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Abstract. The kernels of the languages representing the set
of prime numbers in bases two through ten are derived and tabulated.
In each case it is found that the number of kernel entries and the
maximum length of an entry are of roughly the same size as the
number base.



The kernel of a formal language L is the set of words wel such
that no proper subword (i.e. no proper subsequence) of w is a word of
L. It has been shown [2] that every lanaguage has a finite kernel.
Here we derive and tabulate the kernels of the languages consisting of
the representations of the set of prime numbers in number bdses ‘two
through ten. Results are shown in table 1. wg denotes the nth word,
ordered by increasing numerical .value, of the m-kernel, i.e., the
kernel for base m. vﬂ is the numerical value of w?, here expressed in
base ten. Sm andem are respectively the number of words and the max-

imum Tength of a word, in the m-kernel.

Inspection of table 1 shows that, while the values of the vﬁ are
rather irregularly distributed over several orders of magnitude, the
values of Sm and Lm are reasonably well-behaved, being of the same
order of size as m. It is evident that Sm + ® a5 m -+ » since Sm must
be at Teast as Targe as the number of primes less than m. Other prop-
erties which seem to hold but whose proofs (if they exist) do not

appear simple are that Lm + o as m=> « and that Lm is always < Sm.

It is evident that for given integers m, k > 1, we can decide
if k is the value of an element in the m-kernel, so that the set of
all pairs (m,wﬂ) form 2 2,‘w2 e m-kernel, is recursively enumerable
(where, for formal purposes, we may regard m as a word in base ten
notation). To establish a given m-kernel, however, we need to be
able to decide whether a given set of wﬂ values includes the entire
kernel or not. It is reasonable to ask whether such a property is
decidable. Although we do not answer this question here, for the
values 2 <m < 10 we are able, using ad hoc considerations, to es-

tablish the m-kernel in each case.



We write v -~ w to mean that w is a proper subword of v (thus
if wel then v cannot be in the kernel of L). When v is understood it
may be omitted. We use the standard subscript notation for values in
different number bases; e.g. 1110112 = 738 = 5910. A1l subscripts are
in base 10 and are omitted when the meaning s clear. Superscripts are
normally used to indicate repetitions of digits; e.qg. 1031 = 10001.
However, in arithmetic expressions involving the operations +, -, or /,
the superscripts indicate exponentiation and all numbers are in base ten.

An expression x(y)"indicates that x and y are in base ten and that y is

the smallest prime factor; thus 81(3).



Table 1: The M-kernel for 2 <m < 10

Key: Sm = size or number of entries in the kernel, Lm = maximum
length of an entry, wﬁ = an individual entry (1 <n < S ),

m R m . -
v_ = numerical value of wn in base ten.
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m=10 | = Wy =V
(cont'd) (commag insgrted)
5 11
6 19
5 4
g 61
9 89
10 409
o 443
12 499
13 881
14 991
15 6,469
16 6,949
17 9,649
18 9,949
19 60,649
20 90,001
21 90,469
22 666,649
23 946,669
24 9,000,049
25 60,000,049
26 66,000,049
27 66,600,049
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Evaluation of the m-kernel for 2 = m < 10,

. om m .
Forkm = 2 we obtain Wy = 10 = 210’ Wy = 11 = 310. For any prime

p > 310 we must have p - 11 since p must start and end with 1 in base 2;

thus the 2-kernel is complete.

For this case we‘obtain w¢ =2, wg = 10, wg = 111. To show that

these entries exhaust the kernel we note that any larger value must have
the form 101 because (1) the digit 2 is excluded, (2) no more than 2
1's may be present to avoid - 111, and (3) the final digit must not

n+1

be 0 to avoid divisibility by 3. However 10" = 3" 4 always even,

excluding this case.
m= 4,

For this case w? = 2, wg = 3, w@ = 11. For any larger value in the
kernel, digits 2 and 3 are excluded and no more than one 1 may be present

(resulting in the form 10”); hence no such prime can exist.

For m = 5 we have WT =2, wg =3, wg = 10, WE = 111. From this point

on, digits 2 and 3 are excluded and no more than two 1's are permitted.
The remaining allowable digits then, are 0, 1, and 4. Every remaining
entry must have an odd number of 1's to exclude the number being even,
since all other digits would be even. Thus each remaining entry must

have exactly one 1, which must not be followed by 0 (to avoid - 10).



The 3 digit candidates satisfying these restrictions are 144, 401, 414,
and 441, of which 401 and 414 are prime and are thus the next two words
in the kernel.

Toydetermine the remaining kernel entries we first show that all
such entries must have the form 14" or 4"1. T6 show this we first note
that 0 is excluded as a digit because 1 would have to follow every occur-
rence of 0 (to avoid -~ 10); thus 4 would have to precede every 0, but
then - 407. Thus the only permissible digits are 1 and 4. Since.onWy
one 1 is allowed, a éumber beginning with 1 must have the form T4n.k
Similarly, a number beginning with 4 must have the form 4" to avoid - 414.
The existence of an entry 14" in the kernel clearly precludes the existence
of any other word in this form, and similarly for 4", A check shows that
the smallest primes having these forms are 14444 = 1,24910 and
444471 = 3,12110, thus completing the 5-kernel.

