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Abstract

We continue a long line of research aimed at proving convergence of depth two
neural networks, trained via gradient descent, to a global minimum. Like in many
previous works, our model has the following features: regression with quadratic
loss function, fully connected feedforward architecture, RelU activations, Gaussian
data instances and network initialization, adversarial labels. It is more general in
the sense that we allow both layers to be trained simultaneously and at different
rates. Our results improve on state-of-the-art [OS20] (training the first layer only)
and [Ngu21, Section 3.2] (training both layers with Le Cun’s initialization). We
also report several simple experiments with synthetic data. They strongly suggest
that, at least in our model, the convergence phenomenon extends well beyond the
“NTK regime”.

1 Introduction

Deep neural networks are remarkably successful at defying common wisdom inherited from the
statistical learning theory and especially the theory of PAC learning. It would perhaps not entirely be
an exaggeration to say that the wonder at their ability to generalize in a (highly) overparameterized
regime is expressed in at least every other paper on the theory of deep learning so we confine ourselves
to citing two expository papers [BHMM19, ZBH+21] specifically devoted to this phenomenon. While
very interesting works [BFT17, NBS18, AGNZ18, LL18, ADH+19b, SY19] offer explanations of
this “unbelievably good” generalization from different perspectives, it would be also fair to say that
there is not clear consensus yet on the degree of their relevance to practical data sets.

Since there does not seem to be any reasons to expect a learning system to perform on test examples
better than on training examples, an even more basic theoretical question is why an algorithm,
which in this area almost always means gradient descent or its variants, achieves zero, or at least
small, empirical risk. This question has met a certain degree of success, particularly in the situation
described by various authors as “lazy training regime” (see e.g. [COB19]) or “neural tangent (kernel)
regime” (see e.g. [MZ20]). Notwithstanding the name, this is the behavior described by the following
(very much related) properties:

• only “a few” instance-neuron pairs change their activation during training;

• network parameters do not change “much” (say, in the Frobenius norm) during training.
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These properties in particular imply that the gradient of the loss function and hence the NTK2 matrix
Ht also do not change much from their value at initialization. Hence the training trajectory is almost
linear and is driven, in the error space, by the value H0 of the NTK matrix at the initialization. In the
following discussion, we will adopt the terminology “NTK regime” to (loosely) describe this kind of
behavior.

Previous work on the subject displays quite a diverse set of various assumptions on the activation and
loss functions, data, initialization, as well as (also quite diverse) set of parameters featuring in the final
results. They are not so easy to compare to each other. In order to get a more coherent picture, we
find it convenient to start with a "theoretical benchmark" capturing a great deal of previous work (in
the sense that their message is not distorted much when reduced to this scenario); we will separately
mention several notable exceptions in Section 1.4.

1.1 Set-up

Feedforward fully connected neural networks of depth 2 (that is, with one hidden layer). RelU
activation function. Regression tasks with single output and the squared loss function. Data points
(X1, . . . Xm) are sampled uniformly and independently from the unit sphere. Weights at initialization
are Gaussian at the input level and Rademacher at the output level. Parameters:

• n – the problem dimension;

• S – the number of neurons at the middle level ("size" of the network);

• m – the number of training examples.

When m ≤ n, the data is linearly separable. We will not exclude this case from statements and proofs
but in Section 1 we will assume for simplicity that m≫ n. We will also tacitly assume m ≤ nO(1);
this assumption is indispensable in any work using NTK methods, including ours.

1.2 Previous work

The over-parameterized region is m≪ nS and, clearly, no convergence or even representability is
possible when m≫ nS. Several authors have loosely conjectured that perhaps this is actually tight
and the (stochastic) gradient descent does converge in the whole region m≪ nS. This conjecture is
not as far-fetched as it may seem since under this assumption alone one can derive, with overwhelming
probability, quite strong conclusions at initialization like:

[SH18, Corollary 28] The activation matrix A ∈ {0, 1}S×m at initialization possesses an intrinsic,
purely combinatorial property ensuring the following. The corresponding NTK matrix is
non-singular for almost all (in the Lebesgue sense) choices of data X ∈ Rn×m.

[XLS17, OS20, ADH+19a, NMM21, MZ20, BAM22] The NTK matrix w.r.t. the same data X
that were used for computing the activation matrix A has the minimum eigenvalue3 Ω(S),
i.e. well-separated from 0.

As for the dynamics of the gradient descent, known results are much less conclusive. Before briefly
surveying them, let us again stress that many of these results pertain to more general situations such
as deeper networks, less restrictive assumptions on data, more general loss or activation functions
etc. In our simplified treatment we have deliberately reduced them to the “common denominator”
outlined in Section 1.1.

Let us first consider the case when only the first layer is trained. [DZPS19] proved that convergence
takes place whenever4 m ≤ õ

(
S1/6

)
(plug m 7→ S; n 7→ m; λ0, δ 7→ O(1) in their Theorem 4.1);

apparently, this can be approved to m ≤ õ
(
n1/6S1/6

)
by examining their proof more carefully. The

paper [WDW19] improved the bound on the learning rate from [DZPS19] using more sophisticated

2In many works on the subject, this term is reserved for the value at initualization, that is H0, or even its
limit version. We, however, prefer to use it in broader, dynamical sense as e.g. in [FDK+20].

3We do not normalize by S.
4We use the notation Õ, Ω̃, Θ̃, õ, ω̃ to hyde factors that are poly-logarithmic in n, S, and their tildeless

versions to hyde constant factors. See Remark 1 below for clarifying remarks and examples.
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(adaptive) gradient methods. The improvement m ≤ õ
(
n1/2S1/4

)
can be relatively easily extracted

from [SY19] (plug m 7→ S; n 7→ m; λ 7→ O(1); α 7→ Õ(m/n); θ 7→ Õ(m1/2/n1/2) in their
Theorem 1.6). Finally, the paper [OS20] achieved the state-of-the-art result: convergence takes place
whenever

m ≤ õ
(
n3/4S1/4

)
. (1)

Our description may look somewhat uneventful but we would like to stress that every new achievement
along these lines required introducing new ingenious and technically advanced ideas and methods.

Less work seems to have been done on the case when both layers are trained simultaneously, and
now the answer may depend on the normalization of weights at the initialization even if we disregard
the learning rate. The original paper [DZPS19] gives the same estimate m ≤ õ

(
S1/6

)
under the

“standard” normalization, when the initial weights are supposed to be of the same order (say, Õ(1)) at
both layers. The paper [Ngu21] is mostly devoted to deep networks but in Section 3.2 it also translates
the main result to the shallow case under the so-called LeCun’s initialization. After performing
slightly more careful calculations, in our notational system this amount to the condition

m ≤ min

(
õ

(
S

n

)
, õ
(
S1/2

))
. (2)

1.3 Our contributions

We work in the natural multi-rate setting in which the first layer is trained at a rate ηw ≥ 0 and the
second layer is trained at possibly another rate ηz ≥ 0. This appears to be very instructive and allows
us to easily translate results from one normalization of initial weights to another. In particular, we
choose to work in the “standard” normalization, when all weights are of order Õ(1).

As a by-side remark, recent paper [VL22] expressed surprise, that we completely share, that this
simple idea of multi-rate learning seems to have been largely overlooked in the theory of deep learning
and sought to change that by providing, among other things, significant experimental evidence. One
difference between our paper and [VL22] is that the latter restricts the set of steps in which a “slow”
set of parameters is changed while we treat all steps uniformly. But this difference appears to be
cosmetic.

Data and initialization. We pick the data X1, . . . , Xm uniformly (under the Haar measure) and
independently from Sn−1. All entries in W0 are chosen from N (0, 1), independently of each
other. We prefer to allow for a slightly better flexibility in the choice of z0, primarily since the
literature alternates between Gaussian and Rademacher initializations. Namely, we require that z0 is
independent of W0, and that the entries in z0 are S i.i.d. copies of a one-dimensional distribution ζ
such that:

E[ζ]
def
= 0;

||ζ||ψ2
≤ Õ(1); (3)

Var(ζ) ≥ Ω̃(1). (4)

Our main contribution (all formal definitions will be given in Section 2) is as follows.

Theorem 1.1 Let m ≥ 1 and n, S ≥ ω̃(1) be parameters such that m ≤ nO(1) and m ≤ õ(S). Let
ηw, ηz ≥ 0, ηw + ηz > 0 be such that

ηw ≤ min

(
õ

(
1

S2

)
, õ
( n

mS2

))
, ηz ≤ õ

(
1

mS2

)
(5)

and that at least one of the following three conditions holds:

m ≤ õ
(
nS1/4

)
,

ηz
ηw

≤ õ

(
S

m

)
, (6)

m ≤ õ
(
nS1/4

)
,

ηz
ηw

≥ ω̃

(
m2

nS

)
, (7)
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ηz
ηw

≥ ω̃
(
1 +

m

n

)
. (8)

Then with probability ≥ 1− (nS)−ω(1) the following holds. For almost all (in the Lebesgue sense)
y ∈ Rm the gradient descent with multi-rates ηw, ηz avoids singular points and if additionally

||y|| ≤ Õ(m1/2S1/2)

then it converges to a global minimum.

Remark 1 This paper uses the asymptotic notation Õ, Ω̃, õ, ω̃ (and sometimes their tildeless versions)
perhaps more systematically and heavily than most papers on the subject. Thus it would be appropriate
to pause for a moment and reflect on what exactly it means.

We argue about infinite sequences
{(
n(k),m(k), S(k), η

(k)
w , η

(k)
z

)}
k≥1

of parameter values. Then

(say) m ≤ õ
(
nS1/4

)
means that for any fixed C > 0,

lim
k→∞

m(k) log(n(k)S(k))C

n(k)(S(k))1/4
= 0 (9)

while the error bound (nS)−ω(1) simply states that it is asymptotically smaller than any fixed
polynomial in5 n, S. The condition n, S ≥ ω̃(1) says that S and n are (very mildly) balanced:
S ≥ (log n)ω(1) and n ≥ (logS)ω(1); it appeared in most of the previous work.

Remark 2 The three cases (6), (8), and (7) are in fact three separate statements in which we set our
hopes to converge fast on the first, second or both layers, respectively. We have combined them into
one “mega-theorem” since the proofs share many steps.

Let us now compare our result with the previous work cited above. The case ηz = 0 (that is,
training the first layer only) automatically implies the second condition in (6), and the only remaining
assumptions are

m ≤ min
(
õ(S), õ

(
nS1/4

))
(10)

which is an improvement on (1).

The condition ηz
ηw

≤ õ
(
S
m

)
in (6) is automatically satisfied when ηz = ηw (as m ≤ õ(S)), i.e. for the

“ordinary” gradient descent. Thus our result improves on [DZPS19]. As an easy calculation shows,
re-normalizing from LeCun’s initialization to the standard one gives the ratio ηz

ηw
= S

m . Thus the
condition (8) holds whenever m ≤ min

(
õ(S), õ

(
n1/2S1/2

))
. This gives an improvement on (2).

Finally, note that when m ≤ õ
(
n1/3S2/3

)
, the ranges for the relative learning rate ηz

ηw
in (6) and (7)

overlap. Thus, under the assumptions

m ≤ min
(
õ(S), õ

(
n1/3S2/3

)
, õ
(
nS1/4

))
,

convergence of the gradient descent is guaranteed regardless of the relative learning rate; we only
have to make sure the rates are individually small enough. In particular, this holds regardless of the
choice of normalization at the initialization.

Our improvements are admittedly not dramatic but our main motivation was to develop new techniques
that might turn out useful for pushing the bound further or in other similar situations. This is what we
consider our main technical contributions (some references below point out to the Appendix included
as a supplementary material).

• Most previous work used, explicitly or implicitly, bounds on the spectral norm ||X||, where
X is the data matrix. We will heavily exploit that when X is random, analogous bounds
also hold for all its sub-matrices XJ , where J is a subset of data instances (see (19)). We
will also employ a dual lower bound on σmin

(
(XJ)⊤

)
for all sufficiently large J (see (20)

and compare with [HY20, Assumption 2.2]).

5We do not include m as we are assuming m ≤ nO(1) throughout the paper.
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• We will also need to extend the lower bound λmin(H0) ≥ Ω(S) to the uniform lower bound
λmin(H0|Γ) ≥ Ω(S), where Γ ⊆ [S] is a sufficiently large but otherwise arbitrary set of
neurons and H0|Γ is obtained from H0 by disregarding neurons not in Γ. It turned out
surprisingly difficult and required a version of the Lipschitz concentration inequality (see
the second part of Appendix D).

