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Abstract

We study several families of solutions to equations of the form o(n) = An + B(n),
where B is a function that may depend on properties of n.

1 Introduction

We recall that perfect numbers (sequence A000396 of Sloane’s Encyclopedia [8]) are defined
as solutions to the equation o(x) = 2z, where o(z) denotes the sum of all positive divisors
of z, including 1 and z itself. Euclid showed around 300 BCE [2, Proposition IX.36] that
all numbers of the form z = 297*M,, where M, = 29 — 1 is prime (A000668), are perfect
numbers.

While it is still not known whether there exist any odd perfect numbers, Euler [3] proved
a converse of Euclid’s proposition, showing that there are no other even perfect numbers (cf.
A000043, A006516). (As a side note, this can also be stated by saying that the even perfect
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numbers are exactly the triangular numbers (A000217(n) = n(n + 1)/2) whose indices are
Mersenne primes A000668.)

One possible generalization of perfect numbers is the multiply or k—fold perfect numbers
(A007691, A007539) such that o(x) = kx [1, 7, 9, 10]. Here we consider some modified
equations, where a second term is added on the right hand side. The starting point for these
investigations was the following observation, which to the best knowledge of the authors has
not been discussed earlier in the literature:

1.1 The equation o(x) =2 (x + m)
Here and throughout this paper, letters k, ¢, m, ..., x will always denote integers.

Theorem 1.1. If p = 2¥ — 1 — 2m s an odd prime, then x = 2¥"'p is a solution to
o(z) =2(x+m).

Proof. This result is an immediate consequence of the formula

o2 p) =2 -1 (p+1), (1)
and the relation 2% — (p 4+ 1) = 2m. O

Actually, this relation could be seen as the definition of m (which may take any positive,
zero or negative value), as function of the prime p and k € N, which could both be chosen
completely arbitrarily. However, in the spirit of this paper, we would rather consider the
value of m to be given, and vary k to see when we get a prime p and thus a solution to the
given equation.

Example 1.2.  As function of m, we get the following minimal solution to o(x) = 2(z+m):
(For positive m these k—values are listed in A096502.)

m|—=>5|—-4|-3|-2|-1]01]2 3 415
E{1 21 ]1]1]2]3]|3 39 4 14
p |11 |11 | 7 | 5 | 3 [3]5 |3 |549755813881| 7 | 5
x| 1122 7 |5 | 3 [6[20]12]|2%p~1.5¢24 |56 |40

In spite of the simplicity of this theorem and its proof, we think that this way of writing
the formula provides a nice generalization of the well-known formula for the even perfect
numbers, which are obtained as the special case m = 0. In some sense, it shows how the
“deviation” (2m) of p from a Mersenne prime M, = 2* — 1, modifies the corresponding value
of o(z). In the sequel, we attempt a systematic presentation of a certain number of similar
cases.

Theorem 1.3. If m is a perfect number (A000396), then the equation o(x) = 2 (x + m)
has infinitely many solutions, including all numbers of the form x = mp, where p is a prime
not dividing m.

Proof. The simple calculation is developed for Theorem 1.13 below. O
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Remark 1.4. Numbers which are solutions to o(z) = 2 (x + m), with m being a proper
divisor of z, are called admirable numbers (A111592). In the particular case where they are
of the form x = mp with p < m, the “subtracted divisor” m is larger than /z, so they are
in A109321.

Although Theorem 1.3 gives solutions to the same equation as Theorem 1.1 (if m is the
same), the spirit is quite different: While m could take any value in Theorem 1.1, we have
here an infinite sequence of solutions for each of the 47 known perfect numbers, and this
sequence is different (even disjoint) from the set of solutions to the same equation which
follows from Theorem 1.1:

Example 1.5. If we choose the perfect number m = 6, the respective theorems provide
the following solutions to the equation o(z) =2z + 12:

e Theorem 1.1: x = 24, 304, 127744, 33501184, ... (= A096821), by scanning k—values
to see whether 2F — 13 is prime, i.e., whether & € A096818.

e Theorem 1.3: z = 30, 42, 66, 78, 102, 114, ..., i.e., 6p for all primes p > 3.

The solution = 54 = 2 - 32, in neither of these lists, is covered by the following Proposi-
tion 1.6. For m = 28, we get the following solutions to o(z) = 2x + 56

e From Theorem 1.1, we have = = 224, 4544, 25472, 495104,..., by searching for k£ >
log,(57) such that p = 2% — 57 is prime.

e From Theorem 1.3, we have = = 84, 140, 308, 364, 476, 532, 644, 812,..., i.e., x = 28p
for all odd primes p # 7.

Again, there are solutions x = 1372, 9272, 14552, ... which are not in these two lists, but
discussed below.
For m = 496, we get the following solutions to o(x) =2z + 992:

e From Theorem 1.1, we get x = 15872, 126083072, 8524857344, ..., by searching k >
log,(993) such that p = 2F — 993 is prime.

e From Theorem 1.3, we have z = 1488, 2480, 3472, 5456, 6448, 8432, 9424, 11408,
14384, 18352, ..., i.e., x = 496 p for all odd primes p # 31.

Solutions to this equation not obtained from Theorem 1.1 or 1.3 include z = 2892 = 22.3-241
and z = 6104 = 23 . 7109, they result from Proposition 1.9, see Example 1.10.

