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Introduction

We extend our previous computations to show that there af38ZD0
Carmichael numbers up to 20 As before, the numbers were generated b
a back-tracking search for possible prime factorisatiogether with a “large
prime variation”. We present further statistics on theréistion of Carmichael
numbers.

Organisation of the search

We used improved versions of strategies first described]in [2

The principal search was a depth-first back-tracking seaveh possible se-
quences of primes factonsy,...,ps. PutR = i_ypi, Q = |'|§’:,+1 pi and
L =lem{p—1:i=1,...,r}. We find thatQ, must satisfy the congruence
N =R Q; = 1 modL, and so in particula@q = pg must satisfy a congruence
moduloLy_1: further py — 1 must be a factor o®_; — 1. We modified this to
terminate the search early at some lavélthe modulusL, is large enough to
limit the possible values d®,, which may then be factorised directly.

We also employed the variant based on proposition 2 of [2] whigtermines
the finitely many possible pairgq-1, pa) from Py_2. In practice this was use-
ful only whend = 3 allowing us to determine the complete list of Carmichael
numbers with three prime factors up to?0

A largeprimevariation

Finally we employed a different search over large valuepgfin the range
2.10° < pg < 10°5, using the property tha_; = 1 mod(pg — 1).

If qis a prime in this range, we I€? run through the arithmetic progres-
sion P = 1 modq — 1 in the rangeq < P < X/q whereX = 10?1, We first
check whetheN = Pq satisfies ¥ = 2 modN: it is sufficient to test whether
2N = 2 modP since the congruence modulpis necessarily satisfied. If this
condition is satisfied we factoriggand test whetheX = 1 modA (N).

The approximate time taken foft < q < X'/?is

X ~ X

o2
xx<q<><1,fzq

[ nl 12[ 13 14] 15 16 17 18 19 20 21]
|'C(n) | 8241] 19279] 44706| 105212 246683 585355| 1401644 3381806 8220777 20138200

Distribution of Carmichael numbers up to 107%,

X 3 4 5 6 7 8 o[ 0] 11 12] towl
3 1 0 0 0 0 0 0 0 o o 1]
4 7 0 0 0 0 0 0 o o 0 7
5| 12 4 0 0 0 0 0 o o 0 16
6 23 19 1 0 0 0 [ o o 0 43
7| 47| s 3 0 0 0 0 o o 0 105
8| 84l 144 27 0 0 0 0 o o 0 255
9| 172| 314 146 14 0 [ [ o o o 646
10 33 619 492 9 2 0 0 o o o 1547
11 500 1179 1336 459 a1 o 0 o o o 3605
12 1000 2102 3156 1714 262 7 0 o o o 821
13| 1858 3639 7082 5270 1340 89 1 o o o 19279
14 3284 6042 14938 14401 5359 655 27 o o o 44706
15 6083 9938 20282 36907 19210 3622 170 o o o 105212
16| 10816 16202 55012 86696 60150 16348 1436 23| 0| 0| 246683
17| 19539 25758 100707 194306 172234 63635 8835 340 1| 0| 585355
18| 35586 40685 178063 414660 460553 223997 44993 3058 49| 0| 1401644
19| 65309 63343 306310 849564 1159167 720406 196391 20738 576 2| 3381806
20| 120625 98253| 514381 1681744 2774702 2148017 762963 114232 5804| 56 8220777
21 224763 151566| 846627| 3230120 6363475 6015901 2714473 547528 42764| 983 20138200

Values of C(X) and Cy(X) for X in powers of 10 up to 107%,

We have shown that there are 20138200 Carmichael numbers 1G5%call
with at most 12 prime factors. We I€(X) denote the number of Carmichael
numbers less thaX andC(d, X) denote the number with exactlyprime fac-
tors. Table 1 gives the values 6fX) and Table 2 the values @f(d, X) for X

in powers of 10 up to 13.

k(X) versuslog,oX.

In Table 3 and Figure 1 we tabulate the functlqiX), defined by Pomerance,
Selfridge and Wagstaff [3] by

CX) =X exp<7k(x)|ng loglog IogX> '

loglogX
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They proved that limink > 1 and suggested that lim skimight be 2, although
they also observed that within the range of their tale$) is decreasing:
Pomerance [4],[5] gave a heuristic argument suggestinglith&k = 1. The
decrease ik is reversed between 10and 16“: see Figure 1. We find no clear
support from our computations for any conjecture on a limgitialue ofk.

n [logC(107) /(nlog10) [ C(10")/C(10" *) | k(107)

) 0.21127 7.000 219547,
5 0.24082 2286 2.07632
6 0.27224 2688 1.97946
7 0.28874 2.441 1.93388
8 0.30082 2.429 1.90495,
9 031225 2533 1.87989
10 0.31895 2396 1.86870)
11 0.32336 2330 1.86421)
12 0.32633 2286 186377,
13 0.32062 2339 1.86240
14 0.33217 2319 1.86293
15 0.33480 2353 1.86301
16 0.33700 2335 1.86406,
17 0.33926 2373 1.86472
18 0.34148 2394 186522
19 0.34363 2413 1.86565
20 0.34574 2431 186598
21 0.34781 2450 186619

C(X) asa power of X, the growth of C(X) and the function k(X) for
X =10"upto 1%L

Conclusion

We consider that there is no clear evidence Kga} approaches any limit.
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