• For the first two parts (6), (7), we also need to do finer analysis of the changes the activation
matrix A incurs during training than in previous work. Informally speaking, there are two
different ways the network may try to escape the NTK regime: by accumulating a large
overall number of changes or a relatively large number concentrated on a small set of inputs
J . Attempts of the first kind will be prevented by the assumption m ≤ õ

(
nS1/4

)
while the

second kind will be taken care of by m ≤ õ(S). See Appendix E for details.
• Since in case of RelU activations the gradient is discontinuous, we have to take care of the

unpleasant situation when A and hence the Jacobian JF of the feature map significantly
change during one step. The previous work (see e.g. [OS20, Appendix G]) did it by
comparing both Jacobians to the Jacobian at initialization but it does not work any longer
with our relaxed assumptions. Instead, we adopt to our purposes the beautiful invariant from
[ACH18, DHL18] concerning the behavior of weights associated to an individual neuron.
See Appendix G for details.

In Section 4 and Appendix H we will also report several simple experiments with synthetic data.
One strong conclusion we draw from these experiments is that there should be very significant room
for further theoretical improvements, possibly (almost) all the way up to the representability barrier
m ∼ nS.

1.4 Related research

Our attempt at the uniformization has inevitably left behind some very interesting and at least
somewhat related work. Very briefly:

Deeper networks. Several papers (notably [ALS19, ZG19]) are specifically devoted to the NTK
regime in the context of deeper networks. When scaled down to shallow networks, however, the
results do not seem to be as good as those obtained with methods specifically tailored to that situation.

Classification problems. Quite a bit of similar and generally stronger results have been obtained
for binary classification problems, see e.g. [BGMS18, ZCZG20, JT20b, CCZG21, FCB22, LZ22]
(the theoretical literature on multi-classification problems appears somewhat scarcer; see, however,
[LL20, JT20a, VSS22]). While some methods and approaches are shared with regression problems,
many techniques seem to be specific to classification.

Smooth activation. This case tends to be easier than the case of RelU, and many technical
difficulties disappear. For strong results in that direction not covered above see e.g. [HY20, SRP+21,
BAM22].

2 Definitions and preliminaries

2.1 Notation

We let [n] def
= {1, 2, . . . , n} and let

(
V
n

)
be the collection of all n-element subsets of V . For a real

number t, ⌊t⌋ is its integer part and {t} def
= t− ⌊t⌋ is its fractional part. All vectors and matrices are

real, and all vectors are column vectors unless otherwise noted. Matrices are generally denoted by
upper case Latin letters like A,B,H,W,X and vectors are typically denoted by lower case letters.
We let Rn×m be the space of n ×m matrices. For M ∈ Rn×m and j ∈ [m], we let M j denote
its jth column vector, and for i ∈ [n], Mi is its ith row vector. More generally, for J ⊆ [m], MJ

is the corresponding n × |J | matrix, and similarly for MI . For z ∈ RS , diag(z) ∈ RS×S is the
corresponding diagonal matrix.

The symbol ◦ stands for the Hadamard (entrywise) product of vectors/matrices of the same size.
The symbol ∗ will denote the column-wise Khatri-Rao product: for A ∈ RS×m and X ∈ Rn×m,
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(A∗X) ∈ RSn×m and (A∗X)(νi),j
def
= AνjXij . We will denote the standard Euclidean norm by ||x||.

The unit sphere Sn−1 ⊆ Rn is given by Sn−1 def
= {x ∈ Rn | ||x|| = 1}; more generally, r · Sn−1 def

=

{x ∈ Rn | ||x|| = r}. The spectral norm ||M || of M ∈ Rn×m is ||M || def
= maxξ∈Sm−1 ||Mξ||, its

minimum singular value is σmin(M)
def
= minξ∈Sm−1 ||Mξ|| and the Frobenius norm is ||M ||F

def
=(∑

i∈[n]

∑
j∈[m]Mij

)1/2
. We let ||x||∞, ||M ||∞ denote the maximum absolute value of an entry.

When H is a PSD (positive semi-definite) matrix, we will usually write λmin(H) for σmin(H); thus,
for any real matrix M , σmin(M) = λmin(M

⊤M)1/2. For two symmetric matrices M,N of the
same size, M ⪰ N means that M −N is PSD.

We let E[∗] be the expectation of a real random variable, Var(∗) be the variance of a (one-dimensional)
random variable and P[E] be the probability of an event E. 1(E) is the characteristic function of
E. When we randomize over a part of the sample space, this will be indicated by the corresponding
subscript, like EW0

[∗] or Pz[∗]. Let ||ζ||ψ2
, ||ζ||ψ1

be the sub-gaussian and the sub-exponential
norms of a one-dimensional ζ defined as

||ζ||ψp

def
= inf

{
s > 0

∣∣∣E[e(ζ/s)p] ≤ 2
}
.

2.2 The model

Let n,m, S ≥ 1. We are given m data instances X1, . . . , Xm ∈ Rn arranged as a matrix6 X ∈
Rn×m and a label vector y ∈ Rm. A (shallow) neural network is given by a pair θ = (W, z), where
W ∈ RS×n and z ∈ RS . It computes as

F (W )
def
= σ(WX) ∈ RS×m;

f(θ)
def
= F (W )⊤z ∈ Rm,

where, as usual, the RelU activation function σ(x) def
= max(x, 0) is applied to WX entrywise. We

define the error vector as
e(θ)

def
= f(θ)− y ∈ Rm

and the (quadratic) loss function as

ℓ(θ)
def
=

1

2
||e(θ)||2.

Let us call θ = (W, z) regular if WX does not contain zero entries and singular otherwise. All
functions just defined are polynomial in a neighborhood of any regular θ, hence the gradient ∇ℓ(θ)
is well-defined for regular θ. We split it as ∇ℓ(θ) = (∇wℓ(θ), ∇zℓ(θ)) in the obvious way:
∇zℓ(θ) ∈ RS , and ∇wℓ(θ) will be treated, depending on the context, either as a long vector in RnS
or as a matrix in RS×n.

Assume now that we are also given initial values θ0 = (W0, z0) and the learning rates ηw, ηz ≥ 0.
We define the gradient descent θτ = (Wτ , zτ ) (τ ≥ 1 an integer) as

Wτ
def
= Wτ−1 − ηw∇wℓ(θτ−1);

zτ
def
= zτ−1 − ηz∇zℓ(θτ−1).

(11)

There is a small caveat here since this definition makes sense only when all points θτ are regular.
Fortunately, it is easy to take care of with a simple measure-theoretical argument that we will present
in Appendix B.

Before giving a brief proof sketch of Theorem 1.1 (the complete proof is deferred to Appendix), let
us make a few more remarks.

6In many works on the subject, data points are arranged as rows of the data matrix. We have found that,
while also imperfect, the opposite convention leads to a cleaner and more natural notation.
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Remark 3 The choice of labels is completely adversarial (they are only required to be of “right”
order), and the adversary is also allowed to see the initialization, not only the data. This aligns well
with the prominent experiments in [ZBH+21] strongly suggesting that the choice of labels should not
be a defining factor in convergence.

Remark 4 As in all previous work, the error probability can be decreased to exponential by examin-
ing the proofs in Appendices C, D.

Remark 5 Since m ≤ S, the bound in (8) implies the second bound in (7). Thus, we always have
either m ≤ õ

(
nS1/4

)
or ηz

ηw
≥ ω̃

(
m2

nS

)
and, in fact, the refinement (8) of this dichotomy will not be

needed until Appendix F.

3 Some ideas of the proof

We frame the proof according to the paradigm known in combinatorics as quasirandomness (see
[CGW89] for graphs and [CR23] for arbitrary combinatorial objects). The idea is to split a logically
elaborated argument involving random objects into two totally independent parts. At the first stage
we accumulate a list of so-called “quasirandom properties”, that is completely deterministic facts that
hold for our random objects with overwhelming probability that we choose to be ≥ 1−(nS)−ω(1). At
the second stage, the argument proceeds completely deterministically, on the base of these properties
only. This allows us to avoid unwanted serious complications, or even sheer mistakes, caused by the
fact that quantifiers and randomization do not get along well in one argument.

This approach is of course not new to the area; it is known under various names like “assumptions”,
“meta-theorems” (see e.g. [OS20]) etc. But we do it perhaps a bit more systematically and on a larger
scale.

Almost all of our quasi-random properties are quite straightforward; their analogues have been heavily
used in the previous work (usually as assumptions). The following two seem to be at least somewhat
novel:

• We need to upper bound the spectral norm not only of the data matrix X itself but also of its
sub-matrices of the form XJ , J ⊆ [m], and this bound,

||XJ || ≤ Õ

(
1 +

|J |1/2

n1/2

)
(12)

must hold uniformly over J . Dually, for any set J of examples that is just slightly larger
than n, we postulate σmin((X

J)⊤) ≥ n/m.

• As in the previous work, we need the bounds λmin(H0), λmin(G0) ≥ Ω(S) for NTK
matrices H0, G0 at the initialization. But for the matrix H0 (corresponding to the first layer)
we also need this property to hold even after we “restrict” it (see (29) for details) to any
sufficiently large set of neurons Γ. The statement in italic has, somewhat surprisingly, turned
out to be the most involved part of the proof; it occupies most of Appendix D. The main
difficulty lies in the fact that we need our bound to hold uniformly over Γ that seems to
preclude simple tools like the union bound. Instead, we employ the Lipshitz concentration
inequality [Ver18, Theorem 5.1.4] or rather some of the ideas from its proof.

Let us now turn to the second, deterministic part of the proof. On the abstract level, it follows the
same pattern as most other proofs in the NTK regime. Namely, we prove by joint induction on time t
three intertwined properties:

1. The distances ||Wt −W0||F, ||zt − z0|| travelled by the trajectory stay small during the
whole training (“lazy training”);

2. The activation matrix At (for precise definitions see Appendix A.2) does not change much
w.r.t. A0;
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3. In the cases (6), (7) we have, again throughout the training, λmin(Ht) ≥ Ω(S) while in
cases (7), (8) we have λmin(Gt) ≥ Ω(S).

In particular, 3) will immediately imply that the error vector et decays exponentially and will complete
the proof.

As above, in this brief sketch we try to highlight what we view as relatively novel to our work.
Assuming that properties 1), 2), 3) hold for all t < T , we have to prove them for t := T (the base case
T = 0 for 3) was taken care of at the first stage). We begin with 1), and we estimate7 ||WT −W0||F
using Cauchy-Schwarz as follows:

||Wt −W0||F ≤ ηw

(
T−1∑
t=0

||∇wℓ(θt)||2

||et||

)1/2

·

(
T−1∑
t=0

||et||

)1/2

.

The first sum can be easily bounded by O(||e0||), which in turn is controlled by our quasi-random
assumptions, as long as we know that the gradient ∇wℓ(θt) does not oscillate too widely during one
step. (A priori, this may happen if too many pairs neuron-instance decide to fire at once.) The proof
turns out to be surprisingly difficult and requires quite new ideas, namely a discreditized version of
the beautiful invariant from [ACH18, DHL18]. It is presented in Appendices F and G.

The estimate for the second sum
∑T−1
t=0 ||et|| is pretty straightforward; it follows from the exponential

decay of {et}.

The proof of 2) (for t := T ) more or less follows the pattern from the previous work. Like before, we
actually need the bound

||(At −A0) ∗X|| ≤ õ
(
S1/2

)
(13)

that, with a small caveat explained below, will also imply 3). For proving (13)), we also employ
Shur’s inequality. The novelty is that we have to split the set of examples [m] as [m] = J

.
∪ co− J

and then bound separately ||((At −A0) ∗X)J || and ||((At −A0) ∗X)co−J ||. Here J consists of n
examples that undergo the heaviest activation changes, and this is where more general bound (12) is
used (and is crucial to our improvement).

Finally, 3) almost follows from (13) but the caveat is that the NTK matrix Ht is computed not from
At but from its normalized version Bt = diag(zt)At (see Appendix A.2). The difference is of little
importance when only the first layer is trained. But in our multi-rate framework, the property 1) only
controls ℓ2-norm of zt, it still may contain unacceptably large values. This is where the second bullet
in the description of the quasi-random stage comes into play: the set of neurons Γ referred to there
will simply consist of those ν ∈ [S] for which (zt)ν is small; its size is controlled by the bound on
||zt||. Then we will get the restricted version ||(Bt −B0)Γ ∗X|| ≤ õ

(
S1/2

)
of (13) which is good

enough since σmin(||(B0)Γ ∗X||) ≥ Ω̃(S1/2).

