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ABSTRACT

The aim of this thesis is to further the theory for multistatic imaging of moving
targets through the development and simulation of scalar and vector radar data
models and accompanying imaging operations. In the first part of the thesis we
investigate scalar representations of multistatic radar data. We begin by comparing
two different approaches for developing a multistatic ambiguity function (MAF),
a tool used to assess performance of the waveforms and geometry of a multistatic
radar system jointly. One approach is deterministic in nature, originating from the
scalar wave equation, and the other is statistical, relying on a Neyman-Pearson
defined weighting of received data. Although the two methods are fundamentally
different in formulation, they are shown to yield similar results. We then build on
the data model for the existing deterministically derived MAF with the inclusion of
antenna beam patterns by relating the current density on the radiating and receiving
antennas to a far-field spatial weighting factor. From this model we develop an
imaging formula in position and velocity that can be interpreted in terms of filtered
backprojection or matched filtering and a corresponding ambiguity function or point-
spread function. We use the resulting data model and MAF to examine scenarios
with various geometries and transmit waveforms and we show that the performance
of a multistatic system depends critically on the system geometry and transmitted
waveforms.

In the second part of the thesis we develop a vector multistatic data model
incorporating polarization and antenna effects from transmitters and receivers mod-
eled as long thin dipoles. We derive the model beginning with the potential formu-
lation of Maxwell’s equations and describe radiation from a transmitting antenna,
scattering from a moving target, and reception at a receiving antenna in both the
time and frequency domains. This model is developed from beginning to end with
the transmit waveform and scattering behavior of the target left arbitrary and we
obtain physical intuition, greater understanding and control of assumptions, and

the ability to carefully model the desired multistatic scenario by formulating our



data model from first principles. Following formulation of the data model we de-
rive two imaging operations that combine the data collected at each receiver, first
assuming that the contributions from all transmitters in the scene are separable
and then assuming that the contributions from all transmitting antennas cannot be
separated and must be treated as a unit. We then utilize the presented data model
and imaging operations to simulate multiple antenna geometries and transmission
schemes. Scattering behavior of the target is modeled with both a bistatic scattering
matrix based on physical optics for a perfectly electrically conducting flat rectan-
gular plate and a general complex scattering matrix. Simulations exhibit the angle
and polarization dependent scattering behavior and cross-polarization of the inci-
dent electric field consistent with the scattering models. The images formed under
both the separable and nonseparable assumptions are comparable when waveforms
with low cross-correlation are used. We approach the multistatic radar problem by
combining an electromagnetic data model with signal processing to obtain an image,
but the data model can also be used to generate high-quality data for a variety of

applications.
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CHAPTER 1

Introduction

Multistatic radar has been an area of intense research in recent years due to the in-
herent flexibility and importance of radar as an all-weather electromagnetic sensor
and the additional theoretical advantages of a multistatic radar system. Tradi-
tional monostatic radars radiate electromagnetic energy from an antenna, the field
propagates through space and is reflected in many directions from objects in the
environment, some of the reflected energy is received by the antenna of the radar,
and through processing techniques information about the intercepted objects is ex-
tracted. Radar systems can be used to detect and track targets, detect moving
targets in clutter rich environments, form images of stationary or moving targets or
scenes, recognize meteorological conditions, and classify targets. Although for some
of these applications other sensors can be used, such as electro-optical sensors, radar
is functional when these sensors fail perhaps in the dark of night or behind cloud
formations.

Multistatic radar systems differ from traditional monostatic systems, or bistatic
systems characterized by a separated transmitter and receiver, in that they consist
of multiple transmitters and/or receivers. A multistatic system consisting of mul-
tiple transmitters and one or more receivers can transmit multiple waveforms from
collocated or distributed antennas, possibly illuminating a larger area than a mono-
static system. The power of the transmitting antenna is a limiting factor on the
extent of a radar’s visibility; the use of multiple transmitting antennas to illuminate
an area may help overcome the physical limitations of amplifier power and antenna
aperture sizes. It is also possible to augment fielded systems with additional low-
power passive components to form a multistatic system, leveraging cooperative or
noncooperative signals of opportunity. These passive radar systems are well suited
to a variety of situations because they can be inexpensive and unobtrusive.

The design of a multistatic system, however, requires consideration of many

factors including the number, geometry, polarization of the transmitters and re-



ceivers, and the waveforms that will be transmitted from each radiating antenna. It
is important to ensure that all system components are coherent in time (that there is
a common clock available to all transmitters and receivers) and frequency. If either
of these condition are not met there will be some loss of information. The fusion of
data received from multiple sensors, whether coherent or incoherent, is another issue
inherent to multistatic radar. Ongoing theoretical research is necessary to address
the complexity of multistatic radar.

The aim of this thesis is to further the theory for multistatic imaging of mov-
ing targets through the development and simulation of scalar and vector radar data
models and accompanying imaging operations. In the first part of the thesis we
investigate scalar representations of multistatic radar data. We begin by comparing
two different approaches for developing a multistatic ambiguity function (MAF), a
tool used to assess performance of the waveforms and geometry of a multistatic radar
system jointly. One approach is derived with a deterministic signal model from an
imaging perspective and the other is derived for specific statistical target assump-
tions from a detection perspective. The deterministic MAF is formulated from the
scalar wave equation and describes radiation of the transmitted waveforms, scatter-
ing from a distribution of moving point-like targets, and reception at the receiving
antennas. The statistical MAF is developed by defining an optimal multistatic
detector corresponding to a Swerling II type target with fluctuating complex reflec-
tivity. Although the two methods are fundamentally different in formulation, the
corresponding numerical simulations are shown to yield similar results.

We then build on the data model for the existing deterministically derived
MAF with the inclusion of antenna beam patterns by relating the current density
on the radiating and receiving antennas to a far-field spatial weighting factor. From
this model we develop an imaging formula in position and velocity that can be inter-
preted in terms of filtered backprojection or matched filtering and a corresponding
ambiguity function or point-spread function. We use the resulting data model and
MAF to examine scenarios with various geometries and transmit waveforms and we
show that the performance of a multistatic system depends critically on the system

geometry and transmitted waveforms.



In the second part of the thesis we develop a vector multistatic data model
incorporating polarization and antenna effects from transmitters and receivers mod-
eled as long thin dipoles. We derive the model beginning with the potential formu-
lation of Maxwell’s equations and describe radiation from a transmitting antenna,
scattering from a moving target, and reception at a receiving antenna in both the
time and frequency domains. Following formulation of the data model we derive two
imaging operations that combine the data collected at each receiver, first assuming
that the contributions from all transmitters in the scene are separable and then as-
suming that the contributions from all transmitting antennas cannot be separated
and must be treated as a unit. We then utilize the presented data model and imag-
ing operations to simulate multiple antenna geometries and transmission schemes.
Scattering behavior of the target is modeled with both a bistatic scattering ma-
trix based on physical optics for a perfectly electrically conducting flat rectangular
plate and a general complex scattering matrix. Simulations exhibit the angle and
polarization dependent scattering behavior and cross-polarization of the incident
electric field consistent with the scattering models. The images formed under both
the separable and nonseparable assumptions are comparable when waveforms with
low cross-correlation are used.

This work is novel in that the model is developed from beginning to end with
the transmit waveform and scattering behavior of the target left arbitrary. We
obtain physical intuition, greater understanding and control of assumptions, and
the ability to model the desired multistatic scenario carefully by formulating our
data model from first principles. This work is also relevant because we combine an
electromagnetic data model with signal processing to obtain an image. Although
electromagnetics and signal processing are rich areas of study for radar applications,
the two fields are infrequently combined.

The remainder of this thesis is organized as follows. In Chapter 2 we in-
vestigate scalar representations of multistatic radar data from the perspective of
the multistatic ambiguity function (MAF). In Chapter 3 we formulate a full vector
model for multistatic radar data including the polarization and scattering of electro-

magnetic waves and two corresponding imaging operations that combine the data



collected at each receiver. In Chapter 4 we conclude with a summary of this thesis
work, a description of areas left for future research, and a discussion of the spe-
cific contributions to the field of multistatic radar modeling and imaging of moving

targets.



CHAPTER 2
Scalar Radar Data Model

2.1 Introduction

In this chapter we investigate scalar representations of multistatic radar data
from the perspective of the multistatic ambiguity function (MAF). The classical am-
biguity function (CAF) is a tool that is used to assess the performance of monostatic
radar waveforms; the MAF is an analogous tool for multistatic radar systems. Mul-
tistatic radar systems are characterized by the number and geometry of transmitters
and receivers, the choice of antennas, the transmitted waveforms, and the method
of fusing data received by multiple sensors. The added flexibility of a multistatic
radar system results in the need for developing the more complex MAF as a metric
for assessing the choice of waveforms and the system geometry jointly. Although
the CAF is primarily important for waveform design, we will show that the MAF
can be derived as part of an imaging operation in position and velocity.

Modeling and design of multistatic radar systems has been an area of sub-
stantial research in recent years. There has been theory developed for multistatic
moving target detection [1-6], multistatic imaging of a stationary scene [7-10], mul-
tistatic imaging of moving targets [11-16], and coherence of components of a mul-
tistatic system [17-19]. Multiple formulations of the multistatic ambiguity func-
tion have been presented in the literature and will be briefly described in Section
2.2.4 [4,5,11-14,20-25].

In Chapter 2 we first provide some background on the electromagnetic wave
equation, matched filtering, the classical ambiguity function, and the multistatic
ambiguity function. The rest of the chapter is broken into two sections. In Section
2.3 we formulate two multistatic ambiguity functions that are found in the literature,
one derived with a deterministic signal model from an imaging perspective and one
derived for specific statistical target assumptions from a detection perspective. The
deterministic MAF is formulated from the scalar wave equation and models radiation

of the transmitted waveforms, scattering from a distribution of moving point-like



targets, and reception at the receiving antennas. The statistical MAF is developed
by defining an optimal multistatic detector corresponding to a Swerling II type target
with fluctuating complex reflectivity. After presenting both models we compare the
mathematical expressions and corresponding numerical simulations. We show that
although the derivations of the two MAF's are quite different, numerical results are
comparable and in the case of a single transmitter both mathematical expressions
can be written in terms of the classical ambiguity function. In Section 2.4 we
build on the data model for the existing deterministically derived MAF with the
inclusion of antenna beam patterns by relating the current density on the radiating
and receiving antennas to a far-field spatial weighting factor. The formulation yields
a data model that is appropriate for narrowband waveforms in the case when the
targets are moving slowly relative to the speed of light. From this model we develop
an imaging formula in position and velocity that can be interpreted in terms of
filtered backprojection or matched filtering and a corresponding ambiguity function
or point-spread function. We show through simulations how the resulting MAF can
be used to investigate the impact of geometry and transmit waveforms on multistatic

system performance.

2.2 Background
2.2.1 Electromagnetic Wave Equation

Maxwell’s equations in the time domain

V-D=p
V-B=0
0B
ng_—a
D
Vx?—L:J+a—

ot



combined with the free space constitutive relations

D= 608
B= Mo?‘t
yield
1
V-E=—p (2.1)
€o
V.-B=0 (2.2)
0B
=—— 2.
VxE& i (2.3)
0E
V X B =T + poco—=- (2.4)

ot

where D(r,t) is the electric displacement field, B(r,t) is the magnetic induction
field, £(r,t) is the electric field, H(r,t) is the magnetic intensity or magnetic field,
p(r,t) is the charge density, J(r,t) is the current density, €y is the permittivity of
free space, and g is the permeability of free space. In free space p(r,t) = 0 and

J(r,t) = 0 so that (2.1) and (2.4) become

V-E=0 (2.5)

and

0E
V xB= MOGOE, (26)

respectively.

We can obtain the electromagnetic vector wave equation from Maxwell’s equa-
tions under the free space assumption. We begin by taking the curl of both sides of
(2.3) and substituting (2.6) to obtain

0*E

VXxVxE&= —Moegw. (27)



We next apply the vector identity

Vx(VxA)=V(V-A) VA (2.8)
to (2.7)
0*E
V(V-E)—VE = —Ho€o 5 (2.9)
and recall (2.5) to obtain the wave equation
0?E
V2g = MOGOW (210)
or )
10
2 —_——— —
<V 2 8t2> E(r,t)=0 (2.11)

where co = (poeo) /2

. We have explicitly included the temporal and spatial depen-
dences of the electric field. Through a similar process we can obtain the vector wave
equation for the magnetic field H. Each component of the electric field or magnetic
field satisfies the scalar wave equation. In Chapter 2 we consider solutions to the
scalar wave equation and in Chapter 3 we consider the vector wave equation derived

from the potential formulation of Maxwell’s equations.

2.2.2 Matched Filtering
The matched filter is the optimal linear filter for maximizing the signal-to-
noise ratio (SNR) for a signal received in white noise. The impulse response of the

matched filter is given by
h(t) = s™(=t)

where s(t) is the transmitted waveform. The signal that is transmitted, scattered

from a target, and received is assumed to have the form

Srec(t) = ps(t — 1) + n(t)

where p is the scattering strength of the target including range losses, 7 = 2R/cy

is the two-way time delay, R is the distance from the antenna to the target, and



n(t) is white noise. The output of the matched filter is obtained by convolving the

received signal with the impulse response

o0 o0

N(t) = (h * Swee) (t) = / S (=t Spec(t — t)dt = / S () spec(t + ')At (2.12)

— 00 —00

which is the correlation of s(t) and s,ec(t). The matched filter output SNR, SN R ¢,

is given by
2F
SNR = —
f N,

where FE is the energy of the received signal and Ny is the unilateral power spectral

density of white noise.

2.2.3 Classical Ambiguity Function
The classical ambiguity function (CAF), or Woodard ambiguity function, is a

tool that is used to assess the performance of monostatic radar waveforms [26-30].
The CAF describes the matched filter output for targets at different distances R

and velocities v and is expressed as

x(7, fa) = /oo s(t)s*(t + 1)el?matdy (2.13)

—00

in terms of time delay 7 = 2R/co and Doppler frequency fq = 2v/cy where a
positive range R corresponds to a target further in range than a reference target

and a positive v denotes an incoming target. Letting

U(r, fa) = Ix(m, fa)l*, (2.14)

if the signal is normalized to unit energy such that

/_oo s(0)2dt = 1

[e.9]

then the maximum value of (2.14) is attained at the origin

U(r, fa) < ¥(0,0) =1 (2.15)
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and the volume under the surface of (2.14) is given by

/Z /Z U(r, fa)drdfy = 1. (2.16)

If the signal is not normalized to unit energy then (2.15) and (2.16) are equal to
(2F)? where E is the energy of the signal. Sometimes (2.13) is referred to as the
autocorrelation function and (2.14) the ambiguity function [28,30]. The signs of the
time delay and Doppler frequency in (2.13) may be reversed.

If we assume that the received signal input for the matched filter has the form
Srec(t) = s(t)e*m/at

with zero time delay and Doppler frequency f4, then the output of the matched
filter is given by

o0

n(t) = (h * spee)(t) = / s(t)s*(t' — t)e?™ At = x(—t, f4) (2.17)

—0o0

so that the matched filter output for a target with Doppler frequency fq is a time-
reversed version of (2.13) [30].

We will now examine the classical ambiguity functions for two standard wave-
forms, a linear chirp and a pseudo-random phase-coded waveform. The linear chirp
has linear frequency modulation (LFM), constant amplitude, pulse width 7', and
bandwidth B that is swept either up or down over the duration of the pulse. The

linear chirp is defined as

Sehirp(t) = Arect(t/T) cos(27 fot + wat?) (2.18)
where
1 <1/2
rect(x) = ol <1/ ,
0 |z|>1/2

fo is the carrier frequency, A is the amplitude, and o = +B/T is the LFM slope

that is positive for an up-chirp and negative for a down-chirp. The classical ambi-
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guity diagram of an up-chirp waveform with 10 GHz carrier frequency, 20 us pulse
width, and 1 MHz bandwidth is plotted in power on a dB scale in Figure 2.1. We
have plotted (2.14) for velocities ranging from —3 km/s to 3 km/s and time delays
ranging from —20 us to 20 us relative to a reference target. Depending on the defi-
nition of the ambiguity function, Figure 2.1 plots either values from the ambiguity
function (2.14) or the magnitude squared of values from the ambiguity function

(2.13). The ridge extending from negative velocity and time delay to positive veloc-

Time Deley (us)

Velocity (km/s)

Figure 2.1: Classical ambiguity function of an up-chirp.

ity and time delay, with slope 1/a = 1.33 (km/s)/us, reflects the Doppler tolerance
of LFM waveforms. This property is beneficial for detection of fast moving targets
because it is not necessary to implement multiple matched filters to cover the range
of possible Doppler shifts. The time (range) sidelobes are low across all Doppler
frequencies (velocities) as shown by the low ambiguity outside of the ridge in Figure
2.1. Nonlinear frequency modulated (NLFM) waveforms increase the rate of change
of frequency modulation (FM) near the ends of the pulse and decrease the rate of
change near the center, resulting in a waveform that does not require frequency
domain weighting to reduce time sidelobes. Symmetric FM results in a thumbtack-
like ambiguity function while asymmetric FM results in an ambiguity function that
is more ridge-like. Nonlinear FM waveforms are less Doppler tolerant than LFM

waveforms and thus are better suited to applications where the approximate target
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velocity is known, such as tracking [30].

The pulse of a phase-coded waveform is subdivided into N sub-pulses, or chips,
of duration § = T'/N and a phase modulation is applied to each sub-pulse. There are
numerous phase modulation schemes, some resulting in ambiguity functions that re-
semble the ridged LFM ambiguity function and others that have a more thumbtack-
like appearance. Pseudo-random phase codes, or pseudo-noise (PN) codes, are phase
codes that consist of a sequence of chips with pseudo-random phases that are deter-
ministically generated by any of a variety of mechanisms. These codes may appear
random to an outside observer without prior knowledge of the code and the cross-
correlation between two different codes is low compared to other types of waveforms.
Pseudo-random codes are used in communications: each subscriber is assigned a
unique code by the base station and is able to correctly extract the relevant signals
from the collection of signals intended for all subscribers through matched filtering.
The classical ambiguity diagram of a 20 chip pseudo-random phase code with 10
GHz carrier frequency, 20 us pulse width, and 1 MHz bandwidth is plotted in power
on a dB scale in Figure 2.2. We have again plotted (2.14) for velocities ranging
from —3 km/s to 3 km/s and time delays ranging from —20 us to 20 us relative to

a reference target. The thumbtack ambiguity diagram reflects the Doppler sensitiv-

0
15F :
- — -10
10' = — o — -
a -
S O e ——— W | | )
2 e = — =
L O T — W
E sio f.; = — '—" e 30
= = . . :
— 10 [ = —
= —40
—15¢ 1
-2 0 2 =30

Velocity (km/s)

Figure 2.2: Classical ambiguity function of a 20 chip pseudo-random phase code.

ity of pseudo-random phase coded waveforms, which is beneficial for slowly moving
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target applications or when knowledge of target speed is desired. It is evident from
examining Figures 2.1 and 2.2 that the time (range) sidelobes are higher for the PN
code than for the LFM waveform, which may hinder the detection of small targets
in the sidelobes of large scatterers.

In addition to the waveforms briefly described above there are also continu-
ous waveforms (CW) of a single amplitude and frequency. Time-frequency coded
waveforms consist of a pulse train where each pulse is at a different frequency.

When modulated waveforms are matched filtered with the transmitted signal
as described in Section 2.2.2, the range resolution is improved to the same level that
could be achieved by a shorter pulse; this phenomenon is called pulse compression.
The SNR is also increased through pulse compression, reducing the transmit power
required to detect a target at a given range. Consequently, if a system is peak-power-
limited, it is possible to transmit a longer waveform and increase the transmitted
energy without losing range accuracy [28]. This discussion is not meant to cover
the immense field of waveform design but rather to orient the reader with some

terminology and concepts.

2.2.4 Multistatic Ambiguity Function

The multistatic ambiguity function (MAF), or multiple-input-multiple-output
(MIMO) ambiguity function, is a tool used to assess the waveforms and geometry
of a multistatic radar system jointly. The MAF is determined by the waveform
choice for each transmitter, the multistatic geometry, and the method of fusing data
received by multiple sensors; consequently there are numerous possible formulations.

The bistatic ambiguity function is closely related to the classical ambiguity
function but considers bistatic ranges and velocities. Although there is no issue of
combining information from multiple sensors as in the case of the MAF, the resulting
ambiguity function is geometry dependent. The effect of system geometry on the
shape of the bistatic ambiguity function has been considered in [31].

The added complexity of multiple transmitters and receivers in a multistatic
radar system has led to multiple formulations of the MAF. A MAF is presented

in [21] for a nonfluctuating point-like target of constant velocity and closely spaced
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transmitting and receiving sensors so that the relative Doppler frequencies observed
by each sensor are assumed identical. Other work has focused on developing MAF's
from the perspective of determining an optimal multistatic detector corresponding
to a target with statistically varying complex amplitude. An incoherent single trans-
mitter and multiple receiver system and a moving target are considered in [4,5] and
the work is extended for multiple transmitters in [20]. Coherent and incoherent pro-
cessing of single transmitter and multiple receiver systems are considered in [24] and
multiple transmitter and receiver systems in [23,25]. MAFs have also been derived
with deterministic signal models and a greater focus on wave propagation [11-14,22].

Although the classical and bistatic ambiguity functions are typically used for
waveform design, the intrinsic dependance on geometry and fusion of information
elevate the MAF to a construct that is more closely related to imaging. The MAF
indicates that imaging can be thought of as a detection problem in position and
velocity.

In this chapter we consider in detail the deterministically derived MAF pre-
sented in [11-14,22] and the statistically derived MAF presented in [4,5,20] with
multiple transmitters and receivers. We also formulate an extended deterministic

MAF [16].

2.2.5 Fourier Transform Convention

Throughout this thesis we will adopt the convention that the Fourier transform

is given by
F(w) = F{f(t)} = / F(H)e dt (2.19)
and the inverse Fourier transform by
1 [ :
f() = FHF@) = 5 / Flw)e ™ d. (2.20)

2.3 Comparison of Deterministic and Statistical Multistatic

Ambiguity Functions

In Section 2.3 we consider multistatic radar systems consisting of M trans-

mitters at position y,,, with m = {1,2,..., M} and N receivers at position z, with
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n = {1,2,...,N}. We assume that all transmitters and receivers are stationary
and that the target located at @ may be stationary or moving with velocity v. We
present a deterministic signal model and corresponding MAF in Section 2.3.1 and a
statistical signal model and corresponding MAF in Section 2.3.2. In Section 2.3.3 we
discuss the mathematical expressions and underlying assumptions of both MAFs.

We then present numerical simulations in Section 2.3.4 and conclude the section.

2.3.1 Deterministic Data Model

The multistatic ambiguity function presented in [11-14, 22] is obtained as a
byproduct of an imaging method. The imaging method involves first developing a
mathematical model for the scattered field, using this model in a matched filter that
is applied at each receiver, and coherently summing the resulting filtered outputs
with appropriate weights for each transmitter-receiver pair.

We derive the deterministic data model for a bistatic pair consisting of the
m!™ transmitter at position ¥,, and the n'® receiver at position z,. The derivations
in [11,12,22] develop a mathematical model for data from a single isotropic source.
For the transmitter source located at y,, we denote the waveform by s,,(t), the
transmission time by —7,,, and the wavefield at time ¢ and position @ by 1 (t, x).
We assume that away from the targets, the source wavefield satisfies the scalar wave
equation

(V2 =207 w(t, @) = 6(2 — Yu)sm(t + Tn), (2.21)

where ¢y is the speed of light in a vacuum. We denote by ¢, the phase-space
distribution of target reflectivity. In other words, ¢,(x — vt) is the reflectivity, at
time t, of those scatterers moving with velocity v that, at time ¢t = 0, were located
at position & . We write the total wavefield 1) as the sum 1) = '™ +*¢ where ¥™ is
the incident field and ¢*° is the scattered field. Under the Born (single-scattering)
approximation, we can think of the reflected incident field as providing a source

[ qo(x — vt)dv (¢, ) for the scattered field ¥:<(¢, z,) received at z, such that

(V2 — ¢y 207)5c(t, 2,) = /qv(a: —vt)dv P2(t, x). (2.22)
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We use the free-space Green’s function and several changes of variables to obtain

Gt 2) :/ Ot —t' — |z + vt — 2z,|/co)

Am|x + vt — z,]

Sm(t' + T — |+ vt' —yn|/co) .,
(x)d dt'dz. 2.23

and we write Ry, = | — 2,|, Ry = © — 2, and wan = R, ,/Rz,. We assume
a slowly moving target (i.e. |vt| < | — z,|), which allows us to carry out the ¢’

integration in (2.23):

5m<04w 'v(t - Rm n/CO) - Rm m/CO + Tm)Q’u(a")
St ) = ’ 7 : da d 2.24
Yl 21) / (47)2 R Rt wdv (224)

where

Mz v =1+ Rm,n . ’U/C(],
1— Ry - -
. €T, ’U/CO ~ 1 _ (Rm’m + Rm’n> . 'U/CO

T4 an -v/co ~
:]- + /B:c,'va
Bow = — (Rym + Ran) - v/co. (2.25)

The scattered field in (2.24) can be viewed as a sum of attenuated, time-delayed,
Doppler-scaled copies of the transmitted waveform.

