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Graph Theory and Additive Combinatorics

Graph Theory and Additive Combinatorics provides a modern introduction to extremal graph
theory and additive combinatorics. The dichotomy of structure and pseudorandomness is
a central theme throughout the book. The book takes the readers on a journey exploring
central results in additive combinatorics, notably cornerstone theorems of Roth, Szemerédi,
Freiman, and Green—Tao. Graph theoretic perspectives provide additional insights to the key
ideas. Topics discussed in the book include the Turdn problem, Szemerédi’s graph regularity
method, pseudorandom graphs, graph limits, graph homomorphism inequalities, Fourier
analysis in additive combinatorics, the structure of set addition, and the sum-product problem.
Many important mathematical techniques are highlighted throughout the book, including
combinatorial, graph theoretic, analytic, Fourier, algebraic, and geometric methods.

This textbook arose from a one-semester graduate-level course that the author has been
teaching regularly at MIT. Lecture videos are available for free through MIT OpenCourseWare.
This is the first introductory graduate level textbook to focus on a unifying set of topics
connecting graph theory and additive combinatorics. The material should appeal to anyone
with an interest in combinatorics, theoretical computer science, analysis, probability, and
number theory. The book is a useful resource for introducing students and researchers to a
wide range of beautiful mathematics in the field, as well as for research. The book contains
around 140 figures and illustrations as well as many carefully selected exercises battle-tested
through classes. The prerequisites are minimal—primarily mathematical maturity and an
interest in combinatorics. Basic familiarity with abstract algebra, analysis, and linear algebra
are assumed at times.

Yure1 ZHao is Associate Professor of Mathematics at the Massachusetts Institute of Technology
(MIT). His research tackles a broad range of problems in discrete mathematics, including
extremal, probabilistic, and additive combinatorics, graph theory, and discrete geometry, as
well as applications to computer science. His honors include the SIAM Dénes K&nig prize
(2018), the Sloan Research Fellowship (2019), and the NSF CAREER Award (2021).
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Preface

Who is this book for?

This textbook is intended for graduate and advanced undergraduate students, as well as
researchers in mathematics, computer science, and related areas. The material should appeal
to anyone with an interest in combinatorics, theoretical computer science, analysis, probability,
and number theory. It can be used as a textbook for a class or self-study, or as a research
reference.

Why this book?

There have been many exciting developments in graph theory and additive combinatorics in
recent decades. It is the first introductory graduate level textbook to focus on a unifying set of
topics connecting graph theory and additive combinatorics.

This textbook arose from a one-semester graduate-level course that I developed at MIT
(and still teach regularly) to introduce students to a spectrum of beautiful mathematics in the
field.

Lecture videos

A complete set of video lectures from my Fall 2019 class is available for free through MIT
OpenCourseWare and YouTube (search for Graph Theory and Additive Combinatorics and
MIT OCW). The lecture videos are a useful resource and complement this book.

What is this book about?

This book introduces the readers to classical and modern developments in graph theory and
additive combinatorics, with a focus on topics and themes that connect the two subjects.

A foundational result in additive combinatorics is Roth’s theorem, which says that every
subset of {1,2, ..., } without a 3-term arithmetic progression has at most o(/N) elements. We
will see different proofs of Roth’s theorem, using tools from graph theory and Fourier analysis.
A key idea in both approaches is the dichotomy of structure versus pseudorandomness.

Roth’s theorem laid the groundwork for many important later developments, such as

o Szemerédi’s theorem: Every set of integers of positive density contains arbitrarily long

arithmetic progressions; and

o Green-Tao theorem: The primes contain arbitrarily long arithmetic progressions.

A
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A core thread throughout the book is the connection bridging graph theory and additive
combinatorics. The book opens with Schur’s theorem, which is an early example whose proof
illustrates this connection. Graph theoretic perspectives are presented throughout the book.

Here are some the topics and questions considered in this book:

CHAPTER 1: Forbidding a subgraph
What is the maximum number of edges in a triangle-free graph on n vertices? What if
instead we forbidding some other subgraph? This is known as the Turdn problem.

CHAPTER 2: Graph regularity method
Szemerédi introduced this powerful tool that provides an approximate structural description
for every large graph.

CHAPTER 3: Pseudorandom graphs
What does it mean for some graph to resemble a random graph?

CHAPTER 4: Graph limits
In what sense can a sequence of graphs, increasing in size, converge to some limit object?

CHAPTER 5: Graph homomorphism inequalities
What are possible relationships between subgraph densities?

CHaPTER 6: Forbidding a 3-term arithemtic progression
Roth’s theorem and Fourier analysis in additive combinatorics.

CHAPTER 7: Structure of set addition
What can one say about a set of integer A with small sumset A+ A ={a+b:a,bec A}?
Freiman’s theorem is foundational result that gives an answer.

CHAPTER 8: Sum-product problem
Can a set A simultaneously have both small sumset A + A and product set A - A?

CHAPTER 9: Progressions in sparse pseudorandom sets
Key ideas in the proof of the Green—Tao theorem. How can we apply a dense setting result,
namely Szemerédi’s theorem, to a sparse set?

For a more detailed list of topics, see the highlights and summary boxes at the beginning
and the end of each chapter.

The book is roughly divided into two parts, with graph theory the focus of Chapters 1 to 5
and additive combinatorics the focus of Chapters 6 to 9. These are not disjoint and separate
subjects. Rather, graph theory and additive combinatorics are interleaved throughout the book.
We emphasize their interactions. Each chapter can be enjoyed independently as there are very
few dependencies between chapters, though one gets the most out of the book by appreciating
the connections.

Using the textbook for a class

The contents may be taught as a fast-paced one semester class, or as a two-semester sequence
each focusing one half of the book: the first on extremal graph theory and the second on
additive combinatorics.

For a one-semester class (which is how I teach it at MIT; see my website or MIT OCW
for syllabus, lecture videos, homework, and further information), I suggest skipping some
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more technical or advanced topics and proofs, including: (Chapter 1) the proofs of the
Erdds—Stone—Simonovits theorem, the K, construction, randomized algebraic construction;
(Chapter 2) the proof of the graph counting lemma, induced graph removal and strong
regularity, hypergraph regularity and removal; (Chapter 3) quasirandom groups, quasirandom
Cayley graphs; (Chapter 4) most technical proofs on graph limits; (Chapter 5) Holder, entropy;
(Chapter 6) arithmetic regularity and popoular common difference; (Chapter 7) proofs in the
later part of the chapter if short on time; (Chapter 9) proof details.

For a class focused on one part of the book, one may wish to explore further topics as
suggested in Further Reading at the end of each chapter.

Prerequisites

The prerequisites are minimal—primarily mathematical maturity and an interest in com-
binatorics. Some basic concepts from abstract algebra, analysis, and linear algebra are
assumed.

Exercises

The book contains around 150 carefully selected exercises. They are scattered throughout
each chapter. Some exercises are embedded in the middle of a section—these exercises are
meant as routine tests of understanding of the concepts just discussed. For example, they
sometimes ask you to fill in missing proof details or think about easy generalizations and
extensions. The exercises at the end of each section are carefully selected problems that
reinforce the techniques discussed in the chapter. Hopefully they are all interesting. Most
of them are intended to test your mastery of the techniques taught in the chapter. Many of
these end-of-chapter exercises are quite challenging, with starred problems intended to be
more difficult but still do-able by a strong student given the techniques taught. Many of these
exercises are adapted from lemmas and results from research papers (I apologize for omitting
references for the exercises, so that they can be used as homework assignments).

Spending time with the exercises is essential for mastering the techniques. I used many
of these exercises in my classes. My students often told me that they thought that they had
understood the material after a lecture, only to discover their incomplete mastery when
confronted with the exercises. Struggling with these exercises led them to newfound insight.

Further reading

This is a massive and rapidly expanding subject. The book is intended to be introductory and
enticing rather than comprehensive. Each chapter concludes with recommendations for further
reading for anyone who wishes to learn more. Additionally, references are given generously
throughout the text for anyone who wishes to dive deeper and read the original sources.

Acknowledgements

I thank all my teachers and mentors who have taught me the subject starting from when I was
a graduate student, with a special shoutout to my PhD advisor Jacob Fox for his dedicated
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mentorship. I first encountered this subject at the University of Cambridge, when I took a Part
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Matt Babbitt, Yonah Borns-Weil, Matthew Brennan, Brynmor Chapman, Evan Chen, Byron
Chin, Ahmed Chowdhury Zawad, Anlong Chua, Travis Dillon, Jonathan Figueroa Rodriguez,
Christian Gaetz, Shengwen Gan, Jiyang Gao, Yibo Gao, Swapnil Garg, Benjamin Gunby,
Meghal Gupta, Kaarel Haenni, Milan Haiman, Linus Hamilton, Carina Hong Letong, Vishesh
Jain, Pakawut Jiradilok, Sujay Kazi, Younhun Kim, Elena Kim, Dain Kim, Yael Kirkpatrick,
Daishi Kiyohara, Frederic Koehler, Keiran Lewellen, Anqi Li, Jerry Li, Allen Liu, Michael
Ma, Nitya Mani, Olga Medrano, Holden Mui, Eshaan Nichani, Yuchong Pan, Minjae Park,
Alan Peng, Saranesh Prembabu, Michael Ren, Dhruv Rohatgi, Diego Roque, Ashwin Sah,
Maya Sankar, Mehtaab Sawhney, Carl Schildkraut, Tristan Shin, Mihir Singhal, Tomasz
Slusarczyk Albert Soh, Kevin Sun, Sarah Tammen, Jonathan Tidor, Paxton Turner, Danielle
Wang, Hong Wang, Nicole Wein, Jake Wellens, Chris Xu, Max Wengiang Xu, Yinzhan Xu,
Zixuan Xu, Lisa Yang, Yuan Yao, Richard Yi, Hung-Hsun Yu, Lingxian Zhang, Kai Zheng,
Yunkun Zhou. Additionally, I would like to thank Thomas Bloom and Zilin Jiang for careful
reading the book draft and sending in many suggestions for corrections and improvements.

The title page illustration (with the bridge) was drawn by my friend Anne Ma.

I also wish to acknowledge research funding support during the writing of this book,
including from the National Science Foundation, the Sloan Research Foundation, as well
as support from MIT including the Solomon Buchsbaum Research Fund, the Class of 1956
Career Development Professorship, and the Edmund F. Kelly Research Award.

Finally, I am grateful to all my students, colleagues, friends, and family for their encour-
agement throughout the writing of the book, and most importantly to Lu for her unwavering
support through the whole process, especially in the late stages of the book writing, which
coincided with the arrival of our baby daughter Andi.

Yufei Zhao

Cambridge, MA

February 2022
http://yufeizhao.com/
yufeiz@mit.edu


http://yufeizhao.com/
yufeiz@mit.edu

Notation and Conventions

We use standard notation in this book. The comments here are mostly for clarification. You
should skip this section and return to it only as needed.

Sets

We write [N] :={1,2,...,N}. AlsoN :={1,2,...}.

Given a finite set S and a positive integer r, we write (f ) for the set of r-element subsets of
S.

If S is a finite set and f is a function on S, we use the expectation notation [E,¢s f (x), or
more simply [E, f (x) (or even [E f if there is no confusion) to mean the average |S| ™' 3 s f(x).
We also use the symbol E for its usual meaning as the expectation for some random variable.

A k-term arithmetic progression (abbreviated k-AP) in an abelian group is a sequence of
the form

a,a+d,a+2d,...,a+ (k-1)d.

Here d is called the common difference. The progression is called non-trivial if d # 0,
and trivial if d = 0. When we say that a set A contains a k-AP, we mean that it contains a
non-trivial k-AP. Likewise, when we say that A is k-AP-free, we mean that it contains no
non-trivial k-APs.

Graphs

We write a graph as G = (V, E), where V is a finite set of vertices, and E is the set of edges.
Each edge is an unordered pair of distinct vertices. Formally, E C (‘2/)

Given a graph G, we write V(G) for the set of vertices, and E (G) for the set of edges, and
denote their cardinalities by v(G) := |V(G)| and e (G) := |E(G)]|.

In a graph G, the neighborhood of a vertex x, denoted N¢ (x) (or simply N(x) if there is
no confusion), is the set of vertices y such that xy is an edge. The degree of x is the number
of neighbors of x, denoted deg; (x) := |[Ng(x)| (or simply written as deg(x)).

Given a graph G, for each A C V(G), we write e (A) to denote the number of edges with
both endpoints in A. Given A, B C V(G) (not necessarily disjoint), we write

e(A,B) :=|{(a,b) e AXB:abe E(G)}.

Note that when A and B are disjoint, e(A, B) is the number of the edges between A and B.
On the other hand, e(A, A) = 2e(A) as each edge within A is counted twice.

ix
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Here are some standard graphs:

e K, is the complete graph on r vertices, also known as an r-clique;

e K, is the complete bipartite graph with s vertices in one vertex part and ¢ vertices in
the other vertex part;

e K, . isacomplete tripartite graph with vertex parts having sizes r, s, t respectively (e.g.,
K11 = K3); and so on analogously for complete multipartite graphs with more parts;

o C; (€ = 3)is acycle with ¢ vertices and £ edges.

Some examples are shown below.

y*
= 4N )
~—
K4 K3 K32, Cs

Given two graphs H and G, we say that H is a subgraph of G if one can delete some
vertices and edges from G to obtain a graph isomorphic to H (example below). A copy of
H in G is a subgraph G that is isomorphic to H. A labeled copy of H in G is a subgraph of
G isomorphic to H where we also specify the isomorphism from H. Equivalently, a labeled
copy of H in G is an injective graph homomorphism from H to G. For example, if G has ¢
copies of K3, the G has 6g labeled copies of Kj.

We say that H is an induced subgraph of G if one can delete some vertices of G (when we
delete a vertex, we also remove all edges incident to the vertex) to obtain H—note that in
particular we are not allowed to remove additional edges other than those incident to a deleted
vertex. If S C V(G), we write G[S] to denote the subgraph of G induced by the vertex set S,
i.e., G[S] is the subgraph with vertex set S and keeping all the edges from G among S.

As an example, the following graph contains the 4-cycle as an induced subgraph. It contains
the 5-cycle as a subgraph but not as an induced subgraph.

In this book, when we say H-free, we always mean not containing H as a subgraph. On the
other hand, we say induced H-free to mean not containing H as an induced subgraph.

Given two graphs F and G, a graph homomorphism is a map ¢: V(F) — V(G) (not
necessarily injective) such that ¢(u)¢(v) € E(G) whenever uv € E(F). In other words, ¢ is
a map of vertices that sends edges to edges. A key difference between a copy of F in G and a
graph homomorphism from F to G is that the latter does not have to be an injective map of
vertices.

The chromatic number x (G) of a graph G is the smallest number of colors needed to
color the vertices of G of so that no two adjacent vertices receive the same color (such a
coloring is called a proper coloring).

The adjacency matrix of a graph G = (V, E) is a v(G) X v(G) matrix whose rows and
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columns both are indexed by V, and such that the entry indexed by (u,v) € VX Vis 1 if
uv e EandOifuv ¢ E.

An r-uniform hypergraph (also called r-graph for short) consists of a finite vertex set V
along with an edge set E C (‘r/) Each edge of the r-graph is an r-element subset of vertices.

Asymptotics

We use the following standard asymptotic notation. Given nonnegative quantities f and g, in
each item below, the various notations have the same meaning (as some parameter, usually 7,
tends to infinity)

e f<g, [f=0(g), g=Q(f), f[f<CgforsomeconstantC >0

e f=o0(g), flg—0

e f=0(g). fxg gsfsg

e f~g [f=0+o(l)g

Subscripts (e.g., Os( ), <s) are used to emphasize that the hidden constants may depend
on the subscripted parameters. For example, f(s,x) <g g(s,x) means that for every s there is
some constant Cy so that f(s,x) < Cyg(s,x) for all x.

We avoid using < since this notation carries different meanings in different communities
and by different authors. In analytic number theory, f < g is standard for f = O(g) (this
is called Vinogradov notation). In combinatorics and probability, f <« g sometimes means
f = o0(g), and sometimes means that f is sufficiently small depending on g.

When asymptotic notation is used in the hypothesis of a statement, it should be interpreted
as being applied to a sequence rather than a single object. For example, given functions f and
g, we write

if f(G) = o(1), then g(G) = o(1)
to mean
whenever a sequence G, satisfies f(G,) = o(1), then g(G,) = o(1),
which is also equivalent to

Jor every &€ > 0 there is some § > 0 such that if | f(G)| < 6 then |g(G)] < e.
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Appetizer: Triangles and Equations

Chapter Highlights

e Schur’s theorem on monochromatic solutions to x + y = z and its graph theoretic proof
e Problems and results on progressions (e.g., Szemerédi’s theorem, the Green—Tao theorem)
o Introduction to the connection between graph theory and additive combinatorics

0.1 Schur’s Theorem

Can we prove Fermat’s Last Theorem by reducing the equation X" +Y" = Z" modulo a prime
p?

It turns out this approach can never work. Dickson (1909) showed that the equation mod p
can always be solved for sufficiently large primes p, no matter what 7 is. Schur (1916) gave a
simpler proof of this result by proving the following theorem, showing that Dickson’s result is
much more about combinatorics than about number theory.

Theorem 0.1.1 (Schur’s theorem)

If the positive integers are colored using finitely many colors, then there is always a
monochromatic solution to x + y = z (i.e., x, y, z all have the same color).

We will prove Schur’s theorem shortly.

Finitary vs. infinitary

Many theorems in this book can be stated in multiple equivalent ways. For instance, Schur’s
theorem above is stated in an infinitary form. It has has an equivalent finitary version below.
We write [N] :={1,2,...,N}.

Theorem 0.1.2 (Schur’s theorem, finitary version)

For every positive integer r, there exists a positive integer N = N(r) such that if each
element of [N] is colored using one of  colors, then there is a monochromatic solution
tox+y=2z.

The finitary formulation leads to quantitative questions. For example, how large does N (r)
have to be as a function of »? Questions of this type are often quite difficult to resolve, even
approximately. There are lots of open questions concerning quantitative bounds.
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Proof that the above two formulations of Schur’s theorem are equivalent. First, the finitary ver-
sion (Theorem 0.1.2) of Schur’s theorem easily implies the infinitary version (Theorem 0.1.1).
Indeed, in the infinitary version, given a coloring of the positive integers, we can consider the
colorings of the first N(r) integers and use the finitary statement to find a monochromatic
solution.

To prove that the infinitary version implies the finitary version, we use a diagonalization
argument. Fix r, and suppose that for every N there is some coloring ¢ : [N] — [r] that
avoids monochromatic solutions to x + y = z. We can take an infinite subsequence of (¢y)
such that, for every k € N, the value of ¢ (k) stabilizes to a constant as N increases along
this subsequence (we can do this by repeatedly restricting to convergent infinite subsequences).
Then the ¢p’s, along this subsequence, converge pointwise to some coloring ¢: N — [r]
avoiding monochromatic solutions to x + y = z, but ¢ contradicts the infinitary statement. O

Fermat’s equation modulo a prime

Let us show how to deduce the existence of solutions to X" +Y” = Z" (mod p) using Schur’s
theorem.

Theorem 0.1.3 (Fermat’s Last Theorem mod p)

Let n be a positive integer. For all sufficiently large prime p, there exist X,Y,Z €
{1,...,p— 1} such that X" +Y" = Z" (mod p).

Proof assuming Schur’s theorem (Theorem 0.1.2). Let (Z/pZ)* denote the group of nonzero
residues mod p under multiplication. Let H = {x" : x € (Z/pZ)*} be the subgroup of n-th
powers in (Z/pZ)*. Since (Z/pZ)* is a cyclic group of order p — 1 (due to the existence of
primitive roots mod p, a fact from elementary number theory), the index of H in (Z/pZ)*
is equal to gcd(n, p — 1) < n. So the cosets of H partition {1,2,...,p — 1} into < n sets.
Viewing each of the < n cosets of H as a “color”, by the finitary statement of Schur’s theorem
(Theorem 0.1.2), for p large enough as a function of n, there exists a solution to

xX+y=z inZ

in some coset of H, say x,y, z € aH for some a € (Z/pZ)*. Since H consists of n-th powers,
we have x = aX",y = aY", and z = aZ" for some X,Y,Z € (Z/pZ)*. Thus

aX"+aY"=aZ" (mod p).

Since a € (Z/pZ)* is invertible mod p, we have X" + Y = Z" (mod p) as desired. O

Ramsey’s theorem

Now let us prove Schur’s theorem (Theorem 0.1.2) by deducing it from an analogous result
about edge-coloring of a complete graph.
We write K for the complete graph on N vertices.
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Theorem 0.1.4 (Multicolor triangle Ramsey theorem)

For every positive integer r, there is some integer N = N(r) such that if each edge of Ky
is colored using one of r colors, then there is a monochromatic triangle.

Proof. Define
Ni=3, and N,=r(N,_;1—1)+2forallr > 2. (0.1.1)

We show by induction on r that every coloring of the edges of Ky, by r colors has a
monochromatic triangle. The case » = 1 holds trivially.

Suppose the claim is true for r — 1 colors. Consider any edges-coloring of K, using r
colors. Pick an arbitrary vertex v. Of the N, — 1 = r(N,_; — 1) + 1 edges incident to v, by the
pigeonhole principle, at least N,_; edges incident to v have the same color, say red. Let V, be
the vertices joined to v by a red edge.

¢ 7
Vi DRI
0 \ //’f,;—;;:‘

If there is a red edge inside Vj,, we obtain a red triangle. Otherwise, there are at most r — 1
colors appearing among |V| > N,_; vertices, and we have a monochromatic triangle inside
Vo by the induction hypothesis. O

I Exercise 0.1.5. Show that N, from (0.1.1) satisfies N, = 1 +r! X[, 1/i! = [rle].

Remark 0.1.6 (Ramsey’s theorem). The above recursive/inductive pigeonhole argument can
be easily adapted to prove Ramsey’s theorem in general.

Theorem 0.1.7 (Graph Ramsey theorem)

For every k and r there exists some N = N(k, r) such that if each edge of Ky is colored
using one of r colors, then there is a monochromatic K.

I Exercise 0.1.8. Prove the graph Ramsey theorem (Theorem 0.1.7).

Ramsey’s theorem extends even more generally to hypergraphs.

Theorem 0.1.9 (Hypergraph Ramsey theorem)

For every k, r, s there exists some N = N(k,r, s) such that if each edge of a complete
s-uniform hypergraph on N vertices is colored using one of r colors, then there is a
monochromatic clique on k vertices.

I Exercise 0.1.10. Prove the hypergraph Ramsey theorem (Theorem 0.1.9).

Remark 0.1.11 (Bounds for multicolor triangle Ramsey numbers). The smallest N(r) in The-
orem 0.1.4 is also known as the multicolor triangle Ramsey number, denoted R (3,3,...,3)
with 3 repeated r times. It is a major open problem in Ramsey theory to determine the rate
of growth of this Ramsey number. Here is an easy argument showing an exponential lower
bound. (Compare it to the upper bound from Exercise 0.1.5.)
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Proposition 0.1.12 (Multicolor triangle Ramsey numbers: exponential lower bound)
For each positive integer r, there exists an edge-coloring of K, using r colors with no
monochromatic triangle.

Proof. Label the vertices by elements of {0, 1}”. Assign an edge color i if i is the smallest
index such that the two endpoint vertices differ on coordinate i. This coloring does not have
monochromatic triangles. Indeed, suppose x, y, z form a monochromatic triangle with color i,
then x;, y;, z; € {0, 1} must be all distinct, which is impossible. O

Schur (1916) had actually given an even better lower bound: see Exercise 0.1.14. One of
Erdds’ favorite problems asks whether there is an exponential upper bound. This is major
open problem in Ramsey theory, and it is related to to other important topics in combinatorics
such as the Shannon capacity of graphs (see, e.g., the survey by Nesetfil & Rosenfeld 2001).

Open problem 0.1.13 (Multicolor triangle Ramsey numbers: exponential upper bound)
Is there a constant C > 0 so thatif N > C”, then every edge-coloring of K using r colors
contains a monochromatic triangle?

Graph theoretic proof of Schur’s theorem

We set up a graph whose triangles correspond to solutions to x + y = z, and then apply the
multicolor triangle Ramsey theorem.

Proof of Schur’s theorem (Theorem 0.1.2). Let ¢: [N] — [r] be a coloring. Color the edges
of a complete graph with vertices {1,..., N + 1} by giving the edge {i, j} with i < j the
color ¢(j —1i).

¢(k —i)

i G- ek—)) &k

By Theorem 0.1.4, if N is large enough, then there is a monochromatic triangle, say on
verticesi < j < k.So¢(j—i)=¢(k—j)=¢(k—i). Takex =j—i,y=k—j,andz =k —1i.
Then ¢(x) = ¢(y) = ¢(2) and x + y = z, as desired. O

Now that we proved Schur’s theorem, let us pause and think about what did we gain by
translating the problem to graph theory? We were able to apply Ramsey’s theorem, whose
proof considers restrictions to subgraphs, which would have been rather unnatural if we had
worked exclusively in the integers. Graphs gave us greater flexibility.

Later in the book, we will see other more sophisticated examples of this idea. We will gain
new perspectives by bringing number theory problems to graph theory.

Exercise 0.1.14 (Schur’s lower bound). Let N(r) denote the smallest positive integer in
Schur’s theorem (Theorem 0.1.2). Show that N(r) > 3N(r — 1) — 1 for every r. Deduce
that N(r) > (3" + 1)/2 for every r. Also deduce that there exists a coloring of the edges of
K (3r+1),2 With r colors so that there are no monochromatic triangles.
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Exercise 0.1.15 (Upper bound on Ramsey numbers). Let s and ¢ be positive integers. Show
that if the edges of a complete graph on (Y:"_ ]2) vertices are colored with red and blue, then

there must be either a red K or a blue K;.

Exercise 0.1.16 (Monochromatic triangles compared to random coloring).

(a) True or false: If the edges of K,, are colored using 2 colors, then at least 1/4 — o(1)
fraction of all triangles are monochromatic. (Note that 1/4 is the fraction one expects
if the edges were colored uniformly at random.)

(b) True or false: if the edges of K,, are colored using 3 colors, then at least 1/9 — o(1)
fraction of all triangles are monochromatic.

(c*) True or false: if the edges of K,, are colored using 2 colors, then at least 1/32 — o(1)
fraction of all copies of K4’s are monochromatic.

0.2 Progressions

Additive combinatorics describes a rapidly growing body of mathematics motivated by
simple-to-state questions about addition and multiplication of integers (the name “additive
combinatorics” became popular in the 2000’s, when the field witnessed a rapid explosion
thanks to the groundbreaking works of Gowers, Green, Tao, and others; previously the area
was more commonly known as “‘combinatorial number theory”). The problems and methods
in additive combinatorics are deep and far-reaching, connecting many different areas of
mathematics such as graph theory, harmonic analysis, ergodic theory, discrete geometry, and
model theory.

Here we highlight some important developments in additive combinatorics, particularly
concerning progressions. The ideas behind these developments form some of the core themes
of this book.

Towards Szemerédi’s theorem

Schur’s theorem above is one of the earliest results in additive combinatorics. It has important
variations and extensions, such as the following seminal result of van der Waerden (1927) on
monochromatic arithmetic progressions.

Theorem 0.2.1 (van der Waerden'’s theorem)

If the integers are colored using finitely many colors, then there exist arbitrarily long
monochromatic arithmetic progressions.

Note that having arbitrarily long arithmetic progressions is very different from having
infinitely long arithmetic progressions, as seen in the next exercise.

Exercise 0.2.2. Show that Z may be colored using two colors so that it contains no infinitely
long arithmetic progressions.

Erd6s & Turdn (1936) conjectured a stronger statement, that any subset of the integers with
positive density contains arbitrarily long arithmetic progressions. To be precise, we say that
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A C Z has positive upper density if

limsu [AN{-N,...,N}|
moup IN+1

(There are several variations of definition of density—the exact formulation is not crucial
here.) The ErdGs & Turdn conjecture speculates that the “true” reason for van der Waerden’s
theorem is not so much having finitely many colors (as in Ramsey’s theorem), but rather that
some color class necessarily has positive density (the analogous claim is false for graphs
since a triangle-free graph can have edge-density up to 1/2; we explore this topic further in
the next chapter).

Roth (1953) proved the ErdSs & Turdn conjecture for 3-term arithmetic progressions
using Fourier analysis. It took another two decades before Szemerédi (1975) fully settled
the conjecture in a combinatorial tour de force. These theorems by Roth and Szemerédi are
landmark results in additive combinatorics. Much of what we will discuss in the book is
motivated by these results and the developments around them.

> 0. (0.2.1)

Theorem 0.2.3 (Roth’s theorem)

Every subset of the integers with positive upper density contains a 3-term arithmetic
progression.

Theorem 0.2.4 (Szemerédi’s theorem)

Every subset of the integers with positive upper density contains arbitrarily long arithmetic
progressions.

Szemerédi’s theorem is deep and intricate. This important work led to many subsequent
developments in additive combinatorics. Several different proofs of Szemerédi’s theorem
have since been discovered, and some of them have blossomed into rich areas of mathematical
research. Here are some of the most influential modern proofs of Szemerédi’s theorem (in
historical order):

o The ergodic theoretic approach by Furstenberg (1977);

e Higher-order Fourier analysis by Gowers (2001);

e Hypergraph regularity lemma by independently Rodl et al. (2005) and Gowers (2001).

Another modern proof of Szemerédi’s theorem results from the density Hales—Jewett
theorem, which was originally proved by Furstenberg & Katznelson (1978) using ergodic
theory. Subsequently a new combinatorial proof was found in the first successful Polymath
Project (Polymath 2012), an online collaborative project initiated by Gowers.

Each approaches has its own advantages and disadvantages. For example, the ergodic
approach led to multidimensional and polynomial generalizations of Szemerédi’s theorem,
which we discuss below. On the other hand, the ergodic approach does not give any concrete
quantitative bounds. Fourier analysis and its generalizations produce the best quantitative
bounds to Szemerédi’s theorem. They also led to deep results about counting patterns in the
prime numbers. However, there appear to be difficulties and obstructions extending Fourier
analysis to higher dimensions.

The relationships between these different approaches to Szemerédi’s theorem are not yet
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completely understood. A unifying theme underlying all known approaches to Szemerédi’s
theorem is

the dichotomy between structure and pseudorandomness.

This phrase is popularized by Tao (2007b) and others. It will be a theme throughout this book.
We will see facets of this dichotomy in both graph theory and additive combinatorics.

Quantitative bounds on Szemerédi’s theorem

There is much interest in obtaining better quantitative bounds on Szemerédi’s theorem. Roth’s
initial proof showed that every subset of [ N] avoiding 3-term arithmetic progressions has size
O(N/loglog N) (we will see this proof in Chapter 6). Roth’s upper bound has been improved
steadily over time, all via refinement of his Fourier analytic technique. At the time of this
writing, the current best upper bound is N/(log N)'*¢ for some constant ¢ > 0 (Bloom &
Sisask 2020). For 4-term arithmetic progressions, the best known upper bound is N/(log N)¢
(Green & Tao 2017). For k-term arithmetic progressions, with fixed k > 5, the best known
upper bound is N/(loglog N)<< (Gowers 2001).

As for lower bounds, Behrend (1946) constructed a subset of [N] of size N e“"/@
avoiding three term arithmetic progressions. This is an important construction that we will
see in Section 2.5. Some researchers think that this lower bound is closer to the truth, since
for a variant of Roth’s theorem (namely avoiding solutions to x + y + z = 3w), Behrend’s
construction is quite close to the truth (Schoen & Shkredov 2014; Schoen & Sisask 2016).

Erd&s famously conjectured the following.

Conjecture 0.2.5 (Erd8s conjecture on arithmetic progressions)

Every subset A of integers with },,.4 1/a = oo contains arbitrarily long arithmetic
progressions.

This is a strengthening of the Erd6s—Turdn conjecture (later Szemerédi’s theorem), since
every subset of integers with positive density necessarily has divergent harmonic sum. Erdés’
conjecture was motivated by the primes (see the Green—Tao theorem below). It has an
attractive statement and is widely publicized. The supposed connection between divergent
harmonic series and arithmetic progressions seems magical. However, this connection is
perhaps somewhat misleading. The hypothesis on divergent harmonic series implies that
there are infinitely many N for which |A N [N]| > N/(log N(loglog N)?). So the Erdds
conjecture is really about an upper bound on Szemerédi’s theorem. As mentioned earlier, it is
plausible that true upper bound for Szemerédi may be much lower than 1/log N. Nevertheless,
“logarithmic barrier” proposed by the ErdSs conjecture has a special symbolic and historical
status. Erdds’ conjecture for k-term arithmetic progressions is now proved for & = 3 thanks to
the new N/(log N)'*¢ upper bound (Bloom & Sisask 2020), but it remains very much open
for all k£ > 3.

Improving quantitative bounds on Szemerédi’s theorem remains an active area of research.
Perhaps by the time you read this book (or when I update it to a future edition), these bounds
will have been significantly improved.
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Extensions of Szemerédi’s theorem

Instead of working over subsets of integers, what happens if we consider subsets of the lattice
Z4? We say that A C Z¢ has positive upper density if

lim su |40 [N, N]]
NPT ON T 1)

(as before, other similar definitions are possible). How can we generalize the notion of a
subset of Z containing arbitrarily long arithmetic progressions? We could desire A to contain
k x k x - - - x k cubical grids for arbitrarily large k. Equivalently, we say that A C Z¢ contains
arbitrary constellations if for every finite set F C Z9, there is some a € Z and t € Z., such
thata+t-F = {a+tx : x € F}iscontained in A. In other words, A contains every finite pattern
F (allowing dilation and translation, as captured by a +¢ - F'). The following multidimensional
generalization of Szemerédi’s theorem was proved by Furstenberg & Katznelson (1978) using
ergodic theory, though a combinatorial proof was later discovered as a consequence of the
hypergraph regularity method.

>0

Theorem 0.2.6 (Multidimensional Szemerédi theorem)

Every subset of Z¢ of positive upper density contains arbitrary constellations.

For example, the theorem implies that every subset of Z? of positive upper density contains
a k X k axis-aligned square grid for every k.

There is also a polynomial extension of Szemerédi’s theorem. Let us first state a special
case, originally conjectured by Lovdsz and proved independently by Furstenberg (1977) and
Sarkézy (1978).

Theorem 0.2.7 (Furstenberg—Sark&zy theorem)

Any subset of the integers with positive upper density contains two numbers differing by
a perfect square.

In other words, the set always contains {x, x + y*} for some x € Z and y € Z.,. What about
other polynomial patterns? The following polynomial generalization was proved by Bergelson
& Leibman (1996).

Theorem 0.2.8 (Polynomial Szemerédi theorem)

Suppose A C Z has positive upper density. If Py, ..., P, € Z[X] are polynomials with
P1(0) =--- = Pr(0) =0, then there exist x € Z and y € Z.( such that x + P;(y),...,x +
Pi(y) € A.

In fact, Bergelson & Leibman proved a common generalization—a multidimensional
polynomial Szemerédi theorem (can you guess what it says?).

We will not discuss the polynomial Szemerédi theorem in this book. Currently the only
known proof of the most general form of the polynomial Szemerédi theorem uses ergodic
theory, though quantitative bounds are known for certain patterns (e.g., Peluse (2020)).

Building on Szemerédi’s theorem as well as other important developments in number
theory, Green & Tao (2008) proved their famous theorem that settled an old folklore conjecture
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about prime numbers. Their theorem is considered one of the most celebrated mathematical
achievements this century.

Theorem 0.2.9 (Green—Tao theorem)
The primes contain arbitrarily long arithmetic progressions.

We will discuss the Green—Tao theorem in Chapter 9. The theorem has been extended
to polynomial progressions (Tao & Ziegler 2008) and to higher dimensions (Tao & Ziegler
2015; also see Fox & Zhao 2015).

0.3 What’s Next in the Book?

One of our goals is to understand two different proofs of Roth’s theorem, which has the
following finitary statement. We say that a set is 3-A P-free if it does not contain a 3-term
arithmetic progression.

Theorem 0.3.1 (Roth’s theorem)
Every 3-AP-free subset of [/N] has size o(N).

Roth originally proved his result using Fourier analysis (also called the Hardy-Littlewood
circle method in this context). We will see Roth’s proof in Chapter 6.

In the 1970’s, Szemerédi developed the graph regularity method. It is now a central
technique in extremal graph theory. Ruzsa & Szemerédi (1978) used the graph regularity
method to give a new graph theoretic proof of Roth’s theorem. We will see this proof as well
as other applications of the graph regularity method in Chapter 2.

Extremal graph theory, broadly speaking, concerns questions of the form: what is the
maximum (or minimum) possible number of some structure in a graph with certain prescribed
properties? A starting point (historically and also pedagogically) in extremal graph theory is
the following question:

Question 0.3.2 (Triangle-free graphs)

What is the maximum number of edges in a triangle-free n-vertex graph?

This question has a relatively simple answer, and it will be the first topic in the next chapter.
We will then explore related questions about the maximum number of edges in a graph without
some given subgraph.

Although Question 0.3.2 above sounds similar to Roth’s theorem, it does not actually allow
us to deduce Roth’s theorem. Instead, we need to consider the following question.

Question 0.3.3

What is the maximum number of edges in an n-vertex graph where every edge is contained
in a unique triangle?

This innocent looking question turns out to be incredibly mysterious. In Chapter 2, we
develop the graph regularity method and use it to prove that any such graph must have o(n?)
edges. And we then deduce Roth’s theorem from this graph theoretic claim.
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The graph regularity method illustrates the dichotomy of structure and pseudorandomness in
graph theory. Some of the later chapters dive further into related concepts. Chapter 3 explores
pseudorandom graphs—what does it mean for a graph to look random? Chapter 4 concerns
graph limits, a convenient analytic language for capturing many important concepts in earlier
chapters. Chapter 5 explores graph homomorphism inequalities, revisiting questions from
extremal graph theory with an analytic lens.

And then we switch gears (but not entirely) to some core topics in additive combinatorics.
Chapter 6 contains the Fourier analytic proof of Roth’s theorem. There will be many thematic
similarities between elements of the Fourier analytic proof and earlier topics. Chapter 7
explores the structure of set addition. Here we prove Freiman’s theorem on sets with small
additive doubling, a cornerstone result in additive combinatorics. It also plays a key roles in
Gowers’ proof of Szemerédi’s theorem, generalizing Fourier analysis to higher order Fourier
analysis, although we will not go into the latter topic in this book (see Further Reading
at the end of Chapter 7). In Chapter 8, we explore the sum-product problem, which is
closely connected to incidence geometry (and we will see another graph theoretic proof there).
In Chapter 9, we discuss the Green—Tao theorem and prove an extension of Szemerédi’s
theorem to sparse pseudorandom sets, which plays a central role in the proof of the Green—-Tao
theorem.

I hope that you will enjoy this book. I have been studying this subject since I began graduate
school. I still think about these topics nearly everyday. My goal is to organize and distill the
beautiful mathematics in this field as a friendly introduction.

The chapters do not have some logical dependencies, but not much. Each topic can be
studied and enjoyed on its own. Though, you will gain a lot more by appreciating the overall
themes and connections.

There is still a lot that we do not know. Perhaps you too will be intrigued by the boundless
open questions that are still waiting to be explored.

Further Reading

The book Ramsey Theory by Graham, Rothschild, & Spencer (1990) is a wonderful introduction
to the subject. It has beautiful accounts of theorems of Ramsey, van der Waerden, Hales—Jewett,
Schur, Rado, and others, that form the foundation of Ramsey theory.

For a survey of modern developments in additive combinatorics, check out the book review
by Green (2009a) of Additive Combinatorics by Tao & Vu (2006).

Chapter Summary

o Schur’s theorem. Every coloring of N using finitely many colors contains a monochromatic
solutiontox +y = z.
— Proof: set up a graph whose triangles correspond to solutions to x + y = z, and then
apply Ramsey’s theorem.
e Szemerédi’s theorem. Every subset of N with positive density contains arbitrarily long
arithmetic progressions.
— A foundational result that led to important developments in additive combinatorics.
— Several different proofs, each illustrating the dichotomy of structure of pseudoran-
domness in a different context.
— Extensions: multidimensional, polynomial, primes (Green—Tao).
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Forbidding a Subgraph

Chapter Highlights

Turéan problem: determine the maximum number of edges in an n-vertex H-free graph
Mantel and Turan’s theorems: K, -free

Kévari—Sés—Turdn theorem: K ;-free

Erd6s—Stone—Simonovits theorem: H-free for general H

Dependent random choice technique: H-free for a bounded degree bipartite H

Lower bound constructions of H-free graphs for bipartite H

Algebraic constructions: matching lower bounds for K3 5, K3 3, and Ky for # much larger
than s, and also for Cy4, C¢, C19

e Randomized algebraic constructions

\ J

We begin by completely answering the following question.

Question 1.0.1 (Triangle-free graph)
What is the maximum number of edges in a triangle-free n-vertex graph?

We will see the answer shortly. More generally, we can ask about what happens if replace
“triangle” by an arbitrary subgraph. This is a foundational problem in extremal graph theory.

Definition 1.0.2 (Extremal number / Turdn number)

We write ex(n, H) for the maximum number of edges in an n-vertex H-free graph. Here
an H-free graph is a graph that does not contain H as a subgraph.

In this book, by H-free we always mean forbidding H as a subgraph, rather than as
an induced subgraph (see Notation and Conventions at the beginning of the book for the
distinction).

Question 1.0.3 (Turan problem)
Determine ex(n, H). Fix a graph H, how does ex(n, H) grow as n — co?

The Turdn problem is one of the most basic problems in extremal graph theory. It is named
after Turan for his fundamental work on the subject. Research on this problem has led to
many important techniques. We will see a fairly satisfactory answer to the Turdn problem for
non-bipartite graphs H. We also know the answer for a small number of bipartite graphs H.
However, for nearly all bipartite graphs H, much mystery remains.

In the first part of the chapter, we focus on techniques for upper bounding ex(n, H). In the
last few sections, we turn our attention to lower bounding ex(n, H) when H is a bipartite
graph.

11
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1.1 Forbidding a Triangle: Mantel’s Theorem

We begin by answering Question 1.0.1: what is the maximum number of edges in an n-vertex
triangle-free graph? This question was answered in the early 1900’s by Mantel, whose theorem
is considered the starting point of extremal graph theory.

Let us partition the n vertices into two equal halves (differing by one if » is odd), and then
put in all edges across the two parts. This is the complete bipartite graph K|,,/2) »/27, and is
triangle-free. For example,

K4 =

The graph K|,.2).1n/21 has [n/2][n/2] = |n?/4] edges (one can check this equality by
separately considering even and odd n).

Mantel (1907) proved that K |,,/2},1n/21 has the most number of edges among all triangle-free
graphs.

Theorem 1.1.1 (Mantel’s theorem)
Every n-vertex triangle-free graph has at most | n*/4] edges.

Using the notation of Definition 1.0.2, Mantel’s theorem says that

n

ex(n, K3) = {;J .

Moreover, we will see that K|,/2) [x/27 1S the unique maximizer of the number of edges among
n-vertex triangle-free graphs.
We give two different proofs of Mantel’s theorem, each illustrating a different technique.

First proof of Mantel’s theorem. Let G = (V, E) be a triangle-free graph with |V| = n vertices
and |E| = m edges. For every edge xy of G, note that x and y have no common neighbors or

else it would create a triangle.
M

N(x) N(y)

Therefore, degx + degy < n, which implies that
Z (degx +degy) < mn.
xXyeE

On the other hand, note that for each vertex x, the term degx appears once in the above
sum for each edge incident to x, and so it appears a total of deg x times. We then apply the
Cauchy—Schwarz inequality to get

2
Z (degx +degy) = Z:(degx)2 > % (Z degx) = (sz)2

xyeE xevV xeV
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Comparing the two inequalities, we obtain (2m)?/n < mn, and hence m < n?/4. Since m is
an integer, we obtain m < |n?/4], as claimed. O

Second proof of Mantel’s theorem. Let G = (V, E) be a triangle-free graph. Let v be a vertex
of maximum degree in G. Since G is triangle-free, the neighborhood N(v) of v is an
independent set.

A=N(®) B
(independent
set)

Partition V. = A U B where A = N(v) and B = V' \ A. Since v is a vertex of maximum
degree, we have degx < degv = |A| for all x € V. Since A contains no edges, every edge of
G has at least one endpoint in B. Therefore,

2 2
(@) =L (1.1.1)

|E| < Zdegx < [B|maxdegx < |A][B] < T

xeB

as claimed. O

Remark 1.1.2 (The equality case in Mantel’s theorem). The second proof above shows that
every n-vertex triangle-free graph with exactly | n* /4] edges must be isomorphic to K |,1/2).[n/21-
Indeed, in (1.1.1), the inequality |E| < g degx is tight only if B is an independent set, the
inequality Y .z degx < |A||B| is tight if B is complete to A, and |A||B| < |n?/4] unless
|A| = |B| (if nis even) or ||A| — |B|| = 1 (if n is odd).

(Exercise: also deduce the equality case from the first proof.)

In general, it is a good idea to keep the equality case in mind when following the proofs, or
when coming up with your own proofs, to make sure you are not giving away too much at any
step.

The next several exercises explore extensions of Mantel’s theorem. It is useful to revisit the
proof techniques.

Exercise 1.1.3 (Many triangles). Show that a graph with n vertices and m edges has at least

dm n? trianele
0 m 7 riangles.

Exercise 1.1.4. Prove that every n-vertex non-bipartite triangle-free graph has at most
(n—1)%/4 + 1 edges.

Exercise 1.1.5 (Stability). Let G be an n-vertex triangle-free graph with at least |_n2 /4J -k
edges. Prove that G can be made bipartite by removing at most k edges.
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Exercise 1.1.6. Show that every n-vertex triangle-free graph with minimum degree greater
than 2n/5 is bipartite.

Exercise 1.1.7". Prove that every n-vertex graph with at least [nz /4J + 1 edges contains at
least |n/2] triangles.

Exercise 1.1.8* Prove that every n-vertex graph with at least I_n2 /4J + 1 edges contains
some edge in at least (1/6 — o(1))n triangles, and that this constant 1/6 is best possible.

The next exercise can be solved by a neat application of Mantel’s theorem.

Exercise 1.1.9. Let X and Y be independent and identically distributed random vectors in
R according to some arbitrary probability distribution. Prove that

1
P(X+Y|>1) > EP”X' > 1)2.

— P uay pue Uy < -+ < Iy prrisopisuo) quiyg

1.2 Forbidding a Clique: Turan’s Theorem

We generalize Mantel’s theorem from triangles to cliques.