Enumerating the initial elements for this case we obtain w? = 2,

wg = 3, wg = b, w? = 11. A1l other entries must contain only digits

0, 1, énd 4, with exactly one 1 present as the last digit to prevent the

number from being even. Additional restrictions are that numbers of the

n+i

form 40™1 and 40 41 are excluded since they are divisible by 5 and 7

respectively. The 3- and 4-digit numbers satisfying these restrictions

are 441 = 169 4401 = 1,00910, and 4441 = 1,03310, of which only the

10°
Tatter two are prime. Any additional elements of the kernel must have

the form 402n41 for n > 0, because (1) at most two 4's are permitted



-8-

(since 40" is excluded this means that exactly two 4's must be present),
and (2) if a 0 occurred between the second 4 and the final digit 1

then »~ 4407. The smallest number in this form is 40041 = 5,209, . which 1is

10
prime and therefore in the kernel. Since no Targer number of this form

is allowed, the 6-kernel is complete.

The 1- and 2-digit entries for this case are 2, 3, 5, 10, 14, 16, 4]
and 61. To complete the kernel we first show that any remaining entry must

20+1 for n = 1 (and thus there can be at most one additional

have the form 1
entry). To show this we first note that a number which contains only even
digits would be even, hence any kernel entry must have an odd digit. The
only allowable odd digit is 1 since 3 and 5 are excluded. Thus, if an
entry contained 0, 4, or 6 we would have - one of the following: 10, 14, 16,
47 or 61, a11kof which are in the kernel. This shows that 1 is the only

allowable digit. The smallest prime in this form is 11111 = 2,80110, which

completes the kernel.

The 1-digit entries for this case, namely 2, 3, 5, 7, restrict the re-
maining allowable digits to 0, 1, 4, and 6. Since 1 is the only allowable
odd digit, every additional entry must end in 1. None of the 2-digit candi-
dates 11, 41, 61 satisfying these restrictions is prime. However, of the 3-
digit candidates, those found to be prime are 111 = 7310, 1471 = 97]0, 161 = 11310,

401 = 25710, and 661 = 43310.

Additional restrictions from this point on are that (1) no more than two

1's can appear, (2) no more than one 6 can appear (to avoid - 661 which would



follow since every entry must end in 1), and (3) an entry of the form

10™ s excluded because its value would be 8" 1+1 = (2" Teyy(a"*1. 2114y,
j.e., it could be factored. If 1 occurs then it must not be followed by 4 or 6
to avoid - 141 and » 161. Thus we conclude that (4) all 1's must be consecu-
tive and right-adjusted, and no entry can begin with 1. If the number starts
with 6 and contains O it must have either the form 60"4™ or 60"4™ 1.

However, 60™1 is divisible by 7, while 60”11 and 60"41 are divisible by 3,
excluding these cases. Finally, since 8 = -1 mod 3, a number containing only
4's and 1's must have an odd number of digits to avoid being divisible by 3.

The 4-digit numbers satisfying all the above restrictions are

4461 = 2,35310 (13), 4611 = 2,44110 (prime), 4,641 = 246510 (5),
6411 = 3,33710 (47), and 6441 = 3,36110 (prime). From this point the admissible
2n+1 2

forms are 4 11, 4 n1, 4”61, 4n641, and 60"411, and there is at most one entry

for each. The 5-digit numbers in these forms are 44417 = 18,69710 (7),

1]

44441 = 18,721 97), 44461 = 18,737TO (41), 44641 = 18,849 3), and

10 ¢ 1o

60411 24,841]0 (prime).

No further kernel entries can begin with 6. For the 6-digit candidates,

the only possibilities are 444461 = 149,809]O (11), and 444641 = 149,92110

2n+1 z2n

(prime). From this point the only allowable forms are 4 11, 4777, and 4”51.

The 7-digit candidates in these forms are 44444171 = 1,798,34510 (5),
4444447 = 1,198,36910 (23), and 4444461 = 1,198,385]0 (5). The only 8-digit
possibility is 444444671 = 9,586,993]0 (13). The 9-digit possibilities are

444444417

76,695,817, (11), 444444447 = 76,695,84110 (prime), and

10

444444461 76,695,85710 (7). This last entry precludes any others since

i

it would be a subword; thus the 8-kernel is complete.
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The 1-digit entries are 2, 3, 5, and 7, restricting the digits in the
remaining entries to 0, 1, 4, 6, and 8. The 2-digit primes satisfying
these restrictions are 14, 18, 41, and 81. From this point every prime must
end in 1 to avoid being even, and for the same reason, must contain an odd
number of 1's. Also, 4 and 8 cannot occur, so the only allowablé digits
are 0, 1, and 6. Finally we can exclude a number of the form 1”, nz2,
because its value is (9n+]-1) /8 = (3p+1+1)(3n+]~1) /8, i.e. it can be

factored.