For the case of multiple transmitters, we assume that each of the N receivers
can identify which part of the signal is from which transmitter. This identification
of source transmitter could perhaps be done by separating the transmissions in
frequency or code; this issue is left for the future.

We construct an image I,,(p) as an approximation of g,(x), the true phase
space distribution of scatterers moving at velocity v and located at position @ at
time ¢ = 0. This image is formed by matched filtering the weighted scattered field

with a time-delayed, Doppler-scaled version of the transmitted waveform and then
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by summing over all transmitters and receivers:

M N
= (4m)? Z ZR Ry mbpuOpudmn

m=1 n=1

X /sfn(anu(t — Rpn/co) — Rpm/co+ Tin) 05s(t, z,)dt.
(2.26)

Here the star denotes complex conjugation, the weights Ry, Rp, and pp, are
introduced to cancel the denominator of (2.24) when p = & and v = v, and J,,,
denotes a geometry-dependent weighting function. This weighting function is left
undetermined in [12]. In the simulations below, we take .J,,, to be equal for all
pairs of transmitters and receivers.

In order to characterize the imaging system, we relate the image to the true

phase-space reflectivity:

I,(p) = /K(p,u;a:,v)qv(:c)dw dv (2.27)

where

< RpnRpmlip,u
Kp,ua:v ZZJmn p, m

X /Sa(ap,u(t — Rpn/co) — Rpm/co+ 1)

% Sm(pn(t — Ran/Co) — Ram/co + Tn)dt  (2.28)

m=1 n=1

is the weighted multistatic ambiguity function (MAF), referred to as the point-
spread function in [11,12,22]. For point-like targets (g, () = d(x—xo)d(v—1y)) the
weighted MAF K (p, u; xo, vp) is the phase-space image of that target distribution.

We recall that the classical (narrowband) radar ambiguity function for the

waveform radiated by the m!* transmitter can be written as

A (@, 7) = el / sm(B)s5 (£ — 7)ci% d (2.29)
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where w,, = 27 f,, and f,, is the carrier frequency of the transmitted waveform

sm(t). Additionally, we write

w = wm(ﬁnu — 6:5717) = 27rfm(5p,u - 5:3,1:)

where wy,8p .4, is the angular Doppler shift for position p and velocity w. Then, in
the narrowband approximation, the weighted multistatic ambiguity function (2.28)

can be rewritten in the form

K(pwz,v) =Y Y RpynAn (@,7) (2.30)

where
ImnBp n By mfhp o
Rmn _ m,n-tp,nttpmH~p,u p,u’ 231
’ Rm,an,m:u’m,’UOéiB»’U ( )
(,:) :27Tfm(/8p,u - /8:1271})7 (232)
T = pu(Rpn — Rom) + Bpm = Fam +(1- 2o Bom _ T, (2.33)
Co Co Qg v Co ") .

Clearly, the simpler case of a single transmitter with multiple receivers reduces

(2.30) to

N
K(p,u;z,v) =) R,A(@,7)
n=1

with 7 and @ defined above. In this case, there is only one transmitted waveform

and the weighting R,, only depends on the receiver.

2.3.2 Statistical Data Model

The multistatic ambiguity function, or global ambiguity function, as presented
in [4,5,20] determines weights for receiver contributions from the Neyman-Pearson
optimal global statistic corresponding to a Swerling II target. A simple model is
assumed for the received signal, weights are applied to the matched filtered output
from each receiver, and the weighted contributions are added noncoherently. An

overview of the derivation is presented in Section 2.3.2 and a more detailed derivation
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of the global ambiguity function not readily available in the literature is given in
Appendix A.

As in the deterministic model, we let v, denote the position of the m'™ trans-
mitter with transmit waveform s,,(¢) and z, denote the position of the n'! receiver.
At each transmitter, we assume that a coherent processing interval (CPI) consists

of a single pulse of duration Ty, and energy FE,, so that

$m(t) = \/2E,R{fm ()}, 0<t < Ty, (2.34)

where f,,,(t) is the complex envelope of the transmitted pulse, w. = 27 f., and f, is
the carrier frequency for all transmitters. This approach does not require parts of
the received signal to be separated out according to source transmitter. The input

into the n'* receiver is given by the set of hypotheses:

Hoy : (1) = ny(t) (2.35)
M
Hy:rp(t) = Z A YimnSm (E — Tﬁl’n)eiwgﬂv"t + n,(t)
m=1

where n,(t) is the noise at the n'® receiver, 72 = is the travel time along the

n
propagation path from the m! transmitter to the target to the n'* receiver, and

1'is the propagation loss along this path for a target located

Y X (RapmBan)”
at  where Ry, = [T — yn| and Ry, = |® — 2z,|. The angular frequency wy,
is the total Doppler shift of the signal at the n'® receiver that originated from the
m' transmitter. The waveform 3,,(t) = v/2E,, fn(t) is the complex envelope of the
transmitted signal s,, ().

The coefficient a,, ,, is the direction-dependent effective target reflectivity. We
assume that a;, = az, = -+ = am, = a, so that the reflectivity depends only
on the receiver position. This assumption may correspond to a scenario where all
transmitters are isotropic; we note that bistatic range losses are taken into account
elsewhere in the 7, , term. We further assume a Swerling II target model so that

the complex reflectivity is given by a, = A,e'?" where the amplitude A,, denotes

an independent Rayleigh distributed random variable with parameter Ag, and the
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phase ¢,, denotes an independent random variable uniformly distributed on [0, 27].
The real and imaginary components of the noise n,(t) are zero-mean Gaussian with
equal variance, unilateral power spectral density Ny,, and Rayleigh distributed en-
velope. The superscript a is used to denote a value corresponding to an actual target
while the superscript A is used to denote a value corresponding to a hypothesized
target.

At each receiver we perform standard matched filtering of the received data
with the expected composite received waveform. The expected, normalized, and

weighted composite waveform at the n' receiver, p,(t; 7, "), is specified by

Y 'n?

M
1 )
pn(t7 _;}117 _’h Z bm nfm t - Th )elw#’nt, (236)
n m=1
where
= Thal” (2.37)
("_51]: - [wim 7W}I\L4 n]T
The coeflicients
Rp,m:l Em

D = 2.38
"= oV By (2.38)

are derived for each transmitter-receiver pair from the bistatic radar equation, under
the assumptions that b,,, = 1 and P,,G,, ~ E,, where P,, is the power of the mth
transmitter and G,, is the gain of the m™ transmitter. By inspection, b, ,, depends

only on the transmitter. The normalization constant B,, in (2.36) is chosen so that

/ ot 71 ) (8 71 )t = 1 (2.30)
and
/pn(t,Tn, Dpr (t; T, wn)dt = 1. (2.40)

The received signal at the n'® receiver can then be rewritten using (2.34), (2.36),
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and (2.38) to obtain

n fln al VEp,

ra(t) = fn(t — 78 Yel“mnt £ (1)
Rp7n m=1 Rp»m
aan,U/n Em:l -
7 30) 4 ng(t 2.41
R T 1575, 35+ (1) (241)

where 1, is the compensation constant [20]. The output of the matched filter at the

nt? receiver is given by

d, = (t; 7, @3k dt| . 2.42
[ ety (242

By the assumptions that the envelope of the noise and the amplitude of the
complex reflectivity of the target are both Rayleigh distributed, the output of the
matched filter, d,,, will be Rayleigh distributed whether or not a target is present. We
recall that a Rayleigh distributed random variable A with parameter Ay will satisfy
E{A?} = 2A% and so p(A) = R <A,@/%E{A2}> where R denotes the Rayleigh
probability density function

A A?
Under Hy, we have E{d2} = 1, whereas under H;, we haveE{d’} = & + 1 where

pn is the signal-to-noise ratio at the n'* receiver given by

4A8, By i By
Now 2 R2

pn = (2.44)

pm=1

Thus, the distribution of d,, is given by

Ho s pldy|Ho) = R (dn, \ /%E{di}) _R <dn, \/9 (2.45)
Hy : p(d,|H\) = R <dn, \ /%E{d%}) ~R <dn, ,/% (% + 1)) . (2.46)

We treat the data from each of the receivers as NV independent observations and
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so the joint probability density of d = [dy,...,dy] is the product of the individual

probability densities and the likelihood ratio can be written as

[I0C R (ds /3 (% + 1)

L(d) =
L R (/)
o e (2.47)
where
=
D= " P 2.48
n; pnt2" (2:48)

is the optimal global statistic in the Neyman-Pearson sense.

We write the global ambiguity function [32], or multistatic ambiguity function,

as
G(Th7Tath7 ch n n’ n?ﬁh QZ) (249)
where )
O (70, 79, &l &) ‘/ (672, G0 pr (8 70, &) dt (2.50)

is the ambiguity function for the n** receiver in terms of the composite waveforms

corresponding to a true and hypothetical target and

Ty = {Tg,n}MxM T, = {Tng}MxN

Qh - {wz,n}MXNa Qa - {W?njn}MxN-

The weights ¢,, are defined subject to Zn L Cn =1,
O(Ty, Ty, U, ) = 1, (2.51)
and
1
Ty, T,, U, Q) = ?E{DS} (2.52)

where K is a normalization constant and Dy is the global statistic when only signal

is present in the received data.
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We solve for K and obtain the weights, ¢,, of the individual ambiguity func-
tions, P
cp = ﬂ, n=1,..N. (2.53)
Zk 19( pk+2)

It follows that the global ambiguity function, or statistically derived multistatic
ambiguity function, is given by

—»h —»a)

n? n? n? n

@(Th, Tay Qha

||M2

where )

O, (7, 72, &l &) ‘/ pa(t; 72, &0 pk (¢ 70, ) dt |

¢ = 2(Pn+2) ’
Zk 1 2(pk+2
) _ AAR Bh B
" NOTLR@B m= 1Ra2c,n ’

and p,(t; 72, &%) and p,(t; 7", d") are the composite waveforms corresponding to a
true and hypothetical target, respectively.

The global ambiguity function can be expressed in terms of actual and hy-
pothetical ranges and velocities, as stated in [20], but for ease of comparison with
the deterministic model, we write the global ambiguity function in terms of p, u, x,
and v, where & and v are respectively the actual vector position and velocity of the
target, and p and u correspond to a hypothetical vector position and velocity of the
target. The statistically derived multistatic ambiguity function can be rewritten as

O(p,u,xz,v) = »(p,u,x,v) (2.54)

”MZ
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where
Ta vam _'_ RiB,TL Th Rpam + R 1
m,n Co ’ m,n co
a _ h
wm n wmﬁa:,va wm,n - wmﬁp,u
with

Ba:,v = (Ra:,m + Rw,n) : ’U/C(],
Bpu =— (vam + Rp,n) -u/co.
A more detailed derivation of the global ambiguity function is given in Appendix A.
For the much simplified case of a single transmitter, (2.54) can be written as
N

@<p7 u? w? v) = Z Cn@n(pu u7 az? v)

n=1
N
=D
n=1

2

| = mrie - et ar

N 0 2
~Y e, / FOVF(t — 7)o dt (2.55)
n=1 -
by several changes of variables and with
- _Rw,mzl + Ra:,n - (Rp,mzl + R ,n)
= -
w :Wc(ﬁp,u - B:c,'v) = Qﬁfc(ﬂp,u - ﬁw,v)a (256)

where w, = 27 f. and f, is the carrier frequency of the waveform sent from the single

transmitter.

2.3.3 Discussion
Although the deterministic and statistical approaches in Sections 2.3.1 and
2.3.2 appear to have different goals (imaging versus detection), in fact these goals

are closely related: both approaches provide information about target position and
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velocity. In particular, plotting the detection test statistic as a function of target
position and velocity produces an image [33].

The two approaches are based on fundamentally different underlying assump-
tions. The deterministic approach neglects multiple scattering, and uses an isotropic
model for target scattering. The statistical approach assumes a Swerling II tar-
get and the resulting received signal, after processing, is assumed to be Rayleigh-
distributed with zero-mean, Gaussian, equal-variance, real and imaginary compo-
nents.

Both approaches, however, apply weights to the filtered data from each re-
ceiver and in the case of a single transmitter both MAF's reduce to summing ordinary
bistatic narrowband radar ambiguity functions, with arguments adjusted for target
locations and velocities. The weighting is done somewhat differently in the two
approaches. In the deterministic approach, the weighting is due to purely geomet-
rical factors and the data corresponding to each individual bistatic pair is weighted
uniquely [34]. In the statistical approach, a statistical criterion is used to deter-
mine the appropriate weights, and the statistics are assumed to already incorporate
information about the relevant geometry and target radar cross section.

The two approaches also differ in their assumptions about coherency of the sys-
tem. The statistical approach assumes a noncoherent system, and consequently the
summation of ambiguity functions is noncoherent. The deterministic approach can
accommodate either a coherent or noncoherent system; the summation of ambiguity
functions would then be coherent or noncoherent as appropriate. In our derivation

and subsequent simulations we assume the deterministic approach is coherent.

2.3.4 Simulations

Simulation Parameters

In the following simulations, we use a complex up-chirp waveform of unit
amplitude with 10 GHz carrier frequency, 100 MHz sampling frequency, 100 us
pulse width, and 5 MHz bandwidth. The spatial region of interest is a circle of 10

km radius.
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Scenarios
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Receivers
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Figure 2.3: Arrangement of target, transmitter, and receivers for cases 2.3(a)-(c).

Results

Figures 2.4 and 2.5 correspond to the scene in Figure 2.3(a). Four receivers
are spaced at a radius of 15 km and angles of 45°, 135°, 225°, and 315° from the
center of the scene and a transmitter is placed 15 km from the center of the scene
at 90°. We make an arbitrary choice to locate the target at the center of the scene
to impose equal propagation loses at each receiver, and the target has constant zero
velocity. The figures display the zero velocity cut and are shown with a normalized
dB colorscale. The peak, identified by a white circle, is in the correct location for
both models, but the ambiguity is lower for the deterministic model in Figure 2.4.

Figures 2.6 and 2.7 correspond to the scene in Figure 2.3(b). Four receivers
are spaced at radius 8, 6, 5, and 7 km and angle 30°, 55°, 110°, and 140° respectively
from the center of the scene and a transmitter at radius 10 km and angle 90°. The
target is located at the center of the scene and has zero velocity. Due to nonuniform
spacing of the receivers, the propagation loses along each path will differ. Again,
the peak is in the correct location for both models but the ambiguity is lower in
Figure 2.6.

Figures 2.8 and 2.9 correspond to the scene in Figure 2.3(c). This is the same
scene as figures 2.6 and 2.7 except that the target has velocity 1.5 km/s in direction
270°. The figures display the zero velocity cut as before and the peak is spatially
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X (km)

Figure 2.4: Deterministic MAF with equally spaced receivers and stationary target,
zero velocity cut.

0
X (km)

Figure 2.5: Statistical MAF with equally spaced receivers and stationary target,
zero velocity cut.

X (km)

Figure 2.6: Deterministic MAF with receivers spaced in a rough line and stationary
target, zero velocity cut.
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0
X (km)

Figure 2.7: Statistical MAF with receivers spaced in a rough line and stationary
target, zero velocity cut.

shifted in the direction opposite of the target velocity by about 300 m in both figures,
as would be expected. As in the zero velocity cases, the ambiguity is lower in Figure

2.8.

X (km)

Figure 2.8: Deterministic MAF with receivers spaced in a rough line and target
velocity 1.5 km/s, zero velocity cut.

2.3.5 Conclusion

Despite differences in the underlying assumptions of the deterministic and
statistical models, the derived multistatic ambiguity functions and simulations are
very similar. The deterministic MAF in Section 2.3.1 is derived from an imaging
point of view, whereas the statistical MAF in Section 2.3.2 is derived from a detection
point of view. The summations of the received data at each antenna can be either

coherent or noncoherent for the deterministic MAF and are noncoherent for the
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X (km)

Figure 2.9: Statistical MAF with receivers spaced in a rough line and target velocity
1.5 km/s, zero velocity cut.

statistical MAF. The papers [4,5,20] are mainly focused on weight determination.
The resulting MAFs differ yet both are modifications of the same classical ambiguity
function.

The simulations show that the deterministically and statistically derived mul-
tistatic ambiguity functions provide comparable results for the zero-velocity case as
well as for nonzero velocity cuts. The deterministic model has slightly more pro-
nounced spatial localization than the statistical model, as would be predicted when
comparing a coherent system to a noncoherent system.

The comparison of the resulting MAFs and corresponding simulations attests
to the close relationship between detection and imaging, as observed in other works
[33], and encourages thinking of imaging as a detection problem at each point in

space and velocity.

2.4 Extension of the Deterministic Model

In Section 2.4 we build on the data model for the existing deterministically
derived MAF from Section 2.3.1 with the inclusion of antenna beam patterns by
relating the current density on the radiating and receiving antennas to a far-field
spatial weighting factor. We begin in Section 2.4.1 by formulating a data model that
incorporates radiation of the transmitted waveforms, scattering from a distribution
of moving point-like targets, and reception at the receiving antennas. From this

model we develop an imaging formula in position and velocity and a corresponding
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ambiguity function or point-spread function in Sections 2.4.2 and 2.4.3. We present

numerical simulations in Section 2.4.4 and then conclude.

2.4.1 Model for Data

Model for wave propagation
We model wave propagation and scattering by the scalar wave equation [35]
for the wavefield ¢ (¢, ) due to a current density j,,(t + Ty, € — Yp,) transmitted at

time —1T,, from location y,,:
(V2 = c72(t, ®) 07| (t, ®) = p100ujm(t + T,  — Yp) - (2.57)

where 1y denotes the vacuum magnetic permeability.
A single scatterer moving at velocity v corresponds to an index-of-refraction

distribution n?(z — vt):
2 (t,x) = cg*[1 + n*(z — vt)], (2.58)

where cg is the speed of light in vacuum. We write q,(x — vt) = c;?n?(x — vt).
To model multiple moving scatterers, we let ¢,(x — vt)da dv be the corresponding
quantity for the scatterers in the volume dax dv centered at (x,v), the spatial dis-
tribution, at time ¢t = 0, of scatterers moving with velocity v. Consequently, the

scatterers in the spatial volume dx (at @) give rise to

c 3 (t,x) = cy? + /qv(w —vt)dv. (2.59)

We note that the physical interpretation of ¢, involves a choice of a time
origin. A choice that is particularly appropriate, in view of our assumption about
linear target velocities, is a time during which the wave is interacting with targets
of interest. This implies that the activation of the antenna at y,, takes place at

a negative time which we have denoted in (2.57) by —7,,. The wave equation
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corresponding to (2.59) is then

{Vz — c528t2 — /qv(zc — vt)dv 83} V(t,x) = poOijm(t + Ty ® — Ym) . (2.60)

Model for transmitted field
The “incident” field ¥*(¢, ) is the field that is generated by the transmitter

at position y,, and propagates into an empty universe:
(V2 — g *OF N (t, @) = pt0Osjm (t + Ty T — Ym) - (2.61)

We assume that the antenna is constructed to be sufficiently broadband so that the

source term can be written as the product

1001 m(t, ®) = S (t) fin (@) (2.62)

where s,,(t) is the waveform transmitted from the antenna located at y,,, and f,,(x)
is a spatial factor. We recall that according to the convention adopted in (2.20),

sm(t) can be written in terms of its inverse Fourier transform as

1
o

Sm(t) /e_ithm(w)dw . (2.63)

The frequency-domain version of (2.61) is then
V2 + K (w0, 2) = T8, () fn (& — i), (2.60)

where k = w/cp and we can solve (2.64) to obtain

) ik|xz—2y| ]
Www) = [ e S (s e (265)

We assume that the antenna is distant from the target, so that | — y,,| >
|2 — Y| and | — y,n| > k|2, — ym|?. Consequently in (2.65) we make the far-field
expansion

eik|cc—zn| eik:|m—ym\ —

ik’(m_yrn)'(ym_z") <266)

Am|e — z,|  4rmlx — ym|e
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thus obtaining

eik\m—ym\

—

eik|:c—ym\ —

e WIm S (W) Fn(k(x — ym)) (2.67)

\Ifin ~
m(waw) 47r|:c—ym]

- Amt|x — Y|

where F), denotes the spatial Fourier transform of f,,. F, represents the far-field
beam pattern of the transmitting antenna as a function of frequency. We assume
that the antenna is sufficiently broadband that F, is independent of frequency over
the effective support of the waveform S,,(w). Hence, we replace Fm(k(m/—-;m))
with Fm(:c/—?m) to reflect the dependence of the beam pattern solely on the angle
determined by the transmitter and observation positions y,, and x, respectively.

Consequently, the transmitted field in the time domain can be expressed as

Fm(w/—?m)s
dr|e — ym| "

Ut @) = (t = |z = yml/co + Tn)- (2.68)

Model for scattered field
We can likewise model the scattered field that is received at z, using the
scalar wave equation under the Born (single-scattering) approximation with a source

[ go(x — vt)dv 02¢2(t, x) provided by the reflected incident field:

(V2 — ¢y 202)Ysc(t, z,) = /qv(:v — vt)dvdPY(t, x). (2.69)

Solving for the scattered field we obtain

St 2) = /5(15 — 1 — Ry p(t")/co) /qv(m)dv

AT Ry (1)
Sm(t' + Ty — Ram(t)/co)
AT Ry 1 (1)

X Fr(Rgm(t')) dt'da (2.70)

where Ry, (t') = x+vt' =y, Rem(t') = |Rem(t')|, and ﬁw,m(t’) =Ry n(t')/Rem(t).
We assume that the targets are moving slowly, so that |v|t' and k|v|*t? are
much smaller than |x — y,,| or |& — z,| where k = wpax/co and wipay is the effective

maximum angular frequency of the signal s,,(¢). Thus, we can replace Ry ,,(t') and
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Ry (t') with Ry, (0) and Ry, (0) such that and Ry, (0) = & — Y, Rem(0) =
|R..,m(0)], and }Alwm(()) = R4 m(0)/Ryzm(0). The scattered field in the slow-mover

case can then be written [11]

.. - Fr(Re(0))
U (ts 2n) = / (47)? Ry (0) R (0) 0 (0)

Sm [0(t, &, v)] gp(x)dx dv (2.71)

where

O(t, ,v) = Qg (t — Ren(0)/co) — Rem(0)/co + T (2.72)

with Doppler scale factor

1- Amm :
gy = = Fmm(0) - v/Co (2.73)
14+ R, ,,(0)-v/co
and
fiz.0(0) = 1+ Ry.,(0) - v/cq. (2.74)

We assume the radar system is using a narrowband waveform of the form
Sp(t) = & (t) e omt (2.75)

where §,,(t) is slowly varying, as a function of ¢, in comparison with exp(—iw,,t)
and w,, is the carrier frequency for the transmitter at position vy,,. The scattered

field in the narrowband case becomes

~

- 2Fm meo ~ —iw. t,x,v
020 = [ e e ey = O o) o

(2.76)

Model for received data

By an argument similar to the one used to obtain the transmission beam pat-
tern Fm(ﬁmm(O)), we obtain a receiver antenna beam pattern Fn(ﬁmn(O)) [35]. We
observe that F}, is dependent on the angle determined by the receiver and observa-
tion positions z, and «, respectively. This factor arises from modeling the reception

process that occurs at the receiving antenna, z,, as an integration of the scattered
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field 1555N(t, 2,,) over the antenna with an appropriate weighting function and ap-
plying the far-field expansion as before. Consequently, we express the received data
as

A~

_ [ (B (0) Fo (R (0)
Ay (1) —/ (472 R (0) o (07120 (0) m [B(t, @, v)] e Wmet@) 0 () da dw.

(2.77)

2.4.2 Image Formation
The corresponding imaging operation involves applying a weighted matched
filter and summing over all transmitters y,, and receivers z,,. The phase-space image

is given by the expression

_wm

u) _ Z Z (47T) Rpﬂ"b(O)anz(o):upm(o)anu Jm,n(p’ u)
« / 5 [6(t p,w)] P (1)t (2.78)

Here the star denotes complex conjugation, and .J,,, is a geometrical factor [11]

that depends on the configuration of transmitters and receivers.

2.4.3 Analysis of the Image: Ambiguity Function

We obtain the narrowband MIMO ambiguity function (point-spread function)
of the imaging system, KXB(p, u; z,v), by substituting (2.77) into (2.78)

Io(p,u) = /KOI\IOB(p,u;a:,v)qv(a:)d?’xd?’v (2.79)
with
KXP(p,u;z,v) ZZF Fou(Ry(0)) Ty (P, w0)

* / S [0, pow)] 30 [0t @, )] lemPpu)=olben) gg,
(2.80)

Through some manipulation the MIMO ambiguity function (MAF) reduces
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o [11]
KX (p,ui @, v) ZZ O Fo( R (0)) F (R (0)) Jon (1 ) A (@, 7),
(2.81)
where jmn is a geometrical factor closely related to J,,, above,
A (@, 7) = e7wmT / 55 (t —7)8m(t)e“dt (2.82)

is a version of the classical monostatic narrowband radar ambiguity function, which

is defined here to include a phase, with parameters

9 = wn(Bou — Bow) (2.83)

7= [(Bpm(0) + Rpn(0)) = (Ram(0) + Ran(0))]/co, (2.84)

and

exp [1Pyn] = exp [1wm (Bpu — Baw) (Raem(0)/co — Tn)]
X exp [—ikim Bu(Ran(0) — Rpn(0))] (2.85)

with &k, = wi,/co and By, = — (ﬁzm(O) + ﬁwn(0)> -v/cp. The narrowband result
in (2.81) clearly exhibits the importance of the bistatic bisector vectors ﬁmm(O) +
R, ,,(0) and ﬁpvm(O) + ﬁpyn(()). We observe that the MAF (2.81) is a weighted sum

of classical narrowband ambiguity functions.