4 Experiments

Since our paper does not claim any direct relevance to practical data, we have confined our experiments
to synthetic data generated precisely as in Section 1.3, with ζ ∈R {±1}. In most experiments, the
vector y of label data was chosen from N (0, S)m. We also performed a few experiments with other
natural choices:

low spectrum e0 = f0 − y is the eigenvector of the matrix H0 corresponding to the smallest
eigenvalue and scaled in such a way that ||e0|| = m1/2S1/2.

high spectrum e0 = n1/2S1/2(X⊤X1). This is a “natural choice” for which ||H0e0|| is large.

7The proof for ||zT − z0|| is similar. Note that the actual proof in Appendix A.4 uses integral notation, with
the learning trajectory linearized in the obvious way.
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local e0 =


m1/2S1/2

0
...
0

. The initial error is completely concentrated on the first data instance (and

is huge).

We considered only the case ηz = 0, i.e., training the first layer. All our experiments were equipped
with the “safety valve”: they terminated once the situation ||eτ || > ||eτ−1|| was encountered. A
computation was declared successful and stopped once ||eτ || < 10−3. We remark that due to our
choice of normalization, the initial value was roughly of order 102 − 104 so our stopping condition
corresponds to the loss reduction by a factor of 1010 − 1014.

Like any other theoretical paper, ours is plugged with asymptotic notation (we would like to note
in passing that attempts to replace it with explicit constants are usually not very instructive or even
readable). The original purpose of our experiments was rather limited: verify that our theoretical
findings are still reasonably relevant for relatively small values of parameters. What they have showed
instead is that the crucial quantity λmin(Ht) still behaves smoothly and nicely well beyond what
could be optimistically called the “NTK regime”, almost all the way up to the representability barrier
m ∼ nS. In simpler words, there should be a significant room for improving theoretical results on
convergence with methods yet to be developed. In retrospect, this is not surprising at all: the bounds
like the first inequality in (42) are hopelessly pessimistic. But it is nice to have an experimental
encouragement.

For finer details, including tables and figures, see Appendix H.

5 Conclusion

In this paper we have improved on previously known convergence guarantees of the plain gradient
descent in the case of shallow networks. The real significance of this whole line of work depends
on the yet elusive properties of data and labels that allow for the generalization. In the optimistic
scenario this line of research will be eventually extended into more practical regions and then it might
turn out to be helpful to explain why certain choices of labels allow us not only to converge but also
to generalize (again, cf. [ZBH+21]). In the other scenario, generalization will be explained in such a
way that the implied convergence will clearly follow from this ad-hoc, label-dependent explanation.
That might render this whole line or research on label-independent convergence obsolete.

But while the jury is out, let us briefly sketch what, in our view, are worthy directions for future work
assuming the first scenario.

First and foremost, it would be nice to be able to extend our knowledge for depth 2 networks to
networks of larger constant depth, without significantly weakening the results.

It would be extremely nice (and probably very difficult, too) to prove convergence outside of the
NTK regime, i.e. find more intelligent ways of controlling the learning trajectory than simply by
the distance travelled. A significant improvement along these lines would be to remove or relax
the assumption m ≪ S ubiquitously present in our and all previous work. The invariant from
[ACH18, DHL18] that we will explore in Appendix G seems to be a paradigmatic example of the
tools that are to be developed for the purpose.

It would be interesting to pinpoint those “quasirandom properties” from Appendix A.3, as well as the
previous work, that are most problematic from the practical viewpoint. That might also give a good
indication of what might be promising directions to generalize known results.

Finally, many, if not most, applications do not fit the rigid set-up in Section 1.1: they either deal with
(multi)-classification problems or with more sophisticated network architectures, like CNN or Resnet,
or both. A great deal of interesting work was done in these directions; some of it was cited in Section
1. But our impression is that less effort has been invested into working out more general united theory
that would be less prone to this kind of changes in the model. That, in our view, is another interesting,
and potentially more accessible, goal.
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A Proof of the main result

As noted before, we defer the simple proof that the gradient descent avoids singular points a.e. to
Appendix B and for now simply assume that y ∈ Rm is chosen in such a way that this is true, and
such that ||y|| ≤ Õ(m1/2S1/2).

A.1 Useful facts

Shur’s theorem and inequalities. The Hadamard product M ◦N of two PSD m×m matrices is
again PSD and satisfies

||M ◦N || ≤ max
j∈[m]

|Mjj | · ||N ||;

λmin(M ◦N) ≥ min
j∈[m]

|Mjj | · λmin(N).

If A ∈ RS×m and X ∈ Rn×m then

(A ∗X)⊤(A ∗X) = (A⊤A) ◦ (X⊤X).

In particular, applying Shur’s inequalities with M 7→ A⊤A, N 7→ X⊤X , we get

||A ∗X|| ≤ max
j∈[m]

||Aj || · ||X||; (14)

σmin(A ∗X) ≥ min
j∈[m]

||Aj || · σmin(X).
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Norm bounds. For z ∈ RS , the norm ||(diag(z)A) ∗ X|| can be bound in two different (dual)
ways:

||(diag(z)A) ∗X|| ≤ ||z||∞ · ||A ∗X||; (15)
||(diag(z)A) ∗X|| ≤ ||z|| ·max

ν∈S
||Xdiag(Aν)|| ≤ ||z|| · ||A||∞ · ||X||. (16)

Another handy inequality is
||MN ||F ≤ ||M ||F · ||N ||. (17)

ϵ-nets [Ver12, Chapter 5.2.2]. An ϵ-net in Sn−1 is any subset N ⊆ Sn−1 such that ∀v ∈ Sn−1∃ξ ∈
N (||v − ξ|| ≤ ϵ).

Fact A.1 ([Ver12, Lemma 5.2]) For any ϵ, n there exists an ϵ-net N in Sn−1 with |N | ≤
(
1 + 2

ϵ

)n
.

Fact A.2 (similar to [Ver12, Lemma 5.3]) Let M ∈ Rk×n, σ > 0 and N be an σ
2||M || -net in Sn−1

such that ∀ξ ∈ N (||Mξ|| ≥ σ). Then σmin(M) ≥ σ
2 .

A.2 More notation

It will be convenient to extend the trajectory (11) to continuous time in the piecewise linear manner.
That is, for any t ≥ 0 we set

Wt
def
= W⌊t⌋ − ηw{t}∇wℓ(θ⌊t⌋);

zt
def
= z⌊t⌋ − ηz{t}∇zℓ(θ⌊t⌋).

Since θτ is regular for all τ ∈ N, the interval [τ, τ + 1] may contain only finitely many t for which θt
is singular. Hence those t can and will be ignored in our estimates based on integration.

We abbreviate F (Wt), f(θt), e(θt) etc. to Ft, ft, et respectively. Whenever θt is regular, we let

At
def
= σ′(WtX) (the activation matrix).

If θt is singular, we let At
def
= At+0 which makes all our constructs upper semi-continuous.

Next, let
Bt

def
= diag(zt)At (the weighted activation matrix),

then (Bt ∗X,Ft) is the transposed Jacobian Jf (θt) and hence
∇wℓ(θt) = (Bt ∗X)et;

∇zℓ(θt) = Ftet.

We also let

Ht
def
= (Bt ∗X)⊤(Bt ∗X) = (X⊤X) ◦ (B⊤

t Bt),

Gt
def
= F⊤

t Ft;

these are (for integer t) the two components of the NTK matrix.

A.3 Quasirandom properties

We claim that with our choice of X,W0, z0 (see Section 1.3), the following are satisfied with
probability ≥ 1− (nS)−ω(1). The proofs are deferred to Appendix C (straightforward proofs) and
Appendix D (not so straightforward).

A.3.1 Properties of data

Almost orthogonality.
max

j ̸=j′∈[m]
⟨Xj , Xj′⟩ ≤ Õ(n1/2). (18)

In the following property, as well as (27), the constants assumed in the Õ notation do not depend on
k and j, R respectively.
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Uniform bounds on norm.

∀k ∈ [m]

(
max
J∈([m]

k )
||XJ || ≤ Õ

(
1 +

k1/2

n1/2

))
. (19)

In the following property, as well as in (23), the bounds in the existential quantifiers are completely
explicit, see the proofs in Appendix C.

Dual bound on the minimum singular value.

∃n∗ ≤ Õ(n)

(
min

J∈([m]
n∗ )

σmin

(
(XJ)⊤

)
≥ n

m

)
. (20)

A.3.2 Properties of initialization

Rows of W0 are large.
min
ν∈[S]

||(W0)ν || ≥ Ω̃(n1/2). (21)

The following two properties are entirely obvious under either Rademacher or Gaussian initialization
of z0.

Entries of θ0 are small.
||W0||∞, ||z0||∞ ≤ Õ(1). (22)

z0 contains sufficiently many large entries.

∃ζ0 ≥ Ω̃(1)
(
| {ν ∈ [S] | |(z0)ν | ≥ ζ0 } | ≥ Ω̃(S)

)
. (23)

A.3.3 Smooth properties

Regularity.
θ0 is regular. (24)

Data is almost orthogonal to initialization.

||W0X||∞ ≤ Õ(1). (25)

Right order of the output at initialization.

||f0||∞ ≤ Õ(S1/2). (26)

“Good behavior” for any data instance.

∀j ∈ [m]∀R ≥ 0
(
| {ν ∈ [S] | |(W0X)νj | ≤ R} | ≤ Õ(SR+ 1)

)
. (27)

A.3.4 NTK properties at initialization

NTK: second layer.
λmin(G0) ≥ Ω(S). (28)

In order to formulate our last (and the most difficult) property, let us fix ζ0 ≥ Ω̃(1) as in (23), and set

Γ0
def
= {ν ∈ [S] | |(z0)ν | ≥ ζ0 } ;

thus, |Γ0| ≥ Ω̃(S).
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NTK: first layer.

m ≤ õ(nS1/2) =⇒ ∃S∗ ≥ Ω̃

(
n2S

n2 +m

)
(

min
Γ∈( Γ0

|Γ0|−S∗)
λmin

(
((A0)Γ ∗X)⊤((A0)Γ ∗X)

)
≥ Ω(S)

)
.

(29)

Remark 6 We have not been able to remove the annoying term m in the denominator of the bound
on S∗; we believe it can be done with a better analysis than ours.

A.4 Deterministic part

According to the plan outlined in Section 3, from now on we are assuming that X, θ0 are chosen
arbitrarily in such a way that all properties in Appendix A.3 are satisfied. The labels y ∈ Rm are
also arbitrary, as long as ||y|| ≤ Õ(m1/2S1/2) and the gradient descent avoids singular points. The
learning rates ηw, ηz are assumed to satisfy (5) and one of (6), (7), (8). All the way until Appendix F,
however, we will only need that either m ≤ õ(nS1/4) or ηz

ηw
≥ ω̃

(
m2

nS

)
.

Remark 7 Before we begin, let us make one technical remark. The definition (9) of the assumption
m ≤ õ(nS1/4) can be equivalently re-written as

lim
k→∞

log
(
n(k)(S(k))1/4

m(k)

)
log log

(
n(k)S(k)

) = ∞. (30)

Likewise, m ≥ Ω̃(nS1/4) means that the quantity in (30) is bounded. Since from every infinite
sequence we can extract an infinite subsequence for which one of the two is true, we can freely
assume w.l.o.g. that either m ≤ õ(nS1/4) or m ≥ Ω̃(nS1/4) holds. The same dichotomy applies to
ηz
ηw

≥ ω̃
(
m2

nS

)
vs. ηz

ηw
≤ Õ

(
m2

nS

)
.

We are going to prove the following upper bounds on the distance travelled in the parameter space:

m ≤ õ
(
nS1/4

)
=⇒ sup

T>0
||WT −W0||F < Õ(m1/2); (31)

m ≤ õ
(
nS1/4

)
=⇒ sup

T>0
||zT − z0|| < Õ

(
η
1/2
z

η
1/2
w

m1/2

)
; (32)

ηz
ηw

≥ ω̃

(
m2

nS

)
=⇒ sup

T>0
||WT −W0||F < Õ

(
η
1/2
w

η
1/2
z

m1/2

)
; (33)

ηz
ηw

≥ ω̃

(
m2

nS

)
=⇒ sup

T>0
||zT − z0|| < Õ

(
m1/2

)
. (34)

With a slight abuse of notation8, we prove (31)-(34) by induction on T ; that is, we fix T > 0 and
assume that these bounds hold for all t < T . We then claim that for all t < T we also have

m ≤ õ
(
nS1/4

)
=⇒ λmin(Ht) ≥ Ω̃(S); (35)

ηz
ηw

≥ ω̃

(
m2

nS

)
=⇒ λmin(Gt) ≥ Ω̃(S). (36)

Let us prove (36) since it is easier. Given (28), it is sufficient to show that

||Ft − F0|| ≤ õ(S1/2). (37)
8To be completely impeccable, we should first fix the constants assumed in the right-hand sides.
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For that we perform the calculation

||Ft − F0|| ≤ ||Ft − F0||F = ||σ(WtX)− σ(W0X)||F

≤ ||(Wt −W0)X||F
(17)
≤ ||Wt −W0||F · ||X||,

(38)

where the third inequality hold since σ is 1-Lipschitz. We now check that (38) indeed implies (37).

