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ABSTRACT. Martingales are an important construct in probability theory, which
find great utility in mathematically modelling many real-life processes. This

paper introduces martingales in a rigorous measure-theoretic manner, along

with some interesting properties. Then, we discuss an application of martin-

gales in the realm of finance - specifically the behavior of futures prices. We

assume elementary knowledge of measure theory and probability.
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1. INTRODUCTION

Consider a gambler playing a game with a fair coin, where he wins $1 if the
coin flips heads, and loses $1 if the coin flips tails. Assume, after flipping the coin
a certain number of times, that the gambler’s fortune (his total winnings) is $W.
We permit W to be negative (a net loss) for now. After the next flip, there is an
equal chance of his fortune reaching $WW + 1 and $W — 1. Basic understanding of
probability shows that on average, we can expect his fortune to stay $W - that is,
the expected change in his fortune is nil. So, there are no risk or rewards associated
with playing this game in the sense that his expected winnings in each round are
zero - neither positive nor negative.

This is a simple example of a fair game. The gambler does not expect to make
a gain or a loss from turn to turn. This is true regardless of how he has been
performing in past turns. In the example above, he could have been flipping heads
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for several consecutive turns, but his probability of flipping heads or tails on the nezt
turn stays the same. Therefore, using the reasoning above, the expected change in
his fortune would remain 0, regardless of past performance. In other words, even
given the information he gained from past turns, his expected fortune after the
next turn would be his current fortune itself.

The probabilistic model of a fair game is called a martingale. A martingale
process does not necessarily need to be a “game” in the conventional sense. Any
random process, where your expectation for the next “value” of the process is the
current value, given all information about past values, can be modeled using martin-
gales. To access the mathematical definition of martingales, we assume the reader
has elementary knowledge of measure theory (particularly measurable spaces, o-
algebras and Borel sets), as well as an intuitive understanding of probabilistic terms
like events, outcomes and expectations.

2. PROBABILITY AND MEASURE THEORY

We begin by framing some probability concepts in measure-theoretic terms. Con-
sider an arbitrary random experiment with some outcomes. Let ) represent the
set of all possible outcomes, or the sample space, of the experiment. For instance,
in the case of rolling a die, we have Q = {1,2,3,4,5,6}. An event here is defined
as any subset of Q. In the case of the die, the event of “rolling an even number”
is the subset {2,4,6}. We now want to assign a probability to each possible event,
which can be viewed as a measure assigned to the subset representing the event.

The next step is to characterize the exact domain of sets to which we want to
assign this probability measure. Assume that we have already assigned a measure
to two events A and B . Then, we would also want a measure for the events of
A and B not occurring, given by the sets A° and B¢, and for at least one of the
events occurring, given by the set AU B.

This is reminiscent of the definition of a o-algebra. In particular, if A and B are
elements of some o-algebra F, then the sets A¢, B¢ and AU B are also elements of
the o-algebra F. Thus, we want our probability measure to be assigned to some o-
algebra created by base events that we are interested in measuring. This motivates
the following definition.

Definition 2.1. Let F' denote a set of subsets of (2. The g-algebra generated by F,
given by o(F), is the smallest o-algebra containing F. That is, it has the following
properties:

(i) F Co(F);
(ii) For all o-algebras ¥ on € such that F' C X, o(F) C X.

When (Q is finite, we can define the set of all possible events by its power set 2
and assign a suitable probability measure. However, if ) is infinite, it might not
be possible to assign a measure to every possible subset. The definition above is
useful in such cases, as we can create a family of events of interest and consider only
the o-algebra generated by this family when assigning a probability measure. This
o-algebra can be thought of as all the information about an experiment contained
in some events of interest.

We now formally define the probability measure.
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Definition 2.2. Let 2 be a sample space and F be a g-algebra on () generated
by a family of events F. A probability measure P is a measure on ({2, F) such that
P(2) = 1. The triple (2, F, P) is called a probability space.

From the definition, we see that P(A), A € F represents the probability of an
event A occurring. The probability of the experiment itself occurring is always 1,
represented by the condition P(Q2) = 1. Furthermore, as per the definition of a
measure, the probability of a countable union of mutually exclusive events (with no
overlapping outcomes) must equal the sum of the individual probabilities of those
events. Note that a non-empty event may also have probability 0.

