, denote
the proportion of males who prefer pink over blue and 7z the proportion of females who
prefer pink over blue. Suppose we want to test that Hy : mp = 7y, against Hy : mp # mpy.
On method for testing the above hypothesis is to use the test for equality of proportions
using the Wald test, which gives the test statistic

T — Tm T — v

I(m)=1/2 ~( 1 1
4 (N—F + N—M>

where

Nup + Npp
Ny + Np

=)

and Ny Np correspond to the number of males and females and Ny, p and Npp the

number of males and females who prefer pink.

Approach 3: modelling

An alternative route for conducting the test, is to parameterise 7, and 7 and do a test
based on the parametrisation. For example, without loss of generality we can rewrite my,

and 7r as

exp(7) o exp(y + 9)

Tp = ——————~ = .
" T+ exp(y) M7 1 ¢ exp(y +9)

Hence using this parameterisation, the above test is equivalent to testing Hy : 6 = 0

against H, : d # 0. We can then use the log likelihood ratio test to do the test.

10.2 General contingency tables

Consider the following experiment. Suppose we want to know whether ethnicity plays a

role in the number of children a females has. We interview a sample of women, where we
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Background A | 20 | 23 | 28
Background B | 14 | 27 | 23

determine her ethnicity and the number of children. The data is collected below in the
form of a 3 x 2 contingency table.

How can such data arise? There are several ways this data could have been collected,
and this influences the model we choose to fit to this data. Consider the general R x C
table, with cells indexed by (7, 7). Note that in the above example R = 2 and C' = 3.

(a) The subjects arise at random, the study continues until a fixed time elapses. Each
subject is categorised according to two variables. Suppose the number in cell (4, j)
is Y;;, then it is reasonable to assume Y;; ~ Poisson();;) for some {\;;}, which will

be the focus of study. In this case the distribution is

C R i
Af/ exp Aij)

=117

i=1 j=1

(b) The total number of subjects is fixed at N, say. The numbers in cells follow a
multinomial distribution: (Y;;) ~ M (N (m;;)):

P =0 e

Z1 il 1j=1
if 222 v = N.

(c) One margin is fixed: say {y;; = ZZCZI yi; } for each j =1,2,..., R. In each column,

we have an independent multinomial sample
2 Y
+ i
P(Yzy)zr[( X pr])
j=1 Hz 1 U i=1
where p;; is the probability that a column-j individual is in row ¢ (so py; =

c
Yo pij =1).

Of course, the problem is without knowledge of how the data was collected it is not

possible to know which model to use. However, we now show that all the models are
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closely related, and with a suitable choice of link functions, diffferent models can lead to
the same conclusions. We will only show the equivalence between cases (a) and (b), a
similar argument can be extended to case (c).

We start by show that if 7;; and \;; are related in a certain way, then the log-likelihoods
of both the poisson and the multinomial are effectively the same. Define the following log-

likelihoods for the Poisson, Multinomial and the sum of independent Poissons as follows

C R
Lp(N) = Y > (yij log Aij — Aij — log ?/z‘j!>
=1 j=1

Ly(m) = logH H —l—ZZywlong
i=1 =1 1]

=1 j=1

LF()\++> = N lOg )\++ — A++ — log N1,

We observe that Lp is the log distribution of {y; ;} under Poisson sampling, £, is the log
distribution of {y; ;} under multinomial sampling, and Lp is the distribution of ) .. Y; +Yij,

where Y;; are independent Poisson distributions each with mean A\;;, N = Z Y;; and
+ = Zij Aij-

Theorem 10.2.1 Let Lp, Ly, and Lg be defined as above. If A and 7 are related through
R

Zs ,t )\St

where Ay, 1is independent of (i,7). Then we have that

Tij = Aij = A4t Tij,

Lp(A) = Lau(m) + Lr(Ary).

PROOQOF. The proof is straightforward. Consider the log-likelihood of the Poisson

C R

Lp(A) = Z Z

yijlog Aij — Aij — log yij!)
Yijlog Ay 1 mi; — Ay — log yij!)

C R C R C R
Z Zy’j log m;; + log N! — Z Zlogyij!] + Z Z (yij log Ay — Ay —log N!)
=1 j=1 i=1 j=1 i=1 j=1

= Lu(m) + Lr(Asq).

Which leads to the required result. 0
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Remark 10.2.1 The above result means that the likelthood of the independent Poisson
conditioned on the total number of participants is N, is equal to the likelihood of the
multinomial distribution where the relationship between probabilities and means are given

above.

By connecting the probabilities and mean through the relation
Zs,t )\St

it does not matter whether the multinomial distribution or Possion distribution is used

Tij = and  Aij = Apipij,

to do the estimation. We consider a few models which are commonly used in categorical

data.