For each perfect number m, there is a particular solution not covered by the preceding
theorems:

Proposition 1.6. If m = 2¥~1p is the perfect number associated to the prime p = 2F — 1,
then x = m p* = 2871p® is a solution to o(x) = 2 (x +m).

Proof. For z = 2*"1p® we have o(x) — 2(z +m) = 2" = 1)(p* = 1)/(p — 1) — 28(p® + p) =
p(P*+1)(p+1) = (p+ 1)’ +p) =0 O
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Example 1.7. For m = 6, 28 and 496, we get, respectively, the solutions x = 54 =
2-3% 1372 =2%. 7% and 476656 = 2* - 313 to o(x) = 2(x +m).

Remark 1.8.  With this result, we cover all solutions to o(x) = 2(xz + 6) (at least up
to 10'), while the equations o(x) = 2 (x + 28) and o(x) = 2 (x + 496) have several other
solutions with more prime divisors, which we did not consider so far. Some of them are
consequence of the following result:

Proposition 1.9. If m = 2 (M, + %), where My, = 2% — 1 and Q are two distinct odd
primes, then a solution to o(x) = 2 (x +m) is given by x = 28 My Q.

Proof. As before, we have o (28 M Q) — 2 - 28 M, Q = 21 (M + (Q + 1)/2). O

Example 1.10.  We have m = 496 = 22 (3 + (241 + 1)/2) = 23 (7 + (109 + 1)/2), which
leads to the two solutions z = 2% -3 241 = 2892 and x = 23 - 7- 109 = 6104.

The above proposition is a particular case of

Theorem 1.11. If m = 2F(2¥1 — 1) — 24, 0y such that p; = 2871 — 1+ 24; (i = 1,2) are
two distinct odd primes, then x = 2F py py is a solution of the equation o(x) = 2 (x +m).

Example 1.12.  For m = 496, we have (among others) the following solutions:

b | py b2 x
-2 3 241 2892
-4\ 7 109 6104
20 | 103 | 139 458144
5! 73 | 367 857312
4 | 71 | 443 | 1006496
2 | 67 | 823 | 1764512
6

2

139 | 1399 | 12445504
131 | 3943 | 33058112
82 1419 | 647 | 34699904
56 | 367 | 829 | 38943104

| J| | O O O O] O W N

(For given m, the solutions are found by taking k = 1,2, 3, ... and checking factorizations
010y of (28(281 — 1) —m)/2, to see whether the resulting p; are prime.) In the first two
lines we recognize the previous examples. Indeed, for ¢; = =21 p; =28 — 1, p, = Q, we
get Proposition 1.9.

Proof. For x = 2"pyps, o(x) =22 = 2" = 1)(p1+ 1) (p2 +1) = 2" prpy = 257 (p1 +-pa +
1) — (p1+ 1) (pa + 1) = 28+ (21 — 1) — 44, 0, = 2m. O
1.2 The equation o(z) = k (x + m)

We conclude this introduction by the following generalizations of the preceding theorems to
k—fold perfect numbers.



Theorem 1.13. If m is a k—perfect number, then the equation o(x) = k(xz + m) has
infinitely many solutions, including all numbers of the form x = pm, where p is a prime not
dividing m.

Proof. The proof is the same as before, except for replacing 2 by k. To write out the
straightforward calculation here,

o(z)=c(pm)=@p@+1om)=p+1)km=~k(pm+m)==Fk(z+m). -

The particular cases of this Theorem 1.13, corresponding to k& = 3 and k = 4, will be
developed in Corollary 4.1 and 5.1.

Theorem 1.14. If m is a k—perfect number and p is a prime such that p* | m but p'™* J m,
(i.e., t > 0 is the p—adic valuation of m), then x = p'™''m is a solution of the equation
o(z) =k (z+m).

Proof. For m = p'm/, ged(m/,p) = 1, and z = p™'m = p*T'm/; we have o(x) =

o) o(m') = o) a(m)fop) = km @ = D/ = 1) = km (et +1) =
k(z+m). O

Example 1.15. Fort =0, k = 2, we get Theorem 1.3, for t = 1, k = 2 we get Proposi-
tion 1.6, and for t = 0 and any k, we get the preceding Theorem 1.13.
Other examples with ¢ > 0 include the following cases:

o k=3, T, =120 = 2335 with solutions z = 1080 = 22 3'*25 and x = 1920 = 23+435.
o k=23,T,=0672=2°-3-7, with solution = 32 T, = 6048.

o k=4, Q =30240 = 672 = 2° - 3 - 7, with solution x = 52 Q; = 756000.

For the case where ¢ = k + 1 is a prime, we have the following additional results:

Theorem 1.16. If Q is a (¢ — 1)-perfect number for some prime q, and ¢ — q — 1 is a
prime such that ged(q (" —q—1),Q) =1, then x = ¢* ' (¢* — ¢ — 1) Q is a solution of the
equation o(x) = q (x + Q).

Example 1.17.
e For ¢ =2, we have () = 1 and we get the same as Theorem 1.1 with m = 1.
e Examples for ¢ = 3 and ¢ = 5 will be given in Example 4.12 and 5.23.