Another important concept is that of a random variable. This is a variable which
takes on a numerical value based on the outcome of a random experiment. A simple
example is the case of a coin toss, where Q = {H, T} where H represents heads and
T represents tails. Then, we can define a corresponding random variable X as

{1 if heads

0 if tails

A random variable may be thought of as a function from the sample space to the
real numbers (or in general, any measurable space). It assigns a numerical value to
each outcome in the sample space. This motivates the following definition.

Definition 2.3. Consider a probability space (2, F, P) and a function f: Q — R.
The function f is called measurable on F (or F-measurable) if for all Borel sets B
in the Borel space (R, B), we have that f~1(B) € F. Such a measurable function
on the probability space is called a random wvariable.

The pre-image of every open set in R under the random variable is an event
in the o-algebra for which a probability measure is defined. In particular, this
includes all open intervals in R. Many sample spaces have infinitely or uncountably
many outcomes, in which the probability of every individual outcome is extremely
small or even 0. Therefore, rather than focusing on individual outcomes, it is more
helpful to consider the probability that a random variable takes on a value in an
interval. This defines a measure on the Borel space (R, B), related to the measure
on the original sample space.

Definition 2.4. Let X be a random variable on (2, F, P). The distribution of X
is the function ux : B — [0,1] such that

ux(B) = P(X~'B)
for all Borel sets B € B.

Proposition 2.5. The distribution p of a random variable X forms a probability
measure on (R, B).

Measurable functions satisfy a number of important properties that will be of
use to us later. For the sake of avoiding lengthy discussions of measure theory,
proofs will not be provided, but may be found in [15, ch. 3].

Theorem 2.6. Let f,g: Q — R be measurable functions on the probability space
(Q,F,P). Then, f and g satisfy the following properties:

(i) f+g and [ - g are measurable;
(i) For any A € R, Af and Ag are measurable;
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(iii) Any finite combination of the above two is measurable;
(iv) The pointwise mazimum of f and g, max{ f(w),g(w)} V w € Q, is measurable.

We now consider the equality of two random variables. It is possible that two
random variables might not map to the same values for certain outcomes. However,
if the set of outcomes where they differ has probability 0, then they are equal with
probability 1. In simpler terms, the differences between the functions are negligible.
This notion of equality is formalized as follows.

Definition 2.7. Let f : Q@ — R and g : 2 — R be measurable functions on the
probability space (2, F, P). Let A={w € Q| f(w) # g(w)}. If P(A) =0, then we
say the functions are equal almost surely (a.s.) or with probability 1 (w.p.1).

3. LEBESGUE INTEGRATION

Given a random variable X, we know it can take on a wide range of values, but
we would like to understand its “average” value. That is, the single value that best
approximates the distribution of X in R. This is called the expectation or expected
value of the random variable.

If X takes on a finite number of values, the expectation is found simply by
taking the average of all possible values weighted by their probability. For instance,
suppose that X = 1 with probability % and X = —1 with probability % Then the
expectation of X, represented as E(X),is 1+ 3+ (—1)-1 =0.

If X takes on an infinite number of values, then finding the weighted average
would require integration to evaluate this infinite sum. However, the usual Riemann
integral is often unsuitable in this context. The Riemann integral involves splitting
the domain into contiguous intervals to form “rectangles”, and approximates the
integral through the convergent sum of areas of these rectangles. However, this
notion of intervals and rectangles might not make sense for an abstract sample
space. Furthermore, some measurable functions may not satisfy the continuity
requirements necessary for Riemann integration. Therefore, we utilize a generalized
form of the Riemann integral called the Lebesgue integral. To understand Lebesgue
integration, we first introduce simple functions in a general, non-probabilistic sense.

Definition 3.1. Let A be a subset of Q. The indicator function of A is the function

14 :Q — R defined as:
1 if weAd
1 = .
al) {0 it we A

Theorem 3.2. The indicator function of A is measurable in every o-algebra F
containing A.