Example 10.2.1 Let us consider suitable models for the number of children and ethnicity
data. Let us start by fitting a multinomial distribution using the logistic link. We start y

modelling 5'z;. One possible model is
B'x =14 101 + aady + azds + 107 + Ba205,

where 6; = 1 if the female has i children and zero otherwise, 67 = 1 if female belongs to
ethnic group A and zero otherwise, d5 = 1 if female belongs to ethnic group B and zero
otherwise. The regressors in this example are x = (1,01,...,03). Hence for a given cell

(1,7) we have
Blwij =iy =0+ a; + B;.

One condition that we usually impose when doing the estimation is that Zle a; =0 and
b1+ B2 = 0. These conditions mean the system is identifiable. Without these conditions
you can observe that there exists another {a;}, {5} and @, such that n;; = n+ o + f; =
i+ & + Bj.

Now let understand what the above linear model means in terms of probabilities. Using

the logistic link we have

gy P tait ) explai) exp(f;)
=0 ) = B S, explan) T exp(B)]

where m;; denotes the probability of having i children and belonging to ethnic group j and

x5 18 a vector with ones in the appropriate places. What we observe is that the above

274



model is multiplicative, that is
Tij = TitT4j

where T = Zj m; and wy; = Y .miy. This means by fitting the above model we are
assuming independence between ethnicity and number of children. To model dependence

we would use an interaction term in the model

B'w =0+ 10y + audy + asds + i + Badi + > 7005,

ihj

hence
Mij =N+ o + B + i

However, for R x C' tables an interaction term means the model is saturated (i.e. the
MLE estimator of the probability m;; is simply y;;/N ). But for R x C' x L, we can model

interactions without the model becoming saturated i.e.
Nijk =N+ Q; + B + €5 + 7ij

models an interaction between R and C' but independence from L. These interactions may
have interesting interpretations about the dependence structure between two variables. By
using the log-likelihood ratio test (or analysis of deviance), we can test whether certain
interaction terms are significant.

We transform the above probabilities into Poisson means using \;; = ym;;. In the case

there is no-interaction the mean of Poisson at cell (i,7) is Aij = yexp(n + a; + B;).

In the above we have considered various methods for modelling the probabilities in a
mulitnomial and Poisson distributions. In the theorem we show that so long as the
probabilities and Poisson means are linked in a specific way, the estimators of 5 will be

identical.

Theorem 10.2.2 (Equivalence of estimators) Let us suppose that m;; and p;; are de-
fined by

mij = m(B)  Aij = ymii(B),
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where v and B = {a;, B;} are unknown and C(B) is a known function of B (such as
Zi,j exp(a; + ;) or1). Let

ﬁp(ﬁﬁ) = Z Z (yij log YWij(ﬁ) - 7%‘;‘(5))
C R
ﬁM(ﬁ) = Zzyi]’ 10g7ﬁ'j(5)

Lr(B,7) = Nlogy—7,

which is the log-likelihoods for the Multinomial and Poisson distributions without unnec-

essary constants (such as y;;!). Define
(Bp.4p) = argmax Lp(B,7)
Bp = argmaxLu(B) Ar = argmax Lr(B,7).
Then Bp = Bar and 3p = Anr = N/C(//B\M)'
PROOF. We first consider Lp(8,7). Since >, ;pi;(8) =1 and 3, ;y;; = 1 we have

C R
Lo(Br) = ZZ(yijlogVC(ﬁ)mj(ﬁ)+70(5)7ﬁj(5))

i=1 j=1
C R
=2 (yu log i ) + NlogyC(B) = C().
=1 j=1
Now we consider the partial derivatives of Lp to obtain

0Ly _ 0Ly 80(6)( N)_1>:0

o~ o ' op \H0(8
dLp N

= = (=-cC = 0.

28l (7 (5)) ’

Solving the above we have that Bp and vp satisfy
N 0Ly

Yp = =—— —— |45, =0. 10.1
"o os oy
Now we consider the partial derivatives of £, and Lo
oLy OLp (N )
=M =(——-0C(p) ) =0. 10.2
o = (> - (10.2)
Comparing the estimators in ((10.1)) and (10.2]) it is clear that the maximum likelihood
estimators of 5 based on the Poisson and the Binomial distributions are the same. O]
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Example 10.2.2 Let us consider fitting the Poisson and the multinomial distributions to

the data in a contingency table where m;; and \;; satisfy

exp(3'wi;)
Es,t eXp(B/xS,t) ‘

Making a comparison with \;;(8) = vC(8)m;(8) we see that v = exp(n) and C(5) =
stt exp(B'xst). Then it by using the above theorem the estimator of B is the parameter

)\ij = eXp(77 + ﬁ'xij) and T =

which mazimises

>3

=1

(yulog exp(f'wi;) )
1 N Zs,texp(ﬁ/x&t) ’

and the estimator of v is the parameter which maximises
N log exp(n)C(53) — exp(n)C(B),

which s n = log N — log(zsﬂt GXP(les,t))'