2.4.4 Simulations

In the following simulations, we examine multiple geometries with moving

targets.

Simulation Parameters
We use a complex up-chirp and two 20-chip random polyphase codes with

10 GHz carrier frequency, 20 MHz sampling frequency, 20 us pulse width, and 1
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MHz bandwidth. The classical ambiguity functions (CAF's) for these waveforms are
shown in Figures 2.10(a)-2.10(c). The ridge-like CAF with low range lobes of the
up-chirp and thumbtack CAF with higher range side lobes shown in Figure 2.10 are

evident in our simulations of the MAF for various geometries.
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Figure 2.10: Classical ambiguity functions of an up-chirp, (a), and two 20 chip
random polyphase codes, (b) and (c), plotted against velocity and time delay on a
dB scale.

The beam pattern used in these simulations is based on a N-element uniform
linear array with half-wavelength spacing and half-power beam width of approxi-
mately 10° for N = 10 and 4° for N = 25. It is expressed as a function of angle

b
y ; (‘9) _ isin (% Sin(9)>
"N sin (Zsin(f))

—g <6< (2.86)

NS

where F,(0) = Fm(ﬁmm(O)) = Fn(ﬁm,n(O)) and € is measured relative to antenna

boresight. The boresight direction is assumed to be in the direction of the scene
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Figure 2.11: Beam Pattern Power, FZ(6), with N=10.
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Figure 2.12: Arrangement of target, transmitters, and receivers for cases 2.12(a)-(c).

Results

Figures 2.13-2.16 display the MAF for various geometries depicted in Figure
2.12(a)-2.12(c) and are shown with a normalized dB colorscale. The region displayed
is a 6 km by 6 km square. In some plots, peaks are identified by white circles. The
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antenna beam patterns of the transmitters are evident in the plots of the MAF
power.

Figures 2.13 and 2.14 correspond to the bistatic scene in Figure 2.12(a). A
transmitter is spaced at radius 4 km and angle 50° a receiver at radius 4 km and
angle 130°. The transmitted waveform is an up-chirp. We make an arbitrary choice
to locate the target at the center of the scene to impose equal propagation loses at
each receiver in multistatic cases described below, and the target and has velocity
1.5 km/s in direction 270°. In the corresponding velocity cut shown, the peak is
in the correct location. The 10 element beam pattern in Figure 2.13 and the 25

element beam pattern in Figure 2.14 is clearly visible.

Figure 2.13: MIMO ambiguity function (MAF) for bistatic transmitter and receiver
case. FEach antenna has 10 elements and the transmitted waveform is an up-chirp.
Cut at correct velocity.

Y (km)

-80

Figure 2.14: MAF for bistatic transmitter and receiver case. Each antenna has 25
elements and the transmitted waveform is an up-chirp. Cut at correct velocity.
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Figures 2.15 and 2.16 correspond to the scene in Figure 2.12(b). Four receivers
are spaced in a line with a transmitter in the center at radius 4 km and angle 90°. An
up-chirp waveform is used in Figure 2.15 and the phase code from Figure 3.11(b) is
used in Figure 2.16. The target is located at the center of the scene and has velocity
1.5 km/s in direction 270°. Figure 2.15(a) depicts the zero velocity cut in which
the target is nearly in the correct location but is spatially shifted in the direction
opposite of the target velocity by about 300 m, as would be expected from the
up-chirp CAF in 3.11(a). Figure 2.15(b) depicts the correct velocity cut in which
the target is in the correct location. Figure 2.16(a) depicts the zero velocity cut in
which the target is not visible, indicative of the doppler intolerance of phase codes.
Figure 2.16(b) depicts the correct velocity cut in which the target is in the correct

location.

Y (k)

-30

Figure 2.15: MAF for one transmitter and four receiver case. Each antenna has
a 10 element beam pattern and the transmitted waveform is an up-chirp, (a) zero
velocity cut and (b) velocity cut at correct velocity.

Figure 2.17 corresponds to the scene in Figure 2.12(c). Two receivers are
spaced at radius 4 km and angle 45° and 135° from the center of the scene and two
transmitters at radius 4 km and angle 75° and 105°. The rightmost transmitter
emits the random polyphase code in Figure 3.11(b) and the other the phase code in
Figure 3.11(c). The target is located at the center of the scene and has velocity 1.5
km/s in direction 270°. In the corresponding velocity cut shown, the peak is in the

correct location. In other velocity cuts, not presented here, the target is not visible.
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Figure 2.16: MAF for one transmitter and four receiver case. Each antenna has a
10 element beam pattern and the transmitted waveform is the phasecode in Figure
3.11(b), (a) zero velocity cut and (b) velocity cut at correct velocity.

Y (km)

-80

X (km)

Figure 2.17: MAF for the case of two transmitters and two receivers. Each an-
tenna has a 10 element beam pattern and each transmitter emits a distinct random
polyphase code. Velocity cut at correct velocity.

2.4.5 Conclusion

We have outlined the development of a linearized imaging theory that combines
the spatial, temporal, and spectral aspects of scattered waves, and also incorporates
antenna beam patterns.

This imaging theory is based on the general (linearized) expression we derived
for waves scattered from moving objects, which we model in terms of a distribution
in phase space. The expression for the scattered waves takes the form of a superpo-
sition of weighted, time delayed, and frequency shifted versions of the incident field;

consequently we form an image by applying a weighted matched filter.
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The effect of incorporating a transmit beam pattern is consistent with expec-
tations; the returns from the main lobe are greater than that from the side lobes.
The derived MAF has the capability of more closely approximating reality than the
previous foundational work [22].

Our simulations show that the information that can be obtained depends crit-
ically on the transmitted waveforms. In particular, the Dopper-intolerant polyphase
coded waveforms produce a MAF with good localization in velocity, as expected.
The up-chirp MAF, on the other hand, has low sidelobes, but can cause the target

image to focus at the wrong location and wrong velocity.



CHAPTER 3
Polarimetric Radar Data Model

3.1 Introduction

In Chapter 2 we investigated scalar representations of multistatic radar data
originating from the scalar wave equation. In this chapter we formulate a full vec-
tor model for multistatic radar data including the polarization and scattering of
electromagnetic waves. As in the previous chapter, we must address the fusion of
data from multiple transmitters and receivers, a natural consequence of considering
a multistatic system. In the vector case we must also address the representation of
the electromagnetic vector fields and the transformation of these fields that occurs
when the waves are scattered off of a target. The possible advantages of both mul-
tistatic systems and polarimetric systems encourage the formulation of a full vector
model for multistatic radar data.

As discussed in Chapter 1, multistatic systems have a number of theoretical
advantages, including the ability to transmit multiple waveforms from collocated
or distributed antennas, thus enabling interrogation of larger areas of interest due
to the geometry of the system. It may also be possible to augment fielded systems
with additional low-power passive components, forming a bistatic or multistatic sys-
tem [30,36]. The performance of a multistatic system is heavily dependent upon the
number, geometry, and polarization of the transmitters and receivers and the wave-
forms that will be transmitted. An appropriate model can be used to characterize
how these parameters impact performance for a particular environment and targets
of interest. A multistatic system must also ensure that all constituent antennas are
coherent in time, that there is a common clock available to all transmitters and
receivers, and frequency or risk a loss of information [17-19].

There has been significant work done to develop models for multistatic radar
systems and to address issues related to the design of a multistatic system. There
has been theory developed for multistatic moving target detection [1-6], multistatic

imaging of a stationary scene [7-10], multistatic imaging of moving targets [11-16],

42
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and coherence of a multistatic system [17-19].

Polarimetric radar systems are advantageous because more information can
be collected about an environment if multiple polarizations are transmitted and
received than if a single polarization is used. The polarization transformation of
the field incident on a target can provide information about the shape and material
of a target and can aid in target classification [37]. Receiving multiple polariza-
tions also ensures that information is not lost due to the presence of a target that
cross-polarizes the incident field. Despite the historically prohibitive cost of these
systems, polarimetry is integral to weather, geoscience, and synthetic aperture radar
applications [30,37-39].

The earliest work in radar polarimetry was carried out by George Sinclair,
the namesake of the Sinclair scattering matrix [40]. Other important foundational
work was conducted by Edward Morton Kennaugh at the Antenna Laboratory of
the Ohio State University [41] and Jean Richard Huynen [42]. There has been
substantial work in measurement and interpretation of the polarization response
from targets [43], decomposition of target scattering into primitive shapes [44,45],
bistatic scattering [46-51], classification of radar polarimetry according to physical
scattering mechanisms [52,53], and techniques for target detection and image con-
trast enhancement based on polarimetric filtering [52, 54-58]. The practicality of
fully polarimetric radar systems is supported in [59, 60].

The goal of this work is to advance the theory for multistatic imaging of moving
targets by incorporating polarization and considering the full vector electromagnetic
fields.

In Chapter 3 we first provide some background on polarization and scattering
of electromagnetic plane waves and give a detailed description of the multistatic
polarimetric problem addressed in this chapter. We then formulate our data model
beginning with the potential formulation of Maxwell’s equations and the Green’s
function solution to the wave equation resulting in a far-field expression for the elec-
tric vector field. The processes of radiation from a transmitting antenna, scattering
from a moving target, and reception at a receiving antenna are then described in

both the time and frequency domains. Following formulation of the data model
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we derive two imaging operations that weight and sum the filtered data collected
at each receiver, first assuming that the contributions from each transmitter in the
scene are separable and then assuming that the contributions from all transmitting
antennas must be treated as a unit, an assumption that better approximates reality.
We then utilize the presented data model and imaging operations to simulate mul-
tiple antenna geometries with multiple transmission schemes and a single moving
target. Scattering behavior of the simulated target is modeled with both a bistatic
scattering matrix based on physical optics as derived in Appendix D and a general
complex scattering matrix used to investigate the effects of a scattering body that
introduces cross polarization of the transmitted electric field. We end the chapter

with conclusions and a summary of future work.

3.2 Background
3.2.1 Plane Wave Solution to the Wave Equation

Maxwell’s equations in free space can be combined to obtain the wave equation

1 92E(r,t)
2 t)— =—— 11 = 1
VZE(r,t) 2o 0 (3.1)
where
co = (poc0)"/?

is the speed of light in free space, pg is the permeability of free space, and ¢ is the
permittivity of free space. The time dependent solution to the wave equation is the

plane wave

E(r,t) = Epelkm=wb (3.2)

where 7 is the position vector to the point of interest and k = kk is the propagation
vector with wave number k = w/cy and direction of propagation k. The physical

electric field is obtained by taking the real portion of (3.2)

E(r,t) = Re {Eye!Fm—0 1. (3.3)
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In the course of this background discussion we will refer to the physical electric field
(3.3). However, we note that the electric field in the frequency domain, E(r, w), is a
complex quantity and in general when Maxwell’s equations are given in the frequency
domain all field quantities are assumed to be complex [61]. In later sections we will

discuss the complex valued electric field in both the time and frequency domains.

3.2.2 Polarization of Electromagnetic Plane Waves

We consider a coordinate system defined by the orthonormal basis (12:, fL, V)
and rewrite Ey as a sum of h and components, perpendicular to the direction of
propagation,

E, = E’h + E% (3.4)

where EY = a,e % and E° = a,e " so that

En(r,t) =Re {aaei(k""_”t_(s")} = aqcos (k-r—wt—10,) (3.5)
Ey(r,t) = Re {avei(k'r_“’t_51’)} = aycos(k-r—wt—24,) (3.6)

with magnitudes a, and a, and phase angles d, and §,. We define an angle « relating
these magnitudes by
Qg

tana = —
Qy

and let 6 = 9, — J,. Field quantities whose time dependence is a function of a
single angular frequency, for example w, are said to be monochromatic. A general
depiction of the spatial evolution of the monochromatic plane wave components
given by &,(r,t) and &,(r,t) is shown in Figure 3.1.

A

v

Sh('l“, t)

>
>

Ev(r,t)

Figure 3.1: Spatial evolution of monochromatic plane wave components.

The polarization of a plane wave such as €(r,t) describes the shape and locus
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of the tip of the time dependent field vector in a plane orthogonal to the direction
of propagation. In general, the trace of the tip of the field vector as a function of
time forms an ellipse. The polarization ellipse in the h-v plane for a wave traveling

into the page in the k direction in shown in Figure 3.2.

7 Polarization Ellipse

h

A

Major Axis

/

e,

Figure 3.2: Polarization ellipse in the h-v plane for a wave traveling into the page
in the k direction.

Ifa, #0, a, # 0, and § = 0, — 0, # 0 then the field is elliptically polarized.
The polarization is characterized by several parameters labeled in Figure 3.2. The
axial ratio R is the ratio of the major axis of the ellipse, 2a¢, to the minor axis of
the ellipse, 2a,,, and is given by
R=2

g
The rotation angle v is the angle between the major axis and a reference direction

chosen here to be © and is given by
tan 2¢) = (tan 2«) cos §

with —7/2 <4 < 7 /2. The ellipticity angle x is related to the axial ratio by

1 a
tany = £— = £
X R CL&
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and is also given by the expression
sin 2y = (sin 2a) sin ¢

with —7/4 < x < /4.

If the direction of rotation is clockwise in time for an observer looking in the
direction of propagation then the sense of polarization of the wave is right-handed
and if the direction of rotation is counterclockwise then the sense of polarization
of the wave is left-handed. This is consistent with the IEEE convention but goes
contrary to the definition used in classical optics [37,38,62]. With respect to Figure
3.2 the sense of rotation of the polarization is left-handed if x > 0 then and right-
handed if x < 0.

The wave is linearly polarized when 0 = 0 and the field vector traces out a

straight line in time, as shown in the first diagram of Figure 3.3. The angle « is

defined above so that
g,
o = arctan (—)
Ay

is the inclination angle. When a; = 0 the inclination angle is & = 0 and the wave
is completely vertically polarized and when a, = 0 the inclination angle is o = 7/2

and the wave is completely horizontally polarized.

> > »)
> . -
= S s

Figure 3.3: Linear, circular, and elliptical polarization states.

VAN

The wave is circularly polarized when a, = a, and § = +7/2, as shown in

the second diagram of Figure 3.3. If the sign of ¢ is positive then the wave has left
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circular polarization and if  is negative then the wave has right circular polarization.
The third example in Figure 3.3 depicts a general elliptically polarized wave.

At this point we recall that in free space Ey and Hj are related by the expres-

sion
1 -~
HO = —kx E() (37)
Mo
where
Mo
Mo = HoCo = 4/ —
€o

is the free space impedance. As a consequence of Maxwell’s equations the electric
field, magnetic field, and direction of propagation are mutually perpendicular and

together the electric field and magnetic field constitute a transverse electromagnetic

(TEM) field [38].

3.2.3 Scattering of Polarized Electromagnetic Plane Waves

The scattering of electromagnetic plane waves is usually described in either
the forward scatter alignment (FSA) convention or the backward scatter (BSA)
convention. Both of these conventions introduce a global coordinate system centered
at the scatterer and a local coordinate system at both the transmitting and receiving

antennas as shown in Figure 3.4.

z z
4 N
h; hy
RaR 2 . 1 ks
Uiy b ke Ut ;
1 1
.
! ) ! ) b
: T — 6 | Us : ™0 1 Or
1 ! 1 !
L ! L !
~< 0 _l ~< 0 1
\\\ —” \\\ "f
So —_‘—‘— So —_‘—"
~ >Y ~ > Y
¢b ‘\\ ¢s \\\
\\ \\
¢1 ¢i
T T

Figure 3.4: Coordinate systems corresponding to the forward scatter alignment
(FSA) convention (a) and backscatter alignment (BSA) convention (b).
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Forward Scatter Alignment Convention

The FSA convention depicted in Figure 3.4(a) is favored in problems involving
wave scattering by particles and wave propagation in inhomogeneous media [37].
It is also the convention used to describe scattering in Sinclair’s seminal work [40].

The coordinate system defined by the FSA convention is given by

k; = cos ¢; sin 6@ + sin ¢; sin iy + cos 6,2

~ Zin

hi =, = —sin gﬁlﬁl‘ + cos <b1;l)
|Z X kii
v; = h; X k; = cos ¢; cos 6;x + sin ¢; cos 6,y — sin 6,2

and

~

k, = cos ¢ sin 0, + sin ¢ sin Oy + cos 02

. 2 xk . .
hy = ——— = —sin ¢s& + cos g5y
ERSA

Vs = hg X kg = c0s ¢ cos 0,2 + sin ¢ cos O,y — sin 6,2

where k; is the direction of propagation of the incident wave and lgzs is the direction of
propagation of the scattered wave. The FSA convention ensures that the directions
of the vertical and horizontal unit vectors are always defined with respect to the
direction of propagation. In forward scattering s = 6; and ¢s = ¢;, resulting in
the unit vectors IE:S = l%:i, iLS = izi, and v = v;. In backscattering 6, = m — 6; and
b = T + ¢, resulting in the unit vectors ks = —k;, hs = —h;, and D, = o; [37,63].
We observe that the incident electric field can be written as a sum of compo-

nents as

E' =Eh+E (3.8)
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and likewise the scattered electric field is given by
E° = Eh + E30. (3.9)

The scattering matrix in the FSA convention, also known as the Sinclair matrix,

[S]¥S4 is defined by

ik|7| )
E = e|—|[S]FSAE1 (3.10)
r
or
FSA
E? kTl 1 Syh Shovs Ei
L el e b (3.11)
E\Sls |r| SVshi SVsVi E\lll

where |r| is the distance between the scatterer and the receiving antenna [37,40,41].
The polarization of the incident field is in the basis associated with the transmitter
(lAci, ﬁi, v;) and the polarization of the scattered field is in the basis associated with
the receiver (I%S, iLS, Vg).

We observe that the scattering matrix has been defined in (3.10) and (3.11)
such that there is no dependence on range. The lack of range dependence is shown
in more detail in Appendix D where the scattering matrix for a flat rectangular PEC
plate is derived. This is the convention adopted by [37] although some references

adopt a range dependent scattering matrix defined so that
E° = [S|"™AE" (3.12)

Expression (3.12) is the definition given by [64], in which the elements of the scat-
tering matrix are defined in terms of the radar cross section. The data model we
develop in Section 3.4 will already include range dependence and so we choose to

define a range independent scattering matrix.

Backscatter Alignment Convention
The BSA convention depicted in Figure 3.4(b) is favored for calculating radar
backscatter from a given target or medium and in radar polarimetry. The BSA

convention is also consistent with the IEEE standard which defines the polarization
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state of an antenna to be the polarization of the wave radiated by the antenna even
when the antenna is operating as a receiver [37]. The coordinate system defined by

the BSA convention is given by

ki = cos ¢; sin 6;& + sin ¢; sin 0,y + cos 6, 2

- bl

t

;‘>

t — ili = —sgin ¢1§: ~+ cos ¢13)

A

Uy = D; = COS ¢; cos i + sin ¢; cos iy — sin 6,2

and

k., = —k;, = — cos ¢ sin sx — sin ¢4 sin O,y — cos 62
h, = —hg = sin ¢, — cos ¢,y

A

U, = Vg = COS ¢ €08 O + sin ¢g cos Oy — sin b2

where k; is the direction of propagation of the incident wave and k. is the direc-
tion of propagation of the scattered wave. The BSA convention ensures that the
coordinate systems, (lAct, h, v;) and (lgzr, h,, V), are identical when the transmitting
and receiving antenna are collocated. In a backscattering geometry s = m — 6; and
¢s = T+ ¢, resulting in the unit vectors I;:r = IAct, iLr = izt, and v, = v;. In a forward
scattering geometry 0y = 6; and ¢s = ¢;, resulting in the unit vectors k, = —kt,
h, = —hy, and 9, = ¥, [37,63].

As in the FSA convention, transmitted and received electric fields in the BSA

convention can be written as a sum of components as

E'=E'h+E's (3.13)
E' = Elh + E'. (3.14)
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The scattering matrix in the BSA convention [S]B54 is defined by

ik|7|
E = e‘—|[S]BSAEt (3.15)
r
or
BSA
Ion el | Sy Sh E
he | 8 b By (3.16)
B 7l | Syn S E,

The polarization of the transmitted field is in the basis associated with the trans-
mitter (lAct, fbt, v;) and the polarization of the received field is in the basis associated

with the receiver (I%r7 h., o;) [37].

Relating the FSA and BSA Conventions
From examination of the coordinate systems associated with the FSA and

BSA conventions it is clear that

E'=E' (3.17)
and _ -
-1 0
E° = E*' (3.18)
0 1
and so it follows that ~ _
-1 0
[S]754 = [§]754 (3.19)
0 1
or _ .
-1 0
[S]B5A = [S]F54, (3.20)
0 1

Throughout the rest of this chapter we will adopt the BSA convention and so for

ease of notation we let [S] = [S]P%* denote the general scattering matrix.

3.3 Problem Set-up
We will consider a multistatic scene with m = 1,..., M transmitters at posi-
tion &r,,, n =1,..., N receivers at position xg,, and a moving target at position

x, with velocity v,. Our data model will consider the radiation, scattering, and re-
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ception processes as shown in Figure 3.5 for each bistatic pair consisting of the m™
transmitter and n'* receiver. This diagram loosely portrays the input and output
parameters of each process in the frequency domain, top, and time domain, bottom.

The first block entitled ”Radiation” refers to the transformation from the desired

Sm(w) E,,(r,w) E, (r,w) Vo (@)
——> Radiation —— Scattering —— Reception —————>
sm(t) £, (r,1) € (r,t) Upn (1)
Transmit Transmitted Received Received
waveform electric electric voltage

field field

Figure 3.5: Block diagram of the polarimetric radar problem.

transmit waveform to the transmitted electric field, including antenna effects and
the polarization of the transmit antenna. The ”Scattering” block transforms the
transmitted electric field into the received electric field by applying the scattering
behavior of the target and Doppler effects from a moving target. The final ”Re-
ception” block transforms the received electric field into the received voltage, again
including antenna effects and the polarization of the receiving antenna. Our data
model will address each of these processes in detail.

We will assume that all antennas in the scene are dipoles of diameter 2a and

length 2L as shown in Figure 3.6. In the far field the electromagnetic field radiated
L2
[ — 2a
2L

Figure 3.6: An arbitrary dipole of diameter 2a and length 2L.

from a dipole antenna resembles a uniform plane wave with electric and magnetic
fields in time phase, and mutually orthogonal to each other and the direction of
propagation. The electric field only exists in a plane defined by the orientation of
the dipole and the magnetic field exists in the plane orthogonal to both the electric
field and direction of propagation satisfying (3.7) in free space [65]. Consequently, a
dipole antenna is polarized in the same plane that the antenna is in, e.g., a vertically
oriented dipole antenna is vertically polarized. The plane wave components radiated

from a vertically polarized dipole antenna are depicted in Figure 3.7.
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i

Figure 3.7: Plane wave components radiated from a vertically polarized dipole an-
tenna.

Figure 3.8 provides a nominal example of a single bistatic pair of two dipole

antennas that will be modeled in the following section. We observe that the vec-

a'h target at position x,

nt? receiver at position TR.n

m transmitter at position T,

Figure 3.8: One bistatic pair of the multistatic system consisting of two dipole
antennas.

tors r,, and r, from the transmitting antenna to the target and from the receiving
antenna to the target, respectively, are both oriented towards the target, as is con-
sistent with the BSA convention described in Section 3.2.3. The global coordinate

h

system relating the m'" transmitter, n'® receiver, and target as well as the local

coordinate systems of both antennas is depicted in Figure 3.9 where
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> N>

A

T
Figure 3.9: A modified BSA coordinate system where the unit vectors and angles

have been renamed to better suit a multistatic geometry.

COS ¢y, sin 0, & + sin ¢, sin 6,9y + cosb,, 2

=
ﬂm = —sin ¢, & + cos ¢,, Y
Uy, = COS ¢y, €08 O, & + sin ¢, cos 0,y — sinb,, 2
T, = — COS ¢, sin 6, & — sin ¢,, sin 6,y — cos 6,2
h,, = sin O — COS OpY

~

v, = COS ¢, cos 0, + sin ¢,, cos 0,y — sin b,z

and the global coordinate system is centered at the target. Note that each bistatic

pair will require its own coordinate system.

3.4 Data Model

3.4.1 The Potential Formulation
We begin our derivation of the vector data model with the potential formula-

tion [66-68] . Maxwell’s equations in the time domain
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V-D=p
V-B=0
0B
VXS——E
oD

combined with the free space constitutive relations

D= 608
B= /J()?'L
yield
1
V-E=—p (3.21)
€o
V-B=0 (3.22)
oB
=_— 2
VxE=—— (3.23)
o0&
VxB= ,LLDJ + lo€o—=— (324)

ot

where D(r,t) is the electric displacement field, B(r,t) is the magnetic induction
field, £(7,t) is the electric field, H(r,t) is the magnetic intensity or magnetic field,
p(r,t) is the charge density, and J(r,t) is the current density. We use £ to denote
E(r,t) for simplicity.