Proof. Every possible Borel set B falls into one of four categories:
1€ B,0¢ B. Then 1,'(B) = 4;
0€ B,1¢ B. Then 1,'(B) = A%
0,1 € B. Then 1;/(B) =
0,1¢ B. Then 1,(B) = 0.
By definition, if A € F, then Q,0,A° € F. Thus, by Definition 2.2, 1,4 is
measurable. (]
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Certain measurable functions can be completely expressed as linear combinations
of indicator functions. Consider a measurable function f where the sample space
can be divided into finitely many disjoint subsets, where all outcomes in a single
subset return the same value under f. Thus, f takes on finitely many values, and
we get the following definition.

Definition 3.3. Consider the measure space (2, F,u). A measurable function
f:Q — [0,00] is called simple if there exist disjoint subsets {Aj, As, A3, ..., Ag}
of 2 and corresponding reals {aj,as,...,a;} such that

k
f = Z ai1A1 .
i=1
The Lebesgue integral of f is defined as

k
/ fdp = Z aip(A;).
Q2 i=1

We will write fQ as f when there is no confusion about the domain over which we
are integrating.

The utility of the Lebesgue integral becomes more apparent with this definition.
The Lebesgue integral of a simple function is simply the average of its possible
values weighted by the measure of the subset of the domain giving this value. In
the context of a probability measure, this is equivalent to averaging the possible
values of a random variable weighted by the probability of the events giving those
values - that is, the expectation.

For non-simple functions, the integral may be defined by approximating the
function through simple functions. This requires the following theorem.

Theorem 3.4. Let f: Q — [0, 00] be a measurable function on the space (Q, F, ).
Then, there exists an increasing sequence of simple functions (x;):2, that converges
point-wise to f.

This is known as the Simple Function Approximation Theorem. Its proof is
beyond the scope of this paper, but may be found at [4]. We can then define the
Lebesgue integral of an arbitrary non-negative function as follows.

Definition 3.5. Let f : Q — [0, 00| be a measurable function on the space (Q, F, u),
and let S be the set of all simple functions s such that s(w) < f(w) Vw € Q. Then,
the Lebesgue integral of f is defined as

fro-en{ o]

The Lebesgue integrals of non-negative measurable functions satisfy several nice
properties, but we only need one for our purposes.

Proposition 3.6. For any two non-negative measurable functions f,g: Q — R,

/(f+g)du=/fdu+/gdu~
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The proof for this proposition is deceptively complex, and may be found at [2].
Functions that are not non-negative can be represented by a sum of functions that
are, as shown in the following lemma.

Lemma 3.7. Let f:Q — R be any measurable function on (2, F,u). We define
[ (@) = max{f(=),0},
[~ (2) = max{—f(z),0}.
Then f*(z) and f~(x) are non-negative and measurable, and f(x) = fT(x) —
[ ().

Proof. The non-negativity of the functions is trivial to check. We note that any
constant function is measurable. This is because the pre-image of a Borel set
containing the constant is {2, and the pre-image of a Borel set not containing the
constant is @), both of which are contained in any o-algebra. By Theorem 2.6
(ii), the negation of any measurable function is measurable. Then, by Theorem
2.6 (iv), we see that fT(x) and f~(z) are pointwise maxima of two measurable
functions and are therefore themselves measurable. It is trivial to check that f(z) =

fH) — f(2). 0

Having proved this lemma, we can use Definition 3.5 to find the Lebesgue inte-
grals of f*(z) and f~(z), and combine them using Proposition 3.6 to produce the
following definition.

Definition 3.8. Let f : Q — R be any measurable function on the space (2, F, u).
Then, its Lebesgue integral is defined as

[ tin= [ rrau= [

This definition only holds when at least one of [ f*du and [ f~dp is finite.
Not all measurable functions have a finite Lebesgue integral, so it is convenient to
specially designate the ones that do.

Definition 3.9. A measurable function f : @ — R on (,F,u) is said to be
Lebesgue integrable if

—00 < / fdp < oo.
Q
In other words, its integral over the entire domain is finite.

It might be difficult to verify the integrability of some functions from the defini-
tion above, so we prove below an easier equivalent condition for integrability.