Proof. This is the following theorem with m = 1. m

Theorem 1.18. If Q) is a (¢ — 1)—perfect number for some prime q and m € Z, then the
equation
o(z) =q(z+mQ)

admits the solution xr = Y'p@Q whenever p = ¢* — mq — 1 is prime and such that

k—
q
ged(¢" ' p, Q) =1 and ged(¢",p) =1 (ie., q#p ork =1).



Proof. With the given definitions and assumptions, we have
o(@)=(¢"-1/lg=1)-p+1) (¢-1)Q=("p+d* —p-1)Q=q(@+mQ). O

Example 1.19. For m = 1, we get the preceding Theorem 1.16. For ¢ = 2, we have
@@ = 1 and Theorem 1.1; and thus, for m = 0, Euclid’s proposition.

Theorem 1.20. If m is a k—perfect number and 2t is the sum of two distinct primes p; and
pa such that ged(py p2, m) = 1, then py pom are solutions of the equation o(x) =k (z+ (2t +
1)m).

Example 1.21. For k =2, m = 6, t = 50 one has 2¢ = 100 = 11 + 89 = 17 + 83 =
29+ 71 =41 4+ 59 = 47 4 53, so all the five numbers 11-89-6,17-83-6,29-71-6,41-59-6
and 47 - 53 - 6 are solutions of the equation o(x) = 2 (z + 606).

Corollary 1.22. All semi-primes of the form p (2t —p), p < t, are solutions for the equation
o(x)=x+2t+1.

Proof of the Theorem. With given hypotheses, for © = p; po m we have o(z) = (p1+1) (p2 +
Dkm=Fk({pipam+(pi+p+1)m)=k(xz+ (2t +1)m). O

2 Equations of the form o(x) =2z — f(x)

In this section, we consider solutions to equations of the form o(x) = 2x — f(z), where the
right hand side may involve different functions of x .

In some sense this was already considered in the introduction, since the equation o(x) =
2 (x 4+ m) simply corresponds to a constant function equal to an even number, f(x) = —2m.

2.1 Solutions to o(z) —2x=ke1+2Z

It is seen that for any even constant on the right hand side, there are usually many solutions.
For an odd constant, however, things are quite different. A short remark about this can be
found in §196 of De Koninck’s book [6], who conjectures that there is at most a finite number
of solutions for odd k. (Of course this does not apply to the special case k = —1, since any
power of 2 is a solution to o(x) = 22 — 1, while it is not known whether there are any other
such almost perfect numbers.) If k is odd, then o(z) must be odd, which is the case if and only
if 7 is a square or twice a square. (Indeed, the factor o(p®) = (p*™'—1)/(p—1) = 14+p+- - -+p°
is odd iff p = 2 or there is an odd number e + 1 of terms.)

Sequence A140863 = (3, 7, 17, 19, 31, 39, 41, 51, 59, 65, 71, 89, 115, ...) lists odd
numbers k for which o(z) = 22 + k is known to have a solution:

k| 3| 7 |17 ]19] 31 39 | 41 |51 59 | 65 | 71 | 89
x| 18 1196 | 100 | 36 | 15376 | 162 | 1352 | 72 | 968 | 200 | 392 | 144

Sequence A082731 lists the smallest solution to o(z) = 2x + k for “any” k € N.
The list of odd k such that o(z) = 22 — k has a solution starts as follows:

k|15 7| 11 | 19|25 | 37 |41 | 47 | 61 71 | 85 | 109
x| 1]9[50|494% | 25 | 98 | 484 | 49 | 225 | 2888 | 676 | 242 | 121
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Sequence A082730 lists the smallest solution to o(z) =2z — k for k > 0.
Concerning subsequences of A140863 (odd k such that o(x) — 2x = k has a solution),
we have the following results.

Proposition 2.1. The sequence A000668 of Mersenne primes is a subsequence of A1/0863,
since if M, = 2P — 1 is prime, then x = 2P~ (2P — 1)? is a solution to o(x) —2x = M,

b
Example 2.2.

e p=23;x=2%7? =196 is a solution to o(x) = 2z + 7.

e p=>5;x=2"31%2 = 15376 is a solution for the equation o(z) = 2z + 31.

o p="7;x=20127* = 1032256 is a solution of o(r) = 2z + 127.

Proof. For prime M, = 2” — 1 and z = 2""' M?, we have o(z) — 22 = M, (M} —1)/(M, —

p

1) =20 M2 = M, (M} + M, + 1 — (M, + 1) M,) = M,. O
This Proposition is actually a special case of the following

Theorem 2.3. If M = 2P — 1 is a Mersenne prime and t is a non-negative integer then
x = (2!M)? is a solution for the equation o(x) = 2x+k, where k = (M +1) (2271 —1) — M2,
Such values of k are therefore a subsequence of A1408635.

Proof. o(x)—2x = (2% — 1) (M?+ M +1) =22 M2 = (M+1) (2% —-1)-M?* =k. O

Example 2.4. For t = (p — 1)/2, this yields the preceding Proposition 2.1, and the
previous examples apply. For t = 0 we get: If M = 2P — 1 is prime, then z = M? is a
solution for the equation

o(x)=20x—4"+3-27 - 1.

