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In a recent issue of the American Mathematical Monthly, H. E. Thomas, Jr.
proposed the following

Problem. Find all integer solutions (n, r) of the equation
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In the present paper we solve Thomas’s problem by proving the following:

Theorem. The only integer solutions of the equation

Yi=)n
=1 $=1
n=1,r=1, n=10,r=95;, n=13,r=6; and n = 645,r = 85.
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Thomas Jr. proposed the following.

PrROBLEM. Find all integer solutions (n, r) of the equation
Yi=) i ¢))
i=1

In the present paper we solve Thomas’s problem by proving the fol-
lowing

Nk

i=1

I

455

Copyright © 1972 by Academic Press, Inc.
All rights of reproduction in any form reserved.



456 FINKELSTEIN AND LONDON

THEOREM. The only integer solutions of Eq.(1) are (n,r) = (1, 1),
(10, 5), (13, 6) and (645, 85).

Proof. Equation (1) may be written
3@+ =r@+ D2+ 1),
and, on setting X = 2n 4 1, ¥ = 2r -+ 1, it reduces to solving
Y3 — Y43 =23x ¥

with X and Y positive and odd. We now prove that the only integer solu-
tions of (2) with X >0 and X and Y are (X, Y)=(1, —1), (1, 1),
(3, 3), (21, 11), (27, 13) and (1291, 171), which will prove our result.

To this end, let us consider the cubic field Q(A) given by

B —A+3=0. 3)

From a table of cubic fields [3, p. 141] we get the following data on
o)
(i) An integral basis is [1, A, A2];
(ii)) The class number is 1;
(iii) A fundamental unit is given by

=24+ A—1;
(iv) The factorization of 3 is given by
3= —=MA4+D@A-—-1.
We now write (2) as
(Y — (Y2 + AY + A2 — 1) = 3Y2
Any common factor of ¥ — A and Y2 4 AY + A% — 1 must divide
[Y2A4AY + X2 — 1] — [(Y + 220(Y — )] = 32 — 1.

Since the norm of 3A2 — 1 is 239, 3)2 — 1 is a prime in Z[A]. Thus we
conclude that

Y — X = )™ O™ (A = D*
S = D% (3 — )% - (@ + bX + cAD?, @)

where a, b, ¢ € Z and we may assume that each g, is 0 or 1.
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On taking norms of both sides of (4), we get
Y3 —Y + 3 = i(3)42+a3+a4 . (239)(15 . 22’

where z€ Z.

Thus we conclude that g; = 0 and that either two of ¢, , g3, g, are 0
and one is 1 or all three are 1. Thus we must consider the following
8 equations:

Y — A= 4Aa + bA + cA??, (5)
Y — A= 4(&) Ma + bA + cX?)p?, (6)
Y — A= £ — )@+ b+ X, %)
Y — A= ()N — 1)@ + bA + X2y, (8)
Y— A=+ + I)a+ bA + cA?p3, )
Y — A= 4(e)(A + (@ + bA + ch??, (10)
Y — A= 43(a+ bA L A, (11)
Y — A = 43(ep)(a -+ bA + cA??. (12)

Equation (11) yields
F(Y — A) = 3(a® — 6bc) + 3(2ab + 2bc — 3c®)A + 3(b% + 2ac + c*) A2,
which is impossible. Similarly, Eq. (12) is impossible. Equation (6) yields
—a? — 3b% 4 6¢% — 6ac — 6ab = 0,

a? — 2b% — 2¢% — 4ac — 6bc = FY,

a® — 3¢ -+ 2ab — 4bec = +1.
This yields a odd, since Y is odd. Thus b is odd, ¢ is even and the first
equation is impossible modulo 4. Similarly, Egs. (8) and (10) are impos-

sible.
Let us now consider Eq. (5). We write it as

YA — X = 4(a+ bA + cA?)?
and get
a® — 6bc = 0,

b% 4 2ac + ¢ = +1,
2ab + 2bc — 3¢ = FY.
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This implies that a is even, ¢ is odd and b is even. Thus the upper sign

must be taken, and we get
a® — 6bc = 0,
b% + 2ac + ¢ = 1.
Thus we have two possibilities; either
b = 2n?, ¢ = 3m?, a = 6mn
with m odd, or

b = 6m?, ¢ =n? a = 6mn
with # odd.
On substituting (14) into (13), we get

ant -+ 36nm3 4+ Imt = 1,
which reduces to
ut — 3078u2p? - 92952up® — 789471vt = 1.
Further, on substituting (15) into (13), we get
nt 4 12n3m - 36mt = 1,
which reduces to
ut — 54uz? + 216u8 — 207v* = 1.
Equation (7) may be written
F3(Y —X) = A+ A)(a + bA + cA?
This yields
b2 — 2¢® + 2ac + 2ab + 2bc = 17,

a® — 2b? — 5¢2 — dac + 2ab — 4bc = T3,
a® + b — 2¢® + 2ac 4 2ab — 4bc = 0.

(13)

(14)

(15)

(16)

a7

(18)
19)

This yields b odd, a odd and ¢ even. Thus the upper sign must be taken,

and thus Egs. (18) and (19) yield
b+ % + 2ac = 1.
Equation (19) may be written
(@a+ b+ ¢)* = 3e(c + 2b).