The 3-digit numbers satisfying all of the above restrictions are
601 = 48710 and 661 = 54110, both of which are prime. From this point at
most one 6 is allowed. The 4-digit numbers satisfying this additional
restriction are 1011 = 739, (prime), 1101 = 8}110 (prime),

60071 = 4’37510 (5), and 6111 = 4,46510 (5). We now show that no further

kernel entries are possible. First we show that no further entry can contain 0.
If an entry contains O then 1 must precede it (otherwise - 601)f Since tHe
number of 1's must be odd, there would then have to be at least three of

them. But then - 1011 or > 1101. Thus thé only allowable digits are

1 and 6. However in base 9 the numbers 11, 16, 61, and 66 are all divisible

by 55 thus every entry must have an odd number of digits. Since each entry
must also have an odd number of 1's the number of 6's must be even. However,
no more than one 6 may be present (to avoid - 661); thus no 6 can be present,

and the entry must then have the form 1. Since this latter case was ruled

out earlier, we conclude that the 9-kernel has no further entries.
m = 10.

The 1- and 2-digit entries are 2, 3, 5, 7, 11, 19, 41, 61, and 89.

From this point the allowable digits are 0, 1, 4, 6, and 9, and the last
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two digits in every entry must be either 01, 09, 49, 69, 81, 91, or 99.

In each entry, 1 may appear at most once and must not precede 9, nor can

it be preceded by 4 or 6. Singe every entry must end with 1‘or 9 (to avoid
being even) no number can begin with 1. 8 must not precede 9. We can rule
out all numbers of the form 46"9 since they are divisible by 7 (gi?ing

6"7 as quotient) and all numbers the sum of whose digits is divisible by

3 since these too are divisible by 3.  The 3-digit primes satisfying

these restrictions are 409, 449, 499, 881, and 991.

We now show that from this point (1) 8 is excluded as a digit and (2)
no entry can begin with 4 so that all further entries must begin with 6 or 9.
To show that 8 is excluded we note that any entry containing 8 must end in
1 (to avoid % 89); thus at most one 8 must appear to avoid - 881. However 4
cannot appedr (otherwisé + 471) so the only other nonzero digits allowed ére
6 and 9. Bﬁt only one 1 is allowed, so the sum of the digits would be a
multiple of 3 and the number could not be prime. To show that no entry
can begin with 4, we nbte that éuch an entry would have to end in 9 to
avoid + 41 and thus all ;ﬁterior digits must be 6 to avoid -~ 409, -~ 449,
or - 499. However a number of the form d6n9 was ruled out earlier; thus

no number can begin with 4.

To further Timit the allowable choices of entries we show that all such
entries must end with either 001, 049, 469, 649, 669, or 949. First we
show that the allowable 2-digit endings are 01, 49, and 69. 81 is clearly
eliminated, leaving the possibilities 01, 09, 49, 69, 91 and 99 from our
earlier Tist. To eliminate 09 and 99 we note that any entry with one of
these endings would have to contain 4 (otherwise all non-zero digits would
be 6 or 9) but then - 409 ér +~ 499, To eliminate 91 we note that 9 must

precede in any entry ending this way to avoid - 41 or - 61, but then - 997.
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By considering the allowable 2-digit endings and previous kernel entries
we obtain the following list including the allowable 3-digit endings:
001, 049, 069, 469, 649, 669, 901, 949, and 969. We can eliminate 069 and
969 because a 4 must precede these groups, implying - 409 or > 499. Similarly,
901 is excluded because otherwise -+ 991. Thus we obtain the earlier 1ist of

3-digit endings as the only permissible ones.

The 4-digit primes having one of these six endings and satisfying the
other restrictions established earlier, are 6,469, 6,949, 9,649, and 9,949,
From this point we can eliminate 949 as an ending because it would have to

be preceded by 6 or 9.

To determine the remaining entries in the kernel we first recall that
the allowable 3-digit endings at this point are 001, 049, 469, 649, and 669.
It is not difficult to show that the remaining entries must have one of the
forms 6 {0,6}" 049, 6 (0,6} 649, 90" 001, 90" 049, 90" 469, or 946" 669.
The 5-digit candidates in these forms are 60,049 (11), 60,649 (prime),
66,049 (257), 66,649 (11), 90,001 (prime), 90,049 (17), 90,469 (prime), and
94,669 (41).

Mo 049,

From this point the entries must have one of the four forms 6
6" 649, 90" 049, or 946" 669. The 6-digit candidates in these forms are
600,049 (17), 660,049 (13), 666,@49 (79), 666,649 (prime), 900,049 (19),
and 946,669 (prime). Tﬁe remaining entries are limited to the forms

6m+1

0" 049 with 0 = m < 2, and 90" 049. The 7-digit candidates in these

forms are 6,000,049 (11), 6,600,049 (19), 6,660,049 (11), and 9,000,049 (prime).
From this point the only allowable form is 6m+] 0" 049 with 0 <m < 2. The 8-
digit entries in this form all turn out to be prime (surprisingly) and thus

complete the 10-kernel.
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