Some particular cases are:
e p=2;x=09is asolution for the equation o(z) =2z — 5.
e p=3;x =49 is a solution for the equation o(z) = 2z — 41.
e p=>5;x=9611is a solution for the equation o(z) = 22 — 929.
We also have the following similar result, related to A140863 and Mersenne primes:

Proposition 2.5. If M = 2P — 1 is prime, then x = (M + 1) M? = 2°(2P — 1)? is a solution
for the equation o(z) = 2z + k, where k = 4P 4+ 2P — 1.

Proof. As before, a straightforward calculation gives o(z) —2x = o(2F(2F —1)?) — 2PT1(2F —
=@ =D -1 -1)/2 -2) -2 (2" - 1) =4"+ 2" — 1 = k. O

Example 2.6.
e For p =2, we get x = 36 as a solution to o(x) = 2z + 19.

e The prime p = 3 yields = =392 as solution of o(x) =2z + 71.

7
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e For p = 17 we have z = 2251765454077952 as a solution of the equation o(z) =
22 + 17180000255.

An extended numerical search motivates the following conjectures:

Conjecture 2.7. If M is a Mersenne prime, then the equation o(x) —2x = M has only
one solution, v = M?* (M +1)/2.

Conjecture 2.8. If M is a Mersenne prime, then the equation o(x) —2x = M? +3 M + 1
has only one solution, v = (M + 1) M?.

We have verified that there is no counterexample less than L = 2-10'7 to these conjectures,
for all Mersenne primes < M(89) = 289 — 1. This seems significant at least for the smaller
Mersenne primes, for which the known solution is significantly smaller than this search
limit. Obviously, there was not much hope to find a counter-example below this limit for the
larger Mersenne primes, since from M (19) on, the known solution is already of the order of
magnitude of L or above.

We conclude this subsection with two results concerning solutions for a negative constant
term.

Proposition 2.9. The equation o(x) = 2x — k has the solution x = p* whenever k =
p(p—1) =1 for some prime p.

This is a special case (t = 2) of the following

Theorem 2.10. When k is of the form (p'™ —2p'+1)/(p—1) where p is prime, then x = p'
is a solution for the equation o(x) =2x — k.

Proof. Again by a straightforward calculation, o(p') — 2p' = (p'™ - 1)/(p — 1) — 2 (p'* —
P)/p—1)=-p""-2p" +1)/(p-1). 0

2.2 Equations involving the number-of-divisors function
We denote by d(n) the number of positive divisors of n.

Theorem 2.11. If m s a natural number and 4™ + 2™ — 2t — 1 s an odd prime, then
x=2""1 (4™ 4 2™ —2¢ — 1) is a solution of the equation

o(z) =2z — 29 4 2¢.

Proof. This follows by straightforward calculation, using again equation (1) and d(z) =2m
here: o(z) = (2™ — 1) (4™ + 2™ — 2¢) = 2™ (4™ 4+ 2™ — 2 — 1 + 1) — (4™ + 2™ — 2¢)
2 (47 4 2m — 2t — 1) — (4™ —21) =22 — 22" 424 =22 — 24(®) 1 2¢,

Corollary 2.12. Fort =0, we get: If 4™ + 2™ — 1 is prime (A098855), then 2™~ (4™
2m — 1) (A110082) is a solution of the equation o(x) =2z — 24*)

Corollary 2.13. For t = 1, we find solutions to o(z) = 2z — 2@ + 2 of the form
o= 2m (47 4 2m —3) with m = 1,2, 4, 6, 8, 24, 44, 76, 144, 492, 756, 1564, ...

Corollary 2.14. For t = 2, solutions to o(x) = 2x —24®) 44 are given by x = 2™ (4™ +
2™ —5) with m = 3,5,9, 11,25, 33,133, 189, 635, 1235, 1685, 1849, ....

+ O


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A098855
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A110082

3 Equations involving Euler’s totient function ¢

In this section we deal with equations which are not really “deformations” of Euclid’s formula
in the strict sense, since the right hand side does not start with the term 2x. However,
calculations are very similar to what precedes, so it seemed justified to present the following
results in this place.

We use the standard notation ¢(n) for Euler’s totient function, giving the order of the
group (Z/nZ)*, i.e., the number of positive integers not exceeding n and coprime to n.
Equations similar to those discussed here have been studied by Guy [5] and Zhang [11].

Theorem 3.1. If m is a natural number and 2™ -2t (m+1)—2k—1 is an odd prime, then
r=2"(2m2—2¢(m+1)—2k—1) is a solution of the equation o(x) = 4¢(x)+td(x)+2k.

Proof. In this case, d(z) =2 (m + 1) and ¢(x) =21 (2"2 -2t (m + 1) — 2k — 2), so

4é(x) +td(x) +2k =2"T (2™ — 2t (m+1) =2k —2) +2t(m+ 1) + 2k
= (2™ 1) 2" —2t(m+1) -2k —2)
+ (2™ =2t (m+1) -2k —2) +2t(m+1) + 2k
=2 1) (2" —2t(m+1) — 2k) = o(x). -

Corollary 3.2. For t =0, we get: If m is a natural number and 2™ — 2k —1 is an odd
prime, then x = 2™ (2™*2 — 2k — 1) is a solution of the equation o(x) =4¢(x) +2k.

Corollary 3.3. For k=0, we have: If m is a natural number and 2™ — 2t (m+1) —1
is an odd prime, then x = 2™ - (2™ — 2t (m + 1) — 1) s a solution of the equation
o(x)=4¢(z)+td(x).