Question 1.2.1 (K,,-free graph)
What is the maximum number of edges in a K,,-free graph on n vertices?

Construction 1.2.2 (Turan graph)
The Turan graph T, , is defined to be the unique n-vertex r-partite graph, with part sizes
differing by at most 1 (so each part has size |n/r] or [n/r]).

Example 1.2.3. Tl()’3 = K3’3,4Z

Turdn (1941) proved the following fundamental result.

Theorem 1.2.4 (Turdn’s theorem)

The Turdn graph 7,, , maximizes the number of edges among all n-vertex K,.,-free graphs.
It is also the unique maximizer.

The first part of the theorem says that
ex(n,K,41) = e(T,.,).

It is not too hard to give precise formula for ¢(7, ), though there is a small annoying
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dependence on the residue class of n mod r. The following bound is good enough for most
purposes.

Exercise 1.2.5. Show that

1\ n?
an <|1-- A
e(Tor) ( r) 2

with equality if and only if n is divisible by r.

Corollary 1.2.6 (Turan’s theorem)

1 2
ex(n,K,.1) < (1 - —) n—.
r| 2

Even when 7 is not divisible by r, the difference between e(T,, ) and (1 — 1/r)n?/2 is
O(nr). As we are generally interested in the regime when r is fixed, this difference is a
negligible lower order contribution. That is,

2
2 k

Every r-partite graph is automatically K, -free. Let us first consider an easy special case

of the problem.

for fixed r as n — oo.

ex(n, Kyu) = (1 . —o<1>)

Lemma 1.2.7 (Maximum number of edges in an r-partite graph)
Among n-vertex r-partite graphs, T, , is the unique graph with the maximum number of
edges.

Proof. Suppose we have an n-vertex r-partite graph with the maximum possible number of
edges. It should be a complete r-partite graph. If there were two vertex parts A and B with
|A| +2 < |B|, then moving a vertex from B (the larger part) to A (the smaller part) would
increase the number of edges by (|A|+ 1)(|B| — 1) — |A||B| = |B| — |A| = 1 > 0. Thus all the
vertex parts must have sizes within one of each other. The Turdn graph 7, , is the unique such
graph. O

We will see three proofs of Turan’s theorem. The first proof extends our second proof of
Mantel’s theorem.

First proof of Turdn’s theorem. We prove by induction on r. The case r = 1 is trivial as a
K,-free graph is empty. Now assume r > 1 and that ex(n, K,) = e(7T,,,-;) for every n.

Let G = (V,E) be a K,,-free graph. Let v be a vertex of maximum degree in G. Since G
is K,.,,-free, the neighborhood A = N(v) of v is K,-free. So by the induction hypothesis,

e(A) < ex(|AlLK,) = e(Tiap0).
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A B

(K,--free)

Let B =V '\ A. Since v is a vertex of maximum degree, we have degx < degv = |A]| for all
x € V. So the number of edges with at least one vertex in B is

e(A,B)+e(B) < Zdegx < |B|ma§(degx < |A||B|.
XE

xXeB

Thus
e(G) =e(A)+e(A,B) +e(B) < e(Tja,-1) +|Al|B| < e(Ty,),

where the final step follows from the observation that e(7}4,,-1) + |A| |B| is the number of
edges in an n-vertex r-partite graph (with part of size |B| and the remaining vertices equitably
partitioned into r — 1 parts) and Lemma 1.2.7.

To have equality in every step above, B must be an independent set (or else 3, .5 deg(y) <
|A||B|) and A must induce T}, ,, so that G is r-partite. We knew from Lemma 1.2.7 that the
Turdn graph 7,, , uniquely maximizes the number of edges among r-partite graphs. O

The second proof starts out similarly to our first proof of Mantel’s theorem. Recall that in
Mantel’s theorem, the initial observation was that in a triangle-free graph, given an edge, its
two endpoints must have no common neighbors (or else they form a triangle). Generalizing,
in a K4-free graph, given a triangle, its three vertices have no common neighbor. The rest of
the proof proceeds somewhat differently from earlier. Instead of summing over all edges as
we did before, we remove the triangle and apply induction to the rest of the graph.

Second proof of Turdn’s theorem. We fix r and proceed by induction on n. The statement is
trivial for n < r, as the Turdn graph is the complete graph K,, = T, , and thus maximizes the
number of edges.

Now, assume that n > r and that Turdn’s theorem holds for all graphs on fewer than n
vertices. Let G = (V, E) be an n-vertex K,,;-free graph with the maximum possible number
of edges. By the maximality assumption, G contains K, as a subgraph, since otherwise we
could add an edge to G and it would still be K,,,-free. Let A be the vertex set of an r-clique
inG,andlet B :=V \ A.
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A
(r=3)

Since G is K,,-free, every x € B has at most r — 1 neighbors in A. So

e(A,B) < Zdeg(y,A) < Z(r -)=@r-Dn-r).

yeB yeB
We have
e(G) =e(A)+e(A,B) +e(B)

< (2) (=D =) +e(Tory) = e(T,,),

where the inequality uses the induction hypothesis on G[B], which is K, -free, and the final
equality can be seen by removing a K, from 7}, ,..

Finally, let us check when equality occurs. To have equality in every step above, the
subgraph induced on B must be 7, , by induction. To have e(A) = (}), A must induce a
clique. To have e(A, B) = (r — 1)(n — r), every vertex of B must be adjacent to all but one
vertex in A. Also, two vertices x, y lying in distinct parts of G[B] = T,,_, , cannot “miss” the
same vertex v of A, orelse A U {x, y} \ {v} would be an K, ;-clique. This then forces G to
be T, . O

The third proof uses a method known as Zykov symmetrization. The idea here is that if a
K, ,,-free graph is a not a Turan graph, then we should be able make some local modifications
(namely replacing a vertex by a clone of another vertex) to get another K, ,-free with strictly
more edges.

Third proof of Turdn’s theorem. As before, let G be an n-vertex, K,,;-free graph with the
maximum possible number of edges.

We claim that if x and y are non-adjacent vertices, then deg x = deg y. Indeed, suppose
degx > degy. We can modify G by removing y and adding in a clone of x (a new vertex x’
with the same neighborhood as x but not adjacent to x), as illustrated below.

X y X x’
M*M

The resulting graph would still be K., ;-free (since a clique cannot contain both x and its
clone) and has strictly more edges than G, thereby contradicting the assumption that G has
the maximum possible number of edges.

Suppose x is non-adjacent to both y and z in G. We claim that y and z must be non-adjacent.
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We just saw that degx = degy = deg z. If yz is an edge, then by deleting y and z from G and
adding two clones of x, we obtain a K,,-free graph with one more edge than G. This would
contradict the maximality of G.

X X

Therefore, non-adjacency is an equivalence relation among vertices of G. So the complement
of G is a union of cliques. Hence G is a complete multipartite graph, which has at most r parts
since G is K,.i-free. Among all complete r-partite graphs, the Turdn graph 7, , is the unique
graph that maximizes the number of edges, by Lemma 1.2.7. Therefore, G is isomorphic to
Tor O

The last proof we give in this section uses the probabilistic method. This probabilistic
proof was given in the book The Probabilistic Method by Alon & Spencer, though the key
inequality is due eatlier to Caro and Wei. Below, we prove Turdn’s theorem in the formulation
of Corollary 1.2.6, i.e, ex(n, K1) < (1 — 1/r)n*/2. A more careful analysis of the proof can
yield the stronger statement of Theorem 1.2.4, which we omit.

Fourth proof of Turdn’s theorem (Corollary 1.2.6). Let G = (V, E) be an n-vertex, K,,|-free
graph. Consider a uniform random ordering of the vertices. Let

X ={v € V: vis adjacent to all earlier vertices in the random ordering}.

Then X is a clique. Since the ordering was chosen uniformly at random,

P(v € X) = P(v appears before all its non-neighbors) = ———.
n—degv

Since G is K, -free, | X| < r. So by linearity of expectations

r2E|X|:Z]P(v€X)
vevV

_Z 1 > n _ n
Lin-—degv T n—(X,pdegv)/n  n—2m/n’

veV

< (1 1\ n? .

m - =] —.
- r| 2

In Chapter 5, we will see another proof of Turdn’s theorem using a method known as graph
Lagrangians.

Rearranging gives

Exercise 1.2.8. Let G be a K., -free graph. Prove that there exists an r-partite graph H
on the same vertex set as G such that and degy (x) > deg;(x) for every vertex x (here
deg, (x) is the degree of x in H, and likewise with deg (x) for G). Give another proof of
Turdn’s theorem from this fact.

The following exercise is an extension of Exercise 1.1.5.
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Exercise 1.2.9* (Stability). Let G be an n-vertex K,,;-free graph with at least e(7,, ) — k
edges, where T}, is the Turdn graph. Prove that G can be made r-partite by removing at
most k edges.

The next exercise is a neat geometric application of Turdn’s theorem.

Exercise 1.2.10. Let S be a set of n points in the plane, with the property that no two points
are at distance greater than 1. Show that S has at most |n?/3] pairs of points at distance
greater than 1/ V2. Also, show that the bound [n%/3] is tight (i.e., cannot be improved).

1.3 Turan Density and Supersaturation

Turdn’s theorem exactly determines ex(n, H) when H is a clique. Such precise answers are
actually quite rare in extremal graph theory. We are often content with looser bounds and
asymptotics.

Before going on to bound ex(n, H) for other values of H, let us take a short detour and
think about the structure of the problem.

Turan density

In this chapter, we will define the edge density of a graph G to be

e(G)/(V(ZG)).

So the edge density of a clique is 1. Later in the book, we will consider a different normalization
2¢(G)/v(G)? for edge density, which is more convenient for other purposes. When v(G) is
large, there is no significant difference between the two choices.

Next, we use an averaging/sampling argument to show that ex(n, H)/(}) is non-increasing
in n.

Proposition 1.3.1 (Monotonicity of Turan numbers)
For every graph H and positive integer 7,
ex(n+1,H) < ex(n,H)
() (:)
Proof. Let G an H-free graph on n + 1 vertices. For each n-vertex subset S of V(G), since
G[S] is also H-free, we have

e(G[S]) < ex(n, H)
G 0
Varying S uniformly over all n-vertex subsets of V(G), and the left-hand hand averages to the
edge density of G by linearity of expectations (check this). It follows that
e(G) < ex(n, H)
) G

The claim then follows. ]
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For every fixed H, the sequence ex(n, H)/ (’2‘) is non-increasing and bounded between 0
and 1. It follows that it approaches a limit.

Definition 1.3.2 (Turan density)
The Turdn density of a graph H is defined to be

n(H) := lim M
e (5)

Here are some additional equivalent definitions of Turdn density:

e 7m(H) is smallest real number so that for every € > 0 there is some ny = ny(H, €) so that
for every n > ny, every n-vertex graph with at least (7(H) + ¢) (;) edges contains H as
a subgraph;

e 7(H) is the smallest real number so that every n-vertex H-free graph has edge density
<n(H)+o(l).

Recall from Turan’s theorem, we saw that

1 2
ex(n,K,41) = (1 - == 0(1)) % for fixed r as n — oo,
r

which is equivalent to
1
ﬂ-(KrH) =1--.
’

In the next couple of sections we will prove the Erdds—Stone—Simonovits theorem, which
determines the Turdn density for every graph H:

1
X(H) -1
where y (H) is the chromatic number of H. It should be surprising that the Turan density of
H depends only on the chromatic number of H.

With the Erdds—Stone—Simonovits theorem, it may seem as if the Turdn problem is
essentially understood, but actually this would be very far from the truth. We will see in the
next section that 7(H) = 0 for every bipartite graph H. In other words ex(n, H) = o(n?).
Actual asymptotics growth rate of ex(n, H) is often unknown.

In a different direction, the generalization to hypergraphs, while looking deceptively similar,
turns out to be much more difficult, and very little is known here.

n(H)y=1-

Remark 1.3.3 (Hypergraph Turan problem). Generalizing from graphs to hypergraphs, given
an r-uniform hypergraph H, we write ex(n, H) for the maximum number of edges in an
n-vertex r-uniform hypergraph that does not contain H as a subgraph. A straightforward
extension of Proposition 1.3.1 gives that ex(n, H) /(") is a non-increasing function of n, for
each fixed H. So we can similarly define the hypergraph Turdn density

ex(n, H)
The exact value of 7(H) is known in very few cases. It is a major open problem to determine

7(H) when H is the complete 3-uniform hypergraph on 4 vertices (also known as a tetrahedron),
and more generally when H is a complete hypergraph.

n(H) := lim
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Supersaturation

We know from Mantel’s theorem that any n-vertex graph G with > n?/4 edges must contain a
triangle. What if G has a lot more edges? It turns out that G must have a lot of triangles. In
particular, an n-vertex graph with > (1/4 + &)n” edges must have at least 6n* triangles for
some constant ¢ > 0 depending on & > 0. This is indeed a lot of triangles, since there are
could only be at most O (n®) triangles no matter what. (Exercise 1.1.3 asks you to give a more
precise quantitative lower bound on the number of triangles. The optimal dependence of ¢ on
¢ is a difficult problem that we will discuss in Chapter 5.)

It turns out there is a general phenomenon in combinatorics where once some density
crosses an existence threshold (e.g., the Turdn density is the threshold for H-freeness), it
will be possible to find not just one copy of the desired object, but in fact lots and lots of
copies. This fundamental principle, called supersaturation, is useful for many applications,
including in our upcoming determination of 7(H) for general H.

Theorem 1.3.4 (Supersaturation)

For every £ > 0 and graph H there exist some ¢ > 0 and n, such that every graph on
n > ng vertices with at least (m(H) + ) (;) edges contains at least n"#) copies of H as
a subgraph.

Equivalently: every n-vertex graph with o (n¥ ")) copies of H has edge density < w(H)+o(1)
(here H is fixed). The sampling argument in the proof below is useful in many applications.

Proof. By the definition of the Turdn density, there exists some n, (depending on H and &)
such that every ny-vertex graph with at least (7(H) +&/2) (';0) edges contains H as a subgraph.
Let n > ny and G be n-vertex graph with at least (7(H) + &) (’2‘) edges. Let S be an
no-element subset of V(G), chosen uniformly at random. Let X denote the edge density of
G|[S]. By averaging, EX equals to the edge density of G, and so EX > n(H) + . Then
X > n(H) + &/2 with probability > &/2 (or else EX could not be as large as 7(H) + €). So,
from the previous paragraph, we know that with probability > &/2, G[S] contains a copy of
H. This gives us > (¢/2)(,, ) copies of H, but each copy of H may be counted up to (,:’()‘_Vv((Z)))
times. Thus the number of copies of H in G is
(e/2)(2) V
> W:QH,E(IQ (H)). m|
no—v(H)
Exercise 1.3.5 (Supersaturation for hypergraphs). Let H be an r-uniform hypergraph with
hypergraph Turan density w(H). Prove that every n-vertex r-uniform hypergraph with
o(n"™) copies of H has at most (7(H) + 0(1))(") edges.

Exercise 1.3.6 (Density Ramsey). Prove that for every s and r, there is some constant ¢ > 0
so that for every sufficiently large n, if the edges of K,, are colored using r colors, then at
least ¢ fraction of all copies of K, are monochromatic.
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Exercise 1.3.7 (Density Szemerédi). Let k > 3. Assuming Szemerédi’s theorem for k-term
arithmetic progressions (i.e., every subset of [ N] without a k-term arithmetic progression
has size 0(N)), prove the following density version of Szemerédi’s theorem:

For every ¢ > 0 there exist ¢ and Ny (both depending only on & and ¢) such that for every
A C [N] with |A| = 6N and N > Ny, the number of k-term arithmetic progressions in A is
at least cN°.

1.4 Forbidding a Complete Bipartite Graph: Kévari-S6s—Turan Theorem

In this section, we provide an upper bound on ex(n, K, ), the maximum number of edges in
an n-vertex K ,-free graph. It is a major open problem to determine the asymptotic growth of
ex(n, K, ;). For certain pairs (s, ) the answer is known, as we will discuss later in the chapter.

Problem 1.4.1 (Zarankiewicz problem)

Determine ex(n, K ), the maximum number of edges in an n-vertex K ,-free graph.

Zarankiewicz (1951) originally asked a related problem: determine the maximum number
of 1’s in an m X n matrix without an s X ¢ submatrix with all entries 1.

The main theorem of this section is the fundamental result due to K&vari, Sés, & Turan
(1954). We will refer to it as the KST theorem, which stands both for its discoverers, as well
as for the forbidden subgraph K ;.

Theorem 1.4.2 (K6vari-Sés—Turan theorem — “KST theorem”)
For positive integers s < ¢, there exists some constant C = C(s, t), such that, for all n,

ex(n, K,) < Cn>7/5,

The proof proceeds by double counting.

Proof. Let G be an n-vertex K, ,-free graph with m edges. Let
X = number of copies of K, ; in G.

(When s = 1, we set X = 2¢(G).) The strategy is to count X in two ways. First we count K ;
by first embedding the “left” s vertices of K ;. Then we count K ; by first embedding the
“right” single vertex of K ;.

Upper bound on X. Since G is K ,-free, every s-vertex subset of G has < # — 1 common
neighbors. Therefore,

X < (”)(z—l).
R

degv
S

Lower bound on X. For each vertex v of G, there are exactly (") ways to pick s of its

neighbors to form a K ; as a subgraph. Therefore

degv
=2 ()
veV(G)
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To obtain a lower bound on this quantity in terms of the number of edges m of G, we use a
standard trick of viewing (’; ) as a convex function on the reals, namely, letting

fs(x):{ x=1)---(x=s+1)/s! ifx>s5-1

X
0 x<s—1.

Then f(x) = (f) for all nonnegative integers x. Furthermore f; is a convex function. Since
the average degree of G is 2m/n, it follows by convexity that

X = Z fs(degv) > nf; (27”1)
veV(G)

(It would be a sloppy mistake to lower bound X by n(z”;/ "))
Combining the upper bound and the lower bound. We find that

nﬁ(z%)s}(s('s’)(z—l).

Since fi(x) = (1 +0(1))x*/s! for x — oo and fixed s, we find that, as n — oo,
2m\’ $

k (—m) <(1+o()Z@-1).
n s!

s!

Therefore,
t—1 1/s
m < (% +0(1)) n*Vs. O

The final bound in the proof gives us a somewhat more precise estimate than stated in
Theorem 1.4.2. Let us record it here for future reference.

Theorem 1.4.3 (KST theorem)
Fix positive integers s < ¢. Then, as n — oo,

(t—=1Dls
2

ex(n,K;,) < ( +0(1))n2_'/5.

It has been long conjectured that the KST theorem is tight up to a constant factor.

Conjecture 1.4.4 (Tightness of KST bound)
For positive integers s < ¢, there exists a constant ¢ = ¢(s,¢) > 0 such that for all n > 2,

ex(n,Ks,) > en® Vs,

(In other words, ex(n, K, ;) = O, ,(n>71/%).)

In the final sections of this chapter, we will produce some constructions showing that
Conjecture 1.4.4 is true for K, ; and K3 ;. We also know that the conjecture is true if ¢ is much
larger than s. The first open case of the conjecture is K 4.

Here is an easy consequence of the KST theorem.
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Corollary 1.4.5
For every bipartite graph H, there exists some constant ¢ > 0 so thatex(n, H) = Oy (n>~).

Proof. Suppose the two vertex parts of H have sizes s and ¢, with s < ¢. Then H C K ,.. And
thus every n-vertex H-free graph is also K .-free, and thus has O, (n*"'/*) edges. O

In particular, the Turdn density (H) of every bipartite graph H is zero.

The KST theorem gives a constant ¢ in the above corollary that depends on the number of
vertices on the smaller part of H. In Section 1.7, we will use the dependent random choice
technique to give a proof of the corollary showing that ¢ only has to depend on the maximum
degree of H.

Geometric applications of the KST theorem
The following famous problem was posed by Erdds (1946).

Question 1.4.6 (Erdds unit distance problem)
What is the maximum number of unit distances formed by a set of n points in R??

In other words, given n distinct points in the plane, at most how many pairs of these points
can be exactly distance 1 apart? We can draw a graph with these n points as vertices, with
edges joining points exactly unit distance apart.

To get a feeling for the problem, let us play with some constructions. For small values of n,
it is not hard to check by hand that the following configurations are optimal.

A Ak

What about for larger values of n? If we line up the n points equally spaced on a line, we
get n — 1 unit distances.

n

We can be a bit more efficient by chaining up triangles. The following construction gives us

2n — 3 unit distances.

The construction for n = 6 looks like it was obtained by copying and translating a unit triangle.
We can generalize this idea to obtain a recursive construction. Let f(n) denote the maximum
number of unit distances formed by » points in the plane. Given a configuration P with |n/2|
points that has f(|n/2]) unit distances, we can copy P and translate it by a generic unit vector
to get P’. The configuration P U P’ has at least 2f (| n/2]) + [n/2] unit distances. We can
solve the recursion to get f(n) = nlogn. Now we take a different approach to obtain an even
better construction.
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A

Take a square grid with [vn] X [v/n] vertices. Instead of choosing the distance between
adjacent points as the unit distance, we can scale the configuration so that /v becomes the

“unit” distance for some integer r. As an illustration, here is an example of a 5 X 5 grid with
r =10.

It turns out that by choosing the optimal r as a function of n, we can get at least

n1+c/log logn

unit distances, where ¢ > 0 is some absolute constant. The proof uses analytic number theory,
which we omit as it would take us too far afield. The basic idea is to choose r to be a product
of many distinct primes that are congruent to 1 modulo 4, so that r can be represented as a
sum of two squares in many different ways, and then estimate the number of such ways.

It is conjectured that the last construction above is close to optimal.

Conjecture 1.4.7 (Erdés unit distance conjecture)
Every set of n points in R? has at most n'*(! unit distances.

The KST theorem can be used to prove the following upper bound on the number of unit
distances.

Theorem 1.4.8 (Upper bound on the unit distance problem)
Every set of n points in R? has O(n*/?) unit distances.

Proof. Every unit distance graph is K, 3-free. Indeed, for every pair of distinct points, there
are at most two other points that are at unit distance from both points.

So the number of edges is at most ex(n, K> 3) = O(n*/?) by Theorem 1.4.2. i

There is a short proof of a better bound of O (n*/?) using the crossing number inequality
(see Section 8.2), and this best known upper bound to date.
Erdds (1946) also asked the following related question.

Question 1.4.9 (Erd6s distinct distances problem)

What is the minimum number of distinct distances formed by 7 points in R??

Let g(n) denote the answer. The asymptotically best construction for the minimum number
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of distinct distances is also a square grid, same as earlier. It can be shown that a square grid
with |y/n] x | v/n] points has on the order of n/+/log n distinct distances. This is conjectured
to be optimal (i.e., g(n) < n/+/logn).

Let f(n) denote the maximum number of unit distances among n points in the answer. We
have f(n)g(n) > ('2’), since each distance occurs at most f(n) times. So an upper bound on
f(n) gives a lower bound on g(n) (but not conversely).

A breakthrough on the distinct distances problem was obtained by Guth & Katz (2015).

Theorem 1.4.10 (Guth—Katz distinct distances theorem)
A set of n points in R” form Q(n/log n) distinct distances.

In other words, g(n) = n/logn, thereby matching the upper bound example up to a factor
of O(+/logn). The Guth—Katz proof is quite sophisticated. It uses tools ranging from the
polynomial method to algebraic geometry.

Exercises

Exercise 1.4.11. Show that a C4-free bipartite graph between two vertex parts of sizes a
and b has at most ab'/? + b edges.

Exercise 1.4.12 (Density KST). Prove that for every pair of positive integers s < ¢, there are
constants C, ¢ > 0 such that every n-vertex graph with p(}) edges contains at least cp* n**'
copies of K ;, provided that p > Cn~'/5.

The next exercise asks you to think about the quantitative dependencies in the proof of the
KST theorem.

Exercise 1.4.13. Show that for every € > 0, there exists 6 > 0 such that every graph with n
vertices and at least en® edges contains a copy of K ; where s > §logn and ¢ > n®%.

The next exercise illustrates a bad definition of density of a subset of Z? (it always ends up
being either O or 1).

Exercise 1.4.14 (How not to define density). Let S C Z?. Define

) IS (A x B)|
d(8) = max g
|Al=|B|=k

Show that limy_,., d(S) exists and is always either O or 1.

1.5 Forbidding a General Subgraph: Erdds—Stone—Simonovits Theorem

Turan’s theorem tells us that

ex(n,K,41) = (1 - % - 0(1)) i

n
— for fixed r.
3 or nxed r

The KST theorem implies that
ex(n, H) = o(n®) for any fixed bipartite graph H.
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In this section, we extend these results and determine ex(n, H), up to an o(n?) error term, for
every graph H. In other words, we will compute the Turdn density 7 (H).

Initially it seems possible that the Turdn density 7 (H) might depend on H in some
complicated way. It turns out that it only depends on the chromatic number y (H) of H,
which is the smallest number of colors needed to color the vertices of H such that no two
adjacent vertices receive the same color.

Suppose y (H) = r. Then H cannot be a subgraph of any (r — 1)-partite graph. In particular,
the Turdn graph 7,, ,_; is H-free (recall from Construction 1.2.2 that 7,, ,_, is the complete
(r — 1)-partite graph with n vertices divided into nearly equal parts). Therefore,

n2

ex(n,H) > e(T,,-1) = (1 - ri_l + 0(1)) 5

The main theorem of this section, below, is a matching upper bound.

Theorem 1.5.1 (Erdés—Stone—Simonovits theorem)
For every graph H, as n — oo,
2

1 n
ex(n, H) = (1 - m +0(1)) ?
In other words, the Turan density of H is
n(H)y=1- ;
X(H) -1

Remark 1.5.2 (History). ErdGs & Stone (1946) proved this result when H is a complete
multipartite graph. Erdds & Simonovits (1966) observed that the general case follows as a
quick corollary. The proof given here is due to Erdds (1971).

Example 1.5.3. When H = K, |, Y(H) =r + 1, and so Theorem 1.5.1 agrees with Turdn’s
theorem.

Example 1.5.4. When H is the Petersen graph, below, which has chromatic number 3,
Theorem 1.5.1 tells us that ex(n, H) = (1/4 + o(1))n?*. The Turéan density of the Petersen
graph is the same as that of a triangle, which may be somewhat surprising since the Petersen
graph seems more complicated than the triangle.

It suffices to establish the ErdGs—Stone—Simonovits theorem for complete r-partite graphs
H, since every H with y (H) = r is a subgraph of some complete r-partite graph.
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Theorem 1.5.5 (Erdés—Stone theorem)
Fixr >2ands > 1. Let H = K
each part. Then

s be the complete r-partite graph with s vertices in

.....

2

ex(n, H) = (1 - % +0(1)) %

In other words, using the notation K, [s] for s-blow-up of K,, obtained by replacing each
vertex of K, by s duplicates of itself (so that K, [s] = H in the above theorem statement), the
Erd6s—Stone theorem says that

7K, [s]) = 7(K,) = 1 - ——.
r—1

In Section 1.3, we saw supersaturation (Theorem 1.3.4): when the edge density is signif-
icantly above the Turdn density threshold 7 (H), one finds not just a single copy of H but
actually many copies. The Erdgs—Stone theorem can be viewed in this light: above edge
density 7 (H), we finds a large blow-up of H.

The proof uses the following hypergraph extension of the KST theorem, which we will
prove later in the section.

Recall the hypergraph Turdn problem (Remark 1.3.3). Given an r-uniform hypergraph H
(also known as an r-graph), we write ex(n, H) to be the maximum number of edges in an
H-free r-graph.

The analogue of a complete bipartite graph for an r-graph is a complete r-partite r-graph
Ks(f)s Its vertex set consists of disjoint vertex parts Vy,...,V, with |V;| = s; for each i.
Every r-tuple in V| X - -- X V, is an edge.

Theorem 1.5.6 (Hypergraph KST)
For every fixed positive integers r > 2 and s,

......

Proof of the Erd6s—Stone theorem (Theorem 1.5.5). We already saw the lower bound to
ex(n, H) using a Turan graph. It remains to prove an upper bound.

,,,,,

..........

a copy of H in G. Thus, by the hypergraph KST theorem (Theorem 1.5.6), G has o(n")
edges. So G has o(n") copies of K,, and thus by the supersaturation theorem quoted above,
the edge density of G is at most 7(K,) + o(1), which equals 1 — 1/(r — 1) + o(1) by Turan’s
theorem. O

In Section 2.6, we will give another proof of the Erd§s—Stone—Simonovits theorem using
the graph regularity method.

Hypergraph KST

To help keep notation simple, we first consider what happens for 3-uniform hypergraphs.
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Theorem 1.5.7 (KST for 3-graphs)
For every s, there is some C such that

ex(n, KO ) < cn® ',

$,8,8

Recall that the KST theorem (Theorem 1.4.2) was proved by counting the number of copies
of K 1 in the graph in two different ways. For 3-graphs, we instead count the number of copies
of Ks(,31),1 in two different ways, one of which uses the KST theorem for K ,-free graphs.

Proof. Let G be a K, s(?s)ys-free 3-graph with n vertices and m edges. Let X denote the number
of copies of Ks(i)’l in G (when s = 1, we count each copy three times).

Upper bound on X. Given a set S of s vertices, consider the set T of all unordered pairs of
distinct vertices that would form a KSGI) , with § (i.e., every triple formed by combining a pair
in T and a vertex of S is an edge of G). Note that T is the edge-set of a graph on the same n
vertices. If T contains a K s, then together with S we would have a K S(3S)g Thus T is K s-free,
and hence by Theorem 1.4.2, |T| = O,(n*"'/*). Hence

n “1/s +2-1/s
X <, ( )nZ /s <s n_s+2 l/s‘
N

Lower bound on X. We write deg(u, v) for the number of edges in G containing both u
and v. Then, summing over all unordered pairs of distinct vertices u, v in G, we have

¥ - Z (deg(su,v)).

As in the proof of Theorem 1.4.2, let
x(x=1)---(x=s+1)/s! ifx>s-1
fi(x) = {

0 x<s-—1.

Then f; is convex and f;(x) = (); ) for all nonnegative integers x. Since the average of deg(u, v)
is 3m/ ().

X =3 ftdeetu) > () (?—”;) -

2

Combining the upper and lower bounds, we have
(n) (3m
2\ ()

m = OS(n3_'/“2). O

S

ns+2—1/s.

~S

And hence

Exercise 1.5.8. Prove thatex(n, K\”) ) = O, , ,(n*~1/).

We can iterate further, using the same technique, to prove an analogous result for every
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uniformity, thereby giving us the statement (Theorem 1.5.6) used in our proof of the Erd&s—
Stone—Simonovits theorem earlier. Feel free to skip reading the next proof if you feel
comfortable with generalizing the above proof to r-graphs.

Theorem 1.5.9 (Hypergraph KST)
For every r > 2 and s > 1, there is some C such that

ex(n, K" y<cn™,

where K. fr)s is the r-partite 7-graph with s vertices in each of the r parts.

Proof. We prove by induction on r. The cases » = 2 and r = 3 were covered previously in
Theorem 1.4.2 and Theorem 1.5.7. Assume that » > 3 and that the theorem has already been
established for smaller values of r. (Actually we could have started at r = 1 if we adjust the
definitions appropriately.)

.....

copies of K

S

.....

Upper bound on X. Given a set S of s vertices, consider the set 7 of all unordered
(r — 1)-tuples of vertices that would form a K ;(,rl),.,.,l with S (with S in one part, and the r — 1
new vertices each in its own part). Note that T is the edge-set of an (r — 1) graph on the same

,,,,,,,,,,,,

K{""")-free, and by the induction hypothesis, |T| = O, ,(n"~'=""). Hence

n —r+2 —r+2
r—1-s r+s—1-s
X <rs (s)n Srs

Lower bound on X. Given a set U of vertices, we write deg U for the number of edges
containing all vertices in U. Then
degU
X =
> ()

ve( )
Let f;(x) be defined as in the previous proof. Since the average of deg U over all (r—1)-element
subsets U is rm/(," ), we have

X= fs(degU)Z( ! )f (—’”)
Ue(er;Gl) r_l (r—l)

Combining the upper and lower bounds, we have

n rm —r+2
fs‘ (T) gr,s ns+r—l—s )
(V - 1) (r—l)

—r+l

m=0,,n". O

And hence
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Exercise 1.5.10 (Forbidding a multipartite complete hypergraph with unbalanced parts).
Prove that for every sequence of positive integers si, . . ., s,, there exists C so that

.....

Exercise 1.5.11 (Erdds—Stone for hypergraphs). Let H be an r-graph. Show that 7 (H[s]) =
n(H), where H[s], the s-blow-up of H, is obtained by replacing every vertex of H by s
duplicates of itself.

1.6 Forbidding a Cycle

In this section, we consider the problem of determining ex(n, C;), the maximum number of
edges in an n-vertex graph without an {-cycle.

0dd cycles

First let us consider forbidding odd cycles. Let k be a positive integer. Then Cyiy; has
chromatic number 3, and so the Erdds—Stone—Simonovits theorem (Theorem 1.5.1) tells us

that
2

ex(n, Con) = (1+0(1) -

In fact, an even stronger statement is true. If n is large enough (as a function of k), then the
complete bipartite graph K|,,/2),1n/27 is always the extremal graph, just like in the triangle
case.

Theorem 1.6.1 (Exact Turan number of an odd cycle)

Let k be a positive integer. Then for all sufficiently large integer n (i.e., n > ny(k) for
some ng(k)), one has

2
ex(n, Coxs1) = {ZJ .

We will not prove this theorem. See Fiiredi & Gunderson (2015) for a more recent proof.
More generally, Simonovits (1974) developed a stability method for exactly determining
the Turdn number of non-bipartite color-critical graphs.

Theorem 1.6.2 (Exact Turdn number of a color-critical graph)

Let F be a graph with chromatic number » + 1 > 3 and such that one can remove some
edge from F to reduce its chromatic number to r. Then for all sufficiently large n (i.e.,
n > no(F) for some ny(F)), the Turdn graph 7,,, uniquely maximizes the number of
edges among all n-vertex F-free graphs.

Forbidding even cycles

Let us now turn to forbidding even cycles. Since Cy; is bipartite, we know from the KST
theorem that ex(n, Cy;) = o(n?). The following upper bound was determined by Bondy &
Simonovits (1974).
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Theorem 1.6.3 (Even cycles)
For every integer k > 2, there exists a constant C so that

ex(n, Cy) < Cn'*V/k,

Remark 1.6.4 (Tightness). We will see in Section 1.10 a matching lower bound construction
(up to constant factors) for k = 2, 3, 5. For all other values of k, it is open whether a matching
lower bound construction exists.

Instead of proving the above theorem, we will prove a weaker result, stated below. This
weaker result has a short and neat proof, which hopefully gives some intuition as to why the
above theorem should be true.

Theorem 1.6.5 (Short even cycles)

For any integer k > 2, there exists a constant C so that every graph G with n vertices and
at least Cn'*!'/¥ edges contains an even cycle of length at most 2k.

In other words, Theorem 1.6.5 says that
CX(I’[, {CZ, C4, C6, ey CZk}) = 0k(l’ll+l/k)_

Here, given a set 7 of graphs, ex(n, ¥ ) denotes the maximum number of edges in an n-vertex
graph that does not contain any graph in  as a subgraph.

To prove this theorem, we first clean up the graph by removing some edges and vertices to
get a bipartite subgraph with large minimum degree.

Lemma 1.6.6 (Large bipartite subgraph)
Every G has a bipartite subgraph with at least e(G)/2 edges.

Proof. Color every vertex with red or blue independently and uniformly at random. Then the
expected number of non-monochromatic edges is e(G) /2. Hence there exists a coloring that
has at least ¢(G)/2 non-monochromatic edges, and these edges form the desired bipartite
subgraph. O

Lemma 1.6.7 (Large average degree implies subgraph with large minimum degree)
Let ¢ € R. Every graph with average degree 2t has a subgraph with minimum degree
greater than ¢.

Proof. Let G be a graph with average degree 2¢. Removing a vertex of degree at most ¢
cannot decrease the average degree, since the total degree goes down by at most 2¢ and so the
post-deletion graph has average degree at least (2¢(G) — 2¢)/(v(G) — 1), which is at least
2¢(G)/v(G) since 2¢(G)/v(G) > 2t. Let us repeatedly delete vertices of degree at most ¢ in
the remaining graph, until every vertex has degree more than ¢. This algorithm must terminate
with a non-empty graph since we cannot ever drop below 2¢ vertices in this process (as such a
graph would have average degree less than 21). O

Proof of Theorem 1.6.5. The idea is to use a breath-first search. Suppose G contains no
even cycles of length at most 2k. Applying Lemma 1.6.6 followed by Lemma 1.6.7, we find a
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bipartite subgraph G’ of G with minimum degree > ¢ := ¢(G)/(2v(G)). Let u be an arbitrary

vertex of G’. Foreachi =0, 1,..., k, let A; denote the set of vertices at distance exactly i
from u.
’ :
Ao 8
Al A *
2 A,
Foreachi=1,...,k — 1, every vertex of A; has

¢ no neighbors inside A; (or else G’ would not be bipartite),
e exactly one neighbor in A;_; (else we can backtrace through two neighbors which must
converge at some point to form an even cycle of length at most 2k),
e and thus > 7 — 1 neighbors in A;,; (by the minimum degree assumption on G”).
Therefore, each layer A; expands to the next by a factor of at least ¢ — 1. Hence

k
v(G) 2 Al = (1 -1 2 (Zev((GG)) - 1) ,
And thus
e(G) < 2v(G)""* +2v(G). g

Exercise 1.6.8 (Extremal number of trees). Let T be a tree with k edges. Show that
ex(n,T) < kn.

1.7 Forbidding a Sparse Bipartite Graph: Dependent Random Choice

Every bipartite graph H is contained in some K, and thus by the KST theorem (Theo-
rem 1.4.2),ex(n, H) < ex(n, K, ;) = O, ,(n*~'/*). The main result of this section, below, gives
a significant improvement when the maximum degree of H is small. The proof introduces an
important probabilistic technique known as dependent random choice.

Theorem 1.7.1 (Bounded degree bipartite graph: Turan number upper bound)

Let H be a bipartite graph with vertex bipartition A U B such that every vertex in A has
degree at most r. Then there exists a constant C = Cy such that for all n,

ex(n, H) < Cn>V/",

Remark 1.7.2 (History). The result was first proved by Fiiredi (1991). The proof given here
is due to Alon, Krivelevich, & Sudakov (2003a). For more applications of the dependent
random choice technique see the survey by Fox & Sudakov (2011).

Remark 1.7.3 (Tightness). The exponent 2— 1/r is best possible as a function of r. Indeed, we
will see in the following section that for every r there exists some s so thatex(n, K, ;) > cn®>~ /"
for some ¢ = ¢(r, s) > 0.
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On the other hand, for specific graphs G, Theorem 1.7.1 may not be tight. For example,
ex(n, Cs) = ©(n*?), whereas Theorem 1.7.1 only tells us that ex(n, Cg) = O (n*/?).

Given a graph G with many edges, we wish to find a large subset U of vertices such
that every r-vertex subset of U has many common neighbors in G (even the case r = 2 is
interesting). Once such a U is found, we can then embed the B-vertices of H into U. It will
then be easy to embed the vertices of A. The tricky part is to find such a U.

Remark 1.7.4 (Intuition). We want to host a party so that each pair of party-goers has many
common friends (here G is the friendship graph). Whom should we invite? Inviting people
uniformly at random is not a good idea (why?). Perhaps we can pick some random individual
(Alice) to host a party inviting all her friends. Alice’s friends are expected to share some
common friends—at least they all know Alice.

We can take a step further, and pick a few people at random (Alice, Bob, Carol, David) and
have them host a party and invite all their common friends. This will likely be an even more
sociable crowd. At least all the party goers will know all the hosts, and likely even more. As
long as the social network is not too sparse, there should be lots of invitees.

Some invitees (e.g., Zack) might feel a bit out of place at the party—maybe they don’t have
many common friends with other party-goers (they all know the hosts but maybe Zack doesn’t
know many others). To prevent such awkwardness, the hosts will cancel Zack’s invitation.
There shouldn’t be too many people like Zack. The party must go on.

Here is the technical statement that we will prove. While there are many parameters, the
specific details are less important compared to the proof technique. This is quite a tricky
proof.

Theorem 1.7.5 (Dependent random choice)

Let n, r,m, t be positive integers and @ > 0. Then every graph G with n vertices and at
least an®/2 edges contains a vertex subset U with

oz ()2

such that every r-element subset S of U has more than m common neighbors in G.

Remark 1.7.6 (Parameters). In the theorem statement, ¢ is an auxiliary parameter that does
not appear in the conclusion. While one can optimize for ¢, it is instructive and convenient to
leave it as is. The theorem is generally applied to graphs with at least n'~ edges, for some
small ¢ > 0, and we can play with the parameters to get |U| and m both large as desired.

Proof. We say that an r-element subset of V(G) is “bad” if it has at most m common neighbors
inG.

Let uy,...,u, be vertices chosen uniformly and independently at random from V(G)
(these vertices are chosen “with replacement”, i.e., they can repeat). Let A be their common
neighborhood. (Keep in mind that u4, . .., u,, A are random. It may be a bit confusing in this
proof what is random and what is not.)
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Each fixed vertex v € V(G) has probability (deg(v)/n)" of being adjacent to all of u,, ..., u;,
and so by linearity of expectations and convexity,

E|A| = Z P(ve A) = Z (degT(v))th(%Zdei(v)) > na'.

veV(G) veV(G) vev

For any fixed R C V(G),

# ighbors of R\’
P(R C A) = P(R is complete to u,, . .., u,) = ( common neighbors o ) .
n

If R is a bad r-vertex subset, then it has at most m common neighbors, and so
t
P(R C A) < (T) .
n

Therefore, summing over all (") possible r-vertex subsets R C V(G), by linearity of
expectation,

t
E[the number of bad r-vertex subsets of A] < (n) (T) .
rl\n

Let U be obtained from A by deleting an element from each bad r-vertex subset. So U has no
bad r-vertex subsets. Also

E|U| = E|A| — E[the number of bad r-vertex subsets of A]

=[5

Thus there exists some U with at least this size, with the property that all its r-vertex subsets
have more than m common neighbors. O

Now we are ready to show Theorem 1.7.1, which recall says that for a bipartite graph
H with vertex bipartition A U B such that every vertex in A has degree at most r, one has
ex(n, H) = Oy (n*'/").

Proof of Theorem 1.7.1. Let G be a graph with n vertices and at least Cn* edges. By
choosing C large enough (depending only on |A| + | B]), we have

n (ZCn-%)r - (':) ('Alnﬂ)r > |B].

We want to show that G contains H as a subgraph. By dependent random choice (Theorem 1.7.5
applied with ¢ = r), we can embed the B-vertices of H into G so that every r-vertex subset of
B (now viewed as a subset of V(G)) has > |A| + |B| common neighbors.
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A B
By N(b1) N N(by) N N(b3)
' b
2 /—\
b3
.b4 bl b2 b3 b4
H G

Next, we embed the vertices of A one at a time. Suppose we need to embed v € A (some
previous vertices of A may have already been embedded at this point). Note that v has at
< r neighbors in B, and these < r vertices in B have > |A| + |B| common neighbors in G.
While some of these common neighbors may have already been used up in earlier steps to
embed vertices of H, there are enough of them that they cannot all be used up, and thus we
can embed v to some remaining common neighbor. This process ends with an embedding of
H into G. O

Exercise 1.7.7. Let H be a bipartite graph with vertex bipartition A U B, such that r vertices
in A are complete to B, and all remaining vertices in A have degree at most r. Prove that
there is some constant C = Cy such that ex(n, H) < Cn*>'/" for all n.

Exercise 1.7.8. Let € > 0. Show that, for sufficiently large n, every K,-free graph with n
vertices and at least en* edges contains an independent set of size at least n'~%.

Exercise 1.7.9 (Extremal numbers of degenerate graphs).

(a*) Prove that there is some absolute constant ¢ > 0 so that for every positive integer r,
every n-vertex graph with at least n>~°/" edges contains disjoint non-empty vertex
subsets A and B such that every subset of at most r vertices in A has at least n¢
common neighbors in B and every subset of at most r vertices in B has at least n¢
neighbors in A.

sued xop0A 0M] 941 0 Y110} pue Yorq Apareadar jooxd ao10yo wopuex juapuadap ay) woiy anbruyoa) ag1 Addy Jury

(b) We say that a graph H is r-degenerate if its vertices can be ordered so that every
vertex has at most r neighbors that appear before it in the ordering. Show that
for every r-degenerate bipartite graph H there is some constant C > 0 so that
ex(n, H) < Cn>*/", where c is the same absolute constant from part (a) (¢ should
not depend on H or r).

1.8 Lower Bound Constructions: Overview

We proved various upper bounds on ex(n, H) in earlier sections. When H is non-bipartite,
the Turan graph construction (Construction 1.2.2) shows that the upper bound in the Erd&s—
Stone—Simonovits theorem (Theorem 1.5.1) is tight up to lower order terms. However, when
H is bipartite, so that ex(n, H) = o(n?), we have not seen any non-trivial lower bound
constructions. In the remainder of this chapter, we will see some methods for constructing
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H-free graphs for bipartite H. In some cases, these constructions will have enough edges to
match the upper bounds on ex(n, H) from earlier sections. However, for most bipartite graphs
H, there is a gap in known upper and lower bounds on ex(n, H). It is a central problem in
extremal graph theory to close this gap.

We will see three methods for constructing H-free graphs.

Randomized constructions

The idea is to take a random graph at a density that gives a small number of copies of H, and
then destroy these copies of H by removing some edges from the random graph. The resulting
graph is then H-free. This method is easy to implement and applies quite generally to all H.
For example, it will be shown that

ex(n,H) = Qg (nz’:fg;j) .

However, bounds arising from this method are usually not tight.

Algebraic constructions

The idea is to use algebraic geometry over a finite field to construct a graph. Its vertices
correspond to geometric objects such as points or lines. Its edges correspond to incidences or
other algebraic relations. These constructions sometimes give tight bounds. They work for a
small number of graphs H, and usually require a different ad hoc idea for each H. They work
rarely, but when they do, they can appear quite mysterious, or even magical. Many important
tight lower bounds on bipartite extremal numbers arise this way. In particular it will be shown
that

ex(n, K ;) = Qg (nzfl/s) whenevert > (s — 1)! + 1,
thereby matching the KST theorem (Theorem 1.4.2) for such s, t. Also, it will be shown that
ex(n, Cy) = Qi (n”l/k) whenever k € {2,3,5},

thereby matching Theorem 1.6.3 for these values of k.