10.3 Overdispersion

The binomial and Poisson distributions have the disadvantage that they are determined
by only one parameter (7 in the case of Binomial and A in the case of Possion). This can
be a disadvantage when it comes to modelling certain types of behaviour in the data. A
type of common behaviour in count data is overdispersed, in the sense that the variance

appears to be larger than the model variance.
Checking for overdispersion

e First fit a Poisson model to the data.

e Extract the Pearson residuals from the data (see Section [9.3.5)), for the Poisson it is

Y- Yi—
FPV ()P T

If the model is correct, the residuals {r;} should be ‘close’ to a standard normal

T

distribution. However, in the case of overdispersion it is likely that the estimated

variance of r; will be greater than one.

e Plot r; against ;.
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10.3.1 Modelling overdispersion

Modelling overdispersion can be done in various ways. Below we focus on Poisson-type

models.

Zero inflated models

The number of zeros in count data can sometimes be more (inflated) than Poisson or
binomial distributions are capable of modelling (for example, if we model the number of
times a child visits the dentist, we may observe that there is large probability the child
will not visit the dentist). To model this type of behaviour we can use the inflated zero
Poisson model, where

(1—=p)(1 —exp(—=A)) =1 —p+pexp(—=A) k=0

PlY =k)= .
( ) < pexp(;!)\))\k E>0

We observe that the above is effectively a mixture model. It is straightforward to show
that E(Y) = pA and var(Y) = pA(1 + A(1 — p)), hence

var(Y)
E(Y)

We observe that there is more dispersion here than classical Poisson where var(Y)/E(Y) =
1.

= (1+A1-p)).

Modelling overdispersion through moments

One can introduce overdispersion by simply modelling the moments. That is define a
psuedo Poisson model in terms of its moments, where E(Y) = X\ and var(Y) = A(1 + 9)
(6 > 0). This method does not specify the distribution, it simply places conditions on the

moments.

Modelling overdispersion with another distribution (latent variable)

Another method for introducing overdispersion into a model is to include a ‘latent’ (un-
observed) parameter €. Let us assume that ¢ is a positive random variable where E(e) = 1
and var(e) = . We suppose that the distribution of ¥ conditioned on ¢ is Poisson, i.e.

P(Y =kl|e) = (’\E)ki{w. The introduction of latent variables allows one to generalize
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several models in various directions. It is a powerful tool in modelling. For example, if
one wanted to introduce dependence between theY;s one can do this by conditioning on
a latent variable which is dependent (eg. the latent variable can be a time series).

To obtain the moments of Y we note that for any random variable Y we have

var(Y) = E(Y?)-E(Y)*= E(E(Y%) — E(er)z) +E(E(Y]e)?) - E(E(Ye))?

= E<var(Y|£)> + var(E(Ye)),
where we note that var(Yl|e) = > 12 (k*P(Y = kle) — (3o kP(Y = k|e))? and E(Ye) =
Y reo kP(Y = k|e). Applying the above to the conditional Poisson we have
var(Y) = E(2(\e) — (Xe)) + var(Ae)
= AFANE= A1+ )X
and E(Y) = E(E(Yl]e)) = A
The above gives an expression in terms of moments. If we want to derive the distribution

of Y, we require the distribution of €. This is normally hard in practice to verify, but

for reasons of simple interpretation we often let £ have a Gamma distribution f(g;v, k) =

%exp(—ye), where v = &, hence E(¢) = 1 and var(e) = 1/v(= ). Therefore in
the case that e is a Gamma distribution with density f(e;v,v) = ”VFE(:T exp(—ve) the
distribution of Y is
PY = k) — /p(y — Ke) (e v, v)de
(Ae)k exp(—Ae) vekt
- —ve)d
/ X 0 exp(—ve)de

D(k+v) v
C(v)k! (v + A+

This is called a negative Binomial (because in the case that v is an integer it resembles

a regular Binomial but can take infinite different outcomes). The negative binomial only
belongs to the exponential family if v is known (and does not need to be estimated). Not
all distributions on ¢ lead to explicit distributions of Y. The Gamma is popular because
it leads to an explicit distribution for Y (often it is called the conjugate distribution).

A similar model can also be defined to model overdispersion in proportion data, using
a random variable whose conditional distribution is Binomial (see page 512, Davison
(2002)).
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Remark 10.3.1 (Using latent variables to model dependence) Suppose Y; condi-
tioned on {e;} follows a Poisson distribution where P(Y; = kle;) = m and
Yilei and Yj|e; are conditionally independent. We assume that {c;} are positive contin-
uous random variables with correlation covie;, ;] = p; ;. The correlations in €; induce a

correlation between Y; through the relation

cov]Y;,Y;] = E | cov [YZ,Y;|51~,8A + cov | E[Yj|e], E[Y]]e)]
’ = S g
*0((15) =Ag; =Xej

= Mcov (gi,65) = Npyj.