Definition 3.10. The absolute value of a measurable function f : Q — R is defined

{1 o fe)>0
—f(w) for f(w)<0

Theorem 3.11. A measurable function f : Q) — R is integrable if, and only if, its
absolute value is integrable.

Proof. Note that |f| = f*(z) + f~(z) - this is trivial to check. Then, using the

same reasoning as for f, we have that [|f|du = [ fTdp+ [ f~dp. With this, we
now prove both directions.
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(=) Assume f is integrable. Then, —co < ff <o — —00< fer — ff* <
oo. Since their difference is finite, [ f* and [ f~ must be finite and therefore
JfT+[f~ = [|f]is also finite. Thus, |f| is integrable.

(«=) Assume |f| is integrable. Then, —oco < [f* + [f~ < oo and so [ f*
and [ f~ are finite. Clearly, their difference must also be finite and therefore
—oo < [ft—=[f~=[f<oo. Thus, fis integrable. O

A final thing to discuss is the Lebesgue integral over restricted domains. This is
conceptually similar to restricting the domain for the Riemann integral. Intuitively,
if we were restricting our domain of integration to some subset A of 2, we would
simply want the function to “vanish” at any points not in the target domain. This
is achieved as follows.

Definition 3.12. For any measurable A C 2 and measurable function f: Q — R
on the space (2, F, i), we define the integral of f on A as

/Afdu=/ﬂlAfdu-

We conclude this section with a theorem related to integration on restricted
domains. Its proof is excluded due to complexity, but may be found by referring to
[1] and [11].

Theorem 3.13. Let f,g: Q — R be measurable functions on the probability space
(Q,F,u). Then f = g almost everywhere if, and only if, fA fdu = fA gdp for all
AeF.

4. CONDITIONAL EXPECTATION

Now that we have introduced the Lebesgue integral, the expectation of a random
variable can be defined directly as follows.

Definition 4.1. The expectation of a random variable X on the probability space
(Q, F, P) is defined as E(X) = [, XdP.

Sometimes, we might have information that might help us approximate a random
variable better, by restricting the values that it could take. Our expected value of
the random variable would then change based on the information we have about it.

For example, consider a simple experiment where two dice are rolled in succes-
sion. Let the values on the faces of the dice be a and b. Then, let X be the random
variable representing the sum of the numbers on the die faces - X = a+b. X can
take any integer value between 2 and 12, with varying probabilities. We can calcu-
late, using the weighted sum approach discussed at the beginning of the previous
section, that E(X) = 7.

Now suppose that we know that ¢ = 5 - that is, the first roll returned a 5.
The possible values of X are now restricted to integers from 6 to 11, with equal
probabilities of %. Thus, the expected value of X with this new information is
6- é +7- % +8- % +9- % +10- % +11- % = 8.5. Notice that both the possible values
of X and their associated probabilities changed.

We see that the information received serves as a subset of the overall sample
space - in other words, an event. If we know an event has occurred, we know
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that its complementary event has not occurred and has probability 0. In integral
terms, the random variable function effectively “vanishes” over outcomes not in this
event, which changes the associated probability of each outcome. This is equivalent
to integrating the random variable over a restricted domain.

We could also gain information from more than one event. Say we know that
two events A and B in the sample space have occurred. We gain the following
information from this knowledge:

(i) @ has not occurred and €2 has occurred
(ii) the complementary events A¢ and B¢ have not occurred
(iii) the event A U B has occurred (this is true even if one of A or B occur)

Let G be the o-algebra generated by A and B. Then, we notice that the sets
0,9Q,Ac, B, AU B € G. Therefore, G effectively represents all of the information
we have about the outcomes of the experiment. In general, if we know a number of
events have occurred, then the information obtained from those events is captured
in a o-algebra G generated by that family of events. The probability of some events
within that o-algebra may be 0, but this still counts as information about their
occurrence.

G would always be a subset of the g-algebra F of the probability space, generated
by all possible events. Our expectation of X changes based on the events contained
in G, or is conditioned on G. We then have the following definition.

Definition 4.2. Let X be an integrable random variable on the probability space
(Q,F,P), and G C F be a og-algebra on Q. The conditional expectation of X given
G is an integrable, G-measurable random variable E(X | G), such that for all events

E in G, we have
/ E(X | G)dP = / XdP.
E E

Definition 4.3. A random variable Y such that Y = E(X | G) almost surely is
called a version of E(X | G).

