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Fermat numbers are not prime numbers for n > 5
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Abstract
In this paper we show a demonstration which allow us to prove how the Fermat numbers
22" 41 are not prime numbers for n > 5. In particular, using Edouard Lucas result, we show

that for n > 5, 22" + 1 can be written as (k1 Lont2 1) - ko for k1 and ko positive integer
numbers.
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1 Introduction
In mathematics are well known Fermat numbers, being Pierre the Fermat the first who studied
them.

These numbers can be written as:
F,=22"+1forneN

Fermat numbers were first studied by Pierre de Fermat, who conjectured that all Fermat
numbers are prime.
The first five Fermat numbers Fp,... Fj; are prime. However, the conjecture was refuted by
Leonhard Euler in 1732 when he showed that:
Fs =22° + 1 = 4294967297 = 641 - 6700417

Euler proved that every factor of F,, must have the form k-2"*! +1, and later it was improved
by Edouard Lucas to k- 2"*2 4 1, for k € N.

F,, for n < 5 are prime numbers, and it seems that there are no other known Fermat primes
F,, with n > 5. However, little is known about Fermat numbers with large n [1].

In fact, each of the following was an open problem:

e [s F), composite for all n > 47.



e Are there infinitely many Fermat primes? (Eisenstein 1844) [2].

e Are there infinitely many composite Fermat numbers?.

As of 2014, it is known that F, is composite for 5 < n < 32, although only is known the
complete factorizations of F}, for 0 < n < 11, and there are no known prime factors for n = 20 and
n = 24 [3]. The largest Fermat number known to be composite is F3329780, and its prime factor
193 - 23329782 + 1, a megaprime, was discovered by the PrimeGrid collaboration in July 2014 [3]

[4]-

The distributed computing project Fermat Search is searching for new factors of Fermat
numbers [5]. The set of all Fermat factors is A050922 (or, sorted, A023394) in OEIS.

It seemed then possible that the only primes of this form are 3, 5, 17, 257 and 65, 537. Indeed,
Boklan and Conway published in 2016 a very precise analysis suggesting that the probability of
the existence of another Fermat prime is less than one in a billion [6].

In this paper we show a demonstration which allow us to prove how the Fermat numbers 22" 41
are not prime numbers for n > 5. In particular, using Edouard Lucas result, we show that for
n > 5, 22" 41 can be written as (k; - 2"t2 4 1) - ky for k; and ky positive integer numbers.

The paper is organized as follows: in Sec.2 we show a demonstration which allow us to prove
how the Fermat numbers 22" + 1 are not prime numbers for n > 5. In Sec.3 we wrap up our
conclusions.

2 Fermat numbers 2> + 1 are not prime numbers for n > 5

It is well known that F,, = 22" 4+ 1 is a prime number for 0 < n < 4, but it seems that for n > 5
are not prime numbers.

Lucas showed that if F}, is not a prime number, then every factor must have the form k-2"+t2+1
for k e Nand k£ > 0.

Hence, we will show what condition must satisfy n, so that, F, can be factored as 22" +1 =
(k1 - ont2 1) - ko, for ky and ko natural numbers greater than zero.

Let f(x) = F, = 2% + 1 and g(z) = (k1 - 2*72 + 1) - k be two functions both from R to R.

First, we will analyze what condition must satisfy = so that f'(x) = ¢'(z).



fl(w) =2 2" (In(2))
g (x) =4 ki -ko-2%-1n(2)
22" .27 . (In(2))> =4 - ky - ky - 2% - In(2)

22" In(2) =4-ky - ko

In2
27 . In(2) = h@%)
k- 1
ln(4 k1 k2) (1)
21} an
In(2)
ln(4 : 1’“2 kz)
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hl( 1I12 )
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Since Fy = 4294967297, then k; > 1, and if we consider k; = 2 and n = 5, then (2-27+1) = 257,
hence ko > 10000, for instance.

Hence, using these conditions for k; and ko, we have:

L e
N H(W) H(W> o (2)
In(2) - In(2) R

That is, if « > 4.07... we have f'(z) = ¢'(z), that is, f(z) + C = g(z) + D, and since
Fy = 4204967297 = f(5) + C = 22’ + 1 + C and 4294967297 = 22° + 1, this implies C' = 0, and
on the other hand since F5 = 4294967297 = f(5) = ¢(5) + D = and 4294967297 = 641 - 6700417 =
(5-27 +1) - 6700417 = g(2), this implies D = 0.

Hence C = D = 0, and then, if = is greater or equal to 4.07... we have f(z) = g(z).

And if we consider now f(x) and g(x) over the natural numbers, we have: If n is greater or
equal to 5 then f(n) = g(n) for n € N.

Therefore, if n is greater or equal to 5, F,, is not prime, it can be factored as 22" + 1 =
(k1 -2"F2 4+ 1) - ko for k; and ky natural numbers.

3 Conclusions

We have shown how to prove that Fermat numbers 22" + 1 are not prime numbers for n > 5.
In particular, using Edouard Lucas result, we show that for n > 5, 22" + 1 can be written as
(k1 - 272 +1) - ky for ky and ko positive integer numbers.
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