Corollary 3.4. Take t =k =0 and m = p—2. If 2P — 1 is a Mersenne prime, then
2P=2 (2P — 1) is a solution of the equation o(x) = 4¢(z).

Parts of these results have already been contributed as comments to sequence A068390
by the first author.

Theorem 3.5. If3-2"—2t(m+1)—1 is an odd prime, then x = 2™ (3-2™ -2t (m+1)—1)
is a solution of the equation o(x) = x +2¢(z) + td(x).

Proof. Here, d(z) =2 (m+1) and ¢(z) =2m"1(3-2™ =2t (m + 1) — 2), so

x4+ 2¢(z)+td(x)
=2m(3-2" —2t(m+1)—1)-2—2-2""1 42t (m + 1)
= 2" —14+1)(3-2" =2t(m+1)—1) = 2" + 2t (m + 1)
= (2" —1)(3-2m —2t(m+1)) — 2" 41
+(3-2"=2t(m+1)—1)—2"4+2t(m+1)
=0(2™)o(3-2" =2t(m+1)—1)
=0(2"(3-2"=2t(m+1)—1)) =0(x) .
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Corollary 3.6. Fort =0, we get: If 3-2™ — 1 is an odd prime, then x = 2™ (3-2™ — 1)
is a solution of the equation o(x) = x 4+ 2 ¢(x).

Remark 3.7. Numbers of this form are listed in sequence A097215.

Theorem 3.8. Ifp=7-2"—k (m+3)—2t—1 is a prime greater than 3, then v = 3-2™"2p
is a solution of the equation ¢(z) + o(x) = 3z + kd(z) + 8t.

Proof. For ¥ = 3-2™"2p d(z) = 2-(m+3)-2 = 4(m+ 3), ¢(x) = 2™ (p — 1) and
o(z) =423 —1)(p+1),50 ¢(x) +o(x) =p(2mT2+8.2mF2 —4) —2mF2 4. 8.9mF2 _ 4 =
9.2mt2p —Ap4+4(7-2")—4=3(3-2""2p)—4(p—T-2"+1) =3z —4(—k(m+3)—21) =
3z + kd(z) + 8t. 0

Corollary 3.9. Using the theorem with k = 0, we get: If p =7-2™ —2t —1 is a prime
greater than 3, then x = 3 - 2™ p is a solution of the equation ¢(x) + o(z) = 3x + 8.

Corollary 3.10. Considert = 0: If p=7-2" —k(m + 3) — 1 is a prime greater than 3,
then x = 3-2™2p is a solution of the equation o(x) + ¢(x) = 3z + kd(z).

Corollary 3.11. Fort =k =0, we get: If p="7-2™ — 1 is prime, then v = 3-2""2p is
a solution of the equation o(x)+ ¢(x) =3x.

Parts of these results have been submitted as comments to sequence A011251.

4 Solutions to o(x) =3z — f(x)

In this section we consider equations which can be seen as “deformations” of the definition
of triply-perfect numbers, o(7") = 37.

4.1 The special case o(z) =3z —C

First we discuss solutions to equations o(x) = 32z — C' for some particular constants C. Let
us first recall that Theorem 1.13 with k& = 3 yields

Corollary 4.1. If T is a triperfect number (A005820), then the equation o(x) = 3 (x +T)
has infinitely many solutions, which include all numbers of the form x = pT, where p is a
prime not dividing T

Example 4.2. For T, = 672 =2°-3-7, p =5 gives the solution x = 5T, = 3360.
For Ty = 120 = 23 - 3. 5, all primes p > 5 yield a solution x = 120 p.

Proposition 4.3. If P is a perfect number, then x = P s a solution to the equation
o(x) =3x— P, and if 8 does not divide P, then this equation has infinitely many solutions,
including all numbers of the form x = 3™ P, m € N.

This is a particular case (¢ = 3) of the more general
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Theorem 4.4. If q is a prime and Q is a (q — 1)—perfect number, then x = Q is a solution
to the equation o(x) = qx — Q, and if q does not divide Q, then this equation has infinitely
many solutions, including all numbers of the form x = ¢™ @, m € N.

Proof. The first statement is obvious, and assuming that ¢ / @, we have

o(@)=0(¢")o(@Q)= (""" =1)/(¢=1) - (¢-1DQ= (""" - 1)@ =qz—Q. O
Example 4.5.

(i) Since P = 2%(2% — 1) = 28 is a perfect number, x = 28, 28 - 3, 28 - 3%, ... are some
solutions of the equation o(x) = 3z — 28.

(ii) For P =2*(2° — 1) = 496, we get that 496, 496 - 3, 496 - 32, ... are some solutions of
the equation o(z) = 3z — 496.

(iii) With P = 2°(27 — 1) = 8128, we have that 8128, 8128 -3, 8128 - 3% ... are some
solutions of the equation o(x) = 3z — 8128.
The number 6508 is another solution, which is not of the mentioned form.

The following theorem gives solutions to a more general equation than the one considered
in the previous proposition. The special case t = 0 yields the same equation, but not all of
the earlier solutions.

Theorem 4.6. If t is an integer, p = 3™ + 2t is prime and P is a perfect number such that
ged(3p, P) =1, then x = 3" p P is a solution of the equation o(x) =3x — (2t + 1) P.