First,

||Wt −W0||F
(33)
≤ Õ

(
η
1/2
w

η
1/2
z

m1/2

)
≤ õ

(
n1/2S1/2

m1/2

)
, (39)

where for the second inequality we used the assumption in (36).

Next, as noted in Remark 7, we can assume w.l.o.g. that either m ≥ Ω̃
(
nS1/4

)
or m ≤ õ

(
nS1/4

)
.

In the first case, the bound (19) for k = m simplifies to ||X|| ≤ Õ
(
m1/2

n1/2

)
. This, along with (39),

implies (37).

If, on the other hand, m ≤ õ
(
nS1/4

)
, we can also employ (31) and refine (39) to

||Wt −W0||F ≤ min

(
Õ(m1/2), õ

(
n1/2S1/2

m1/2

))
≤ min

(
õ(S1/2), õ

(
n1/2S1/2

m1/2

))
.

Multiplying this with the full version ||X|| ≤ Õ
(
1 + m1/2

n1/2

)
of (19) again gives us (37). Thus, the

proof of (37) and hence also of (36) is completed.

The proof of (35) is more elaborate and is deferred to Appendix E.

The dynamics of the gradient descent in the error space is ruled by the differential equation
.

ℓt= ⟨∇ℓ(θt),
.

θt⟩,
where .

θt= −
(
ηw∇wℓ(θ⌊t⌋), ηz∇zℓ(θ⌊t⌋)

)
.

Hence
d

dt
||et|| =

d
dt ||et||

2

2||et||
=

.

ℓt
||et||

=
⟨∇ℓ(θt),

.

θt⟩
||et||

=
⟨∇ℓ(θt),

.

θ⌊t⌋⟩
||et||

.

Let
δt

def
= ∇ℓ(θt)−∇ℓ(θ⌊t⌋)

(this measures how much the gradient may change during one step). We now have

⟨∇ℓ(θt),
.

θ⌊t⌋⟩ = ⟨∇ℓ(θ⌊t⌋),
.

θ⌊t⌋⟩+ ⟨δt,
.

θ⌊t⌋⟩ = −ηw||∇wℓ(θ⌊t⌋)||2− ηz||∇zℓ(θ⌊t⌋)||2+ ⟨δt,
.

θ⌊t⌋⟩.

In Appendices F, G we will prove that∣∣∣⟨δt, .θ⌊t⌋⟩∣∣∣ < 1

2
⟨∇ℓ(θ⌊t⌋),

.

θ⌊t⌋⟩ (40)

(the proof for the z-part is pretty straightforward, given the absolute bounds (5), but will require a
new idea for the W -part due to the discontinuity of ∇wℓ).

Once we have that, we know that ||et|| is decreasing or, more specifically,

d

dt
||et|| ≤

⟨∇ℓ(θ⌊t⌋),
.

θ⌊t⌋⟩
2||et||

≤
⟨∇ℓ(θ⌊t⌋),

.

θ⌊t⌋⟩
2||e⌊t⌋||

, (41)

where the last inequality holds since ||et|| is decreasing.

Note that ||f0|| ≤ Õ(m1/2S1/2) by (26) and, therefore, ||e0|| ≤ Õ(m1/2S1/2) due to our assumption
on y. Integrating (41) from 0 to T gives us∫ T

0

⟨∇ℓ(θ⌊t⌋),−
.

θ⌊t⌋⟩
||e⌊t⌋||

dt ≤ 2

∫ T

0

(
− d

dt
||et||

)
dt = 2(||e0|| − ||eT ||) ≤ Õ(m1/2S1/2),
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where the equality holds since ||et|| is decreasing.

Using Cauchy-Schwartz, we now estimate

||WT −W0||F ≤ ηw

∫ T

0

||∇wℓ(θ⌊t⌋)||dt

≤ ηw

(∫ T

0

||∇wℓ(θ⌊t⌋)||2

||e⌊t⌋||

)1/2

·

(∫ T

0

||e⌊t⌋||dt

)1/2

≤ ηw

(∫ T

0

⟨∇ℓ(θ⌊t⌋),−
.

θ⌊t⌋⟩
ηw||e⌊t⌋||

dt

)1/2

·

(∫ T

0

||e⌊t⌋||dt

)1/2

≤ Õ

η1/2w m1/4S1/4 ·

(∫ T

0

||e⌊t⌋||dt

)1/2


(42)

and, likewise,

||zT − z0|| ≤ Õ

η1/2z m1/4S1/4 ·

(∫ T

0

||e⌊t⌋||dt

)1/2
 . (43)

In order to estimate the last remaining term
∫ T
0
||e⌊t⌋||dt, let us first assume that m ≤ õ(nS1/4). In

that case we have (35) and then we can continue (41) as follows:

d

dt
||et|| ≤ −Ω̃

(
⟨∇ℓ(θ⌊t⌋),−

.

θ⌊t⌋⟩
||e⌊t⌋||

)
≤ −Ω̃

(
ηw

||∇wℓ(θ⌊t⌋)||2

||e⌊t⌋||

)
≤ −Ω̃(ηwλmin(H⌊t⌋)||e⌊t⌋||) ≤ −Ω̃(ηwS||e⌊t⌋||).

This (sub)differential equation solves to

m ≤ õ(nS1/4) =⇒ ||et|| ≤ ||e0|| · exp(−Ω̃(ηwtS))

≤ Õ
(
m1/2S1/2 exp(−Ω̃(ηwtS)

)
.

(44)

Integrating from 0 to T gives us

m ≤ õ(nS1/4) =⇒
∫ T

0

||e⌊t⌋||dt ≤ Õ

(
m1/2

ηwS1/2

)
(45)

and, likewise (but applying (36) this time),

ηz
ηw

≥ ω̃

(
m2

nS

)
=⇒ ||et|| ≤ Õ

(
m1/2S1/2 exp(−Ω̃(ηztS)

)
; (46)

ηz
ηw

≥ ω̃

(
m2

nS

)
=⇒

∫ T

0

||e⌊t⌋||dt ≤ Õ

(
m1/2

ηzS1/2

)
. (47)

Plugging (45), (47) into (42), (43) gives us all four inequalities (31)-(34). This completes their proof
by joint induction on t, modulo facts deferred to Appendices B-G.

In particular, in the first case (6) we have (44), in the third case (8) we have (46) (and in the second case
(7) we have both). This completes the proof of Theorem 1.1, with exponential speed of convergence.

B Gradient descent avoids singular points

Fix X,W0, z0 such that θ0 is regular, that is, W0X does not contain zero entries. Let ηw, ηz ≥ 0
be arbitrary. Our goal in this section is to show that for Lebesgue almost all y ∈ Rm, all points
θτ (τ = 1, 2, 3, . . .) are also regular.
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Due to countable additivity, it is sufficient too prove that

λ ({y | θ0(y), θ1(y), . . . θτ−1(y) are regular, θτ (y) is singular}) = 0

for any fixed positive integer τ . By the same token, it is sufficient to show that for any fixed collection
A0, A1, . . . , Aτ−1 of 0-1 (S ×m) matrices and for any fixed ν ∈ [S], j ∈ [m],

λ({y|θ0(y), θ1(y), . . . , θτ−1(y) are regular,
A0(y) = A0, A1(y) = A1, . . . , Aτ−1(y) = Aτ−1, (Wτ (y)X)νj = 0}) = 0.

But once the activation matrices A0, A1, . . . , Aτ−1 are fixed, a simple induction on τ shows that all
our mappings, including (Wτ (y)X)νj , become polynomial in y. Moreover, if we initialize y := f0
then θ0 becomes the global minimum, θ0(y) = θ1(y) = . . . = θτ (y) and hence (Wτ (y)X)νj =
(W0X)νj ̸= 0. Hence this polynomial is not identically zero and therefore the set of its zeros has
Lebesgue measure 0.

C Easy quasirandom properties

In this section we prove that all properties in Appendix A.3, except for (28), (29), hold with probability
≥ 1− (nS)−ω(1); all proofs in this section are routine exercises. As a preliminary remark, note that
the nature of the error probability (nS)−ω(1) (along with m ≤ nO(1)) allows us to freely use the
union bound over sets whose cardinality is polynomial in n,m, S.

(18) This is essentially [Ver18, Remark 3.2.5] but let us do estimates slightly more carefully.

By the remark just made, we can assume that j, j′ are fixed. Let x, y ∼ N
(
0, 1

nIn
)

be two
independent samples. Then, due to isotropy, Xj and Xj′ can be alternately represented as Xj ∼
x

||x|| , X
j′ ∼ y

||y|| and hence
∣∣∣⟨Xj , Xj′⟩

∣∣∣ = ⟨x,y⟩
||x||·||y|| .

Now, for any i ∈ [n], the random variables x2i − 1/n, y2i − 1/n, xiyi are centered and ||x2i −
1/n||ψ1

, ||y2i − 1/n||ψ1
, ||xiyi||ψ1

≤ O(1). [Ver18, Example 2.5.8(i); Lemma 2.7.7; Exercise
2.7.10]. Hence by Bernstein’s inequality ([Ver18, Theorem 2.8.1]; plug N 7→ n, t 7→ log(nS)

n1/2 ), with
probability ≥ 1− exp(−Ω(log(nS))2) ≥ 1− (nS)−ω(1) we have ||x||2, ||y||2 ≥ 1− log(nS)

n1/2 ≥ 1
2

and |⟨x, y⟩| ≤ log(nS)
n1/2 ≤ Õ(n1/2). The bound (18) follows.

(19) We can treat each value of k individually (and then apply the union bound).

Let us first consider the case k = m. By [Ver12, Theorem 5.39] (plug N 7→ m, A 7→ n1/2 ·X⊤),
there are absolute constants c, C > 0 such that for every t > 0,

P
[
||n1/2 ·X|| ≤ C(m1/2 + n1/2) + t

]
≥ 1− 2 exp(−ct2).

Set t def
= m1/2 log(nS). Then we get that ||X|| ≤ Õ

(
1 + m1/2

n1/2

)
with probability ≥ 1 −

exp(−Ω(m log(nS)2)) ≥ 1− (nS)−ω(1).

Let now k ∈ [m] be arbitrary and J ∈
(
[m]
k

)
. Then, plugging in the above argument m 7→ k, we see

that ||XJ || ≤ Õ
(
1 + k1/2

n1/2

)
with probability ≥ 1−exp(−Ω(k log(nS)2)), and exp(Ω(k log(nS)2))

dominates the number
(
m
k

)
≤ exp(k logm) of choices of J (recall again that m ≤ nO(1)). Hence

we can apply the union bound to complete the proof of (19).

(20) This time we have not been able to find a convenient off-the-shelf inequality so we will do a
simple ad hoc argument using ϵ-nets.

We set n∗ def
= n(log n)2 and ϵ def

= 1
m . By Fact A.1, we can find an ϵ-net N in Sn−1 with |N | ≤

exp(O(n log n)). Then it is sufficient to prove that for any fixed ξ ∈ N we have

P

[
∀J ∈

(
[m]

n∗

)
||(XJ)⊤ξ|| ≥ 2n

m

]
≥ 1− exp(−ω(n log n)) (48)
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since then we can apply the union bound over all ξ ∈ N , followed by an application of Fact A.2
(with σ := n/m; note that ||XJ || ≤ Õ(1) by the already proven (19)).

In order to prove (48), by isotropy we can assume that ξ =


1
0
...
0

, that is X⊤ξ = X⊤
1 . Let

R
def
= n1/2

m , then (by an argument similar to the one used in the proof of (18)) P[|X1j | ≤ R] ≤
3Rn1/2 ≤ 3n

m and hence E[|{j | |X1j | ≤ R}|] ≤ 3n ≤ n∗

3 . Hence, by the plain Chernoff bound,

P

[
|{j | |X1j | ≤ R}| ≤ n∗

2

]
≥ 1− exp(−Ω(n∗)) ≥ 1− exp(−ω(n log n)).

On the other hand, this event logically implies that for every J ∈
(
[m]
n∗

)
, (XJ)⊤ξ contains at least n

∗

2

entries X1j with |X1j | ≥ R. Hence ||(XJ)⊤ξ|| ≥ R
(
n∗

2

)1/2
≥ 2n

m . This completes the proof of
(48) and hence of (20) as well.