(20)
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Thus there are two possibilities:
) c=6m*c+2b=2n%a+b+ c=06mn 2D
or
() c=2m? c+2b=6n%a+b-+c=2mn (22)
On solving (21) for a, b, ¢ and substituting the results in (20), we get
nt — 18#%m® 4+ 72nm® 4 9mt = 1. 23)
On solving (22) for a, b, ¢ and substituting the results in (20), we get
mt 4 24mPn — 18m®nt - 9nt = 1,
which reduces to
wt — 234u%? 4 1944u® — 45270* = 1. (24)
Similarly, Eq. (9) reduces to solving the quartic equations

nt + 187%m? 4 2nm® 4 9Imt = 1 25
and

ut — 198u%? + 1512uv® — 32310t = 1. (26)

Thus the solution of (2) reduces to solving the 6 quartic equations

(1,0, —3078, 92952, —789471) = 1, (16)
(1,0, —54, 216, —207) = 1, a7
(1,0, —18,72,9) =1, (23)
(1,0, —234, 1944, —4527) = 1, 24)
(1,0,18,72,9 =1, 25
and
(1,0, —198, 1512, —3231) = 1. (26)

We now prove the following.
LEMMA. The only integer solutions of each of these 6 quartic equations
are (+1,0).
Proof. Equation (16) defines the field Q(6), where
0 = 307862 + 929526 + 789471.
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By the usual method of solving this equation, we find that it has two real
and two complex roots, and thus, by the Dirichlet~-Minkowski theorem
on the group of units, the ring of integers of Q(6), Z(6), has two fundamen-
tal units E; and E, . Since the only roots of unity in Z(6) are 41, Eq. (16)
yields

u+ v = +E"™E,", 27

and we must find all the units in Z(6) of this special type. Since all these
units lie in the ring Z[1, 8, 82, 63], Eq. (27) may be rewritten

u+ vl = J-¢™¢,", (28)

where €; and €, are fundamental units of any subring of Z(6).

Since 64 = 0 (mod 9), 6?/3 is an integer in Z(6) and thus the integers
1, 8, 6%/3, 63/3 generate such a subring of Z(6) which we designate by
Z[1, 8, 62/3, 6%/3].

By Billevich’s algorithm [2], we find that

e = 1724768 + 1261738 + 10996% — 496°
and
€ = (2025 -1 1808 -+ 462)/3

are fundamental units of Z(1, 8, 62/3, 63/3). Further, we find
e = —34318 — 25490 — 2362 4 63,
& = (1129041 + 824766 + 71662 — 326%),3.
Thus Eq. (28) may be written
F(u + vf) = (1724768 + 1261730 + 109962 — 4968)m

2025 1806 + 462 \»
(2RI (29)
Suppose first that m > 0, » > 0. Then (29) reduces to
Flu + vd) = ™", (30)

where a; = €, ap = 3¢,
Now we find that

0t14=1—f-4fl,
g = 113013621 63+ 44,
O‘2=1+4529

§2=2+0+02+4B9
where 4 and B denote integers belonging to Z[1, 6, 62, 63].
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Thus we set
m=4u-+tr, n=4v+ s,

where r =0, 1,2, 3, and s = 0.
Considering (30) as a congruence modulo 4, we get

Vir,s) = Fu -+ vf) = (0 + 362 + 363 (mod 4), 3D
and computing all possible values of r modulo 4, we find that

V(0,0) = 1,

(1, 0) = 6 -+ 362 + 368,
V(2,0) = 3 + 20 + 26° + 268,
V(3,0) = 2 - 30 + 62 + 65,

Consequently, (31) holds only for r = 0. Thus (30) now becomes
Fu -+ vb) = (1 + 46) (1 + 47, (32)

and since |31 is odd, it follows from a result of Avanesov [1, p. 162]
that the only solution of (32) is u = v = 0.

Thus the only solution of (30) is m = n = 0.

Suppose next that m << 0, n << 0. Then we must solve

Fu + v0) = B,MB.", (33)

where 8, = o7t B. = 36;*, M = —m, N = —n. Since o, and B, as well
as o, and B, are inverses mod 4 the values of V(r, s) we compute will be
the same as those computed above, except for order. Consequently, we
may assume that M = 4u, N = 4.

Now we find that

Bit =1+ 4¢/,
where
&' =3+ 0462+ 365+ 44,
and
B: =1+ 4&),
where

& =30+ 02+ 4B

Since |13 1 is odd, the only solution of (33) is M = N = 0. Similarly,
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the cases m <<0,n >0 and m > 0, n < 0 yield m = n = 0 as the only
solutions. Thus the only integer solutions of Eq. (16) are («, v) = (41, 0).
In a similar fashion, we can show that the only integer solutions of each
of the remaining 5 quartic equations are (4-1, 0), and the proof of the
lemma is complete.
Finally, we note that the solutions (=41, 0) of the 6 quartics yield

X, Y)=(1291,71), (3,3), (1,D, (27,13), (1,—1) and (21,11),

respectively, as the only integer solutions of (2) with X > 0 and X and ¥,
and this completes the proof of the main theorem of this paper.
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