Proposition 4.4. All random wvariables satisfying Definition 4.2 are versions of
E(X | G). That is, the conditional expectation is unique up to almost sure equiva-
lence.

The proof for this proposition follows directly from Theorem 3.13. Expecta-
tions and conditional expectations both satisfy the property of linearity, which is
presented in the theorem below without proof.

Theorem 4.5. Let X, Y be random wvariables on the probability space (Q, F, P),
and let G C F be a o-algebra. Then, the following statements are true:

(i) EX)+EY)=EX +Y);

(ii) IfE(X), E(Y) and E(X+Y) all exist, then E(X |G)+E(Y | G) =E(X +Y | G);
(iii) For all @ € R, E(aX) = aE(X) and E(aX | G) = oE(X | G).

5. MARTINGALES

We now return to the concept of martingales and fair games. We can consider
the “value” of a fair game, such as the fortune of the gambler from the coin-flipping
game originally discussed, as a time-indexed sequence of random variables. That
is, the value of the game at some time ¢ would be given by a random variable X4,
that would change in the next time-step ¢ + 1.
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In the first section, we explained that the expectation for the value of the game in
future times would be the current value of the game, regardless of the information
we have about the game up till that point. We can think of the information we
possess about a game up to and including time ¢ as a o-algebra F;. The information
we have grows at each time-step as more events occur and outcomes are realized.
We now present a formal definition of martingales using this terminology.

Definition 5.1. Let {Xn}n€{17273,_”} be a sequence of random variables on the
probability space (2, F, P). Let {fn}ne{1,2,3,...} be a sequence of o-algebras such
that F,, C F for all n. Then, we call the sequence {(Xn, Fn)}nef1,2,3,..} & martin-
gale if it satisfies the following conditions:

(i) Fn C ]:n+1§

(ii) X, is measurable with respect to F;
(i) B(|X,]) < oc;

(iv) E(Xp41 | Fn) = X, almost surely.

The first condition establishes that the information we have at each step includes
all previous information, along with some new events. This concept is practically
called learning without forgetting. The sequence {F, }neq1,2,3,...}, When it satisfies
property (i), is called a filtration on the probability space.

Often, the information we have after a certain time n will just be the o-field
generated by the random variables X1, Xo, ..., X,,, or by another sequence of ran-
dom variables Y7,Y5,...,Y,. This o-field represents the smallest set of events
that we gain information about given past realizations of the stochastic process.
We represent this o-field by o(X;, Xo,...,X,) or o(Y1,Ys,...,Y,) as the case
may be. Instead of E(X,+1 | Fn), we would write E(X, 1 | X1,Xo,...,X5)
or E(Xp41 | Y1,Ys, ..., Y,).

The second condition is technical and ensures that X,, at every stage is measur-
able with respect to the o-algebra representing the information. This condition is
often phrased as “X,, is adapted to F,,”. Note that in the case of the martingale
being adapted to previous realizations of a stochastic process, this measurability
condition is satisfied by definition of o-fields.

The third condition, using Definition 4.1, necessitates that the random variable
represented by the absolute value of X,, be integrable. Using Theorem 3.11, we see
this is equivalent to the condition that X, be integrable for all n.

The fourth condition is commonly referred to as the martingale property. It says
that our expectation for X, 11, given all the information we have till time n, is X,
itself. This is the characteristic feature of fair games, where we cannot use past
information about the game to guarantee any profits or losses in the next step.
This property can be generalized to any number of future steps.

Proposition 5.2. Let {(X,, Fn)}nefi,2,3,..} be a martingale. Then, for allk € N,
we have that B( X, | Fn) = X, almost surely.