(21) Fix ν ∈ [S]. Like in the proof of (18), for every i ∈ [n], (W0)
2
νi − 1 is a centered distribution

with ||(W0)
2
νi − 1||ψ1

≤ O(1). Applying to it Bernstein’s inequality ([Ver18, Theorem 2.8.1], plug
N 7→ m, Xi 7→ (W0)

2
νi − 1, t 7→ n/2), we get

P
[
||(W0)ν ||2 ≤ n/2

]
≥ 1− exp(−Ω(n)) ≥ 1− (nS)−ω(1).

(22) The inequality ||W0||∞ ≤ Õ(1) is obvious. For ||z0||∞ ≤ Õ(1), (3) implies that for sufficiently
large C,

P
[
|ζ| ≤ (log nS)C

]
≥ 1− (nS)−ω(1). (49)

(23) The bound (4) on the variance allows us to conclude that for some ζ0 ≥ Ω̃(1),
E
[
|ζ|2 · 1(|ζ| ≥ ζ0)

]
≥ Ω̃(1) and then the bound (49) implies P[|ζ| ≥ ζ0] ≥ Ω̃(1). The desired

bound (23) now follows from the plain Chernoff inequality.

(24) is obvious (in fact, it holds with probability 1).

(25) Due to isotropy, every individual entry (W0X)νj is a standard Gaussian.

(26) By the just proven (25), we also have ||F0||∞ ≤ Õ(1) and then, for any fixed F0, the jth entry
of f0 = F⊤

0 z0 is of the form a1ζ1 + . . . + aSζS , where aν
def
= (F0)νj is fixed, |aν | ≤ Õ(1) and

ζ1, . . . , ζS are S independent copies of ζ. Now we only have to apply the sub-Gaussian Hoeffding
inequality [Ver18, Theorem 2.6.2].

(27) Fix j ∈ [m]. Due to the term +1 in RS + 1, we can assume w.l.o.g. that R ≥ 1
S ; we can also

assume that R ≤ 1 as otherwise the bound is trivial. By replacing R with the nearest rational of the
form 2−h (h = 0, 1, 2, . . .), we can assume that R takes on only Õ(1) different values. Hence we
can apply the union bound on R and assume that R ∈

[
1
S , 1

]
is fixed.

Now, for an fixed j ∈ [m], the values (W0X)νj are i.i.d. from N (0, 1). Hence P[|(W0X)νj | ≤ R] ≤
Õ(R) and now (27) follows from the plain Chernoff bound.

D NTK matrix at initialization

In this section we prove (28) and (29).
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Let w ∼ N (0, In). Recall that the limit NTK matrices (that we will denote by Hw(X) and Hz(X),
respectively) are defined as the following expectations:

Hw(X)
def
= Ew

[
(X⊤X) ◦

(
σ′(X⊤w)σ′(w⊤X)

)]
Hz(X)

def
= Ew

[
σ(X⊤w)σ(w⊤X)

]
.

The first step is to show that (18) implies λmin(H
w(X)), λmin(H

z(X)) ≥ Ω(S). The argument is
essentially the same as in [NMM21] but since we are working in way less general set-up, we prefer
to present a self-contained (and simpler) proof.

The entries Hw(X)jj′ , H
z(X)jj′ of those matrices depend only on ⟨Xj , Xj′⟩ and this dependence

is provided by analytical (near 0) functions fw, fz , respectively such that all coefficients in their
Taylor expansions are non-negative.

Indeed, by isotropy we can assume that

Xj =


1
0
...
0

 , Xj′ =


cosϕ
sinϕ

...
0

 ,

where ϕ def
= arccos

(
⟨Xj , Xj′⟩

)
. Next, (w1, w2) is distributed as (r cosψ, r sinψ), where r is the

squared χ-distribution with 2 degrees of freedom, ψ ∼R [0, 2π] and r, ψ are independent. We now
compute

(Hw(X))jj′ = (X⊤X)jj′ ·
1

2π

∫ π/2

ϕ−π/2
1dψ = ⟨Xj , Xj′⟩

(
1

2
− ϕ

2π

)
that is,

fw(γ) = γ

(
1

2
− arccos γ

2π

)
(this computation already appeared several times in the literature). Also, assuming ϕ ∈ [0, π],

(Hz(X))jj′ = E
[
r2
]
· 1

2π

∫ π/2

ϕ−π/2
cos(ϕ− ψ)dψ =

cos(ϕ) · (π − ϕ) + sin(ϕ)

2π
,

that is

fz(γ) =
γ(π − arccos(γ)) +

√
1− γ2

2π
.

These functions have the following explicit Taylor expansions:

fw(γ) =
1

4
γ +

1

2π
·

∞∑
r=0

(2r)!

4r (r!)
2
(2r + 1)

γ2r+2,

fz(γ) =
1

2π
+

1

4
γ +

1

48π
γ2 +

1

2π

∞∑
r=2

(2r − 3)!!

(2r)!!
γ2r

which verifies our claim.

Now, since Hw(X) is obtained from the ordinary kernel matrix X⊤X by entrywise applications of
fw, we have

Hw(X) =
1

4
X⊤X +

1

2π
·

∞∑
r=0

(2r)!

4r (r!)
2
(2r + 1)

(X⊤X ◦ · · · ◦X⊤X)︸ ︷︷ ︸
2r+2 times

and, by Shur’s theorem, all summands in the right-hand side are positive semi-definite. Hence for every

fixed r ≥ 1, Hw(X) ⪰ Ω

(X⊤X ◦ · · · ◦X⊤X)︸ ︷︷ ︸
2r times

. Also, for a fixed r > 0 all off-diagonal entries
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in (X⊤X ◦ · · · ◦X⊤X)︸ ︷︷ ︸
2r times

are bounded as Õ(nr/2) (due to (18)) which is o(m) if r > 0 is large enough.

On the other hand, all diagonal entries are still Ω(1). Hence λmin

(X⊤X ◦ · · · ◦X⊤X)︸ ︷︷ ︸
2r times

 ≥ Ω(1)

which completes the proof of λmin(H
w(X)) ≥ Ω(1). The argument for λmin(H

z(X)) ≥ Ω(1) is
identical.

The proof of (28) is now easy to complete by the matrix Chernoff inequality. Fix an X satisfying (18).
Then G0 is the sum of S independent copies of the random (rank 1) PSD matrix σ(w⊤X)⊤σ(w⊤X)
while Hz(X) is its expectation. Moreover,

||σ(w⊤X)⊤σ(w⊤X)|| = ||σ(w⊤X)||2 ≤ ||w⊤X||2.

Let

Hz(X,w)
def
=

{
σ(w⊤X)⊤σ(w⊤X) if ||w⊤X||2 ≤ m(log(nS))2

0 otherwise.

Then ||Hz(X,w)|| ≤ Õ(m) and

||Ew[Hz(X,w)]−Hz(X)|| ≤ Ew
[
||w⊤X||2 · 1

(
||w⊤X||2 ≥ m(log(nS))2

)]
≤ Ew

[
||w⊤X||2 · 1

(
||w⊤X||∞ ≥ log(nS)

)]
≤ o(1)

(for the last inequality, observe that w⊤X is a tuple of standard Gaussian, albeit not necessary
independent). This in particular implies that

λmin (Ew[H
z(X,w)]) ≥ Ω(1),

and now we can apply Matrix Chernoff Inequality ([Tro12, Theorem 1.1]; plug d 7→ m, Xk 7→
Hz(X,w), R 7→ Õ(m), µmin 7→ Ω(S), δ 7→ 1/2) to conclude that (28) holds with probability
≥ 1− exp(−Ω(S/m)) ≥ 1− exp(−ω̃(1)) ≥ 1− (nS)−ω(1).

The proof of (29) is tricker, and, as we indicated above, there probably should be an easier way of
doing this.

We first note that Γ0 depends only on z0 while (A0 ∗X)⊤(A0 ∗X) depends only on X, W0. Hence
we can fix an arbitrary Γ0 ⊆ [S] with |Γ0| ≥ Ω̃(S) and prove (29) conditioned by Γ0(z0) = Γ0.
After that we can simplify our notation by assuming w.l.o.g. that Γ0 = [S] (for the Rademacher
initialization this holds automatically anyway).

For any Γ ⊆ [S],

||(A0)Γ∗X|| ≤ ||A0∗X|| = ||(A⊤
0 A0)◦(X⊤X)||1/2

(14)
≤ S1/2 ·||X||

(19)
≤ Õ

(
S1/2

(
1 +

m1/2

n1/2

))
.

Let now

δ
def
= λmin(H

w(X)) ≥ Ω(1);

σ
def
= min

(
δ1/2

3
,
1

2

)
S1/2;

ϵ
def
=

σ

2 · ||(A0)Γ ∗X||
≥ Ω(m−1/2).

Fix an arbitrary ϵ-net N ⊆ Sm−1 of cardinality exp(Õ(m)) (by Fact A.1). Set also

S∗ def
= ⌊ n2S

(n2 +m) log(nS)C
⌋,

where C ≥ 1 is a sufficiently large constant, also to be specified later. Note that

S∗ ≥ ω̃(m), (50)
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due to S ≥ ω̃(m) and the assumption m ≤ õ(nS1/2) incorporated in (29). Then it is sufficient to
show that for any fixed ξ ∈ N we have

P

[
∀Γ ∈

(
[S]

S − S∗

)
||((A0)Γ ∗X)ξ|| ≥ σ

]
≥ 1− exp(−ω̃(m)) (51)

since after that we can apply the union bound over N , and then Fact A.2.

Before proceeding with the formal proof, let us briefly explain the predicament we are facing. The
bound λmin(H

w(X)) ≥ Ω(1) we have already proven only implies that the expectation of the random
variable ξ⊤(X⊤X◦(σ′(X⊤w)σ′(w⊤X)))ξ is bounded away from zero, and ξ⊤(A0∗X)⊤(A0∗X)ξ
is a sum of S independent copies of that variable. Since S ≥ ω̃(m), we would have been done by a
simple application of Chernoff’s inequality if we knew that this random variable does not behave
abnormally; say, if we knew that the probability that it is separated from 0 is also Ω(1) (cf. [SY19,
Assumption 1.2.2]). We can not directly apply Markov’s inequality since we only have an upper
bound of Õ(m/n) on the value of this random variable. Our way to rule out this pathological situation
(i.e. when the large expectation is made by large values occurring with small probability) is to apply
some ideas from the proof of the Lipschitz concentration inequality [Ver18, Theorem 5.1.4].

Returning to the formal argument, let us first express our random variable in more compact way:

ξ⊤(X⊤X ◦ (σ′(X⊤w)σ′(w⊤X)))ξ = ||X(σ′(X⊤w) ◦ ξ)||2.

Thus,
Ew
[
||X(σ′(X⊤w) ◦ ξ)||2

]
≥ λmin(H

w(X)) = δ.

For the rest of this section, it will be more convenient to assume that w ∈R
√
n · Sn−1; since σ′ is

invariant under positive scalings, this will not change anything. We will denote by µ the standard
(Haar) measure on

√
n · Sn−1.

Let
K

def
=

δS

2S∗

and
W def

=
{
w ∈

√
n · Sn−1

∣∣ ||X(σ′(X⊤w) ◦ ξ)||2 ≥ K
}
.

We split the analysis according to whether W is small or large.

Case 1. µ(W) ≤ 1/m.

This case is easy. Since

||X(σ′(X⊤w) ◦ ξ)||2 ≤ ||X||2 · ||σ′(X⊤w) ◦ ξ||2 ≤ ||X||2
(19)
≤ Õ

(
1 +

m

n

)
≤ õ(m),

we have that E
[
||X(σ′(X⊤w) ◦ ξ)||2 · 1(w ∈ W)

]
≤ õ(1). Hence if we consider the truncated (and

scaled by K) function

f(w)
def
= min

(
1

K
||σ′(X⊤w) ◦ ξ||2, 1

)
,

we will still have E[f(w)] ≥ 2
3
δ
K = 4

3
S∗

S . Noting that f(w) ∈ [0, 1], we have by the plain Chernoff
bound:

P

[
f(w1) + . . .+ f(wS) ≥

5

4
S∗
]
≥ 1− exp(−Ω(S∗))

(50)
≥ 1− exp(−ω̃(m)).

Now, if we remove from this sum S∗ terms, it will get decreased by at most S∗ and hence

||((A0)Γ ∗X)ξ||2 ≥ K ·
∑
ν∈Γ

f(wν) ≥
1

4
KS∗ =

1

8
δS,

for any Γ ∈
(

[S]
S−S∗

)
. This completes the analysis of Case 1.

Case 2. µ(W) ≥ 1/m.

22



In this case we will be able to achieve our dream goal and show that ||X(σ′(X⊤w) ◦ ξ)|| ≥ 1 with
probability at least 1/2.

