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Abstract. We prove two properties regarding the Fibonacci and Lucas Sequences modulo
a prime and use these to generalize the well-known property p | F, p— (L) We then discuss
these results in the context of primality testing.
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1. INTRODUCTION

The Fibonacci and Lucas sequences have been a topic of intensive investigation ever since
they were introduced. Despite the huge amount of results that have been proved, they still
present difficult and interesting problems which occupy the minds of mathematicians. In the
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present article, we focus on discussing the properties of the two sequences when they are
reduced modulo a prime.
Recall that the Fibonacci sequence (F},),>o is defined by

Fh=0, F=1, and F,, =F,+F,;, for n>1,
while the Lucas sequence (L,),>0 is defined by:
L0=2, L, = 1, and Lil+1 =Ln+Ln—la for n = 1.

The main result of the paper is Theorem 1, which generalizes the well-known property
pl Fp,(g) to showing that p | ka,(g) — Fi_1, where (%) denotes the Legendre symbol.
The equivalent result for the Lucas numbers is also derived as part of the same theorem.
Results of similar flavor were previously derived in [8], Lemma 6 and in [7].

As a consequence of our main result, we generalize the notion of a Fibonacci pseudoprime
and discuss its role in primality testing. This is achieved in Proposition 1 and in the remarks
following it.

2. A KEY LEMMA

In this section we prove by elementary means an auxiliary lemma from which we will
deduce our main result in the next section. Recall the Binet’s formulas for F,, and L,:

N VRN EVAAY
n—% 2 - 2 )
L 1+35\" [(1=v5)"
n — 2 + 2 .

These formulas can be extended to negative integers n in a natural way. We have F_, =

(=) 'F,and L_, = (—1)"L,, for all n.
Our auxiliary result is the following:

Lemma 1. Let p be an odd prime, k a positive integer, and r an arbitrary integer. The
following relations hold:

2Fipir = (5) ALr + FLi (mod p) M
and
2Lipsr =5 (%) By +LiL, (mod p). @

where (%) is the Legendre’s symbol.

Proof. We shall prove (1) directly from the definition. Write (1 + \/5)5' =a, + by V3, where
a, and b, are positive integers, s = 0, 1, .. .. By Binet’s formula, we have

kp+r kp+r
h | (1445 1=\
kp+r—ﬁ D) D)

= o f[mk + b5 (@, + b,V/5) — (a — biV5) (@ = bV/5)]
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=— | @+ b5 ( ) P (b N/5)
2kp+rﬁ (ar + ); j a, " (bkV'S)

p
- (ar - br\/g) Z (f) (—l)ja,f_J(bk\/g)’
j=0

1 L p . . .
= o A | > <]> (1= (=D))al ™ (V/5)

j=0
P
+ brﬁz (f) (1 + (=))al ™ (V5
j=0

Since p divides (;’) for j=1,2,..., p— 1, it follows that

p—1

2 Fpsy = (4,605 +brafl)  (mod p).
Using Fermat’s Little Theorem and Euler’s Criterion, we have further that
okptr—1 Fiprr = (?) a,by + b,ar  (mod p), 3)

where we have also used the Gauss’ Quadratic Reciprocity Law to deduce that (%) =( g).

On the other hand, from (1 + \/5)5 =a, + bm/g we get (1 — «/5)" =a; — bS«/§, hence
wehavea, = 2! . L,and b, = 27! - F, fors = 0, 1, .. .. Substituting this back into (3),
we obtain

2kp—k+1ka+r = (?) L. F,+ F,L;, (mod p),

and the relation (1) follows via Fermat’s Little Theorem.
To deduce (2), we employ the following well-known formula:

Ln:Fn"f'anfla

which can be proved either directly from the definition or by noting that the sequences
(Lp)n>o and (F, + 2F,_1),>0 satisfy the same initial conditions and the same recursion
formula. From this identity we can also immediately deduce that

L,+2L,_, =5F,.
By (1), we have
2Fipsr = (%) FL, + FL, (mod p)
and
AF 1 =2 (%) FyL,_y+2F,_ Ly (mod p).
Adding these two relations yields

V4
2Fipts +4Fipsr = () Fulls + Lyo1) + Li(Fy +2F,0).
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Then using the two identities which we mentioned above we deduce that
2ka+r + 4ka+r—l = Lkp+r

and

(g) Fi(Ly + Ly_) + Li(Fy +2F,_) = 5 (?) FF, + LiL,,

which gives the relation (2). [J

3. THE MAIN RESULT AND PRIMALITY TESTING

We begin by showing some immediate consequences of Lemma 1 and then derive the
main result of this article, which generalizes the well-known property p | F p—(L)> which we
also deduce below.

Examples 1. Taking » = 0 in relation (1), we obtain that for any positive integer k one has

Fyp = (?) F, (mod p). €]

In the special case k = 1 we get

F,= (?) (mod p).

Taking k = 1 and r = 1 in relation (1) we get

2F, 1 = (%) +1 (mod p). )
Taking k = 1 and r = —1 in relation (1) we get
2F, | =— (%) +1 (mod p). 6)

If (%) = —1, then from (5) we have p | F,4. In the case (%) = 1, from (6) one obtains
p | Fp—1. We can summarize these consequences in the following known property:

PlIF, ) O

Lehmer proved in [5] that there exist infinitely many such pseudoprimes. The list of the odd
pseudoprimes is given in [1] A081264, while the list of the even ones is [1] A141137.
In contrast to (7), there is no prime p < 2.8 x 10'® such that p? | Fp_(g). R. Crandall, K.

Remark 1. We say that a composite number 7 is a Fibonacci pseudoprime if n | F,_(ny.