10.3.2 Parameter estimation using estimating equations

We now consider various methods for estimating the parameters. Some of the methods
described below will be based on the Estimating functions and derivations from Section
9.3.1}, equation ((9.10)).

Let us suppose that {Y;} are overdispersed random variables with regressors {z;} and
E(Y;) = p; with g(g;) = pf'z;. The natural way to estimate the parameters [ is to
use a likelihood method. However, the moment based modelling of the overdispersion
does not have a model attached (so it is not possible to use a likelihood method), and the
modelling of the overdispersion using, say, a Gamma distribution, is based on a assumption
that is hard in practice to verify (that the latent variable is Gaussian). An alternative
approach is to use moment based/estimating function methods which are more robust
to misspecification than likelihood methods. In the estimation we discuss below we will
focus on the Poisson case, though it can easily be generalised to the non-Poisson case.

Let us return to equation (|9.10))

(Y; — Mz xm " (Y5 — i) dpg ,
= AL LA =0 1< <p. 10.3
Z OV ()9’ (14:) ; OV (i) dn; 19

In the case of the Poisson distribution, with the log link the above is

n

Z(Y} —exp(f'z;))xy; = 0 1<j5<p. (10.4)

i=1
We recall if {Y;} are Possion random variables with mean exp(f'z;), then variance of the

limiting distribution of g is

(B = B) = N(0,(XTWX)™),
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since the Fisher information matrix can be written as

(L(B)jk=FE (_%ﬁﬁj_g(ﬁi)) =B ( Z Cfl 62 Isz) = (XTW X))

where

W = diag (E(—a gln(%m)), BTl 2”17(2”")))

= diag (exp(B'm1), ..., exp(Fa,))

n

However, as we mentioned in Section equatlons and ( - ) do not have
to be treated as derivatives of a likelihood. Equations (/1 and (| can be viewed as
estimating equation, since they only use the first and second order moments of {Y;}. Hence
they can be used as the basis of the estimation scheme even if they are not as efficient as
the likelihood. In the overdispersion literature the estimating equations (functions) are
often called the Quasi-likelihood.

Example 10.3.1 Let us suppose that {Y;} are independent random variables with mean

exp(f'x;). We use the solution of the estimating function

ZQYQ,B Z( —exp(fzi))ry; = 0 1<j<p.

to estimate 3. Using Theorem we derive the asymptotic variance for two models:

(1) E(Y;) = exp(f'z;) and var(Y;) = (14 0) exp(f'x;) (6 > 0).

Let us suppose that E(Y;) = exp(f'z;) and var(Y;) = (1 + 9)exp(B'z;) (6 > 0).
Then if the regularity conditions are satisfied we can use Theorem [8.2.9 to obtain

the limiting variance. Since

g (-2 009)

()

the limiting variance is

= X'"diag (exp(f'z1),.. ., exp(f'z,)) X

(14 6)X"diag(exp(8'z1),...,exp(8z,)) X

(1+6)(XTWX)™ = (14 6)(X diag (exp(B'x1), . .., exp(fz,)) X)L
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(ii)

Therefore, in the case that the variance is (1 + 0)exp(5'x;), the variance of the
estimator using the estimating equations Y ., g(Yi; 5), is larger than for the regular
Poisson model. If 0 is quite small, the difference is also small. To estimate § we

can use

" (Y, — exp(fx;))?
- (0 = exp(Fn)?

i=1 exp(fB'z;)

E(Y;) = exp(f'x;) and var(Y;) = exp(f'z;)(1 + L exp(F'x;)).

In this case we have

. (—aZ?_alBg(Yi;ﬁ)) XWX and Var(ilg(yi;ﬁ)) = XTWX,

where

W = diag(exp(ﬁlﬁ)a e ,eXP(ﬁl%))

W = diag<exp(ﬂ'w1)(1 + Cexp(B'r1)),. .., exp(Bx,) (1 + fexp(ﬁ’:pn))> .
Hence the limiting variance is
(XTWX) M XTWX)(XTWX)™L.

We mention that the estimating equation can be adapted to take into count the
overdispersion in this case. In other words we can use as an estimator of 3, the 3

which solves

~ (Vi —exp(fz;) .
Z (1+£exp(ﬁ’xi))xzj =0 lsjsvp

Though we mention that we probably have to also estimate & when estimating [3.

i=1

10.4 A worked problem

(1)

(a) Suppose that U is a Poisson distributed random variable with mean A. Then

for k > 0,

P(U=k) = . (10.5)
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(i) Let us suppose Uy, ..., U, are independent, identically distributed random
variables from a Poisson distribution. What is the maximum likelihood
estimator of A\?