Proof. This is a special case (¢ = 3) of the following Theorem 4.9. O

Example 4.7. For t = —1, all numbers m such that m < 2000 and 3™ — 2 is prime,
are: 2,4, 5,6, 9, 22, 37, 41, 90, 102, 105, 317, 520, 541, 561, 648, 780, 786, 957 and 1353
(A014224). From these we obtain 20 solutions 3 (3> —2) P, 3% (3* —2) P, ... , 395 (3%7"—-2) P
and 3'352 (31353 — 2) P of the equation o(x) = 3z + P, for any even perfect number P.

Example 4.8. For ¢t = 1, the numbers m > 0 such that 3™ 4 2 is prime are 1, 2, 3, 4,
8, 10, 14, 15, 24, 26, 36, 63, 98, 110, 123, 126, 139, 235, 243, 315, 363, 386, 391, 494, 1131,
1220, 1503, 1858... (A051783). From these we obtain the solutions (3! +2) P, 3! (3% +2) P,
o, 31902 (31503 4 9y P 31857 (31838 4 9) P ... of the equation o(z) = 3 (x — P), for any even
perfect number P.

The previous theorem is a special case of the following more general result:

Theorem 4.9. If Q) is a (¢ — 1)—perfect number for some prime q, then for all integers t,
the equation

o) = qr — (2t +1)Q 2)
has the solution x = ¢"*~1 pQ whenever k € N is such that p = ¢*+2t is prime, ged(¢"1, p)
1 (ie., q#pork=1)and gcd(¢"*1p,Q)=1.

Proof. o(x) =o(¢" ") a(p)o(Q) = (¢"=1)/(¢g=1)-(p+1) (¢—1) Q = ¢* (p+1) Q—(p+1) Q =
FpQ+ (" —(p+1)Q=qz—(2t+1)Q. 0
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Remark 4.10. Fort = —%(mgq+ 1), we get back theorem 1.18.
Finally, recall that from Theorem 1.16 we have for ¢ = 3:

Proposition 4.11. If P is an even perfect number not divisible by 3 (i.e., P > 6), then
o(x)=3(x+ P)
admits the solution x = 3*~1 p P whenever p = 3¥ — 4 is prime (k € A058959).

Example 4.12.  For ¢ = 3, k € A058959 = (2, 3, 5, 21, 31, 37, 41, 53, 73, 101, 175, 203,
225, 455, 557, 651, ...) corresponds to a prime 3¥ —4 € A156555 = (5, 23, 239, 10460353199,
617673396283943,...) and yields solutions z = 31 (3* —4) P to o(z) = 3 (z+ P) for all even
perfect numbers P > 6 (since 3¥ — 4 is always odd and can never be equal to 2P — 1):

For P = 28 we have x = 420, 5796, 542052, ...; for P = 496 we get x = 7440, 102672,
9602064, ..., and P = 8128 leads to z = 121920, 1682496, 157349952, ...

Proposition 4.13. If p = (m+8—2K+4) /(2% —8) is a prime greater than 5, then v = 28-15p
is a solution for the equation o(x) = 3 (x +m).

Proof. For any prime p > 5, 0(2¥15p) — 3 - 2% - 15p = 3[8 (28" — 1) + p (2" — 8)], which
equals 3m by hypothesis. O]

Example 4.14. If m = 672, we need a prime p = (680 — 2~4) /(2% —8).

For k = 4, we obtain p = 53 and o = 2*-3-5- 53 = 12720.

For k =5, we get p = 7 and the solution z = 2°-3 -5 .7 = 3360 already known as z = 5m
from Corollary 4.1 of Theorem 1.13.

4.2 The case o(z) =3z — 39" — k

Theorem 4.15. If 2-3™ — 1 s prime (m € A003307), then © = 3™ 1(2-3" —1) is a
solution of the equation

o(z) =3z — 34 (3)

Proof. d(z) = 2m and o(z) = c(3™1(2-3" = 1)) =0(3™ ) - 0(2-3" = 1) = (3™ —1)/2 -
(2:3™)=3-(3m1.(2:3"—-1-3m)) =32 — 3% =3z — 3, O

Example 4.16. Sequence A003307 starts with m = 1, 2, 3, 7, 8, 12, 20, 23, 27, 35,
56, 62, 68, .... These numbers correspond to solutions x = 5, 51, 477, 3187917, 28695627,
188286180507, 8105110304875691067, ... of equation (3).

Let us now consider the following equation for some particular k& € N,
o(z) =3z -39 — . (4)
Let us start with two families of very simple solutions:

Proposition 4.17. If k =4/( and p = 2(+ 5 is prime, then p is a solution of (4).
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Proof. We have o(p) =p+1=20+6=3(2(+5)—32—40=3p—3") —k sopisa
solution as claimed. O

Example 4.18. Below we list a table with values k = 4 ¢ for which p = 2/+5 is a solution
to equation (4), according to this proposition:

E10]4[12|16]24|28|36|48|52|64|72|76|84]96 108|112
p|o| 7|11 |13 |17 19|23 29|31 |37 4143|4753 | 59 | 61

e Indeed, for £ = 0 we get equation (3), and from Proposition 4.17 the solution z = 5,
which is the first one given in the preceding Example 4.16.

e For { =1, 20+ 5 = 7 is prime, therefore p = 7 is a solution of the equation o(x) =
3z — 3%@) — 4.

e For { =3, p=2(+5 =11 is prime; accordingly, p = 11 is a solution to o(z) =
3z —3%@) —12.