Dilcher and C. Pomerance called in [3] such a prime p satisfying p? | F p—(2) 2 Wall-Sun-
Sun prime. There is no known example of a Wall-Sun—Sun prime and there is also no known
way to check the congruence F,_ ) = 0 (mod p?), other than through explicit powering

computations. Further remarks on this topic can be found in [2] or [4].

Examples 2. From relation (4), it follows that for two positive integers k and s, p divides
Fy, — Fyp if and only if p divides Fy — F. In particular, since F> = F; = 1, we get

plFZp_Fp-
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Taking k = 1 and r = 1 in relation (2), we get

_ (P
2y =5 (5) +1 (mod p). (8)
Taking k = 1 and r = —1 in relation (2) we get
=5(2) -
2L, =5 (5) 1 (mod p). ©)
If (£) = —1, then from (8) we have p | L,y + 2. In the case (£) = 1, from (9) one

obtains p | L,_ — 2.
We can summarize these remarks in the following formula:

p
P | LP*(%)_Z(g)' (10)
The relations (7) and (10) are just the first in a sequence of divisibility relations as we can
see from the following result.

Theorem 1. Let p be an odd prime and k a positive integer. The following relations hold :

1. ka—(g) = Fy_; (mod p).
2. Lkp,(g) = (%)Lk,l (mod p).

Proof. For the first part, let us consider in (1) » = 1 and r = —1 to get the relations
2Fip41 = (5)F + Ly (mod p) and 2Fy,_ = —(£)F; 4 Ly (mod p), respectively. These
relations can be summarized as

2ka7(€) = Lk — Fk (mod p)

The sequences (L ; — F}) >0 and (2F;_;) j>o satisfy the same initial conditions for j =0, j =
1 and the same recursive relation, hence we have L; — F; = 2F;_;.

For the second part of the theorem, the argument is quite similar. Let us consider in
(2)r = land r = —1 to get the relations 2Ly, = 5(£)Fi + Ly (mod p) and
2Lip1 = 5(§)Fk — L (mod p), respectively. These relations can be summarized as

2y =(5) GF— Lo (mod p).

Now observe that the sequences (5F; — L;);>0 and (2L;_;);>o satisfy the same initial
conditions for j = 0, j = 1 and the same recursive relation, hence we have 5F; — L; =
2L ;_, and the property is proved. [

Remark 2. The first relation in Theorem | shows that for every odd prime p, there exists an
arithmetic progression ay, ai, . .. with ratio p, such that

(FaosFa]aFa2a~--)E(F07F1»F27---) (mOd P)

The second relation of the same theorem shows that for every odd prime p, there exists an
arithmetic progression ay, ai, . .. with ratio p, such that

(Lags Lays Lays - ) = (Lo, L1, Ly, ...)  (mod p) if (%):1

and

(Lag: Lays Laye ..) = —(Lo. L. Ly, ...) (mod p) if (%):—1.
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Following Theorem | we call a positive integer n a Fibonacci pseudoprimes of level k if
n is composite and satisfies

n| F—zy = Fe.

This should not be confused with the well-known definition of a Fibonacci pseudoprime of
kind k, which is connected to the generalized Lucas sequences.

For a fixed positive integer k, we denote by F; the set of all Fibonacci pseudoprimes
of level k. It is natural to ask whether the generalization provided by Theorem 1 gives
better information about primality testing. Unfortunately, this is answered negatively by the
following result:

Proposition 1. Let n > 0 be an integer which is coprime to 10. Then n € Fj forall k > 1
ifand only if n € Fy and n | F? — 1. In particular, if n | Fn_(%) andn | F, — (%), then
n € Fyforallk > 1.

Proof. Assume first that n € F; and n | Fn2 — 1, i.e. n satisfies simultaneously n | an(%z)

and n | F? — 1. We prove by induction on k > 1 that n € F. This is true for k = 1 by our
assumption. Recall Catalan’s identity:

Fri - Fm+rFm—r = (_l)m—rFrZ'
We first use this for m = n — (%) and r = n. As 5 { n, it follows that
2 -5 (1B 2
Fapy + D gy = CDTE,

Looking at this equality modulo n, we obtain that n | an_(%) — F.
Assume now that the result holds for all positive integers less than some k > 2. To prove

it for k + 1, we use Catalan’s identity with m = kn — (%), r = n and we obtain

2 _ (k=Dn—(2) 2
Fo sy = Forvn-() Faemn-(y = DG
Looking at this equality modulo n we obtain by the induction hypothesis that
Farvn-() Fr2 = Fly - (—lEtm=(3),
Since ged(n, 10) = 1, we have that (—1)*~"=(5) = (—=1)*. On the other hand, applying
Catalan’s identity with m = k and r = 1 we obtain
FiFip = F2 |+ (=11,

It follows that we must have n | F; (%) Fj., which completes the first part of our proof.
Conversely, if n € F; for all k, we have in particular that n € F; and n € F;. Then from

By t DO Ry =00

we deduce thatn | F2 —1. O

Remark 3. When 5 | n and » is odd, the above proof also shows that n € F; if and only if
n| Fr_i. As Fs = 5 and gcd(F,,,, F,) = Faedon,ny» We get that 5 | k — 1. As a particular case,
using the identity

Fs@mity = 5(Fsp i — 5F5p 1 + Fami1),
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one can easily prove by induction that 5" | Fs5-. Hence we obtain that 5" € F;_; whenever
S k—1.

Remark 4. Pseudoprimes n which satisfy the conditions n | Fn_(%) andn | F, — (%) are
discussed in [6], pages 126—129.
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