(ii) For several count data sets it has been observed that there is an excessive
number of zeros. To model ‘inflated-zero’ count data, the zero-inflated
Poisson distribution model was proposed, where the observations are mod-

elled as
Y =6U,

where 0 and U are independent random variables, § takes on value either
zero or one with P(§ =0) = p, P(6 = 1) = (1 — p), and U has a Poisson
distribution as defined as in ((10.5)).

Briefly explain why this model can account for an excessive number of
Z€r0S.
(iii) Show that the estimator defined in (i) is a biased estimator of A when the

observations come from a zero-inflated Poisson distribution.

(b) In this part of the question we consider the zero-inflated Poisson regression

model, proposed in Lambert (1992), which is defined as

Y; =0,Uj,
where 0; and U; are independent random variables, P(§; = 0) = p, P(6; =
1) = (1 — p), and U; has a Poisson distribution with mean \; = % and z; is
a fized covariate value. Our objective is to first construct crude estimators for

p and [ and to use these estimates as the initial values in an iterative scheme

to obtain the maximum likelihood estimator.
(i) Estimation of 3. What is the distribution of Y; conditioned on Y; > 0 and
Ij?
Argue that, for each k =1,2,...,
e M /k!
(1—e M)
Let Y be the vector of all the non-zero Y;s. Use result (10.6]) to define a
conditional log-likelihood for Y given that all the Vs in Y are positive.

P(Y; = k|Y; > 0) = (10.6)
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Determine the derivative of this conditional log-likelihood, and explain
how it can be used to determine an estimate of 5. Denote this estimator
as B .

(ii) Estimation of p. Define the dummy variable

0 ifY;=0
Z; =
1 ifY; > 0.

Use Z1,..., 7, to obtain an explicit estimator of p in terms of Y7,...,Y,,
x1,...,T, and B
Hint: One possibility is to use estimating equations.

(iii) We may regard each §; as a missing observation or latent variable. What
is the full log-likelihood of (Y},6;), j = 1,...,n, given the regressors
T1,...,Tn?

(iv) Evaluate the conditional expectations E[0,|Y; = k], k =0,1,2,....

(v) Use your answers in part (iii) and (iv) to show how the EM-algorithm can
be used to estimate § and p. (You need to state the criterion that needs

to be maximised and the steps of the algorithm).

(vi) Explain why for the EM-algorithm it is important to use good initial values.

Reference: Zero-inflated Poisson Regression, with an application to defects in man-

ufactoring. Diane Lambert, Technometrics, vol 34, 1992.

Solution

(1) (a) Suppose that U is a Poisson distributed random variable, then for k£ > 0,

Aee=A

PU = k) =

(10.7)

(i) Let us suppose {U;} independent, identically distributed random variables
from a Poisson distribution. What is the maximum likelihood estimator
of \?

It is clear that it is the sample mean, A= %Z;;l U;

(ii) For several count data sets it has been observed that there is an excessive

number of zeros. To model ‘inflated-zero’ count data, the zero-inflated
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Poisson distribution model was proposed where the observations are mod-

elled as
Y = U,

0 and U are random variables which are independent of each other, where
d is random variable taking either zero or one, P(0 =0) =p, P(0 =1) =
(1 —p) and U is a Poisson random variable as defined as in ((10.7)) Briefly
explain why this model can is able to model excessive number of zeros.
The probability of zero is P(Y = 0) = p+ (1 — p)e=*. Thus if p
is sufficiently large, the chance of zeros is larger than the usual
Poisson distribution (for a given \).

(ii) Show that the estimator defined in (i) is a biased estimator of A when the

observations come from an zero-inflated Poisson distribution.

E[A] = (1 — p)), thus when p > 0, A underestimates \.

In this part of the question we consider the zero-inflated poisson regression

model, proposed in Lambert (1992), which is defined as
Yj = 0;U;

where d; and U; are random variables which are independent of each other, ¢;
is an indicator variable, where P(§; = 0) = p and P(d; = 1) = (1 — p) and U;
has a Poisson regression distribution with
)\?e"\f

k!
where \; = €% and z; is an observed regressor. Our objective is to first

P(U; = klz;) =

construct initial-value estimators for p and 8 and then use this to estimate as
the initial values in when obtaining the maximum likelihood estimator.

(i) Estimation of 8 First obtain the distribution of Y; conditioned on Y; > 0

and x;.

We note that P(Y; > 0) = P(§; =1,U; > 0) = P(6; = 1)P(U; > 0) =
(1 —p)(1 —eN). Similarly P(Y; = k,Y; > 0) = P(U; = k,0; = 1) =
(1-p)P(U; = k). Thus

)\f exp(—A;)

P(Y; = kY > 0) = 2=
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Let Y* = {Y; > 0} (all the non-zero Y;). Obtain the conditional log-
likelihood of Y, conditioned on Y; > 0 and x = (21,...,2,). Derive the
score equation and explain how 3 can be estimated from here. Denote this

estimator as 5.