Randomized algebraic constructions

In algebraic constructions, usually we specify the edges using some specific well-chosen
polynomials. A powerful recent idea is to choose the edge-defining polynomials at random.

1.9 Randomized Constructions

We use the probabilistic method to construct an H-free graph. The Erd§s—Rényi random
graph G(n, p) is the random graph on n vertices where every pair of vertices forms an edge
independently with probability p. We first take a G(n, p) with an appropriately chosen p.
The number of copies of H in G(n, p) is expected to be small, and we can destroy all such
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copies of H from the random graph by removing some edges. The remaining graph will then
be H-free.

The method of starting with a simple random object and then modifying it is sometimes
called alteration method or the deletion method.

Theorem 1.9.1 (Randomized lower bound)

Let H be a graph with at least two edges. Then there exists a constant ¢ = ¢y > 0, so that
for all n > 2, there exists an H-free graph on n vertices with at least en?EmA edges. In
other words,

o v(H)=2
ex(n, H) > cn™ T,

Proof. Let G be an instance of the Erd§s—Rényi random graph G(n, p), with

1 v
p = —n e(H)-1
4

(chosen with hindsight). We have Ee(G) = p (g) Let X denote the number of copies of H in
G. Then, our choice of p ensures that

1
EX < pe®@ v < P _ lp o).
SpTTnTT S 7,) = 2B

Thus

p(n 5 v(H)=2
E[e(G) - X] > =(_| 2 n> e,
[e(G) — X] > 2(2)~n

Take a graph G such that e(G) — X is at least its expectation. Remove one edge from each
v(H)-2
copy of H in G, and we get an H-free graph with at least e(G) — X > 2w edges. O

For some graphs H, we can bootstrap Theorem 1.9.1 to give an even better lower bound.
For example, if

H= ,

then v(H) = 10 and e(H) = 20, so applying Theorem 1.9.1 directly gives
ex(n, H) 2 n*™%/1,

On the other hand, any K, 4-free graph is automatically H-free. Applying Theorem 1.9.1 to
K44 (8-vertex 16-edge) actually gives a better lower bound (2 - 6/15 > 2 — 8/19):

ex(n, H) > ex(n, K4 4) 2 n*™%5.

In general, given H, we should apply Theorem 1.9.1 to the subgraph of H with the maximum
(e(H) — 1)/(v(H) — 2) ratio. This gives the following corollary, which sometimes gives a
better lower bound than directly applying Theorem 1.9.1.



1.10 Algebraic Constructions 39

Definition 1.9.2 (2-density)
The 2-density of a graph H is defined by

e(H) -1
H) =
my(H) := max T
e(H)>2

Corollary 1.9.3 (Randomized lower bound)
For any graph H with at least two edges, there exists constant ¢ = cy > 0 such that

ex(n, H) > cn*!/mH)

Proof. Let H’ be the subgraph of H with m,(H) = 352;1 Then ex(n, H) > ex(n, H’), and

we can apply Theorem 1.9.1 to get ex(n, H) > cn?>!/m(H), o
Example 1.9.4. Theorem 1.9.1 combined with the upper bound from the KST theorem
(Theorem 1.4.2) gives that for every fixed 2 < s < t,

_s+t=2 _1
75 S ex(n,Ky,) S n¥7.

When ¢ is large compared to s, the exponents in the two bounds above are close to each other
(but never equal). When ¢ = s, the above bounds specialize to

n¥ s sex(n,Ks ) < n¥s

In particular, for s = 2,
n*? < ex(n, Ky,) < n®?

It turns out that the upper bound is tight. We will show this in the next section using an
algebraic construction.

Exercise 1.9.5. Show that if H is a bipartite graph containing a cycle of length 2k, then
ex(n,H) >u nl+l/(2k—1).

Exercise 1.9.6. Find a graph H with y (H) = 3 and ex(n, H) > n*+n"-* for all sufficiently
large n.
1.10 Algebraic Constructions

In this section, we use algebraic methods to construct K, ,-free graphs for certain values of
(s, 1), as well as Cy,-free graphs for certain values of k. In both cases, the constructions are
optimal in that they match the upper bounds up to a constant factor.

K> »-free

We begin by constructing K, ,-free graphs with the number of edges matching the KST theorem.
The construction is due to Erdds, Rényi, & Sés (1966) and Brown (1966) independently.
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Theorem 1.10.1 (Construction of K, ,-free graphs)

ex(n, Ky5) > (% - 0(1)) 2.

Combining with the KST theorem, we obtain the corollary.

Corollary 1.10.2 (Turdn number of K5 »)

ex(n,Ky,) = (% - 0(1)) n*?.

Before giving the proof of Theorem 1.10.1, let us first sketch the geometric intuition.
Given a set of points # and a set of lines L, the point-line incidence graph is the bipartite
graph with two vertex parts  and £, where p € P and £ € L are adjacent if p € £.

P pet L
;\1

t

A point-line incidence graph is Cys-free. Indeed, a C, would correspond to two lines both
passing through two distinct points, which is impossible.

We want to construct a set of points and a set of lines so that there are many incidences.
To do this, we take all points and all lines in a finite field plane Ff, There are p? points
and p? + p lines. Since every line contains p points, the graph has around p* edges, and so
ex(2p” + p, K,5) > p*. By rounding down an integer n to the closest number of the form
2p?* + p for a prime p, we already see that ex(n, K, ,) 2 n*/? for all n. Here we use a theorem
from number theory regarding large gaps in primes which we quote below without proof. (This
strategy does not work if we instead take points and lines in R?; see the Szemerédi-Trotter
theorem in Section 8.2).

Theorem 1.10.3 (Large gaps between primes)

The largest prime below N has size N — o(N).

Remark 1.10.4 (Large gaps between primes). The above result already follows from the
prime number theorem, which says that the number of primes up to N is (1 + o(1))N/log N.
The best quantitative result, due to Baker, Harman, & Pintz (2001), says that there exists a
prime in [N — N%%°_ N] for all sufficiently large N. Cramer’s conjecture, which is wide open
and based on a random model of the primes, speculates that the o(N) in Theorem 1.10.3 may
be replaced by O((log N)?). An easier claim is Bertrand’s postulate, which says that there is a
prime between N and 2N for every N, and this already suffices for proving ex(n, K, ;) 2 n*/%.

To get a better constant in the above construction, we optimize somewhat by using the
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same vertices to represent both points and lines. This pairing of points and lines is known as
polarity in projective geometry, and this construction is known as the polarity graph (usually
this usually refers to the projective plane version of the construction).

Proof of Theorem 1.10.1. Let p denote the largest prime such that p> — 1 < n. Then p =
(1 =0(1))4/n by Theorem 1.10.3. Let G be a graph with vertex set V(G) = IF?, \ {(0,0)} and
an edge between (x, y) and (a, b) if and only if ax + by = 1 in F),.

For any two distinct vertices (a, b) and (a’, b’) in V(G), they have at most one common
neighbor since there is at most one solution to the system ax + by = 1 and a’x + b’y = 1.
Therefore, G is K, »-free. (This is where we use the fact that two lines intersect in at most one
point.)

For every (a, b) € V(G), there are exactly p vertices (x, y) satisfying ax+by = 1. However,
one of those vertices could be (a, b) itself. So every vertex in G has degree p or p — 1. Hence
G has at least (p> — 1)(p — 1)/2 = (1/2 — o(1))n*/? edges. o

K3 3-free

Next, we construct K3 3-free graphs with the number of edges matching the KST theorem.
This construction is due to Brown (1966).

Theorem 1.10.5 (Construction of K3 3-free graphs)
For every n,

ex(n, K33) > (% - 0(1)) 3.

Consider the incidence between between points in 3-dimensions and unit spheres. This
graph is K3 3-free since no three unit spheres can share three distinct common points. Again,
one needs to do this over a finite field to attain the desired bounds, but it is easier to visualize
the setup in Euclidean space, where it is clearly true.

Proof sketch. Let p be the largest prime less than n'/3. Fix a nonzero element d € F »» Which
we take to be a quadratic residue if p = 3 (mod 4) and a quadratic non-residue if p # 3
(mod 4). Construct a graph G with vertex set V(G) = ]F;, and an edge between (x, y, z) and
(a,b,c) € V(G) if and only if

(a-x)°+b-y)’+(c-27=d.

It turns out that each vertex has (1 — o(1))p? neighbors (the intuition here is that, for a fixed
(a, b, c), if we choose x, y, z € F,, independently and uniformly at random, then the resulting
sum (a — x)> + (b — y)> + (¢ — z)? is roughly uniformly distributed, and hence equals to d
with probability close to 1/p). It remains to show that the graph is K; 3-free. To see this, think
about how one might prove this claim in R* via algebraic manipulations. We compute the
radical planes between pairs of spheres as well as the intersections of these radical planes (i.e.,
the radical axis). The claim boils down to the fact that no sphere has three collinear points,
which is true due to the quadratic (non)residue hypothesis on d. The details are omitted.
Thus G is a K;3-free graph on p? < n vertices and with at least (1/2 — o(1))p® =

(1/2 = 0(1))n”? edges. o
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It is unknown if the above ideas can be extended to construct K 4-free graphs with Q(n’/#)
edges. It is a major open problem to determine the asymptotics of ex(n, K4 4).

Conjecture 1.10.6 (KST theorem is tight)
For every fixed s > 4, one has

ex(n, Ky ,) = O,(n>'1%).

K ~free

Now we present a substantial generalization of the above constructions, due to Kollar, Rényai,
& Szabd (1996) and Alon, Rényai, & Szabd (1999). It gives a matching lower bound (up to a
constant factor) to the KST theorem for K, ; whenever ¢ is sufficiently large compared to s.

Theorem 1.10.7 (Tightness of KST bound when ¢t > (s — 1)!)
Fix a positive integer s > 2. Then

1 _
ex(n, Ky, (s-1y141) = (5 - 0(1)) n>'hs

Corollary 1.10.8 (Tightness of KST bound when ¢t > (s — 1)!)
Ift > (s —1)!, then
CX(I’I, Ks,t) = ®s,t (nZ—I/S).

We first prove a slightly weaker version of Theorem 1.10.7, namely that

1 4
CX(}’L, Ks,s!+1) = (E - 0(1)) n2—1/5'

(Kollar, Rényai, & Szab6 1996). Afterwards, we will modify the construction to prove
Theorem 1.10.7.
Let p be a prime. Recall that the norm map N : F,- — F, is defined by

s-1 pe-1

N(x)i=x-xP-xP ooxP =y,

Note that N(x) € F,, for all x € F,,« since N(x)” = N(x) and F), is the set of elements in F s
invariant under the automorphism x — x”. Furthermore, since F; is a cyclic group of order
p® — 1, we know that

p'-1
p-1

[{x € Fp : N(x) = 1}] = (1.10.1)

Construction 1.10.9 (Norm graph)

NormGraph,, ; is defined to be the graph with vertex set F,« and an edge between distinct
a,bePF, if N(a+b) =1.
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By (1.10.1), every vertex in NormGraph,,  has degree at least

s

p’—1

p—1
(we had to subtract 1 in case N (x +x) = 1). And thus the number of edges is at least p>*~!/2.
It remains to establish that NormGraph , | is K s1,1-free. Once this is done, we can take p to
be the largest prime at most 7'/*, and then

_lzps—l

2s5-1

CX(I’Z, Ks,s!+l) > eX(Ps, Ks,s!+l) >

1 -1/s
> (5 —0(1)) n* s,

Proposition 1.10.10
NormGraph,, ; is K s11-free for all s > 2.

We wish to upper bound the number of common neighbors to a set of s vertices. This
amount to showing that a certain system of algebraic equations cannot have too many solutions.
We quote without proof the following key algebraic result from Kollér, Rényai, & Szab6
(1996), which can be proved using algebraic geometry.

Theorem 1.10.11
Let F be any field and a;;, b; € F such that a;; # a;; for all i # i’. Then the system of
equations

(x1 —an)(x2—ap) - (xs—ay) =b

(x1 = an)(x2 —ap) - (xs — ax) = by

(X] - asl)(x2 - asZ) T (xs - ass) = bs

has at most s! solutions (x, . ..,x;) € F*.

Remark 1.10.12 (Special base b = 0). Consider the special case when all the b; are 0. In this
case, since the a;; are distinct for each fixed j, every solution to the system corresponds to a
permutation : [s] — [s], setting x; = a;.(;). So there are exactly s! solutions in this special
case. The difficult part of the theorem says that the number of solutions cannot increase if we
move b away from the origin.

Proof of Proposition 1.10.10. Consider distinct yy, y,,...,ys € F,s. We wish to bound the
number of common neighbors x. Recall that in a field with characteristic p, we have the
identity (x + y)? = x? + y? for all x, y. So

1 =N(X+yi) = (X+yi)(x+yi)l’ o (x+yi)ps—1
= (x+yi)(xp +ylp) L. (xp“'*l +y5,s—1)

forall 1 <i < s.By Theorem 1.10.11, these s equations (as i ranges over [s]) have at most s!
solutions in x. Note the hypothesis of Theorem 1.10.11 is satisfied since y? = y;’ if and only
lfyl:yj ians. O
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Now we modify the norm graph construction to forbid Kj (s-1)1+1, thereby yielding
Theorem 1.10.7.

Construction 1.10.13 (Projective norm graph)

Let ProjNormGraph,, ; be the graph with vertex set F.-1 X F, where two vertices
(X,x), (Y,y) € Fpet X F are adjacent if and only if

N(X+Y) =xy.

In ProjNormGraph, ., every vertex (X, x) in has degree p*~! — 1 since its neighbors are
(Y,N(X +Y)/x) forall Y # —X. There are has (p*~' — 1)p*~!(p — 1)/2 edges. As earlier, it
remains to show that this graph is K; (s_1)1+1-free. Once we know this, by taking p to be the
largest prime satisfying p*~'(p — 1) < n, we obtain the desired lower bound

1 1
ex(n, Ky (s-1y1s1) = E(ps_1 -Hpip-1) = (5 - 0(1)) n> s,

Proposition 1.10.14
ProjNormGraph,, ; is K (s-1)1+1-free.

Proof. Fix distinct (Y1, 1), ..., (¥y,ys) € Fpse1 X IF;. We wish to show that there are at most
(s — 1)! solutions (X, x) € Fps-1 X F}, to the system of equations

N(X+Y:) =xy;, i=1,...,s.

Assume this system has at least one solution. Then if ¥; = Y; with i # j we must have
that y; = y,. Therefore all the ¥; are distinct. For each i < s, dividing N(X +Y;) = xy; by
N(X +Y,) =xy, gives

X+Y; i .
N :y—, i=1,...,s—1.
X+Y, Vs
Dividing both sides by N(Y; — Y;) gives
1 1 i
N + = Y , i:1,...,S_1.
X+Ys Yi_Ys N(Yt_Ys)ys

Now apply Theorem 1.10.11 (same as in the proof of Proposition 1.10.10). We deduce
that there are at most (s — 1)! choices for X, and each such X automatically determines
x = N(X +Y7)/y;. Thus there are at most (s — 1)! solutions (X, x). O

Cy4, Cs, Cyp-free

Finally, let us turn to constructions of C,,-free graphs. We had mentioned in Section 1.6 that
ex(Cor, 1) = Or(n'*1/%). We saw a matching lower bound construction for 4-cycles. Now we
give matching constructions for 6-cycles and 10-cycles. (It remains an open problem for other
cycle lengths.)
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Theorem 1.10.15 (Tight lower bound for avoiding C,; for k € {2, 3,5})
Let k € {2,3,5}. Then there is a constant ¢ > 0 such that for every n,

ex(n, Cyi) = cn'V/k,

Remark 1.10.16 (History). The existence of such Cy;-free graphs for k € {3,5} is due to
Benson (1966) and Singleton (1966). The construction given here is due to Wenger (1991),
with a simplified description due to Conlon (2021).

The following construction generalizes the point-line incidence graph construction earlier
for the C,-free graph in Theorem 1.10.1. Here we consider a special set of lines in FX, whereas
previously for C4 we took all lines in Fé.

Construction 1.10.17 (C,,-free construction for k € {2,3,5})

Let g be a prime power. Let £ denote the set of all lines in IF‘(’; whose direction can
be written as (1,%,...,t*7") for some 7 € F,. Let G, denote the bipartite point-line
. . . k . k . .
%rflmdenfce graph with vertex sets IFy and L. Thatis, (p,{) € F; X L is an edge if and only
if ped.

We have | £| = ¢*, since to specify a line in .£L we can provide a point with first coordinate
equal to zero, along with a choice of ¢ € F, giving the direction of the line. So the graph G,
has n = 2g* vertices. Since each line contains exactly ¢ points, there are exactly g**! =< n'*1/k
edges in the graph. It remains to show that this graph is Cy,-free whenever k € {2,3,5}. Then
Theorem 1.10.15 would follow after the usual trick of taking g to be the largest prime with
2g* < n.

Proposition 1.10.18 (C,,-free construction for k € {2, 3,5})
Let k € {2,3,5}. The graph G x from Construction 1.10.17 is Cy-free.

Proof. A 2k-cycle in G, would correspond to pi, €y, ..., pk, & with distinct py, ...,
Pk € ]F’(j and distinct €y, ..., £ € L, and p;, p;y1 € ¢; for all i (indices taken mod k). Let
(1,1;,...,t57") denote the direction of ¢;.

Then

Di+1 — Di = ai(l,fi,-.-,tlk_l)

for some a; € F, \ {0}. Thus (recall that py,; = p;)
k k

ai(1,tiy ... 150 =Z(p,-+1 —p:) =0. (1.10.2)
=1 i=1

1
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The vectors (1,¢;,..., t{"l), i=1,...,k, after deleting duplicates, are linearly independent.
One way to see this is via the Vandermonde determinant

1 x xz x’}:‘j
1 x x5 -+ x5
: . 2: :n(xf_x")'
. . i<j
1 oxe xp -0 xp!
For (1.10.2) to hold, each vector (1,7, ..., tf“) must appear at least twice in the sum, with
their coeflicients a; adding up to zero.

Since the lines ¢y, ..., {; are distinct, for each i = 1, ..., k (indices taken mod k), the
lines ¢; and £;;; cannot be parallel. So #; # ;,;. When k € {2, 3,5} it is impossible to select
t1, ..., with no equal consecutive terms (including wrap-around) and so that each value is
repeated at least twice. Therefore the 2k-cycle cannot exist. (Why does the argument fail for
Cs-freeness?) O

1.11 Randomized Algebraic Constructions

In this section, we show how to add randomness to algebraic constructions, thereby combining
the power of both approaches. This idea is due to Bukh (2015).

The algebraic constructions in the previous section can be abstractly described as follows.
Take a graph whose vertices are points in some algebraic set (e.g., some finite field geometry),
with two vertices x and y being adjacent if some algebraic relationship such as f(x,y) =0 is
satisfied. Previously, this f was carefully chosen by hand. The new idea that is to take f to be
a random polynomial.

We illustrate this technique by giving another proof of the tightness of the KST bound on
extremal numbers for K , when ¢ is large compared to s.

Theorem 1.11.1 (Tightness of KST bound for large )
For every s > 2, there exists some ¢ so that

1
ex(n, Ky,) = (5 - o<1>) o

The construction we present here has a worse dependence of ¢ on s than in Theorem 1.10.7.
The main purpose of this section is to illustrate the technique of randomized algebraic
constructions. Bukh (2021) later gave a significant extension of this technique which shows
that ex(n, K, ;) = Q(n*>~/*) for some ¢ close to 9*, improving on Theorem 1.10.7, which
required t > (s — 1)!.

Proof idea. Take a random polynomial f(Xi,..., Xy, Y1,...,Y;) symmetric in the X and Y
variables (i.e., f(X,Y) = f(Y, X)), but otherwise uniformly chosen among all polynomials
with degree up to d with coefficients in [F,. Consider a graph with vertex set F; and where X
and Y are adjacent if f(X,Y) =0.

Given an s-vertex set U, let Zy denote the set of common neighbors of U. It is an algebraic
set: the common zeros of the polynomials f(X,y), y € U. Due to the Lang—Weil bound
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from algebraic geometry, Z;, is either bounded in size, |Zy| < C (the zero dimensional case),
or it must be quite large, say, |Zy| > ¢/2 (the positive dimensional case). This is unlike an
Erd6s—Rényi random graph.

One can then deduce, using Markov’s inequality, that

_ q) - E[Zv|’] _ 041

B2l > O) =B (120l > 3) < < T = 50

which is quite small (much smaller compared to an Erd6s—Rényi random graph). A union
bound then tells us that very few sets U are expected to have size > C. By deleting these bad
U’s from the vertex set of the graph, we obtain a K, ¢, -free graph with around ¢°® vertices
and around ¢*~! edges.

Now we begin the actual proof. Let g be the largest prime power satisfying ¢* < n. Due
to prime gaps (Theorem 1.10.3), we have ¢ = (1 — o(1))n'/*. So it suffices to construct a
K, ,-free graph on ¢* vertices with (1/2 — o(1))g*~! edges.

Letd = s%. Let

fe]Fq[XlsX2’-"$XS’Y1’Y29'"’YS]Sd

be a polynomial chosen uniformly at random among all polynomials with degree at most
d in each of X = (X1, Xs,...,X;) and Y = (Y,Y,,...,Y;) and furthermore satisfying
f(X,Y) = f(Y, X). In other words,

— E o xh iy s

f= Qi ..oig s X XY Yy
i1+ +is <d
bty <d

where the coefficients a;,.__;, ;,,....;. € Fq are chosen subject to a;, . ;. j...j. = a;
but otherwise independently and uniformly at random.

Let G be the graph with vertex set F;, with distinct x, y € [, adjacent if and only if
fx,y)=0.

Then G is a random graph. The next two lemmas show that G behaves in some ways like
a random graph with edges independently appearing with probability 1/¢. Indeed, the next
lemma shows that every pair of vertices form an edge with probability 1/gq.

seeesJsollseensls

Lemma 1.11.2 (Random polynomial)
Suppose f is randomly chosen as above. For all u, v € F,

PLF(u,v) = 0] = é

Proof. Note that resampling the constant term of f does not change its distribution. Thus,
f(u,v) is uniformly distributed in F,, for a fixed (u, v). Hence f(u, v) takes each value with
probability 1/gq. O

More generally, we show below that the expected occurrence of small subgraphs mirrors
that of the usual random graph with independent edges. We write (sz) for the set of unordered
pairs of element from U.
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Lemma 1.11.3 (Random polynomial)
Suppose f is randomly chosen as above. Let U C F; with |U| < d + 1. Then the vector
(5
q

|
(f (V) (v () is uniformly distributed in F ) Tn particular, for any E C (3), one

has

P[f(u,v) =0 forall {u,v} € E] = ¢l

Proof. We first perform multivariate Lagrange interpolation to show that ( f(u,v)),,,} can
take all possible values. For each pair u,v € U with u # v, we can find some polynomial
l,.v € F[Xy,...,X,] of degree at most 1 such that ¢, ,(u) = 1 and ¢, (v) = 0. For each
ueU,let

g.X) = [] () €FlX,,....X]
veU\{u}

which has degree < |U| — 1 < d. It satisfies g,,(u) = 1, and ¢,,(v) =0 forall v € U \ {u}.
Let
PXY) = > un(@u(X)qu(Y) + qu(X)qu(Y))
{u,v}e(lzj)
with ¢,,,, € F,. Note that p(X,Y) = p(Y, X). Also, p(u,v) = ¢,,, for all distinct u, v € U.
Now let each ¢, , € F, above be chosen independently and uniformly at random. So

p(X,Y) is a random polynomial. Note that f(X,Y) and p(X,Y) are independent random
polynomials both with degree at most d in each of X and Y. Since f is chosen uniformly

U]
at random, it has the same distribution as f + p. Since (p(u,V))u.v = (Cur)uv € ]Fg ) is
uniformly distributed, the same must be true for (f(u,v)),., as well. O

Now fix U C F; with |U| = 5. We want to show that it is rare for U to have many common
neighbors. We will use the method of moments. Let
Zy = the set of common neighbors of U
={xeF,\U: f(x,u) =0forallu € U}.

Then using Lemma 1.11.3,
BlZo"1 =B[( ) Hvezu})|
veFs\U
Z E[1{vD, ... v e zy}]
v, v FS\U

P[f(u,v) =0forallu € Uandv e {vV, ... v(®}]

..... v eFs\U

By Lemma 1.11.3, the probability in the final expression equals to ¢~'V!" where r is the
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number of distinct elements in {v(", ..., v(@}. Thus, continuing the above calculation,

= Z (qs ;|U|)q"‘#{surjections [d] — [r]}
r<d
< Z#{surjections [d] — [r]}

r<d

=04(1),
Using Markov’s inequality we get

BNZul] _ 0a(1)

A4 G
Remark 1.11.4. All the probabilistic arguments up to this point would be identical had we
used a random graph with independent edges appearing with probability p. In both settings, the
|Zy| above is a random variable with constant order expectation. However, their distributions
are extremely different, as we will soon see. For a random graph with independent edges, |Zy/|
behaves like a Poisson random variable, and consequently, for any constant ¢, P(|Zy| > ¢)
is bounded from below by a constant. Consequently, many s-element sets of vertices are
expected to have at least # common neighbors, and so this method will not work. However,
this is not the case with the random algebraic construction. It is impossible for |Z;,| to take on
certain ranges of values—if |Zy| is somewhat large, then it must be very large.

P(|1Zy| > ) =P(|1Zy]? > A9) < (1.11.1)

Note that Zy; is defined by s polynomial equations. The next result tells us that the number
of points on such an algebraic variety must be either bounded or at least around g.

Lemma 1.11.5 (Dichotomy: number of common zeros)
For all s, d there exists a constant C such that if f;(X), ..., f;(X) are polynomials on F,
of degree at most d, then

{xeF, : ilx)=... fi(x) =0}
has size either at most C or at least g — C+/g.

The lemma can be deduced from the following important result from algebraic geometry
due to Lang & Weil (1954), which says that the number of points of an r-dimensional algebraic
variety in F; is roughly ¢", as long as certain irreducibility hypotheses are satisfied. We
include here the statement of the Lang—Weil bound. Here Fq denote the algebraic closure of
F,.

Theorem 1.11.6 (Lang—Weil bound)
Let gi,...,8m € F,[X] be polynomials of degree at most d. Let

V= {x GFZ cg1(x) = g(x) = ...:gm(x)}.
Suppose V is an irreducible variety. Then

VAE|=¢""(1+0smalqg™"?)).
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The two cases in Lemma 1.11.5 then correspond to the zero dimensional case and the
positive dimensional case, though some care is needed to deal with what happens if the variety
is reducible in the field closure. We refer the reader to Bukh (2015) for details on how to
deduce Lemma 1.11.5 from the Lang—Weil bound.

Now, continuing our proof of Theorem 1.11.1. Recall Zy = {x € F; \ U : f(x,u) =
Oforallu € U}. Apply Lemma 1.11.5 to the polynomials f(X,u), u € U. Then for large
enough ¢ there exists a constant C from Lemma 1.11.5 such that one always have either
|Zy| < C (bounded) or |Zy| > ¢/2 (very large). Thus, by (1.11.1),

g\ _ 04(1)
P(|Z >C=P(Z >—)g ,
(1Z0) > ©) =B (1201 > 5) < 555
So the expected number of s-element subset U with |Zy| > C is
< (l]s) 04(1)
“\s/(q/2)¢
(recall we set d = s* at the beginning of the proof). Remove from G a vertex from every

s-element U with |Zy| > C. Then the resulting graph is K, ;c1+1-free. Furthermore, we
remove at most ¢° edges for each deleted vertex, so the expected number of remaining edges

is at least
1({q® 1 B
—(q ) ~0,(¢") = (— _0(1))q2s L
q 2

= 03(1)

2

Finally, given n, we can take the largest prime ¢ satisfying ¢* < n to finish the proof of
Theorem 1.11.1.

Further Reading

Graph theory is a huge subject. There are many important topics that are quite far from
the main theme of this book. For a standard introduction to the subject (especially on more
classical aspects), several excellent graph theory textbooks are available: Bollobas (1998),
Bondy & Murty (2008), Diestel (2017), West (1996). The three-volume Combinatorial
Optimization by Schrijver (2003) is also an excellent reference for graph theory, with a focus
on combinatorial algorithms.

The following surveys discuss in more depth various topics encountered in this chapter:

o The History of Degenerate (Bipartite) Extremal Graph problems by Fiiredi & Simonovits

(2013);
e Hypergraph Turan Problems by Keevash (2011);
e Dependent Random Choice by Fox & Sudakov (2011).



o Randomized algebraic constructions: randomly select the polynomials.

1.11 Randomized Algebraic Constructions

Chapter Summary

e Turan number ex(n, H) = the maximum number of edges in an n-vertex H-free graph.

Turan’s theorem. Among all n-vertex K, .-free graphs, the Turdn graph 7, ;- (a complete
r-partite graph with nearly equal sized parts) uniquely maximizes the number of edges.
Erdds—Stone-Simonovits Theorem. For any fixed graph H,

H) =1 ! )%

ex(n, )—( —m+0( ))7

Supersaturation (from one copy to many copies): an n-vertex graph with > ex(n, H) +&n?
edges has > snv(H) copies of H, for some constant 6 > 0 only depending on € > 0, and
provided that n is sufficiently large.

Kévari-Soés-Turan theorem. For fixed s < ¢,

ex(n, Kg 1) = O, (n®7119).

— Tight for K3 5, K3 3, and more generally, for K ; with  much larger than s (algebraic
constructions).

— Conjectured to be tight in general.

Even cycles. For any integer k > 2, (we only proved a weaker statement in this book)

ex(n, Ca) = Oy (n' 1K),

— Tight for k € {2, 3,5} (algebraic constructions).

— Conjectured to be tight in general.

Randomized constructions for constructing H-free graphs: destroying all copies of H
from a random graph.

e Algebraic construction: define edges using polynomials over IFZ.
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Graph Regularity Method

Chapter Highlights

o Szemerédi’s graph regularity lemma: partitioning an arbitrary graph into a bounded number
of parts with random-like edges between parts

Graph regularity method: recipe and applications

Graph removal lemma

Roth’s theorem: a graph theoretic proof using the triangle removal lemma

Strong regularity and induced graph removal lemma

Graph property testing

Hypergraph removal lemma and Szemerédi’s theorem

\ J

In this chapter, we discuss a powerful technique in extremal graph theory developed in the
1970’s, known as Szemerédi’s graph regularity lemma. The graph regularity method has wide
ranging applications, and is now considered a central technique in the field. The regularity
lemma produces a “rough structural” decomposition of an arbitrary graph (though it is mainly
useful for graphs with quadratically many edges). It then allows us to model an arbitrary
graph by a random graph.

The regularity method introduces us to a central theme of the book: the dichotomy of
structure and pseudorandomness. This dichotomy is analogous to the more familiar concept
of “signal and noise”, namely that a complex system can be decomposed into a structural
piece with plenty of information content (the signal) as well as a random-like residue (the
noise). This idea will show up again later in Chapter 6 when we discuss Fourier analysis in
additive combinatorics.

In general, we face two related challenges:

e How to decompose an object into a structured piece and a random-like piece?

e How to analyze the resulting components and their interactions?

We begin the chapter with the statement and the proof of the graph regularity lemma. We
then prove Roth’s theorem using the regularity method. This proof, due to Ruzsa & Szemerédi
(1978), is not the original proof by Roth (1953), whose original Fourier analytic proof we
will see in Chapter 6. Nevertheless, it is important for being historically one of the first
major applications of the graph regularity method. Similar to the proof of Schur’s theorem in
Chapter 0, this graph theoretic proof of Roth’s theorem demonstrates a fruitful connection
between graph theory and additive combinatorics.

By the regularity method, we mean both the graph regularity lemma as well as methods
for applying it. Rather than some specific set of theorems, graph regularity should be viewed
as a general technique malleable to adaptations. Do not get bogged down by specific choices
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of parameters in the statements and proofs below, and rather, focus on the main ideas and
techniques.

Many students experience a steep learning curve when studying the regularity method. The
technical details can obscure the underlying intuition. Also, the style of arguments may be
quite different from the type of combinatorial proofs they encountered earlier in their studies
(e.g., the type of proofs from earlier in this book). Section 2.7 contains important exercises on
applying the graph regularity method, which are essential for understanding the material.

2.1 Szemerédi’s Graph Regularity Lemma

In this section, we state and prove the graph regularity lemma. Let us first give an informal
statement.

Graph regularity lemma (informal). The vertex set of every graph can be partitioned into a
bounded number of parts so that the graph looks random-like between most pairs of parts.

Below is an illustration of what the outcome of the partition looks like. Here the vertex set
of a graph is partitioned into five parts. Between a pair of parts (including between a part
and itself) is a random-like graph with a certain edge- density (e.g., 0.4 between the first and
second parts, 0.7 between the first and third parts, .

Definition 2.1.1 (Edge density)

Let X and Y be sets of vertices in a graph G. Let eg(X,Y) be the number of edges
between X and Y; that is,

eg(X,Y) =|{(x,y) e XXY :xy € E(G)}|.

Define the edge density between X and Y in G by

eG(X, Y)

46 (XY = =37

We drop the subscript G if context is clear.

We allow X and Y to overlap in the definition above. For intuition, it is mostly fine to
picture the bipartite setting, where X and Y are automatically disjoint.

What should it mean for a graph to be “random-like”? We will explore the concept of
pseudorandom graphs in depth in Chapter 3. Given vertex sets X and Y, we would like the
edge density between them to not change much even if we restrict X and Y to smaller subsets.
Intuitively, this says that the edges are somewhat evenly distributed.
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U A B w

Definition 2.1.2 (e-regular pair)
Let G be a graph and U, W C V(G). We call (U, W) an g-regular pair in G if for all
A C U and BC W with |A| = ¢|U| and |B| = & |W|, one has

|d(A,B) —d(U,W)| < e.

If (U, W) is not e-regular, then we say that their irregularity is witnessed by some A C U
and B C W satistying |A| > € |U|, |B| > € |W|, and |d(A, B) —d(U,W)| > &.

We need the hypotheses |A| > ¢|U| and |B| = & |W]| since the definition would be too
restrictive otherwise. For example, by taking A = {x} and B = {y}, d(A, B) could end up
being both 0 (if xy ¢ E) and 1 (if xy € E).

Remark 2.1.3 (Different roles of £). The gin |A| > £ |U| and |B| > & |W| plays a different role
from the ¢ in |d(A, B) — d(U, W)| < &. However, it is usually not important to distinguish
these €’s. So we use only one & for convenience of notation.

The “random-like” intuition is justified as random graphs indeed satisfy the above property.
(This can be proved by the Chernoff bound; more on this in the next chapter.)
The following exercises can help you check your understanding of e-regularity.

Exercise 2.1.4 (Basic inheritance of regularity). Let G be a graph and X,Y C V(G). If
(X,Y) is an en-regular pair, then (X’,Y’) is e-regular for all X’ C X with |X’| > n|X]| and
Y’ C Y with |Y'] > n]Y].

Exercise 2.1.5 (An alternate definition of regular pairs). Let G be a graph and X,Y C V(G).
Say that (X, Y) is e-homogeneous if for all A C X and B C Y, one has

le(A, B) - |A[|B]d(X,Y)| < & [X]|Y].

Show that if (X,Y) is e-regular, then it is e-homogeneous. Also, show that if (X,Y) is
£3-homogeneous, then it is £-regular.

Exercise 2.1.6 (Robustness of regularity). Prove that for every € > &’ > 0, there exists
6 > 0 so that given an g-regular pair (X,Y) in some graph, if we modify the graph by
adding/deleting < ¢ | X| vertices to/from X, adding/deleting < ¢ |Y| vertices to/from Y, and
adding/deleting < ¢ | X| |Y| edges, then resulting new (X, Y) is still &’-regular.

Next, let us define what it means for a vertex partition to be e-regular.



56 Graph Regularity Method

Definition 2.1.7 (e-regular partition)
Given a graph G, a partition P = {V|, ..., V,} of its vertex set is an g-regular partition if

DLWV, < elV(G) P

(i,))€lk]?
(V;,V}) not e-regular

In other words, all but at most e-fraction of pairs of vertices of G lie between e-regular
parts.

Remark 2.1.8. When |V;| = - - - = |Vi|, the inequality says that at most £k? of pairs (V;, V;)
are not g-regular.

Also, note that the summation includes i = j. If none of V;’s are too large, say |V;| < en for
each i, then the terms with i = j contribute < 3, |V;|* < en Y, |Vi| = en?, which is neglible.

We are now ready to state Szemerédi’s graph regularity lemma.

Theorem 2.1.9 (Szemerédi’s graph regularity lemma)

For every € > 0, there exists a constant M such that every graph has an e-regular partition
into at most M parts.

Proof of the graph regularity lemma

Proof idea. We will generate the desired vertex partition according to the following algorithm:
(1) Start with the trivial partition of V(G) (the trivial partition has a single part consisting
of the whole set).
(2) While the current partition # is not e-regular:
(a) For each (V;,V;) that is not e-regular, find a witnessing pair in V; and V;
(b) Refine P using all the witnessing pairs. (Here given two partitions ¥ and Q of
the same set, we say that Q refines P if each part of Q is contained in a part of
P. In other words, we divide each part of # further to obtain Q.)
We repeat step (2) until the partition is g-regular, at which point the algorithm terminates.
The resulting partition is always e-regular by design. It remains to show that the number
of iterations is bounded as a function of €. To see this, we keep track of a quantity that
necessarily increases at each iteration of the procedure. This is called an energy increment
argument. (The reason that we call it an “energy” is because it is the L? norm of a vector of
edge-densities, and the kinetic energy in physics is also an L? norm.)
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Definition 2.1.10 (Energy)
Let G be an n-vertex graph (whose dependence we drop from the notation). Let U, W C
V(G). Define

\u | IWI

qU,W) = d(U,W)>.

For partitions Py = {Uy, ..., Ui} of U and SDW ={Wy,...,W;} of W, define

kol
qPu,Pw) = Z Z q(Ui, Wj).

i=1 j=1

Finally, for a partition # = {V1, ..., Vi} of V(G), define its energy to be

kK k kK k |V,-||Vj| )
g(P) = q(P,P) = ZZq V=20 e d ViV
i=1 j=1

i=l j=1

Since the edge density is always between 0 and 1, we have 0 < ¢(#) < 1 for all partitions P.
The following lemmas show that the energy cannot decrease upon refinement, and furthermore,
it must increase substantially at each step of the algorithm above.

Lemma 2.1.11 (Energy never decreases under refinement)
Let G be a graph, U, W C V(G), Py a partition of U, and Py a partition of W. Then

Pu Pw

Proof. Letn =v(G). Let Py = {U,,...,U;} and Py = {Wy,...,W,;}. Choose x € U and
y € W uniformly and independently at random. Let U; be the part of $y, that contains x and
W; be the part of Py that contains y. Define the random variable Z := d(U;, W;). We have

E[Z] = Zk:ZIZIU"Wd(U W;) = d(U, W) = i (U, W)
Loy w olw 4
We have
k l
Ui W)l "
BIZ2) = ), ) bl d (U, W))? = (Pu. Pw).
22w w47 P

By convexity, E[Z%] > E[Z]?, which implies ¢(Py, Pw) > q(U, W). o
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Lemma 2.1.12 (Energy never decreases under refinement)
Given two vertex partitions  and P’ of some graph, if P’ refines P, then g(P) < g(P’).

Proof. The conclusion follows by applying Lemma 2.1.11 to each pair of parts of #. In

more detail, letting = {Vi,...,V,,}, and suppose P’ refines each V; into a partition
Po. ={Vi..... Vi }ofV,,sothatP’ =Py U---UPy , wehave
a(P) =) q(Vi,Vy) < > q(Py,. Py) = q(P). o
i,j i,j

Lemma 2.1.13 (Energy boost for an irregular pair)

Let G be an n-vertex graph. If (U, W) is not e-regular, as witnessedby A C U and B C W,
then

q({A,U\ A},{B,W\ B}) > q(U, W) +84|U,|,¥-

This is the “red bull lemma”, giving an energy boost when feeling irregular.

Proof. Define Z as in the proof of Lemma 2.1.11 for Py = {A,U \ A} and Py = {B, W\ B}.

Then
n?

Var(Z) = E[Z*] -E[Z]’ = (q(Pu, Pw) —q(U, W)).
[orw]
We have Z = d(A, B) with probability > |A| |B| /(|U| |W|) (corresponding to the event x € A
and y € B). So
Var(Z) = E[(Z - E[Z])’]

. lAL1B| 2
> [y (4CAB) = W, W)

>8'8'82.

Putting the two inequalities together gives the claim. O

The next lemma, corresponding to step (2)(b) of the algorithm above, shows that we can
put all the witnessing pairs together to obtain an energy increment.

Lemma 2.1.14 (Energy boost for an irregular partition)

If a partition P = {V1, ..., Vi} of V(G) is not e-regular, then there exists a refinement Q
of P where every V; is partitioned into at most 2%*! parts, and such that

q(Q) > qg(P) + &°.

Proof. Let
R ={(i,j) € [k]*: (Vi V;) is e-regular} and R=[k]*\R.

For each pair (V;, V;) thatis not &-regular, find a pair A>/ C V; and B"/ C V; that witnesses the
irregularity. Do this simultaneously for all (i, j) € R. Note for i # j, we can take A*/ = B/
due to symmetry. When i = j, we should allow for the possibility of A’ and B™*' to be distinct.

Let Q be a common refinement of # by all the A/ and B*/ (i.e., the parts of Q are maximal



2.1 Szemerédi’s Graph Regularity Lemma 59

Vi Vi Vi Vi

o e O e

B B
2 . A By
Vs Vi W Vi W )% A3 Vs

2
\%
A3 B3 2

| | | |
l

Vi

oy,
O @

Vs Vs

Figure 2.1.1 In the proof of Lemma 2.1.14, we refine the partition by taking a
common refinement using witnesses of irregular pairs.

subsets that are not “cut up” into small pieces by any element of # or by the A*/ and B’/
intuitively, imagine regions of a Venn diagram). See Figure 2.1.1 for an illustration. There are
< k + 1 such distinct non-empty sets inside each V;. So Q refines each V; into at most 2¢*!
parts. Let @Q; be the partition of V; given by Q. Then, using the monotonicity of energy under
refinements (Lemma 2.1.11),

9@= ) 49@.Q)

(i) el
- Z q(Q;, Q) + Z 4(Q.. Q)
(i.J)eR (DR
> 30 qVp)+ D gAY VAAY) (B, VABYY).
(i,j)eR (i,j)eE

By Lemma 2.1.13, the energy boost lemma, the above sum is

Vil V]
> Z q(Vi,Vj)'i' Z 847.
(i,j)elk]? (i.j)eR
The first sum equals g(%), and the second sum is > &> by Lemma 2.1.13 since % is not
e-regular. This gives the desired inequality. O

Remark 2.1.15 (Refinements should be done simultaneously). Here is a subtle point in the
above proof. The refinement Q must be obtained in a single step by refining £ using all the
witnessing sets A"/ simultaneously. If instead we pick out a pair A*/ C V; and A7 C V;,
refine the partition using just this pair, and then iterate using another irregular pair (V;/, V),
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the energy boost step would not work. This is because e-regularity (or lack thereof) is not
well-preserved under taking refinements.

Proof of the graph regularity lemma (Theorem 2.1.9). Start with a trivial partition of the ver-
tex set of the graph. Repeatedly apply Lemma 2.1.14 whenever the current partition is
not e-regular. By Lemma 2.1.14, the energy of the partition increases by more than &° at
each iteration. Since the energy of the partition is < 1, we must stop after < &> iterations,
terminating in an g-regular partition.

If a partition has k parts, then Lemma 2.1.14 produces a refinement with < k2*! parts.
We start with a trivial partition with one part, and then refine < £~ times. Observe the crude
bound k2%*! < 22°. So the total number of parts at the end is < tower([2&75]), where

tower(k) = 22" }heightk' ]

Remark 2.1.16 (The proof does not guarantee that the partition becomes “more regular” after
each step.). Let us stress what the proof is not saying. It is not saying that the partition gets
more and more regular under each refinement. Also, it is not saying that partition gets more
regular as the energy gets higher. Rather, the energy simply bounds the number of iterations.

The bound on the number of parts guaranteed by the proof is a constant for each fixed
e > 0, but it grows extremely quickly as € gets smaller. Is the poor quantitative dependence
somehow due to a suboptimal proof strategy? Surprisingly, the tower-type bound is necessary,
as shown by Gowers (1997).

Theorem 2.1.17 (Lower bound on the number of parts in a regularity partition)
There exists a constant ¢ > 0 such that for all sufficiently small £ > 0, there exists a graph
with no e-regular partition into fewer than tower([&£7¢]) parts.

We do not include the proof here; see Moshkovitz & Shapira (2016) for a short proof.

The general idea is to construct a graph that roughly reverse engineers the proof of the
regularity lemma, so there is essentially a unique e-regular partition, which must have many
parts.

Remark 2.1.18 (Irregular pairs are necessary in the regularity lemma). Recall that in Defini-
tion 2.1.7 of an e-regular partition, we are allowed to have some irregular pairs. Are irregular
pairs necessarily? It turns that we must permit them. Exercise 2.1.24 gives an example of a
canonical example (a “half graph”) where every regularity partition has irregular pairs.

The regularity lemma is quite flexible. For example, we can start with an arbitrary partition
of V(G) instead of the trivial partition in the proof, in order to obtain a partition that is
a refinement of a given partition. The exact same proof with this modification yields the
following.

Theorem 2.1.19 (Regularity starting with an arbitrary initial partition)

For every € > 0, there exists a constant M such that for every graph G and a partition
Py of V(G), there exists an e-regular partition P of V(G) that is a refinement of P, and
such that each part of Py is refined into at most M parts.
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Here is another strengthening of the regularity lemma. We impose the additional requirement
that vertex parts should be as equal in size as possible. We say that a partition is equitable if
all part sizes are within one of each other; that is, ||Vl~| - |Vj|| < 1. In other words, a partition
of a set of size n into k parts is equitable if every part has size |n/k] or [n/k].

Theorem 2.1.20 (Equitable regularity lemma)
For all £ > 0 and m,, there exists a constant M such that every graph has an e-regular
equitable partition of its vertex set into k parts with my < k < M.

Remark 2.1.21. The lower bound m, requirement on the number of parts is somewhat
superficial. The reason for including it here is that it is often convenient to discard all the
edges that lie within individual parts of the partition, and since there are most n*/k such
edges, they contribute negligibly if the number of parts & is not too small, which is true if we
require my > 1/e in the equitable regularity lemma statement.