For ρ ≥ 0, let
Wρ

def
=
{
w ∈

√
n · Sn−1 | ∃w∗ ∈ W(||w − w∗|| ≤ ρ)

}
.

Then, by the standard isoperimetric inequality we can fix ρ ≤ Õ(1) in such a way that µ(Wρ) ≥ 2/3.
Our goal is to show that for all but a negligible fraction of “bad” w ∈ Wρ, we have ||X(σ′(X⊤w) ◦
ξ)|| ≥ 1.

In order to identify the first set of “bad” points in Wρ, set first

ϕ
def
=

log(nS)C1

n1/2
,

where C1 ≥ 1 is large enough. Let

E(w)
def
=
{
j ∈ [m]

∣∣ ||w⊤Xj || ≤ ϕ
}
,

and let χw ∈ {0, 1}m be the characteristic function of this set. Then, since
∑
j∈[m] ξ

2
j = 1, we have

the estimate
Ew
[
||χw ◦ ξ||2

]
=
∑
j∈[m]

ξ2j ·Pw

[
||w⊤Xj || ≤ ϕ

]
≤ Õ(n−1/2).

Hence we can choose ψ ≤ Õ(n−1/4) such that

Pw[||χw ◦ ξ|| ≥ ψ] ≤ 1

12
,

and this is our first “bad” event.

For the second “bad” event we need to identify one more quasirandom property of the data X that in a
sense is a uniform version of a dual to (27). Namely, for R > 0, w ∈

√
n · Sn−1 and X ∈ (Sn−1)m,

let
BadR(w,X)

def
=
∣∣{j ∈ [m]

∣∣ ||w⊤Xj || ≤ R
}∣∣ ≥ log(nS)2 · (mR+ 1). (52)

Similarly to the proof of (27), for any fixed w we have PX [BadR(w,X)] ≤ exp(−Ω(log(nS))2)
and, averaging over w,

P[BadR(w,X)] ≤ exp(−Ω((log(nS))2)) ≤ 1− (nS)−ω(1).

On the other hand, if we set

BR,X =
{
w ∈

√
n · Sn−1 | BadR(w,X)

}
,

then
P[BadR(w,X)] = EX [µ(BR,X)] .

Therefore,
PX [µ(BR,X) ≤ õ(1)] ≥ 1− (nS)−ω(1).

Let now
BX

def
=
⋃
R>0

BR,X .

Then we still have
PX [µ(BX) ≤ õ(1)] ≥ 1− (nS)−ω(1)

since (cf. the proof of (27)) it is sufficient to consider only Õ(1) different values of R in this union.
Thus we also require that

µ(BX) ≤ 1

12
.

We stress that this is the quasirandom property of the data X only and it does not depend in any way
on the actual initialization W0.

The set BX is our second “bad event”, and now we let

W̃ρ
def
= {w ∈ Wρ | ||χw ◦ ξ|| ≤ ψ ∧ w ̸∈ BX } ;
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note that µ(W̃ρ) ≥ 2
3 − 2 · 1

12 = 1
2 . We claim that

∀w ∈ W̃ρ ||X(σ′(X⊤w) ◦ ξ)|| ≥ 1. (53)

Indeed, fix w ∈ W̃ρ and let w∗ ∈ W be such that ||w − w∗|| ≤ ρ ≤ Õ(1). Let

d
def
= σ′(X⊤w)− σ′(X⊤w∗); d ∈ {−1, 0, 1}m.

We start with the obvious estimate

||X(σ′(X⊤w) ◦ ξ)|| ≥ ||X(σ′(X⊤w∗) ◦ ξ)|| − ||X(d ◦ ξ)|| ≥ K1/2 − ||X(d ◦ ξ)||

(the second inequality holds since w∗ ∈ W). Let now D
def
= sup(d), and split d as d = d′ + d′′,

where d′ def
= d ◦ χw is the part corresponding to E(w) and d′′ corresponds to co−E(w). Then we

have the bound

||X(d ◦ ξ)|| ≤ ||X(d′ ◦ ξ)||+ ||X(d′′ ◦ ξ)||
≤ ||XD|| · ||d′ ◦ ξ||+ ||XD\E(w)|| · ||d′′ ◦ ξ||
≤ ||XD|| · ||χw ◦ ξ||+ ||XD\E(w)||
≤ ψ · ||XD||+ ||XD\E(w)||.

(54)

Let us estimate |D| and |D \ E(w)| (and then we will apply (19)).

For any j ∈ D, we have
||(w∗ − w)⊤Xj || ≥ ||w⊤Xj || (55)

since w⊤Xj and (w∗)⊤Xj have the opposite sign. Thus, ||(w∗ − w)⊤XD|| ≥ ||w⊤XD||; recalling
that ||w∗ − w|| ≤ Õ(1), we obtain

||w⊤XD|| ≤ Õ
(
||XD||

) (19)
≤ Õ

(
1 +

|D|1/2

n1/2

)
.

On the other hand, let

R
def
=

1

m

(
|D|

2 log(nS)2
− 1

)
.

so that the right-hand side in (52) becomes |D|
2 . Since w ̸∈ BR,X , there are at least |D|

2 indices j ∈ D

such that ||w⊤Xj || ≥ R which implies

||w⊤XD|| ≥ 1√
2
R|D|1/2 ≥ Ω̃

(
|D|3/2

m

)
− Õ

(
|D|1/2

m

)
.

Comparing now the upper and lower bounds on ||w⊤XD||, we get |D|3/2
m ≤ Õ

(
1 + |D|1/2

n1/2 + |D|1/2
m

)
which solves to |D| ≤ Õ

(
m2/3 + m

n1/2

)
. By (19), this implies

||XD|| ≤ Õ

(
1 +

m1/3

n1/2
+
m1/2

n3/4

)
≤ Õ

(
1 +

m1/2

n3/4

)
, (56)

where the second inequality holds simply because m1/3

n1/2 =
(
m1/2

n3/4

)2/3
.

To bound |D \ E(w)|, we again use (55) which, along with the definition of E(w), gives us

||(w − w∗)⊤XD\E(w)|| ≥ ϕ · |D \ E(w)|1/2.

On the other hand,

||(w − w∗)⊤XD\E(w)|| ≤ ρ · ||XD\E(w)||
(19)
≤ Õ

(
1 +

|D \ E(w)|1/2

n1/2

)
.

24



If the constantC1 in the definition of ϕ is large enough (namely, exceeds the constant assumed in (19)),
the second term Õ

(
|D\E(w)|1/2

n1/2

)
is dominated by ϕ|D \E(w)|1/2 and therefore ϕ|D \E(w)|1/2 ≤

Õ(1). Thus |D \ E(w)| ≤ Õ(n) and (as always, by (19)),

||XD\E(w)|| ≤ Õ(1). (57)

Plugging (56), (57) and ψ ≤ Õ(n−1/4) into (54), we finally conclude that

||X(d ◦ ξ)|| ≤ Õ

(
1 +

m1/2

n

)
≤ K1/2 − 1,

provided the constant C in the definition of S∗ is large enough. This completes the proof of (53).

The rest is easy. By plain Chernoff bound,
∣∣∣{ν ∈ [S]

∣∣∣ w⊤
ν ∈ W̃ρ

}∣∣∣ ≥ S/3 with probability ≥
1− exp(−Ω(S)) ≥ 1− exp(−ω̃(m)). Since S∗ ≤ o(S), removing any S∗ entries will still leave us
with ≥ S

4 neurons ν ∈ [S] such that ||X(σ′(X⊤w⊤
ν ) ◦ ξ)|| ≥ 1. This completes the proof of (51)

(since σ ≤ S1/2

2 ) and (29).

E NTK matrix at the first layer

In this section we prove (35), assuming that (31), (32) and (34) hold (for the same t).

Let

Γ
def
=

{
ν ∈ Γ0

∣∣∣∣ |(zt)ν | ≥ 1

2
ζ0

}
.

Our first task is to check that this Γ satisfies the condition |Γ0 \ Γ| ≤ õ
(

n2S
n2+m

)
(and hence can be

chosen in (29)). For that we note that for any ν ∈ Γ0 \ Γ, |(zt)ν − (z0)ν | ≥ 1
2ζ0 ≥ Ω̃(1) and hence

||zt − z0|| ≥ Ω̃
(
|Γ0 \ Γ|1/2

)
. So we only have to check that

||zt − z0|| ≤ min

(
õ(S1/2), õ

(
nS1/2

m1/2

))
. (58)

We can assume (see Remark 7) that either ηz
ηw

≥ ω̃
(
m2

nS

)
or ηz

ηw
≤ Õ

(
m2

nS

)
.

If ηz
ηw

≥ ω̃
(
m2

nS

)
, we can apply (34) and use the condition m ≤ õ(nS1/4) in (35).

If on the other hand ηz
ηw

≤ Õ
(
m2

nS

)
then the cases (7), (8) are ruled out and hence (6) must

hold. Now we apply (32) to conclude that ||zt − z0|| ≤ Õ
(

m3/2

n1/2S1/2

)
≤ õ

(
nS1/2

m1/2

)
, where

the last inequality follows from the calculation m ≤ õ
(
(nS1/4)3/4 · (S)1/4

)
≤ õ(n3/4S7/16) ≤

õ
(
n3/4S1/2

)
. Alternatively, from (6) we have ηz

ηw
≤ õ

(
S
m

)
which, also by (32), gives us ||zt−z0|| ≤

õ(S1/2). Thus in either case we have (58).

We can now apply (29) to our particular Γ, and we get σmin((A0)Γ ∗X) ≥ Ω(S1/2). Further, since
(zt)ν ≥ Ω̃(1) whenever ν ∈ Γ, we have

σmin((Bt)Γ ∗X) ≥ Ω̃ (σmin((At)Γ ∗X)) .

Thus, all that remains to prove is that σmin((At)Γ ∗ X) ≥ 1
2σmin((A0)Γ ∗ X), and for that it is

sufficient to establish
||(At −A0) ∗X|| ≤ õ(S1/2). (59)

Let
D

def
= sup(At −A0) =

{
(ν, j) ∈ [S]× [m]

∣∣ σ′((Wt)νX
j) ̸= σ′((W0)νX

j)
}
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and
Dj def

= {ν ∈ [S] | (ν, j) ∈ D} .
Let J ⊆ [m] consist of min(m,n) data instances j ∈ [m] with the maximum value of |Dj | and let
co− J

def
= [m] \ J . We will bound ||(At −A0)

J ∗XJ || and ||(At −A0)
co−J ∗Xco−J || as õ(S1/2)

separately.

For the first term, (19) implies that ||XJ || ≤ Õ(1). Hence, by Shur’s inequality (14), it is sufficient
to prove that maxj∈J |Dj | ≤ õ(S). Fix j ∈ J , and fix R ≥ Ω̃

(
|Dj |
S

)
such that the right-hand side

in (27) is ≤ |Dj |
2 . Then for at least |Dj |

2 values ν ∈ Dj we have |(W0X)νj | ≥ R and hence

||(W0)DjXj || ≥ Ω
(
R · |Dj |1/2

)
≥ Ω̃

(
|Dj |3/2

S

)
.

Also (cf. (55)) ∀ν ∈ Dj(|(W0)νX
j | ≤ |(W0 −Wt)νX

j |). This gives us

||(W0 −Wt)X
j || ≥ ||(W0 −Wt)DjXj || ≥ ||(W0)DjXj || ≥ Ω̃

(
|Dj |3/2

S

)
. (60)

On the other hand,

||(W0 −Wt)X
j || ≤ ||W0 −Wt|| ≤ ||W0 −Wt||F

(31)
≤ Õ(m1/2) ≤ õ(S1/2).

Comparing these two bounds proves maxj∈J |Dj | ≤ õ(S) and thus ||(At −A0)
J ∗XJ || ≤ õ(S1/2).

For the second term ||(At −A0)
co−J ∗Xco−J ||, we can assume that m ≥ n (and hence |J | = n) as

otherwise the statement is void. Let s be such that

min
j∈J

|Dj | ≥ s ≥ max
j∈co−J

|Dj |

(it exists due to our choice of J). We can now continue (60) as ||(W0−Wt)X
j || ≥ Ω̃

(
s3/2

S

)
(j ∈ J)

and then conclude ||(W0 −Wt)X
J ||F ≥ Ω̃

(
s3/2n1/2

S

)
.

On the other hand,

||(W0 −Wt)X
J ||F

(17)
≤ ||W0 −Wt||F · ||XJ ||

(19), (31)
≤ Õ(m1/2).