The log-conditional likelihood is proportional to
Lo(B) = ) [Yilogh; — A —log(1 — e)]
Y;>0

= Z {BY;jz; — €’ —log(1 — ")} .

Y;>0
Thus to estimate § we differentiate the above wrt 5 (giving the

score) and numerically solve the folling equation wrt [

1
> Yiwj = e’ {1 - m}

Y;>0 Y;>0

Estimation of p Define the dummy variable

0 ifY;=0
Zj:
1 ifY;>0.

Use {Z;} to obtain an explicit estimator of p in terms of Y, x and B.

Hint: One possibility is to use estimating equations.

We solve the estimating equation

n

> 1z - E(Z)] =0,

j=1
wrt p. It is clear that E(Z;) = P(Z; = 1) = (1 - P(Z; = 0)) =
(1 —p)(1 —e ™). Thus the estimating equation is

n

Y Z-(1-pl-eM) =0

j=1
Replacing \; with 5\]- = ¢P7i and solving for p yields the estimator

E?:l Zj
Soioi (1 — exp(—efm)]

p=1-
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(i) What is the complete log-likelihood of {Y},d;;7 = 1,...,n} (acting as if

the variable ¢§; is observed) given the regressors {x;}?
The distribution of (Y},;) is
P(Y; = k,6;) = [P(U; = k) P(6; = 1)]” [P(5; = 0)]' ™.
Thus the log-likelihood of {Y.d;;j =1,...,n} is
Li(p,B) =) 8;[Y;logA; — A; +log(1—p)| + > (1 —6;) logp.
i=1 j=1
(iv) Evaluate the conditional expectations E[d;|Y; > 0] and E[d;]Y; = 0].

E[0;]Y; > 0] =1 (since if Y; > 0 then the only choice is §; = 1),

Vo bl v (L= p)e
and
p
B[l —6,]Y; =0 = P(5;, = 0]Y; = 0) =
[ 5]| J O] (6J O’ J 0) p+ (1 —p)€_>\j

(v) Use your answers in part (iii) and (iv) to show how the EM-algorithm can
be used to estimate 5 and p (you need to state the criterion that needs to
be maximise and the steps of the algorithm).

Splitting the sum )7, into ZYj>o and ZY]_:O, and taking expec-
tations of Lr with respect to Y gives

QO:67) = > [YlogA; = A; +log(1 —p)]

Y;>0

3 (ST g1 )

yo \p* A+ (1 —pre

p*
+ ( — *)logp
s;) P (L=p)e™

= Q(B;07) + Q2p; 07),

where )\ = exp(8*x;), 0 = (p, B), 0" = (p*, 5*),

Q1(B;67) = > [Vilogh; — A1+ Y (1—7"))\

Y;>0 Y;=0
Q2(p; 0°) = Z log(1—p) + Z (1 —77)log(1 — p) + @} log p]
Y;>0 Y;=0
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and

*

* p
v

T (L=t

Using Q(6;0*) we can then implement the EM-algorithm:

1. Let p* = p and 5* = 3. Then evaluate Q1(5;0%) and Qo(p; 0*).

2. Differentiate Q:(5;60*) wrt § and Qs(p;0*) wrt p (keeping 0*
fixed) and solve for p and 0 (needs to be done numerically).
Set the solution #* = 6.

3. Evaluate Q(5;0*) and Qy(p; 0*) with respect to the new 6* and
go back to (2).

4. Keep iterating until convergence.

(vi) Explain why in the EM-algorithm it is important to use good initial values.
The EM algorithm is an iterative scheme which successively max-
imises the likelihood. However, if it climbs to a local maximum
it will stay at that point. By using initial values, which are con-
sistent, thus relatively close to the global maximum we can be
reasonably sure that the EM-algorithm converged to a global

maximum (rather than a local one).
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Chapter 11

Survival Analysis with explanatory

variables

11.1 Survival analysis and explanatory variables

In this section we build on the introduction to survival analysis given in Section 12. Here
we consider the case that some explanatory variables (such as gender, age etc.) may have
an influence on survival times. See also Section 10.8, Davison (2002).