There are several ways to guarantee equitability. One method is sketched below. We equitize
the partition at every step of the refinement iteration, so that at each step in the proof, we both
obtain an energy increment and also end up with an equitable partition.

Proof sketch of the equitable regularity lemma (Theorem 2.1.20). Here is a modified algo-
rithm:

(1) Start with an arbitrary equitable partition of the graph into m, parts.

(2) While the current equitable partition ¥ is not e-regular:

(a) (Refinement/energy boost) Refine the partition using pairs that witness irregu-
larity (as in the earlier proof). The new partition £’ divides each part of # into
< 2”1 parts.

(b) (Equitization) Modify #’ into an equitable partition by arbitrarily chopping
each part of P’ into parts of size |V(G)| /m (for some appropriately chosen
m =m(|P’|, €)) plus some leftover pieces, which are then combined together
and then divided into parts of size |V (G)| /m.

The refinement step (2)(a) increases energy by > &> as before. The energy might go down
in the equitization step (2)(b), but it should not decrease by much, provided that the m chosen
in that step is large enough (say, m = |_100 [P’ e’SJ). So overall, we still have an energy
increment of > &3/2 at each step, and hence the process still terminates after O (%) steps.
The total number of parts at the end is < m, tower(O(&7)). O

I Exercise 2.1.22. Complete the details in the above proof sketch.

Exercise 2.1.23 (Making each part e-regular to nearly all other parts). Prove that for all
£ > 0 and my,, there exists a constant M so that every graph has an equitable vertex partition
into k parts, with my < k < M, such that each part is e-regular with all but at most ek
other parts.

The important example in the next exercise shows why we must allow irregular pairs in the
graph regularity lemma.
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Exercise 2.1.24 (Unavoidability of irregular pairs). Let the half-graph H, be the bipartite
graph on 2n vertices {ay, ..., a,, by, ..., b,} with edges {a;b; : i < j}.
(a) For every & > 0, explicitly construct an e-regular partition of H, into O(1/&) parts.
(b) Show that there is some ¢ > 0 such that for every ¢ € (0, ¢), every positive integer
k and sufficiently large multiple n of k, every partition of the vertices of H, into k
equal-sized parts contains at least ck pairs of parts which are not e-regular.

The next exercise should remind you of the iteration technique from the proof of the graph
regularity lemma.

Exercise 2.1.25 (Existence of a regular pair of subsets). Show that there is some absolute
constant C > 0 such that for every 0 < & < 1/2, every graph on n vertices contains an
e-regular pair of vertex subsets each with size at least on, where 6 = 27,

(£310u2 asn 3 uop) JudWAIOUT ANISUI(] JUIE

This exercise asks for two different proofs of the following theorem.
Given a graph G, we say that X C V(G) is g-regular if the pair (X, X) is e-regular; that is,
for all A, B C X with |A],|B| > €|X]|, one has |d(A, B) — d(X, X)| < .

Theorem 2.1.26 (e-regular subset)

For every € > 0, there exists & > 0 such that every graph contains an e-regular subset of
vertices that is an > ¢ fraction of the vertex set.

Exercise 2.1.27 (e-regular subset).

(a) Prove Theorem 2.1.26 using Szemerédi’s regularity lemma, showing that one can
obtain the e-regular subset by combining a suitable sub-collection of parts from
some regularity partition.

(b*) Give an alternative proof of the theorem with 6 = exp(—exp(£7)) for some
constant C.

Exercise 2.1.28™ (Regularity partition into regular sets). Show that for every € > 0 there
exists M so that every graph has an e-regular partition into at most M parts, with every part
being e-regular with itself.

2.2 Triangle Counting Lemma

Szemerédi’s regularity lemma gave us a vertex partition of a graph. How can we use this
partition?

In this section, we begin by establishing the triangle counting lemma. Given three vertex
sets X, Y, Z, pairwise e-regular in G, we can approximate it by a random tripartite graph on
X, Y, Z with the same edge densities between parts. By comparing G to its random model
approximation, we expect the number of triples (x, y,z) € X X Y x Z forming a triangle in G
to be roughly

d(X,Y)d(X,2)d(Y,2)|X||Y]|Z|.

The triangle counting lemma makes this intuition precise.
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Theorem 2.2.1 (Triangle counting lemma)

Let G be a graph and X, Y, Z be subsets of the vertices of G such that (X,Y), (Y, Z),
(Z, X) are all e-regular pairs for some € > 0. If d(X,Y),d(X,Z),d(Y,Z) > 2¢, then

[{(x,y,z) € X XY X Z : xyzis atriangle in G}|
> (1-2e)(d(X,Y)—e)(d(X,Z)—e)(d(Y,Z)—¢e) |X]||Y]]|Z].

Remark 2.2.2. The vertex sets X,Y,Z do not have to be disjoint, but one does not lose
any generality by assuming that they are disjoint in this statement. Indeed, starting with
X,Y,Z C V(G), one can always create an auxiliary tripartite graph G’ with vertex parts
being disjoint replicas of X, Y, Z and the edge relations in X X Y being the same for G and
G’, and likewise for X X Z and Y x Z. Under this auxiliary construction, a triple in X XY X Z
forms a triangle in G if and only it forms a triangle in G”.

G G’

Now we show that in an e-regular pair (X, Y), almost all vertices of X have roughly the
same number of neighbors in Y (the next lemma only states a lower bound on degree, but the
same argument also gives an analogous upper bound).

Lemma 2.2.3 (Most vertices have roughly the same degree)

Let (X,Y) be an e-regular pair. Then fewer than ¢ |X| vertices in X have fewer than
(d(X,Y) — &) |Y| neighbors in Y. Likewise, fewer than & |Y| vertices in ¥ have fewer than
(d(X,Y) — &) | X| neighbors in X.

Proof. Let A be the subset of vertices in X with < (d(X,Y) — &) |Y| neighbors in Y. Then
d(A,Y) <d(X,Y) — ¢, and thus |A| < €|X]| by Definition 2.1.2 as (X, Y) is an e-regular pair.
The other claim is similar. O

Proof of Theorem 2.2.1. By Lemma 2.2.3, we can find X’ C X with | X’| = (1 —2¢&) | X| such



64 Graph Regularity Method

that every vertex x € X’ has > (d(X,Y) — &) |Y| neighbors in Y and > (d(X, Z) — ¢)|Z|
neighbors in Z. Write Ny(x) = N(x) NY and Nz(x) = N(x) N Z.

X
X
[ ]
Y
D=
e-regular

For each such x € X’, we have |Ny(x)| > (d(X,Y) — &) |Y| = ¢|Y]. Likewise, |[Nz(x)| >
g|Z|. Since (Y, Z) is e-regular, the edge density between Ny (x) and Nz(x) is > d(Y,Z) — ¢.
So for each x € X’, the number of edges between Ny (x) and Nz(x) is

2 (d(Y,Z) = &)INy()|INz(x)| = (d(X,Y) - &)(d(X, Z) - €)(d(Y,Z) - &)|Y||Z].

Multiplying by |X’| > (1 — 2¢) | X|, we obtain the desired lower bound on the number of
triangles. O

Remark 2.2.4. We only need the lower bound on the triangle count for our applications in
this chapter, but the same proof can also be modified to give an upper bound, which we leave
as an exercise.

2.3 Triangle Removal Lemma

The triangle removal lemma (Ruzsa & Szemerédi 1978) is one of the first major applications
of the regularity method. Informally, the triangle removal lemma says that a graph with few
triangles can be made triangle-free by removing a few edges. Here, “few triangles” means a
subcubic number of triangles (i.e., asymptotically less than the maximum possible number)
and “few edges” means a subquadratic number of edges.

Theorem 2.3.1 (Triangle removal lemma)

For all & > 0, there exists ¢ > 0 such that any graph on n vertices with fewer than 5n*
triangles can be made triangle-free by removing fewer than en” edges.

The triangle removal lemma can be equivalently stated as:

An n-vertex graph with o(n?) triangles can be made triangle-free by removing o(n?) edges.
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Our proof of Theorem 2.3.1 demonstrates how to apply the graph regularity lemma. Here
is a representative “recipe” for the regularity method.

Remark 2.3.2 (Regularity method recipe). Typical applications of the regularity method
proceed in the following steps:
(1) Partition the vertex set of a graph using the regularity lemma.
(2) Clean the graph by removing edges that behave poorly in the regularity partition. Most
commonly, we remove edges that lie between pairs of parts with
(a) irregularity, or
(b) low-density, or
(c) one of the parts too small
This ends up removing a negligible number of edges.
(3) Count a certain pattern in the cleaned graph using a counting lemma.

To prove the triangle removal lemma, after cleaning the graph (which removes few edges),
we claim that the resulting cleaned graph must be triangle-free, or else the triangle counting
lemma would find many triangles, contradicting the hypothesis.

Proof of the triangle removal lemma (Theorem 2.3.1). Suppose we are given a graph on n
vertices with < 6n® triangles, for some parameter 6 we will choose later. Apply the graph
regularity lemma, Theorem 2.1.9, to obtain an &/4-regular partition of the graph with parts
Vi, Vs, -, V,. Next, for each (i, j) € [m]?, remove all edges between V; and V;if

(a) (V;,V;)is not &/4-regular, or

(b) d(V;,V;) <g/2,0r

(¢) min{|Vil, |V]} < &n/(4m).

Since the partition is &/4-regular (recall Definition 2.1.7), the number of edges removed in
(a) from irregular pairs is

)
< f | < =
< Z ViVl < 3o
(Vi,Vj) not Es/4)—regular
The number of edges removed in (b) from low-density pairs is

& €,
< Z d(Ve V)IVillVy] < 5;|W||v,| =5n.
d(Vi,Vi)<e/2 ’

The number of edges removed in (c) with an endpoint in a small part is

In total, we removed < &n?* edges from the graph.

We claim that the remaining graph is triangle-free, provided that 6 was chosen appropriately
small. Indeed, suppose there remains a triangle whose three vertices lie in V;, V;, Vi (not
necessarily distinct parts).
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triangle counting lemma

Vi Vi
one triangle cubically many triangles

Because edges between the pairs described in (a) and (b) were removed, V;, V;, Vi satisfy the
hypotheses of the triangle counting lemma (Theorem 2.2.1),

3
#{triangles in V; X V; x V; } > (1 - ;) (Z) Vil [Vi| Vi

> (1-3) () (&)

where the final step uses (c) above. Then as long as

o< (-5)(5) (i)
6 2/\4) \dm) ~°
we would contradict the hypothesis that the original graph has < dn® triangles (the extra factor

of 6 above is there to account for the possibility that V; = V; = V}). Since m is bounded for
each fixed &, we see that ¢ can be chosen to depend only on &. O

The next corollary of the triangle removal lemma will soon be used to prove Roth’s theorem.
Here “diamond” refers to the following graph, consisting of two triangles sharing an edge.

Corollary 2.3.3 (Diamond-free lemma)

Let G be an n-vertex graph where every edge lies in a unique triangle. Then G has o(n?)
edges.

Proof. Let G have m edges. Because each edge lies in exactly one triangle, the number of
triangles in G is m/3 = O(n?) = o(n?). By the triangle removal lemma (see the statement
after Theorem 2.3.1), we can remove o(n?) edges to make G triangle-free. However, deleting
an edge removes at most one triangle from the graph by assumption, so m/3 edges need to be
removed to make G triangle-free. Thus m = o(n?). O

Remark 2.3.4 (Quantitative dependencies in the triangle removal lemma). Since the above
proof of the triangle removal lemma applies the graph regularity lemma, the resulting bounds
from the proof are quite poor: it shows that one can pick 6 = 1/tower(s~°"). Using a different
but related method, Fox (2011) proved the triangle removal lemma with a slightly better
dependence 6 = 1/tower(O(log(1/¢))). In the other direction, we know that the triangle
removal lemma does not hold with § = £1°¢(1/# for a sufficiently small constant ¢ > 0. The
construction comes from the Behrend construction of large 3-AP-free sets that we will soon
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see in Section 2.5. Our knowledge of the quantitative dependence in Corollary 2.3.3 comes
from the same source, specifically, we know that the o(n?) can be sharpened to n?/e?log (1/2)
(where log", the iterated logarithm function, is the number of iterations of log that one needs
to take to bring a number to at most 1) but the statement is false if the o(n?) is replaced by
nze‘c‘/@ for some sufficiently large constant C. It is a major open problem to close the gap
between these the upper and lower bounds in these problems.

The triangle removal lemma was historically first considered in the following equivalent
formulation.

Theorem 2.3.5 ((6, 3)-theorem)

Let H be an n-vertex 3-uniform hypergraph without a subgraph having 6 vertices and 3
edges. Then H has o(n?) edges.

I Exercise 2.3.6. Deduce the (6, 3)-theorem from Corollary 2.3.3, and vice-versa.

The following conjectural extension of the (6, 3)-theorem is is a major open problem in
extremal combinatorics. The conjecture is attributed to Brown, Erd&s, & Sés (1973).

Conjecture 2.3.7 ((7, 4)-conjecture)
Let H be an n-vertex 3-uniform hypergraph without a subgraph having 7 vertices and 4
edges. Then H has o(n?) edges.

2.4 Graph Theoretic Proof of Roth’s Theorem

We will now prove Roth’s theorem, which we saw in Chapter 0 and restated below. The proof
below, due to Ruzsa & Szemerédi (1978) connects graph theory and additive combinatorics,
akin to the proof of Schur’s theorem in Chapter 0.

We write 3-AP for “3-term arithmetic progression.” We say that A is 3-A P-free if there are
nox,x+y,x+2y € Awithy #0.

Theorem 2.4.1 (Roth’s theorem)
Let A C [N] be 3-AP-free. Then |A| = o(N).

Proof. Embed A C Z/MZ with M = 2N + 1 (to avoid wraparounds). Since A is 3-AP-free in
Z, it is 3-AP-free in Z/ MZ as well.

Now, we construct a tripartite graph G whose parts X, Y, Z are all copies of Z/MZ. The
edges of the graph are (since M is odd, we are allowed to divide by 2 in Z/ MZ):

e (x,y) € X XY whenever y —x € A;

o (y,z) €Y XZ wheneverz —y € A;

e (x,z) € X x Z whenever (z —x)/2 € A.
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Z/MZ

x ~ yiff x ~ ziff
y-—x€A (z-x)/2€ A

Z/MZ Z/MZ
y ~ ziff
z—y€eA

In this graph, (x,y,z) € X XY X Z is a triangle if and only if

I—X
-X,—,z—y € A.
y—x 3 =y

The graph was designed so that the above three numbers form an arithmetic progression in
the listed order. Since A is 3-AP-free, these three numbers must be all equal. So, every edge
of G lies in a unique triangle, formed by setting the three numbers above to equal.

The graph G has exactly 3M = 6N + 3 vertices and 3M |A| edges. Corollary 2.3.3 implies
that G has o(N?) edges. So |A| = o(N). |

Now we prove a higher dimensional generalization of Roth’s theorem.
A corner in Z? is a three-element set of the form {(x, y), (x + d, y), (x,y +d)} with d > 0.

L.

(Note that one could relax the assumption d > 0 to d # 0, allowing “negative” corners. As
shown in the first step in the proof below, the assumption d > 0 is inconsequential.)

Theorem 2.4.2 (Corner-free)
Every corner-free subset of [N]? has size o(N?).

Remark 2.4.3 (History). The theorem is due to Ajtai & Szemerédi (1974), who originally
proved it by invoking the full power of Szemerédi’s theorem. Here we present a much simpler
proof using the triangle removal lemma due to Solymosi (2003).

Proof. First we show how to relax the assumption in the definition of a corner from d > 0 to
d#+0.

Let A C [N]? be a corner-free set. For each z € Z?, let A, = A N (z — A). Then |A_| is the
number of ways that one can write z = a + b for some (a, b) € AXA.S0 Y, conp2 |Az| = |A]%,
so there is some z € [2N] with |A,| > |A|* /(2N)2. To show that |A| = o(N?), it suffices to
show that |A,| = 0(N?). Moreover, since A, = z — A, it being corner-free implies that it does
not contain three points {(x, y), (x +d,y), (x,y +d)} with d # 0.

Write A = A, from now on. Build a tripartite graph G with parts X = {x1,...,xn},
Y={y,....,yn}and Z = {z1,. .., 2on }, Where each vertex x; corresponds to a vertical line
{x =i} € Z?, each vertex y; corresponds to a horizontal line {y = j}, and each vertex z;
corresponds to a slanted line {y = —x + k} with slope —1. Join two distinct vertices of G
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with an edge if and only if the corresponding lines intersect at a point belonging to A. Then,
each triangle in the graph G corresponds to a set of three lines of slopes 0, co, —1 pairwise
intersecting at a point of A.

X
Xi

r Yj
X+y= Y % Z

xX=1i

Since A is corner-free in the sense stated at the end of the previous paragraph, x;, y;, zx form a
triangle in G if and only if the three corresponding lines pass through the same point of A (i.e.,
forming a trivial corner with d = 0). Since there is exactly one line of each direction passing
through every point of A, it follows that each edge of G belongs to exactly one triangle. Thus,
by Corollary 2.3.3, 3 |A| = e(G) = o(N?). o

The upper bound on corner-free sets actually implies Roth’s theorem, as shown below. So
we now have a second proof of Roth’s theorem (though, this second proof is secretly the same
as the first proof).

Proposition 2.4.4 (Corner-free sets vs. 3-AP-free sets)

Let r3(N) be the size of the largest subset of [ N] which contains no 3-term arithmetic
progression, and 7_(N) be the size of the largest subset of [N]? which contains no corner.
Then, r;(N)N < r_(2N).

2N
’
s
’
[
7 s
[
[
N 1 P d
s,
// 7 //
v ’ 7
’/ // // B
SO0 .
- ol &
0 AN 2N

Proof. Given a 3-AP-free set A C [N] of size r3(NNV), define a set
B = {(x,y) €[2N]?:x -y EA}.

Each element a € A gives rise to > N different elements (x, y) of B with x —y = a. So
|B| = N |A|. Furthermore, B is corner-free, since each corner (x + d, y), (x,y), (x,y +d) in
B givesrise to a3-APx — y —d, x — y, x — y + d with common difference d. So |B| < r_(2N).
Thus r;(N)N < |A|N < |B| < r_(2N). O

Remark 2.4.5 (Quantitative bounds). Both proofs above rely on the graph regularity lemma,
and hence give poor quantitative bounds. They tell us that a 3-AP-free A C [N] has
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|A| < N/(log" N)¢, where log™ N is the iterated logarithm (the number of times the logarithm
function must be applied to bring N to less than or equal to 1). Later in Chapter 6 we discuss
Roth’s original Fourier analytic proof, which uses different methods (though sharing the
structure and randomness dichotomy theme) and gives much better quantitative bounds.

The current best upper bound on the size of a 3-AP-free subset of [N] is N/(log N)'*¢
for some constant ¢ > 0 (Bloom & Sisask 2020). The current best upper bound on the size
of corner-free subsets of [N]? is N?/(loglog N)¢ for some constant ¢ > 0 (Shkredov 2006).
Both use Fourier analysis.

For the next exercise, apply the triangle removal lemma to an appropriate graph.

Exercise 2.4.6* (Arithmetic triangle removal lemma). Show that for every £ > 0, there exists
& > 0 such that if A C [n] has fewer than 6n> many triples (x,y,z) € A> withx +y = z,
then there is some B C A with |A \ B| < &n such that B is sum-free (i.e., no x,y,z € B
withx +y = 2).

2.5 Large 3-AP-Free Sets: Behrend’s Construction

How can we construct a large 3-AP-free subset of [N]?

We can do it greedily. Starting with 0 (which produces a nicer pattern), we successively put
in each positive integer if adding it does not create a 3-AP with the already chosen integers.
This would produce the following sequence:

01 3 4 9 10 12 13 27 28 30 31

The above sequence is known as a Stanley sequence. It consists of all nonnegative integers
whose ternary representations have only the digits 0 and 1 (why?). Up to N = 3%, the subset
A C [N] so constructed has size |A| = 2k = N'°&2,

For quite some time, people thought the above example was close to the optimal. Salem &
Spencer (1942) then found a much larger 3-AP-free subset of [N], with size N'=°(, Their
result was further improved by Behrend (1946), whose construction we present below. This
construction has not yet been substantially improved (see Elkin (2011) and Green & Wolf
(2010) for some lower order improvements).

Behrend’s construction has surprising applications, such as in the design of fast matrix
multiplication algorithms (Coppersmith & Winograd 1990).

Theorem 2.5.1 (Behrend'’s construction)
There exists a constant C > 0 such that for every positive integer N, there exists a
3-AP-free A C [N] with |A| > Ne € VeV,

The rough idea is to first find a high dimensional sphere with many lattice points via the
pigeonhole principle. The sphere contains no 3-AP due to convexity. We then project these
lattice points onto Z in a way that creates no additional 3-APs. This is done by treating the
coordinates as the base-g expansion of an integer with some large g.

Proof. Let m and d be two positive integers depending on N to be specified later. Consider
the lattice points of X = {0, 1,...,m — 1}¢ that lie on a sphere of radius VL:

Xp={(x,....x5) €X:xj+--+x3=L}.



2.6 Graph Counting and Removal Lemmas 71

Then, X = U X;. So by the pigeonhole principle, there exists an L € [dm?] such that
|X.| = m?/(dm?). Define the base 2m digital expansion

d

d(x1,.. ., xq) =y x:(2m)".

i=1
Then ¢ is injective on X. Furthermore, x,y,z € [m]? satisfy x + z = 2y if and only if
¢(x) + ¢(2) = 2¢(y) (there are no wraparounds in base 2m with all coordinates less than
m). Since X; is a subset of a sphere, it is 3-AP-free. Thus ¢(X) C [(2m)9] is a 3-AP-free

set of size > m?/(dm?). We can optimize the parameters and take m = [eV'°¢" /2] and

d = |\/log N|, thereby producing a 3-AP-free subset of [N] with of size > Ne CVieV,
where C is some absolute constant. O

The Behrend construction also implies lower bound constructions for the other problems
we saw earlier. For example, since we used the diamond-free lemma (Corollary 2.3.3) to
deduce an upper bound on the size of 3-AP-free set, turning this implication around, we
see that having a large 3-AP-free set implies the following quantitative limitation on the
diamond-free lemma.

Corollary 2.5.2 (Lower bound for the diamond-free lemma)

For every n > 3, there is some n-vertex graph with at least n?e =€ V1oe"

edge lies on a unique triangle. Here C is some absolute constant.

edges where every

Proof. In the proof of Theorem 2.4.1, starting from a 3-AP-free set A C [ N], we constructed a
graph with 6N +3 vertices and (6N +3) |A| edges such that every edge lies in a unique triangle.
Choosing N = [ (n — 3)/6] and letting A be the Behrend construction of Theorem 2.5.1 with

|A] > Ne V¢V 'we obtain the desired graph. O

Remark 2.5.3 (More lower bounds from Behrend’s construction). The same graph construction
also shows, after examining the proof of Corollary 2.3.3, that in the triangle removal lemma,
Theorem 2.3.1, one cannot take 6 = e~<1°2(1/2)” if the constant ¢ > 0 is too small.

In Proposition 2.4.4 we deduced an upper bound r;(N)N < r_(2N) on corner-free sets
using 3-AP-free sets. The Behrend construction then also gives a corner free subset of [N]?

of size > N2e € VloeN,
Exercise 2.5.4 (Modifying Behrend’s construction). Prove that there is some constant C > 0

so that for all N, there exists A C [N] with |A| > N exp(—C+/log N) so that there do not
exist w, y,x, z € A not all equal and satisfying x + y + z = 3w.

Exercise 2.5.5* (Avoiding 5-term quadratic configurations). Prove that there is some constant
C > 0 so that for all N, there exists A C [N] with |A| > N exp(—C+/log N) so that there
does not exist a non-constant quadratic polynomial P so that P(0), P(1), P(2), P(3),
P(4) € A.

2.6 Graph Counting and Removal Lemmas

In this section, we generalize the triangle counting lemma from triangles to other graphs and
discuss applications.
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Graph counting lemma

Let us first illustrate the technique for K. Similar to the triangle counting lemma, we embed
the vertices of K, one at a time. At each stage we ensure that many eligible vertices remain
for the yet to be embedded vertices.

Proposition 2.6.1 (K, counting lemma)

Let 0 < & < 1. Let Xj,..., X4 be vertex subsets of a graph G such that (X;, X;) is
e-regular with edge-density d;; := d(X;, X;) > 3+/e for each pair i < j. Then the number
of quadruples (xy, xo,x3,x4) € X; X X5 X X3 X Xy such that x;xpx3x4 is a clique in G is

> (1 -3¢&)(di2 —3e)(di3 — €)(dis — €)(drs — &) (drs — €)(d3s — &) | Xi| | Xa| | X3] [ X4l .

Proof. We repeatedly apply the following statement, which is a simple consequence of the
definition of e-regularity (and a small extension of Lemma 2.2.3):

Given an e-regular pair (X,Y), and B C Y with |B| > ¢|Y|, the number of vertices in X
with < (d(X,Y) — &) |B| neighbors in B is < ¢ | X]|.

The number of vertices X; with > (dy; — €) |X;| neighbors in X; for each i = 2,3,4 is
> (1 - 3¢) | Xy|. Fix a choice of such an x; € X,. For each i = 2, 3,4, let ¥; be the neighbors
of xy in X;, so that |Y;| > (dy; — &) | X/

X

<
- S
G n AN
ke " NN
4 N
’ N

n = 4
I \\\ N

: @ : | @
X3 Y3

The number of vertices in ¥, with > (dy; — &) |Y;| common neighbors in Y; for each i = 3,4
is > |Yo| — 2¢|X5| = (di» — 3¢) | X>|. Fix a choice of such an x, € Y,. For each i = 3,4, let Z;
be the neighbors of x, in ¥;.

Foreachi = 3,4, |Z;| = (d\; — &)(dy; — &) | X;| = €|X;], and so

e(Z3,Z4) 2 (dss — €) | Z3] | Z4]
> (dsy— &) - (diz —&)(dyz — &) | Xz] - (dis — &) (dra — &) | Xy4] .

Any edge between Z; and Z, forms a K, together with x; and x,. Multiplying the above
quantity with the earlier lower bounds on the number of choices of x; and x, gives the
result. O

The same strategy works more generally for counting any graph. To find copies of H, we
embed vertices of H one at a time.
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Theorem 2.6.2 (Graph counting lemma)

For every graph H and real 6 > 0, there exists an & > 0 such that the following is true.

Let G be a graph, and X; C V(G) for each i € V(H) such that for each ij € E(H),
(X;, X;) is an e-regular pair with edge density d;; := d(X;, X;) > 6. Then the number of
graph homomorphisms H — G where each i € V(H) is mapped to X; is

>(1-6) [] (-0 [] 1xl,

ijeE(H) ieV(H)

Remark 2.6.3. (a) For a fixed H, as | X;| — oo for each i, all but a negligible fraction of such
homomorphisms from H are injective (i.e., yielding a copy of H as a subgraph).

(b) It is useful (and in fact equivalent) to think about the setting where G is a multipartite
graph with parts X;, as illustrated below.

SERNO S C)
Lt Com(y)

G

In the multipartite setting, we see that the graph counting lemma can be adapted to variants
such as counting induced copies of H. Indeed, an induced copy of H is the same as a
v(H)-clique in an auxiliary graph G’ obtained by replacing the bipartite graph in G between
X; and X; by its complementary bipartite graph between X; and X; for each ij ¢ E(H).

/\ Glz Gi3 A in G Gi3

0.0

K, (m) modified G
(c) We will see a different proof in Section 4.5 using the language of graphons. There,
instead of embedding H one vertex at a time, we compare the density of H and H \ {e}.

induced H

We establish the following stronger statement, which has the additional advantage that one
can choose the regularity parameter € to depend on the maximum degree of H rather than H

itself. You may wish to skip reading the proof, as it is notationally rather heavy. The main
ideas were already illustrated in the K4 counting lemma.



74 Graph Regularity Method

Theorem 2.6.4 (Graph counting lemma)
Let H be a graph with maximum degree A > 1 and ¢(H) connected components. Let
e > 0. Let G be a graph. Let X; C V(G) for each i € V(H). Suppose that for each
ij € E(H), (X;, X;) is an e-regular pair with edge density d,; := d(X;, X;) > (A+1)e'/2.
Then the number of graph homomorphisms H — G where each i € V(H) is mapped to
X; is

> (1-Ae)™ [ (dy-ae" - ] IXil.

ijeE(H) ieV(H)

Furthermore, if | X;| > v(H)/e for each i, then there exists such a homomorphism H — G
that is injective (i.e., an embedding of H as a subgraph).

Proof. Let us order and label the vertices of H by 1,...,v(H) arbitrarily. We will select
vertices x; € X1,x, € X, ... in order. The idea is to always make sure that they have enough
neighbors in G so that there are many ways to continue the embedding of H. We say that a
partial embedding x, ..., x,_; (here partial embedding means that x;x; € E(G) whenever
ij € E(H) for all the x;’s chosen so far) is abundant if for each j > s, the number of
valid extensions x; € X; (meaning that x;x; € E(G) whenever i < s and ij € E(H)) is
2 | X icsijepm) (dij — €).

Foreach s = 1,2,...,v(H) in order, suppose we have already fixed an abundant partial
embedding x, ..., x,_1. Foreach j > s, let

Y;={x; € X; :x;x; € E(G) wheneveri < sandij € E(H)}

be the set of valid extensions of the j-th vertex in X; given the partial embeddings of
X1,...,Xs-1, S0 that the abundance hypothesis gives

il > X1 [ ] (dij—e) = (eI TEMI x| > o)X,
i jéEfH)
Thus, as in the proof of Proposition 2.6.1 for K, the number of choices x, € X that would
extend xp, ..., x;_; to an abundant partial embedding is

2 [Ys| = [{i > s :si € E(H)}| £ |X;]

> X [] (dij-e)=I{i>s:sic E(H)}e|X,|. (f)
iselE‘(yH)
If none of 1,...,s — 1 is aneighbor of s in H, then the first term in (}) is | X;|, and so

(1) = (1-A8) |X,].

Otherwise we can absorb the second term into the product and obtain

M=% [] @i-o-@-DelXl 21X [] (d;-as").
iselEEH) iselEfH)
Fix such a choice of x;. And now we move onto embedding the next vertex x.,.
Multiplying together these lower bounds for the number of choices of each x; over all

s=1,...,v(H), we obtain the lower bound on the number of homomorphisms H — G.
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Finally, note that in both cases (1) > & |X/|, and so if | X;| = v(H)/¢&, then (§) > v(H) and
so we can choose each x, to be distinct from the previously embedded vertices xi, . . ., xy_1,
thereby yielding an injective homomorphism. O

Graph removal lemma

As an application, we have the following graph removal lemma, generalizing the triangle
removal lemma, Theorem 2.3.1. The proof is basically the same as Theorem 2.3.1 except with
the above graph counting lemma taking the role of the triangle counting lemma, so we will
not repeat the proof here.

Theorem 2.6.5 (Graph removal lemma)

For every graph H and constant € > 0, there exists a constant 6 = §(H, &) > 0 such
that every n-vertex graph G with fewer than 6n") copies of H can be made H-free by
removing fewer than en® edges.

The next exercise asks you to show that, if H is bipartite, then one can prove the H-removal
lemma without using regularity, and thereby getting a much better bound.

Exercise 2.6.6 (Removal lemma for bipartite graphs with polynomial bounds). Prove that
for every bipartite graph H, there is a constant C such that for every € > 0, every n-vertex
graph with fewer than e€n"") copies of H can be made H-free by removing at most n?
edges.

Erdds—Stone-Simonovits theorem

As another application, let us give a different proof of the Erdgs—Stone—Simonovits theorem
from Section 1.5, restated below, which gives the asymptotics (up to a +o(n?) error term)
for ex(n, H), the maximum number of edges in an n-vertex H-free graph. We saw a proof in
Section 1.5 using supersaturation and the hypergraph KST theorem. The proof below follows
the partition-clean-count strategy in Remark 2.3.2 combined with an application of Turan’s
theorem. A common feature of many regularity applications is that they “boost” an exact
extremal graph theoretic result (e.g., Turdn’s theorem) to an asymptotic result involving more
complex derived structures (e.g., from the existence of a copy of K, to embedding a complete
r-partite graph).

Theorem 2.6.7 (Erd6s—Stone—Simonovits theorem)
Fix graph H with at least one edge. Then
2

n
JH) = |1 —.
ex(n, H) >

- X(Hl) 17 0(1))

Proof. Fix & > 0. Let G be any n-vertex graph with at least (1 - )W + 8) ”2—2 edges. The
theorem is equivalent to the claim that for n = n(e, H) sufficiently large, G contains H as a
subgraph.

Apply the graph regularity lemma to obtain an n-regular partition V(G) =V, U--- UV,
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for some sufficiently small > 0 only depending on £ and H, to be decided later. Then the
number m of parts is also bounded for fixed H and .

Remove an edge (x,y) € V; x V; if

(a) (V;,V;) is not n-regular, or

(b) d(V;,V;) <&/8, or

(¢) min{|[V;|,|V;|} < en/(8m).

Then, as in Theorem 2.3.1, the number of edges in (a) is < nn2 < en? /8, the number of edges
in (b) is < &n*/8, and the number of edges in (c) is < men?/(8m) < en?/8. Thus, the total
number of edges removed is < (3/8)en?. After removing all these edges, the resulting graph

G’ has still has > (1 - +7h + £) & edges.

By Turdn’s theorem (Corollary 1.2.6), G’ contains a copy of K, (g). Suppose that the y (H)
vertices of this K, (g land in V; ,---,V; . (allowing repeated indices). Since each pair of
these sets is n-regular, has edge density > £/8, and each has size > en/(8m), applying the
graph counting lemma, Theorem 2.6.2, we see that as long as 7 is sufficiently small in terms of
e and H, and n is sufficiently large, there exists an injective embedding of H into G’ where the
vertices of H in the r-th color class are mapped into V; . So G contains H as a subgraph. O

2.7 Exercises on Applying Graph Regularity

The regularity method can be difficult at first to grasp conceptually. The following exercises
are useful for gaining familiarity in applying the regularity lemma. For these exercises, you
are welcome to use the equitable form of the graph regularity lemma (Theorem 2.1.20), which
is more convenient to apply.

Exercise 2.7.1 (Ramsey—Turan).
(a) Show that for every € > 0, there exists 6 > 0 such that every n-vertex K4-free graph
with at least (% + &)n? edges contains an independent set of size at least 6n.
(b) Show that for every & > 0, there exists § > 0 such that every n-vertex Ks-free graph
with at least (é — 6)n? edges and independence number at most 67 can be made
bipartite by removing at most en* edges.

Exercise 2.7.2 (Ramsey’s theorem in a nearly complete graph). Show that for every H
there exists some ¢ > 0 such that for all sufficiently large #n, if G is an n-vertex graph with
average degree at least (1 — 6)n and the edges of G are colored using 2 colors, then there is
a monochromatic copy of H.
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Exercise 2.7.3 (Nearly homogeneous subset). Show that for every H and € > 0O there
exists 0 > 0 such that every graph on n vertices without an induced copy of H contains an
induced subgraph on at least n vertices whose edge density is at most € or at least 1 — &.

Exercise 2.7.4 (Ramsey numbers of bounded degree graphs). Show that for every A there
exists a constant C, so that if H is a graph with maximum degree at most A, then every
2-edge-coloring of a complete graph on at least Cov(H) vertices contains a monochromatic
copy of H.

Exercise 2.7.5 (Counting H-free graphs).
(a) Show that the number of n-vertex triangle-free graphs is 2(1/4+o())n*,
(b) More generally, show that for any fixed graph H, the number of n-vertex H-free
graphs is zex(n,H)+o(n2) .

Exercise 2.7.6* (Induced Ramsey). Show that for every graph H there is some graph G
such that if the edges of G are colored with two colors, then some induced subgraph of G is
a monochromatic copy of H.

Exercise 2.7.7* (Finding a degree-regular subgraph). Show that for every @ > 0, there
exists 8 > 0 such that every graph on n vertices with at least an® edges contains a d-regular
subgraph for some d > Bn (here d-regular refers to every vertex having degree d).

2.8 Induced Graph Removal and Strong Regularity

Recall that H is an induced subgraph of G if one can obtain H from G by deleting vertices
from G (but you are not allowed to simply remove edges from G). We say that G is induced
H-free if G contains no induced subgraph isomorphic to H. (See Notation and Conventions.)

The following removal lemma for induced subgraphs is due to Alon, Fischer, Krivelevich,
& Szegedy (2000).

Theorem 2.8.1 (Induced graph removal lemma)

For any graph H and € > 0, there exists 6 > 0 such that if an n-vertex graph has fewer
than 6n" ") induced copies of H, then it can be made induced H-free by adding and/or
deleting fewer than en? edges.

Remark 2.8.2. Given two graphs on the same vertex set, the minimum number of edges
that one needs to add/delete to obtain the second graph from the first graph is called the edit
distance between the two graphs. The induced graph removal lemma can be rephrased as
saying that every graph with few induced copies of H is close in edit distance to an induced
H-free graph.

Unlike the previous graph removal lemma, for the induced version, it is important that
we allow both adding and deleting edges. The statement would be false if we only allow
edge deletion but not addition. For example, suppose G = K,, \ K; (i.e., a complete graph on
n vertices with three edges of a single triangle removed). If H is an empty graph on three
vertices, then G has exactly one induced copy of H, but G cannot be made induced H-free by
only deleting edges.



78 Graph Regularity Method

To see why the earlier proof of the graph removal lemma (Theorem 2.6.5) does not apply
in a straightforward way to prove the induced graph removal lemma, let us attempt to follow
the earlier strategy and see where things go wrong.

First we apply the graph regularity lemma. Then we need to clean up the graph. In the
induced graph removal lemma, edges and non-edges play symmetric roles. We can handle
low density pairs (edge density less than &) by removing edges between such pairs. Naturally,
for the induced graph removal lemma, we also need to handle high density pairs (density
more than 1 — £), and we can add all the edges between such pairs. However, it is not clear
what to do with irregular pairs. Earlier, we just removed all edges between irregular pairs. The
problem is that this may create many induced copies of H that were not present previously
(see illustration below). Likewise, we cannot simply add all edges between irregular pairs.

()
'l

Perhaps we can always find a regularity partition without irregular pairs? Unfortunately, this
is false, as shown in Exercise 2.1.24. One must allow for the possibility of irregular pairs.

Strong regularity lemma

We will iterate the regularity partitioning lemma to obtain a stronger form of the regularity
lemma. Recall the energy ¢(#) of a partition (Definition 2.1.10) as the mean-squared edge
density between parts.

Theorem 2.8.3 (Strong regularity lemma)
For any sequence of constants gy > £ > &, > ... > 0, there exists an integer M so that
every graph has two vertex partitions £ and Q so that

(a) Q refines P,

(b) P is gp-regular and Q is gp|-regular,

(©) q¢(Q) < q(P) + &0, and

@ Q| <M.

Remark 2.8.4. One should think of the sequence &, &;,... as rapidly decreasing. This
strong regularity lemma outputs a refining pair of partitions £ and Q such that # is
regular, Q is extremely regular, and £ and Q are close to each other (as captured by
q(P) < q(Q) < q(P) + &p; see Lemma 2.8.7 below). A key point here is that we demand @
to be extremely regular relative to the number of parts of . The more parts # has, the more
regular Q should be.

Proof. We repeatedly apply the following version of Szemerédi’s regularity lemma:

Theorem 2.1.19 (restated): For all £ > 0, there exists an integer My = My(&) so that for all
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partitions # of V(G), there exists a refinement $’ of  with each part in £ refined into < M,
parts so that P’ is e-regular.

By iteratively applying the above regularity partition, we obtain a sequence of partitions
Po, P1, ... of V(G) starting with Py = {V(G)} being the trivial partition. Each P, is
g|p;-regular and refines #;. The regularity lemma guarantees that we can have |P,| <
1P| Mo(&p,))-

Since 0 < g(+) < 1, there exists i < &;' so that g(P.1) < q(P:) + &o. Then setting P = P;
and Q = P, satisfies the desired requirements. Indeed, the number of parts of Q is bounded
by a function of the sequence (&, &1, . . . ) since there are a bounded number of iterations and
each iteration produced a refining partition with a bounded number of parts. O

Remark 2.8.5 (Bounds in the strong regularity lemma). The bound on M produced by the
proof depends on the sequence (&g, €1, . . . ). In the application below, we use &; = &;/poly(i).
Then the size of M is comparable to applying M, to & in succession 1/g, times. Note that
M, is a tower function, and this makes M a tower function iterated i times. This iterated tower
function is called the wowzer function: wowzer(k) := tower(tower(- - - (tower(k))---))
(with k applications of tower). The wowzer function is one step up from the tower function in
the Ackermann hierarchy. It grows extremely quickly.

Remark 2.8.6 (Equitability). We can further ensure that the parts have nearly equal size. This
can be done by adapting the ideas sketched in the proof sketch of Theorem 2.1.20.

The following lemma explains the significance of the inequality ¢(Q) < ¢(P) + & from
earlier.

Lemma 2.8.7 (Energy and approximation)

Let # and Q both be vertex partitions of a graph G, with Q refining . For each x € V(G),
write V, for the part of  that x lies in and W, for the part of Q that x lies in. If

q(Q) < q(P)+&°,

then
ld(V,, Vy) = d(W,, Wy)| < &

for all but en? pairs (x,y) € V(G)>.

Proof. Letx,y € V(G) be chosen uniformly at random. As in the proof of Lemma 2.1.11,
we have ¢(P) = E[Z}]. where Zp = d(V,,Vy). Likewise, ¢(Q) = E[Z}]. where Zq =
d(W,, W,).

We have

9(Q) - q(P) = E[Z3] ~E[Z3] = E[(Za — Z#)*],

where the final step above is a “Pythagorean identity.”

z
ijp

Zoq—Zp



80 Graph Regularity Method

Indeed, the identity E[Z}] - E[Z},] = E[(Zq — Zp)?] is equivalent to E[Zp(Zq — Zp)] =0,
which is true since as x and y each vary over their own parts of P, the expression Zg — Zp
averages to zero.

So ¢(Q) < q(P) + & is equivalent to E[(Zq — Zp)*] < &°, which in turn implies,
by Markov’s inequality, that P(|Zq — Zp| > €) < &, which is the same as the desired
conclusion. O

Exercise 2.8.8. Let0 < & < 1. Using the notation of Lemma 2.8.7, show that if |d(V,, V) -
d(W,,Wy)| < & for all but en® pairs (x,y) € V(G)?, then ¢(Q) < q(P) + 2&.

We now deduce the following form of the strong regularity lemma, which considers only
select subsets of vertex parts but does not require irregular pairs.

Theorem 2.8.9 (Strong regularity lemma)
For any sequences of constants €y > €1 > &, > -+ > 0, there exists a constant 6 > 0
so that every n-vertex graph has an equitable vertex partition V; U - - - U V. and a subset
W; €V, for each i satistying

(@) |Wi| > on,

(b) (W;,W;)is gr-regular forall 1 <i < j <k, and

(c) ’d(V,-, V) —dW;, Wj)| < g for all but < gok? pairs (i, j) € [k]>.

Vi

Remark 2.8.10. It is significant that all (rather than nearly all) pairs (W;, W;) are regular. We
will need this fact in our applications below.

Proof sketch.. Here we show how to prove a slightly weaker result where i < j in (b) is
replaced by i < j. In other words, this proof does not promise that each W; is g -regular. To
obtain the stronger conclusion as stated (requiring each W; to be regular with itself), we can
adapt the ideas in Exercise 2.1.27. We omit the details.

By decreasing the g;’s if needed (we can do this since a smaller sequence of &;’s yields a
stronger conclusion), we may assume that &; < 1/(10i?) and &; < &¢/4 for every i > 1.

Let us apply the strong regularity lemma, Theorem 2.8.3, with equitable partitions (see
above Remark 2.8.6). That is, we have (we make the simplifying assumption that all partitions
are exactly equitable, to avoid unimportant technicalities):

e an equitable gy-regular partition # = {Vj,...,Vi} of V(G) and

e an equitable g,-regular partition Q refining P
satisfying

e ¢9(Q) < q(P)+¢;/8, and

o |Q| <M ZM(SQ,S],...).
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Inside each part V;, let us choose a part W; of Q uniformly at random. Since |Q| < M,
the equitability assumption implies that each part of Q has size > §n for some constant
6 =6(&p,€1,...). S0 (a) is satisfied.

Since Q is g -regular, all but an g;-fraction of pairs of parts of Q are g;-regular. Summing
over all i < j, using linearity of expectations, the expected the number of pairs (W;, W;) that
are not g;-regular is < g¢k? < 1/10. It follows that with probability > 9/10, (W;, W;) is
gr-regular for all i < j, so (b) is satisfied (this argument ignores i = j as mentioned at the
beginning of the proof).

Let X denote the number of pairs (i, j) € [k]* with |d(V,~, Vi) —d(W;, Wj)| > gg. Since
q(Q) < q(P) + (80/2)°, by Lemma 2.8.7 and linearity of expectations, EX < (g¢/2)k>. So
by Markov’s inequality, X < gok? with probability > 1/2, so that (c) is satisfied.

It follows that (a) and (b) are both satisfied with probability > 1 — 1/10 — 1/2. Therefore,
there exist valid choices of W;’s. O

Induced graph removal lemma

As with earlier regularity applications, we follow the partition-clean-count recipe from
Remark 2.3.2.

Proof of the induced graph removal lemma (Theorem 2.8.1). Apply Theorem 2.8.9 to obtain
a partition V, U - - - U V;. of the vertex set of the graph, along with W, C V, so that:
(a) (W;,W;) is &’-regular for every i < j, with some sufficiently small constant &” > 0
depending on & and H,
(b) |d(Vi,V;) —d(W;, W;)| < &/8 for all but < k?/8 pairs (i, j) € [k]?, and
(c) |W;| = dpn, for some constant §, depending only on ¢ and H.

Now we clean the graph. For each pair i < j (including i = j),

o if d(W;,W;) < g/8, then remove all edges between (V;,V;), and

o if d(W;,W;) > 1-¢/8, then add all edges between (V;,V;).