Proposition 4.19. If k=3(2(+1) and p=2(+29 is prime, then x = 2p is a solution
of (4).
Proof. Again, o(z) =c(2p) =3 (p+1) =3(2p)—3* -3 (p—28) =32 —-3%@ -3 (2/+1). O

Example 4.20. For ¢/ = —5, p =19 is prime, and one can check that 219 is indeed a
solution to o(x) = 3z — 3@ 4+ 27.

Example 4.21. For £ =1, p = 31 is prime, and 2-31 is a solution to o(z) = 32—3%*) 9.
The following is a considerable generalization of the above Theorem 4.15:

Theorem 4.22. Let p and q be two distinct primes, and t a nonnegative integer. Then x =
pq' is a solution for the equation (4) iff p = (k (q—1)+¢"™ —1+(q—1)3*"2) /(24" =3 ¢'+1).

Proof. For x = pq', we have 3z — 3% — g(2) = k <= 3pq¢ — 3% — (p+ 1) (¢ —
D/ig=1) =k <= 3pg'q—1) =3 -1) - @+ 1" -1) = k-1
p(2¢* =3¢t +1) = (k(g—1) + ¢t +1) =14+ (¢ —1)32t +2)) <= p=(k(g—1)
¢t =1+ (¢ — 1)3%2)/(2¢"™ — 3¢' + 1). So & = pq' is a solution of the equation (4) i
p=(k(g—1)+¢"*" =1+ (¢ —1)3"")/(2¢"" = 3¢" +1).

!

;| +

U

5 Results related to quadruply-perfect numbers

Quadruply-perfect numbers @) are such that o(Q) = 4@Q. They are listed in sequence
A027687. There exist only 36 such numbers, which are all known since the early 20th
century [4].

We consider first one “deformed” version of this defining equation, and then some other
results related to quadruply-perfect numbers, or, to relations of the form o(x) = 42 — f(x).
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5.1 Solutions to o(z) =4z —-C

As before, we first consider a constant additional term, and recall that Theorem 1.13 (with
k =4) yields

Corollary 5.1. If Q) is a quadruply-perfect number (A027687) then the equation

o(z) =4(zr+Q)

has infinitely many solutions, including all numbers of the form x = pQ, where p is a prime
which does not divide ().

A numerical search for solutions to the preceding equation reveals additional solutions,
asx = 23-3%-5-7%2.13, which are not yet described by previous theorems. In such a case we
can often, somehow systematically, construct a relation which describes a family of solutions
to which the given number x belongs. To this end, we consider (for example) one of the
prime factors of x as a parameter, and express it in terms of the constant term occurring in
the equation. Then, whenever this expression yields a prime, coprime to the other factors
of x, we have again a solution. In the case at hand, we can look for solutions of the form
x=2-3%.5.7.p, where p > 7 is prime. For such z, we find that o(z) = 4 (x +m) is
equivalent to 22-5-3%(5-19 — 3p) = m. Otherwise stated,

Proposition 5.2. If p = (95—m/540)/3 is a prime greater than 7, i.e., m = 51300 — 1620 p,
then v = 23-3%-5-7%- p is a solution for the equation o(x) =4 (z +m).

5.2 Solutions to o(z) =42 — kd(z)

o(x) =4z —kd(z) .

14

Let us now consider the following equation for some particular k € N,

Example 5.3. Considering primes p > 7, this proposition yields a solution for the follow-
ing values of m:
m D x m D x
33480 | 11 | 582120 —24840 | 47 | 2487240
30240 | 13 | 687960 —34560 | 53 | 2804760
23760 | 17 | 899640 —44280 | 59 | 3122280
20520 | 19 | 1005480 —47520 | 61 | 3228120
14040 | 23 | 1217160 —57240 | 67 | 3545640
4320 | 29 | 1534680 —63720 | 71 | 3757320
1080 | 31 | 1640520 —66960 | 73 | 3863160
—8640 | 37 | 1958040 —T76680 | 79 | 4180680
—15120 | 41 | 2169720 —83160 | 83 | 4392360
—18360 | 43 | 2275560 —92880 | 89 | 4709880 etc.



Proposition 5.4. A prime p is solution to equation (5) (with d(x) = 2) if, and only if,
k= (3p—1)/2. Otherwise said, this equation has a prime as solution, if and only if k = 1
(mod 3) and p = (2k + 1)/3 is prime.