Proof. From Definition 5.1, we have E(X,+1 | F,) = X,, almost surely. From
Theorem 3.13, for any event E € F,,, we have

/E(XnH \]—'n)dP:/ X, dP.
E E
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However, from Definition 4.2, we have

/ E(Xp11 | Fo)dP = / X1 dP.
E E

Therefore, we have

/Xn+1 dP:/XndP.
E E

If £ € F,, then E € F,,+1 by Definition 5.1. Then, we can apply the reason-
ing above on E(X, 42 | Fny1) to show that [, Xpyo = [, Xpy1 = [ X, for all
E € F,. Applying this process inductively, we get [, Xpip = [ Xpipo1 = =
IEXn+1 = fEXna since I/ € fn Cc -Fn—i-l c---C -/_'.n+k—1~

Thus, using Definition 4.2, fE Xnak = fE E(Xpik | Fn) = fE X, for all £ € F,,
and so by Theorem 3.13 E(X,,4x | Fn) = X, almost surely. O

This property shows that no matter how far into the future we look, in a fair
game our expectation for the value of the game will remain its current value. We
can also modify the martingale property slightly to model what an unfair game
would look like.

Definition 5.3. A sequence {(X,,, Fpn)}neq1,2,3,..} is called a submartingale if it
satisfies properties (i) - (iii) in Definition 5.1, but

E(Xpt1 | Fn) = X,
It is called a supermartingale if

E(Xpt1 | Fn) < X,.

To illustrate, consider our initial coin-flipping game with the gambler and his
fortune. His fortune at a turn n can be modelled using a random variable W,,. We
showed earlier that the sequence of fortunes is adapted to the previous fortune vari-
ables and satisfies the martingale property. We can trivially check that it satisfies
the other properties in Definition 5.1, and is therefore a martingale sequence.

However, now assume that the coin is unfair and has a higher probability of
returning heads. We can check that the expected fortune at turn n + 1 would be
higher than the gambler’s fortune at turn n, and so it is a submartingale - a game
in the player’s favor. If the coin had a higher possibility of returning tails, then the
opposite would be true and the fortune sequence would be a supermartingale - a
game that works against the player.

We now prove another important property of conditional expectations that is
relevant to martingales.

Theorem 5.4 (Tower Property). Let X be an integrable, F-measurable random
variable on the probability space (Q, F,P). Let F,,, Fn be o-algebras such that
Fm C Fn CF. Then, we have

almost surely.

Proof. By Definition 4.2, we have that for all events E € F,,,

/E]E(X\]-'n)dP:/EXdP.
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We also have from Definition 4.2 that for all events E € F,,,

/EXdP:/EE(X\}'m)dP

However, by assumption, we have that F,, C F,, therefore F € F,,, — F € F,.

Thus, we can combine the two equalities above to see that for all E € F,,,

/ E(X | F,)dP = / E(X | Fn) dP.
From Definition 4.2, webilave that for all Ei Fm,
/ E(E(X | F,) | Fo) dP = / E(X | F,)dP.
Combining the equa]fities above, we get )
/EE(E(X | F) | Fon)dP = /E]E(X | F) dP

and so by Theorem 3.13, we get the desired result E(E(X | F,) | Fon) = E(X | Fi)
almost surely. O

6. APPLICATION IN FUTURES PRICING

We now digress briefly from probability theory to introduce an area in finance
where we will apply martingales.

6.1. Introduction to problem and futures pricing. Financial markets com-
prise the trade of financial instruments, such as stocks, which are priced competi-
tively based on the laws of supply and demand. A fundamental question that one
can ask about the financial markets is whether the prices of these instruments can
be predicted using data from the past and present. For example, is it possible to
predict the price of a stock based on its current and previous prices, as well as
corresponding information about the market?

This is a question of not just academic but practical importance. If there indeed
is a method of predicting prices, then this method would be of great commercial
value to investors, banks and many other stakeholders. However, if prices are
unpredictable given past information, then we are led to the conclusion that no
level of expertise can help one profit from the markets any more than an investor
holding a random collection of stocks.

In this section, we will follow the works of Paul Samuelson, the “father of modern
economics”; in [10] to use martingale theory to answer this question for one specific
type of financial instrument - futures contracts.

A futures contract is an agreement between two parties to buy or sell an asset at
a certain time in the future for a certain price [5]. The asset in question might be
a commodity such as wheat or gold, stocks of companies, currencies and Treasury
bonds, amongst others. Parties generally enter futures contracts when they believe
that setting a predetermined forward price or futures price for the asset would
be more profitable than buying or selling the product at its current spot price in
the market. The time at which the asset purchase occurs is called the time of
maturation.