Note that we are not simply add/removing edges within each pair (W;, W;), but rather all of
(V;,V;). To bound the number of edges add/deleted, recall (b) from the previous paragraph. If
d(W;,W;) < &/8 and |d(Vl~, V) —d(W,, W,-)| < g/4, then d(V;,V;) < £/4, and the number
of edges in all such (V;,V;) is at most en*/4. Likewise for d(W;, W;) > 1 — /8. For the
remaining < £k?/8 pairs (i, j) not satisfying |d(V,~, Vi) —dW;, Wj)| < &/8, the total number
of edges among all such pairs is at most en?/8. All together, we added/deleted < en® edges
from G. Call the resulting graph G’. There are no irregular pairs (W;, W;) for us to worry
about.

It remains to show that G’ is induced H-free. Suppose otherwise. Let us count induced
copies of H in G as in the proof of the graph removal lemma, Theorem 2.6.5. We have
some induced copy of H in G’, with each vertex v € V(H) embedded in V) for some
¢: V(H) — [k].

Consider a pair of distinct vertices u, v of H. If uv € E(H), there must be an edge in G’
between V() and Vi, (here ¢(u) and ¢(v) are not necessarily different). So we must not
have deleted all the edges in G between V() and V4, in the cleaning step. By the cleaning
algorithm above, this means that dg (W;, W;) > &/8.

Likewise, if uv ¢ E(H) for any pair of distinct u, v € V(H), we have dg (W;, W;) < 1-¢/8.
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Since (W;, W;) is &’-regular in G for every i < j, provided that &’ is small enough (in
terms of £ and H), the graph counting lemma, (Theorem 2.6.2 with the induced variation as
in Remark 2.6.3(b)) applied to G gives

: : . (")
# induced copies of Hin G > (1 — &) (1%) P (Son)" ) = v H)
(recall [W;| > on). Setting & as above, this contradicts the hypothesis that G has < én”#)

copies of H. Thus G’ must be induced H-free. O

Infinite graph removal lemma

Finally, let us prove a graph removal lemma with an infinite number of forbidden induced
subgraphs (Alon & Shapira 2008). Given a (possibly infinite) set H of graphs, we say that G
is induced H-free if G is induced H-free for every H € H.

Theorem 2.8.11 (Infinite graph removal lemma)

For each (possibly infinite) set of graphs H and € > 0, there exist iy and § > O so that if
G is an n-vertex graph with fewer than 6n”#) induced copies of H for every H € H with
at most A vertices, then G can be made induced H-free by adding/removing fewer than
en’® edges.

Remark 2.8.12. The presence of sy may seem a bit strange at first. In the next section, we
will see a reformulation of this theorem in the language of property testing, where i, comes
up naturally.

Proof. The proof is mostly the same as the proof of the induced graph removal lemma that we
just saw. The main tricky issue here is how to choose the regularity parameter &’ for every pair
(W;, W;) in condition (a) of the earlier proof. Previously, we did not use the full strength of
Theorem 2.8.9, which allowed &’ to depend on k, but now we are going to use it. Recall that
we had to make sure that this &” was chosen to be small enough for the H-counting lemma to
work. Now that there are possibly infinitely many graphs in H, we cannot naively choose &’
to be sufficiently small. The main point of the proof is to reduce the problem to a finite subset
of H for each k.

Define a template T to be an edge-coloring of the looped k-clique (i.e., a complete graph
on k vertices along with a loop at a every vertex) where each edge is colored by one of {white,
black, gray}. We say that a graph H is compatible with a template T if there exists a map
¢: V(H) — V(T) such that for every distinct pair u, v of vertices of H:

e ifyv € E(H), then ¢(u)¢p(v) is colored black or gray in 7'; and

e ifuv ¢ E(H), then ¢(u)¢(v) is colored white or gray in 7.

That is, a black edge in a template means an edge of H, a white edge means a non-edge of H,
and a gray edge is a wildcard. An example is shown below.
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As another example, every graph is compatible with every completely gray template.

For every template T, pick some representative Hr € H compatible with T, as long as
such a representative exists (and ignore 7 otherwise). A graph in H is allowed to be the
representative of more than one template. Let HH; be a set of all H € HH that arise as the
representative of some k-vertex template. Note that H, is finite since there are finitely many
k-vertex templates. We can pick each £, > 0 to be small enough so that the conclusion of the
counting step later can be guaranteed for all elements of H.

Now we proceed nearly identically as in the proof of the induced removal lemma,
Theorem 2.8.1, that we just saw. In applying Theorem 2.8.9 to obtain the partition Vi U- - - UV,
and finding W; C V;, we ensure the following condition instead of the earlier (a):

(a) (W;,W;) is g,-regular for every i < j.
We set hy to be the maximum number of vertices of a graph in H.

Now we do the cleaning step. Along the way, we create a k-vertex template 7 with vertex
set [ k] corresponding to the parts {V, ..., V,} of the partition. Foreach 1 <i < j < n,

o if d(W;,W;) < g/4, then remove all edges between (V;, V;) from G, and color the edge

ij in template 7" white;

o if d(W;,W;) > 1 - g/4, then add all edges between (V;, V;), and color the edge ij in

template T black;

e otherwise, color the edge in ij in template T gray.

Finally, suppose some induced H € H remains in G’. Due to our cleaning procedure, H
must be compatible with the template 7. Then the representative Hy € H; of T is a graph on
at most Ay vertices, and furthermore, the counting lemma guarantees that, provided g, > 0 is
small enough (subject to a finite number of pre-chosen constraints, one for each element of
FH;), the number of copies of Hy in G is > dn* ") for some constant § > 0 that only depends
on ¢ and H. This contradicts the hypothesis, and thus G’ is induced H -free. O

All the techniques above work nearly verbatim for a generalization to colored graphs.

Theorem 2.8.13 (Infinite edge-colored graph removal lemma)

For every & > 0, positive integer r, and a (possibly infinite) set H of r-edge-colored
graphs, there exists some %y and ¢ > 0 such that if G is an r-edge-coloring of the complete
graph on n vertices with < §n*™) copies of H for every H with at most A, vertices, then
G can be made H-free by recoloring < en” edges (using the same palette of r colors
throughout).

The induced graph removal lemma corresponds to the special case r = 2, with the two
colors representing edges and non-edges respectively.
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2.9 Graph Property Testing

We are given random query access to a very large graph. The graph may be too large for us to
see every vertex or edge. What can we learn about the graph by sampling a constant number
of vertices and the edges between them?

For example, we cannot distinguish two graphs if they only differ on a small number of
vertices or edges. We also need some error tolerance.

A graph property P is simply a set of isomorphism classes of graphs. The graph properties
that we usually encounter have some nice name and/or compact description, such as triangle-
free, planar, and 3-colorable.

We say that an n-vertex graph G is g-far from property % if one cannot change G into a
graph in P by adding/deleting en” edges.

The following theorem gives a straightforward algorithm, with a probabilistic guarantee,
on testing triangle-freeness. It allows us to distinguish two types of graphs from each other:

triangle-free vs. far from triangle-free.

Theorem 2.9.1 (Triangle-freeness is testable)

For every & > 0, there exists K = K (&) so that the following algorithm satisfies the
probabilistic guarantees below.

Input. A graph G.

Algorithm. Sample K vertices from G uniformly at random without replacement (if G has
fewer than K vertices, then return the entire graph). If G has no triangles among these K
vertices, then output that G is triangle-free; else output that G is e-far from triangle-free.

Probabilistic guarantees.
(a) If the input graph G is triangle-free, then the algorithm always correctly outputs
that G is triangle-free;
(b) If the input graph G is e-far from triangle-free, then with probability > 0.99 the
algorithm outputs that G is e-far from triangle-free;
(c) We do not make any guarantees when the input graph is neither triangle-free nor
e-far from triangle-free.

Remark 2.9.2. This is an example of a one-sided tester, meaning that it always (non-
probabilistically) outputs a correct answer when G satisfies property # and only has a
probabilistic guarantee when G does not satisfy property G. (In contrast, a two-sided tester
would have probabilistic guarantees for both situations.)

For a one-sided tester, there is nothing special about the number 0.99 above in (b). It can be
any positive constant ¢ > 0. If we run the algorithm m times, then the probability of success
improves from > § to > 1 — (1 — §)™, which can be made arbitrarily close to 1 if we choose
m large enough.

The probabilistic guarantee turns out to be essentially a rephrasing of the triangle removal
lemma.

Proof. If the graph G is triangle-free, the algorithm clearly always outputs correctly. On the
other hand, if G is e-far from triangle-free, then by the triangle removal lemma (Theorem 2.3.1),
G has > 6(3) triangles with some constant § = 6(&) > 0. If we sample three vertices from G
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uniformly at random, then then they form a triangle with probability > 6. And if run K/3
independent trials, then the probability that we see a triangle is > 1 — (1 — §)%/3, which is
> 0.99 as long as K is a sufficiently large constant (depending on J, which in turn depends on
e).

In the algorithm as stated in the theorem, K vertices are sampled without replacement.
Above we had K independent trials of picking a triple of vertices at random. But this difference
hardly matters. We can couple the two processes by adding additional random verrtices to the
latter process until we see K distinct vertices. O

Just as how the guarantee of the above algorithm is essentially a rephrasing of the triangle
removal lemma, other graph removal lemmas can be rephrased as graph property testing
theorems. For the infinite induced graph removal lemma, Theorem 2.8.11, we can rephrase
the result in terms of graph property testing for hereditary properties.

A graph property P is hereditary if it is closed under vertex-deletion: if G € P, then
every induced subgraph of G is in . Here are some examples of hereditary graph properties:
H-free, induced H-free, planar, 3-colorable, perfect. Every hereditary property # can be
characterized as the set of induced H-free graph for some (possibly infinite) family of graphs
H; wecantake H = {H : H ¢ P}.

Theorem 2.9.3 (Every hereditary graph property is testable)

For every hereditary graph property #, and constant € > 0, there exists a constant
K = K(P, ) so that the following algorithm satisfies the probabilistic guarantees listed
below.

Input. A graph G.

Algorithm. Sample K vertices from G uniformly at random without replacement and let
H be the induced subgraph on these K vertices. If H € #, then output that G satisfies P;
else output that G is e-far from P.

Probabilistic guarantees.
(a) If the input graph G satisfies P, then the algorithm always correctly outputs that
G satisfies P;
(b) If the input graph G is e-far from %, then with probability > 0.99 the algorithm
outputs that G is e-far from P;
(c) We do not make any guarantees when the input graph is neither in # nor e-far
from P.

Proof. If G € P, then since P is hereditary, H € P, and so the algorithm always correctly
outputs that G € P. So suppose G is e-far from P. Let H be such that P is the set of induced
H-free graphs. By the infinite induced graph removal lemma, there is some Ay and § > 0 so
that G has > ¢ (v (’;ﬂ) copies of some H € H with at most A vertices. So with probability > &,
a sample of h vertices sees an induced subgraph not satisfying #. Running K/, independent
trials, we see some induced subgraph not satisfying # with probability > 1 — (1 — §)K/ho,
which can made arbitrarily close to 1 by choosing K to be sufficiently large. As with earlier,

this implies the result about choosing K random points without replacement. O
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2.10 Hypergraph Removal and Szemerédi’s Theorem

We showed earlier how to deduce Roth’s theorem from the triangle removal lemma. However,
the graph removal lemma, or the graph regularity method more generally, is insufficient for
understanding longer arithmetic progressions.

Szemerédi’s theorem follows as a corollary of a hypergraph generalization of the triangle
removal lemma. (Note that historically, Szemerédi’s theorem was initially shown using other
methods; see the discussion in Section 0.2). The hypergraph removal lemma turns out to
be substantially more difficult. The following theorem was proved by Rddl et al. (2005) and
Gowers (2007). The special case of the tetrahedron removal lemma in 3-graphs was proved
earlier by Frankl & Rodl (2002).

Theorem 2.10.1 (Hypergraph removal lemma)
For every r-graph H and & > 0, there exists § > 0 so that every n-vertex r-graph with
< 6n"®) copies of H can be made H-free by removing < en” edges.

Recall Szemerédi’s theorem says that for every fixed k > 3, every k-AP-free subset of
[N] has size o(N). We will prove it as a corollary of the hypergraph removal lemma for
H=K ,Ekil), the complete (k — 1)-graph on k vertices (also known as a simplex; when k = 3
it is called a tetrahedron). For concreteness, we will show how the deduction works in the
case k = 4 (it is straightforward to generalize).

Here is a corollary of the tetrahedron removal lemma. It is analogous to Corollary 2.3.3.

Corollary 2.10.2

If G is a 3-graph such that every edge is contained in a unique tetrahedron (i.e., a clique
on four vertices), then G has o(n?) edges.

Proof of Szemerédi’s theorem for 4-APs. Let A C [N] be 4-AP-free. Let M = 6N + 1. Then
A is also a 4-AP-free subset of Z/ MZ (there are no wrap-arounds). Build a 4-partite 3-graph
G with parts W, X, Y, Z, all of which are M-vertex sets indexed by the elements of Z/MZ.
We define edges as follows, where w, x, y, z range over elements of W, X, Y, Z, respectively:

wxy € E(G) = 3w+2x+ y €A,

wxz € E(G) — 2w+ x -7 €A,
wyz € E(G) = w - y—2z€A,
xyz € E(G) — -x—2y-3z€A.

What is important here is that the ith expression does not contain the ith variable.
The vertices xyzw form a tetrahedron if and only if

3w+2x+y,2wH+x—-z,w—y—2z,—x -2y — 3z € A.

However, these values form a 4-AP with common difference —x — y — z — w. Since A is
4-AP-free, the only tetrahedra in A are trivial 4-APs (those with common difference zero). For
each triple (w,x,y) € W X X XY, there is exactly one z € Z/MZ such that x + y + z+ w = 0.
Thus, every edge of the hypergraph lies in exactly one tetrahedron.

By Corollary 2.10.2, the number of edges in the hypergraph is o(M?). On the other hand,
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the number of edges is exactly 4M? |A| (for example, for every a € A, there are exactly M?
triples (w, x, y) € (Z/MZ)* with 3w + 2x + y = a). Therefore |A| = o(M) = o(N). O

The hypergraph removal lemma is proved using a substantial and difficult generalization of
the graph regularity method to hypergraphs. We will not be able to prove it in this book. In
the next section, we sketch some key ideas in hypergraph regularity.

It is instructive to work out the proof in the special cases below. For the next two exercises,
you should assuming Corollary 2.10.2.

Exercise 2.10.3 (3-dimensional corners). Suppose A C [N]? contains no four points of the
form

x,y,2), (x+d,y,2), (x,y+d,z), (x,y,z+d), withd > 0.
Show that |A| = o(N?).
Exercise 2.10.4 (Multidimensional Szemerédi for axis-aligned squares). Suppose A C [N]?
contains no four points of the form
(x,y), (x+d,y), (x,y+d), (x+d,y+d), withd #0.
Show that |A| = o(N?).

Exercise 2.10.5 (Multidimensional Szemerédi theorem from the hypergraph removal lemma).
Generalizing the previous exercise, prove the multidimensional Szemerédi theorem (Theo-
rem 0.2.6) using the hypergraph removal lemma.

2.11 Hypergraph Regularity

Hypergraph regularity is substantially more difficult to prove than graph regularity. We
only sketch some key ideas here. For concreteness, we focus our discussion on 3-graphs.
Throughout this section, G will be a 3-graph with vertex set V.

What should correspond to an “e-regular pair” from the graph regularity lemma? Here is
an initial attempt.

Definition 2.11.1 (Initial attempt at 3-graph regularity)
Given vertex subsets Vi, V5, V3 C V, we say that (Vy, V,, V3) is e-regular if, for all A; C V;
such that |A;| > €|V;|, we have

|[d(V1, V2, V3) —d(Ay, Az, A3)| < &.

Here, the edge density d(X,Y, Z) is the fraction of elements of X X Y X Z that are edges
of G.

By following the proof of the graph regularity lemma nearly verbatim, we can show the
following.
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Proposition 2.11.2 (Initial attempt at 3-graph regularity partition)

For all € > 0, there exists M = M (&) such that every 3-graph has a partition into at most
M parts so that all but at most an e-fraction of triples of vertices lie in e-regular triples of
vertex parts.

Can this result be used to prove the hypergraph removal lemma? Unfortunately, no.

Recall that our graph regularity recipe (Remark 2.3.2) involves three steps: partition, clean,
and count. It turns out that no counting lemma is possible for the above notion of 3-graph
regularity.

The notion of e-regularity is supposed to model pseudorandomness. So why don’t we
try truly random hypergraphs and see what happens? Let us consider two different random
3-graph constructions:

(a) First pick constants p, ¢ € [0, 1] . Build a random graph G® = G(n, p), an ordinary
Erd6s—Rényi graph. Then construct G® by including each triangle of G® as an edge
of G® with probability ¢. Call this 3-graph X.

(b) For each possible edge (i.e. triple of vertices), include the edge with probability p3g,
independent of all other edges. Call this 3-graph Y.

The edge density in both X and Y are close to pq, even when restricted to linearly sized
triples of vertex subsets. So both graphs satisfy our above notion of g-regularity with high
probability. However, we can compute the tetrahedron densities in both of these graphs and
see that they do not match.

The tetrahedron density in X is around ¢* times the K, density in the underlying random
graph G . The K, density in G is around p®. So the tetrahedron density in X is around
p°q*.

On the other hand, the tetrahedron density in Y is around (p3q)*, different from p°q*
earlier. So we should not expect a counting lemma with this notion of e-regularity. (Unless
the 3-graph we are counting is linear, as in the exercise below.)

Exercise 2.11.3. Under the notion of 3-graph regularity in Definition 2.11.1, formulate
and prove an H-counting lemma for every linear 3-graph H. Here a hypergraph is said to be
linear if every pair of its edges intersects in at most one vertex.

As hinted by the first random hypergraph above, a more useful notion of hypergraph
regularity should involve both vertex subsets as well as subsets of vertex-pairs (i.e., an
underlying 2-graph).

Given a 3-graph G, a regularity decomposition will consist of

(1) a partition of (}) into 2-graphs G'? U--- UG sothat G sits in a random-like way

on top of most triples of these 2-graphs (we won’t try to make it precise), and

(2) apartition of V that gives an extremely regular partition for all 2-graphs G}z), cens Gl(z)

(this should be somewhat reminiscent of the strong graph regularity lemma from
Section 2.8).

For such a decomposition to be applicable, it should come with a corresponding counting
lemma.

There are several ways to make the above notions precise. Certain formulations make the
regularity partition easier to prove while the counting lemma harder, and some vice versa.
The interested readers should consult Rodl et al. (2005), Gowers (2007) (see Gowers (2006)



2.11 Hypergraph Regularity 89

for an exposition of the case of 3-uniform hypergraphs), and Tao (2006) for three different
approaches to the hypergraph regularity lemma.

Remark 2.11.4 (Quantitative bounds). Whereas the proof of the graph regularity lemma gives
tower-type bounds tower(~?"), the proof of the 3-graph regularity lemma has wowzer-type
bounds. The 4-graph regularity lemma moves us one more step up in the Ackermann hierarchy
(i.e., iterating wowzer), and so on. Just as with the tower-type lower bound (Theorem 2.1.17) for
the graph regularity lemma, Ackermann type bounds are necessary for hypergraph regularity
as well (Moshkovitz & Shapira 2019).

Further Reading

For surveys on the graph regularity method and applications, see Komlés & Simonovits
(1996) and Komlés, Shokoufandeh, Simonovits, & Szemerédi (2002).

The survey Graph Removal Lemmas by Conlon & Fox (2013) discusses many variants,
extensions, and proof techniques of graph removal lemmas.

For a well-motivated introduction to the hypergraph regularity lemma, see the article
Quasirandomness, Counting and Regularity for 3-Uniform Hypergraphs by Gowers (2006).

Chapter Summary

o Szemerédi’s graph regularity lemma. For every ¢ > 0, there exists a constant M such
that every graph has an e-regular partition into at most M parts.
— Proof method: energy increment.
o Regularity method recipe: partition, clean, count.
e Graph counting lemma. The number of copies of H among e-regular parts is similar to
random.
e Graph removal lemma. Fix H. Every n-vertex graph with o(n*(M)) copies of H can be
made H-free by removing o(n?) edges.
e Roth’s theorem can be proved by applying the triangle removal lemma to a graph whose
triangles correspond to 3-APs.
e Szemerédi’s theorem follows from the hypergraph removal lemma, whose proof uses
the hypergraph regularity method (not covered in this book).
e Induced removal lemma. Fix H. Every n-vertex graph with o(n*#)) induced copies of
H can be made induced H-free by adding/removing o(n%) edges
— Proof uses a strong regularity lemma, which involves iterating the earlier graph
regularity lemma.
o Every hereditary graph property is testable.
— One can distinguish graphs that have property # from those that are e-far from property
P (far in the sense of edit distance > sn?) by sampling a subgraph induced a constant
number of random vertices.
— The probabilistic guarantee is essentially equivalent to removal lemmas.
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Quasirandom Cayley graphs and Grothendieck’s inequality
Alon-Boppana bound on the second eigenvalue of a d-regular graph
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In the previous chapter on the graph regularity method, we saw that every graph can be
partitioned into a bounded number of vertex parts so that the graph looks “random-like”
between most pairs of parts. In this chapter, we dive further into how a graph can be
random-like.

Pseudorandomness is a concept prevalent in combinatorics, theoretical computer science,
and in many other areas. It specifies how a non-random object can behave like a truly random
object.

Example 3.0.1 (Pseudorandom generators). Suppose you want to generate a random number
on a computer. In most systems and programming languages, you can do this easily with a
single command (e.g., rand () ). The output is not actually truly random. Instead, the output
came from a pseudorandom generator, which is some function/algorithm that takes a seed as
input, and passes it through some sophisticated function, so that there is no practical way to
distinguish the output from a truly random object. In other words, the output is not actually
truly random, but for all practical purposes the output cannot be distinguished from a truly
random output.

Example 3.0.2 (Primes). Innumber theory, the prime numbers behave like a random sequence
in many ways. The celebrated Riemann hypothesis and its generalizations give quantitative
predictions about how closely the primes behave in a certain specific way like a random
sequence. There is also something called Cramér’s random model for the primes that allows
one to make predictions about the asymptotic density of certain patterns in the primes (e.g.,
how many twin primes up to N are there?). Empirical data support these predictions, and
they have been proved in certain cases. Nevertheless, there are still notorious open problems
such as the twin prime and Goldbach conjectures. Despite their pseudorandom behavior, the
primes are not random!

Example 3.0.3 (Normal numbers). It is very much believed that the digits of 7 behave in
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a random-like way, where every digit or block of digits appear with frequency similar to
that of a truly random number. Such numbers are called normal. It is widely believed that
numbers such as \/5, m, and e are normal, but proofs remain elusive. Again, the digits of «
are deterministic, not random, but they are believed to behave pseudorandomly. On the other
hand, nearly all real numbers are normal, with the exceptions occupying only a measure zero
subset of the reals.

Coming back to graph theory. The Erdds—Rényi random graph G (n, p) is a random
n-vertex graph where each edge appears with probability p independently. Now, given some
specific graph (perhaps an instance of the random graph, or perhaps generated via some
other means), we can ask whether this graph, for the purpose of some intended application,
behaves similarly to that of a typical random graph. What are some useful ways to measure
the pseudorandomness of a graph? This is the main theme that we explore in this chapter.

3.1 Quasirandom Graphs

Here are several natural notions of how a graph (or rather, a sequence of graphs) can look
random. The main theorem of this section says that, surprisingly, these notions are all
equivalent. This result is due to Chung, Graham, & Wilson (1989), who coined the term
quasirandom graphs. Similar ideas also appeared in the work of Thomason (1987). These
results had an important impact in the field.

Theorem 3.1.1 (Quasirandom graphs)
Let p € [0, 1] be fixed. Let (G ) be a sequence of graphs with G, having n vertices and
(p+o(1)) (’2’) edges (here n — oo along some subsequence of integers, and is allowed to
skip some integers). Denote G, by G. The following properties are all equivalent:
DISC (discrepancy) e(X,Y) = p|X||Y|+o(n?) forall X,Y C V(G).
DISC’ e(X) = p(¥!) + o(n?) forall X C V(G).
COUNT For every graph H, the number of labeled copies of H in G is (p¢®) +
o(1))n" ),
(Here a labeled copy of H is the same as an injective map V(H) — V(G) that sends every edge of H
to an edge of G. The rate that the o(1) goes to zero is allowed to depend on H.)

C, (4-cycle) The number of labeled 4-cycles is at most (p* + o(1))n*.
CODEG (codegree) Letting codeg(u, v) denote the number of common neighbors of

u and v,
Z |codeg(u,v) - p2n| =o(n’).
u,veV(G)
EIG (eigenvalue) If 2; > A, > --- > A, are the eigenvalues of the adjacency matrix
of G, then 1| = pn + o(n) and max;,; |4;| = o(n).
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Definition 3.1.2 (Quasirandom graphs)

We say a sequence of graphs is quasirandom (at edge density p) if it satisfies the above
conditions for some constant p € [0, 1].

Remark 3.1.3 (Single graph vs. a sequence of graphs). Strictly speaking, it does not make
sense to say whether a single graph is quasirandom, but we will abuse the definition as such
when it is clear that the graph we are referring to is part of a sequence.

Remark 3.1.4 (C4 condition). The C4 condition is surprising. It says that the 4-cycle density,
a single statistic, is equivalent to all the other quasirandomness conditions.

We will soon see below in Proposition 3.1.14 that the C4 can be replaced by the equivalent
condition that the number of labeled 4-cycles is (p* + o(1))n* (rather than at most this
quantity).

Remark 3.1.5 (Checking quasirandomness). The discrepancy conditions are hard to verify
since they involve checking exponentially many sets. The other conditions can all be checked
in time polynomial in the size of the graph. So the equivalence gives us an algorithmically
efficient way to certify the discrepancy condition.

Remark 3.1.6 (Quantiative equivalences). Rather than stating these properties for a sequence
of graphs using a decaying error term o(1), we can state a quantitative quasirandomness
hypothesis for a specific graph using an error tolerance parameter €. For example, we can
restate the discrepancy condition as follows.

DISC(g): Forall X,Y C V(G), |e(X,Y) — p |X||Y]| < en.

Similar statements can be made for other quasirandom graph notions. The proof below
shows that these notions are equivalent up to a polynomial change in &; that is, for each pair
of properties, Propl(¢e) implies Prop2(Ce¢) for some constants C, ¢ > 0.

Examples of quasirandom graphs

First let us check that random graphs are quasirandom (hence justifying the name).
Recall the following basic tail bound for a sum of independent random variables.

Theorem 3.1.7 (Chernoff bound)

Let X be a sum of m independent Bernoulli random variables (not necessarily identically
distributed). Then for every ¢ > 0,

P(|X - EX| > £) < 2¢7"/Cm

Proposition 3.1.8 (Edge densities in a random graph)
Let p € [0,1] and & > 0. With probability at least 1 —2"*'¢~¢"""_ the Erds—Rényi random
graph G(n, p) has the property that for every vertex subset X,

e(X) _,,("2(')

< en’
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Proof. Applying the Chernoff bound to e(X), we see that
X —(en’)’
?{Jeco - en)”
2 2(3)

The result then follows by taking a union bound over all 2" subsets X of the n-vertex graph. O

> snz) < ZCXp( ) < 2exp (—&°n?).

Applying the Borel-Cantelli lemma with the above bound, we obtain the following
consequence.

Corollary 3.1.9 (Random graphs are quasirandom)
Fix p € [0,1]. With probability 1, a sequence of random graphs G, ~ G(n,p) is
quasirandom at edge density p.

It would be somewhat disappointing if the only interesting example of quasirandom graph
were actual random graphs. Fortunately we have more explicit constructions. In the rest of the
chapter, we will see several constructions using Cayley graphs on groups. A notable example,
which we will prove in Section 3.3, is that the Paley graph is quasirandom.

Example 3.1.10 (Paley graph). Let p =1 (mod 4) be a prime. Form a graph with vertex set
F,,, with two vertices x, y joined if x —y is a quadratic residue. Then this graph is quasirandom
at edge density 1/2 as p — co. (By a standard fact from elementary number theory, since
p =1 (mod 4), —1 is a quadratic residue, and hence x — y is a quadratic residue if and only
if y — x is. So the graph is well defined.)

In Section 3.4, we will show that for certain sequence of groups, every sequence of Cayley
graphs on them is quasirandom provided that the edge densities converge. We will call such
groups quasirandom. We will later prove the following important example.

Example 3.1.11 (PSL(2, p)). Let p be a prime. Let S C PSL(2, p) be a subset of non-zero
elements with S = S~!. Let G be the Cayley graph on PSL(2, p) with generator S, meaning
that the vertices are elements of PSL(2, p), and two vertices x, y are adjacent if x'y € S.
Then G is quasirandom as p — oo as long as |S| /p* converges.

Finally, here is an explicit construction using finite geometry. We leave it as an exercise to
verify its quasirandomness using the conditions given earlier.

Example 3.1.12. Let p be a prime. Let S C F,, U {oo}. Let G be a graph on vertex set IF?,
where two points are joined if the slope of the line connecting them lies in S. Then G is
quasirandom as p — oo as long as |S| /p converges.

I Exercise 3.1.13. Prove that the construction in Example 3.1.12 is quasirandom.

Proof of equivalence of graph quasirandomness conditions

We will now start to prove Theorem 3.1.1. Let us begin with a warm-up on how to use apply
the Cauchy—Schwarz inequality in graph theory since it will come up several times in the
proof (we will revisit this topic in Section 5.2).

The following statement says that the 4-cycle density is always roughly at least as much as
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random. Later in Chapter 5, we will see Sidorenko’s conjecture, which says that all bipartite
graphs have this property.

As a consequence, the C4 condition is equivalent to saying that the number of labeled
4-cycles is (p* + o(1))n* (rather than at most).

Proposition 3.1.14 (Minimum 4-cycle density)

Every n-vertex graph with at least pn®/2 edges has at least p*n* labeled closed walks of
length 4.

Remark 3.1.15. Since all but O (n*) such closed walks use four distinct vertices, the above
statement implies that the number of labeled 4-cycles is at least (p* — o(1))n*.

Proof. The number of closed walks of length 4 is

Z}|{x:w~x~y}|2 v‘f@,y

%(Z|{x:w~x~y}|) w Ay
1 - ’

== (Z|{<w,y>:w~x~y}|)
1 x ’ ‘

ol (;(degx)z) (/*\):

4
%(Zdegx) 2

(2e(G))*/n* = p*n*

[{(w,x,y,z) closed walk}|

>

\%

Here both inequality steps are due to Cauchy—Schwarz. On the right column is a pictorial
depiction of what is being counted by the inner sum on each line. These diagrams are a
useful way to keep track of the graph inequalities, especially when dealing with much larger
graphs, where the algebraic expressions get unwieldly. Note that each application of the
Cauchy—Schwarz inequality corresponds to “folding” the graph along a line of reflection. O

We shall prove the equivalences of Theorem 3.1.1 in the following way:

DISC’ <—— DISC —— COUNT

I\ |

CODEG < Cy < > EIG

Proof that DISC implies DISC’. Take Y = X in DISC. (Note that e(X, X) = 2e¢(X) and
(3) = IXI* /2= 0(n).) o

Proof that DISC’ implies DISC. We have the following “polarization identity”, together with
a proof by picture (recall 2¢(X) = e(X, X)):

e(X,Y)=e(XUY)+e(XNY)—e(X\Y)—-e(Y\X).
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X\Y
XnY + = + — _
Y\ X

If DISC’ holds, then the right-hand side above equals to

Ao TPl st

where the final step applies the polarization identity again, this time on the complete graph.
So we have e(X,Y) = p |X||Y| + o(n?*) thereby confirming DISC. O

Proof (deferred) that DISC implies COUNT. This is essentially a counting lemma. In Sec-
tion 2.6 we proved a version of the counting lemma but for lower bounds. The same proof
can be modified to a two-sided bound. We will see another proof of a counting lemma
(Theorem 4.5.1) in the next chapter on graph limits, which gives us a convenient language to
set up a more streamlined proof. So we will defer this proof until then. O

Proof that COUNT implies C4. C4 is a special case of COUNT. m]
Proof that C4 implies CODEG. Assuming Cg4, we have

u,v xeG xeG

2
Z codeg(u,v) = Z deg(x)* > % (Z deg(x)) = % (pn* + o(n2))2 =p’nd +o(n?).

We also have (below the O(n?) error term is due to walks of length 4 that use repeated
vertices)

Z codeg(u, v)* = #labeled C, + O (1)
< p'n*+o(n*).

Thus, by the Cauchy—Schwarz inequality,

(X leodeetun = pial) < 3 feoueetu) - pia)

= Z codeg(u,v)* - 2p*n Z codeg(u,v) + p*n*

< p*n* =2p*n - p*nd + pn* + o(n*)

= o(n*). O
Remark 3.1.16. These calculations share the spirit of the second moment method in proba-

bilistic combinatorics. The condition Cy4 says that the variance of the codegree of two random
vertices is small.
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Exercise 3.1.17. Show that if we modify the COEG condition to
Z (codeg(u,v) — p*n) = o(n’),
u,veV(G)
then it would not be enough to imply quasirandomness.

Proof that CODEG implies DISC. We first show that the codegree condition implies the
concentration of degrees:

| 2
;(Z |degu — pnI) < Z(degu — pn)?
= Z(deg u)? —2pn Z degu + p*n®

= Z codeg(x,y) — 4pne(G) + p*n’

Xy
=p’n® = 2p*n’ + p*n’ + o(n?)
=o(n’). (3.1.1)

Now we bound the expression in DISC. We have

2
z le(X,Y) = pIX| Y| = l( E (deg(x,Y) - pY])
n n

xeX

< > (deg(x,Y) = pI¥])*.

xeX

The above Cauchy—Schwarz step turned all the summands nonnegative, which allows us to
expand the domain of summation from X to all of V = V(G) in the next step. Continuing,

< > (deg(x,Y) = p|Y])?

xeV
- Z deg(x,Y)> - 2p Y| Z deg(x,Y) + p’n|Y|?
xeV xeV
= > codeg(y,y") =2p|¥| ) degy+p’n|Y|’
y,y'€Y yey
=Y p*n—-2p|Y|-|Y|pn+ p*n|Y|)* +o(n’) [by CODEG and (3.1.1)]
= o(n’). O

Finally, let us consider the graph spectrum, which are eigenvalues of the graph adja-
cency matrix, accounting for eigenvalue multiplicities. Eigenvalues are core to the study of
pseudorandomness and they will play a central role in the rest of this chapter.

In this book, when we talk about the eigenvalues of a graph, we always mean the eigenvalues
of the adjacency matrix of the graph. In other contexts, it may be useful to consider other
related matrices, such as the Laplacian matrix, or a normalized adjacency matrix.

We will generally only consider real symmetric matrices, whose eigenvalues are always
all real (Hermitian matrices also have this property). Our usual convention is to list all the
eigenvalues in order (including multiplicities): 4; > A, > --- > 4,,. We refer to 4, as the
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top eigenvalue (or largest eigenvalue), and A; as the i-th eigenvalue (or the i-th largest
eigenvalue). The second eigenvalue plays an important role. We write A;(A) for the i-th
eigenvalue of the matrix A and A,;(G) = 1;(Ag) where Ag is the adjacency matrix of G.

Remark 3.1.18 (Linear algebra review). For every n X n real symmetric matrix A with
eigenvalues 1; > --- > A,,, we can choose an eigenvector v; € R” for each eigenvalue 4;
(so that Av; = A;v;) and such that {v{,...,v,} is an orthogonal basis of R" (this is false for
general non-symmetric matrices).

The Courant-Fischer min-max theorem is an important characterization of eigenvalues in
terms of a variational problem. Here we only state some consequences most useful for us. We
have

(v, Av)
A; = max .
verR\{0} (v, V)

Once we have fixed a choice of an eigenvector v; for the top eigenvalue A, we have

(v, Av)
A, = max .
v )

veR™\ {0}

In particular, if G is a d-regular graph, then the all-1 vector, denoted 1 € R"(9), is an
eigenvector for the top eigenvalue d.

The Perron—Frobenius theorem tells us some important information about the top
eigenvector and eigenvalue of a nonnegative matrix. For every connected graph G, the top
eigenvector is simple (i.e., multiplicity one), so that A; < A; for all i > 1. We also have
|2;] < A, for all i (one has A,, = —4, if and only if G is bipartite; see Remark 3.1.23 below).
Also, the top eigenvector v; (which is unique up to scalar multiplication) has all coordinates
positive.

If G has multiple connected components Gy, ..., G, then the eigenvalues of G (with
multiplicities) are obtained by taking a multiset union of the eigenvalues of its connected
components. An orthogonal system of eigenvectors can also be derived as such, by extending
each eigenvector of G; to an eigenvector of G via padding the eigenvector by zeros outside
the vertices of G;.

Here is a useful formula:

trA* = A% 4. 4 25

When A is the adjacency matrix of a graph G, tr A* counts the number of closed walks of
length k. In particular, tr A> = 2¢(G).

Proof that E1G implies C4. Let A denote the adjacency matrix of G. The number of labeled
4-cycles is within O (n?) of the number of closed walks of length 4, and the latter equals
rA* =1+ + 22 = p'nt+o(n?) +Z/1?.
i=2

Since tr A% = 2¢(G) < n?, we have

Z/l? < max/lf . Z/llz =o(n?) - trA* = o(n*).
i=2 il i=1



3.1 Quasirandom Graphs 99
So tr A* < p*n* + o(n*). o

Remark 3.1.19. A rookie error would be to bound Y;., A} by n max; s, 4} = o(n°), but this
would not be enough. (Where do we save in the above proof?) We will see a similar situation
later in Chapter 6 when we discuss the Fourier analytic proof of Roth’s theorem.

Lemma 3.1.20 (Top eigenvalue and average degree)
The top eigenvalue of the adjacency matrix of a graph is always at least its average degree.

Proof. Let1 € R" be the all-1 vector. By the Courant—Fischer min-max theorem, the adjacency
matrix A of the graph G has top eigenvalue

A, = sup (x. Ax) _ (L AL) _2e(G)
TR En T A T

= avgdeg(G). O

Proof that C4 implies EIG. Again writing A for the adjacency matrix,

Z A} = tr A* = #{closed walks of length 4} < p*n* + o(n*).

i=1
On the other hand, by Lemma 3.1.20 above, we have 1; > pn + o(n). So we must have
A1 = pn+ o(n) and max; s, |4;| = o(n). O

This completes all the implications in the proof of Theorem 3.1.1.

Additional remarks

Remark 3.1.21 (Forcing graphs). The C4 hypothesis says that having 4-cycle density asymp-
totically the same as random implies quasirandomness. Which other graphs besides C4 have
this property?

Chung, Graham, & Wilson (1989) called a graph F forcing if every graph with edge density
p+o(1) and F-density p°") +0(1) (i.e., asymptotically the same as random) is automatically
quasirandom. Theorem 3.1.1 implies that C, is forcing. Here is a conjectural characterization
of forcing graphs (Skokan & Thoma 2004; Conlon, Fox, & Sudakov 2010).

Conjecture 3.1.22 (Forcing conjecture)
A graph is forcing if and only if it is bipartite and not a tree.

We will revisit this conjecture in Chapter 5 where we will reformulate it using the language
of graphons.

More generally, one says that a family of graphs ¥ is forcing if having F-density being
p¢) +0(1) for each F € F implies quasirandomness. So {K», C,} is forcing. It seems to be
a difficult problem to classify forcing families.

Even though many other graphs can potentially play the role of the 4-cycle, the 4-cycle
nevertheless occupies an important role in the study of quasirandomness. The 4-cycle comes
up naturally in the proofs, as we will see below. It also is closely tied to other important
pseudorandomness measurements such as the Gowers U? uniformity norm in additive
combinatorics.
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Let us formulate a bipartite analogue of Theorem 3.1.1 since we will need it later. It is
easy to adapt the above proofs to the bipartite version—we encourage the readers to think
about the differences between the two settings.

Remark 3.1.23 (Eigenvalues of bipartite graphs). Given a bipartite graph G with vertex
bipartition V U W, we can write its adjacency matrix as

0 B
A:( B 0 ) (3.1.2)

where B is an |V| X |W| matrix with rows indexed by V and columns indexed by W. The
eigenvalues 4, > --- > A4, of A always satisfy

Ai = Appii forevery 1 <i < n.

In other words, the eigenvalues are symmetric around zero. One way to see this is that
if x = (v,w) is an eigenvector of A, where v € RV is the restriction of x to the first |V|
coordinates, and w is the restriction of x to the last |W| coordinates, then

() 2 2)(2)-(22),

Bw = Av and B™v = Aw.

so that

Then the vector x” = (v, —w) satisfies

, (0 B v\ [(-Bw ) [ -Av) ,
welo o[ ()= ()
So we can pair each eigenvalue of A with its negation.

Exercise 3.1.24. Using the notation from (3.1.2), show that the positive eigenvalues of the
adjacency matrix A coincide with the positive singular values of B (the singular values of
B are also the positive square roots of the eigenvalues of BT B).

Theorem 3.1.25 (Bipartite quasirandom graphs)

Fix p € [0, 1]. Let (G,),>1 be a sequence of bipartite graphs G,. Write G, as G, with
vertex bipartition VU W. Suppose |V|, |W| — oo and |E| = (p+0(1)) |[V]||W|asn — oo.
The following properties are all equivalent:

DISC e(X,Y)=p|X||Y|+o(n*) forall X CVandY C W.

COUNT For every bipartite graph H with vertex bipartition (S, T), the number of
labeled copies of H in G with S embedded in V and T embedded in W is (p¢) +
o(1)) V| jw™,

C; The number of closed walks of length 4 in G starting in V is at most (p* +
o(1)) [VI* W[,

Left-CODEG Y, . |codeg(x, y) — p* |W|| = o(IV[* [W]).
Right-CODEG Y, .y [codeg(x,y) — p*[VI| = o(IV| IW]).
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EIG The adjacency matrix of G has top eigenvalue (p + o(1))+/|X| |Y| and second
largest eigenvalue o(+/|X| |Y]).

The bipartite discrepancy condition DISC is equivalent to being an o(1)-regular pair
(Definition 2.1.2, Exercise 2.1.5).

Remark 3.1.26 (Bipartite double cover). Theorem 3.1.25 implies the non-bipartite version
Theorem 3.1.1, since every graph G can be transformed into a bipartite graph G x K, (a graph
tensor power) whose two vertex parts are both copies of V(G). Each edge u ~ v of G lifts to
two edges (u,0) ~ (v, 1) and (u, 1) ~ (u,0) in G X K,. An example is shown below.

G G XK,

It is not hard to check G satisfies each property in Theorem 3.1.1 if and only if G X K satisfies
the corresponding bipartite property in Theorem 3.1.25 (exercise).

Like earlier, random bipartite graphs are bipartite quasirandom. The proof (omitted) is
essentially the same as Proposition 3.1.8 and Corollary 3.1.9.

Proposition 3.1.27 (Random bipartite graphs are typically quasirandom)

Fix p € [0, 1]. With probability 1, a sequence of bipartite random graphs G,, ~ G(n, n, p)
(obtained by keeping every edge of K, ,, with probability p independently) is quasirandom
in the sense of Theorem 3.1.25.

Remark 3.1.28 (Sparse graphs). We stated quasirandom properties so far only for graphs
of constant order density (i.e., p is a constant). Let us think about what happens if we allow
p = pn to depend on n and decaying to zero as n — co. Such graphs are sometimes called
sparse (although some other authors reserve the word “sparse” for bounded degree graphs).
Theorems 3.1.1 and 3.1.25 as stated do hold for a constant p = 0, but the results are not as
informative as we would like. For example, the error tolerance on the DISC is o(n?), which
does not tell us much since the graph already has much fewer edges due to its sparseness
anyway.

To remedy the situation, the natural thing to do is to adjust the error tolerance relative to
the edge density p = p,, — 0. Here are some representative examples (all of these properties
should also depend on p):

SparseDISC |e(X,Y) — p|X||Y]|| = o(pn?) forall X,Y C V(G).

SparseCOUNT; The number of labeled copies of H is (1 + o(1))p¢H) p¥H),

SparseC,; The number of labeled 4-cycles is at most (1 + o(1))p*n*.

SparseEIG A, = (1 +0(1))pn and max;,; |4;| = o(pn).

Warning: these sparse pseudorandomness conditions are not all equivalent to each other.
Some of the implications still hold (the reader is encouraged to think about which ones).
However, some crucial implications such as the counting lemma fail quite miserably. For
example:
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SparseDISC does not imply SparseCOUNT.

Indeed, suppose p = n~¢ for some constant 1/2 < ¢ < 1. In a typical random graph
G(n, p), the number of triangles is close to (}) p*, while the number of edges is close to (}) p.
We have p3n® = o(pn®) as long as p = o(n"'/?), so there are significantly fewer triangles
than there are edges. Now remove an edge from every triangle in this random graph. We will
have removed o(pn*) edges, a negligible fraction of the (p + o(1))(}) edges, and this edge
removal should not significantly affect SparseDISC. However, we have changed the triangle
count significantly as a result.

Fortunately, this is not the end of the story. With additional hypotheses on the sparse graph,
we can sometimes salvage a counting lemma. Sparse counting lemmas play an important
role in the proof of the Green—Tao theorem on arithmetic progressions in the primes, as we
will explain in Chapter 9.

The next three exercises ask you to prove additional equivalent quasirandomness properties.
It is easy to verify that the quasirandom graphs indeed satisfy each of the properties below.

Exercise 3.1.29 (Nearly optimal C,-free graphs are sparse quasirandom). Let G,, be a
sequence of n-vertex Cy-free graphs with (1/2 — o(1))n?/? edges. Prove that e, (A, B) =
n~Y2|A| |B| + o(n’/?) for every A, B C V(G,).

(41 Wor09y L) wat0oy 183 2y Jo Jooid oy pue Jooid HSIA <= HFAOD U WSIARY K

Exercise 3.1.30* (Quasirandomness through fixed sized subsets). Fix p € [0, 1]. Let (G,,)
be a sequence of graphs with v(G,,) = n (here n — oo along a subsequence of integers).
(a) Fix a single @ € (0, 1). Suppose
pa’n?
2

Prove that G is quasirandom.
(b) Fix a single a € (0, 1/2). Suppose

e(S,V(G)\ S) = pa(l —a)n*+o(n*) for all S C V(G) with |S| = |an].

e(S) = +o(n?) for all S C V(G) with |S| = |an] .

Prove that G is quasirandom. Furthermore, show that the conclusion is false for
a=1/2.

Exercise 3.1.31 (Quasirandomness and regularity partitions). Fix p € [0, 1]. Let (G,,) be a
sequence of graphs with v(G,,) — oo. Suppose that for every & > 0, there exists M = M (&)
so that each G, has an g-regular partition where all but e-fraction of vertex pairs lie between
pairs of parts with edge density p + 0(1) (as n — o). Prove that G,, is quasirandom.