Proof. Wehavea(p):4p—(3p—1):4p—23p—2_1:4p—d(p)k. O
Example 5.5. For the following values of k£ (non exhaustive list) we get a prime p which
is solution to (5) according to the preceding Proposition:

E|4|{7]1016]19|25|28|34|43|46|55|61|64|70|79 88|91
pl3|5| 7 111317 19|23 29|31 |37 |41 |43 |47|53|59 |61

The above proposition is actually a special case of the following one, similar to Theo-
rem 4.22 (and with analogous proof):

Theorem 5.6. Let p and q be two distinct primes and t a nonnegative integer. Then x = pq'
is a solution for the equation (5) iff p= 2k(qg—1)(t+ 1)+ ¢ —1)/(B¢"™ — 44" +1).
Example 5.7. For t = 0, we get the earlier Proposition 5.4. For ¢t = 1, we get the
following
Corollary 5.8. Let p and q be two distinct primes, then x = pq s a solution for the
equation (5) iff p=4k+q+1)/(3¢q—1).
Example 5.9. Take ¢ = 3, then 3p is a solution iff p = (k + 1)/2; thus for £ = 61 we
obtain p = 31 and the solution x = 3 - 31 = 93 of the equation

o(x) =4z —61d(x). (6)
Proposition 5.10. Let p and q be two distinct primes, and t a nonnegative integer. Then
x = 2'pq is a solution for the equation (5) iff p= (4k(t+ 1)+ (¢ + 1)(2 —1))/((2" +
1)g—2"1+1).
Corollary 5.11. We get that x = 2" pq is a solution for the equation (6) iff p = (244 (t +
D+ (g+ 1) =1))/(2* + 1) g =21 +1).
Example 5.12. Fort =0, we get p = (244 + g+ 1)/(3¢ — 1), so ¢ should be less than

123 and we have = = 3.31 = 93, which is the only semiprime solution of the equation (6).

Example 5.13. For t = 1, we get p = (3¢ + 491)/(5q — 3), so ¢ should be less than 247
and we obtain as the only solution z = 2 -5 - 23 = 230.

Example 5.14. The only other ¢ < 22 with a corresponding solution is ¢ = 5, with
(p,q) = (3,13). So z =2°3-13 = 1248 is the largest solution of this form we know.

Proposition 5.15. Let p and q be two distinct primes greater than 3, then x = 2!3%pq is
a solution of the equation (5) iff p= 12k (t + 1) + 132" — 1)(q + 1))/(q(5 - 2!T! + 13) —
13(20 —1)).

So z = 2!3%pgq is a solution of the equation(6) iff p = (13 (2" — 1)(1 + q) + 732 (1 +
£)/((13+5- 2% g — 13 (21 — 1)).
Example 5.16. The only number ¢ we know such that there is a corresponding solution
is t =5, with z = 2°325 - 13 = 15840.

There are no other solutions of the equation (6) below 10 than those described by one
of the preceding propositions, namely x € {41, 93, 230, 1248, 15840 }.
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5.3 Solutions to o(z) =5z —C

Proposition 5.17. If ) is a quadruply-perfect number, then x = @) 1is a solution to the
equation o(x) =5z —Q, and if 5 does not divide @, then the equation has infinitely many
solutions, including x =5" ¢, m=0,1,2,3,....

Proof. This is Theorem 4.4 for ¢ = 5. O

Example 5.18. The quadruply-perfect numbers which are not divisible by 5 are: Qg =
142990848, ()11 = 403031236608, ()12 = 704575228896, ()13 = 181742883469056, and Qg ..., Q36
except for Qa1, Qo and Qag (cf. OEIS [8], b-file for sequence A027687). Each of them gives

rise to an infinite sequence of solutions to o(x) =5z — Q.

For t = 0, the following theorem solves the same equation as the previous proposition;
in this case, however, it gives only one of the solutions found above.

Theorem 5.19. If Q) is a quadruply-perfect number and t € Z, then the equation
olx)=5zx—(2t+1)Q

has x = 5 1pQ as solution, whenever p = 5™ + 2t is prime, with m € N such that
ged(5™ L p) =1 (ie, p#5 orm=1) and ged(5p,Q) = 1.

Proof. This is Theorem 4.9 with ¢ = 5. m

Example 5.20. For ¢t = —1, all numbers m < 2000 such that p = 5™ — 2 is prime,
are: 1, 2, 14, 26, 50, 126, 144, 260, 624 and 1424 (A109080). From these we obtain 10
solutions (5! —2) @, 5(5*—2)Q, ..., 5% (5521 —2) Q and 523 (5121 —2) @ for the equation
o(x)=5zx+Q.

Example 5.21. For ¢t = 2, all numbers m such that m < 2000 and 5™ + 4 is prime,
are: 2, 6, 10, 102, 494, 794 and 1326 (A124621). So we obtain 6 solutions 5 (5% + 4) Q,
55 (5% +4)Q, ..., 573 (5™ +4) Q and 5'3?° (5326 1 4) Q for the equation o(x) =5(z — Q).

Finally, recall that from Theorem 1.16 we have for ¢ = 5:

Proposition 5.22. If Q) is a quadruply perfect number not divisible by 5, then

o(z) =5(x+Q)

admits the solution x = 5*1pQ whenever p = 5% — 6 is prime (k € A165701) and does not
divide Q.

Example 5.23. For k € A165701 = (2, 4, 5, 6, 10, 53, 76, 82, 88, 242, 247,473, 586, 966,
...) we get primes p = 5 — 6 € (19, 619, 3119, 15619, 9765619,...) which lead to solutions
r=5"1pQ to o(x) =5(x+ Q) for all quadruply perfect numbers not divisible by 5, listed
in Example 5.18, except for the case k = 2 where p = 19 divides the first two (Qg, @11), the
seventh (Q1s), and the last six (@31, ..., @36) of these quadruply perfect numbers.

The smallest example is therefore x = 5-19-142990848, solution to o(z) = 5 (x+142990848).
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