Comparing these two bounds gives us

s ≤ Õ

(
S2/3m1/3

n1/3

)
. (61)

Applying now (14), we see that

||(At −A0)
co−J ∗Xco−J || ≤

(
max
j∈co−J

|Dj |
)1/2

· ||X||
(19)
≤ Õ

(
s1/2m1/2

n1/2

)
≤ Õ

(
S1/3m2/3

n2/3

)
m≤õ(nS1/4)

≤ õ(S1/2).

This completes the proof of (59) and hence also of (35).

F Gradient does not change radically between steps

In this section we prove (40) assuming that the bounds (31)-(34) hold for all s < t. By applying
another auxiliary induction9 we can assume that (40) also holds for all s < t. In particular, for s < t
we may freely use all the conclusions made in Appendix A.4. Finally, if t is an integer then the

9Recall that due to our convention the gradient is upper semi-continuous and hence the set of those t for
which (40) fails is violated is either empty or contains the minimum element.

26



statement is trivially true. Hence we can assume w.l.o.g. that all inequalities in Appendix A.4 hold
for τ def

= ⌊t⌋.

Recall that

∇ℓ(θt) = ((Bt ∗X)et, Ftet);
.

θτ = −(ηw, (Bτ ∗X)eτ , ηzFτeτ );∣∣∣⟨∇ℓ(θτ ), .θτ ⟩∣∣∣ = ηw||(Bτ ∗X)eτ ||2 + ηz||Fτeτ ||2.

Let us introduce the uniform notation

η̄w =

{
ηw if either (6) or (7) holds
0 otherwise

η̄z =

{
ηz if either (7) or (8) holds
0 otherwise

.

Then by (35) and (36), the right-hand side of (40) gets bounded from below as∣∣∣⟨∇ℓ(θτ ), .θτ ⟩∣∣∣ ≥ Ω̃
(
S1/2||eτ ||(η̄w||(Bτ ∗X)eτ ||+ η̄z||Fτeτ ||)

)
≥ Ω̃

(
S||eτ ||2(η̄w + η̄z)

)
.

(62)

In order to upper bound the left-hand side in (40), let us first collect some useful estimates; in what
follows, s < t is arbitrary.

First we have
||Ws −W0||F ≤ Õ(m1/2). (63)

In the cases (6), (7) it follows from (31), and in the case (8) – from (33) (since ηz ≥ ηw in that case).

The following is the first part10 of (58):

||zs − z0|| ≤ õ(S1/2); (64)

along with (22) this gives us
||zs|| ≤ Õ(S1/2).

We can now bound the Jacobian. Namely, by (16) we have

||Bs ∗X|| ≤ ||zs|| · ||X|| ≤ Õ

(
S1/2

(
1 +

m1/2

n1/2

))
(65)

and

||Fs − F0||F ≤ ||WsX −W0X||F ≤ ||Ws −W0||F · ||X||
(63), (19)
≤ Õ

(
m1/2 +

m

n1/2

)
≤ Õ

(
m1/2S1/2

)
which, along with (25), implies

||Fs||F ≤ Õ
(
m1/2S1/2

)
.

Now we can also control the evolution from τ to t, both in the parameter space and in the feature
space. Namely, recalling that we have already proved that ||es|| is decreasing for s < t and that
||es|| ≤ Õ

(
m1/2S1/2

)
, we have

||Wt −Wτ ||F = ηw(t− τ)||∇wℓ(θτ )|| ≤ ηw · ||Bτ ∗X|| · ||eτ ||

≤ Õ

(
ηwm

1/2S

(
1 +

m1/2

n1/2

))
(66)

10That part did not use the assumption m ≤ õ(nS1/4).
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and thus
||Ft − Fτ ||F ≤ ||Wt −Wτ ||F · ||X|| ≤ Õ

(
ηwm

1/2S
(
1 +

m

n

))
. (67)

In the W -department, we claim that

m ≤ õ(nS1/4) =⇒ ||(Bt −Bτ ) ∗X|| ≤ õ(S1/2). (68)

Since our proof of this fact requires quite new ideas, it is postponed to Appendix G.

Next, for s ∈ [τ, t) we have
.
es= −(ηw(Bs ∗X)⊤(Bτ ∗X) + ηzF

⊤
s Fτ )eτ

and hence by the above bounds on ||Bs ∗X||, ||Fs||,

|| .es || ≤ Õ (||eτ || · (ηw||Bs ∗X|| · ||Bτ ∗X||+ ηz||Fs|| · ||Fτ ||))

≤ Õ
(
S · ||eτ || ·

(
ηw

(
1 +

m

n

)
+ ηzm

)) (5)
≤ õ

(
||eτ ||
S

)
.

Therefore,

||et − eτ || ≤
∫ t

τ

|| .es ||ds ≤ õ

(
||eτ ||
S

)
. (69)

Equipped with all this knowledge, we can now proceed to completing the proof of (40).

First, we claim that in (62) we can now replace η̄w with ηw, i.e. that∣∣∣⟨∇ℓ(θτ ), .θτ ⟩∣∣∣ ≥ Ω̃
(
S1/2||eτ ||(ηw|||(Bτ ∗X)eτ ||+ η̄z||Fτeτ ||)

)
≥ Ω̃

(
S||eτ ||2(ηw + η̄z)

)
.

(70)

Indeed, we only need to consider the last case (8). But then η̄z = ηz ,

ηz||Fτeτ ||
(36)
≥ Ω̃(ηzS

1/2||eτ ||)

and

ηw||(Bτ ∗X)eτ || ≤ Õ

(
ηwS

1/2

(
1 +

m1/2

n1/2

)
||eτ ||

)
.

Now, the condition in (8) implies that the former expression dominates the latter.

Second, let δt = (δwt , δ
z
t ), where

δwt = (Bt ∗X)et − (Bτ ∗X)eτ
δzt = Ftet − Fτeτ ;

we bound their contributions separately.

More specifically,

||δwt || ≤ ||(Bτ ∗X)(et−eτ )||+||((Bt−Bτ )∗X)et|| ≤ ||Bτ ∗X||·||et−eτ ||+||(Bt−Bτ )∗X||·||eτ ||.

We now do some case analysis.

If m ≤ õ(nS1/4), we can apply (65), (69) and (68) to conclude that

||δwt || ≤ õ

(
||eτ ||
S1/2

(
1 +

m1/2

n1/2

)
+ S1/2||eτ ||

)
≤ õ(S1/2||eτ ||).

Hence∣∣∣⟨δwt , .θτ ⟩∣∣∣ ≤ ηw||δwt || · ||(Bτ ∗X)eτ || ≤ õ
(
ηwS

1/2||eτ || · ||(Bτ ∗X)eτ ||
)
≤ õ

(∣∣∣⟨∇ℓ(θτ ), .θτ ⟩∣∣∣)
by (70).
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If, on the other hand, (8) takes place then η̄z = ηz and we bound ||δwt || trivially as

||δwt || ≤ O ((||Bτ ∗X||+ ||Bt ∗X||) · ||eτ ||) ≤ Õ

(
S1/2

(
1 +

m1/2

n1/2

)
||eτ ||

)
and then∣∣∣⟨δwt , .θτ ⟩∣∣∣ ≤ Õ

(
ηwS

1/2

(
1 +

m1/2

n1/2

)
||eτ || · ||(Bτ ∗X)eτ ||

)
(65)
≤ Õ

(
ηw||eτ ||2S

(
1 +

m

n

)) (8)
≤ õ(ηz||eτ ||2S)

(70)
≤ õ

(∣∣∣⟨∇ℓ(θτ ), .θτ ⟩∣∣∣) .
This completes the analysis of the contribution of δwt in (40).

The analysis of δzt is analogous (and easier):

||δzt || ≤ ||Fτ (et − eτ )||+ ||(Ft − Fτ )et||F ≤ ||Fτ || · ||et − eτ ||+ ||Ft − Fτ ||F · ||eτ ||
(69), (67), (66)

≤ õ

(
m1/2

S1/2
||eτ ||+ ηwm

1/2S
(
1 +

m

n

)
||eτ ||

)
(5)
≤ õ

(
m1/2

S1/2
||eτ ||

)
and then ∣∣∣⟨δzt , .θτ ⟩∣∣∣ ≤ õ

(
ηz
m1/2

S1/2
||eτ || · ||Fτeτ ||

)
.

If (7) or (8) takes place then η̄z = ηz and we are done by (70).

If, on the other hand, (6) takes place then we can continue this estimate as∣∣∣⟨δzt , .θτ ⟩∣∣∣ ≤ õ

(
ηw

S1/2

m1/2
||eτ || · (m1/2S1/2) · ||eτ ||

)
= õ(ηwS||eτ ||2),

and we are done again since η̄w = ηw.

This completes the proof of (40).

G Not too many activation changes

In this section we prove (68); as noted in the introduction, our proof uses (a discretized version of)
the beautiful invariant discovered in [ACH18, DHL18].

Let us first remind the set-up: we are given a non-integer t > 0 such that for all s < t we have all the
facts and inequalities proven in Appendix A.4 as well as Appendix E. By continuity, we also have the
seed inequalities (31)-(34) for our chosen t as well. The bound (40) is not guaranteed for this t; in
fact, this is exactly what we are proving. But it is used only in the integral form which means that
we still have all conclusions from Appendix A.4 and Appendix E for our chosen t as well. We are
specifically interested in (59): ||(At −A0) ∗X|| ≤ õ(S1/2).

Let us now start the argument. First, we have

||(Bt −Bτ ) ∗X|| ≤ ||(diag(zt − zτ )Aτ ) ∗X||+ ||(diag(zt)(At −Aτ )) ∗X||.

The estimate of the first term is immediate:

||(diag(zt − zτ )Aτ ) ∗X||
(16)
≤ ||zt − zτ || · ||X||

(19)
≤ Õ

(
||zt − zτ ||

(
1 +

m1/2

n1/2

))
.

The upper bound on ||zt − zτ || is obtained via a computation completely analogous to (66):

||zt − zτ || = ηz(t− τ)||∇zℓ(θτ )|| ≤ ηz||Fτ || · ||eτ || ≤ Õ(ηzmS); (71)
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note for the record (we will need it later) that (66) and (71) also hold for t 7→ s, τ 7→ ⌊s⌋, for an
arbitrary s < t. Hence

||(diag(zt − zτ )Aτ ) ∗X|| ≤ Õ

(
ηzmS

(
1 +

m1/2

n1/2

))
(5)
≤ Õ(1).

It remains to handle the second term, that is ||(diag(zt)(At−Aτ )) ∗X||. We can identify yet another
contribution that we already know how to handle:

||(diag(z0)(At −Aτ )) ∗X||
(15)
≤ ||z0||∞ · ||(At −Aτ ) ∗X||

(22)
≤ Õ(||(At −A0) ∗X||+ ||(Aτ −A0) ∗X||)

(59)
≤ õ(S1/2).

Thus, all that remains to show is

||(diag(zt − z0)(At −Aτ )) ∗X|| ≤ õ(S1/2), (72)

and the difficulty is that we do not have good enough bound on ||zt − z0||∞.

In order to circumvent this difficulty, let

D
def
= sup(At −Aτ );

Dν
def
= {j ∈ [m] | (ν, j) ∈ D}

and
Γ

def
= {ν ∈ [S] | |Dν | ≤ n∗ } ,

where n∗ ≤ Õ(n) is as in (20). We split (diag(zt − z0)(At − Aτ )) ∗ X in two parts, (diag(zt −
z0)(At −Aτ ))Γ ∗X and (diag(zt − z0)(At −Aτ ))co−Γ ∗X and bound their norms separately.

The first one follows from what we already know:

||(diag(zt − z0)(At −Aτ ))Γ ∗X||
(16)
≤ ||zt − z0|| ·max

ν∈Γ
||Xdiag((At −Aτ )ν)||

(64)
≤ õ

(
S1/2 ·max

ν∈Γ
||XDν ||

)
(19)
≤ õ(S1/2)

(recall that |Dν | ≤ Õ(n) for ν ∈ Γ by our choice of Γ).

We bound the last remaining term as

||(diag(zt − z0)(At −Aτ ))co−Γ ∗X||
(15)
≤ ||(zt − z0)co−Γ||∞ · ||(At −Aτ ) ∗X||

(59)
≤ õ

(
S1/2||(zt − z0)co−Γ||∞

)
.

So it only remains to prove that ||(zt − z0)co−Γ||∞ ≤ Õ(1) which, given (22), amounts to proving

||(zt)co−Γ||∞ ≤ Õ(1). (73)

In words: for every particular neuron ν ∈ [S] we need to prove the dichotomy: either its weight on
the second layer is small or it changes activation only on a small number of input data. This is where
[ACH18, DHL18] steps in.