Exercise 3.1.32* (Triangle counts on induced subgraphs). Fix p € (0, 1]. Let (G,) be
a sequence of graphs with v(G,) = n. Let G = G,,. Suppose that for every S C V(G),
the number of triangles in the induced subgraph G[S] is p*('3') + o(n?). Prove that G is
quasirandom.
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Exercise 3.1.33* (Perfect matchings). Prove that there are constant 3, € > 0 such that for
every positive even integer n and real p > n™, if G is an n-vertex graph where every vertex
has degree (1 = &) pn (meaning within epn of pn) and every pair of vertices has codegree
(1 + &)p?*n, then G has a perfect matching.

3.2 Expander Mixing Lemma

We dive further into the relationship between graph eigenvalues and its pseudorandomness
properties. We focus on d-regular graphs since they occur often in practice (e.g., from Cayley
graphs), and they are also cleaner to work with. Unlike the previous section, the results here
are effective for any value of d (not just when d is on the same order as n).

As we saw earlier, the magnitudes of eigenvalues are related to the pseudorandomness of a
graph. In a d-regular graph, the top eigenvalue is always exactly d. The following condition
says that all other eigenvalues are bounded by A in absolute value.

Definition 3.2.1 ((n, d, 1)-graph)
An (n,d, 1)-graph is an n-vertex, d-regular graph whose adjacency matrix eigenvalues
d=4; > > A, satisfy

max |4;| < A.
i#1

Remark 3.2.2 (Notation). Rather than saying “an (n,7,6)-graph” we prefer to say “an
(n,d, 1)-graph with d = 7 and A = 6” for clarity as the name “(n, d, 1)” is quite standard and
recognizable.

Remark 3.2.3 (Linear algebra review). The operator norm of a matrix A € R™" is defined
by
Ax , Ax
lal= sup My oAX)
xerm\op X1 xermypoy Ix[ 1yl
yeR"™\{0}

Here |x| = 4/{x, x) denotes the length of vector x. The operator norm of A is the maximum
ratio that A can amplify the length of a vector by. If A is a real symmetric matrix, then

Al = max |4,(4)]
For general matrices, the operator norm of A equals the largest singular value of A.

Here is the main result of this section.

Theorem 3.2.4 (Expander mixing lemma)
If G is an (n, d, 2)-graph, then

d
e(X,Y)—Z|X||Y| < AV|X| Y] forall X,Y C V(G).

On the left-hand side, (d/n) |X||Y| is the number of edges that one should expect between
X and Y purely based on the edge density d/n of the graph and the sizes of X and Y. Note
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that unlike the discrepancy condition (DISC) from quasirandom graphs (Theorem 3.1.1),
the error bound on the right-side hand depends on the sizes of X and Y. We can apply the
expander mixing lemma to small subsets X and Y and still obtain useful estimates on e(X,Y),
unlike the dense quasirandom graph conditions.

Proof. Let J be the n X n all-1 matrix. Since the all-1 vector 1 € R" is an eigenvector of
A with eigenvalue d, we see that 1 is an eigenvector of Ag — %J with eigenvalue 0. Any
other eigenvector v of Ag, with v L 1, satisfies Jv = 0, and thus v is also an eigenvector
of Ag — %J with the same eigenvalue as in Ag. Therefore, the eigenvalues of Ag — ‘;’J are
obtained by taking the eigenvalues of A then replacing one top eigenvalue d by zero. All the
other eigenvalues of Ag — %J are therefore at most A in absolute value, so ||AG - %J || <A
Therefore,

e(X,Y) - g | X| |Y|' = ’<1x, (AG - gf) 1Y>

<

d
Ag - —JH [1x| [1y|
n

< WIX| 7). O

I Exercise 3.2.5. Prove the following strengthening the expander mixing lemma.

Theorem 3.2.6 (Expander mixing lemma — slightly strengthened)
If G is an (n, d, 2)-graph, then

d Pl
e(X,Y) - - 1X] Y]] < ;\/|X| (n—|XD|Y|(n—1Y])  forall X,Y C V(G).

We also have a bipartite analogue (the nomenclature used here is less standard). Recall
from Remark 3.1.23 that the eigenvalues of a bipartite graph are symmetric around zero.

Definition 3.2.7 (Bipartite-(n, d, 1)-graph)
An bipartite-(n, d, 1)-graph is a d-regular bipartite graph with n vertices in each part,
such that its second largest eigenvalue is at most A.

Exercise 3.2.8. Show that G is an (n,d, 2)-graph if and only if G X K, is a bipartite-
(n,d, 1)-graph.

Theorem 3.2.9 (Bipartite expander mixing lemma)
Let G be a bipartite-(n, d, 1)-graph with vertex bipartition V U W. Then

d
e(X,Y)— —|X||Y|| < AW|X]| Y] forall X CVandY C W.
n

| Exercise 3.2.10. Prove Theorem 3.2.9.

Remark 3.2.11. The following partial converse to the expander mixing lemma was shown by
Bilu & Linial (2006). The extra log factor turns out to be necessary.
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Theorem 3.2.12 (Converse to expander mixing lemma)
There exists an absolute constant C such that if G is a d-regular graph, and 3 satisfies

d
e(X,Y)——|X|1Y]| < BVIX| Y] forall X,Y C V(G),
n

then G is an (n, d, 1)-graph with 2 < CBlog(2d/B).

Cheeger’s inequality: edge expansion vs. spectral gap

Given a graph and its adjacency matrix, the spectral gap is defined to be the difference
between the two most significant eigenvalues; that is, 1; — A,. This quantity turns out to
be closely related to expansion in graphs. We define the edge-expansion ratio of a graph
G = (V, E) to be the quantity

eg(S,V\S)

scv N
0<IS|<|VI/2

h(G) =

In other words, a graph with edge-expansion ratio at least / has the property that for every
nonempty subset of vertices S with |S| < |V| /2, there are at least & |S| edges leaving S.

Cheeger’s inequality, stated below, tells us that among d-regular graphs for a fixed d,
having spectral gap bounded away from zero is equivalent to having edge-expansion ratio
bounded away from zero. Cheeger (1970) originally developed this inequality for Riemannian
manifolds. The graph theoretic analogue was proved by Dodziuk (1984), and independently
by Alon & Milman (1985) and Alon (1986).

Theorem 3.2.13 (Cheeger’s inequality)
Let G be an n-vertex d-regular graph with adjacency matrix spectral gap x = d — A,. Then
its edge-expansion ratio & = h(G) satisfies

k/2 < h < V2dk.

The two bounds of Cheeger’s inequality are tight up to constant factors. For the lower bound,
taking G to be the skeleton of the d-dimensional cube with vertex set {0, 1}¢ gives h = 1
(achieved by the d — 1 dimensional subcube) and « = 2. For the upper bound, taking G to be
an n-cycle gives h = 2/(n/2) = ©(1/n) while d = 2 and k = 2 — 2 cos(2x/n)) = O(1/n?).

We call a family of d-regular graphs expanders if there is some constant «, > O so that
each graph in the family has spectral gap > «¢; by Cheeger’s inequality, this is equivalent to
the existence of some /( > 0 so that each graph in the family has edge expansion ratio > h.
Expander graphs are important objects in mathematics and computer science. For example,
expander graphs have rapid mixing properties, which are useful for designing efficient Monte
Carlo algorithms for sampling and estimation.

The following direction of Cheeger’s inequality is easier to prove. It is similar to the
expander mixing lemma.

Exercise 3.2.14 (Spectral gap implies expansion). Prove the x/2 < h part of Cheeger’s
inequality.
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The other direction, & < V2dk, is more difficult and interesting. The proof is outlined in
the following exercise.

Exercise 3.2.15 (Expansion implies spectral gap). Let G = (V, E) be a connected d-regular
graph with spectral gap . Let x = (x,),cv € RY be an eigenvector associated to the second
largest eigenvalue A, = d — « of the adjacency matrix of G. Assume that x,, > 0 on at most
half of the vertex set (or else we replace x by —x). Let y = (y,),cv € RY be obtained from
x by replacing all its negative coordinates by zero.

(a) Prove that

VA
J- (v, Ay) <«
o,
Mx AT = Ax Ty ey [[B00y UIH
(b) Let
©= > -l
uvek
Prove that
©° <2d(d(y,y) — (y. Ay)) (3. ¥) .

(c) Relabel the vertex set V by [n] sothat y; > yy--- >y, >0 =y, =--- = y,.

Prove

© = > (% = ¥i) e([K] [n] \ [K]).
k=1

(d) Prove that forsome 1 < k <1,

6([k],[n]\[k])< 0
k Ty

(e) Prove the i < V2dk claim of Cheeger’s inequality.

Exercises

Exercise 3.2.16 (Independence numbers). Prove that every independent set in a (n, d, 1)-
graph has size at most nd/(d + ).

Exercise 3.2.17 (Diameter). Prove that the diameter of an (n,d, 1)—graph is at most
[logn/log(d/A)]. (The diameter of a graph is the maximum distance between a pair of
vertices.)

Exercise 3.2.18 (Counting cliques). For each part below, prove that for every € > 0, there
exists § > 0 such that the conclusion holds for every (n, d, 1)-graph G with d = pn.
(a) If A < 6pn, then the number of triangles of G is within a 1 + & factor of p*(}).
(b*) If A < 5p°n, then the number of K4’s in G is within a 1 + & factor of p°(}).




3.3 Abelian Cayley Graphs and Eigenvalues 107

3.3 Abelian Cayley Graphs and Eigenvalues

Many important constructions of pseudorandom graphs come from groups.

Definition 3.3.1 (Cayley graph)

Let I be a finite group, and let S C T be a subset with § = S7! (i.e., s7' € Sforall s € S)
and not containing the identity element. We write Cay (I, S) to denote the Cayley graph
on I" generated by S, which has elements of I" as vertices, and

g~gs forallgeTlands e S.

as edges.

In this section, we only consider abelian groups, specifically Z/pZ for concreteness (though
everything here generalizes easily to all finite abelian groups). For abelian groups, we write
the group operation additively as g + s. So edges join elements whose difference lies in S.

Remark 3.3.2. In later sections when we consider a non-abelian group I', one needs to make
a choice whether to define edges by left- or right-multiplication (i.e., gs or sg; we chose
gs here). It does not matter which choice one makes (as long as one is consistent) since
the resulting Cayley graphs are isomorphic (why?). However, some careful bookkeeping is
sometimes required to make sure that later computations are consistent with the initial choice.

Example 3.3.3. Cay(Z/nZ,{-1, 1}) is a cycle of length n. The graph for n = 8 is shown
below.

0/ .\o

VAR
\

Example 3.3.4. Cay(F?,{ey,...,e,}) is the skeleton of an n-dimensional cube. Here ¢; is
the i-th standard basis vector. The graphs for n = 1,2, 3, 4 are illustrated below..

I~

™~~~

Here is an explicitly constructed family of quasirandom graphs with edge density 1/2+0(1).

Definition 3.3.5 (Paley graph)
Let p =1 (mod 4) be a prime. The Paley graph of order p is Cay(Z/pZ, S), where S
is the set of non-zero quadratic residues in Z/pZ (here Z/pZ is viewed as an additive

group).
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Example 3.3.6. The Paley graphs for p = 5 and p = 13 are shown below.

0

3 2
Cay(z2/5Z,{%1}) Cay(zZ/13Z,{+1})

Remark 3.3.7 (Quadratic residues). Here we recall some facts from elementary number theory.
For every odd prime p, the set S = {a2 ta € F;} of quadratic residues is a multiplicative
subgroup of F, with index two. In particular, [S| = (p — 1)/2. We have —1 € S if and only if
p =1 (mod 4) (which is required to define a Cayley graph, as the generating set needs to be
symmetric in the sense that § = —5).

We will show that Paley graphs are quasirandom by verifying the EIG condition, which
says that all eigenvalues, except the top one, are small. Here is a general formula for computing
the eigenvalues of any Cayley graph on Z/pZ.

Theorem 3.3.8 (Eigenvalues of abelian Cayley graphs on Z/nZ)
Let n be a positive integer. Let S € Z/nZ with 0 # S and S = —S. Let

w = exp(2ni/n).

Then we have an orthonormal basis v, ..., v,_; € C" of eigenvectors of Cay(Z/nZ, S)
where

v; € C" has x-coordinate w’*/+/n, for each x € Z/nZ.
The eigenvalue associated to the eigenvector v; equals to

A;= ijs.

seS

In particular, 1y = |S| and vq has all coordinates 1/+/n.

Remark 3.3.9 (Eigenvalues and the Fourier transform). The coordinates of the eigenvectors
are shown below.

Z/nZ
0 1 2 o n—1
\/ﬁ Vo 1 1 1 1
Vvnvy 1w w? W'
Vovy 1 W? w* e 2D
\/ﬁ Vot 1 wn—l w2(n—l) . w(n_l)z

Viewed as a matrix, this is sometimes known as the discrete Fourier transform matrix.
We will study the Fourier transform in Chapter 6. These two topics are closely tied. The
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eigenvalues of an abelian Cayley graph Cay(I, S) are precisely the Fourier transform in I" of
the generating set S, up to normalizing factors:

eigenvalues of Cay(I',S) «—  Fourier transform IsinT.
We will say more about this in Remark 3.3.11 below.

Proof. Let A be the adjacency matrix of Cay(Z/nZ, S). First we check that each v; is an
eigenvector of A with eigenvalue A;. The coordinate of VnAv; atx € Z/nZ equals to

ij(x+s) — (Z sz)wjx — /ljwjx‘

seS seS
So AVj = Ajvj-
Next we check that {vg, ..., v, 1} is an orthonormal basis. We have the inner product

1 — — —
(vjsvi) = = (1 A+t + 0o +--- +w(”‘1)1w("_')k)
n

_1 (1 + kT 4 D) +“'+w(n71)(k7j)) _ Uiy =k '
n 0 ifj+k.
For the i # j case, we use that for any m-th root of unity  # 1, ZT:_OI 27 =0.S0{vg,...,vp_1}
is an orthonormal basis. O

Remark 3.3.10 (Real vs complex eigenbases). The adjacency matrix of a graph is a real
symmetric matrix, so all its eigenvalues are real, and it always has a real orthogonal eigenbasis.
The eigenbasis given in Theorem 3.3.8 is complex, but it can always be made real. Looking
at the formulas in Theorem 3.3.8, we have 1; = 4,,_;, and v; is the complex conjugate of
Vn—j. So we can form a real orthogonal eigenbasis by replacing, for each j ¢ {0,n/2}, the
pair (v, v,—;) by ((v; + v,,_j)/\/i, i(vj— vn_j)/\/i). Equivalently, we can separate the real
and imaginary parts of each v;, which are both eigenvectors with eigenvalue A ;. All the real
eigenvalues and eigenvectors can be expressed in terms of sines and cosines.

Remark 3.3.11 (Every abelian Cayley graph has an eigenbasis independent of the generators).
The above theorem and its proof generalizes to all finite abelian groups, not just Z/nZ. For every
finite abelian group I', we have a set T of characters, where each character is a homomorphism
x: ' — C*. Then T turns out to be a group isomorphic to I' (one can check this by first
writing I as a direct product of cyclic groups). For each y € T, define the vector v + € Cl by
setting the coordinate at g € I" to be x(g)/ \/ﬁ .Then {v, : y € f} is an orthonormal basis
for the adjacency matrix of every Cayley graph on I'. The eigenvalue corresponding to v,
is 1, (S) = Xyes x (). Up to normalization, A, (S) is the Fourier transform of the indicator
function of S on the abelian group I" (Theorem 3.3.8 is a special case of this construction). In
particular, this eigenbasis {v, : xy € f} depends only on the finite abelian group and not on
the generating set S. In other words, we have a simultaneous diagonalization for all adjacency
matrices of Cayley graphs on a fixed finite abelian group.

If I' is a non-abelian group, then there does not exist a simultaneous eigenbasis for all
Cayley graphs on I'. There is a corresponding theory of non-abelian Fourier analysis, which
uses group representation theory. We will discuss more about non-abelian Cayley graphs in
Section 3.4.
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Now we apply the above formula to compute eigenvalues of Paley graphs. In particular,
the following tells us that Paley graphs satisfy the quasirandomness condition EIG from
Theorem 3.1.1.

Theorem 3.3.12 (Eigenvalues of Paley graphs)

Let p =1 (mod 4) be a prime. The adjacency of matrix of the Paley graph of order p has
top eigenvalue (p — 1)/2, and all other eigenvalues are either (1/p —1)/2 or (=/p —1)/2.

Proof. Applying Theorem 3.3.8, we see that the eigenvalues are given by, for j = 0,1, ..., p—1,

=) W= %(—1 £ wfxz),

seS x€F,

since each quadratic residue s appears as x> for exactly two non-zero x. Clearly 1o = (p —1)/2.
For j # 0, the next result shows that the inner sum on the right-hand side is +4/p (note that
the above sum is real when p = 1 (mod 4) since S = S~! and so the sum equals to its own
complex conjugate; alternatively, the sum must be real since all eigenvalues of a symmetric
matrix are real). O

Remark 3.3.13. Since the trace of the adjacency matrix is zero, and equals the sum of
eigenvalues, we see that the non-top eigenvalues are equally split between (4/p — 1)/2 and

(=vP-1)/2.

Theorem 3.3.14 (Gauss sum)
Let p be an odd prime, w = exp(27i/p), and j € F, \ {0}. Then

2"

x€F),

=4/p.

Proof. We have
2

— Z Wl ()P =x%) _ Z w! QX

X,Y€Z/pZ X,Y€Z[pZ

2,

x€F),

For each fixed y, we have

Wl xy+y?) {p ify=0,

xTThz 0 ify=+#0.

Summing over y yields the claim. O

Remark 3.3.15 (Sign of the Gauss sum). The determination of this sign is a more difficult
problem. Gauss conjectured the sign in 1801 and it took him four years to prove it. When j
is a nonzero quadratic residue mod p, the inner sum above turns out to equal 4/p if p = 1
(mod 4) and iy/p if p =3 (mod 4). When j is a quadratic non-residue, it is —/p and —i/p
in the two cases respectively. See Ireland & Rosen (1990, Section 6.4) for a proof.
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Exercise 3.3.16. Let p be an odd prime and A, B C Z/pZ. Show that

S5 v

acAbeB
where (a/p) is the Legendre symbol defined by

0 ifa=0 (mod p)

a . . . .
(—) =41 if a is a nonzero quadratic residue mod p

—1 if a is a quadratic nonresidue mod p

I Exercise 3.3.17. Prove that in a Paley graph of order p, every clique has size at most /p.

Exercise 3.3.18 (No spectral gap if too few generators). Prove that for every & > 0 there is
some ¢ > 0 such that for every S C Z/nZ with 0 ¢ S = —S and |S| < clogn, the second
largest eigenvalue of the adjacency matrix of Cay(Z/nZ, S) is at least (1 — &) |S]|.

Exercise 3.3.19" Let p be a prime and let S be a multiplicative subgroup of . Suppose
—1 € S. Prove that all eigenvalues of the adjacency matrix of Cay(Z/pZ, S), other than the
top one, are at most 4/p in absolute value.

3.4 Quasirandom Groups

In the previous section, we saw that certain Cayley graphs on cyclic groups are quasirandom.
Note that not all Cayley graphs on cyclic groups are quasirandom. For example, the Cayley
graph withI' =Z/nZ and S = {x : |x| < n/4} C Z/nZ is not quasirandom.

In this section, we will see that for certain families of non-abelian groups, every Cayley
graph on the group is quasirandom, regardless of the Cayley graph generators. Gowers (2008)
called such groups quasirandom groups, and showed that they are precisely groups with no
small non-trivial representations. He came up with this notion while solving the following
problem about product-free sets in groups.

Question 3.4.1 (Product-free subset of groups)

Given a group of order n, what is the size of its largest product-free subset? Is it always
> cn for some constant ¢ > 0?

Remark 3.4.2 (Representations of finite groups). We need some basic concepts from group
representation theory in this section—mostly just some definitions. Feel free to skip this
remark if you have already seen group representations before.

Given a finite group T, it is often useful to study its actions as linear transformations on
some vector space. For example, if I is a cyclic or dihedral group, it is natural to think of
elements of I" as rotations and reflection of a plane, which are linear transformation on R?.
The theory turns out to be much nicer over C than R since C is algebraically closed. We are
interested in ways that I" can be represented as a group of linear transformations acting on
some C9.

A representation of a finite group I" is a group homomorphism p: I' — GL(V), where
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V is a complex vector space (everything will take place over C) and GL(V) is the group of
invertible linear transformations of V. We sometimes omit p from the notation and just say
that V is a representation of I', and also that I" acts on V (via p). Foreachg e 'and v € V,
we write gv = p(g)v for the image of the g-action on v. We write dim p = dimV for the
dimension of the representation.

The fact that p: I' — GL(V) is a group homomorphism means that the action of I" on V is
compatible with group operations in I" in the following sense: if g, & € I', then the expression
ghx does not depend on whether we first apply % to x and then g to Ax, or if we first multiply
g and 4 in I" and then apply their product g/ to x.

For example, suppose I" is a subgroup of permutations of [n], with each element g € T’
viewed as a permutation g: [n] — [n]. We can define a representation of I" on C" by letting
I" permute the coordinates: for any x = (xy,...,x,) € C", set gx = (Xg(1), ..., Xg(n)). AS
an element of GL(n,C), p(g) is the n X n permutation matrix of the permutation g, and
gx = p(g)x for each x € C".

We say that the representation V of I' is trivial if gv = v forall g e " and v € V, and
non-trivial otherwise.

We say that a subspace W of V is I'-invariant if gw € W for all w € W. In other words, the
image of W under I is contained in W (and actually must equal W due to the invertibility of
group elements). Then W is a representation of I', and we call it a subrepresentation of V.

For an introduction to group representation theory, see any standard textbook such as the
classic Linear Representations of Finite Groups by Serre (1977) is a classic. Also, the lectures
notes titled Representation Theory of Finite Groups, and Applications by Wigderson (2012) is
a friendly introduction with applications to combinatorics and theoretical computer science.

Recall from Definition 3.2.1 that an (n, d, A1)-graph is an n-vertex d-regular graph all of
whose eigenvalues, except the top one, are at most A in absolute value.

The main theorem of this section, below, says that a group with no small non-trivial
representations always produces quasirandom Cayley graphs (Gowers 2008).

Theorem 3.4.3 (Cayley graphs on quasirandom groups)

Let I" be a group of order n with no non-trivial representations of dimension less than K.
Then every d-regular Cayley graph on I" is an (n, d, 1)-graph for some A < +/dn/K.

Remark 3.4.4 (Abelian groups and one-dimensional representations). If I is abelian, then
it has many one-dimensional non-trivial representations, namely coming its multiplicative
characters. For example, of I' = Z/nZ, then the map p: I' — C* sending g € Z/nZ to w8,
where w is some non-trivial root of unity, is a non-trivial one-dimensional representation.
In fact, one can vary w over all roots of unity to obtain all non-isomorphic one-dimensional
representations of I".

So the hypothesis of having no low dimensional non-trivial representations can be viewed
as a statement that the group is highly non-abelian in some sense.

A representation is irreducible if it contains no subrepresentations other than itself and
the zero-dimensional subrepresentation. Irreducible representations are the basic building
blocks of group representations, and so understanding all irreducible representations of a
group is a fundamental objective. Among finite groups, a group is abelian if and only if all its
irreducible representations are one-dimensional.
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More generally we will prove the result for vertex-transitive groups, of which Cayley graphs
is a special case.

Definition 3.4.5 (Vertex-transitive graphs)

Let G be a graph. An automorphism of G is a permutation of V(G) that induces
an isomorphism of G to itself (i.e., sending edges to edges). Let I' be a group of
automorphisms of G (not necessarily the whole automorphism group). We say that I'
acts vertex-transitively on G if for every pair v,w € V(G) there is some g € I" such that
gv = w. We that G is a vertex-transitive graph if the automorphism group of G acts
vertex-transitively on G.

In particular, every group I' acts vertex-transitively on its Cayley graph Cay(T, S) by
left-multiplication: the action of g € T" sends each vertex x € I" to gx € I', which sends each
edge (x,xs) to (gx, gxs), forallx e "and s € S.

Theorem 3.4.6 (Vertex-transitive graphs and quasirandom groups)

Let I" be a finite group with no non-trivial representations of dimension less than K. Then
every n-vertex d-regular graph that admits a vertex-transitive I" action is an (n, d, 1)-graph

with A < y/dn/K.

Note that 4/dn/K < n/VK, so that a sequence of such Cayley graphs is quasirandom
(Definition 3.1.2) as long as K — oo as n — oo.

Proof. Let A denote the adjacency matrix of the graph, whose vertices are indexed by

{1,...,n}. Each g € I" gives a permutation (g(1), ..., g(n)) of the vertex set, which induces
a representation of I" on C" given by permuting coordinates, sending v = (vy,...,v,) € C"
togv = (Vg(l), Cee, Vg(n))-

We know that the all-1 vector 1 is an eigenvector of A with eigenvalue d. Let v € R" be
an eigenvector of A with eigenvalue yu such that v L 1. Since each g € I" induces a graph
automorphism, Av = uv implies A(gv) = ugv (check this claim! Basically it is because g
relabels vertices in an isomorphically indistinguishable way).

Since I'v = {gv : g € I'} is I'-invariant, its C-span W is a I'-invariant subspace (i.e.,
gW C W for all g € '), and hence a subrepresentation of I'. Since v is not a constant vector,
the I'-action on v is non-trivial. So W is a non-trivial representation of I". Hence dim W > K
by hypothesis. Every nonzero vector in W is an eigenvector of A with eigenvalue u. It follows
that u appears as an eigenvalue of A with multiplicity at least K. Recall that we also have an
eigenvalue d from the eigenvector 1. Thus

n

Kt < ) A;(A)? = tr A = nd.

J=1

<\ <\ :

The above proof can be modified to prove a bipartite version, which will be useful for
certain applications.

Therefore
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Given a finite group I" and a subset S € I' (not necessarily symmetric), we define the
bipartite Cayley graph BiCay (I, S) as the bipartite graph with vertex set I" on both parts,
with an edge joining g on the left with gs on the right for every g € "and s € S.

Theorem 3.4.7 (Bipartite Cayley graphs on quasirandom groups)

Let I be a group of order n with no non-trivial representations of dimension less
than K. Let S C T" with |S| = d. Then the bipartite Cayley graph BiCay(T',S) is a
bipartite-(n, d, 1)-graph for some A < \/nd/K.

In other words, the second largest eigenvalue of the adjacency matrix of this bipartite
Cayley graph is less than \/nd /K.

I Exercise 3.4.8. Prove Theorem 3.4.7.

As an application of the expander mixing lemma, we show that in a quasirandom group,
the number of solutions to xy = z with x, y, z lying in three given sets X, Y, Z C I' is close to
what one should predict from density alone. Note that the right-hand side expression below
is relatively small if K2 is large compared to | X| Y] |Z| /|7 (e.g.,if X, Y, Z each occupy at
least a constant proportion of the group, and K tends to infinity).

Theorem 3.4.9 (Mixing in quasirandom groups)

Let I be a finite group with no non-trivial representations of dimension less than K. Let
X,Y,Z CTI'.Then

X|Yl|Z X|Yl|Z| |
{(roy.2) € X XY XZ:xy=2}|— | |||r||| | JIX1l |K| [T

Proof. Every solution to xy = z, with (x, y,z) € X XY X Z corresponds to an edge (x, z) in
BiCay(T", Y) between vertex subset X on the left and vertex subset Z on the right.

X
r y=x"lzeY

| ymvze¥

BiCay(I,Y) | %

By Theorem 3.4.7, BiCay(I', Y) is a bipartite-(n, d, 1)-graph with n = |I'|, d = |Y|, and some
A < +/|IT| Y] /IK]. The above inequality then follows from applying the bipartite expander
mixing lemma, Theorem 3.2.9, to BiCay(I, Y). ]
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Corollary 3.4.10 (Product-free sets)
Let I' be a finite group with no non-trivial representations of dimension less than K. Let
X,Y,Z C I'. If there is no solution to xy = z with (x, y,z) € X XY X Z, then

F3
x11y]1z) < EE.
K

In particular, every product-free X C I has size less than |T'| /K'/3. (Here product-free
means that there is no solution to xy = z with x, y, z € X.)

Proof. Ifthereisno solutiontoxy = z, then the left-hand side of the inequality in Theorem 3.4.9
is | X||Y||Z| /|T|. Rearranging gives the result. O

The above result already shows that all product-free subsets of a quasirandom group must
be small. This sharply contrasts the abelian setting. For example, in Z/nZ (written additively),
there is a sum-free subset of size around n/3 consisting of all group elements strictly between
n/3 and 2n/3.

Exercise 3.4.11 (Growth and expansion in quasirandom groups). Let I" be a finite group
with no non-trivial representations of dimension less than K. Let X,Y,Z C I'. Suppose
|X||Y]1Z| = |T’ /K. Then XYZ =T (i.e., every element of I" can be expressed as xyz for
some (x,y,7) € X XY X Z).

Examples of quasirandom groups

Example 3.4.12 (Quasirandom groups). Here are some examples of groups with no small
non-trivial representations.

(a) A classic result of Frobenius from around 1900 shows that every non-trivial represen-
tation of PSL(2, p) has dimension at least (p — 1)/2 for all prime p. A short proof
is included below. Jordan (1907) and Schur (1907) computed the character tables
for PSL(2, g) for all prime power g. In particular, we know that every non-trivial
representation of PSL(2, ¢) has dimension > (g — 1)/2 for all prime power q.

(b) The alternating group A,, for m > 2 has order m!/2, and its smallest non-trivial
representation has dimension m — 1 = ©@(logn/loglogn). The representations of
symmetric and alternating groups have a nice combinatorial description using Young
diagrams. See Sagan (2001) and Fulton & Harris (1991) for expository accounts of
this theory.

(c) Gowers (2008, Theorem 4.7) gives an elementary proof that in every non-cyclic
simple group of order n, the smallest non-trivial representation has dimension at least

vlogn/2.

Recall that the special linear group SL(2, p) is the group of 2 X 2 matrices (under
multiplication) with determinant 1:

SL(2, p) = {(‘Cl Z) ca,b,c,d €F,,ad - bc = 1}.
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The projective special linear group PSL(2, p) is a quotient of SL(2, p) by all scalars; that is,
PSL(2, p) = SL(2, p)/{+I}.

The following result is due to Frobenius.

Theorem 3.4.13 (PSL(2, p) is quasirandom)

Let p be a prime. Then all non-trivial representations of SL(2, p) and PSL(2, p) have
dimension at least (p — 1)/2.

Proof. The claim is trivial for p = 2, so we can assume that p is odd. It suffices to prove the
claim for SL(2, p). Indeed, any non-trivial representation of PSL(2, p) can be made into a
representation of SL(2, p) by first passing through the quotient SL(2, p) — SL(2, p)/{I} =
PSL(2, p).

Now suppose p is a non-trivial representation of SL(2, p). The group SL(2, p) is generated
by the elements (Exercise: check!)

gz((l) i) and hz(_ll (1))
These two elements are conjugate in SL(2, p) viaz = (1 ') as gz = zh. If p(g) = I, then
p(h) = I by conjugation, and p would be trivial since g and & generate the group. So,
p(g) # 1. Since g? = I, we have p(g)? = I. So p(g) is diagonalizable (here we use that a
polynomial is diagonalizable if an only if its minimal polynomial has distinct roots, and that
the minimal polynomial of p(g) divides X? — 1). Since p(g) # I, p(g) has an eigenvalue
A # 1. Since p(g)? =1, A is a primitive p-th root of unity.
For every a € F%, g is conjugate to

a 0\(1 1\({a' 0 (1 a*\_
0 a'fl0o 1)J{o a0 1)78"
Thus p(g) is conjugate to p(g)* . Hence these two matrices have same set of eigenvalues.
So A4 is an eigenvalue of p(g) for every a € F%, and by ranging over all a € 5, this gives

(p — 1)/2 distinct eigenvalues of p(g) (recall that A is a primitive p-th root of unity). It
follows that dimp > (p — 1)/2. |

Applying Corollary 3.4.10 with Theorem 3.4.13 yields the following corollary (Gowers
2008). Note that the order of PSL(2, p) is (p* — p)/2.

Corollary 3.4.14 (Product-free subset of PSL(2, p))

The largest product-free subset of PSL(2, p) has size O (p>~'/3).
In particular, there exist infinitely many groups of order n whose largest product-free
subset has size O (n®°).

Before Gowers’ work, it was not known whether every order n group has a product-free
subset of size > cn for some absolute constant ¢ > 0 (this was Question 3.4.1, asked by Babai
and Sés). Gowers’ result shows that the answer is no.

In the other direction, Kedlaya (1997; 1998) showed that every finite group of order n has a
product-free subset of size > n'!'/!*. In fact, he showed that if the group has a proper subgroup
H of index m, then there is a product-free subset that is a union of > m'/? cosets of H.
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Equivalence of quasirandomness conditions

We saw that having no small non-trivial representations is a useful property of groups. Gowers
further showed that this group representation theoretic property is equivalent to several other
characterizations of the group.

Theorem 3.4.15 (Quasirandom groups)

Let I',, be a sequence of finite groups of increasing order. The following are equivalent:
REP The dimension of the smallest non-trivial representation of I',, tends to infinity.
GRAPH Every sequence of bipartite Cayley graphs on I',,, as n — oo, is quasirandom
in the sense of Theorem 3.1.25.

PRODFREE The largest product-free subset of I',, has size o(|T,]).
QUOTIENT For every proper normal subgroup H of I',, the quotient I',,/H is
nonabelian and has order tending to infinity as n — oo.

Let us comment on the various implications.

By Theorem 3.4.7, REP implies GRAPH. For the converse, we need to construct a
non-quasirandom Cayley graph on each group with a non-trivial representation of bounded
dimension. One can first construct a weighted analogue of a bipartite Cayley graph with large
eigenvalues by appealing to formulas from non-abelian Fourier transform (see Remark 3.4.17
below). And then one can sample a genuine bipartite Cayley graph from the weighted version.

By Corollary 3.4.10, REP implies PRODFREE. The converse is proved in Gowers (2008)
using elementary methods. It was later proved with better polynomial quantitative dependence
in Nikolov & Pyber (2011), who proved the following result.

Theorem 3.4.16 (PRODFREE implies REP)

Let I' be a group with a non-trivial representation of dimension K. Then I' has a
product-free subset of size at least ¢ |I'| /K, where ¢ > 0 is some absolute constant.

To see that REP implies QUOTIENT, note that any non-trivial representation of I'/H is
automatically a representation of I" after passing through the quotient. Furthermore, every
non-trivial abelian group has a non-trivial 1-dimensional representation, and every group
of order m > 1 has a non-trivial representation of dimension < +/m. For the proof of the
converse, see Gowers (2008, Theorem 4.8). (This implication has an exponential dependence
of parameters.)

Remark 3.4.17 (Non-abelian Fourier analysis). (This is an advanced remark and can be
skipped over.) Section 3.3 discussed the Fourier transform on finite abelian groups. The topic
of this section can be alternatively viewed through the lenses of the non-abelian Fourier
transform. We refer to Wigderson (2012) for a tutorial on the non-abelian Fourier transform
from a combinatorial perspective.

Let us give here the recipe for computing the eigenvalues and an orthonormal basis of
eigenvectors of Cay (T, S).

For each irreducible representation p of I' (always working over C), let

M, =" p(s),

seS
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viewed as a dim p X dim p matrix over C. Then M,, has dim p eigenvalues 4, 1, . . ., Ay gimp-

Here is how to list all the eigenvalues of the adjacency matrix of Cay(I', S): repeating
each A,; with multiplicity dim p, ranging over all irreducible representations p and all
1 <i<dimp.

To emphasize, the eigenvalues always come in bundles with multiplicities determined by
the dimensions of the irreducible representations of I" (although it is possible for there to be
additional coalescence of eigenvalues).

One can additionally recover a system of eigenvectors of Cay (I, S). For each eigenvector v
with eigenvalue A of M, and every w € CYim#_ set x* € C" with coordinates

X =(p(g)v, w)

for all g € I'. Then x is an eigenvector of Cay(I", S) with eigenvalue 1. Now let p range over
all irreducible representations of I', and let v range over an orthonormal basis of eigenvectors
of M,, (let A be the corresponding eigenvalue), and let w range over an orthonormal basis
of eigenvectors of C%M#, then x*** ranges over an orthogonal system of eigenvectors of
Cay(T", S). The eigenvalue associated to x**" is A.

A basic theorem in representation theory tells us that the regular representation decomposes
into a direct sum of dim p copies of p ranging over every irreducible representation p of I'.
This decomposition then corresponds to a block diagonalization (simultaneously for all S)
of the adjacency matrix of Cay(I', S) into blocks M, repeated dim p times, for each p. The
above statement comes from interpreting this block diagonalization.

The matrix M,,, appropriately normalized, is the non-abelian Fourier transform of the
indicator vector of S at p. Many basic and important formulas for Fourier analysis over abelian
groups, e.g, inversion and Parseval (which we will see in Chapter 6) have nonabelian analogs.

3.5 Quasirandom Cayley Graphs and Grothendieck’s Inequality

Let us examine the following two sparse quasirandom graph conditions (c.f. Remark 3.1.28).

Definition 3.5.1 (Sparse quasirandom graphs)

Let G be an n-vertex d-regular graph. We say that G satisfies property
SparseDISC(¢) if|e(X,Y) — 4 |X||Y|| < edn forall X,Y C V(G);
SparseEIG (&) if G is an (n, d, 1)-graph for some A < &d.

In Section 3.1, we saw that when d grows linearly in 7, then these two conditions are
equivalent up to a polynomial change in the constant €. As discussed in Remark 3.1.28, many
quasirandomness equivalences break down for sparse graphs, meaning d = o(n) here. Some
still holds, for example:

Proposition 3.5.2 (SparseEIG implies SPARSEDISC)
Among regular graphs,

SparseEIG(g) implies SparseDISC(¢).

Proof. In an (n,d, A) graph with 1 < &d, by the expander mixing lemma (Theorem 3.2.4),
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for every vertex subsets X and Y,
d
e(X,Y)— —|X|Y|| £ AWIX| Y] < edV|X]| Y] < edn.
n

So the graph satisfies SparseDISC(&). O

The converse fails badly. Consider the disjoint union of a large random d-regular graph
and a K4, (here d = o(n)).

large random U
d-regular graph

K

This graph satisfies SparseDISC(o(1)) since it is satisfied by the large component, and the
small component K;,; contributes negligibly to discrepancy due to its size. On the other hand,
each connected component contributes a eigenvalue of d (by taking the all-1 vector supported
on each component), and so SparseEIG (&) fails for any € < 1.

The main result of this section is that despite the above example, if we restrict ourselves
to Cayley graphs (abelian or non-abelian), SparseDISC(&) and SparseEIG (&) are always
equivalent up to a linear change in €. This result is due to Conlon & Zhao (2017).

Theorem 3.5.3 (SparseDISC implies SparseEIG for Cayley graphs)
Among Cayley graphs,

SparseDISC(g) implies SparseEIG(8¢).

As in Section 3.4, we prove the above result more generally for vertex-transitive graphs
(see Definition 3.4.5).

Theorem 3.5.4 (SparseDISC implies SparseEIG for vertex-transitive graphs)
Among vertex-transitive graphs,

SparseDISC(g) implies SparseEIG(8¢).

Grothendieck’s inequality

The proof of the above theorem leads us to the following important inequality from functional
analysis due to Grothendieck (1953).
Given a matrix A = (a, ;) € R™", we can consider its £~ — ¢' norm

sup [[Aylly

Iyl <1

which can also be written as (exercise: check! Also see Lemma 4.5.3 for a related fact about
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the cut norm of graphons)

sup  (x,Ay) = sup a; iX;y; (3.5.1)
xe{-1,1}" X1, ,xm€{-1, l}ZZ o a
ye{-1,1}" Vivreym €{=1,1

This quantity is closely related to discrepancy.
One can consider a semidefinite relaxation of the above quantity:

m n

sup > g (ki i) (3.5.2)
N e
[ S S

where the surpremum is taken over vectors xy, ..., X;, Y1, ..., Y, in the unit ball of some

real Hilbert space, whose norm is denoted by || ||. Without loss of generality, we can take

assume that these vectors lie in R”*" with the usual Euclidean norm (here m + n dimensions

are enough since xy, ..., X, Y1, ..., Y, span a real subspace of dimension at most m + n).
We always have

(3.5.1) < (3.5.2)

by restricting the vectors in (3.5.2) to R. The latter expression (3.5.2) is called a semidefinite
relaxation since it can be also written as the supremum of }; ; a; ;M; ; over all positive
semidefinite matrices M. So (3.5.2) can be efficiently solved on a computer using a technique
known as semidefinite programming, whereas no efficient algorithm is believed to exist for
computing (3.5.1) (Alon & Naor 2006).

Grothendieck’s inequality says that this semidefinite relaxation never loses lose more than
a constant factor.

Theorem 3.5.5 (Grothendieck’s inequality)
There exists a constant K > 0 (K = 1.8 works) such that for all matrices A = (a; ;) € R"™",

m
sup ZZa” (xl,yj> <K sup ZZa,,xlyj,
[l 11, ||yj||<1 i=1 j=1 xiyy et} o Jj=1
where the left-hand side supremum is taken over vectors xy, ..., X,, Y1, . . ., ¥, in the unit

ball of some real Hilbert space.

Remark 3.5.6. The optimal constant K is known as the real Grothendieck’s constant. Its exact
value is unknown. It is known to lie within [1.676, 1.783]. There is also a complex version
of Grothendieck’s inequality, where the left-hand side uses a complex Hilbert space (and
place an absolute value around the final sum). The corresponding complex Grothendieck’s
constant is known to lie within [1.338, 1.405].

We will not prove Grothendieck’s inequality here. See Alon & Naor (2006) for three proofs
of the inequality, along with algorithmic discussions.

Proof that SparseDISC implies SparseEIG for vertex-transitive graphs

Proof of Theorem 3.5.4. Let G be an n-vertex d-regular graph with a vertex-transitive group
I" of automorphisms. Suppose G satisfies SparseDISC(&). Let A be the adjacency matrix of
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G. Write
d
B=A--J
n

where J is the n X n all-1 matrix. To show that G is an (n, d, 1)-graph with A < &d, it suffices
to show that B has operator norm || B|| < &d (here we are using that G is d-regular, so the all-1
eigenvector of A with eigenvalue d becomes an eigenvector of B with eigenvalue zero 0).

For any X,Y C V(G), the corresponding indicator vectors x = 1x € R” and y = 1y € R”
satisfy, by SparseDISC(¢),

[{x, By)| = |e(X,Y) — g |X||Y]| < edn.
Then, for any x,y € {—1, 1}", we can write x = x* —x~ and y = y* — y~ withx*,x7, y*,y~ €
{0, 1}". Since,
(x,By) = (x", By") = (x", By™) — (x", By") + (x", By"),
and each term on the right-hand side is at most £dn in absolute value, we have
[(x,By)| < 4edn forallx,y e {-1,1}". (3.5.3)

For any graph automorphism g € I" and any x = (xy,...,x,) € R" and i € [n], write

4 [n
x’z( mxg(j):gel“)eRr.

For every unit vector x € R", the vector x/ € R' is a unit vector since x7 + - -- + x7 = 1
and the map g — g(j) is n/|T’|-to-1 for each j. Similarly define y/ for any y € R" and
J € [n]. Furthermore, B; ; = Bg(;) 4(j) for any g € I' and j € [n] due to g being a graph
automorphism.

To prove the operator norm bound ||B|| < 8&d, it suffices to show that (x, By) < 8&d for
every pair of unit vectors x, y € R". We have

n 1 n
(x,By) = Z B jxiy; = MHl Z Z Bei).g ()XY ()

i,j=1 gel i, j=1
1 < 1 ¥
= m Z Z Bi,jxg(,-)yg(j) = Z Z Bi,j(x’,y1> < 8é&d.
gel i,j=1 i,j=1

The final step follows from Grothendieck’s inequality (applied with K < 2) along with (3.5.3).
This completes the proof of SparseEIG(8¢). O

3.6 Second Eigenvalue: Alon—-Boppana Bound

The expander mixing lemma tells us that in an (n, d, 1)-graph, a smaller value of A guarantees
stronger pseudorandomness properties. In this chapter, we explore the following natural
extremal question.
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Question 3.6.1 (Minimum second eigenvalue)

Fix a positive integer d. What is the smallest possible A (as a function of d alone) such
that there exist infinitely many (n, d, A + o(1))-graphs, where the o(1) is some quantity
that goes to zero as n — oo?

The answer turns out to be

A=2Vd - 1.

One significance of this quantity is that it is the spectral radius of the infinite d-regular tree.
The following result gives the lower bound on A (Alon 1986).

Theorem 3.6.2 (Alon—Boppana second eigenvalue bound)
Fix a positive integer d. Let G be an n-vertex d-regular graph. If ; > --- > A,, are the
eigenvalues of its adjacency matrix, then

L > 2Vd =1 -o(1),

where 0(1) — 0 as n — oo.

In particular, the Alon—Boppana bound implies that max {|4,|, [1,|} = 2Vd — 1 — o(1),
which can be restated as below.

Corollary 3.6.3 (Alon—-Boppana second eigenvalue bound)
For every fixed d and A < 2Vd — 1, there are only finitely many (n, d, 1)-graphs.

We will see two different proofs. The first proof (Nilli 1991) constructs an eigenvector
explicitly. The second proof (only for Corollary 3.6.3) uses the trace method to bound moments
of the eigenvalues via counting closed walks.

Lemma 3.6.4 (Test vector)

Let G = (V,E) be a d-regular graph. Let A be the adjacency matrix of G. Let r be a
positive integer. Let st be an edge of G. For each i > 0, let V; denote the set of all vertices
at distance exactly i from {s, ¢} (so that in particular V = {s,¢}). Let x = (x,),cv € RV
be a vector with coordinates

(d-=17"? ifveViandi <r,
Xy = . . .
0 otherwise, i.e., dist(v, {s,}) > r.