For instance, consider a firm that needs to purchase a certain mineral three
months in the future. It might expect the spot price of the mineral to rise, or
would find the cost of buying the mineral now and holding it for three months
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too high. It may then enter a futures contract with a futures price lower than the
expected spot price of the mineral at the time of maturation, as well as the current
price with the added cost of storage. Parties that expect the price of an asset to
rise are said to take a long position in its market, while those that expect its price
to fall take a short position.

6.2. Futures pricing as a stochastic process. We can model the spot price of
an asset as a random variable on some probability space. This random variable
would model the possible values that the spot price could take, with an associated
probability. Note that the actual distribution of this variable is unknown to us, but
using an arbitrary random variable helps us model the asset prices.

Let X; be the spot price of some asset at time ¢, and let {X;, X;_1,...} be the
sequence of all its spot prices up till time ¢, defined on a probability space (€2, F, P).
‘We consider discrete time-periods like days, months etc. We are interested in futures
contracts for some future time 7' periods after the present time. The spot price
then would be Xy 7.

We can model futures prices in a similar fashion using random variables. Let
Y (t,T) represent the future price of an asset quoted at time ¢ for T' periods in the
future - that is, a future price for the time of maturation ¢ + 7. After one time
period, the spot price of the asset is X1, and the new future price quote for the
same time of maturation ¢t + T is now Y (¢t + 1,7 — 1). Thus, futures prices for a
particular time of maturation keep changing every period and are modelled by the
sequence {Y(¢,T7),Y(t+ 1,7 —1),....Y(t+T—-1,1),Y(t+T,0)}.

Along each step of the way, we also gain increasing information about the spot
prices and market. In particular, we have information about the past realizations

Zg, 1, ... of the spot price variables X, X1,.... The information at time ¢, F;, is
at least as much as we can know from the past spot price variables - in probabilistic
terms, we can say that F; O o(Xy, X¢—1,...). However, we will assume here that

Fi = o(X¢, Xt—1,...) to simplify our analysis.

6.3. Martingale property of rationally expected futures prices. Our aim
now is to find a relation between the two sequences {Y (t+7 —n,n)} and {X,,}. At
the time of maturation, the futures price Y (¢ + T, 0) is in effect equivalent to the
spot price X; 7 and cannot differ from it. If it did, then people would buy more of
the lower-priced option, raising its price, and sell more of the higher-priced option,
lowering its price, until the two balance. Therefore, Y (¢t + T,0) = X4 p.

For all other time intervals, Samuelson assumes that it is possible to use past data
to estimate what the spot price would be T periods from the present. The exact
method used to achieve this is not relevant, but he assumes that one could possi-
bly generate a probability distribution for spot prices T" periods from the present.
Traders would then purchase futures contracts with prices set at the mean of this
distribution - that is, their best guess for the expected value of the spot price. This
leads to the fundamental axiom of his work, given here as a conjecture.

Conjecture 6.1 (Mathematically Expected Price Formation). Assume that future
spot prices may be assigned a probability distribution as described above. Then, for
every future time T =1,2,..., we have that

Y(t,T)=EXr | Fr).
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In other words, the futures price is set at the best expectation of the market for
the future spot price of the asset. Under this axiom, we can posit the following
theorem.

Theorem 6.2. The sequence of futures prices {Y (t + n,T — n)}, satisfying Con-
jecture 6.1 and adapted to the information {Fiin}, is a martingale.

Proof. We will verify all the conditions in Definition 5.1. Condition (i) is satisfied
by the definition of Fi,,, as a o-field generated by a growing sequence of variables.
Thus, it is always true that Fiyn C Fryny1-

From Definition 4.2, we see that E(X;yp | F;) is Fi-measurable for all ¢. By
Conjecture 6.1, Y'(¢t,T) is also Fi-measurable. This is true for all ¢,t+1,...,t+ T,
and so condition (ii) is satisfied.