Let us fix a neuron ν ∈ co− Γ. Pick an arbitrary D̃ν ⊆ Dν of cardinality exactly n∗. Then we have
the following chain of inequalities:

||(Wτ )ν || ≤
m

n
||(Wτ )νX

D̃ν || ≤ m

n
||(Wτ −Wt)νX

D̃ν || ≤ Õ
(m
n
||(Wτ −Wt)ν ||

)
≤ Õ

(m
n
||Wτ −Wt||F

)
≤ Õ

(
m

n
ηwm

1/2S

(
1 +

m1/2

n1/2

))
≤ Õ(1).
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The first inequality holds since σmin

((
XD̃ν

)⊤)
≥ n

m by (20). The second inequality holds

since for any j ∈ D̃ν , (Wτ )νj and (Wt)νj have opposite signs. The third inequality is true since
||XD̃ν || ≤ Õ(1) by (19), the fourth is obvious and the fifth is (66). Finally, the sixth inequality
follows from ηw ≤ õ

(
n

mS2

)
in (5). Hence by (21) we have

||(W0)ν ||2 − ||(Wτ )ν ||2 ≥ Ω̃(n). (74)

For any s < t such that θs is regular, we have

d

ds
(zs)

2
ν = 2(zs)ν · (

.
zs)ν = −2ηz(zs)ν(F⌊s⌋)νe⌊s⌋

and
d

ds
||(Ws)ν ||2 = 2⟨(Ws)ν , (

.

W s)ν⟩ = −2ηw(z⌊s⌋)ν(Ws)νX
(
e⌊s⌋ ◦ (A⌊s⌋)

⊤
ν

)
.

We note that
(W⌊s⌋)νX

(
e⌊s⌋ ◦ (A⌊s⌋)

⊤
ν

)
= (F⌊s⌋)νe⌊s⌋.

Hence if we let
Rs

def
= ηw(zs)

2
ν − ηz||(Ws)ν ||2

then

||
.

Rs|| ≤ Õ
(
ηwηz

(
|(z⌊s⌋)ν | ·

∣∣(W⌊s⌋ −Ws)νX
(
e⌊s⌋ ◦ (A⌊s⌋)

⊤
ν

)∣∣
+|(z⌊s⌋ − zs)ν | · |(F⌊s⌋)νe⌊s⌋|

))
≤ Õ

(
ηwηz||e⌊s⌋|| ·

(
||z⌊s⌋|| · ||W⌊s⌋ −Ws|| · ||X||+ ||z⌊s⌋ − zs|| · ||F⌊s⌋||

))
≤ Õ

(
ηwηz||e⌊s⌋|| ·m1/2S3/2

(
ηw

(
1 +

m

n

)
+ ηzm

))
,

where for the last inequality we used the bounds from Appendix F, as well as (71). Let us now
integrate this.

In the case (6) we have ηw
(
1 + m

n

)
+ ηzm ≤ õ(ηwS), and applying (45), |Rτ − R0| ≤

∫ τ
0
||

.

Rs

||ds ≤ Õ(ηwηzmS
2).

In the two remaining cases (7), (8) we have (see Remark 5) ηz
ηw

≥ ω̃
(
m2

nS

)
and then ηw

(
1 + m

n

)
+

ηzm ≤ Õ
(
ηz
(
nS
m2 + S

m +m
))

. Hence (47) gives us |Rτ − R0| ≤ Õ
(
ηwηzmS

(
nS
m2 + S

m +m
))

.
Thus in either case we have the bound

|Rτ −R0| ≤ Õ
(
ηwηzS

2
(
m+

n

m

)) (5)
≤ õ(nηz). (75)

On the other hand,

Rτ −R0 = ηz(||(W0)ν ||2 − ||(Wτ )ν ||2)− ηw((z0)
2
ν − (zτ )

2
ν)

(74)
≥ Ω̃(nηz)− ηw((z0)

2
ν − (zτ )

2
ν).

(76)

Comparing (75) and (76), we conclude11 that ||(zτ )ν || ≤ ||(z0)ν ||
(22)
≤ Õ(1). This concludes the

proof of (73), (72) and (68).

H Experiments (details)

In all experiments the dimension was set to n := 100 and, unless otherwise noted, the learning rate
was ηw := 10−3. We did not try to optimize on the latter since this is not the main focus of the
paper. But several sporadic experiments showed that for smaller values of S,m it can be significantly
increased.

We kept track of the following control quantities (here T is the stopping time):
11If ηw = 0 then D = ∅ and (68) is trivial.
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• κH
def
= λmin(HT )

λmin(H0)
. Computing this quantity is computationally costly so we did not track the

evolution of λmin(Hτ ) systematically. But a spike-like behavior (λmin(Hτ ) goes down and
then up again) was never observed in several sporadic experiments in which it was tracked.

• |D|, where D ⊆ [S]× [m] is the set of all pairs (ν, j) that change their activation at least
once during training;

• ||WT −W0||F. Same remark as in the first item applies (except that it is not very costly).

In the main series of our experiments, the vector y ∈ Rm was chosen from N (0, S)m, and we
considered four values of S: S = 100, 200, 500, 1000. The number of input data m ranged from
100 to 1000, with step S

10 . For every triple (n, S,m) we performed 10 experiments, with fresh values
of (X, y,W0, z0) each time. All these experiments resulted in convergence as defined above but for
S ∈ {500, 1000}, m ≥ 900 we had to decrease the learning rate to ηw = 5 · 10−4 when S = 500
and to ηw = 2 · 10−4 when S = 1000.

The ranges for our control parameters are partially12 reported in Table 1, and their average values are
depicted on Figures 1, 2 and 3; for further comments and explanations see the respective captions.

In less systematic way, for S = 100 we also tried really large values (note that nS = 10000)
m = 1000, 2000, 3000, 4000, 5000, with 10, 10, 6, 3 and 1 experiments, respectively. All of them
have converged, Table 2 tabulates the results of these experiments; note that it quite smoothly extends
the part of Table 1 for S = 100.

We also ran a few experiments (again, for S = 100) with other choices of the labels y mentioned at
the beginning of Section 4. No significant discrepancies have been found with the high spectrum case
and lower spectrum case.

12To make it comprehensible, we confine ourselves to m = 100, 200, . . . , 1000 for all four values of S.
Our main purpose for presenting results in the tabular form is to demonstrate that there is sufficiently sharp
concentration in 10 experiments performed for every pair (S,m).
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S m T κH |D| ||WT − W0||F
100 100 468-624; 528 0.89- 1.00; 0.96 657-1024; 805 15.91-22.86; 18.70
100 200 664-772; 699 0.88- 0.96; 0.93 2091-2482; 2232 27.10-31.74; 28.59
100 300 825-905; 861 0.84- 0.91; 0.89 3801-4449; 4074 34.81-39.73; 37.14
100 400 931-1054; 991 0.82- 0.88; 0.84 5763-6952; 6072 40.81-48.48; 43.33
100 500 1091-1176; 1129 0.80- 0.84; 0.82 8133-8802; 8397 47.43-51.65; 49.81
100 600 1216-1388; 1282 0.74- 0.84; 0.80 10858-12893; 11311 55.23-63.03; 57.30
100 700 1362-1492; 1418 0.76- 0.82; 0.78 13496-15722; 14282 60.32-68.55; 63.96
100 800 1489-1623; 1547 0.72- 0.78; 0.76 15974-17881; 16747 61.82-70.55; 67.37
100 900 1591-1816; 1685 0.71- 0.80; 0.75 19126-21581; 19958 68.92-78.38; 72.85
100 1000 1784-1915; 1840 0.71- 0.75; 0.73 22411-24654; 23255 76.52-81.95; 79.26
200 100 235-264; 245 0.95- 1.00; 0.98 888-1451; 1084 14.68-22.89; 17.77
200 200 306-330; 314 0.92- 0.98; 0.96 2785-3308; 3045 26.09-29.24; 27.51
200 300 362-384; 368 0.91- 0.94; 0.93 5163-5971; 5530 32.50-38.23; 34.80
200 400 406-441; 425 0.87- 0.92; 0.89 8116-9286; 8740 39.43-45.76; 42.61
200 500 446-505; 480 0.83- 0.90; 0.86 11173-13078; 12373 43.74-52.91; 49.63
200 600 508-538; 524 0.82- 0.86; 0.84 15004-17063; 16056 51.39-58.14; 54.92
200 700 547-590; 570 0.81- 0.84; 0.82 19367-21210; 20345 57.03-63.41; 60.18
200 800 610-654; 632 0.77- 0.82; 0.79 23235-25827; 24723 61.05-67.69; 65.17
200 900 674-707; 691 0.75- 0.77; 0.76 28437-31031; 29753 68.31-74.35; 70.89
200 1000 706-785; 728 0.72- 0.78; 0.76 32606-36192; 34320 70.12-80.08; 74.74
500 100 91-98; 95 0.98- 1.00; 0.99 1654-2065; 1822 16.23-20.71; 18.64
500 200 114-122; 117 0.98- 0.99; 0.98 4356-5386; 4869 24.75-30.71; 27.61
500 300 129-137; 133 0.95- 0.98; 0.97 8453-9347; 8898 32.96-37.27; 35.12
500 400 144-150; 148 0.94- 0.97; 0.95 13192-14614; 13684 39.68-43.53; 41.36
500 500 159-166; 163 0.92- 0.94; 0.93 18258-20345; 19450 44.44-49.85; 47.62
500 600 172-178; 175 0.90- 0.93; 0.92 24445-26661; 25699 48.71-55.22; 52.66
500 700 182-196; 187 0.87- 0.93; 0.90 30777-35985; 32429 54.55-65.46; 57.59
500 800 193-209; 201 0.86- 0.91; 0.88 36625-42393; 39962 57.16-66.52; 62.20
500 900 427-459; 437 0.84- 0.88; 0.86 44111-48943; 46445 62.97-70.43; 66.44
500 1000 463-478; 470 0.83- 0.85; 0.84 52602-58394; 55638 68.06-75.92; 72.29

1000 100 94-101; 96 0.99- 1.00; 1.00 2123-3066; 2546 15.78-22.89; 18.33
1000 200 112-119; 115 0.98- 1.00; 0.99 5831-7786; 6688 22.94-31.31; 26.70
1000 300 125-131; 130 0.98- 1.00; 0.98 11194-14368; 12620 31.81-40.68; 35.31
1000 400 137-146; 142 0.96- 0.99; 0.98 17651-19942; 18908 37.78-43.71; 40.45
1000 500 147-156; 152 0.95- 0.99; 0.97 25194-27879; 26485 43.62-49.31; 45.75
1000 600 158-166; 162 0.95- 0.98; 0.96 33262-37519; 35391 48.37-53.29; 51.03
1000 700 168-180; 174 0.92- 0.98; 0.95 43723-48665; 45819 54.62-59.54; 56.94
1000 800 180-189; 185 0.92- 0.95; 0.94 53662-60491; 56434 57.42-66.78; 61.55
1000 900 487-503; 498 0.91- 0.94; 0.92 62774-67471; 64791 63.01-68.03; 65.22
1000 1000 511-532; 520 0.90- 0.93; 0.91 74727-78658; 76410 67.13-70.88; 69.24

Table 1: Average values are shown in bold.

m T κH |D| ||WT − W0||F
1000 1739− 1948;1859 0.7− 0.76;0.73 21835− 24793;23321 74.62− 83.61;79.73
2000 3363− 3731;3581 0.62− 0.68;0.64 57838− 61459;59157 125.67− 136.35;131.03
3000 6482− 7088;6689 0.53− 0.57;0.56 99676− 102597;100896 186− 192.5;189.2
4000 11558− 12199;11984 0.48− 0.5;0.49 146339− 146489;146410 245− 255.3;251.8
5000 28217 0.36 210147 360.8

Table 2: S = 100, m is large. Average values are shown in bold. The values for m = 1000 were recomputed
anew.
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Figure 1: The dependence of κH on m.
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Figure 2: κD
def
= |D|

|mS| is the density of changes. The green line shows the theoretical prediction
(

m
nS

)1/3
obtained by dividing (61) by S.
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Figure 3: κW
def
=

||WT−W0||F
m1/2 (cf. (31))
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The situation appears more interesting in the local case, that is when the initial error is placed on just
one data point; in fact, this is the only situation where we have discovered anything that looks like a
sharp transition. To report on the most striking experiment, for n = S = 100, m = 1000, ηw = 10−3

the gradient descent converged 19 times out of 20. While for m = 2000, even after decreasing ηw to
10−4, it aborted (according to the stopping rule ||eτ || > ||eτ−1||) in 10 (out of 10) attempts. In yet
another experiment, decreasing the learning rate even further did not help convergence. But since
these effects seem to be happening well beyond the range m≪ S covered by our (and all previous)
paper, we have not tried to investigate this systematically but rather defer this to future research.
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