Then
(x, Ax)

1
) >2 d—l(l—r+l)
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Proof. Let L = dI — A (this is called the Laplacian matrix of G). The claim can be rephrased
as an upper bound on {x, Lx) /{x, x). Here is an important and convenient formula (it can be
easily proved by expanding):

<xs L)C> = Z (xu _xv)z'

uveE
Since x, is constant for all v in the same V;, we only need to consider edges spanning
consecutive V;’s. Using the formula for x, we obtain

r—1

1
<x,Lx) = ;B(Via Vi+1) ((d— l)i/z - (d _ 1)(i+1)/2

1 2 e(Vy,Viar)
)+

Foreachi > 0, each vertex in V; has at most d — 1 neighbors in V.1, s0 e(V;, Viy1) < (d—1) |Vi].
Thus continuing from above,

r-1 1 1 ? |Vr|(d_1)
< Z Vil (d - 1) ((d— 1)il2 - (d - 1)(i+1)/2) * (d-1)r

Vil Vi (d-1)
:( l_l)z(d-w (d—-1)

= (¢ -2va—1) z (d'Y"'l),- +(2va—1-1) (dlY"l),-

We have |V;,| < (d—1)|V;| forevery i > 0, so that |V,.| (d — 1) < |V;| (d — 1)~ for each
i < r.So continuing,

2Wd-1-1) < .
<|d-2vda=T1+ Z Vil
r+1 i (d

— l)l
(d NI T+ 2 )<x x),

It follows that

(x, Ax) 4o (x, Lx) 5 (ZVdT— 2Vd—1—1)

(x,x) (x,x) r+1

2( r+1)2\/_ |
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Proof of the Alon—Boppana bound (Theorem 3.6.2). LetV = V(G). Let1be the all-1’s vector,
which is an eigenvector with eigenvalue d. To prove the theorem, it suffices to exhibit a
nonzero vector z L 1 such that

(GA2) S VTTT - o)),
(z,2)

Let r be an arbitrary positive integer. When n is sufficiently large, there exist two edges st
and s’t’ in the graph with distance at least 2r + 2 apart (indeed, since the number of vertices
within distance k of an edge is < 2(1 + (d = 1)+ (d - 1)>+---+ (d — 1)¥)). Let x € RV
be the vector constructed as in Lemma 3.6.4 for sz, and let y € RY be the corresponding
vector constructed for s’¢’. Recall that x is supported on vertices within distance » from st,
and likewise with y and s’#’. Since st and st are at distance at least 2r + 2 apart, the support
of x is at distance at least 2 from the support of y. Thus

(x,y)=0 and {(x,Ay)=0.

Choose a constant ¢ € R such that z = x — ¢y has sum of its entries equal to zero (this is
possible since (y, 1) > 0). Then

(z,2) = (5, x) + (3, )
and so by Lemma 3.6.4
(z.A2) = (x, Ax) + ¢ (y, Ay)

1 2
. (l_m)zm«x,xw (03)
= (1 - %)2\/(1— 1(z,2).

Taking r — oo as n — oo gives the theorem. O

Remark 3.6.5. The above proof cleverly considers distance from an edge rather than from a
single vertex. This is important for a rather subtle reason. Why does the proof fail if we had
instead considered distance from a vertex?

Now let us give another proof—actually we will only prove the slightly weaker statement
of Corollary 3.6.3, which is equivalent to

max {|A2], |4.|} = 2Vd -1 —o0(1). (3.6.1)
As a warmup, let us first prove (3.6.1) with Vd - o(1) on the right-hand side. We have

dn=2¢(G) =trA> = Zaf < d*+(n— 1) max {0, | 4,]}2.

=1
So

din—-d
max (1] 14,1} 2 3 =D < Va - o(1)
as n — oo for fixed d.
To prove (3.6.1), we consider higher moments tr A*. This is a useful technique, sometimes
called the trace method or the moment method.
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Alternative proof of (3.6.1). The quantity
A% =Y
i=1
counts the number of closed walks of length 2k on G. Let T, denote the infinite d-regular
tree. Observe that

# closed length-2k walks in G starting from a fixed vertex

> # closed length-2k walks in T, starting from a fixed vertex.

Indeed, at each vertex, for both G and T, we can label its d incident edges arbitrarily from
1 to d (the labels assigned from the two endpoints of the same edge do not have to match).
Then every closed length-2k walk in T, corresponds to a distinct closed length-2k walk in G
by tracing the same outgoing edges at each step (why?). Note that not all closed walks in G
arise this way (e.g., walks that go around cycles in G).

The number of closed walks of length 2k on an infinite d-regular graph starting at a fixed
root is at least (d — 1)¥Cy, where Cj = ﬁ (Zkk) is the k-th Catalan number. To see this, note
that each step in the walk is either “away from the root” or “towards the root.” We record a
sequence by denoting steps of the former type by + and of the latter type by —.

N7
|-

+++ -+ - -+ ++ - - - -

Then the number of valid sequences permuting k +’s and k —’s is exactly counted by the
Catalan number Cy, as the only constraint is that there can never be more —’s than +’s up to
any point in the sequence. Finally, there are at least d — 1 choices for where to step in the
walk at any + (there are d choices at the root), and exactly one choice for each —.

Thus, the number of closed walks of length 2k in G is at least

2k
tr A% > —DEC, > - k.
r _n(d )Ck_k+1 k (d )
On the other hand, we have
trA% = "% <+ (n— 1) max {| o], |11}
i=1
Thus,

1 2 2k
max {| o], [4,}* > —— k (d-1)*- a7
k n-—1

k+1
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The term - (%) is (2 — 0(1))* as k — . Letting k — oo slowly (e.g., k = o(logn)) as

n — oo gives us max {|A|, |4,|} = 2Vd =1 — o(1). O

Remark 3.6.6. The infinite d-regular graph T, is the universal cover of all d-regular graphs
(this fact is used in the first step of the argument). The spectral radius of T, is 2Vd — 1, which
is the fundamental reason why this number arises in the Alon—-Boppana bound.

Graphs with 15 ~2Vd — 1

Let us return to Question 3.6.1: what is the smallest possible A, for n-vertex d-regular graphs,
with d fixed and n large? Is the Alon-Boppana bound tight? (The answer is yes.)

Alon’s second eigenvalue conjecture says that random d-regular graphs match the Alon—
Boppana bound. This was proved by Friedman (2008). We will not present the proof, as it is
quite a difficult result.

Theorem 3.6.7 (Friedman’s second eigenvalue theorem)

Fix positive integer d and 1 > 2Vd — 1. With probability 1 —o(1) as n — oo (with n even
if d is odd), a uniformly chosen random n-vertex d-regular graph is an (n, d, A)-graph.

In other words, the above theorem says that random d-random graphs on n vertices satisty,
with probability 1 — o(1) (for fixed d > 3 and n — ),

max {4z, [4a]} < 2Vd = 1 +o(1).

Can we get < 2Vd — 1 exactly without an error term? This leads us to one of the biggest open
problems of the field.

Definition 3.6.8 (Ramanujan graph)

A Ramanujan graph is an (n,d, 1)-graph with 1 = 2Vd — 1. In other words, it is a
d-regular graph whose adjacency matrix has all eigenvalues, except the top one, at most
2Vd — 1 in absolute value.

A major open problem is to show the existence of infinite families of d-regular Ramanujan
graphs.

Conjecture 3.6.9 (Existence of Ramanujan graphs)
For every positive integer d > 3, there exist infinitely many d-regular Ramanujan graphs.

While it is not too hard to construct small Ramanujan graphs (e.g., K, has eigenvalues
Ay =dand A, = --- = 4, = —1), it is a major open problem to construct infinitely many
d-regular Ramanujan graphs for each d.

The term “Ramanujan graph” was coined by Lubotzky, Phillips, & Sarnak (1988), who
constructed infinite families of d-regular Ramanujan graphs when d — 1 is an odd prime.
The same result was independently proved by Margulis (1988). The proof of the eigenvalue
bounds uses deep results from number theory, namely solutions to the Ramanujan conjecture
(hence the name). These constructions were later extended by Morgenstern (1994) whenever
d — 1 is a prime power. The current state of Conjecture 3.6.9 is given below, and it remains
open for all other d, with the smallest open case being d = 7.
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Theorem 3.6.10 (Existence of Ramanujan graphs)
If d — 1 is a prime power, then there exist infinitely many d-regular Ramanujan graphs.

All known results are based on explicit constructions using Cayley graphs on PSL(2, g)
or related groups. We refer the reader to the book Davidoft, Sarnak, & Valette (2003) for a
gentle exposition of the construction.

Theorem 3.6.7 says that random d-regular graphs are “nearly-Ramanujan.” Empirical
evidence suggests that for each fixed d, a uniform random n-vertex d-regular graph is
Ramanujan with probability bounded away from 0 and 1, for large .

Conjecture 3.6.11 (A random d-regular graph is likely Ramanujan)

For every d > 3, there is some ¢, > 0 so that for all sufficiently large n (with n even
if d is odd), a a uniformly chosen random n-vertex d-regular graph is Ramanujan with
probability at least c.

If this were true, it would prove Conjecture 3.6.9 on the existence of Ramanujan graphs.
However, no rigorous results are known in this vein.

One can formulate a bipartite analog.

Definition 3.6.12 (Bipartite Ramanujan graph)
A bipartite Ramanujan graph is some bipartite-(n, d, 1)-graph with 1 = 2Vd — 1.

Given a Ramanujan graph G, we can turn it into a bipartite Ramanujan graph G X K. So the
existence of bipartite Ramanujan graphs is weaker than of Ramanujan graphs. Nevertheless, for
a long time, it was not known how to construct infinite families of bipartite Ramanujan graphs
other than using Ramanujan graphs. A breakthrough by Marcus, Spielman, & Srivastava
(2015) completely settled the bipartite version of the problem. Unlike earlier construction
of Ramanujan graphs, their proof is existential (i.e., non-constructive) and introduces an
important technique of interlacing families of polynomials.

Theorem 3.6.13 (Bipartite Ramanujan graphs of every degree)

For every d > 3, there exist infinitely many d-regular bipartite Ramanujan graphs.

Exercise 3.6.14 (Alon—Boppana bound with multiplicity). Prove that for every positive
integer d and real € > 0, there is some constant ¢ > 0 so that every n-vertex d-regular graph
has at least cn eigenvalues greater than 2Vd — 1 — €.

Exercise 3.6.15* (Net removal decreases top eigenvalue). Show that for every d and r,
there is some & > 0 such that if G is a d-regular graph, and S C V(G) is such that every
vertex of G is within distance r of S, then the top eigenvalue of the adjacency matrix of
G — S (i.e., remove S and its incident edges from G) is at most d — €.

Further Reading

The survey Pseudo-random Graphs by Krivelevich & Sudakov (2006) discusses many
combinatorial aspects of this topic.
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Expander graphs are a large and intensely studied topic, partly due to many important
applications in computer science. Here are two important surveys articles:

o Expander Graphs and Their Applications by Hoory, Linial, & Wigderson (2006);

e Expander Graphs in Pure and Applied Mathematics by Lubotzky (2012).

For spectral graph theory, see the book Spectral Graph Theory by Chung (1997), or the
book draft Spectral and Algebraic Graph Theory by Spielman.

The book Elementary Number Theory, Group Theory and Ramanujan Graphs by Davidoft,
Sarnak, & Valette (2003) gives a gentle introduction to the construction of Ramanujan graphs.

The breakthrough by Marcus, Spielman, & Srivastava (2015) constructing bipartite
Ramanujan graphs via interlacing polynomials is an instant classic.

Chapter Summary

e We are interested in quantifying how a given graph can be similar to a random graph.

o The Chung-Graham-Wilson quasirandom graphs theorem says that several notions
are equivalent, notably:

— DISC: edge discrepancy (c.f. the e-regular pair from c2),

— Cy4: 4-cycle count close to random, and

— EIG: all eigenvalues (except the largest) small.

These equivalences only apply to graphs at constant order edge density. Some of the
implications break down for sparser graphs.

e An(n,d, 1)-graphis an n-vertex d-regular graph all of whose adjacency matrix eigenvalues
are < A in absolute value except the top one (which must be d). The second eigenvalue
plays an important role in pseudorandomness.

o Expander mixing lemma. An (7, d, 1)-graph satisfies

d
e(X,Y)—;|X||Y| < AV|X| Y] for all X,Y C V(G).

o The eigenvalues of an abelian Cayley graph Cay(T', S) can be computed via the Fourier
transform of 1gS. For example, using a Gauss sum, one can deduce that the Paley graph
(generated by quadratic residues in Z/pZ) is quasirandom.

e A non-abelian group with no small non-trivial representations is call a quasirandom
group.

— Every Cayley graph on a quasirandom group is a quasirandom graph.

— There are no large product-free sets in a quasirandom group.

— Example of quasirandom group: PSL(2, p), which has order ( p3 = p)/2, and all
non-trivial representations have dimension > (p — 1)/2.

e Among vertex-transitive graphs (which includes all Cayley graphs), the sparse analogues of
the discrepancy property (SparseDISC) and small second eigenvalue property (SparseEIG)
are equivalent up to a linear change of the error tolerance parameter. This equivalence is
false for general graphs.

— Proof applies Grothendieck’s inequality, which says that that semidefinite relaxation of
the £ — ¢! norm (equivalent to the cut norm) gives a constant factor approximation.

e Alon-Boppana second eigenvalue bound. Every d-regular graph has second largest
eigenvalue > 2Vd — 1 — o(1) for the adjacency matrix, with d fixed as the number of
vertices goes to infinity.

— Two spectral proof methods: (1) constructing a test vector and (2) trace/moment method

— The constant 2Vd — 1 is best possible, as a random d-regular graph is typically an
(n,d, A)-graph with 2 = 2Vd — 1 + o(1) (Friedman’s theorem).

— A Ramanujan graph is an (n, d, 1)-graph with 1 = 2vd — 1. It is conjectured that for
every d > 3, there exist infinitely many d-regular Ramanujan graphs (this is known to
hold when d — 1 is a prime power). A bipartite version of this conjecture is true.
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Graph limits

Chapter Highlights

An analytic language for studying dense graphs

Convergence and limit for a sequence of graphs

Compactness of the graphon space with respect to the cut metric
Applications of compactness

Equivalence of cut metric convergence and left-convergence

The theory of graph limits was developed by Lovasz and his collaborators in a series
of works starting around 2003. The researchers were motivated by questions about very
large graphs from several different angles, including from combinatorics, statistical physics,
computer science, and applied math. Graph limits give an analytic framework for analyzing
large graphs. The theory offers both a convenient mathematical language as well as powerful
theorems.

Motivation

Suppose we live in a hypothetical world where we only had access to rational numbers and
had no language for irrational numbers. We are given the following optimization problem:

minimize x* — x subject to 0 < x < 1.

The minimum occurs at x = 1/ \/g, but this answer does not make sense over the rationals.
With only access to rationals, we can state a progressively improving sequence of answers
that converge to the optimum. This is rather cuambersome. It is much easier to write down a
single real number expressing the answer.

Now consider an analogous question for graphs. Fix some real p € [0, 1]. We want to

minimize  (# closed walks of length 4) /n*

among n-vertex graphs with > pn®/2 edges.

We know from Proposition 3.1.14 every n-vertex graph with edge density > p has at least
n*p* closed walks of length 4. On the other hand, every sequence of quasirandom graphs with
edge density p +o(1) has p*n* + o(n*) closed walks of length 4. It follows that the minimum
(or rather, infimum) is p*, and is attained not by any single graph, but rather by a sequence of
quasirandom graphs.

One of the purposes of graph limits is to provide an easy-to-use mathematical object that
captures the limit of such graph sequences. The central object in the theory of graph limits is
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called a graphon (the word comes from combining graph and function), to be defined shortly.
Graphons can be viewed as an analytic generalization of graphs.

Here are some questions that we will consider:

(1) What does it mean for a sequence of graphs (or graphons) to converge?

(2) Are different notions of convergence equivalent?

(3) Does every convergent sequence of graphs (or graphons) have a limit?

Note that it is possible to talk about convergence without a limit. In a first real analysis
course, one learns about a Cauchy sequence in a metric space (X, d), which is some sequence
X1,X2,+ -+ € X such that for every € > 0, there is some N so that d(x,,,x,) < & for all
m,n > N. For instance, one can have a Cauchy sequence without a limit in Q. A metric space
is complete if every Cauchy sequence has a limit. The completion of X is some complete
metric space X such that X is isometrically embedded in X as a dense subset. The completion
of X is in some sense the smallest complete space containing X. For example, R is the
completion of Q. Intuitively, the completion of a space fills in all of its gaps. A basic result in
analysis says that every space has a unique completion.

Here is a key result about graph limits that we will prove:

The space of graphons is compact, and is the completion of the set of graphs.

To make this statement precise, we also need to define a notion of similarity (i.e., distance)
between graphs, and also between graphons. We will see two different notions, one based
on the cut metric, and another based on subgraph densities. Another important result in the
theory of graph limits is that these two notions are equivalent. We will prove it at the end of
the chapter once we have developed some tools.

4.1 Graphons

Here is the central object in the theory of dense graph limits.

Definition 4.1.1 (Graphon)

A graphon is a symmetric measurable function W : [0, 1]?> — [0, 1]. Here symmetric
means W(x,y) = W(y,x) for all x, y.

Remark 4.1.2. More generally, we can consider an arbitrary probability space Q and study
symmetric measurable functions Q X Q — [0, 1]. In practice, we do not lose much by
restricting to [0, 1].

We will also sometimes consider symmetric measurable functions [0, 1]2 — R (e.g,
arising as the difference between two graphons). Such an object is sometimes called a kernel
in the literature.

Remark 4.1.3 (Measure theoretic technicalities). We try to sweep measure theoretic technical-
ities under the rug in order to focus on key ideas. If you have not seen measure theory before,
do not worry. Just view “measure” as lengths of intervals or areas of boxes (or countable
unions thereof) in the most natural sense. We always ignore measure zero differences. For
example, we shall treat two graphons as the same if they only differ on a measure zero subset
of the domain.
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Turning a graph into a graphon

Here is a procedure to turn any graph G into a graphon Wg:
(1) Write down the adjacency matrix Ag of the graph;
(2) Replace the matrix by a black and white pixelated picture on [0, 1], by turning every
1-entry into a black square and every O-entry into a white square.
(3) View the resulting picture as a graphon Wg : [0, 1]> — [0, 1] (with the axes labeled
like a matrix with x € [0, 1] running from top to bottom and y € [0, 1] running from
left to right), where we write Wg (x,y) = 1 if (x, y) is black and Wi (x, y) = 0 if (x, y)
is white.
An equivalent definition is given below. As with everything in this chapter, we ignore
measure zero differences, and so it does not matter what we do with boundaries of the pixels.

Definition 4.1.4 (Associated graphon of a graph)

Given a graph G with n vertices labeled 1,...,n, we define its associated graphon
W : [0,1]*> — [0, 1] by first partitioning [0, 1] into n equal-length intervals I, ..., I,
and setting W to be 1 on all I; X I; where ij is an edge of G, and 0 on all other /; X I;’s.

More generally, we can encode nonnegative vertex and edge weights in a graphon.

Definition 4.1.5 (Step graphon)

A step graphon W with k steps consists of first partitioning [0, 1] into k intervals
Ii,..., I, and then setting W to be a constant on each I; X I;.

Example 4.1.6 (Half-graph). Consider the bipartite graph on 2n vertices, with one vertex
part {vi,...,v,} and the other vertex part {wi,...,w,}, and edges v,w; whenever i < j. Its
adjacency matrix and associated graphon are illustrated below.

AW~

— O

S
—————— O O OO0
—————O 0o o000
—_——_———_—O 0000000
—_——_——_o o000 ooC
il =lelelelelelelelele)
Ea=l=lelelelelelelelele)
[=lelelelelelelelelelelg
[=lelelelelelelelelelty
[=lelelelelelelelelotd
COOOCOOOO— = —
COOTOOO =t et i
COOCOOO— = = =

As n — oo, the associated graphons converge pointwise almost everywhere to the graphon

00 1

1 ifx+y<1/2orx+y=>3/2,
W(x,y)={

0 otherwise.

1

In general, pointwise convergence turns out to be too restrictive. We will need a more
flexible notion of convergence, which we will discuss more in depth in the next section. Let
us first give some more examples to motivate subsequent definitions.

Example 4.1.7 (Quasirandom graphs). Let G, be a sequence of quasirandom graphs with
edge density approaching 1/2, and v(G,) — oo. The constant graphon W = 1/2 seems like a
reasonable candidate for its limit, and later we will see that this is indeed the case.
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Example 4.1.8 (Stochastic block model). Consider an n vertex graph with two types of
vertices: red and blue. Half of the vertices are red and half of the vertices are blue. Two red
vertices are adjacent with probability p,, two blue vertices are adjacent with probability p,,
and finally, a red vertex and a blue vertex are adjacent with probability p,;, all independently.
Then as n — oo, the graphs converge to the step graphon shown below.

Prb

The above examples suggest that the limiting graphon looks like a blurry image of the
adjacency matrix. However, there is an important caveat as illustrated in the next example.

Example 4.1.9 (Checkerboard). Consider the 2n X 2n “checkerboard” graphon shown below
(for n = 4).

~N D W=
o AN B~ N

Since the 0’s and 1’s in the adjacency matrix are evenly spaced, one might suspect that this
sequence converges to the constant 1/2 graphon. However, this is not so. The checkerboard
graphon is associated to the complete bipartite graph K, ,,, with the two vertex parts interleaved.
By relabeling the vertices, we see that below is another representation of the associated
graphon of the same graph.

0 3 N W

1
2
3
4

So the graphon is the same for all n. So the graphon shown on the right, which is also Wk,
must be the limit of the sequence, and not the constant 1/2 graphon.

This example tells us that we must be careful about the possibility of rearranging vertices
when studying graph limits.

A graphon is an infinite dimensional object. We would like some ways to measure the
similarity between two graphons. We will explain two different approaches:
e cut distance, and
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e homomorphism densities.
One of the main results in the theory of graph limits is that these two approaches are
equivalent—we will show this later in the chapter.

4.2 Cut Distance

There are many ways to measure the distance between two graphs. Different methods may
be useful for different applications. For example, we can consider the edif distance between
two graphs (say on the same set of vertices), defined to be the number of edges needed to be
added/deleted to obtain one graph from the other. The notion of edit distance arose when
discussing the induced graph removal lemmas in Section 2.8. However, edit distance is not
suitable for graph limits since it is incompatible with (quasi)random graphs. For example,
given two n-vertex random graphs, independently generated with edge-probability 1/2, we
would like to say that they are similar as these graphs will end up converging to the constant
1/2 graphon as n — oo (e.g., Example 4.1.7). However, two independent random graphs
typically only agree on around half of their edges (even if we allow permuting vertices), and
so it takes (1/4 + o(1))n* edge additions/deletions to obtain one from the other.

A more suitable notion of distance is motivated by the discrepancy condition from
Theorem 3.1.1 on quasirandom graphs. Inspired by the condition DISC, we would like to say
that a graph G is e-close to the constant p graphon if

lec(X,Y) = p|X||Y|| < €|V(G)]* forall X,Y C V(G).

Inspired by this notion, we now compare a pair of graphs G and G’ on a common vertex set
V =V(G) =V(G’). We say that G and G’ are g-close in cut norm if

leg(X,Y) —eq(X,Y)| <e|V|* forall X,Y CV. 4.2.1)

(This term “cut” is often used to refer to the set of edges in a graph G between some X C V(G)
and its complement. The cut norm builds on this concept.) With this notion, two independent
n-vertex random graphs with the same edge-probability are o(1)-close in cut norm as n — oo.

As illustrated in Example 4.1.9, we also need to consider possible relabelings of vertices.
Intuitively, the cut distance between two graphs will come from the relabeling of vertices that
gives the greatest alignment. The actual definition will be a bit more subtle, allowing vertex
fractionalization. The general definition of cut distance will allow us to compare graphs with
different numbers of vertices. It is conceptually easier to define cut distance using graphons.

The edit distance of graphs corresponds to the L' distance for graphons. For every p > 1,
we define the L? norm of a function W: [0,1]> — R by

1/p
i, = ([ W )
[0,1]?
and the L™ norm by
W]l :=sup {t : W([t, 0)) has positive measure} .

(This is not simply the supremum of W; the definition should be invariant under measure zero
changes of W.)
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Definition 4.2.1 (Cut norm)
The cut norm of a measurable W: [0, 1]*> — R is defined as

Lo}
SXT

Let G and G’ be two graphs sharing a common vertex set. Let W and W be their
associated graphons (using the same ordering of vertices when constructing the graphons).
Then G and G’ are g-close in cut norm (see (4.2.1)) if and only if

”W”|:| ‘= sup
5.7<[0,1]

where S and T are measurable sets.

1We = Well, < &.

(There is a subtlety in this claim that is worth thinking about: should we be worried about
sets S, T C [0, 1] in Definition 4.2.1 of cut norm that contain fractions of some intervals that
represent vertices? See Lemma 4.5.3 for a reformulation of the cut norm that may shed some
light.)

We need a concept for an analog of a vertex set permutation for graphons. We write

A(A) := the Lebesgue measure of A.

Intuitively, this is the “length” or “area” of A. We will always be referring to Lebesgue
measurable sets (measure theoretic technicalities are not central to the discussions here, so
feel free to ignore them).

Definition 4.2.2 (Measure preserving map)
We say that ¢ : [0, 1] — [0, 1] is a measure preserving map if

A(A) = A(¢7'(A)) for all measurable A C [0, 1].

We say that ¢ is an invertible measure preserving map if there is another measure
preserving map ¢ : [0,1] — [0, 1] such that ¢ o ¢ and ¢ o ¢ are both identity maps
outside sets of measure zero.

Example 4.2.3. For any constant @ € R, the function ¢(x) = x + @ mod 1 is measure
preserving (this map rotates the circle R/Z by «).
A more interesting example is, ¢(x) = 2x mod 1, illustrated below.

1

f(x) =2x mod 1

This map is also measure preserving. This might not seem to be the case at first, since f
seems to shrink some intervals by half. However, the definition of measure preserving actually
says A(f~'(A)) = A(A) and not A(f(A)) = A(A). For any interval [a, b] C [0, 1], we have
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f ' ([a,b]) = [a/2,b/2] U [1/2+a/2,1/2 + b/2], which does have the same measure as
[a, b]. This map is 2-to-1, and it is not invertible.

Given W: [0,1]> — R and an invertible measure preserving map ¢: [0, 1] — [0, 1], we
write

W2 (x,y) = W(g(x), ().

Intuitively, this operation relabels the vertex set.

Definition 4.2.4 (Cut metric)
Given two symmetric measurable functions U, W: [0,1]> — R, we define their cut
distance (or cut metric) to be

6o (U, W) := igf||U -we,

(U(x,y) = W(g(x), (y))) dxdy|,

SXT

=inf sup
¢ s.1C[0,1]

where the infimum is taken over all invertible measure preserving maps ¢: [0, 1] — [0, 1].
Define the cut distance between two graphs G and G’ by the cut distance of their associated
graphons:

(SD (G, GI) = (SD(WG, WG/).
Likewise, we can also define the cut distance between a graph and a graphon U:

0a(G,U) = 60(We, U).

Definition 4.2.5 (Convergence in cut metric)

We say that a sequence of graphs or graphons converges in cut metric if they form a
Cauchy sequence with respect to 5. Furthermore, we say that W, converges to W in cut
metric if 65(W,,,W) - 0asn — oo.

Note that in §5(G,G’), we are doing more than just permuting vertices. A measure
preserving map on [0, 1] is also allowed to split a single node into fractions.

It is possible for two different graphons to have cut distance zero. For example, they could
differ on a measure-zero set, or could be related via measure preserving maps.

Space of graphons

We can form a metric space by identifying graphons with measure zero (i.e., treating such
two graphs with cut distance zero as the same point).

Definition 4.2.6 (Graphon space)
Let ‘W, be the set of graphons (i.e., symmetric measurable functions [0, 1]> — [0, 1])
where any pair of graphons with cut distance zero are considered the same point in the
space. This is a metric space under cut distance 6p.

We view every graph G as a point in ‘W via its associated graphon (note that several
graphons can be identified as the same point in “W,).
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(The subscript 0 in ‘% is conventional. Sometimes, without the subscript, W is used to
denote the space of symmetric measurable functions [0, 1]*> — R.)
Here is a central theorem in the theory of graph limits, proved by Lovasz & Szegedy (2007).

Theorem 4.2.7 (Compactness of graphon space)
The metric space (‘Wp, 65) is compact.

One of the main goals of this chapter is to prove this theorem and show its applications.

The compactness of graphon space is related to the graph regularity lemma. In fact, we will
use the regularity method to prove compactness. Both compactness and the graph regularity
lemma tell us that despite the infinite variability of graphs, every graph can be g-approximated
by a graph from a finite set of templates.

We close this section with the following observation.

Theorem 4.2.8 (Graphs are dense in the space of graphons)
The set of graphs is dense in (W), 6g).

Proof. Let € > 0. It suffices to show that for every graphon W there exists a graph G such
that 6,(G, W) < &.
We approximate W in several steps, illustrated below.

w Wi U%)

First, by rounding down the values of W(x, y), we construct a graphon W; whose values
are all integer multiples of &£/3, such that

W - Wil < &/3.

Next, since every Lebesgue measurable subset of [0, 1] can be arbitrarily well approximated
using a union of boxes, we can find a step graphon W, approximating W; in L' norm:

(W, = W,|l, <&/3.

Finally, by replacing each block of W, by a sufficiently large quasirandom (bipartite) graph
of edge density equal to the value of W,, we find a graph G so that

Wy = Wgll, < &/3.
Then 65(W, G) < e. O

Remark 4.2.9. In the above proof, to obtain ||W; — W,||; < &/3, the number of steps of W,
cannot be uniformly bounded as a function of ¢ (i.e., it must depend on W as well—think
about what happens for a random graph). Consequently the number of vertices of the final
graph G produced by this proof is not bounded by a function of &.

Later on, we will see a different proof showing that for every £ > 0, there is some
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N (&) so that every graphon lies within cut distance & of some graph with < N(g) vertices
(Proposition 4.8.1).

Since every compact metric space is complete, we have the following corollary.

Corollary 4.2.10 (Graphons complete graphs)

The graphon space ((Wo, 0n) is the completion of the space of graphs with respect to the
cut metric.

Exercise 4.2.11 (Zero-one valued graphons). Let W be a {0, 1}-valued graphon. Suppose
graphons W, satisty ||W,, — W||; — 0 as n — co. Show that |W,, — W||; — 0asn — co.

4.3 Homomorphism Density

Subgraph densities give another way of measuring graphs. It will be technically more
convenient to work with graph homomorphisms instead of subgraphs.

Definition 4.3.1 (Homomorphism density)
A graph homomorphism from F to G isamap ¢: V(F) — V(G) such thatif uv € E(F)
then ¢(u)¢p(v) € E(G) (i.e., ¢ maps edges to edges). Define

Hom(F, G) := {homomorphisms from F to G}
and
hom(F,G) := |[Hom(F, G)|.
Define the F-homomorphism density in G (or F-density in G for short) as

hom(F, G)
v(G)VE)

This is also the probability that a uniformly random map V(F) — V(G) induces a graph
homomorphism from F to G.

t(F,G) =

Example 4.3.2 (Homomorphism counts).
e hom(K;,G) = v(G).
e hom(K>,G) =2¢(G).
e hom(Kj3, G) = 6 - #triangles in G
e hom(G, K3) is the number of proper colorings of G using three labeled colors such as
{red, green, blue} (corresponding to the vertices of K3).

Remark 4.3.3 (Subgraphs vs. homomorphisms). Note that homomorphisms from F to G do
not quite correspond to copies of subgraphs F inside G, because these homomorphisms can
be non-injective. Define the injective homomorphism density

#injective homomorphisms from F to G
v(G)(v(G) = 1)+ (v(G) = v(F) +1)

Equivalently, this is the fraction of injective maps V(F) — V(G) that are graph homomor-
phisms (i.e., send edges to edges). The fraction of maps V(F) — V(G) that are non-injective

tinj (F’ G) =
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is < (V(2F )) /v(G) (for every fixed pair of vertices of F, the probability that they collide is
exactly 1/v(G)). So
1 (v(F)
t(F,G) —ti;(F,G)| £ ——< .
vt gl
If F is fixed, the right-hand side tends to zero as v(G) — oo. So all but a negligible fraction of

such homomorphisms correspond to subgraphs. This is why we often treat subgraph densities
interchangeably with homomorphism densities as they agree in the limit.

Now we define the corresponding notion of homomorphism density in graphons. We first
give an example and then the general formula.

Example 4.3.4 (Triangle density in graphons). The following quantity is the triangle density
in a graphon W.

1(K3, W) = W(x, y)W(y,2)W(z,x) dxdydz.
[0,1]3
This definition agrees with Definition 4.3.1 for the triangle density in graphs. Indeed, for
every graph G, the triangle density in G equals the triangle density in the associated graphon
Wg; that is, (K3, W) = t(K3,G).

Definition 4.3.5 (Homomorphism density in graphon)
Let F be a graph and W a graphon. The F-density in W is defined to be

t(F,W)=/[ o ]_[ W (xi,x;) ]_[ dx;.
0,1]VF

ijeE(F) ieV(F)

We also use the same formula when W is a symmetric measurable function.

Note that for all graphs F and G, letting W be the graphon associated to G,
1(F,G) =t(F,Wg). (4.3.1)

So the two definitions of F-density agree.

Definition 4.3.6 (Left convergence)
We say that a sequence of graphons W, is left-convergent if for every graph F, t(F,W,,)
converges as n — co. We say that this sequence left-converges to a graphon W if
lim, o t(F,W,) =t(F,W) for every graph F.

For a sequence of graphs, we say that it is left-convergent if the sequence of associated
graphons W, = W, is left-convergent, and that it left-converges to W if W,, does.

One usually has v(G,) — oo, but it is not strictly necessary for this definition. Note
that when v(G,) — oo, homomorphism densities and subgraph densities coincide (see
Remark 4.3.3).

It turns out that left-convergence is equivalent to convergence in cut metric. This foundational
result in graph limits is due to Borgs, Chayes, Lovész, S6s, & Vesztergombi (2008).
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Theorem 4.3.7 (Equivalence of convergence)
A sequence of graphons is left-convergent if and only if it is a Cauchy sequence with
respect to the cut metric .

The sequence left-converges to some graphon W if and only if it converges to W in cut
metric.

The implication that convergence in cut metric implies left-convergence is easier; it follows
from the counting lemma (Section 4.5). The converse is more difficult, and we will establish
it at the end of the chapter.

This allows us to talk about convergent sequences of graphs or graphons without specifying
whether we are referring to left-convergence or convergence in cut metric. However, since a
major goal of this chapter is to prove the equivalence between these two notions, we will be
more specific about the notion of convergence.

From the compactness of the space of graphons and the equivalence of convergence
(actually only needing the easier implication), we will be able to quickly deduce the existence
of limit for a left-convergent sequence, which was first proved by Lovdsz & Szegedy (2006).
Note that the following statement does not require knowledge of the cut metric.

Theorem 4.3.8 (Existence of limit for left-convergence)
Every left-convergent sequence of graphs or graphons left-converges to some graphon.

Remark 4.3.9. One can artificially define a metric that coincides with left-convergence. Let
(F,)n>1 enumerate over all graphs. One can define a distance between graphons U and W by

D2 (Fi W) - 1(F, U)]

k=1
We see that a sequence of graphons convergences under this notion of distance if and only if
it is left-convergent. This shows that left-convergence defines a metric topology on the space
of graphons, but in practice the above distance is pretty useless.

Exercise 4.3.10 (Counting Eulerian orientations). Define W: [0,1]> — R by W(x,y) =
2cos(2m(x — y)). Let F be a graph. Show that ¢(F, W) is the number of ways to orient all
edges of F so that every vertex has the same number of incoming edges as outgoing edges.

4.4 W-Random Graphs

In this section, we explain how to use a graphon to create a random graph model. This
hopefully gives more intuition about graphons.

The most common random graph model is the Erd§s—Rényi random graph G(n, p), which
is an n-vertex graph with every edge chosen with probability p.

Stochastic block model

The stochastic block model is a random graph model that generalizes the Erd6s—Rényi random
graph. We already saw an example in Example 4.1.8. Let us first illustrate the two-block
model, which has several parameters:
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dr 4b

qr |Prr|Prb

4db |Prb|Pbb

with all the numbers lying in [0, 1], and subject to ¢, + g, = 1. We form a n-vertex random
graph as follows:

(1) Color each vertex red with probability ¢, and blue with probability ¢,, independently
at random. These vertex colors are “hidden states” and are not part of the data of
the output random graph (this step is slightly different from Example 4.1.8 in an
unimportant way);

(2) For every pair of vertices, independently place an edge between them with probability

e p,, if both vertices are red,
e p;,, if both vertices are blue, and
e p,; if one vertex is red and the other is blue.
One can easily generalize the above to a k-block model, where vertices have k hidden
states, with ¢y, . . ., ¢x (adding up to 1) being the vertex state probabilities, and a symmetric
k x k matrix (p;;)1<:, <k of edge probabilities for pairs of vertices between various states.

W-random graph

The W-random graph is a further generalization. The stochastic block model corresponds to
step graphons W.

X3 X5 X| X2 X4

X3

X5

X1

X2
x4

Definition 4.4.1 (W-random graph)

Let W be a graphon. The n-vertex W-random graph G (n, W) denotes the n-vertex random
graph (with vertices labeled 1, .. ., n) obtained by first picking x;, . .., x, uniformly at
random from [0, 1], and then putting an edge between vertices i and j with probability
W(x;,x;), independently forall 1 <i < j < n.

Let us show that these W-random graphs left-converge to W with probability 1.

Theorem 4.4.2 (W-random graphs left-converge to W)
Let W be a graphon. For each n, let G,, be a random graph distributed as G(n, W). Then
G, left-converges to W with probability 1.
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Remark 4.4.3. The theorem does not require each G, to be sampled independently. For
example, we can construct the sequence of random graphs, with G,, distributed as G(n, W),
by revealing one vertex at a time without resampling the previous vertices and edges. In this
case, each G, is a subgraph of the next graph G,,,;.

We will need the following standard result about concentration of Lipschitz functions. This
can be proved using Azuma’s inequality (e.g., see Chapter 7 of The Probabilistic Method by
Alon & Spencer).

Theorem 4.4.4 (Bounded differences inequality)
Let X; € Q4,..., X, € Q, beindependent random variables. Suppose f: Q; X:--XQ, —
R is L-Lipschitz for some constant L in the sense of satisfying

|£ oo oxn) = fx], x| < L (4.4.1)

whenever (xy,...,x,) and (x],...,x,) differ on exactly one coordinate. Then the random
variable Z = f (X, ..., X,) satisfies, for every A > 0,

P(Z-BZ2AL) < e/ and P(Z-EZ < -AL) < "/,

Let us show that the F-density in a W-random graph rarely differs significantly from
t(F,W).

Theorem 4.4.5 (Sample concentration for graphons)
For every € > 0, positive integer n, graph F, and graphon W, we have

P (|t(F,G(n,W)) — t(F,W)| > &) < 2exp (%) : (4.4.2)

Proof. Recall from Remark 4.3.3 that the injective homomorphism density #,j(F, G) is
defined to be the fraction of injective maps V(F) — V(G) that carry every edge of F to an
edge of G. We will first prove that

—&°n
2v(F)2 ]
Letyi,...,yn, and z;; foreach 1 <i < j < n, be independent uniform random variables in
[0, 1]. Let G be the graph on vertices {1, ..., n} with an edge between i and j if and only if

zij < W(yi,y;), forevery i < j. Then G has the same distribution as G(n, W). Let us group
variables y;, z;; into xi, x, . . ., x, where

P (|t (F, G(n,W)) —t(F,W)| > &) < 2exp ( (4.4.3)

X1 = (YL), X2 = ()’2,212), X3 = (Y3,213,223), X4 = ()/4,214,224,234),

This amounts to exposing the graph G one vertex at a time. Define the function f'(x1, ..., x,) =
tinj(F, G). Note that Ef = E t;;(F, G(n, W)) = t(F, W) by linearity of expectations (in this
step, it is important that we are using the injective variant of homomorphism densities). Note
changing a single coordinate of f changes the value of the function by at most v(F) /n, since
exactly a v(F)/n fraction of injective maps V(F) — V(G) includes a fixed v € V(G) in the
image. Then (4.4.3) follows from the bounded differences inequality, Theorem 4.4.4.
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To deduce the theorem from (4.4.3), recall from Remark 4.3.3 that
|1(F. G) - 1ij(F, G)| < v(F)*/(2v(G)).

If & < v(F)?/n, then the right-hand side of (4.4.2) is at least 2¢~¢/% > 1, and so the inequality
trivially holds. Otherwise, |¢(F, G(n, W)) — t(F, W)| > s implies |ty (F, G(n, W)) — t(F, W)| >
& —v(F)?/(2n) > &/2, and then we can apply (4.4.3) to conclude. O

Theorem 4.4.2 then follows from the Borel-Cantelli lemma, stated below, applied to
Theorem 4.4.5 with a union bound over all rational € > 0.

Theorem 4.4.6 (Borel-Cantelli lemma)

Given a sequence of events Ey, E», ..., if ), P(E,) < oo, then with probability 1, only
finitely of them occur.

4.5 Counting Lemma

In Chapter 2 on the graph regularity lemma, we proved a counting lemma to lower bound the
number of copies of some fixed graph H in a regularity partition. The same techniques can be
modified to give a similar upper bound. Here we prove another graph counting lemma. The
proof is more analytic, whereas the previous proofs in Chapter 2 were more combinatorial
(embedding one vertex at a time).

Theorem 4.5.1 (Counting lemma)
Let F be a graph. Let W and U be graphons. Then

[t(F, W) —t(F,U)| < |[E(F)|6a(W,U).

Qualitatively, the counting lemma tells us that for every graph F, the function 7(F, -) is
continuous in (W, d5), the graphon space with respect to the cut metric. It implies the easier
direction of the equivalence in Theorem 4.3.7, namely that convergence in cut metric implies
left-convergence.

Corollary 4.5.2 (Cut metric convergence implies left-convergence)
Every Cauchy sequence of graphons with respect to the cut metric is left-convergent.

In the rest of this section, we prove Theorem 4.5.1. It suffices to prove that
lt(F,W) —t(F,U)| < [E(F)| W -Ull5. (4.5.1)

Indeed, for every invertible measure preserving map ¢: [0, 1] — [0, 1], we have ¢(F,U) =
t(F,U?). By considering the above inequality with U replaced by U?, and taking the infimum
over all U?, we obtain Theorem 4.5.1.

The following reformulation of the cut norm is often quite useful.
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Lemma 4.5.3 (Reformulation of cut norm)
For every measurable W: [0, 1]2 — R,

o W(x, y)u(x)v(y) dxdy
0,112

Wllo= sup
u,v:[0,1]—1[0,1]
measurable

Proof. We want to show (left-hand side below is how we defined the cut norm in Defini-
tion 4.2.1)

sup W(x, y)1s(x)17(y) dxdy| = sup W(x, y)u(x)v(y) dxdy’ -
S, TC[0,1] [0,1]2 u,v:[0,11-[0,1] [/ [0,1]2
measurable measurable

The right-hand side is at least as large as the left-hand side since we can take u = 15 and
v = 17. On the other hand, the integral on the right-hand side is bilinear in « and v, and so it
is always possible to change u and v to {0, 1}-valued functions without decreasing the value
of the integral (e.g., think about what is the best choice for v with u held fixed, and vice versa).
If u and v are restricted to {0, 1}-valued functions, then the two sides are identical. O

As a warm up, let us illustrate the proof of the triangle counting lemma, which has all the
ideas of the general proof but with simpler notation. As illustrated below, the main idea to
“replace” W by U on the triangles of triangle one at a time using the cut norm.

w U U U
w % w w g w w g U U % U
Proposition 4.5.4 (Triangle counting lemma)
Let W and U be graphons. Then

|t(K3, W) —1(K3,U)| <3 [|W-Ull;.

Proof. Given three graphons Wy,, Wi3, W3, define

t(Wia, Wiz, W) = z Wiz (x, y)Wis(x, 2)Was(y, z) dxdydz.
[0,1]3

So
HK3,W)=t(W,W,W) and (K3 U)=¢t(U,U,U).

Observe that t(W,, W3, Wy3) is trilinear in Wy,, W3, Wa3. We have
t(W,W, W) —t(U,W,W) = / (W=U)(x,y)W(x,2)W(y, z) dxdydz.
(0,173

For any fixed z, note that x — W(x,z) and y — W(y, z) are both measurable functions
[0,1] — [0, 1]. So applying Lemma 4.5.3 gives

‘/[0 1]2(W - U)()C, y)W(X, Z)W(y, Z) dxdy < ”W _ U”D
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for every z. Now integrate over all z and applying the triangle inequality, we obtain
t(W, W, W) —t(UW,W)| <||W-=-U|,.
We have similar inequalities in the other two coordinates. We can write
t((W,W,W) —t(U,U,U) =t(W,W,W-U) +t(W,W-U,U) +t(W -U,U,U).

We say that each term on the right-hand side is at most |W — U]||; in absolute value. So the
result follows. O

The above proof generalizes in a straightforward way to a general graph counting lemma..

Proof. Given a collection of graphons W, indexed by the edges e of F, define

tr(W, : e € E(F)) :/ [T Woexp [] ax
0,11V e g (F) ieV(H)
In particular, this quantity equals t(F, W) if W, = W for all e € E(F). A straightforward
generalization of the triangle case shows that if we change exactly one argument in the above
function from W to U, then its value changes by at most ||W — U]||, in absolute value. Thus,
starting with t (W, : e € E(F)) with every W, = W, we can change each argument from W
to U, one by one, resulting in a total change of at most e(F) ||W — U||g. This proves (4.5.1),
and hence the theorem. O

4.6 Weak Regularity Lemma

In Chapter 2, we defined an e-regular vertex partition of a graph to be a partition such that all
but e-fraction of pairs of vertices lie between e-regular pairs of vertex parts. The number of
parts is at most an exponential tower of height O (7).

The goal of this section is to introduce a weaker version of the regularity lemma, requiring
substantially fewer parts for the partition. The guarantee provided by the partition can be
captured by the cut norm.

Let us first state this notion for a graph and then for a graphon.

Definition 4.6.1 (Weak regular partition for graphs)
Given graph G, a partition P = {Vy,...,Vi} of V(G) is called weak &-regular if for all
A,BCV(G),
k
e(A,B) - Z d(V, V)IANVi||BO V|| < ev(G)>.

i.j=1

Remark 4.6.2 (Interpreting weak regularity). Given A, B C V(G), suppose we only knew
how many vertices from A and B lie in each part of the partition (and not specifically which
vertices), and we are asked to predict the number of edges between A and B. Then the sum
above is the number of edges between A and B that one would naturally expect based on the
edge densities between vertex parts. Being weak regular says that this prediction is roughly
correct.