The divergenceless magnetic induction field can be written as the curl of a
vector potential A

B=VxA (3.25)
and then substituted into the Maxwell-Faraday equation (3.23) to obtain

Vxé’:—%(VxA). (3.26)



57

Clearly from (3.26),

0A
VX(S—FW):O

and consequently the inner sum can be written as the gradient of a scalar potential

o

0A
E+ E =-Vo
so that
0A
E=-Vo - T (3.27)

Substituting (3.27) into Gauss’ law (3.21) yields
V20 + — (V- A) = ——p. (3.28)
and putting (3.25) and (3.27) into Ampere’s law (3.24) we obtain

0P 9?A
V x (V X A) = ,uoj — Moﬁov (E) — MoEOW. (329)

We recall the vector identity
Vx(VxA)=V(V-A)-VA (3.30)

and rewrite (3.29)

OP *A
V(V-A) - VA= 10T — eV (§> ~ Hofo g
and then rearrange to obtain
0*A 0P
(VQA— MOEOW) -V (V : A—|— Moeoa) = —/,Loj (331)

At this point we have reduced the problem of finding £ and B from the four
Maxwell’s equations to finding A and & from (3.28) and (3.31). We choose the
Lorentz gauge, picking

0P

V-A= —Noﬁ‘oa

(3.32)
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and assuming

O(r) >0 as |r| — oco.

Under the Lorentz gauge (3.28) and (3.31) reduce to

D*® 1
20 — ppeg—mg = —— 3.33
\Y Hofo 75 &F (3.33)
and )
0°A
VQA — Ho€o 12 = —,U()j, (334)
respectively.
Expressions (3.33) and (3.34) can also be be rewritten in terms of the d’Alembertian
o 1 0?
0 =V? — woeoz5 =V — 555 3.35
Vi o 2 o (3:35)
as
9 1
e = ——p (3.36)
€0
PA=—poJ . (3.37)

By taking the Fourier transform we obtain the frequency domain equivalents
of (3.33) and (3.34)
V2P + ppeow’® = ——p (3.38)
V2A + pipeow? A = —pigJ (3.39)
where A, J, ®, and j are the Fourier transforms of A, J, ®, and p, respectively,

and A is used to denote A(r,w) for simplicity.

Recall that in free space

and
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where k is the wave number and v, is the phase velocity of the wave and so it follows

that

and equations (3.38) and (3.39) become

- - 1

V2 + k*® = —=p (3.40)
0

VZA+ KA = —pud. (3.41)

3.4.2 Green’s Function Solution to the Wave Equation
We observe that (3.40) and (3.41) are both inhomogeneous Helmhotz equa-
tions that may be uniquely solved using a Green’s function under the Sommerfeld

radiation condition. Recall that the Sommerfeld radiation condition holds that

Jim |z (% - ik) u(r) =0 (3.42)
uniformly in all directions
R
T
for
(V*+k)u=—f in R" (3.43)

and that the Green’s function is the solution to the inhomogeneous Helmholtz equa-

tion with a Dirac delta as the source term

V2G(r) + K*G(r) = —0(r), r€R" (3.44)

where
G i 3.45
(Ir) - 47T|7" ( . )

for n = 3. Thus, the Helmholtz equation in (3.43) has the solution

u(r) = (G* f)(r) = / G — ') f(r')dr

n



60

and we are now able to solve (3.40) and (3.41)for ® and A, respectively,

d(r) = %/G(’r —r)p(r")dr’ (3.46)
A(r) = po / G(r —r)J(r")dr'. (3.47)

3.4.3 Expression for the Electric Field

We next determine an expression for E, the frequency domain electric field,

in terms of the vector potential A. In the frequency domain, (3.27) becomes

E =iwA -V (3.48)
with the corresponding Lorentz gauge

V- A = ijgeqwd. (3.49)

We solve (3.49) for ®

b —

(V-A) (3.50)

Who€o

and substitute (3.50) into (3.48) to obtain
E(r,w) =iw (A(r w) + k2v (V- A(r, w))) (3.51)
Substituting our Green’s function solution for A (3.47) into (3.51) we obtain

E(r,w) = iwug /G('r — 7’ w)J(r w)dr’

+ i“;‘;“v <v . / Glr — r’,w)J(r',w)dr’) . (3.52)

We recall from [62,69-71] that

( /Gr—r I wd’r) /v Glr — 1 ) I (', w))dr’

1
— gJ(r,w) (3.53)
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where the Green’s function is defined in (3.45). A derivation of this property and

an associated lemma can be found in Appendix B. We can then rewrite (3.52) as

E(r,w) :iwuo/G(r — 7" w)J(r w)dr’

1w,u0 /V Gr —r' w)J(r' w))dr' — M;:;J(r,w) (3.54)

and further simplify to obtain

E(r,w) —iwpo (/ (G(r )T w) + 5 V(Y Gl — 7, w) I, w))) ar’

—#J(r m) (3.55)
:iw,uo/ <(I + szV) G(r—r|w)— #6(7“ - r’)) ~J(r' w)dr’
(3.56)
1w,u0/G r—r w)- J(r' w)dr (3.57)
where
G(r,w) = <I—|— k;QVV) G(r,w) — 3/<;25< ) (3.58)

is the dyadic Green’s function [70,71], d(r) = 0(r)I, and I is the unit dyad. We
note that the delta term in (3.58) does not appear in all forms of the dyadic Green’s
function presented in the literature, although reputable sources acknowledge that it

is necessary for (3.57) to hold. The identity
V(V-(Gr—r w)J(r'w))) = (VVG(r—r,w))- Jr' w)

has been used to rewrite (3.55) as (3.56) where VV G(r — 7', w) is a dyadic operator.
We evaluate the differentiation in (3.58) to obtain

i 1 3i 3 A
G(r,w) <1 + m — k‘2|’)"|2) IG(T’ W) (—1 — M + W)T’T’G(T,W)
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and the dyadic Green’s function can be rewritten as the sum

G(’I”7 CU) = GSF(T’, w) + C;"NF(’I”7 CU) + GMF(T, W) + GFF(T',CU) (360)

with
1
Goi(r,w) = —==8(r) (3.61)
3k
G g 3.62
NF("“,W) —W( - 7"") ( )
G P 3.63
MF(Taw)*W( - "“"“) ( )
G R 3.64
(T, W) = 47Tk|r’( —T7) (3.64)

where Gsp, Gnr, Gur, and Ger correspond to the self-field, near-field, middle-field,

and far-field dyadic Green’s functions, respectively.

3.4.4 Radiation

We will now develop an expression for the transmitted electric field radiated by
the m'™ transmitter, denoted E! for consistency with the BSA convention. Recall
the expression for the electric field in terms of the dyadic Green’s function derived

in section 3.4.1
E' (r,w) = iwug / G(r—r' w) J(r' w)dr (3.65)
To obtain the far-field electric field we substitute (3.64) into (3.65) to obtain

E' (r,w) = iqu/GFF(r —r' W) J(r w)dr

ik|r—r’| o
= 1&)[1,0 / m (I —r—7r'r— 7"’) : J(T‘l, w)d’r'

ik|r—r'| g
= 1w / m (J(r',w) —r—7 (r — 7. J(r',w))) dr’. (3.66)
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For large |r| we make the far-field assumption
r—7r|~r| -7 7

and the expression for E! becomes

ik|r| o o
E (r,w) = iwpug © (/ e T I (v w)dr — 7 (fﬁ : /e_‘k’"'r J(?",W)) dr’)

47 |r|
(3.67)
Letting
F(kr,w) = /e_ikf'r/J(r’, w)dr’ (3.68)
denote the radiation vector, the spatial Fourier transform of the current density J,
we obtain .
E' (r,w) = iwuoj—m (F(k#,w) — 7 (7 - F(k#,w))). (3.69)
T
We recall the vector identity
Ax(BxC)=B(A-C)-C(A-B) (3.70)

and observe

It follows that
F—7(r-F)=—rx(rxF)

and so (3.69) can be written as

eik|'r‘|

4r|r|

E' (r,w) = —iwuy (r x (r X F(kr,w))). (3.71)
Local Coordinate System
The derivation of the radiated electric field and constituent radiation vector

makes use of the local coordinate system below where the center of the antenna is



located at the origin.

> N

x

64

Figure 3.10: Local coordinate system used to define the radiation vector.

The coordinate system is defined as follows

T =X cosPsiny + ysin¢siny + 2 cosy
1,@ = X cos ¢ cosY + ysinpcosyy — Z2sin Y

QZ): —xsin ¢ + y cos ¢

where
xr = |r|cos¢siny
y = |r|singsiny
z = |r|cosy

and

Z =1TCcosy —@ﬁsinw.

Decomposition of the Radiation Vector

(3.72)
(3.73)
(3.74)

(3.75)

We recall that the electric field is always parallel to the transverse portion of
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the radiation vector, F| (k7,w), where
F=rF.+F =r(r-F)+(rxF)xr
which can be written as spherical coordinates as
F =¢F, + $F, + ¢F,
and so

F, = (#x F)x 7 =9F, + ¢F, (3.76)

We observe

and so we can rewrite (3.71) as

eik|r\
A7 |r|
eik|7‘\
47 |r|
eik|7‘\

47 |r|

E! (r,w) = iwug ((r x F(kr,w)) x 7)

Fy o (kf, w) (3.77)

= Wi

~

($Fom(t,0) + $Fym(0.)) (3.78)

= Wi

Definition of the Radiation Vector
We will now define the radiation vector F(k7,w) based on the radiator we
have chosen, a thin dipole. The current density and current distribution are related

by the expression

J(z,y,z;w) = 2I(z,w)d(x)d(y) (3.79)

for linear antennas oriented along the z axis [72]. We can rewrite our expression for

the radiation vector (3.68) in cartesian coordinates as

(k_I’ @’ @;w) — /eik(x,y,z)'(x'7y/,z/)/7‘J (:c’,y', Zl;w) d:c’dy’dz’ (3.80)
7| el ||

where

lr| = a2+ y? + 22
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and substitute (3.79) into (3.80) to obtain the radiation vector for a length 2L linear

antenna
kv ky k b Ly
F (_x’_y,_z;w) :2/ e K@) @I (o 0)5(2")6(y')da'dy'd2!
el ) |7 =)
L : /
=z / I(2 w)e *==/Irlqy. (3.81)
~L

Using (3.72) and (3.75) we can rewrite (3.81) as

L

F(r,y;w) = ('ﬁ costh — 1 sin zD) / I(2, w)eikeosv=' g/ (3.82)

—L

where we have left the integral in (3.82) in terms of the cartesian coordinate system
along the antenna. This integral quantity is evaluated for the particular current dis-
tribution that corresponds to the chosen antenna. By (3.76) the transverse radiation
vector will have only a zﬁ component and the radial component can be eliminated
yielding .
F (),w) = —9 sinv,b/ I(2 w)ekeosv=qy (3.83)
-L

We will now consider possible choices for the current distribution of the radiating

dipole.

Hertizian Dipole
For a Hertzian dipole we assume constant current distribution Iy and infinites-
imal length
I(z) = IhLi(z) (3.84)

and substituting (3.84) into (3.83) yields the frequency independent transverse ra-

diation vector

F\ () = —psint I, L. (3.85)

Long Thin Dipole
We instead wish to model our radiator as a thin dipole with the length 2L

much greater than the width 2a. The thin standing wave antenna has approximate
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current distribution

I(z,w) = Ipsin (k (L/2 — |2])) (3.86)

resulting in the transverse radiation vector

Fl(w>w) =

2 (o (i) o (k1) (3.87)

k sin v

[72]. While (3.87) is a more realistic approximation, we wish to relate the radiated

electric field to the transmit waveform of the antenna.

Long Thin Dipole with Modified Current Distribution
Another model for the current distribution of a thin dipole comes from [73-77]
and is related to the current distribution given by Wu and King [78,79]. A zeroth-

order approximation for the modified current distribution is given by

I(2w) = Vit(w)  sin(k (L —2])
’ Zy apsin(kL) +icos(kL)
2iy/in sin (k (L —|z]))
Zy (1 + ap)e L 4 (1 — oy )elkl)
i+ D)V sin (k (L — [2]) ar

- Zo Y (3.88)

where V(w) is the Fourier domain input voltage, Z; is the characteristic impedance

Q
7, = o
2m
with free space impedance
Tlo = HoCo

and
Q=2In(2L/a),

Zg is the generator impedance, assumed frequency independent, with Z, = o2y

and 0 < a; < 1, and I is the reflection coefficient from the antenna to the generator
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given by
= (1=ax) < 1.
(1+ )

If a system is matched then o, = 1 so that Z, = Z; and the current distribution

can be reduced to

irVin(w)

I = ———————sin(k(L — WL .
(2:) = =i o e s (L= D) (3.59)
We assume that V"(w) is given by
Vi (w) = VS (w) (3.90)

where Vj is the amplitude of the input voltage and S(w) is the Fourier transform of
the transmit waveform. The relationship in (3.90) allows us to represent the current

distribution in terms of the transmitted waveform

inVpS(w)

I(zw) = = In(2L/a)poco

sin (k (L — |z|)) e** (3.91)

and we substitute (3.91) into (3.83) to obtain

~

_i2rVpS(w)y cos (kL cos 1) — cos (kL)
Fi(,w) = ln(2L/a)u0wekL ( sin v ) '

(3.92)

Electric Field Radiated from a Long Thin Dipole

We recall that a dipole antenna is polarized in the same plane that the antenna
is in, e.g., a vertically oriented dipole antenna is vertically polarized. We let the
unit vector p,, denote the polarization of the m'™ transmitting dipole where p,, is
given in the basis of the transmitting dipole as described under the BSA convention
in Section 3.2.3. The m'™ radiation vector can be rewritten in terms of a scalar

radiation pattern that is oriented according to the antenna polarization

Fy (Y, w) = Fin(¥m, w)Prn (3.93)



69

where

Fo (o, w)

127V m S (w) kLo (cos (k Ly, cos ) — cos (kLy,)

= M@Ly i 0 ) o

is the scalar radiation pattern for the long thin dipole with modified current distri-
bution,

Yy = arccos (|7 - €,]), (3.95)

and €&, is the orientation of the dipole. Note that previously the v used to determine
the radiation vector for a dipole was defined by the coordinate system where the
antenna is oriented along the z-axis. This value of 1 corresponded to the angle
between the propagation vector and the dipole orientation. In (3.95) we similarly
define 1, as the angle between the propagation vector 7 and the orientation vector
é,, of the m'™ transmitting dipole, where the orientation of the dipole is defined
in the global coordinate system of the BSA convention. In (3.95) we take the
absolute value of the inner product 7 - €,, because the radiation pattern of a dipole
is symmetric.

Substituting (3.93) into the radiated electric field from the m'™ transmitter

(3.77) we obtain
eik|7‘|

E:n(ra (U) = iw,u()

Time Domain Radiated Electric Field

We can obtain a time domain version of the radiated electric field by taking the
inverse Fourier transform with an appropriate contour. We have left the transmit
waveform S(w) undefined and so we assume that a contour of integration exists for

a given transmit waveform so that F~'{S,,(w)} = s, (t)

1 .
E (r,t) :2—/E:n(r,w)e“"tdw
T

=F! {Efn(r,w)}

_ %,mﬁm
2|7 In(2Ly,/ay,) siny,

x FH S (w)e* I HLm) (cos (kL,,) — cos (kLy, cos tbm))}
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~ Vowbn
2|r|1In(2L,, / ay,) Sin b,

* F{cos (kLy,) — cos (kL cos )}
47| n(2L,, /a,) sint, | " o Co

X [5(T—t—L—m)+5<T—t+L—m>
Co Co

—0 <T—t—ﬁcos¢m> —5(T—t+L—mcos¢m)} dr

f—l{sm(w)eik(\r|+Lm)}

Co Co

B Voo N A A
47| In(2L/am) sint,, | Co " Co Co

o (1= B s ) <o (- 1 B o ).

We observe that (3.97) is composed of four terms containing the transmitted wave-
form at various time delays. The first term corresponds to the field radiated from
the center feed of the dipole and thus the field incident at a distance |r| away from
the antenna is composed of a version of the transmit waveform that is only delayed
by time |7|/cy. The second term corresponds to the field radiated from the center
feed but only after the current has traveled to either end of the dipole and been
reflected back to the center, traveling a distance 2L,,. Half of the second term is
contributed by currents reflected from each end. The final two terms correspond to
the field radiated from each end of the dipole after the current has traveled a dis-
tance L,,. This behavior results from the assumption that the field is only radiated
from the discontinuities of the antenna [75], the center feed and ends. In reality
there would be additional reflections of current from either end of the dipole and
the center feed at decreasing amplitudes. Only the zeroth order terms result from

expression (3.91) for the current distribution.

3.4.5 Scattering

The scattered electric field from a target at location x, is given by

eik|:t,afr\

E;’L (’I", w) -

= m[S]aEm (T, w) (3.98)
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where E, is again consistent with the BSA convention,
Tm =Ty — TT,m

is the vector from the m™ transmitter to the a'® target, and [S], is the scattering
matrix of the a' target

BSA

Shnhm Sthm
[S], = [S)2%4 = " o : (3.99)
Vnhm VnVm

a

The scattering matrix is dependent on aspect angle, frequency, and material proper-
ties of the target. The scattering matrix also completely describes the polarization
transforming properties of the target and changes the basis of the polarization of the
m'™ transmitting antenna, (7,,, B, ¥, ), into the basis of the n' receiving antenna,
(T, ﬁn, v,,). The choice of receiving antenna is necessary for the definition of the
scattering matrix.

In the literature most scattering matrices are given for the case of monostatic
backscatter due to the extreme complexity of defining a target’s scattering matrix
for all possible transmitter and receiver orientations and polarizations. In the simu-
lations presented later we will use a bistatic scattering matrix for a flat rectangular
plate derived for our specific scenario in Appendix D in addition to more complex
scattering matrices defined for the monostatic case.

We also observe that because we are considering a general scatterer we do
not know the frequency dependence of [S],. In subsequent sections we will assume
that the scattering behavior can be sufficiently described over the bandwidth of the
transmit waveform by the values of [S], at the carrier frequency. This is so that we
may consider the scattered field in both the time and frequency domains without
knowledge of the inverse Fourier transform of the scattering matrix. We will also
consider the case of the flat rectangular plate where the frequency dependence is
derived in Appendix D.

Let

plrrn - [S]aﬁm
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denote the polarization vector of the incident field transformed by the scattering
matrix of the a' target. Observe that pr, is no longer of unit magnitude because
[S], will be frequency dependent and include a scattering amplitude coefficient.
Although we have not yet discussed the receive antenna in detail, p; implicitly
depends on the polarization basis of the receive antenna.

Substituting the radiated field (3.96) into (3.98), the scattered electric field

becomes
oik(Irm|+lza—r])

E, (T> w) = wo Fm(zﬁm)pfn' (3100)

(47)2 |7 |20 — 7]

Scattered Electric Field for Moving Targets
We will next consider the case of moving targets. We first substitute (3.94) into

(3.100) and Fourier transform the scattered electric field through a process similar

to that used to obtain (3.97)

1 .
& (r,t) :%/Efn(r,w)e_wdw

=F HE;, (r,w)}
_ Vo,mPm
2(47)|rml|®a — 7| In(2L0 /@) sin Y,
x FH S, (w)eklrmltlza=rltlm) (cog (EL,,) — cos (kLy, costm))}

_ VomP
4(47T)|Tm||r - ZBq| ln(2Lm/am) sin 'Qbm

— — 2L
AR
Co Co Co Co Co

m a Lm
— s, (t— 7] — [z — 7| -1 —cosz/)m))

Co Co Co

. <t_ "’"m‘ _ |wa —T" . L_m(l +COS'§Dm)):|

Co Co Co
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_ Vo,mPrm
4(47T)|ma - mT7m| |’I" - qu| hl(QLm/a'm) sin wm

[ ( %o — T \%—ﬂ)
X [Sm |t — —
Co Co

s (o [Ta — @l [Ta—7T| 2L,
" Co Co Co

a m a Lm
— Sm (t— i N T —(1 —coswm))

Co Co Co

a m a Lm
— 5 (t— 0 = el _ @07 Lm g +cos¢m)>] . (3.101)
Co Co Co

We next substitute &, —v,t for the position of the a'® moving target to obtain

VomPrm
A(4m) |y — T m + Vat||Te — T + vt In(2L,, /ay,) Sin ¢y,
[ < | Ty — T4 + V.| |:ca—r—|—'vat|>
X |Sm | t— . —
Co Co
a m at a at 2Lm
—|—sm<t—|w Trm + V|| [T — T+ vat] )

E,,(rt) =

Co Co Co

[ m at a at Lm
_Sm(t_\a: Trm + Val| [T —T+ |——(1—cos¢m))
Co Co Co
s (t CTa —@rm Fvet|  [wa—THwit| Ly

Co Co Co

1+ cosw,,g)}
(3.102)

and assume that the target is slowly moving with respect to cg, |v,| < ¢o. For large

distances |z, — 1, and |z, — 7| we assume
|wa - CcT,m + Uat| ~ ‘wa — wT,m| + waia,m : Uat

and

—_—
Ty — T V| |, — |t X, — 1V,
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so that our expression for the time domain scattered electric field becomes
Vo.mD},
£ (1) = 0P :
4(47T)|$a - wT,m| ’ma - ’I"| ln(QLm/am) sin i,

—_— —_—
|To — Trm|  To— TVt | —T| Ty — TVt
X |8m [T — — — —
Co Co Co Co

U P |0 — T m] B waf?T,m~vat B |z, — 7|
" Co Co Co

.’1{3‘ cvat 2L,
Co Co

—_—
( |To — TTm|  To— TVt |T—T
— s | t— — —
Co Co Co

—_—
T, —7T- v, L,

(1 — cos @Dm))

Co Co

— S (t - ‘wa _ ZCT7m| o waia,m . 'Uat N |wa -7
m

Co Co Co
af—\r -v,t Ly,
—— — —(1+ Coswm)>]
Co Co
VomPin

44|z, — [ 0(2L,, /ay,) sin oy,

X o
[Pm| PVt e — T @y — T v,
X s [ = 22— - -
Co Co Co Co

L <t_|rm|_fm-vat_|wa—r|
m

Co Co Co
—_—
x,— T -v,t 2L,
Co Co

< [Pm| P vat Ty — 7
— s |t — _ _
Co Co Co

—_—
x,—1T-v,t L,

Co Co (1 — CO8 wm>>

_Sm<t_|rm|_ﬁm-vat_|ma—r|

Co Co Co

Co Co

_Za T Vb Ly cowm))] . (3.103)
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Frequency Domain Scattered Electric Field for Moving Targets

We obtain the frequency domain scattered field for a moving target by Fourier

transforming (3.103)

E (r,w) :/Sin(r,t)ei“’tdt

=FAE,(r, 1)}

_ VomP,
4(47T>|Tm| |wa - ’l°| 1n<2Lm/am) sin wm

xf{sm (t— |7 B T - Vgl B |z, — 7| B af—\rwjat)
Co Co Co Co

Sm | t — — — _ _

Co Co Co Co Co

. (t_\rm]_fﬁm~vat_|a:a—r|
m

Co Co Co

—_—
T, —171T- -v,t Lo,

Co Co

(1 — cos wm)>

. (t_|rm|_’ﬁm~vat_|aza—r|
m

Co Co Co
m -v,t L,
- — _(1 + COS’lpm)) }
Co Co
B Vo,mP

T AAm ][ — v (2L fa) s G,

|Pm| P vat | — 7 z, —1r-v,t L,
x F Sm | T — - — — - —
Co Co Co Co Co

L
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B Vo.mPr,
4(47T)|rm| |wa - 'T‘| 1n(2Lm/am) sin wm

xf{sm (t— |7 _fﬁm~’vat_ |z, — 7 _m~vat_L_m>
Co Co Co Co Co

* {5 (t+L—> +4 (t— L—) —5( —meoswm)
Co Co Co

T2 [ [@a — 7| (2L /) Si0 6 (cos (kL) — cos (kL cos ¢n))

S O O T e A T
" CO CO CO CO CO )

To obtain the F{s,,(-)} we first rewrite the expression

Fis (_)}:f{s (t_ ]rm|_'f'm.vat_|wa—r|_a{_\r.vat_ll_m)}

Co Co Co Co Co

Z]:{Sm ((1_ (Tm+zca—r).'va>t_ 7| [Ta — 7 _L_m>}
Co Co Co Co
m a Lm
:f{sm (at— ‘ZO| e - rl_ E)} (3.105)

Oé:l—(lf.m_’_ag-_\r).'va:l_ﬁ
Co

where

and through the change of variables 7 = at (3.105) becomes

m a Lm i
Flsm()} = /—sm( ’T | _Jma=r ——) eT/odr, (3.106)

Co Co

We observe that the quantity 3 is very small and so we are able to Taylor expand

o —

(P + @y —7T) v,
Co

Q|+

~1+p8=1+
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and we can rewrite (3.106)

f{Sm(>} :/Sm (7_ i I'r'm| i |$a — ’I°| . L_m) ei(”ﬂ)‘”dT

Co Co Co
. M |z —| Lm
S (14 Bw) (S T ) (3.107)
where .
T+ Xy —T) Vg
5o )- v
Co

The frequency domain scattered field for a moving target can now be written

by substituting (3.107) into (3.104)

B (rw) = Y0P (L) jaepe(tiplegiele i)
" 2(47T)|rm”a:a - Ir’ 1n(2Lm/am) S 1/1m
X (cos (kLy,) — cos (k Ly, cos,,)) . (3.108)

Narrowband Assumption
As an aside we recall from [80] the definition of a narrowband signal. We define
the upper and lower frequencies of the passband of the power spectral density of a

signal as fy and fr,. A signal is considered narrowband if the fractional bandwidth

Ju—fu

Be =t

is between 0 and 0.01. We observe that in simulations utilizing an X-band waveform
with 10GHz carrier frequency can have a fractional bandwidth of nearly 100 MHz
and still be considered narrowband.