Definition 4.2 also gives us that E(X;,r | F%) is integrable and

/]E(Xt+T|ft)dP:/ Xt+TdP
E E

for all £ € F;. By Conjecture 6.1, we have

/ Y(t,T)dP = / Xyyr dP.
E E

Practically, we know that spot prices are always finite and bounded in some range,
so we will assume for ease of analysis that all spot price random variables are
integrable. By Theorem 3.11, then, we have that

/Y(t,T)dP:/Xt+TdP<OO
E E

Thus, Y (¢,T) is integrable and this is true for all t,t + 1,...,t 4+ T, so condition
(iii) is satisfied.
We now prove the martingale property. Specifically, we are to prove that
EY(t+1,T-1)| F)=Y(T).
By Conjecture 6.1, we have
E(Y(t + ].,T - 1) | ft) = ]E(]E(Xt+T | .Ft+1) | ft)

We can check that the conditions of Theorem 5.4 are met here, and apply that to
get
BEXevr | Figr) | Fr) = E(Xepr | Fo).
Applying Conjecture 6.1 again and combining the equalities, we get the desired
result
EYt+1,T-1)|F)=Y(kT).

almost surely.

Thus, the sequence satisfies all the conditions in Definition 5.1, and is a martin-
gale. (I

The consequence of this finding is that there is no way of making an expected
profit using past changes in the spot price. If market players behave in the way
that Samuelson hypothesizes they will, then all information they have about the
market is already incorporated into the price they set for futures contracts in the
current period. There is no additional information that can be exploited to obtain
a changed prediction for the futures price in later periods - their best estimate for
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later futures prices is the current price. This is equivalent to a fair game, as defined
in the Introduction section.

6.4. Risk-free rate and generalizing results. Samuelson adds to this first the-
orem by factoring in the risk-free rate of interest. There are certain parties in the
economy, such as the central bank, that guarantee a risk-free rate of interest. Money
invested or borrowed through these parties is guaranteed to be paid or charged a
fixed rate of interest. Samuelson proposes that investors would want their futures
contract to promise a rate of return equal to the risk-free rate. That is, they would
want the future price they pay at the time of maturation to be equivalent to the
price they would pay if they earned the risk-free rate on their money the entire time
and used that to buy the asset at its future spot price. Differences in the two would
cause investors to prefer one option over the other, which would lead to changes in
their prices until they equalized.

This reasoning is captured in Samuelson’s second axiom, again presented as a
conjecture below.

Conjecture 6.3 (Present-Discounted Expected Value). Let A = (1 + ), where r
represents the risk-free rate. Then, for every future time T = 1,2, ..., we have that

Y(t,T) = N"TE(X; 7 | F).

Theorem 6.4. The sequence of futures prices {Y (t + n,T — n)}, satisfying Con-
jecture 6.3 and adapted to the information {Fiin}, is a submartingale.

Proof. We show that the sequence satisfies the four conditions laid out in Definition
5.3. The first three conditions are common to martingales, and can be proved the
same way as in Theorem 6.2 with minor changes. We need only show that the
submartingale property is satisfied to complete the proof. Specifically, we are to
prove that
EY(t+1,T-1)|F)>Y(kT).

By Conjecture 6.3, we have

EYt+1,7T-1)|F)=ENTEX7 | Fi1) | Fo)-
Applying Theorem 4.5 and Theorem 5.4, we get

EN'"TE(Xesr | Fipr) | Fi) = N E(X v | F).

Applying Conjecture 6.3 again and combining the equalities, we get

EY(t+1,T—1) | F)=X"TNY(@,T) = \Y(t,T).

However, A > 1, and so E(Y (¢t + 1,7 — 1) | F¢) > Y (¢,T). Thus, the sequence
satisfies the submartingale property. (I

This generalized theorem has a few consequences. It says that we can expect the
futures price in the next period to increase by a percentage equal to the risk-free
rate, and this is our best guess for the futures price set in all subsequent periods.
We cannot use past information to guarantee a profit any greater than the risk-free
rate. In stronger terms, this suggests that the markets are not a better investment
than risk-free instruments like central bank bonds. It also suggests that the futures
price would always be lower than the expected spot price at the time of maturation
- a phenomenon that would always hurt the seller of the asset. This phenomenon is
called “normal backwardation”, and there are various other hypotheses to explain
its existence.
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