We recall that in Section 12, the survivial times {7} were iid random variables, which
may or may not be observed. We observe Y; = min(¢;, T;) and the indicator variable d;
which tells us whether the individual is censored or not, that is ¢; = 1 if ¥; = T; (ie. the
ith individual was not censored) and other zero otherwise. In this case, we showed that

the likelihood (with the censoring times {¢;} treated as deterministic) is given in (6.4)) as

n

L,(0) = Z (52- log f(Y;;60) + (1 — ;) log (1 — F(Yi;ﬁ))>

= Y Gilogh(T0) = Y H(Y30),
i=1 i=1
where f(t;0), F(t:0) = P(T; > t), h(t;0) = f(t;0)/F(t;0) and H(t;0) = [; h(y;0)dy =
—log F(t; 6) denote the density, survival function, hazard function and cumulative hazard
function respectively.
We now consider the case that the survival times {7;} are not identically distributed

but determined by some regressors {x;}. Furthermore, the survival times could be cen-
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sored, hence we observe {(Y;, 0;, ;) }, where Y; = min(T;, ¢;). Let us suppose that T; has
the distribution specified by the hazard function h(¢; z;, 5) (hence the hazard depends on
both parameters and explanatory variables x;, and we want to analyse the dependency
on x;. It is straightforward to see that the log-likelihood of {(Y;, d;, x;)} is

L,(B) = D 6logh(Tai, B) — Y  H(Viai, ).
=1 =1

There are two main approaches for modelling the hazard function h:

e Proportional hazards (PH). The effect of z; is to scale up or down the hazard

function
o Accelerated life (AL). The effect of x; is to speed up or slow down time.

We recall that from the hazard function, we can obtain the density of T;, though for
survival data, the hazard function is usually more descriptive.
In the sections below we define the proportional hazard and accelerated life hazard

function and consider methods for estimating .

11.1.1 The proportional hazards model

Proportional hazard functions are used widely in medical applications.
Suppose the effect of x is summarised by a one-dimensional non-negative hazard ratio

function ¥ (z; 5) (sometimes called the risk score). That is

h(t;z, B) = ¢ (x; B)ho(t),

where hy(t) is a fully-specified baseline hazard. We choose the scale of measurement for
x so that (0) = 1, i.e. ho(t) = h(t;0,5). It follows that

H(t;z,B) = (x; 8)Ho(t)
Flt;a,0) = Fo(t)=?
flts2,8) = o(@)(Fo(t)* TP fo(t).

Recall that in question 5.4.5 (HW5), we showed that if F(x) was a survival function, then

F(z)7 also defines a survival function, hence it corresponded to a well defined density. The
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same is true of the proportional hazards function. By defining h(¢; z, 8) = ¥ (x; B)ho(1),
where hy is a hazard function, we have that h(t;x, 5) is also a viable hazard function.
A common choice is ¥(z; f) = exp(f'z), with § to be estimated. This is called the

exponential hazard ratio.

MLE for the PH model with exponential hazard ratio

The likelihood equations corresponding to h(t;x, 3) and H(t;z, 3) are

L.(B) = 25 log exp (') ho(Y; ZeXp B'x;)Ho(Y5)
=1

- Z J; [5':32-) + log ho(Yi)} — Z [exp(ﬁ’a:i))Ho(Y;-)},

i=1 =1

where the baseline hazard hy and H, is assumed known. The derivative of the above
likelihood is

aﬁj 25% 2371] T H(Y) =0 1<j<p.

i=1

In general ther is no explicit solution for B, but there is in some special cases. For
example, suppose the observations fall into £ disjoint groups with z;; = 1 if ¢ is in group
J, 0 otherwise. Let m; be the number of uncensored observations in group j, that is
m; = Y .0;x;;. Then the likelihood equations become

oLy (B
= —E ;% Hy(Y;
aﬁj € 0 =0

hence the mle estimator of f; is
B\j = log [m;/ Z 3 Ho(Y;

Another case that can be solved explicitly is where there is a single explanatory variable

9Ly

55 18 just a polynomial in e¢? and

x that takes only non-negative integer values. Then

may be solvable.
But in general, we need to use numerical methods. The numerical methods can be

simplified by rewriting the likelihood as a GLM log-likelihood, plus an additional term
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which plays no role in the estimation. This means, we can easily estimate 3 using existing

statistical software. We observe that log-likelihood can be written as

n

La(p) = Zai[ﬁ'xoﬂogho(m]—Z[expw’xi))Ho(m
ho(Y))
(YD)’

= 25 B'x;) + log Hy(Y; ZGXP/@% ) Ho( i)+25i10g
i=1
Hence the parameter which maximises £,(3) also maximises £, (), where

2(5 B'x;) + log Ho(Y; Zexp ") Ho(Y5).

i=1
In other words the likelihoods £,,(3) and £, (f) lead to the same estimators. This means
that we can use £,(3) as a means of estimating 3. The interesting feature about £,(3)
is that it is the log-likelihood of the Poisson distribution where ¢; is the variable (though
in our case it only takes zero and one) with mean \; = exp(f'z;)Ho(Y;). Hence we can
do the estimation of # within the GLM framework, where we use a Poisson log-likelihood
(0;, ;) as the observations and regressors, and model the mean \; as exp(5'x;)Ho(Y;).