We can alternately obtain the frequency domain version of (3.105) after mak-
ing the narrowband assumption. We assume that the transmit waveform s,,(-) is

narrowband and can be rewritten as
S (t) = & (t)e i m?

where §,,(t) is slowly varying with respect to ¢ and w,, is the carrier frequency of
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the transmit waveform. Then (3.105) becomes

Flsm(-)} zf{gm (t B LTI ek L_’”) e—i“m(“t"’é’?—m‘io"'—i?)}

Co Co Co

=S (W — awn,) ei(w+(l_a)wm)(%+lmigrl+%) (3.109)

If we make the narrowband assumption the expression for the scattered field

becomes
E,fn(’l“, (,d) _ %,mpmsm (w - awm) : i(w+(lfa)wm)(|zigb‘+%+%)
2(47T)|'rm| Lq — 'I"| ln(2Lm/am) sin ¢m
X (cos (kLy,) — cos (k Ly, cosy,)) . (3.110)

3.4.6 Reception

We will now model reception of the scattered electric field on the n'" dipole
receiver located at @, and with polarization p,, given in the basis of the receive
antenna. By the general Lorentz reciprocity theorem, the open current received

voltage at the n'" receiver is given by
V;rnm(w) - E;n (wR,naw) : HJ_,n (3111)

where H | ,, is the perpendicular component of the effective vector height of the n'h
dipole H,, [66,72,81].
The effective vector height is related to the radiation vector, previously defined

for a thin dipole in section 3.4.4, by

H, =- (3.112)

Iin
where [, is the input current to the antenna terminals [40,72,82]. We again as-
sume a matched antenna system and define the input current of the n** dipole by

substituting z = 0 into the modified current distribution for a long thin dipole (3.91)

1mVo niSn, (w)

— in(kL,,)e*n. 3.113
In(2L,,/a,)poco sinkL)e ( )

]in,n =
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We can write the transverse radiation vector, H, ,, in terms of a scalar reception
pattern and the polarization of the dipole just as was done with the radiation vector
in (3.93)

H | (tn, w) = Hy(¢n, w)pn (3.114)

where

Hn(¢n’ (A))

2 (COS (kLy) — cos (kL cos wn)) (3.115)

Tk sin(kL,) sin ¢,

is the scalar reception pattern obtained by substituting (3.92) and (3.113) into
(3.112) and taking the scalar portion,

Y, = arccos (|7, - €,]),

and €, is the orientation of the receive dipole. Substituting (3.114) into (3.111) we

obtain

Ve (w) 2 (cos (kL) — cos (kL, cos )

- ksin(kL,,) sin ¢, ) Dn - E,, (Trp,w). (3.116)

Time Domain Received Voltage as a Function of & (r,1)

We can obtain the time domain received voltage in terms of the scattered elec-
tric field, €}, (r, t), in (3.103) by inverse Fourier transform using F~'{ E* (xR ,,w)} =
En(r,1)

vy (1) _ 1 / Ve (w)e “dw
2m
=F  {Von(w)}

o 2C0pn
sin,

1 { B (250, ) (cos (kL) — cos (kL cos wn))} .

(3.117)

wsin(kL,)

We continue the derivation of the time domain received voltage by writing the

inverse Fourier transform term as a convolution of two inverse Fourier transformed
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terms, one known and one to be determined,

Upn (1)

R 2 e _, [cos(kL,) — cos (kL, cos )
_sin wn : |:f {Em (wR,na w)} * F { (JJSiD(k’Ln) }:|

_ 2¢oPn r 4 [cos (kL) — cos (kL cosy,)
_sin wn |:8m(wR,n7t) * F { WSin(kLn) . (3118)

Observe that in (3.118) we have written the time domain received voltage as a
convolution of the scattered electric field incident at @ ,,, £},(Tr ., t), with the time
dependent portion of the impulse response of the reception process. This impulse
response is the inverse Fourier transform of the frequency dependent terms of the
transfer function for the reception process. The frequency independent portion of
the transfer function is still present in the impulse response and can be seen at the
beginning of (3.118).

We find the inverse Fourier transform term in (3.118) using the residue theorem
and Jordan’s lemma. We take the real line indented below the simple poles from

the denominator as the line of integration resulting in

-1 J cos (kL) — cos (kLycost,) |
{ wsin(kL,) } B

[e.o]

1 1 . ¢
ari 2o ¢ (1= (21)P cos (pm cosi).
Yoo

(3.119)

The details of this procedure can be found in Appendix C. Substituting our solution

from (3.119) into (3.118) we obtain

2C0Dn I =1 . ,c
Uon®) = S 5““’&"’”*%,,; e (1= (=1)7 cos (pm cos )
p#0

(3.120)

We now substitute our expression for & (r,t) from (3.103) with r = xg, into



(3.120)
’Ur (t) _ COﬁn . V;J,mplén
mn misin, | 4(47)|rn||r] In(2L,,/ar) sin iy,
T, P » Vgl T T+ Vgl
X t
Sm | t— — — —
Co Co Co Co
L t_|rm|_'ﬁm-vat_|rn|
" Co Co Co
T Vgt 2L,
Co Co
. t_|rm|_ﬁm~vat_\rn|
" Co Co Co
An : at Lm
)
Co Co
. t_|rm|_f'm-'vat_|rn|
" Co Co Co
An : at Lm
I Y ——(1+cos¢m)>]
Co Co
- 1 —iprt 0
* —e "MLy (1 — (—=1)P cos (prcoshy,)) |-
pr—
p#0
We let
o (lf'm + rn) U,
6 - C() )
. 7| 70|
,-)/ - + )
Co Co

81

(3.121)

and r, = x, — TR, for the receiving dipole located at xr,. We note that this 3

is the same as defined in Section 3.4.5 but with the position @y, substituted for r

—

so that m becomes 7, = £, — TR ,. We rewrite the sum of delayed transmit

waveforms as a single delayed transmit waveform convolved with a sum of delta

functions
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" ( ) _ COVE],mpin : ﬁn
m (Ami) (A7) |rm||ea — 7] In(2L,, /ap,) sin )y, sin by,

X Sm ((1—ﬁ)t—7—LC—’:> x {6<t+i—:) +5(t—i—:>
-0 (t—I—L_mcosz/Jm> _5(t_L—mCOSQ/}m>:|
Co Co

o0

1 . ¢
* Y e T (L - (=1 cos (pr cos i)
p

p=—00
p#0

COVZ),mpzn ) ﬁn
(Ami) (A7) |rm||ea — 7] In(2L,, /ap,) sin )y, sin by,
L
<o (10— -2

Co

o0

1 .
# 3 e T (L (= 1)7 cos (prcos i)
——
pp#ﬂ

. L . L s L
< [e—lpwﬁ + elpwﬁ i e—lpwﬁ CcoS Y,

A
. e1p7rﬁ Coswm]

CO‘/O,mpgn : ﬁn
(2mi) (A7) |rm||ea — 7] In(2L,, /ap,) SIN 1, SID 1D,

o (0111 =)

oo

* Z %eimtz% [(1 — (—=1)? cos (pm cosy,))

p=—00
p#0

L, L,
X (cos (pﬂL—n) — cos <p7rL—n coS wm)) }

CO‘/O,mpin : ﬁn
(2mi)(47) |rm||ea — 7] In(2L,, /ap,) SIN A, SID 1D,

[ (-]
1

o
y _eflpﬂ'(t*T)z*?I |: 1—(=1)°cos pm Ccos wn
3! (1= (=1)7 cos (pm cos )
p#0

X (cos (pﬂi—:) — cos <p7rII:—7: cos %n)) :|d7'. (3.122)

The physical significance of (3.122) can be partially understood by examining the
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above derivation, particularly (3.121). It is clear that four time delayed versions of
the transmit waveform are incident on the receive antenna. However, the reception
process of the dipole, which is expected to mirror the radiation process by reciprocity,
is hidden in this formulation. The physical interpretation of the received voltage

will be explained in an aside in the next section.

Time Domain Received Voltage by Substituting E7, (r,w)

Alternatively we can obtain the frequency domain received voltage (3.122)
by substituting the expression for the frequency domain scattered electric field,
E! (r,w) (3.116), into (3.108). We choose not to make the narrowband assumption

for generality and V! (w) becomes

VomSm (1 + B)w) Pry - Pn_i(1p)w(vtm) 1

Vonl) =yl [l (2L ) sin(kL,)
cos (kL) — cos (k L, cos,,)\ ( cos (kL) — cos (kL, cos,)
% ( sin ¢, ) ( sin ¢y, ) .

(3.123)

We again obtain the time domain received voltage by inverse Fourier transform

T 1 T —iw
i®) =5z [ Vil d

=F {Von(w)}

= CO%’m pfn ' ﬁn —1 1 iw( 1+5)( co )
e e s (1 A

(cos (kL,,) — cos (kL,, cosy,)) (cos (kL,) — cos (kL, cos z/zn))}

— CO%,m pfn . ﬁn — iw(1+8) CZL
(47 |r| || (2L, /ag,) Sinthy, Sinwnf 1 {S (1+Bw)e (o )}

L Pl { (cos (kLy,) — cos (kLy, coiws?zzéz?ls)(krlm) — cos (kL cosy,)) } '

1
. sin(kL,,)

(3.124)
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We next make a change of variables to find the first inverse Fourier transform term

Fl {Sm((1+ﬁ)w) eiw(1+5)(w+LcBn)} = 1—{1_657,” (1—{t—ﬂ — - l;_:)

S (R
~ Sm <(1—6)t—7—i—;”)

for small 5 and continue the derivation of v}, (¢)

D5 P Lu,
Uy (t) = 0Vom Pin ' B <(1—ﬁ)t—v—_)

(A7) [T |7 0 (2L /1) SIS S0 " o

. Pl { (cos (kL,,) — cos (kL,, cozws?izkEZis)(kLn) — cos (kL, cosy,)) } '

(3.125)

Observe that in (3.125) we have again written the received voltage as a convolu-
tion, here a convolution of the time delayed transmit waveform s,,(-) with the time
dependent portion of the impulse response of the combined radiation and reception
processes. This impulse response is the inverse Fourier transform of the frequency
dependent terms of the corresponding transfer function. We note that this impulse
response does not completely relate the original transmit waveform s,,(t) with the
received voltage because the waveform in (3.125) is time delayed.

As an aside, we examine the physical interpretation of (3.125). We rewrite

(3.125)

CO‘/Ompr ﬁn Lm

r t) = . n m 1— t— -

Unn(t) 2(47) [T [ 7| (2L /) 5101 Wy ST 0y (( Byt = co)
1

—1
x F
{ ( jwLn —iwL—")
wle °c« —e €0
. Lm _ i Lm . Lm _ . Lm
x (elw o + e iw 0 — elw 0 CcoS Ym —e iw o coswm)

i Ln _iwIn iwLln _iwIn
x (elwco +e iw o _elw o cos YPn, _ e 1wc0 coswn> }
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2047 |7 |7 111(2Lm/am) sin ¢, sin wn Co
. (Lm+Ln) . (Lm+Ln) . (Lm—Ln) . (=Lm+Ln)
* Ffl {elw T +e iw 0 + elw % + elwiqJ
iw (Lm cos pm~+Ln cos Pn) —iw (Lm cos m+Ln cos Pn)
+e <o +e <o
iw (Lm cos pm —Ln cos pn) iw (=Lm cos pm+Ln cos Pn)
+e <0 +e <o
iw (Lm+Ln cos ¢n) —iw (Lm+Ln cos ¢n) iw (Lm—Ln cos Pn)
— e <o —e co —e co
iw (=Lm+Ln cos¢n) iw (Lm cos ¥m+Ln) —iw (Lm cos Ym+Ln)
iw (L cos pm—Ln) iw(*Lm cos Ym~+Ln) }
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)+

(3.126)

(3.127)

We leave the remaining inverse Fourier transform term in (3.126) in its current form.

Examining this term, we observe that the complex inverse Fourier transform will

have a double pole at w = 0. This singularity is order 2 due to the sin(kL,,) term in
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our choice of input current, I;,, in (3.112) in addition to the 1/w from E, (g, w).
As in Appendix C, we can indent below this pole and find the contribution from
the small arc of radius e. We find that in the limit as ¢ — 0, the contribution
goes to infinity and so we cannot continue to solve for the time domain received
voltage. The complete time domain received voltage will be derived shortly in a
more tractable formulation. However, the point of this aside has been to obtain a
formulation of v}, (f) that can be interpreted physically. We observe that we obtain
a summation of sixteen time delayed versions of the transmitted waveform. This
intuitively makes sense for the chosen radiator, a long thin dipole, because, as we
have shown in Section 3.4.4, using the zeroth order model for the current distribution
on a long thin dipole results in the radiation of four distinct time delayed versions of
the transmit waveform emanating from the feed point, an end of the dipole, or the
feed point after reflection at one end of the dipole. After undergoing the scattering
process described by the scattering matrix [S],, each of these signals may be incident
on either end of the receive dipole, the feed point, or may enter the feed point, travel
to an end of the dipole and back to the feed, resulting in four received voltages from
each radiated signal for a total of sixteen received voltages. The time delay of each
term in (3.126) corresponds to one of the scenarios just described.

Now that we have developed some understanding of the physical significance
of the received voltage we will continue our derivation. We find the remaining
inverse Fourier transform term in (3.125) using the residue theorem and Jordan’s
lemma. As in (3.119), we take the real line indented below the simple poles from

the denominator as the line of integration

71 { (cos (kLy,) — cos (kLy, Cosww;zzk(zzs) (kL,) — cos (kL, cosy)) }

o0

1 1

== . 5 e Py {(1 — (—=1)? cos (pm cosy,))

p—
X <cos (pﬂi—ij) — COS (pwi—: cos Q/Jm)> 1 (3.128)

p#0
The details of this procedure can also be found in Appendix C. Substituting our
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solution from (3.128) into (3.125) we obtain

C0‘/0 m pr . ﬁn Lm
r t = ) m . 1 . t B L
) = el I (2L ) sin Gy sin 0, (( Bt == )

o0

1 1

o ];e_imtz?» [(1 — (=1)? cos (pm cos¥,))

p=—00
" Ly, Ly, y
cos | pm I —cos | pm L COS Uy,

p#0
CO%,mpin : ﬁn
(271) (470) | v | |70 | I0(2 L1, / @y ) SI0 0y, SIDL W,

Y~

X (cos (pﬂi—j) — cos (pﬂ%: cos ¢m)) :|d7‘ (3.129)

with
P+ Pr) - Vg
5o | )
Co
and
Crml | Il
V=t
Co Co

We observe that (3.129) is identical to (3.122), as expected.

Narrowband Assumption

We next rewrite expression (3.129) under the narrowband assumption. As in
section 3.4.5 we assume that the transmit waveform s,,(-) is narrowband and can
be rewritten as

S(t) = G (t)e !
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where §,,(t) is slowly varying with respect to ¢ and w,, is the carrier frequency of

the transmit waveform. Then (3.129) becomes

(%

(2mi) (A7) || |rn| I0(2L, / ay,) sin iy, sin 4,

X / Sm <T -7 - L_m) e wm <(17ﬁ)Tﬂi LCBT)
1, 0
y _eflpﬂ'(tf‘r)m |: 1—1(=1 pCOS P COS wn
> (1 (~1)" cos )

X (cos (pﬂi—j) — oS <p7rllz—: cos wm>) :|d7'. (3.130)

3.5 Image Formation

r, NB( ) CO‘/O,mpin ' ﬁn

mn

The goal of the imaging operation is to determine the distribution of three-
dimensional positions and three-dimensional velocities corresponding to targets in
the scene. Consequently, the full dimensional case image is formed in six-dimensional
phase space. The resulting image will also allow us to examine the angle dependent
scattering response of these targets and the transformation of transmit waveforms
caused by the chosen radiators.

We let xj, and v;, denote a hypothetical position and velocity, respectively, and
the a subscripts in x, and v, now denote a true location and velocity. Then time
domain received voltage, as given by (3.129), from the n'® receiver corresponding
to the signal radiated from the m™ transmitter and scattered by a true target at

position @, with velocity v, and angle dependent scattering matrix [S], can be



90

rewritten

([S]aﬁm> “Dn CO%,m
(2L / ) in 4y, sin 4y, (271) (47) |78, | g ]

o ((1—5%—7“—[;—;”)

9 1 . .
X Z Z e =)z, [(1 — (—=1)P cos (pm cosy,))
p

p=—00

v;rm(tv Lq, va) =

p#0
Ly, Ly,
X (cos (pr—n) — oS <p7TL—n cos ¢m>) :|d7’
=Ry Qmn(t, Tq, Va) (3.131)
where
. Vou
" A [l (2L ) S0 i U
and
([S]apm) " Pn /°° L,
— e 2 1 _ a _ a T
Qmn(t, Ta, Vo) Sy - om (1=p"71 =~ -
X Z €0 gipm(t=m) {(1 — (—1)P cos (pm cosy,))
————
pp#O
L L
X (cos (pWL—:L) — cos (pr—: cos ¢m)) :|d7'.

(3.132)

We note that we will now explicitly include the parameters x, and v, in
vk (t, x4, v,) so that it may be distinguished from v}, (¢, @y, vy,). Likewise we add
the superscript h to r?, = ©, —xr,, and r) = x, — T, to distinguish the quantities

from v = x, — xr,, and " = x;, — xR, and

and
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At this time we will also define s,,,, (¢, ;, vy,), the time-delayed, Doppler-scaled
version of the transmitted waveform corresponding to a target at position x; with

velocity vy, so that

Smn(t, Th, o) = sm (1= 8"t —") (3.133)

where s,,(t) is the waveform emitted by the m™ transmitter. Observe that this
waveform does not have the L,,/co delay present in the waveform in (3.132). This
delay corresponds to the time that it takes for the signal to travel from the feed
point of the antenna to either end and is specific to the chosen radiator. We will
use this notation in the following description of the imaging process.

We let ¢(x,, v,) denote the true distribution of point-like scatterers in position
and velocity and as in [11-16], we construct an image I (x;, v;,) as an approximation
to q(x,,v,). The scattering matrix [S], describes the scattering behavior for a
point-like target at position x, and velocity v, in the distribution g(x,, v,).

We will approach image formation under two sets of assumptions: first the
received data is assumed separable so that the contributions emanating from each
transmitter can be distinguished and next the total received data at each receiver
must be treated as a unit. While the former scenario is more desirable, because the
contribution from each bistatic pair of a transmitter and receiver can be examined
independently and weighted, the later scenario more closely approximates reality. In
general, a receiver in a multistatic system will receive a superposition of transformed
versions of the waveforms from each transmitter and would only be able to deal
with individual bistatic pairs if the signals can be separated through preprocessing,
which may not be possible. However, if the transmitted waveforms are distributed
in frequency or are coded in a way that makes the signals separable, then the first
approach may be possible and the added flexibility of dealing with bistatic pairs

makes this approach worthy of investigation.

Narrowband Assumption

If the narrowband assumption is made and we use the expression for the time
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domain received voltage in (3.130) then

U%SB(t,ma,va) — Riln@%?b(t,ma,’va) (3134)
with
~ \T .~ 0 I . e im
A B - L
2mi e co
S Co —ipT('(t—T)CO|: »
% € Ln | (1 — (—=1)P cos (pm cos ¥y,
p; P (1= (=1)" cos( )
p#0
L, L,
X (cos (pﬂL—n) — Cos (p?TL—n COS wm)) ]dT'
(3.135)

Frequency Sensitive Scattering Matrix

If the scattering behavior of the target varies over the bandwidth of the trans-
mitted waveform then we cannot take the term ([S].pm) P, outside the inverse
Fourier transform to find the time domain received voltage as in Section 3.4.6. The

expression for the time domain received voltage is then given by
U (t, @0, Va) = Rip, Qi (¢, @, va) (3.136)
with
FS —1 ([S]aﬁm)Tﬁn a iw(1+5a)<7a+m)
t, &4, Vy =F —Sm 1 c
an( yLa, U ) { ksm(k:Ln) (( +B )w)e 0

X [(cos (kLy,) — cos (kLy, cos )

x (cos (kL) — cos (kLy cos wn))} } (3.137)

In this case (3.137) cannot be further simplified without knowledge of the specific

frequency dependence of the scattering matrix [S],.
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3.5.1 Contributions from each Transmitter Assumed Separable

In this section we assume that some preprocessing has been done to the data
from each receiver so that the contributions from each transmitter are known. As
discussed above, the transmit waveforms would need to be specially designed in this
scenario and knowledge of the transmit waveforms and positions of each transmit
and receive antenna would be beneficial if not necessary. This is the assumption
made in [11-16].

The time domain data from the n' receiver corresponding to the signal radi-
ated from the m' transmitter and scattered by a true target at position x, with
velocity v, and angle dependent scattering matrix [S], is written in terms of the

time domain received voltage as

dmn(ta Lq, va) = / Ufnn(ta Lq, va)Q(maa va) dmadva

= / ann@mn(ta Lq, Ua)‘](wa, ’Ua) dzcadva.
We can then write the data in terms of a forward operator
P (q(®a,va), [S]a) = din(t; T4y va) (3.138)

that describes the transformation from the distribution of targets ¢(x,,v,) and
corresponding scattering matrices [S], to the received data d,(t,x,,v,). Image
formation involves applying an approximate inverse of the forward operator to the
received data

Pl dpn(t, g, v0) — (s, V). (3.139)

As in [11-14, 35], this is done by taking the inner product of the received data,
Ay (t, 4, v,), with a version of the transmit waveform s,,, (¢, &y, vy) corresponding
to a hypothetical location and velocity. We recall that the complex inner product,
< -, >, is given by

< fig>= / f(2)g" (z) da.

The output from each bistatic pair is then weighted and summed under the as-
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sumption that the system is coherent, that there is a common clock available to all
transmitters and receivers.

We write the resulting image as

wh7’vh ZZWmn/ t whavh>dmn(tawa7'va> dt
- Z Z Wmn / t L, vh) / R%ann(ta Ly, va)Q(waa va) dwadva dt

-/ [ZZWmanm [ @tz vt 0) dt]

X q(xq,v,) da,dv,

= / K(xp, vp; @4, 00)q(xy, v,) de,dv, (3.140)

where the point-spread function, K (), is given by

K(wh, Vh;, La, va = Z Z WmnR(:nn / an(t, Lq, 'va)s;:ln(t; Lh, ’Uh) dt

—ZZWmnR%nAmn(wh,vh;aza,va) (3.141)
and as in Chapter 2 A,,,(-) is an analog to the ambiguity function given by

Amn(wha Up; La, va) = / an(t, Lg, ’l)a)S;knn(t, Lh, 'Uh) dt. (3142)

The image formed in (3.140) is the total image created by combining contributions
from all transmit and receive polarizations, equivalent to adding the HH, HV, VH,
and VV components from each receiver. We recall that the linear basis that defines
the polarization of each transmitter and receiver is dependent on the location of
the antenna. If there are multiple transmitters or receivers then it no longer makes
sense to talk about the HH, for example, component of the image because there
may be multiple contributions with horizontal transmit and receive polarization
where horizontal polarization is defined differently at each antenna. If we wish to
examine the HH, HV, VH, and VV components of an image individually then we use

(3.140) but consider only the received data that has a single transmit and receive
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polarization. Considering these components is more intuitive when there is a single
transmitter and receiver.
If the system is not coherent, the magnitude must be taken of the output from

each pair before summation, phase information will be lost, and (3.142) becomes

Amn(wha Vp; Lq, Ua) = ‘/ an(t, L, UCL)S:;’Ln<t7 Lh, vh) dt| . (3143)

3.5.2 Contributions from each Transmitter Assumed Nonseparable

In this section we assume that no preprocessing has been done to the data
from each receiver so that the total received data at each receiver must be treated
as a unit. This is the assumption made in the statistical MAF presented in Chapter
2 and in [4,5,15,20,83-85].

The total time domain data from the n*® receiver corresponding to the signal
radiated from all transmitters and scattered by a true target at position x, with
velocity v, and angle dependent scattering matrix [S], is written in terms of the

time domain received voltage as

dn(t7 Lq, va) = / Z U;@n(tv Lq, va)Q(may va) dmad’va

—/Z R Qmin(ts Ta, 06)q(Ta, Vo) A, dvg.

We can then write the data in terms of a forward operator similar to the

operator defined in (3.138)

P (q(xa,v,),[S]a) = dn(t, 24, v4) (3.144)

that describes the transformation from the distribution of targets ¢(x,,v,) and
corresponding scattering matrices [S], to the total received data d,(t, ., v,). We

again find an approximate inverse of the forward operator to the received data

Plid,(t, e, v0) = (Th,vh). (3.145)

Observe the assumption that the transmitted signals are nonseparable results in a
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slightly different image, denoted by T (xp,vy,). Under this assumption the image is
formed by taking the inner product of the received data, d,, (¢, €., v,), with a summa-
tion of versions of the transmit waveform from each transmitter Y S, (¢, s, vp)
corresponding to a hypothetical location and velocity. The output from each receiver
is then weighted and coherently summed. Note that it will now only be possible to
weight the data from the individual receivers.

We write the resulting image as

m

— Z W, / (Z Smn(t, T, vh)) *

mhavh ZW / (Z Smn(tvwh7vh)> dn(t7wa7va> dt

m

/Z Ry Qun(t, Ta, Va)q(T4, v,) dodv,dt

:/ [;Wn/ (Zsmn(t,wh,vh)>*

m

(Z R:, Qi (t a:a,va)> dt] q(xq4,v,) dx,dv,

= / K(xp, v a0, 0)q(X4, V) da,dv, (3.146)

where the point-spread function, K (+), is given by

m

f((:vh,'vh;a:a,va) :ZWn/ (Z Smn (L, Th, vp) ) <Z R Qmn(t a:a,va)> dt

—ZW n (T, VR Ty, V) (3.147)

and as in Chapter 2 fln() is an analog to the ambiguity function given by

A (a:h,vh,zca,va —/ (Z Smn t y Lp, Up, ) (Z R an t wa;”a)) dt.

(3.148)

The image formed in (3.146) is again the total image created by combining contri-
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butions from all transmit and receive polarizations, equivalent to adding the HH,
HV, VH, and VV components from each receiver.

If the system is not coherent (3.148) becomes

An(wha Vh; Lq, va) _‘ / (Z Smn(t> L, vh)) (Z Rganmn(t7 Ly, va)) dt

(3.149)

3.6 Simulations

In the following simulations we examine a scene of interest with a moving target
under multiple transmitter and receiver configurations and polarization schemes.
The simulation parameters, scenarios considered, and results for both separable and

nonseparable transmitter contributions are offered in this section.

3.6.1 Simulation Parameters

We use a complex up-chirp and two 20-chip random polyphase codes with
10 GHz carrier frequency, 20 MHz sampling frequency, 50 us pulse width, and 1
MHz bandwidth. The classical ambiguity functions (CAFs) for these waveforms are
shown in Figures 3.11(a)-3.11(c). The ridge-like CAF with low range lobes of the
up-chirp and thumbtack CAF with higher range side lobes shown in Figure 3.11 are
evident in our simulations of the MAF for various geometries. We recall that these
waveforms may be considered narrowband by the definition cited in section 3.4.5
and so in the following simulations we make the narrowband assumption and we use
the time domain received voltage given by expression (3.134).

We assume that the antennas are half-wavelength dipoles with total length
2L = \/2. For a 10 GHz carrier frequency A = 3 cm and so L = 0.75 cm and the
total length is 1.5cm. We assume that that diameter of the dipole antenna is 0.75
mm, or a = 0.375 mm where the diameter is 2a and so the length of the dipole is
20 times its diameter. This roughly corresponds to 21 AWG wire.

Figure 3.12 shows the CAF of an up-chirp waveform with 10 GHz center
frequency and 1 Mhz of bandwidth in 3.12(a), the CAF of this waveform after it has
been radiated from the long thin dipole of half-wavelength length 1.5 cm in 3.12(b),
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Figure 3.11: Classical ambiguity functions of an up-chirp, (a), and two 20 chip
random polyphase codes, (b) and (c), plotted against velocity and time delay on a
dB scale.

and the CAF of this waveform after it has been radiated and received on the same
dipole in a monostatic set-up in 3.12(c). This corresponds to the same waveform
shown in 3.11(a) and it is one of the waveforms used in simulations in this section.
Clearly there is very little distortion from either radiation or radiation and reception
of this narrowband waveform at this center frequency.

Figure 3.13 shows the CAF of an up-chirp waveform with 100 MHz center
frequency and 1 Mhz of bandwidth in 3.13(a), the CAF of this waveform after it has
been radiated from the long thin dipole of half-wavelength length 1.5 m in 3.13(b),
and the CAF of this waveform after it has been radiated and received on the same
dipole in a monostatic set-up in3.13(c). This waveform is just outside the limit

of the narrowband definition given in Section 3.4.5 with a fractional bandwidth
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Figure 3.12: Classical ambiguity functions of an up-chirp with 10 GHz center fre-
quency and 1 MHz bandwidth (a), the up-chirp after it has been radiated from a
long thin dipole (b), and after radiation and reception on the same dipole (c).

of 0.01. There is little distortion from radiation alone resulting in a CAF 3.13(b)
that looks nearly identical to 3.13(a) but with slightly less dynamic range near the
prominent diagonal ridge. However, the distortion from radiation and reception
is much greater as seen in 3.13(c), especially away from the range-Doppler ridge.
This distortion encourages the use of a data model that includes antenna effects like
the one presented in Section 3.4. We will not use waveforms with a lower center
frequency or larger fractional bandwidth, as shown here, in the following simulations
because we wish to make the narrowband approximation and use a physical optics
approximation for some of our scatterers, requiring A much smaller than the length

of the target.

3.6.2 Scenarios

The simulations in this section correspond to the arrangement of target, trans-

mitters, and receivers for the cases depicted in Figure 3.14(a)-(e). Figure 3.14(a)
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Figure 3.13: Classical ambiguity functions of an up-chirp with 100 MHz center
frequency and 1 MHz bandwidth (a), the up-chirp after it has been radiated from a
long thin dipole (b), and after radiation and reception on the same dipole (c).

is a standard monostatic backscatter scenario that is used to verify the data model
and provide a baseline that simulations from other geometries can be compared to
and Figure 3.14(b) is a bistatic scenario with a bistatic angle of 60° that is used to
illustrate the effect of incidence angle on scattering behavior. Figures 3.14(c) and
3.14(d) incorporate two receivers with a single transmitter between the receivers
and Figure 3.14(e) is a more complicated scenario with two transmitters and two
receivers. Figures 3.14(c) - (e) require data from multiple receivers to be fused and
Figure 3.14(e) introduces the additional problem of multiple transmit waveforms.
Although the data model addresses a six-dimensional position and velocity space,
the center of the scatterer and the feed points of the transmitters and receivers
are assumed to be in the same x-y plane for the cases shown. This is so that the
six-dimensional space can be presented in two dimensions by taking a cut in the
z-direction of position and a single velocity cut. Unless specified the velocity cut is

always the velocity cut corresponding to the moving target. However, the scattering
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body and antennas may be oriented out of the x-y plane.

Transmitter/Receiver Receiver
[ . Transmitter
A
4 km 4 km °
Targe Target
J' 3 km J 3km
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(a) (b)
_ Transmitter Transmitter
Recelvei o  Receiver Receiver ¢ ®  Receiver
4 km 4 km
Target Target
3 km 3 km
1.5 km/s 1.5 km/s
(c) (d)
Receivers

Transmitter ® ® Transmitter

Figure 3.14: Arrangement of target, transmitters, and receivers for cases 3.14(a)-(e).

The scene of interest is a 6 km by 6 km square. In all cases we assume a single

target in the center of the scene moving at a speed of 1.5 km/s in the 270° direction.

We make an arbitrary choice to locate the target at the center of the scene to impose

equal propagation loses at each receiver in multistatic cases. We also assume that

all transmitters and receivers are oriented so that boresight is towards the center

of the scene and coincides with the direction of propagation for a target located at

scene center. All plots in this section are shown of power on a dB scale.

3.6.3 Results

Separable Transmitter Contributions

The first set of results we will examine were obtained assuming that the con-
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tributions from each transmitter are known. The images are formed using the first
process described in Section 3.5.

Figures 3.15 through 3.27 consider a perfectly electrically conducting flat rect-
angular plate of length L = 1 m and height H = 1 m that is oriented along the -z
plane with normal pointing in the ¢y direction. With respect to the diagrams of the
simulation scenarios given in Figure 3.14, the plate is located in the center of the
scenes and each of the scenes depict the orientation of scatterer, transmitters, and
receivers in the x-y plane with the 2 direction pointing out of the page. The BSA

scattering matrix used to model this plate is derived in Appendix D

ik L
[Slplate = — ;—LHsinc (kg(cos O Sin B, — cos ¢, sin Hn)>
T

X sinc (kg(cos 0, — cos Hn))

—sin ¢, sin6,, 0
X (3.150)
COS ¢y, €OS B,y, sin B, — cos ¢, cos b, sin b, sin ¢, sinb,

where angles ¢,,,, ¢n, 0, and 6, are given by Figure 3.9. Due to our specific scenarios
where the scatterer, transmitters, and receivers are all located in the same -y plane,

O =0, =m/2 and

ik L _sing, 0
[Splate = — ¥ I Hsine (k‘—(COS Gm — COS (bn)) sin ¢ . (3.151)
2m 2 0 sin ¢y,

In Figures 3.15 and 3.16 we consider the simple monostatic scenario described
in Figure 3.14(a) and the scattering matrix reduces to
ik

5] g | Y (3.152)
late — 5 .
plate T 0 1

for normal incidence with 0, = 7 — 0,, = 7/2 and ¢, = ™ + ¢,,, = 7/2. This is
the same scattering matrix that is found in the literature [37,38,42,51,64] and the
matrix portion of (3.152) is consistent with the monoscatic backscatter response

from a sphere, plate, or trihedral [38].
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Due to the symmetric nature of (3.152) we assume that the single transmit
and receive dipole is horizontally polarized in Figures 3.15 and 3.16 for simplic-
ity. In Figure 3.15 the transmit waveform is the chirp with CAF shown in 3.11(a)
and in Figure 3.16 the transmit waveform is the phase code with CAF shown in
3.11(b). These baseline images are consistent with the behavior of these waveforms
as discussed in Chapter 2. The Doppler tolerance of linearly modulated frequency
waveforms and Doppler intolerance of phase codes is evident in Figures 3.15 and
3.16, respectively. The range rings visible in 3.15 and 3.16 are consistent with the

monostatic geometry.

Figure 3.15: Chirp waveform, for scene Figure 3.14(a), flat rectangular scatterer,
(a) zero velocity cut and (b) velocity cut at correct velocity.

Figures 3.17 through 3.20 correspond to the simple bistatic case described in

Figure3.14(b). The scattering matrix now reduces to

ik o V3L
[S]plate :%LHsmc (k:T> (3.153)

0

= O

and we assume that the transmitter and receiver both consist of a horizontally
polarized dipole and a vertically polarized dipole. In Figures 3.17 and 3.18 the
transmit waveform is the chirp with CAF shown in 3.11(a) and in Figures 3.19 and
3.20 the transmit waveform is the phase code with CAF shown in 3.11(b). The
total images are shown in Figures 3.17 and 3.19 and the HH and VV components
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Figure 3.16: Phase coded waveform, for scene Figure 3.14(a), flat rectangular scat-
terer, (a) zero velocity cut and (b) velocity cut at correct velocity.

are shown in Figures 3.18 and 3.20. Figures 3.18(a) and (b) are normalized to
Figure 3.17 and Figures 3.20(a) and (b) are normalized to Figure 3.19. It is clear
from Figures 3.18 and 3.20 that the magnitude of the horizontal component of the
scattered electric field is greater than the vertical component, as expected from
(3.153). We note that the first “H” in HH denotes the receive polarization and the
second denotes the transmit polarization. These polarizations are given in the bases

associated with the transmit and receive dipoles as defined in Figure 3.9.

-30

-40

T3 o2 1 2 3

0
X (k)
Figure 3.17: Chirp waveform, for scene Figure 3.14(b), flat rectangular scatterer,
total image.

Figures 3.21 and 3.22 correspond to the multistatic scenario described in Figure
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Figure 3.18: Chirp waveform, for scene Figure 3.14(b), flat rectangular scatterer,
HH image (a) and VV image (b).

-10
-20
-30

.40

Figure 3.19: Phase coded waveform, for scene Figure 3.14(b), flat rectangular scat-
terer, total image.

3.14(c). We assume the transmitting antenna consists of two orthogonal dipoles, one
horizontally polarized and the other vertical, and that the receiver to the right of
the transmitter at 30° is horizontally polarized and the receiver to the left of the
transmitter and 150 is vertically polarized. The scattering matrix associated with

both bistatic pairs is given by

ik o V3L
[S]plate —%LHsmc (k:T> (3.154)

O I
—_
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Figure 3.20: Phase coded waveform, for scene Figure 3.14(b), flat rectangular scat-
terer, HH image (a) and VV image (b).

In Figure 3.21 the transmit waveform is the chirp with CAF shown in 3.11(a)
and in Figure 3.22 the transmit waveform is the phase code with CAF shown in
3.11(b). The peaks of the plots are denoted with white circles. Only the total
images are shown because it makes little sense to compare the components from
different bistatic pairs. The scattering matrix given in (3.154) corresponds to both
bistatic pairs but this is due to the symmetry of the receivers about the transmitter
and in general a different scattering matrix will reflect the polarization and ampli-
tude transformation by the scatterer for each bistatic pair. The contribution from
the bistatic pair consisting of the transmitter and leftmost receiver with vertical
polarizations is greater than the contribution from the bistatic pair consisting of the
transmitter and rightmost receiver with horizontal polarizations, as again would be
expected from the scattering matrix in (3.154).

Figures 3.23 and 3.24 correspond to the multistatic scenario described in Fig-
ure 3.14(d). This scenario is very similar to Figure 3.14(c) but now the receivers are
no longer symmetric about the transmitter and so we will obtain a different scat-
tering matrix for each bistatic pair. We assume the transmitting antenna and both
receiving antennas, located at 45° and 105° are horizontally polarized. The scatter-

ing matrix associated with the bistatic pair consisting of the transmit antenna and
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Figure 3.21: Chirp waveform, for scene Figure 3.14(c), flat rectangular scatterer,
total image.

Figure 3.22: Phase coded waveform, for scene Figure 3.14(c), flat rectangular scat-
terer, total image.

the rightmost antenna is given by

ik , V2L ¥2
[S] plate, 450 22—LH sinc (kT) ,

™

" '
z;—LHsinc (0.3536 kL) (3.155)
s

and the scattering matrix associated with the bistatic pair consisting of the transmit
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antenna and the leftmost antenna is given by

i V2(v/3+1)
i [ VAE-nL) [ s g
[S]plate, 1050 =%LHsmc <k¥> 4

8 0 1

" 0.9659 0
~-" [ Hsinc (0.1294 kL) . (3.156)
2m 0 1

The contribution from the horizontally polarized bistatic pair consisting of the trans-
mitter and leftmost receiver is much greater than the contribution from the hori-
zontally polarized bistatic pair consisting of the transmitter and rightmost receiver,
which correspond to the first elements in (3.156) and (3.155), respectively. Figures
3.23 and 3.24 illustrate angle dependent scattering strength.

Y km)

T 4 4, 0 1 2 5
X (kmy

Figure 3.23: Chirp waveform, for scene Figure 3.14(d), flat rectangular scatterer,
total image.

In Figures 3.25 through 3.27 we consider the multistatic scenario with multiple
transmitters shown in Figure 3.14(e). In Figure 3.25 the transmit waveform is the
chirp with CAF shown in 3.11(a) and in Figures 3.26 and 3.27 the transmit waveform
for the transmitter at 45° is the phase code with CAF shown in 3.11(b) and transmit
waveform for the transmitter at 135° is the phase code with CAF shown in 3.11(c).
The scattering matrix associated with each bistatic pair is defined from (3.151) as
we have done previously.

In Figures 3.25 and 3.26 we assume the transmitting antenna at 45° is hori-

zontally polarized, the transmitter at 135 is vertically polarized, the receiver at 75°
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Figure 3.24: Phase coded waveform, for scene Figure 3.14(d), flat rectangular scat-
terer, total image.

is vertically polarized, and the receiver at 105° is horizontally polarized. The total
images show bistatic range rings for the contribution from each bistatic pair. We
observe that although we transmit the same waveform from both transmitters in
Figure 3.25, the chirps are transmitted from two different polarizations. In Figure
3.26, the phase codes are different and the waveforms are transmitted from two dif-
ferent polarizations. The positions of the transmitters and receivers are symmetric
about the normal of the scattering plate, resulting in the same scattering matrix for
each bistatic pair. However, the contribution from the vertically polarized bistatic
pair consisting of the leftmost transmitter and rightmost receiver is less than the
contribution from the horizontally polarized bistatic pair consisting of the rightmost
transmitter and leftmost receiver, because the “HH” term is larger than the “VV”
term in the scattering matrix that corresponds to both bistatic pairs. Figures 3.25
and 3.26 illustrate polarization dependent scattering strength.

In Figure 3.27 we assume the transmitting antennas at 45° and 135° consist of
both a vertically polarized dipole and a horizontally polarized dipole, the receiver
at 75 is vertically polarized, and the receiver at 105° is horizontally polarized. The
scattering strength corresponding to each bistatic pair varies according to both angle
and polarization, and is consistent with the scattering matrices that arise for each
pair.

Although in Figures 3.25 through 3.27 we have assumed that some prepro-
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Figure 3.25: Chirp waveform, for scene Figure 3.14(e), flat rectangular scatterer,
total image.
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Figure 3.26: Phase coded waveform, for scene Figure 3.14(e), flat rectangular scat-
terer, total image.

cessing has been done on the received data so that the contributions from each
transmitter are separable, we will later consider a similar case where the contribu-
tions are nonseparable.

In Figures 3.28 through 3.31 we again consider the bistatic case described in
Figure 3.14(b) and we assume that the transmitter and receiver both consist of a
horizontally polarized dipole and a vertically polarized dipole. We will now consider

a complex target with corresponding scattering matrix

[S]complex — (3157)
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Figure 3.27: Phase coded waveform, for scene Figure 3.14(e), flat rectangular scat-

terer, total image. Transmitter composed of both a horizontally polarized dipole
and vertically polarized dipole.

The scattering matrix in (3.157) does not correspond to a known scatterer and it
is not defined based on the orientation of the scatterer, transmitter, and receiver.
However, we are only considering a single transmitter and receiver so we can assume
that (3.157) corresponds to this scenario for some unspecified scatterer in some
orientation.

As an aside we observe that in a purely monostatic configuration the matrix

(3.157) could decomposed into the following

(N[N}

1-4 10 0 1 1|1 —i
, = + + = (3.158)
1- 20 - -1

1
2

N =
(e
—_
—_
(e

where the first matrix on the right hand side may correspond to a sphere, plate,
or trihedral, the second matrix may correspond to a dihedral, and the third may
correspond to a helix [38,42]. Note that the above dihedral scattering matrix com-
pletely cross-polarizes an incident linearly polarized wave. This behavior is only
observed in the unique case when the dihedral is tilted 45° relative to the incident
wave polarization. Although we are not considering a monostatic scenario in the
following simulations, the images that result from using this scattering matrix give
insight into the effect of a complex scatterer that introduces cross polarization.

In Figures 3.28 and 3.29 the transmit waveform is the chirp with CAF shown



112

in 3.11(a) and in Figures 3.30 and 3.31 the transmit waveform is the phase code
with CAF shown in 3.11(b). The total images are shown in Figures 3.28 and 3.30
and the HH, HV, VH, and VV components are shown in Figures 3.29 and 3.31. In
Figures 3.18 and 3.20 we only had HH and VV components because the scattering
matrix for the flat plate (3.153) does not have cross terms but in Figures 3.29 and
3.31 we have all four components due to the cross terms in (3.157). We again note
that the first “H” in HH denotes the receive polarization and the second denotes
the transmit polarization. Figures 3.29(a)-(d) are normalized to Figure 3.28 and
Figures 3.31(a)-(d) are normalized to Figure 3.30.

In Figures 3.29 and 3.31 the magnitudes of the HH, HV, and VH components
are noticeably larger than the magnitude of the VV component and the magnitudes
of the HH and HV components are somewhat larger than the magnitude of the VH
component. From (3.157) we expect the magnitude of the HH component to be
larger than the magnitude of the VV component but any discussion of the HV and
VH components would benefit from examination of the real and imaginary parts of

each component of the received data.

a2 a1 1 2 3

0
X (km)
Figure 3.28: Chirp waveform, for scene Figure 3.14(b), complex scatterer, total
image.

Nonseparable Transmitter Contributions
The next set of results we will examine were obtained assuming that the con-

tributions received from all transmitters must be treated as a unit and consequently
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Figure 3.29: Chirp waveform, for scene Figure 3.14(b), complex scatterer, HH image
(a), HV image (b), VH image (c), and VV image (d).

-30

Figure 3.30: Phase coded waveform, for scene Figure 3.14(b), complex scatterer,
total image.
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Figure 3.31: Phase coded waveform, for scene Figure 3.14(b), complex scatterer,
HH image (a), HV image (b), VH image (c), and VV image (d).

the images are formed using the second process described in Section 3.5.

In Figures 3.32 through 3.34 we again consider the multistatic scenario with
multiple transmitters shown in Figure 3.14(e). The scattering matrix associated
with each bistatic pair is defined from (3.151) as in the previous section.

In Figures 3.32 and 3.33 we assume the transmitting antenna at 45° is hori-
zontally polarized, the transmitter at 135 is vertically polarized, the receiver at 75°
is vertically polarized, and the receiver at 105° is horizontally polarized. The total
images show bistatic range rings for the contribution from each bistatic pair.

In Figure 3.32 the transmit waveform for the transmitter at 45° is the phase

code with CAF shown in 3.11(b) and transmit waveform for the transmitter at 135° is
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the phase code with CAF shown in 3.11(c) so that the two transmitted phase codes
are different and the waveforms are transmitted from two different polarizations.
However, unlike the previous section in which we treated the contributions from each
transmitter as separable, now the contributions are added prior to image formation
and are treated as a unit. The total received data at each receiver is convolved with
the sum of the time-delayed and Doppler-scaled transmit waveforms. As a result,
we observe cross-correlation residue in Figure 3.32 that is not present in Figure 3.26.
The peak and prominent range rings are visible in both the figure obtained assuming
separable transmitter contributions and the figure obtained assuming nonseparable

contributions because the two transmitted phase codes have low cross-correlation.
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Figure 3.32: Phase coded waveform, for scene Figure 3.14(e), flat rectangular scat-
terer, total image formed assuming the transmitter contributions are nonseparable.

We will next examine a case where the nonseparable image formation method
is not ideal. In Figure 3.33 the transmit waveform from both transmitters is the
chirp with CAF shown in 3.11(a). Although the chirp is transmitted at a different
polarization from each transmitter, the received data is convolved with the sum of
time-delayed and Doppler-shifted waveforms from both transmitters, regardless of
the polarization of the transmitting antenna. The correlation of the transmitting
chirp with itself is much higher than the cross-correlation of the two phase codes,
resulting in much more residue in the resulting image. Clearly, the transmission
scheme corresponding to Figure 3.32 is not desirable when the contributions from

all transmitters can not be separated prior to image formation.
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Figure 3.33: Chirp waveform, for scene Figure 3.14(e), flat rectangular scatterer,
total image formed assuming the transmitter contributions are nonseparable.

In Figure 3.34 we assume the transmitting antennas at 45° and 135° consist of
both a vertically polarized dipole and a horizontally polarized dipole, the receiver
at 75 is vertically polarized, and the receiver at 105° is horizontally polarized. As
in Figure 3.32 the transmit waveform for the transmitter at 45° is the phase code
with CAF shown in 3.11(b) and transmit waveform for the transmitter at 135°
is the phase code with CAF shown in 3.11(c). The transmitter contributions are
nonseparable, in contrast to Figure 3.27 where the contributions were separated.
Examining both Figures 3.27 and 3.34 we observe that the range rings are much less
pronounced in Figure 3.34 but that the shapes of the bistatic range rings are similar
for both and the peaks are in the correct location. As in Figure 3.32, we observe
cross-correlation residue in Figure 3.34 but the correct image is obtained because
the two transmitted phase codes have low cross-correlation.

We note that we have considered only a scene with multiple transmitters and
receivers in simulations where the transmitter contributions are assumed nonsepa-
rable. In the case of a single transmitter, the resulting images are identical whether

the transmitter contributions are assumed separable or nonseparable.
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Figure 3.34: Phase coded waveform, for scene Figure 3.14(e), flat rectangular scat-
terer, total image formed assuming the transmitter contributions are nonseparable.
Transmitter composed of both a horizontally polarized dipole and vertically polar-
ized dipole.

3.7 Conclusions

In Chapter 3 we provided some background on polarization and scattering
of electromagnetic plane waves and described the specific multistatic polarimetric
problem addressed in the chapter. We then formulated a full vector data model
incorporating propagation and scattering of the electric vector field and realistic
antenna effects. Following formulation of the data model we described two imag-
ing operations, first assuming that the contributions from each transmitter in the
scene are separable and then assuming that the contributions from all transmitting
antennas must be treated as a unit. The presented data model and imaging op-
erations were then utilized to simulate multiple antenna geometries with multiple
transmission and polarization schemes and a single moving target.