It is worth mentioning that the above estimation method is based on the assumption
that the baseline hazard hg is known. This will not always be the case, and we may want
to estimate § without placing any distributional assumptions on h. This is possible using
a Kaplan Meier (semiparametric) type likelihood. The reader is referred to a text book

on survival analysis for further details.

11.1.2 Accelerated life model

An alternative method for modelling the influence of explanatory variables (regressors)
on the response is to use the accelerated life model. An individual with explanatory
variables z is assumed to experience time speeded up by a non-negative factor £(z),

where we suppose £(0) = 1, i.e. z = 0 represents the baseline again. Thus:

F(tiz) = Fo(&(x)t)



If there were only a small number of possible values for {(z), either through x being very
discrete (ordinal), or because of the assumed form for &, we could just take the unique
values of {(x) as parameters, and estimate these (the same can be done in the PH case).
Except in the case mentioned above, we usually assume a parametric form for £ and
estimate the parameters. As with the PH model, a natural choice is £(x) = e?'®.
Popular choices for the baseline Fy is exponential, gamma, Weibull, log-normal and

log-logistic.

MLE for the AL model with exponential speed-up

In this section we will assume that {(x) = exp(f'z). Hence F(t;x) = Folexp(f'z)t).
There are various methods we can use to estimate 5. One possibility is to go the likeihood

route

n

L,(8) = Zéi log ho(exp(ﬁlxi)Y;) — Zexp(ﬁ'xi)Ho(exp(ﬁ’xi)Y;-),

i=1 i=1
where the baseline hazard function hg is known. But this would mean numerically max-
imising the likelihood through brute force. To use such a method, we would require a
good initial value for 8. To obtain a good initial value, we now consider an alternative
method for estimating f.

Let us define the transformed random variable W = logT + f’x. The distribution

function of W is
P{W <w} = P{logT <w— f'z}
= 1—P{T >exp(w— f'x)}
= 1- ]—"(ew’[h) =1—Fo(e")

Thus, W has a distribution that is independent of z, and indeed is completely known if

we assume the baseline is fully specified. Hence log T satisfies the linear model
log T; = po — B'wi + &4,

where E(W) = ug and ¢; are iid random variables with mean zero.
Hence if the observations have not been censored we can estimate 'z, by minimising
the log-likelihood

n

> (B +1og follog Ti + Bzi)).

=1
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However, an even simplier method is to use classical least squares to estimate 5. In other
words use the ¢ and g which minimise

n

> (logT; — i — B'z;)’

i=1
as estimators of uy and [ respectively. Hence, this gives us the best Minimum Variance
Linear Unbiased Estimator (MVLUE) of 5. But it is worth mentioning that a likelihood
based estimator gives a smaller asymptotic variance. If there is censoring, there are more
complicated algorithms for censored linear models, or use Newton-Raphson for solving
the likelihood equations.

Unlike, the proportional hazard models, there is no connection between parameter

estimation in accelerated life models and GLM.

11.1.3 The relationship between the PH and AL models

The survivor functions under the two models are PH with hazard ratio function :
Flt;z) = (Fo(t))¥™@ and AL with speed-up function &: F(t;2) = Fo(&(z)t). Let us

suppose the baseline survival distribution in both cases is the Weibull with

ri-en ()]

Hence using this distribution the proportional hazards and accelerated life survival func-

tions are

st (2 s it oo (42}

Comparing the above survival functions we see that if £(z) = (1(2))Y®, then we have
pr(t; x) = IAL(t; $)

In fact, it is quite easy to show that this is the only case where the two models coincide.

11.1.4 Goodness of fit

As in most cases of statistical modelling we want to verify whether a model is appropriate
for a certain data set. In the case of linear models, we do this by considering the residual
sum of squares and for GLM we consider the deviance (see Section 9.3.5). The notion of

‘residual’ can be extended to survival data. We recall that ‘residuals’ in general should be
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pivotal (or asymptotically pivotal) in the sense that their distribution should not depend
on the unknown parameters. We now make a tranformation of the survival data which is
close to pivotal if the survival distribution and model are correctly specified.

Let us first consider the case that the data is not censored. Let T; denote the survival
time, which has the survival and cumulative hazard functions F; and H;(t) = — log F;(t)

(later we will introduce its dependence on the explanatory variable x;). Let us consider
the distribution of H;(7;). The distribution function of H;(7;) is

P(H(T)) <y) = P(log F(T3) > —y)

Hence the distribution of H;(T;) is a exponential with mean one, in other words it does
not depend on any unknown parameters.

Therefore in the case of uncensored data, to check for adequency of the model we
can fit the survival models {F (¢, z;; 5)} to the observations {7;} and check whether the
transformed data {H (T}, z;; 3)} are close to iid exponentials. These are called the Cox-

Snell residuals, they can be modified in the case of censoring.
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