The data model was formulated by examining analytic expressions for the
transmit waveform, transmitted electric field, scattered electric field, and received
voltage in both the time and frequency domains. In the time domain, a summation
of time-delayed versions of the transmit waveform is present in expressions for the
transmitted field and the received voltage. These summations are consistent with
radiation and reception of the electric field at the discontinuities of a long thin dipole
under the zeroth order approximation for the current distribution on the dipole.

Antenna effects from the dipole that are incorporated into the data model were
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shown through simulation to be negligible for a small fractional bandwidth and more
evident for a larger fractional bandwidth. Inclusion of both the scattering matrix and
fast-time Doppler effects from a moving target is achieved by considering both the
time and frequency domains. We obtain physical intuition, greater understanding
and control of assumptions, and the ability to model the desired multistatic scenario
carefully by formulating our data model from first principles. This work is novel in
that the model is developed from beginning to end with the transmit waveform and
scattering behavior of the target left arbitrary.

Simulations that employed the bistatic scattering matrix for a PEC flat rect-
angular plate demonstrated the model’s ability to accurately depict angle and po-
larization dependent scattering behavior. The simulations that incorporated the
scattering matrix consistent with a cross-polarizing complex scatterer illustrated
the transformation of each component of the incident electric field in polarization,
magnitude, and phase. Fast-time Doppler effects of a moving target were also dis-
cernible; as in Chapter 2 the target was visible in the correct velocity cut in all
cases and the Doppler tolerance of the chirp waveforms and Doppler sensitivity of
the phase coded waveforms was demonstrated.

Separable and nonseparable imaging operations were employed to form images
of the simulated data. The separable image formation was successful regardless
of the transmit waveforms and provides the opportunity to incorporate bistatic
weighting schemes that could improve the performance of a multistatic system. The
more realistic nonseparable image formation relied on low cross-correlation of the
transmit waveforms if multiple transmitters were included. When two different
phase coded waveforms were transmitted from two locations, the images formed
under both assumptions were comparable.

Future work may consider bistatic scattering from other physical objects, time-
varying scattering behavior, non-free-space propagation, and alternative transmit-
ting and receiving antennas. Multiple targets can be easily modeled with a superpo-
sition of the received data corresponding to each scatterer. The data model can also
be tailored for other applications, including moving target indication and synthetic

aperture radar with one or more bistatic pairs.



CHAPTER 4

Conclusions and Future Work

In this thesis we have extended the theory for multistatic imaging of moving targets
through the development and simulation of scalar and vector radar data models and
accompanying imaging operations. In the first part of this work, we investigated
scalar representations of multistatic radar data from the perspective of the multi-
static ambiguity function. We began by examining two different MAFs from the
literature, one approach deterministic in nature, originating from the scalar wave
equation, and the other statistical, relying on a Neyman-Pearson defined weighting
of received data. Despite differences in the underlying assumptions of the deter-
ministic and statistical models, the mathematical expressions for the MAF's in the
case of a single transmitter and multiple receivers can both be written in terms of
the classical ambiguity function. Simulations show that the deterministically and
statistically derived multistatic ambiguity functions provide comparable results for
both stationary and moving targets. The comparison of the resulting MAFs and
corresponding simulations attests to the close relationship between detection and
imaging, encouraging the view of imaging as a detection problem at each point in
space and velocity.

We then extended the data model for the existing deterministically derived
MAF with the inclusion of antenna beam patterns by relating the current density
on the radiating and receiving antennas to a far-field spatial weighting factor. The
resulting data model is appropriate for narrowband waveforms in the case when
the targets are moving slowly relative to the speed of light. From this model we
developed an imaging formula in position and velocity that can be interpreted in
terms of filtered backprojection or matched filtering and a corresponding ambiguity
function or point-spread function. We used the resulting data model and MAF
to examine scenarios with various geometries and transmit waveforms and showed
that the performance of a multistatic system depends critically on the transmitted

waveforms.
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In second part of this thesis, we developed a vector multistatic data model,
incorporating polarization and antenna effects from transmitters and receivers mod-
eled as long thin dipoles. The derived data model describes radiation from a trans-
mitting antenna, scattering from a moving target, and reception at a receiving an-
tenna in both the time and frequency domains. Scattering from a moving target
is modeled by including both the target scattering matrix and fast-time Doppler
effects. Following formulation of the data model we described two imaging opera-
tions, first assuming that the contributions from each transmitter in the scene are
separable and then assuming that the contributions from all transmitting antennas
must be treated as a unit. The presented data model and imaging operations were
then used to simulate multiple antenna geometries with multiple transmission and
polarization schemes and a single moving target. The simulations that employed
the bistatic scattering matrix for a perfectly electrically conducting flat rectangular
plate exhibited the expected angle and polarization dependent scattering behavior.
The simulations that incorporated the scattering matrix consistent with a cross-
polarizing complex scatterer illustrated the transformation of each component of
the incident electric field. The two imaging operations were employed to form im-
ages of the simulated data. While the more realistic nonseparable image formation
relied on low cross-correlation of the transmit waveforms if multiple transmitters
were included, the separable image formation was successful regardless of the trans-
mit waveforms.

This work is novel in that the model is developed from beginning to end with
the transmit waveform and scattering behavior of the target left arbitrary. The
derivation of the received data relates the desired transmit waveform to the trans-
mitted field, scattered field, and received voltage, describing transformations that
are sometimes simplified without knowledge of what assumptions are necessary or
have already been made. We obtain physical intuition, greater understanding and
control of assumptions, and the ability to model the desired multistatic scenario
carefully by formulating our data model from first principles. Although electromag-
netics and signal processing are rich areas of study for radar applications, the two

fields are infrequently combined. Without a high-fidelity data model, it is difficult
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to predict how signal processing techniques will perform with real data. In this
work we combine an electromagnetic data model with signal processing to obtain
an image, but the data model can also be used to generate high-quality data for a
variety of applications.

Future work would likely build upon the vector multistatic data model and
corresponding imaging operations. This more complete model is especially relevant
for multistatic scenarios because the polarization of the radiated electromagnetic
field is inherently linked to the orientation and geometry of antennas in the scene.
Modeling the full vector electromagnetic field is advantageous even in the case of
a single polarization monostatic radar system because the polarization dependent
scattering behavior of objects in the environment can result in a loss of information
if the polarization of the incident field is cross-polarized by scatterers. Future work
may consider analytically and through simulations: bistatic scattering from other
physical objects, time-varying scattering behavior, non-free-space propagation, and
alternative transmitting and receiving antennas. Multiple targets can be easily
modeled with a superposition of the received data corresponding to each scatterer.
The data model can also be tailored for other applications, including moving target

indication and synthetic aperture radar with one or more bistatic pairs.
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APPENDIX A
Derivation of the Global Ambiguity Function

The goal of this appendix is to derive the global ambiguity function, or statistically
derived multistatic ambiguity function, described in Section 2.3.2. This derivation
determines weights for the matched filter output of each receiver from the Neyman-
Pearson optimal global statistic, which is found from the likelihood ratio. The
derivation originates from a construct developed to determine the optimal detector
for a pulsed monostatic system [83]. The concept was later extended to weight
receiver contributions from a multistatic system utilizing a single pulse with multiple
receivers and either a single transmitter [4,5,84-86] or multiple transmitters [20].
The weighted contributions from each multistatic receiver can be used to determine
the optimal detector or can be combined to form a multistatic ambiguity function.

We first provide some relevant background and then recall the model for the
received data and the matched filtered output from each receiver described in Sec-
tion 2.3.2. From the matched filtered output we determine the probability density
functions corresponding to the assumptions that the received data is completely
noise and that the received data is composed of noise and a target return. The
likelihood ratio and optimal global statistic are found from the two pdfs and then
the weighting on each receiver’s output is computed and applied. The weighted
receiver contributions are added non-coherently to obtain the multistatic ambiguity

function.

A.1 Background
A.1.1 Rayleigh Distribution

The probability density function for a Rayleigh distributed random variable x

with parameter o is given by

p(z) = R(x,0) = —5 €22 (A.1)
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with variance 4%02 and mean 0\/§ . Recall the relationship

E{z*} = var{z} + (E{z})% (A.2)
Substituting a Rayleigh distributed RV z with parameter o into (A.2) we obtain

4—7 , T

o+ (o §>2 = 20? (A.3)

o=/ %E{ﬁ}
and the pdf of z is given by
1
p(x) =R (ac, \/ QE{x2}> . (A.4)

We also recall that if two random variables z and y are Gaussian and inde-

E{s*} =

and so

pendent with zero mean and equal variance then the random variable z = \/xzi—i-y2
has a Rayleigh density [87]. In the following derivation we will assume that the in-
phase and quadrature components of the noise from each of the N receivers, n,(t),
are zero-mean Gaussian with equal variance such that the envelope of the noise is

Rayleigh distributed.

A.1.2 Swerling II Target Model

Swerling target models describe the fluctuations in radar cross section (RCS)
of a target as observed by a pulsed radar system that may illuminate the same target
during multiple scans. The RCS varies according to the probability density function
of a chi-squared distribution with a given number of degrees of freedom.

The Swerling II target model specifically describes a target with an RCS that
is independent from pulse to pulse. The RCS is given by a chi-squared pdf with 2
degrees of freedom

pr) = ek, (A.5)

with z = E{z}, which is consistent with a target that is made up of multiple
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independent scatterers of roughly equal areas. The complex gain of a Swerling
IT type target corresponding to the n'® pulse is given by a, = A,e’*" where the
amplitude A, denotes an independent Rayleigh distributed random variable with
parameter Ag, so that p(A,) = R(A,, Ag,) and the phase ¢,, denotes an independent
random variable uniformly distributed on [0, 27| [83]. In the following derivation
we will assume a Swerling II type target where the RCS associated with the look

direction of each receiver is independent.

A.2 Output of the Matched Filter

We recall from Section 2.3.2 that at each transmitter, we assume that a co-

herent processing interval consists of a single pulse of duration Ty, and energy FE,,:

Sm(t) = V2E,R{fm(t)e“'}, 0<t < Ty, (A.6)

where f,,,(t) is the complex envelope of the transmitted pulse, w. = 27 f,, and it is
assumed that the carrier frequency f, is the same for all transmitters.

The input into the n!* receiver is given by the set of hypotheses:

HO : Tn(t) = nn(t) (A7)
M
Hy:rp(t) = Z A Yimn S (E — T&ﬁn)eiwg"v"t + n,(t)
m=1

where n,,(t) is the noise at the n'* receiver, 7% is the travel time along the propaga-

» ‘myn
tion path from the m' transmitter to the target and from there to the n!” receiver,
and Yy, A (Rm,mRm,n)_l is the propagation loss along this path for a target located
at © where R, ,, is the distance between the target and mt" transmitter located at

Ym and R, is the distance between the target and nt" receiver located at z,. The

a
m,n

angular frequency w? is the total Doppler shift of the signal at the n'* receiver

that originated from the m!” transmitter. The superscript a denotes a value that
corresponds to a true target, and so 77 , and wy, , correspond to the travel time

and Doppler shift, respectively, of a true target. The relationship between the travel

time and angular frequency and the target position and velocity will be explicitly
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stated later. The waveform 5,,(t) = 2E,,fn(t) is the complex envelope of the
transmitted signal s,,(t). The coefficient a,,, is the direction-dependent effective
target reflectivity. We assume that ay, = as,, = -+ = apyn = a,. In addition, we
assume a Swerling II target model with complex reflectivity given by a, = A,e'*"
where the amplitude A,, denotes an independent Rayleigh distributed random vari-
able with parameter Ay, and the phase ¢, denotes an independent random variable
uniformly distributed on [0,27]. The real and imaginary components of the noise
n,(t) are zero-mean Gaussian with equal variance, unilateral power spectral density
Non, and Rayleigh distributed envelope.

At each receiver we perform standard matched filtering of the received data
corresponding to a true target at position & and with velocity v with the expected
composite received waveform corresponding to a hypothetical target at position p
and with velocity w. The expected, normalized, and weighted composite waveform

at the n'* receiver p,(t; 7, ") is specified by

y'n

M
1 :
Pa(tiT0 ) = 5= D bt = 70, )t (A8)
n m=1
where
leL - [Tlh,ru cee 7T]]\AL/[,n]T (Ag)
(DZ = [wfnv ‘.- 7w}1\l/[,n]T

and the superscript A denotes that this composite waveform corresponds to a hypo-

thetical target. The coefficients

b _ Rp,mzl Em
’ Rp,m Em—l

(A.10)

are derived for each transmitter-receiver pair from the bistatic radar equation, under
the assumptions that b, = 1 and P,,G,, ~ E,, where P, is the power of the mth
transmitter and G,, is the gain of the m'" transmitter. By inspection, b,, , depends
only on the transmitter. The composite waveform corresponding to a true target

a—'a

P (t; 7%, 00%) is defined the same way with subscript p replaced with @ and superscript
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h replaced with a. The normalization constant B,, is chosen so that

/ pn(t,Tn,w Yo (t; ff,&fl‘)dt =1 (A.11)
and
| mtsma a1 (A12)

The received signal at the n'” receiver under hypothesis H; can be rewritten in

terms of the composite waveform yielding

aan n Em: —~ —»a
ralt) = T (1575, ) + ) (A.13)

where 1, is the compensation constant [20]. Then the output of the matched filter

at the n'* receiver is given by
] [ e . (A14)

A.3 Derivation of the Optimal Global Statistic

To derive the likelihood ratio and corresponding optimal global statistic we
must first determine the pdfs of the output of the matched filter for each receiver,
d,, under hypotheses Hy and H;. We find F{d?|Hy} and E{d?|H,} under the
assumption that the output of the matched filter is Rayleigh under both hypotheses.

A.3.1 Probability Density Under H,

Under H, the received data at the n'' receiver is r,(t) = n,(t) and so the

output of the matched filter is given by

] [y e . (A.15)

We recall that the envelope of the white Gaussian noise is Rayleigh distributed so
under hypothesis Hj, the matched filter output d,, is also Rayleigh distributed. The
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desired expectation is then given by

ﬂﬁW&zE{/ M) e (r 20 Y dt

Vi (17 dt] [ Tmnla) e daH
v NO” ) —oco V NOn ( )
-5 / / SO P 057 B 0 72, )t
NOn
/l/ { >xwm@m%mww%wﬁam
N()n

=5 / / E{n,(t)n:(a)} E{ph(t; 7, &0 )pa(a; 72, &0 } dida.
On J—o00 J—00

We next recall that white noise has unilateral power spectral density S(w) = Ny,
(in contrast to the more familiar bilateral power spectral density given by S(w) =

Non/2) and corresponding autocorrelation
E{n,(t)n;(a)} = No,o(t — «) (A.16)
so that

E{d2|H0}— / / Nowd(t — a)E {p(t; 7, &) pu (s 70,6 } dtda

:/ E{p; (t; 7, G0 )pa(t: 70, ) } dt

=:{/ m@n@»MmﬁWﬁ

=1

by (A.11). We recall (A.4) and write the probability density function for the
Rayleigh distributed matched filter output under hypothesis Hy as

p(do|Hy) = R (dn, ,/%E{dﬂﬂo}) _R <dn, @) | (A.17)
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A.3.2 Probability Density Under H;

Under H; the received data at the n'™® receiver is

aan,un Em:l
Rx,m:IRm,n

ra(t) = Pu(t; T, i) + 1 () (A.18)

I ’n,? TL

and so the output of the matched filter is given by

Qn, n,un Em 1 — 1 —h _»h
£ 7 50 + np(t (A G e, (AL19
b= | [ (T e ) 4 nal0)) A . (A10)

We recall that the amplitude A, of the complex gain a,, is Rayleigh distributed, as

is the envelope of the noise, and so under hypothesis H; the matched filter output
d, is also Rayleigh distributed. We let

aanﬂn V Em:l
Rm,m:IRm,n

p(t) = (A.20)

Pu(t; T, &)
denote the portion of the received data that corresponds to the scaled, time-delayed,

and Doppler-shifted composite transmit waveform scattered from a true target so

that (A.18) can be written in terms of (A.20) as

ra(t) = (L) + na(t). (A.21)
We choose A2 B2
B0 () = P — ), (A22)

recalling E{A%} = 2A2, from (A.3), and so

Blra(iry(e)) = (2P

x,m=1
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from (A.16). The desired expectation is then given by

E{dy|H\} = i/w /OO E {ra(t)ri(a)} B {ps(t; 7, &) pa (o 70,31} dtda

2
/ / (2Ao nunE L Non) 5t — o)
NOn :cm 1

x E{ps(t; 7, & )pn(a,Tn,cT) )} dtda

) ' n

2A2 B2 E,,—
(NOHRm,m—lRi,n i /oo {PL (67 )P 752}

214(2) BQIU,2E -1 oo
<N0”R33,m:1R:21:,n " > {/—oo pn( ’Tn7w”)p ( ) }
2A8 B2 2EIm:l
- . L A24
NoR2, B2, (A.24)
We let 2
4A B 2E,.—

Noan,m:IRsc,n

denote the signal-to-noise ratio at the n'* receiver and rewrite (A.24) as
B{d*|H,} = = + 1. (A.26)

We again recall (A.4) and write the probability density function for the Rayleigh
distributed matched filter output under hypothesis H; as

p(d,|H)) = R (dn, , /%E{dgml}) R (dn, % (%” + 1)) . (A.27)

A.3.3 Likelihood Ratio
The likelihood ratio test with threshold 7 is expressed

Liz) Z 7 (A.28)

(A.29)
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[88].
We have derived the probability density function of the Rayleigh distributed
d,, under Hy and H;

Hy : p(d,|Ho) = R (dn, \/9 = 2d, exp {—d.} (A.30)

Hy : p(dy|H)) = R <dn, Vs (7 + 1)) e { = 1} . (A31)

We treat the data from each of the receivers as NV independent observations and

so the joint probability density of d = [dy, ..., dy] is the product of the individual

probability densities and the likelihood ratio can be written as

LIRS R (43 (5 +D)
17 (0
I, e {2 )
T TL 2dexp {2}

N —dy, }
1 2

exp {—d2}

L(d)
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Moving the quantity C into the threshold of the likelihood ratio we obtain

— Pt 2

L(d) = exp { P d;i} (A.33)

and we arrive at a sufficient statistic by taking the logarithm of both sides

i(d) = Pn_ 2. (A.34)

A.3.4 Optimal Global Statistic

We define the optimal global statistic D in the Neyman-Pearson sense as

N
D =) w,d; (A.35)
with weight
Pn
w, = A.36
Pn+ 2 ( )
and signal-to-noise ratio ,
4A% B2l E,,—

Noan,mlew,n
These weights are used to optimally weight the matched filtered outputs from the

individual receivers with the goal of maximizing the probability of detection for a

given probability of false alarm.

A.4 Global Ambiguity Function

We write the global ambiguity function, or multistatic ambiguity function, as

Q(waTatha ch n n? n? Hh QZ) <A38)
where )
@nﬁs,fswz,wz):\ | ot @t a (A.39)
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is the ambiguity function for the n'* receiver in terms of the composite waveforms

corresponding to a true and hypothetical target and

T, = {Tfﬁ,n}Mxm T, = {Tﬁm}MxN

Qy = {WZW}MxN, Q, = {Wzm}MxN-
The weights ¢, are defined subject to Z ne1 Cn = 1,
O(Ty, To, 24, Q) =1, (A.40)

and

O(Th, T, U, V) = %E{DS} (A.41)

where K is a normalization constant and Dy is the global statistic when only signal is
present in the received data. We observe that the global ambiguity function (A.38)
is a weighted sum of the output of the matched filter (A.15) squared.

We next solve for K and obtain the weights, ¢,,, of the individual ambiguity
functions. We let dg, denote the output of the matched filter when only signal is

present in the received data

Buptny/ Bt Pt 7, GOV (8 7 ) dt‘ (A.42)

Sn_ '/ \/N_OnRa:m 1Rzn s T
2}

so that

(7% n”n m 1 —u —»a —h —»h
E{d E b5 Ty Wi )P (85 T s 00y, ) di
i = {‘/ Vo R Ry T S0 T )

n By o/ Bt 2
_ g | GnZnbn (72, 3 t: 7 gl de
{ NOn xr,m= lRmn }'/ p n pn( " n)
2A8, Br iy B

~On (T T G )

n’ n

- NOan,mlem,n
- %” (77 G @), (A.43)

n» 'nrrnrvn



142

It follows that

and by (A.41)

O, T, 00 ) = - F{D.)

Th=T0,2,=0

p2
— O, (T, T, D%, G
2(pn +2) nl )

I
=| =
NE

n) 'n? n’ n

1

S
Il

Pa
Ty (A.44)

|
=| =
] =

n=1

We recall (A.40) and solve (A.44) for K to obtain

K = i 2# (A.45)

e = —2entD 1, N. (A.46)

It follows that the global ambiguity function, or statistically derived multistatic

ambiguity function, is given by

N
O(Th, T, U, ) = Y €O, (7, 70,0, 2)

n'n n? n

n=1
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where

[e'e) 2
@mﬁﬁﬁwﬁﬁ/zmawbmw%%Mt,

S
Py
Cp = (pn+2) ’
Zk 1 2(pk+2
A3 BYEE,.

= NUnRa:,m:IRa:,n ,

and p,(t; 72, &%) and p,(t; 7" &) are the composite waveforms corresponding to a

true and hypothetical target, respectively.
We can also write the global ambiguity function in terms of x, v, p, and wu,
where & and v are respectively the actual vector position and velocity of the target,

and p and u correspond to a hypothetical vector position and velocity of the target

so that
O(p,u,xz,v) = ch (p,u, x,v) (A.47)
where
Tfnn - Tr}rbzn - = i )
’ Co ’ Co
W = WinBavs w1 = WinBpyus
with



APPENDIX B

Properties Concerning Differentiation of Certain Spatial

Integrals

B.1 Motivation

The derivation of the expression for the electric field E in Section 3.4.3 makes

use of the property

v (v - / ; Gl — r’)F(r')dr’) — [ V-G - FE))ar

The proof of this property is achieved alongside the derivation of

1% 14
V x V x / G(r —r")F(r)dr' = / VxVxGr—r)F(r))dr
e(r) e(r)

+ gF('r)

[62,69] with Green’s function

elk\r\

" dxfr|

G(r)

(B.1)

(B.3)

In (B.1) and (B.2) V is a volume enclosed by a regular closed surface ¥ and €(r) is

an infinitesimal sphere centered at . Lemma B.2 is used in the theory of dispersion

and specifically the derivation of the Lorentz-Lorenz law.

B.2 Problem Set-up

We assume F'(r) is an arbitrary continuous vector field and has continuous

derivatives of a sufficiently high order. Likewise, we assume G(r — 7’) is continuous

in 7 and 7’ with continuous derivatives except at r = ' where G(r — r’) may have

a singularity of the form |r — r’|. Throughout the derivation we will consider the

144
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integral

I(r) :/( )G(r,r')F(r’)dr' (B.4)

where v,(r) is a small volume element completely contained within V' that surrounds
a point r € V lying a sufficient distance within . All volume elements vy(r) are
spheres of radius s with surface o4(r). The notation used to define the bounds in
(B.4) indicates that the integrand is integrated within the entire volume V' excluding
the small sphere vs(7). In our derivation we wish to examine what happens as vs(7)

shrinks to 7, or the limit as the radius s — 0.

B.3 Relation for Scalar Functions

We will first derive the expression

Lemma.

o v Vi o
a—a/vs(r) G(r,r")F;(r")dr :/U‘(r) a—aG(r,r)Fj(r)dr

os(r)
—/ G(r,v")F;(r')n,dS’ (B.5)

where « is one component of an arbitrary coordinate system, Fj(r) is a scalar
component of the vector field F'(r), n, is the a component of the unit radial vector

n pointing outward from r towards the surface o4(r), and dS’ is the surface element.

Proof. [62] Without loss of generality we consider the z-component in a Cartesian
coordinate system and let H = G(r, ') Fj(r’). We will also let dV’ = dr’ denote

the volume element and the expression we wish to derive, (B.5), becomes

\% \% H os(r)
9 / HAV' = / O i _ / Hn,dS'. (B.6)
817 vs(7) vs(7) 0$

From Leibniz’s rule for differentiation under the integral, for a differentiable

scalar function H we can write

a 1% 1% aH 1% 1%
2 HAV' = / AV + lim HAV' — HAV'|  (B.7)
2 vs(ry) OF 6240 [ o () va(r1)
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where r; = (z,y,2) and ry = (v + dz,y, 2) denote the centers of spheres v(ry) and
v(ry) with surfaces o4(r1) and o4(r2). Consider Figure B.1 and observe that the
difference of the two integrals in (B.7) is equivalent to the contribution from the two

shaded regions.

ds’

o
L 4 > T

Ty T2

ox

vs(71) vs(7r2)
os(71) os(r2)

Figure B.1: Spheres vs(71) and v,(rs) with surfaces o4(r) and o4(ry), respectively.

The volume element dV’ can be rewritten in terms of the surface element d.S’,

the z-component of the outward normal n,, and the small distance dx
dV’' = —dS'n, oz

and (B.7) reduces to

\% \% H o(r1)
g HAV' = / OH jyr / Hn,dS'. (B.8)
al’ vs (1) vs (1) 827

Substituting H = G(r,r’)F;(r') and dV’' = dr’ back into (B.8) and writing the
partial derivatives in terms of an arbitrary component a we obtain the desired
relation (B.5).

We observe that the last term in (B.5)

os(r)
/ G(r,v")F;(r')n,dS’

is a surface integral that will vanish as s — 0. In the limit (B.5) becomes

14 v
%/ G(r,r’)Fj(r’)dr’:/ 3G(r,1°’)Fj(r’)d1°’. (B.9)

™) e(r) OC
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B.4 Higher Order Derivatives

We next examine the result of repeated application of the property given by
(B.5). We first consider the second partial with respect to the arbitrary component
!

82 v / / / 8 v a / / /
a2 G(r,r" ) F;(r")dr' =— (/vs(r) a—aG(r, r')F;(r')dr

os(r)
—/ G(r,r’)Fj(r’)nadS’>
\%4 02
:/v(r) WG(T‘,T’)Fj(T")dT,

os(r) 8
—/ a(G(r,fr)Fj(r )) nedS

a os(r)

~ % G(r,r")Fj(r')nedS’.  (B.10)

As s — 0 the last term will vanish as discussed in Section B.3. We observe

ikr ikr ikr
8G_ng d e _ e (ik—l):nae (l—ik>

da dr da - _na$4m’ _na47rr r r

where r = |r — 7/|

and the surface element of a sphere can be rewritten in terms
of the solid angle element d€) as dS’ = s2d€Y’. It follows that the middle term of
(B.10) can be rewritten
os(r) 9 @ OG(r,r")
[ @B nds = [ Re) T ag
1

= Fi(r')nke*s (1 —iks)dQ  (B.11)
m

where () is the surface of the unit sphere. We recall that the average value of two

components, o and 3, of the unit vector n over the surface of the unit sphere is
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given by the expression

2w .
o dodf
< ngng >=>2 {g nﬁn.ﬁ sin ¢ d¢ (B.12)
0 fo sin ¢ dgpdf
1
:§5a5 <B13)

where 0,4 is the Kronecker delta. This expression is easily obtained by substituting

the x, y, and z components of n in spherical coordinates

cos @ sin ¢
n = | sinfsin¢ (B.14)

cos ¢

into the numerator of (B.12) as n, and ng. We also note that the surface area of the
unit sphere is 47 and this quantity cancels out from the numerator and denominator

of (B.12). As s — 0 expression (B.11) becomes

US(T) a / / ! ]'
[ e (G B ) nadS =g i)

where F;(7') has gone to Fj(r) in the limit. As s — 0, vy(r) — €(r) and the second

partial of (B.4) with respect to a reduces to

82 v !/ !/ v 82 / / ]'
a2 " G(r,r")F;(r")dr' = - wG(r,r VE;(r)dr’ — gFJ(T) (B.15)

We next consider the second mixed partial derivative of (B.4) and let 5 denote
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a component different from «

82 v / / / a

- — G(r,r")Fj(r')n,dS’.  (B.16)

As in (B.10) the last term tends to zero as s — 0 and the middle term which can

be rewritten

oG (r,r’)

2 !
ngs“df
o B

os(r) o os(r)
| e EE s = [ B
1 os(r)

0 Fi(r'nange® (1 — iks) dQ

also goes to zero as s — 0 due to (B.13). The mixed partial derivative reduces to a

single term as s — 0

82 14 v 82
Ipoa /e('r') G(r’ " >F](T )dr N /e(r) aﬂaaG(r’ T )FJ(T )d’l‘ ’ (B'17)

B.5 Derivation of (B.1)

Lemma.

\% (V : /6(‘:) G(r — r’)F(r’)d’r’) = /E(: V(V-G(r—r)F(r))dr'

—_F(r). (B.18)
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Proof. We first recall that in Cartesian coordinates (x,y, z) the gradient of the

divergence of a vector field F' yields

o’F, 0*F, O*F, O0*F, O°F, O*F
CF) = T y z T y z
V(V-F) < Ox? * 0xdy + 0xdz ' Oydx * Oy? * Oyoz’
0*F, 0°F, 0°F,
+ + .
0z0r 020y 022

(B.19)

We use (B.19) to consider the z-component of (B.18)

{v(v. G(t)G(r—r’)F( )} W/ Gr — r')F,(r')dr’

@x@y /E(T) G(r —r")F,(r")dr

82
+ 0x0z

/(V) G(r —r)F,(r")dr" (B.20)

and using the derived second order partial derivative properties from (B.15) and

(B.17) we obtain

{v (v. 6(: Gl — r/)F(rf)dr’ﬂ _ [ aa;c;(r PV (r')dr' — %Fx(r)

83:0y G(r,r")E,(r")dr’

+/e(,,) 5rg, O (T T E(r)dr. - (B.21)

Similarly, the y- and z-components have the form

Vv \4 H2
{V (V : /G(T) G(r — r’)F(r’)dr’)] = " 8y8wG(r’ r')F(r")dr’
1

/ —G (r, ") F,(r")dr’ — ng(r)

+ /e(r) ayazG('r,r VE.(r")dr (B.22)
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1% |4 32
[V <V ' e(r) Glr - rl)F(r/)dr/ﬂ B - e(r) 8z8xG(T’ ) Fa(r')dr

\% 62

+

G(r,rE,(r")dr’
6(7-) 82’8y ( ) y( )

Voo 1
+ /E(T) @G(r, r')E,(r)dr' — ng(r)

(B.23)

and by combining the results for the individual components we obtain (B.18).

B.6 Derivation of (B.2)

Lemma.

v v
V x V x / G(r —rF(r')dr' = / VXV xG(r—r)F(r))dr'
e(r) e(r)

+ gF(T) (B.24)

Proof. As in the previous section we begin by recalling a vector identity; the curl

of the curl of a vector field F' yields

2 2 2 2
VXVXF—(aFy—l—aFZ <8 —|—8>Fx,

dydxr ' 0z0x \0y® = 022
O0?F, N O?F, B 0? 8_2 7
0xdy 020y ox2  022) YV

0*F, O*F, 0? 0?
8x82+8y82 a (8902 * 8y2) Fz) ' (B.25)
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We use (B.25) to consider the z-component of (B.24)

\4 52 |4
o / o o N\ !
[V X V X /E(T) G(r—r")F(r )d’r} Dy0z /E(r) G(r —r")E,(r")dr

’ 82 1%
_ /F /d/
+6z8x/ﬁ(T)G(r r')F,(r")dr

82

G(r — ") E (r')dr’
622/ G(r —r")F,(r)dr"  (B.26)
and again using the derived second order partial derivative properties from (B.15)
and (B.17) we obtain
1% 82

1%
{V x V x /G(T) G(r—r")F(r )dr} = . ayaxG(r,r VE,(r)dr

Vv 82
/ F / /
—i—/e(r) &z&r;G(r’T) L(r)dr

|4 82
— —G(r,r")E(r")dr’

Similarly, the y- and z-components have the form

|4 14 H2
{V x V x /E(T) G(r—r")F(r )dr} :/ 8x8yG(T , ) Fy(r")dr
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and by combining the results for the individual components we obtain (B.24).



APPENDIX C

Complex Inverse Fourier Transform of Certain Quantities

In this appendix we will provide a detailed explanation of the process used to find

the complex inverse Fourier transforms given in (3.119) and (3.128).

C.1 Derivation of (3.119)

Equation (3.119) gives the inverse Fourier transform of the expression

cos (kL) — cos (kL,, cos 6,)

Fw) =
@) wsin(kLy,)
1wfg—g +e 1w€g . eleg cos@n —1w€—" cos b,

. (e )
. Ln
elea +1-— (1+c059 ) e a0 Ln(1_cos6,)

Ln
w <e21w§ o 1>

The desired transform is

win
weo (1+cos 6y,) 1w—(1 —cos Oy, ))

: e~ iwt ( 2iw <0 +1— —e
ftn =5 [ .
1 I w <621w€—0 o 1)

with the real line indented below the simple poles from the denominator as the line

dw (C.2)

of integration. We observe that the singularity at w = 0 is once removable and so

the only singularities are simple poles located at

e
wp:pL 0, pE L.

Figure C.1 displays the simple poles and the closed contour in the lower half plane.
We choose to perform the integration in the lower half plane to obtain the solution
for positive t, as directed by the form we take of the inverse Fourier transform.

We denote the closed contour by C,, and observe that it is composed of the

large arc I',,, the infinite sum of smaller arcs v,, and the line L along the real axis
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W_n—-1 W_n W—_p W1 wop w1 wp L Wn Wn+l

Figure C.1: Contour of integration used to derive (3.119).

so that -
Co=Tu+ > %+L

p=—o00
The arc I',, is chosen so that the radius r tends to infinity as n — oo and so that the
arc does not intersect any of the poles along the real axis. The carefully treatment of
I, is necessary so that we may apply Jordan’s lemma in this case of infinitely many
poles. The smaller arc’s, v, for p € Z, indent below each simple pole and exclude
these singularities from the closed contour, resulting in integration around C,, that
equals zero. These small arcs are of radius € and we determine the contribution
of the integration along each «, as € — 0. The line L spans the real axis between
the poles and becomes the whole real axis as r — oo and ¢ — 0. We denote the
contribution from integrating along each segment of the path by f(t).) where (-) is

a placeholder for the segment so that

fB)e, = FOr,+ Y f(b)y, + f(H)L
p=—00
There are no singularities within the closed contour C), and so by Cauchy’s formula
and the calculus of residues it is clear that f(¢)c, = 0. As discussed briefly above,

the large arc I',, is chosen so that we may apply Jordan’s lemma. The F(w) in the
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integrand tends to zero as w — 0 and so f(t)r, — 0 as n — oco. We are left with
the expression
oo
- Z f (t)’Yp
p=—00

we must determine the contribution from along each arc 7, as ¢ — 0 to obtain the
desired inverse Fourier transform f(¢).

We begin by considering the special case of wy = 0 by letting w = eel’ with

dw = iee?df and taking # from 7 to 27

icelf Ln ieet? L = (1+cos€ ) eleele Lg (1—cos Gn)>

_ieel? 2iee 1

j /271'6 iee t<e o +1_e
. iceit Ln

x 6619 (62166 o — 1)

ice'?d6

1 % aeel? (1 — ieelft
/ - ( - ) dé
21 — eel

1 [ O(e)
T om ). 11—% 2i — (’)(e)de

0. (C.3)

We next consider the case of w, = prcg/L, with p € Z/{0} by letting w = ee +
prcy/ Ly, with dw = ice?df and taking 6 from 7 to 27

: 27
F(t),, =lim = / -

—i(eel®+ 270 )y <ezi(ee19+””0)co - 1( o+ 20 ) Lu (14-cos b, ))
(eeie N m) <e2i(eei0+%)ﬁ—g _ 1)
(R (Ll ) R o)
<6€19 p7rCo> ( 2i(eei?4 70 ) £ 1)
1 [emt (2 (1) (elpmosen + e—ipmosen) + (’)(e))]
)

icedo

20 (2m) (2pm 1+ O(e)

~1 e PTI (1 — (—1)P cos (prcosB,) + O(e))
= lim
e—0 1+ O(e)

2
/ de

= —e "ML, (1 — (—1)P cos (pmcosby)) . (C.4)
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It follows that the desired inverse Fourier transform has the form

f(t)L == Z f(t)v

p=—00
°° —1 1
- _‘p”ti (1 = (—=1)Pcos (pm cosb,))
pZ;ffo
1 - 1 —ipwtc—o P
= ) Z ];e Zn (1 — (=1)P cos (pm cos 0,,)) (C.5)
"0

and we have obtained (3.119).

C.2 Derivation of (3.128)

Equation (3.128) gives the inverse Fourier transform of the expression

(cos (kL,,) — cos (kL,y, cos 6,,)) (cos (kL,) — cos (kL, cosb,))

Fw) =
() wsin(kLy,)
1 jwLm _jwLm Lm _jwLm
_ _ (elw o 4 e wCO _elw <o cos O, e iw o 0059m>
1w— —jw=n
w — e €0

Lm s Lm s Lm Lm

) <elwq + e—lw % — e“o cos O, o e—lw—o cos@m>

Ln iwln jwLn _iwin
% < 1wc0 +e leO —eleO cos O, e leO cosOn)

W e

% ( iwin 00 +1— ﬁg(l—&—cosﬁn) . elw—(l cos@n)) . (06)

The desired transform is

1 e_Mt jwim —jwlm 1wL—m cos 6 —1wL—m cos 6
f)r =5 o (e 0 e e — ¥ PIm _ o7 e ’”)
21 Ji (e - 1>

Ln 5 jwLn —Cos
% ( iwLn - +1— W (1+cosfn) R (1 Gn)) dew (C?)

with the real line indented below the simple poles from the denominator as the line

of integration. We observe that the singularity at w = 0 is now twice removable and
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so the only singularities are simple poles located at

PTC
wp ="~ pEL/{0}

Figure C.2 displays the simple poles and the closed contour in the lower half plane.
We again choose to perform the integration in the lower half plane to obtain the

solution for positive t.

A\
Wep—1 W—n W_p W1 w1 wp L Wn Wnti
ar g # va D74 >
Y—n—1\V—n V—p V-1 Tnt1

Figure C.2: Contour of integration used to derive (3.128).

As in Section C.1, we denote the closed contour by C), and observe that it is
composed of the large arc I',,, the infinite sum of smaller arcs 7,, and the line L

along the real axis so that

Co=Tn+ > +L
p=—00
p#0
We also denote the contribution from integrating along each segment of the path by

f(t)() where (-) is a placeholder for the segment so that

few = F@)r, + D (), + (D)L
0
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By the same arguments presented in the previous section f(t)c, = 0 and f(t)r, — 0

as n — 0o. We are left with the expression

f)r=— Z f(t)’Yp'

p=-00
p#0

we must determine the contribution from along each arc 7, as ¢ — 0 to obtain the
desired inverse Fourier transform f(¢).

We consider only the case of w, = pmrcy/L, with p € Z/{0} by again letting
w = ee'? + prcy/ L, with dw = ice'?df and taking 6 from 7 to 27

R oi(ee? IR )t
f@)% - llm _/ ( pZCO)LJ

. i i0
e—0 27T 6619 + pzrc0> <621(ee + 0 — 1>
n
. i@ | PTC L . i@ | PTC L . i@ | PTC L
5 (el(ee‘ + Lno)c—;}” + e—l(ee‘ + Lno) o el(ee‘ +Tno) 2 oS O

€0

e—i(ee“’-{-%) Lm o 0m>

o +1—e

» <621<€ei0+%q) Ln i<€ei0+%Q>%(1+cos¢9n)

3 i0 | PT<Q \ Ln .
— elle +ﬁ)a(1‘m€")) ] iee'’dd

-1

—ipwtz—%
i e i (14 0(e))
=0 (2i)(2pm)

14+ O(e)

. Lm . Lm . Lm . Lm
> <<elpﬂﬁ _|_eflp7rﬁ> . <elp7rﬁ cos O, _{_eflpﬂ'ﬁcos&n) + O(E))

2
X (2 _ (_1)10 (eipﬂ’cosen + efipﬂ’cosen) + O(E)) ] / 4o

~1 . eI (1 4+ O(e))
(27i)(prr) | e=0 1+ O(e)

Ly, Ly,
X (cos (pﬂL—n) — COS <p7TL_n cos Hm) + O(E))

X (1 = (—1)?cos (pmcosb,) + O(G))] / 7rd@



11 . <
—il e—1p71'tm |:(1 — (_1)p CcOoS (pﬂ' Ccos 9n>)

- 2mip
X Lm Lm 0
cos | pm I cos | pm I cos 6, :

It follows that the desired inverse Fourier transform has the form

f(t>L - Z f(t>’}’p
p=—00
_ - -i1 i {(1 — (=1)?cos (pr cos b,,))
VT 2mip
p#0
Ly Ly,
X <cos (pWL—n> — Cos (PWL—n cos 9m)> }
_ L le—imt% [(1 — (=1)P cos (pr cos b,))
2mi b P
p#0

X Lom Lom 0
cos | pr T cos | pr T cos0,,

and we have obtained (3.128).
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(C.9)



APPENDIX D
Scattering from a Perfectly Electrically Conducting Flat

Rectangular Plate

In this appendix we will briefly derive the scattering behavior of a perfectly electri-
cally conducting flat rectangular plate under the physical optics approximation as
discussed in [37,50,64]. We wish to derive the FSA and BSA scattering matrices,

[S]ihe. and [S]P3%, for the general bistatic case and specifically [S]P5%, which is

used in simulations presented in Section 3.6.

D.1 Problem Set-up

As discussed in Section 3.2.3, the standard scattering matrix [S]FS4

as given
by Sinclair [40] is derived for the forward scattering case and so we will use the

coordinate system in Figure D.1 where

>
r

v
S

x

Figure D.1: Forward scatter approximation (FSA) coordinate system.
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k; = cos ¢; sin ;& + sin ¢; sin 6y + cos 6,2
h; = —sin ¢;& + cos ¢;y
V; = cOs ¢; cos 0 + sin ¢; cos iy — sin 6,2

and
I%s = CO0S ¢ Sin O, + sin ¢ sin O,y + cos 6,2
fzs = — sin ¢4 + cos ¢sY
Vg = COS ¢ COS OB, + sin ¢ cos Oy — sin 6,2
[37].

We will derive the scattering matrices for a PEC flat rectangular plate that
is oriented along the -z plane with the normal pointing out of the page in the y

direction such that n = ¢ as shown in Figure D.2.

z
A

L)2 H/2 —L)2

8>
N
Ve
N

—H/2

Figure D.2: A flat rectangular plate oriented along the x-z plane with normal
pointing out of the page in the y direction.
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D.2 Physical Optics Approximation

Physical optics is a high-frequency technique that holds when the wavelength
of the incident field is much smaller that the length of the scattering body. At
these higher frequencies the scatterer can be treated as a collection of independent
scattering centers [64]. Physical optics specifically eliminates the infinities of flat and
singly curved surfaces by approximating the induced surface fields and integrating
to obtain the scattered field. Determining the scattered field reduces to a local
boundary problem of a plane wave incident on a perfectly conducting plane and it

is known that the scattered field is a reflected plane wave satisfying

E{an = _E‘iam H‘Ean = H‘ian’
It follows that
nxE=nx(E'+E)=0 (D.1)
and
nx H=nx(H + H") =2nx H (D.2)
within the illuminated region S and
nxH=0 (D.3)

elsewhere. The resulting Hertz vectors satisfying the boundary conditions (D.1),

(D.2), and (D.3) are given by

inO A ieik\r—r’| ,
He<7‘) = ﬂ Sn x H ‘T — r/’dS (D4)

IL,(r) =0 (D.5)

where 1) is the impedance of free space, ¥’ = ro + 2’ + y'y + 2’2 is point on the
surface of the scattering body, and ry is the origin of the coordinate system that
for simplicity we assume to be (0,0, 0) [37,64]. We observe that H' is a plane wave
that can be expressed as

H' = Helt
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and so
IL(r) = 22 {2 x Hy} / e g
¢ ok 0 lr — 7|
ik|7|
iny e N ik ki —F -1«/ '
= — x H k) ds
oo oy (< Ho} [ o

for an observation in direction ks in the far field. We next break up Hj into h; and

©; components and we recall that

Hy =n;'k; x E,

so that
: ik|7| N
1o € ~ iz i ik(kzi—ks)~r’ '
IL(r) = { (Hhi Hi>}/ s
(1) = S o U bt Hoti) g f e
; ik|7|
7o € - —1 i —1 i g,
= 2k o] M{n X <—7701Eh’vi +7701Evhi>} (D.6)
where
M = / e (ki—ha) ' q g/, (D.7)
s

In the next section we will derive M for our specific scattering body.

D.3 Derivation of the Scattered Electric Field E5(r)

The scattered electric field can be expressed in terms of the Hertz vectors as
E(r) =V x V x IL(r) + ikngV x I, (r)
and at larges distances away from the scattering body V x (-) ~ ik7 x (-) and so

ES(r) = =k {# x 7 x IL.(r) + 7 x noIL,(7)} . (D.8)
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We obtain the scattered field in the direction # = kg by substituting (D.6) and (D.5)
into (D.8)

ik eik‘|’l‘|

o |r]

Es(r) =

M {I;:S X kg X 71 X (—Ef]f)i + E\lﬁq) } : (D.9)

It is at this point that we choose our scattering body and coordinate system. Using

the FSA coordinate system in Figure D.1 we obtain

~

k. x k, x 7 X =(— sin ¢s& + cos psY) (— sin ¢ sin 6;)
+ (cos ¢ cos O + sin ¢ cos O3y — sin b;2)
X (cos ¢ cos O sin 6; — cos ¢; cos 6; sin ;)
:ﬁs(— sin ¢ sin ;) + 0g(cos ¢ cos O sin B; — cos ¢; cos b; sin bs)

(D.10)

and

A~

k. x k. x fu x h; =(cos ¢ cos O,& + sin g cos Oy — sin 2)(sin ¢; sin by)

=Dg(sin ¢; sin by) (D.11)

and substituting (D.10) and (D.11) into (D.9)

ik ikl o
ES...(r)= Mplate{Eflhs(sin ¢s sin 6;)

plate - %W
+ E} 04(cos ¢; cos 05 sin O, — cos ¢ cos O sin 0;) + B dy(sin ¢; sin 6;) } )

(D.12)

To find Mpue we observe that ' = 2'& + 2’2 on the surface of the plate

oriented along the -z plane and so
(ki — k) - ' = (cos ¢; sin 6; — cos ¢ sin 0)z’ + (cos 0; — cos 05) 2’ (D.13)

and substituting (D.13) into (D.7) we obtain M for the perfectly conducting flat
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rectangular plate

H/2
i 0 s 0s + 9 Os /
plate / / 1 ((cos ¢; sin 0; —cos ¢s sin Os)x’ +(cos 6; —cos 6s) z’) d[E dz’
L/2

H/2
_LHsm (k%(cos ¢; sin 6 — cos ¢ sin 6;)) sin (k4 (cos b; — cos b))
B k% (cos ¢y sin 6; — cos ¢, sin b;) k4 (cos 0; — cos )

H
=L Hsinc ( (cos ¢; sin 6; — cos ¢ sin 0 )) sinc (k;(cos 0; — cos 95))

(D.14)

where
1 forx =0

sinc(z) = ¢ ®)

otherwise
Substituting (D.14) into (D.12) we obtain the scattered electric field from a PEC

flat rectangular plate

ik e1k|r|

o |r]

H A
X sinc (k?(cos 0; — cos QS)> {Eﬁhs(sin ¢ssin 6;)

L
E} o) = LHsinc (k§ (cos ¢ sin 6; — cos ¢ sin HS)>

+ E}0y(cos ¢; cos 0 sin O — cos ¢ cos b sin 6;) + E o,(sin ¢; sin ) }

(D.15)

D.4 Derivation of the Scattering Matrices

We recall that the scattering matrix [S]F5* is defined by

eik\r\

Es _ [S]FSAEi
7|
or
FSA )
EL, kIl | Shon,  Shey, E;,
Es, 7l ] Sem Se, I8

where the polarization of the incident field is in the basis associated with the trans-
mitter (I%i, ﬁi, v;) and the polarization of the scattered field is in the basis associated

with the receiver (l%s, hs, Vg).
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As in [51] we can extract the scattering matrix from (D.15) so that

FSA
[S]FSA _ EM Shshi Shsvi
plate — 9
g SVshi SVsVi

plate
ik L
— — Y I Heine (k—(cos ¢; sin f; — cos ¢ sin 93)>
2T 2

H
X sinc </€E(COS t; — cos 9s)>

in o, sin 6, 0
y sin ¢ sin ‘ (D.16)

€08 ¢; cos 0; sin Oy — cos ¢, cos O sin 6;  sin ¢; sin O

Under the FSA convention monostatic backscatter occurs when 6 = 0, = 7™ — 6; and

¢ = ¢s = T+ ¢; and the scattering matrix reduces to

plate

ik
[S)ESA — — ;—LHsinc (kL cos ¢ sin 0) sinc (kH cos 0)
m

o .
. | Smesin . (D.17)

0 —sin ¢ sin 6

We recall E' = E' and

relate the electric field in the BSA and FSA conventions as discussed in Section 3.2.3

and so it follows that

[S]FSA — -10 [S]BSA
0 1
or _ -
[S]BSA — -1 0 [S]FSA‘
0 1
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The scattering matrix under the BSA convention takes the form

plate

i L
[S]BSA _ ﬁLHsinc (k‘—(cos @i sin B; — cos ¢ sin 95))
2 2
H
X sinc (k;(cos t; — cos 95))

— sin ¢ sin 6; 0
X . (D.18)
€08 ¢ cos 0; sin By — cos ¢ cos s sin 6;  sin ¢; sin

Monostatic backscatter again occurs when 6 = 0 = 7 — 6; and ¢ = ¢ = 7™+ ¢; and

the scattering matrix reduces to

ik
[S]EE‘; :;—LHsinc (kL cos ¢sin 0) sinc (kH cos 0)
T
in¢siné 0
" sin ¢ sin ‘ (D.19)
0 sin ¢ sin 6

For normal incidence monostatic backscatter with § = 7/2 and ¢ = /2 we obtain
the desired scattering matrix
ik 10
[SEsA — g (D.20)

plate o

that is found in the literature [37,38,42,51, 64].
In Chapter 3 we have adopted the BSA convention and so for ease of notation
we let [S] = [S]B54 denote the general scattering matrix and similarly [S]pae =

[S]BSA

plate*