Weak regularity is more “global” compared to the notion of an e-regular partition from
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Chapter 2. Here A and B have size a constant order fraction of the entire vertex set, rather than
subsets of individual parts of the partition. The edge densities between certain pairs A N'V;
and B NV, could differ significantly from that of V; and V;. All we ask is that on average these
discrepancies mostly cancel out.

The following weak regularity lemma was proved by Frieze & Kannan (1999), initially
motivated by algorithmic applications that we will mention in Remark 4.6.11.

Theorem 4.6.3 (Weak regularity lemma for graphs)
Let 0 < & < 1. Every graph has a weak e-regular partition into at most 4'/¢” vertex parts.

Now let us state the corresponding notions for graphons.

Definition 4.6.4 (Stepping operator)
Given a symmetric measurable function W: [0,1]> — R, and a measurable partition
P ={Si,...,8} of [0,1], define a symmetric measurable function Wy : [0,1]> — R by
setting its value on each §; X S; to be the average value of W over S; X §; (since we only
care about functions up to measure zero sets, we can ignore all parts S; with measure
ZEero).

In other words, Wy is a step graphon with steps given by £ and values given by
averaging W over the steps.

Remark 4.6.5. The stepping operator is the orthogonal projection in the Hilbert space
L?([0, 1]%) onto the subspace of functions constant on each step S; X S;. It can also be viewed
as the conditional expectation with respect to the o-algebra generated by §; X §;.

Definition 4.6.6 (Weak regular partition for graphons)
Given graphon W, we say that a measurable partition # of [0, 1] into finitely many parts
is weak &-regular if

(IW—-Wello <e.

Theorem 4.6.7 (Weak regularity lemma for graphons)
Let 0 < & < 1. Then every graphon has a weak e-regular partition into at most 4!/ & parts.

Remark 4.6.8. Technically speaking, Theorem 4.6.3 does not follow from Theorem 4.6.7
since the partition of [0, 1] for W could split intervals corresponding to individual vertices of
G. However, the proofs of the two claims are exactly the same. Alternatively, one can allow a
more flexible definition of a graphon as a symmetric measurable function W: QxQ — [0, 1],
and then take Q to be the discrete probability space V(G) endowed with the uniform measure.

Like the proof of the regularity lemma in Section 2.1, we use an energy increment strategy.
Recall from Definition 2.1.10 that the energy of a vertex partition is the mean-squared
edge-density between parts. Given a graphon W, we define the energy of a measurable
partition P = {Sy,..., S} of [0, 1] by

k
W2 = / W (x, y)? dxdy = Z A(S1)A(S;)(avg of Won S; x S ;)2
[0,1]?

ij=1
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Given W, U: [0, 1]> = R, we write

(W,U) = / WU = W(x,y)U(x,y) dxdy.
[0,1]

Lemma 4.6.9 (L? energy increment)

Let W be a graphon. Let # be a finite measurable partition of [0, 1] that is not weak
g-regular for W. Then there is a measurable refinement £’ of ¥, dividing each part of
into at most 4 parts, such that

2 2 2
We Iz > IWell; + £

Proof. Because ||[W — Wp||5 > &, there exist measurable subsets S,7 C [0, 1] such that
KW = Wp, Lsxr)| > &.

Let #’ be the refinement of £ by introducing S and 7', dividing each part of £ into < 4
sub-parts. We know that

(Wp,Wp) =(Wp,, Wp)
because Wy is constant on each step of £, and £’ is a refinement of $. Thus,
(Wor — Wp, W) =0.
By the Pythagorean Theorem (in the Hilbert space L*([0, 1]?)),
IWerll3 = [1Wpll3 + [Wer = Wall3. (4.6.1)

Note that (We., 1sx7) = (W, lsx7) since S and T are both unions of parts of the partition .
So, by the Cauchy—Schwarz inequality,

IWepr = Woll, > [(Wp: — Wp, Lgxr)| = KW — Wop, Lgxr)| > &.
So by (4.6.1), we have ||[Wp |5 > |Wpl3 + 2, as claimed. O

We will prove the following slight generalization of Theorem 4.6.7, allowing an arbitrary
starting partition (this will be useful later).

Theorem 4.6.10 (Weak regularity lemma for graphons)

Let0 < & < 1. Let W be a graphon. Let $, be a finite measurable partition of [0, 1]. Then
every graphon has a weak e-regular partition £, such that  refines #, and each part of
P, is partitioned into at most 4'/¢* parts under P.

This proposition specifically tells us that starting with any given partition, the regularity
argument still works.

Proof. Starting with i = O:
(1) If P; is weak e-regular, then STOP.
(2) Else, by Lemma 4.6.9, there exists a measurable partition $;,; refining each part of P;
. 2 2. 2
into at most 4 parts, such that ||Wp,.+, , > ||W73l.||2 +e&°.
(3) Increase i by 1 and go back to Step (1).
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Since 0 < ||Wp|l, < 1 for every P, the process terminates with i < 1/&2, resulting in a
terminal #; with the desired properties. O

Remark 4.6.11 (Additive approximation of maximum cut). One of the initial motivations
for developing the weak regularity lemma was to develop a general efficient algorithm for
estimating the maximum cut in a dense graph. The maximum cut problem is a central
problem in algorithms and combinatorial optimization:

MAX CUT: Given a graph S, find a § € V(G) that maximizes e¢(S,V(G) \ S).

Goemans & Williamson (1995) found an efficient 0.878-approximation algorithm (this
means that the algorithm outputs some S with e(S,V(G) \ S) at least a factor 0.878 of
the optimum). Their seminal algorithm uses a semidefinite relaxation. The Unique Games
Conjecture (currently still open) would imply that it would not be possible to obtain a better
approximation than the Goemans—Williamson algorithm (Khot, Kindler, Mossel, & O’Donnell
2007). It is also known that approximating beyond 16/17 ~ 0.941 is NP-hard (Héstad 2001).

On the other hand, an algorithmic version of the weak regularity lemma gives us an efficient
algorithm to approximate the maximum cut for dense graphs with an additive error. This
means, given £ > 0, we wish to find a cut whose number of edges is within en’ of the
optimum. The basic idea is to find a weak regular partition V(G) =V, U - - - U V,, and then
do a brute-force search through all possibles size |S N V;|. See Frieze & Kannan (1999) for
more details. These ideas have been further developed into efficient sampling algorithms,
sampling only poly(1/&) random vertices, for estimating the maximum cut in a dense graph,
(e.g., Alon, Fernandez de la Vega, Kannan, & Karpinski (2003b)).

The following exercise offers another approach to the weak regularity lemma. It gives an
approximation of a graphon as a linear combination of < £~2 indictor functions of boxes. The
polynomial dependence of £~2 is important for designing efficient approximation algorithms.

Exercise 4.6.12 (Weak regularity decomposition).
(a) Let € > 0. Show that for every graphon W, there exist measurable Sy, ..., Sk, 71, ...,
Ti € [0,1] and reals ay, . .., a; € R, with k < &2, such that

k

W= ails,

i=1

<e.

[m}
The rest of the exercise shows how to recover a regularity partition from the above
approximation.

(b) Show that the stepping operator is contractive with respect to the cut norm, in the sense
that if W: [0, 1]> — R is a measurable symmetric function, then |Wp |5 < [|[W||5.

(c) Let P be a partition of [0, 1] into measurable sets. Let U be a graphon that is constant
on S X T for each S, T € P. Show that for every graphon W, one has

W —=Wepllg <2|IW-Ull;,.

(d) Use (a) and (c) to give a different proof of the weak regularity lemma (with slightly
worse bounds than the one given in class): show that for every & > 0 and every
graphon W, there exists a partition ? of [0, 1] into 20("/¢") measurable sets such that
W —-Wsplly < &
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Exercise 4.6.13* (Second neighborhood distance). Let 0 < & < 1/2. Let W be a graphon.
Define 7y ,: [0,1] — [0, 1] by

Tw(2) = W(x,y)W(y,z) dy.
[0,1]

(This models the second neighborhood of x.) Prove that if a finite set S C [0, 1] satisfies
lTw.s — Tw.elll > & for all distinct s, ¢ € S,

then |S| < (1/&)€/#", where C is some absolute constant.

Exercise 4.6.14 (Strong regularity lemma). Let € = (&1, &5, . . . ) be a sequence of positive
reals. By repeatedly applying the weak regularity lemma, show that there is some M = M (¢)
such that for every graphon W, there is a pair of partitions # and Q of [0, 1] into measurable
sets, such that Q refines P, |Q| < M (here |Q| denotes the number of parts of Q),

2 2, .2
IW-Wallo <€ and  [[Wall; < [[Well; +£7.
Furthermore, deduce the strong regularity lemma in the following form: one can write

W=Wq+ Wpsr + Womi

where Wy, is a k-step graphon with £k < M, |Wpsr||m < &g, and ||Wynl|; < €. State your
bounds on M explicitly in terms of €. (Note: the parameter choice &, = &/k? roughly
corresponds to Szemerédi’s regularity lemma, in which case your bound on M should be
an exponential tower of 2’s of height £~°(; if not then you are doing something wrong.)

4.7 Martingale Convergence Theorem

In this section we prove a result about martingales that will be used in the proof of the
compactness of the graphon space.

Martingales are a standard notion in probability theory. It is a stochastic sequence where
the expected change at each step is zero, even conditioned on all prior values of the sequence.

Definition 4.7.1 (Discrete time martingale)

A martingale is a random real sequence Xy, X|, X, . .. such thatforalln > 0, E |X,,| < oo,
and

E[Xn+1|X09 o ,Xn] = Xn-

Remark 4.7.2. The above definition is sufficient for our purposes. In order to give a more
formal definition of a martingale, we need to introduce the notion of a filtration. See any
standard measure theory based introduction to probability (Williams (1991, Chapters 10-11)
has a particularly lucid discussion of martingales and their convergence theorem discussed
below). This martingale is indexed by integers, and hence called “discrete-time.” There are
also continuous-time martingales (e.g., Brownian motion), which we will not discuss here.

Example 4.7.3 (Partial sum of independent mean zero random variables). Let Z, Z,, ...
be a sequence of independent mean zero random variables (e.g., +1 with equal probability).
Then X,, =Z,+---+ Z,,n > 0, is a martingale.
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Example 4.7.4 (Betting strategy). Consider any betting strategy in a “fair”’ casino, where the
expected value of each bet is zero. Let X,, be the balance after n rounds of betting. Then X, is
a martingale regardless of the betting strategy. So every betting strategy has zero expected
gain after n rounds. Also see the optional stopping theorem for a more general statement
(e.g., Williams (1991, Chapter 10)).

The original meaning of the word “martingale” refers to the following better strategy on a
sequence of fair coin tosses. Each round the better is allowed to bet an arbitrary amount Z: if
heads, the better gains Z dollars, and if tails the better loses Z dollars.

Start betting 1 dollar. If one wins, stop. If one loses, then double one’s bet for the next coin.
And then repeat (i.e., keep doubling one’s bet until the first win, at which point one stops).

A “fallacy” is that this strategy always results in a final net gain of $1, the supposed reason
being that with probability 1 one eventually sees a head. This initially appears to contradict
the earlier claim that all betting strategies have zero expected gain. Thankfully there is no
contradiction. In real life, one starts with a finite budget and could possibly go bankrupt with
this betting strategy, thereby leading to a forced stop. In the optional stopping theorem, there
are some boundedness hypotheses that are violated by the above strategy.

The following construction of martingales is most relevant for our purposes.

Example 4.7.5 (Doob martingale). Let X be some “hidden” random variable. Partial informa-
tion is revealed about X gradually over time. For example, X is some fixed function of some
random inputs. So the exact value of X is unknown but its distribution can be derived from
the distribution of the inputs. Initially one does not know any of the inputs. Over time, some
of the inputs are revealed. Let

X, = E[X | all information revealed up to time n].

Then Xo, X1, . .. is a martingale (why?). Informally, X, is the best guess (in expectation) of X
based on all the information available up to time n. We have X, = EX (when no information
is revealed). All information is revealed as n — oo, and the martingale X,, converges to the
random variable X with probability 1.

Here is a real-life example. Let X € {0, 1} be whether a candidate wins in a presidential
election. Let X, be the inferred probability that the candidate wins, given all the information
known at time f,,. Then X,, converges to the “truth”, a {0, 1}-value, eventually becoming
deterministic when the election result is finalized.

Then X, is a martingale. At time #,,, knowing X,,, if the expectation for X,,;; (conditioned
on everything known at time #,)) were different from X,,, then one should have adjusted X,
accordingly in the first place.

The precise notion of “information” in the above formula can be formalized using the
notion of filtration in probability theory.

Here is the main result of this section.

Theorem 4.7.6 (Martingale convergence theorem)
Every bounded martingale converges with probability 1.

In other words, if Xo, X, . .. is a martingale with X,, € [0, 1] for every n, then the sequence
is convergent with probability 1.
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Remark 4.7.7. The proof actually shows that the boundedness condition can be replaced by
the weaker L'-boundedness condition sup, E | X, | < co. Even more generally, a hypothesis
called “uniform integrability” is enough.

Some boundedness condition is necessary. For example, in Example 4.7.3, a running sum
of independent uniform +1 is a non-bounded martingale, and never converges.

Proof. If a sequence Xy, X1, -- € [0, 1] does not converge, then there exist a pair of rational
numbers 0 < a < b < 1 such that X,, “up-crosses” [a, b] infinitely many times, meaning that
there is an infinite sequence s; < #; < s, < f, < --- such that X;, <a < b < X,, forall i.

! . ) "
(RS,
Nd ¥

S1 1 A\Y) 183 13

We will show that for each a < b, the probability that a bounded martingale X, Xi, - - - € [0, 1]
up-crosses [a, b] infinitely many times is zero. Then, by taking a union of all countably many
such pairs (a, b) of rationals, we deduce that the martingale converges with probability 1.

Consider the following betting strategy. Imagine that X, is a stock price. At any time, if X,
dips below a, we buy and hold one share until X,, reaches above b, at which point we sell this
share. (Note that we always hold either zero or one share-we do not buy more until we have
sold the currently held share). Start with a budget of ¥, = 1 (so we will never go bankrupt).
Let Y, be the value of our portfolio (cash on hand plus the value of the share if held) at time 7.
Then Y, is a martingale (why?). So EY,, =¥, = 1. Also ¥,, > 0 for all n. If one buys and sells
at least k times up to time n, then Y,, > k(b — a) (this is only the net profit from buying and
selling; the actual Y,, may be higher due to the initial cash balance and the value of the current
share held). So, by Markov’s inequality, for every n,

EY, 1
P(> k up-crossings up to time n) < P(Y,, > k(b —a)) < Kb —a) = Kb—a)

By the monotone convergence theorem,

1
P(> k up-crossings) = lim P(> k up-crossings up to time n) < Xb-a)
n—oo —a
Letting k — oo, the probability of having infinitely many up-crossings is zero. O

4.8 Compactness of the Graphon Space

Using the weak regularity lemma and the martingale convergence theorem, let us prove that
the space of graphons is compact with respect to the cut metric.

Proof of compactness of the graphon space (Theorem 4.2.7). As W, is a metric space, it
suffices to prove sequential compactness. Fix a sequence Wy, W5, ... of graphons. We want to
show that there is a subsequence which converges (with respect to d5) to some limit graphon.

Step 1. Regularize.
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For each n, apply the weak regularity lemma (Theorem 4.6.7) repeatedly, to obtain a
sequence of partitions Py 1, Pu.2, P, - - . (€verything in this proof is measurable, and we
will stop repeatedly mentioning it) such that

(a) P i+ refines P, for all n, k,

(b) |Pn,k| = my where my is a function of only k, and

©) Wy = Wyilla < 1/k where Wy, = (Wy)p, , -
The weak regularity lemma only guarantees that Pn,k| < my, but if we allow empty parts
then we can achieve equality in (b).

Step 2. Passing to a subsequence.
Initially, each #, ; partitions [0, 1] into arbitrary measurable sets. By restricting to a
subsequence, we may assume that
e For each k and i € [m,], the measure of the i-th part of P, , converges to some value
Qg as n — 0.
e Foreach k and i, j € [my], the value of W,, ; on the product of the i-th and j-th parts of
P,k converges to some value Sy ; j as n — oo,
Now construct, for each k, the following limiting objects as n — oo along the above
subsequence:
o Let P = {Ix1,..., I m } denote a partition of [0, 1] into intervals with lengths
A(lg ;) = ay; foreachi € [my].
e Let Uy denote a step graphon with steps P, and whose value on I ; X Iy ; is S ;,; for
eachi, j € [my].
Then, for each k,

oWy, Up) = 0, asn — co. (4.8.1)

(In fact, some rearrangement of the step graphon W,, , converges pointwise almost everywhere
to the step graphon Uy.)
For each k, since W, x = (W x41)9p, , for every n, we have

Ui = (Uks1) 9, -

.368

U, U Us

Step 3. Finding the limit.

Now each Uy can be thought of as a random variable on probability space [0, 1]? (i.e.,
Ui(X,Y) with (X,Y) ~ Uniform([0, 1]?)). The condition Uy = (Ui,)p, implies that the
sequence Uy, U,, ... is a martingale. Since each U, is bounded between O and 1, by the
martingale convergence theorem (Theorem 4.7.6), there exists a graphon U such that Uy — U
pointwise almost everywhere as k — oo.
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We claim that W, W,, ... (which is a relabeled subsequence of the original sequence)
converges to U in cut metric.

Let € > 0. Then there exists some k > 3/¢ such that |U — U,||; < &/3, by pointwise
convergence and the dominated convergence theorem. Then 65(U, Uy) < /3. By (4.8.1),
there exists some ny € N such that 65 (W, x, Ux) < &/3 for all n > ny. Finally, since we chose
k > 3/e, we already know that 65(W,,, W,, ) < /3 for all n. We conclude that

6a(U, Wy) < 60(U, Ui) + 60Uk, Wi i) + 60(Waie. Wn) < 8/3+€/3+&/3=¢.

Since £ > 0 can be chosen to be arbitrarily small, we find that the subsequence W,, converges
to U in cut metric. O

Quick applications

The compactness of ((’V‘Vio, 0p) is a powerful statement. We will use it to prove the equivalence
of cut metric convergence and left-convergence in the next section. Right now, let us show
how to use compactness to deduce the existence of limits for a left-convergent sequence of
graphons.

Proof of Theorem 4.3.8 (existence of limit for a left-convergent sequence of graphons). Let W, W,, ...

be a sequence of graphons such that the sequence of F-densities {¢(F,W,)}, converges
for every graph F. Since (‘Wp, d5) is a compact metric space by Theorem 4.2.7, it is also
sequentially compact, and so there is a subsequence (n;);>, and a graphon W such that
0g(W,,, W) — 0 as i — oo. Fix any graph F. By the counting lemma, Theorem 4.5.1, it
follows that 7(F, W,,) — t(F, W). But by assumption, the sequence {z(F, W,)}, converges.
Therefore t(F,W,) — t(F,W) as n — oo. Thus W, left-converges to W. O

Let us now examine a different aspect of compactness. Recall that by definition, a set is
compact if every open cover has a finite subcover.

Recall from Theorem 4.2.8 that the set of graphs is dense in the space of graphons with
respect to the cut metric. This was proved by showing that for every & > 0 and graphon W, one
can find a graph G such that 65(G, W) < . However, the size of G produced by this proof
depends on both & and W, since the proof proceeds by first taking a discrete L' approximation
of W, which could involve an unbounded number of steps to approximate. In contrast, we
show below that the number of vertices of G needs to depend only on £ and not on W.

Proposition 4.8.1 (Uniform approximation of graphons by graphs)
For every £ > 0 there is some positive integer N = N (&) such that every graphon lies
within cut distance & of a graph on at most N vertices.

Proof. Let & > 0. For a graph G, define the open &-ball (with respect to the cut metric) around
G:

B.(G) = {W € Wy : 6,(G, W) < &}.
Since every graphon lies within cut distance & from some graph (Theorem 4.2.8), the balls
B.(G) cover ‘W, as G ranges over all graphs. By compactness, this open cover has a finite

subcover, and let N be the maximum number of vertices in graphs G of this subcover. Then
every graphon lies within cut distance & of a graph on at most N vertices. O
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The following exercise asks to make the above proof quantitative.

Exercise 4.8.2. Show that for every £ > 0, every graphon lies within cut distance at most &
from some graph on at most C'/ ¢ vertices, where C is some absolute constant.

Pwwa| AYLIe[nBa1 Yuos oy 9SM) U

Remark 4.8.3 (Ineffective bounds from compactness). Arguments using compactness usually
do not generate quantitative bounds, meaning, for example, the proof of Proposition 4.8.1
does not give any specific function n(¢), only that such a function always exists. In case where
one does not have an explicit bound, we call the bound ineffective. Ineffective bounds also
often arise from arguments involving ergodic theory and non-standard analysis. Sometimes a
different argument can be found that generates a quantitative bound (e.g., Exercise 4.8.2), but
it is not always known how to do this. Here we illustrate a simple example of a compactness
application (unrelated to dense graph limits) that gives an ineffective bound, but it remains an
open problem to make the bound effective.

This example concerns bounded degree graphs. It is sometimes called a “regularity lemma’
for bounded degree graphs, but it is very different from the regularity lemmas we have
encountered so far.

A rooted graph (G,v) consists of a graph G with a vertex v € v(G) designated as the
root. Given a graph G and positive integer r, we can obtain a random rooted graph by first
picking a vertex v of G as the root uniformly at random, and then removing all vertices more
than distance » from v. We define the r-neighborhood-profile of G to be the probability
distribution on rooted graphs generated by this process.

Recall that the fotal variation distance between two probability distributions y and A is
defined by

)

dry(p, ) = sup lu(E) — A(E)],

where E ranges over all events. In the case of two discrete discrete random distributions u
and A, the above definition can be written as half the £' distance between the two probability
distributions:

v () = 3 3 () = A,

The following is an unpublished observation of Alon.

Theorem 4.8.4 (“Regularity lemma” for bounded degree graphs)

For every & > 0 and positive integers A and r there exists a positive integer N = N (&, A, r)
such that for every graph G with maximum degree at most A, there exists a graph G” with
at most N vertices, so that the total variation distance between the 7-neighborhood-profiles
of G and G’ is at most €.

Proof. Let G = Ga,, be the set of all possible rooted graphs with maximum degree A and
radius at most r around the root. Then |G| < oo. The r-neighborhood-profile ps of any
rooted graph G can be represented as a point p € [0, 1]¢ with coordinate sum 1, and let
A = {pg : graph G} C [0, 1]¢ be the set of all points that can arise this way. Since [0, 1]9 is
compact, the closure of A is compact. Since the union of the open g-neighborhoods (with
respect to dry) of pg, ranging over all graphs G, covers the closure of A, by compactness
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there is some finite subcover. This subcover is a finite collection X of graphs so that for every
graph G, p¢ lies within ¢ total variance distance to some ps with G’ € X. We conclude by
letting N be the maximum number of vertices of a graph from X. O

Despite the short proof using compactness, it remains an open problem to make the above
result quantitative.

Open problem 4.8.5 (Effective “regularity lemma” for bounded degree graphs)
Find some specific N(g, A, r) so that Theorem 4.8.4 holds.

4.9 Equivalence of Convergence

In this section, we prove Theorem 4.3.7, that left-convergence is equivalent to convergence in
cut metric. The counting lemma (Theorem 4.5.1) already showed that cut metric convergence
implies left-convergence. It remains to show the converse. In other words, we need to show
that if W;, W,, ... is a sequence of graphons sucl}lhat t(F,W,) converges as n — oo for
every graph F, then W, is a Cauchy sequence in (‘Wj, d5).

By the compactness of the graphon space, there is always some (subsequential) limit point
W of the sequence W,, under the cut metric. We want to show that this limit point is unique.
Suppose U is another limit point. It remains to show that W and U are in fact the same point
in (W().

Let (n;);2, be a subsequence such that W,, — W. By the counting lemma, t(F,W,,) —
t(F,W) for all graphs F, and by convergence of F-densities, t(F,W,) — t(F, W) for all
graphs F. Similarly, t(F,W,) — t(F,U) for all F. Hence, ¢(F,U) = t(F,W) for all F. All it
remains is to prove is the following claim.

Theorem 4.9.1 (Uniqueness of moments)
Let U and W be graphons such that ¢ (F, W) = ¢t(F, U) for all graphs F. Then 65(U, W) = 0.

Remark 4.9.2. The result is reminiscent of results from probability theory on the uniqueness
of moments, which roughly says that if two “sufficiently well-behaved” real random variables
X and Y share the same moments, (i.e., E[X*] = E[Y*] for all nonnegative integers k),
then X and Y must be identically distributed. One needs some technical conditions for the
conclusion to hold. For example, Carleman’s condition says that if the moments of X satisfy
Yo E[X?]7Y/(2K) = oo, then the distribution of X is uniquely determined by its moments.
This sufficient condition holds as long as the k-th moment of X does not grow too quickly
with k. It holds for many distributions in practice.

We need some preparation before proving the uniqueness of moments theorem.

Lemma 4.9.3 (Tail bounds for U-statistics)
LetU: [0,1]*> — [~1, 1] be a symmetric measurable function. Let x;, . ..,x; € [0, 1] be
chosen independently and uniformly at random. Let & > 0. Then

1
P(@;U(xi,xj)—/ U

[0.1]2

1.2
> g| <278,
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Proof. Let f(xy,...,x,) denote the expression inside the absolute value. So Ef = 0. Also f
changes by at most 2(k — 1)/ (’;) = 4/k whenever we change exactly one coordinate of f. By
the bounded differences inequality, Theorem 4.4.4, we obtain

—282 _ _ke? /8
P(lflzs)SZexp(W)_Ze . |
Let us now consider a variation of the W-random graph model from Section 4.4. Let
X1,...,x; € [0,1] be chosen independently and uniformly at random. Let H(k, W) be an
edge-weighted random graph on vertex set [k] with edge ij having weight W (x;,x;), for
each 1 < i < j < n. Note that this definition makes sense for any symmetric measurable
W: [0, 1]*> — R. Furthermore, when W is a graphon, the W-random graph G (k, W) can be
obtained by independently sampling each edge of H(k, W) with probability equal to its edge
weight. We shall study the joint distributions of G(k, W) and H(k, W) coupled through the
above two-step process.

X3 X5 Xp XXy 1 2 3 4 5 1 2 3 4 5
1 1
2 2
3 3
4 4
5 5
w H(k, W) G(k,W)

Similar to Definition 4.2.4 of the cut distance g, define the distance based on the L' norm:

61(W,U) :=inf|[W - U?lh

where the infimum is taken over all invertible measure preserving maps ¢: [0, 1] — [0, 1].
Since || - [Ig < || - |l;, we have 65 < 6.

Lemma 4.9.4 (1-norm convergence for H(k, W))
Let W be a graphon. Then 6, (H(k, W), W) — 0 as k — oo with probability 1.

Proof. First we prove the result for step graphons W. In this case, with probability 1 the
fraction of vertices of H(k, W) that fall in each step of W converges to the length of each step
by the law of large numbers. If so, then after sorting the vertices of H(k, W), the associated
graphon H(k, W) is obtained from W by changing the step sizes by 0(1) as k — oo, and then
zeroing out the diagonal blocks, as illustrated below. Then H(k, W) converges to W pointwise
almost everywhere as k — oo. In particular, 6; (H(k, W), W) — 0.
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w H(k, W)

Now let W be any graphon. For any other graphon W’, by using the same random vertices for
H(k, W) and H(k, W’), the two random graphs are coupled so that with probability 1,

IH(k, W) - H(k, W), = [H(k, W = W)[|, = [W - W'|l; +o(1) ask — o0

by Lemma 4.9.3 applied to U(x, y) = [W(x,y) — W (x,y)|.

For every ¢ > 0, we can find some step graphon W’ so that |[W - W’||; < & (by
approximating the Lebesgue measure using boxes). We saw earlier that 6, (H(k, W), W’) — 0.
It follows that with probability 1,

61 (H(k, W), W) < |[H(k, W) = H(k, W)l|, + 6:(H(k, W), W') + [[W' = W[,
=2||W = W[, +o(1) <2e+o0(1)
as k — oo. Since € > 0 can be chosen to be arbitrarily small, we have 6, (H(k, W),W) — 0
with probability 1. O

Proof of Theorem 4.9.1 (uniqueness of moments). By inclusion-exclusion, for any k-vertex
labeled graph F,
Pr[G(k, W) = F as labeled graphs]
= Z (=1)¢F=¢(E) pr[G(k, W) D F’ as labeled graphs],

FoF
where the sum ranges over all graphs F’ with V(F’) = V(F) and E(F’) 2 E(F). Since
t(F',W) =Pr[G(k,W) 2 F’ as labeled graphs],

we see that the distribution of G(k, W) is determined by the values of ¢(F, W) over all F.
Since t(F,W) =t(F,U) for all F, G(k, W) and G(k, U) are identically distributed.
Our strategy is to prove

w2 H(KW) 2 Gk, W) 2 Gk, U) ZH(K,U) 2 U.

By Lemma 4.9.4, 6;(H(k, W), W) — 0 with probability 1.

By coupling H(k, W) and G(k, W) using the same random vertices as noted earlier, so that
G(k, W) is generated from H(k, W) by independently sampling each edge with probability
equal to the edge weight, we have

P(65(G(k,W),H(k,W)) > &) > 0 as k — 0 for every fixed € > 0.

We leave the details of this claim as an exercise, below. It can be proved via the Chernoff
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bound and the union bound. We need to be a bit careful about the definition of the cut norm
as one needs to consider fractional vertices.

Exercise 4.9.5 (Edge-sampling an edge-weighted graph and cut norm). Let H be an edge-
weighted graph on k vertices, with edge weights in [0, 1], and let G be a random graph
obtained from H by independently keeping each edge with probability equal to its edge-
weight. Prove that for every € > 0 and § > 0, there exists k( such that 65(G, H) < & with
probability > 1 — §, provided that & > k.

So with probability 1,
6a(H(k,W),G(k,W)) - 0 as k — oo.
Since 65 < ¢, we have, with probability 1,
oa(W,G(k,W)) <6;(W,H(k,W)) + 6a(H(k, W), G(k,W)) =0(1).
Likewise 65(U, G(k, U)) = o(1) with probability 1. Since G(k, W) and G(k, U) are identi-
cally distributed as noted earlier, we deduce that 65(W, U) = 0. O

This finishes the proof of the equivalence between left-convergence and cut metric
convergence. This equivalence can be recast as counting and inverse counting lemmas. We
state the inverse counting lemma below, and leave the proof as an instructive exercise in
applying the compactness of the graphon space. (One need not invoke anything from the
proof of the uniqueness of moments theorem. You may wish to review the discussions on
applying compactness at the end of the previous section and the beginning of this section.)

Corollary 4.9.6 (Inverse counting lemma)
For every € > 0 there is some n > 0 and integer £ > 0 such that if U and W are graphons
with

[t(F,U) —t(F,W)| <n whenever v(F) < k,

then 65(U, W) < &.

Exercise 4.9.7. Prove the inverse counting lemma Corollary 4.9.6 using the compactness
of the graphon space (Theorem 4.2.7) and the uniqueness of moments (Theorem 4.9.1).

sojdwexaIonunod Jo souanbas [LanayIodAYy & IApISUo.) I

Remark 4.9.8. The inverse counting lemma was first proved by Borgs, Chayes, Lovasz, Sés,
& Vesztergombi (2008) in the following quantitative form:

Theorem 4.9.9 (Inverse counting lemma)
Let k be a positive integer. Let U and W be graphons with

|t(F,U) —t(F,W)| < 27 whenever v(F) < k,

then (here C is some absolute constant)

6o(U, W) <

logk.
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Exercise 4.9.10. Prove that there exists a function f: (0,1] — (0, 1] such that for all
graphons U and W and graph F,
t(F,U) —1(F,W)|
e(F)

2 f(6a(U,W)).

Exercise 4.9.11* (Generalized maximum cut). For symmetric measurable functions W, U: [0, 1]> —
R, define

COW.U) = sup(W. U*) = sup / W (e, U((x). 6(y) dxdy,

where ¢ ranges over all invertible measure preserving maps [0, 1] — [0, 1]. Extend the
definition of C(-, -) to graphs via C(G, -) := C(Wg, -) and so on.
(a) IsC(U, W) continuous jointly in (U, W) with respect to the cut norm? Is it continuous
in U if W is held fixed?
(b) Show that if W, and W, are graphons such that C(W,U) = C(W,,U) for all
graphons U, then 65 (W, W;) = 0.
(c) Let Gy, G,,... be asequence of graphs such that C(G,,, U) converges as n — oo
for every graphon U. Show that G|, G,, ... is convergent.
(d) Can the hypothesis in (c) be replaced by “C(G,,, H) converges as n — oo for every
graph H”?

Exercise 4.9.12 (Characterizing graphs in terms of homomorphism counts).
(a) Let G| and G, be two graphs such that hom(F, G,) = hom(F, G,) for every graph
F. Show that G, and G, are isomorphic.
(b) Let G and G, be two graphs such that hom(G, H) = hom(G,, H) for every graph
H. Show that G and G, are isomorphic.

Further Reading

The book Large Networks and Graph Limits by Lovész (2012) is the authoritative reference
on the subject. His survey article titled Very Large Graphs (2009) also gives an excellent
overview.

One particularly striking application of the theory of dense graph limits is to large deviations
for random graphs by Chatterjee & Varadhan (2011). See the survey article An Introduction
to Large Deviations for Random Graphs by Chatterjee (2016) as well as his book (Chatterjee
2017).
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Chapter Summary

e A graphon is a symmetric measurable function W : [0,1]% — [0, 1].
— Every graph G can be turned into an associated graphon W.
— A graphon can be turned into a random graph model known a W-random graph,
generalizing the stochastic block model.
o The cut metric of two graphons U and W is defined by

6a(U, W) =n;f||U—W¢||D

=inf sup
¢ S,Tc[0,1]

/ (U(x,y) — W), $(3)) dxdy
SXT

where the infimum is taken over all invertible measure preserving maps ¢: [0, 1] — [0, 1].
o Given a sequence of graphons (or graphs) Wi, W,, ..., we say that it
— convergences in cut metric if it is a Cauchy sequence with respect to the cut metric dp;
— left-convergences if the homomorphism density 7(F, W) convergences for every fixed
graph F as n — oo.
e The graphon space is compact under the cut metric.
— Proof uses the weak regularity lemma and the martingale convergence theorem.
— Compactness has powerful consequences.
o Convergence in cut metric and left-convergence are equivalent for a sequence of graphons.
— (=) follows from a counting lemma.
— (&) was proved here using compactness.
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Graph Homomorphism Inequalities

Chapter Highlights

o A suite of techniques for proving inequalities between subgraph densities

e The maximum/minimum triangle density in a graph of given edge density.

e How to apply Cauchy—Schwarz and Holder inequalities

e Lagrangian method (another proof of Turdn’s theorem, and linear inequalities between
clique densities)

e Entropy method (and applications to Sidorenko’s conjecture)

In this chapter, we study inequalities between graph homomorphism densities. Here is a
typical example.

Question 5.0.1 (Linear inequality between homomorphism densities)
Given fixed graphs Fi, ..., Fy and reals cy, . . ., ¢x, does

Clt(Fl,G) +C2t(F2,G) +-- +th(Fk,G) > 0. (501)

hold for all graphs G? Recall t(F, G) = hom(F, G)/v(G)"F).

Although the left-hand side is a linear combination of various graph homomorphism
densities in G, polynomial combinations can also be written this way, as ¢(Fy, G)t(F,,G) =
t(Fy U F,, G) where F| U F; is the disjoint union of the two graphs.

More generally, we would like understand constrained optimization problems in terms of
graph homomorphism density. Many problems in extremal graph theory can be cast in this
framework. For example, Turdn’s theorem from Chapter 1 on the maximum edge density of a
K, -free graph can be phrased in terms of the optimization problem

maximize ¢t (K>, G) subject to t(K,,G) = 0.

Turédn’s theorem (Corollary 1.2.6) says that the answer is 1/(r — 1), achieved by G = K,._;.
We will see another proof of Turdn’s theorem in later in this Chapter, in Section 5.4 using the
method of Lagrangians.

Remark 5.0.2 (Undecidability). Perhaps surprisingly, Question 5.0.1 is undecidable (for the
question to make sense, we need to restrict the coefficients to a countable sets, say the rationals),
as shown by Hatami & Norine (2011). This means that there is no algorithm that always
correctly decides whether a given inequality is true for all graphs (howeyver, it does not prevent
us from proving/disproving specific inequalities). This undecidability stands in stark contrast to
the decidability of polynomial inequalities over the reals, which follows from a classic result of
Tarski (1948) that the first order theory of real numbers is decidable (via quantifier elimination).

161
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This undecidability of graph homomorphism inequalities is related to Matiyasevich’s theorem
(1970) (also known as the Matiyasevich—Robinson—Davis—Putnam theorem) giving a negative
solution to Hilbert’s 10th Problem, showing that diophantine equations are undecidable
(equivalently: polynomial inequalities over the integers are undecidable). In fact, the proof of
the former proceeds by converting polynomial inequalities over the integers to inequalities
between ¢(F, G) for various F.

As in the case of diophantine equations, the undecidability of graph homomorphism
inequalities should be positively viewed as evidence of the richness of this space of problems.
There are still many open problems, such as Sidorenko’s inequality that we will see shortly.

Remark 5.0.3 (Graphs vs. graphons). In the space of graphons with respect to the cut norm,
W t(F,W) is continuous (by the counting lemma, Theorem 4.5.1), and graphs are a dense
subset (Theorem 4.2.8). It follows any inequality for continuous functions of ¢(F, G) over
various F’s (e.g., linear combinations as in Question 5.0.1) holds for all graphs G if and only
if they hold for all graphons W in place of G. Furthermore, due to the compactness of the
space of graphons, the extremum of continuous functions of F-densities is always attained at
some graphon. The graphon formulation of the results can be often succinct and attractive.

For example, consider the following extremal problem (already mentioned in Chapter 4),
where p € [0, 1] is a given constant,

minimize t(Cs, G) subject to #(K, G) = p.

The minimum (or rather infimum) p* is not attained by any single graph, but rather by a
sequence of quasirandom graphs (see Section 3.1). However, if we enlarge the space from
graphs G to graphons W, then the minimizer is attained, in this case by the constant graphon

p.

Sidorenko’s conjecture and forcing conjecture

There are many important open problems on graph homomorphism inequalities. A major con-
jecture in extremal combinatorics is Sidorenko’s conjecture (1993) (an equivalent conjecture
was given earlier by Erdds and Simonovits).

Definition 5.0.4 (Sidorenko graphs)
We say that a graph F is Sidorenko if for every graph G,

1(F,G) > t(K,, G)*P,

Conjecture 5.0.5 (Sidorenko’s conjecture)
Every bipartite graph is Sidorenko.

In other words, the conjecture says that for a fixed bipartite graph F, the F-density in
a graph of a given edge density is asymptotically minimized by a random graph. We will
develop techniques in this chapter to prove several interesting special cases of Sidorenko’s
conjecture.

Every Sidorenko graph is necessarily bipartite. Indeed, given a non-bipartite F', we can
take a non-empty bipartite G to get 1(F, G) = 0 while (K>, G) > 0.
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A notable open case of Sidorenko’s conjecture is F' = Ks 5 \ Cyo (below left). This F is
called the Mobius graph since it is the point-face incidence graph of a minimum simplicial
decomposition of a Mobius strip (below right).

a F b d a
b G
H/\ J
¢ H G\/I\/F
d I
e J a Cc e b

Sidorenko’s conjecture has the equivalent graphon formulation: for every bipartite graph F
and graphon W,

1(F,W) > t(K,, W),

Note that equality occurs when W = p, the constant graphon. One can think of Sidorenko’s
conjecture as a separate problem for each F, and asking to minimize ¢(F, W) among graphons
W with / W > p. Whether the constant graphon is the unique minimizer is the subject of an
even stronger conjecture known as the forcing conjecture.

Definition 5.0.6 (Forcing graphs)
We say that a graph F is forcing if every graphon W with t(F, W) = t(K,, W)*") is a
constant graphon (up to a set of measure zero)

By translating back and forth between graph limits and sequences of graphs, being forcing
is equivalent to the quasirandomness condition. Thus any forcing graph can play the role of
Cy4 in Theorem 3.1.1. This is what led Chung, Graham, and Wilson to consider forcing graphs.
In particular, Cy is forcing.

Proposition 5.0.7 (Forcing and quasirandomness)

A graph F is forcing if and only if for every constant p € [0, 1], every sequence of graphs
G = G, with

t(K»,G) = p+o(l) and  1(F,G) =pD +0(1)

is quasirandom in the sense of Definition 3.1.2.

I Exercise 5.0.8. Prove Proposition 5.0.7.

The forcing conjecture, below, states a complete characterization of forcing graphs (Skokan
& Thoma 2004; Conlon, Fox, & Sudakov 2010).

Conjecture 5.0.9 (Forcing conjecture)
A graph is forcing if and only if it is bipartite and has at least one cycle.

I Exercise 5.0.10. Prove the “only if”’ direction of the forcing conjecture.

I Exercise 5.0.11. Prove that every forcing graph is Sidorenko.
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Exercise 5.0.12 (Forcing and stability). Show that a graph F is forcing if and only if for
every & > 0, there exists 6 > 0 such that if a graph G satisfies 1(F, G) < t(K,, G)*'") + 6,
then 65(G, p) < e.

The following exercise shows that to prove a graph is Sidorenko, we do not lose anything
by giving away a constant factor. The proof is a quick and neat application of the tensor power
trick.

Exercise 5.0.13 (Tensor power trick). Let F be a bipartite graph. Suppose there is some
constant ¢ > 0 such that

1(F,G) > ct(K,, G)*™)  for all graphs G.

Show that F is Sidorenko.

5.1 Edge vs. Triangle Densities

What are all the pairs of edge and triangles densities that can occur in a graph (or graphon)?
Since the set of graphs is dense in the space of graphons, the closure of {(#(K>, G), (K3, G)) :
graph G} is the

edge-triangle region = {(t(K,, W), t(K3, W)) : graphon W} C [0, 1]%. (5.1.1)

This is a closed subset of [0, 1]?, due to the compactness of the space of graphons. This set
has been completely determined, and it is illustrated in Figure 5.1.1 on the next page. We will
discuss its features in this section.

The upper and lower boundaries of this region correspond to the answers of the following
question.

Question 5.1.1 (Extremal triangle density given edge density)

Fix p € [0,1]. What are the minimum and maximum possible 7(K3, W) among all
graphons with ¢ (K,, W) = p?

For a given p € [0, 1], the set {t(K3, W) : t(K,,W) = p} is a closed interval. Indeed,
if Wy achieves the minimum triangle density, and W, achieves the maximum, then their
linear interpolation W, = (1 — )W, + tWy, ranging over 0 < ¢t < 1, must have triangle
density continuously interpolating between those of W, and W, and therefore achieves every
intermediate value.

Maximum triangle density

The maximization part of Question 5.1.1 is easier. The answer is p*/2.

Theorem 5.1.2 (Max triangle density)
For every graph G,

1(K3, G) < t(K,, G)*2.




5.1 Edge vs. Triangle Densities
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Figure 5.1.1 The top figure shows the edge-triangle region. This region is often
depicted as in the bottom figure, which better highlights the concave scallops on the
lower boundary but is a less accurate plot.
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This inequality is asymptotically tight for G being a clique on a subset of vertices. The
equivalent graphon inequality (K3, W) < t(K,, W)3/? attains equality for the clique graphon

1 ifxy<a,
W(x,y):{ ny=a ! (5.1.2)

0 otherwise. a

For the above W, we have 1(K3, G) = a® while t1(K,, G) = a’.

Proof. The quantities hom(K3, G) and hom (K>, G) count the number of closed walks in the
graph of length 3 and 2, respectively. Let 4; > --- > 4, be the eigenvalues of the adjacency
matrix Ag of G, then

k k
hom(K3,G) =tr A, = Z /l§ and hom(K>, G) = tr A% = Z /l?
i=1 i=1
Then (see lemma below)
/2

hom(K3,G)_Z/l3 (Zzz) = hom(K,, G)*>.

After dividing by v(G)? on both sides, the result follows. O

Lemma 5.1.3 (A power sum inequality)
Lett > 1,anday, - ,a, > 0. Then,

al+---+a, < (ar+--+ay).

Proof. Assume at least one a; is positive, or else both sides equal to zero. Then

LHS 1 ai ! n ai
= < —:1. O
RHS ;(a1+---+an) _;al+---+a

n

Remark 5.1.4. We will see additional proofs of Theorem 5.1.2 not invoking eigenvalues later
in Exercise 5.2.14 and in Section 5.3. Theorem 5.1.2 is an inequality in “physical space” (as
opposed to going into the “frequency space” of the spectrum), and it is a good idea to think
about how to prove it while staying in the physical space.

More generally, the clique graphon (5.1.2) also maximizes K, -densities among all graphons
of given edge density.

Theorem 5.1.5 (Maximum clique density)
For any graphon W and integer k£ > 3,

1(Kp, W) < t(K,, W)X/,

Proof. There exist integers a, b > 0 such that k = 3a + 2b (e.g., take a = 1 if k is odd and
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a = 0if k is even). Then aK; + bK, (a disjoint union of a triangles and b isolated edges) is a
subgraph of K. So

1(Ki, W) < t(aKs + bK>, W) = (K3, W) (K, W)? < t(K,, W)3/** = 1(K,, W)X, o

Remark 5.1.6 (Kruskal-Katona theorem). Thanks to a theorem of Kruskal (1963) and Katona
(1968), the exact answer to the following non-asymptotic question is completely known:
What is the maximum number of copies of K;’s in an n-vertex graph with m edges?
When m = (g) for some integer a, the optimal graph is a clique on a vertices. More
generally, for any value of m, the optimal graph is obtained by adding edges in colexicographic
order:

12,13,23,14,24,34,15,25,35,45, . ..

This is stronger than Theorem 5.1.5, which only gives an asymptotically tight answer as
n — oo. The full Kruskal-Katona theorem also answers:
What is the maximum number of k-cliques in an r-graph with n vertices and m edges?
When m = (f), the optimal r-graph is a clique on a vertices. (An asymptotic version of
this statement can be proved using techniques in Section 5.3.) More generally, the optimal
r-graph is obtained by adding the edges in colexicographic order. For example, for 3-graphs,
the edges should be added in the following order:

123,124, 134,234,125, 135, 235, 145, 245, 345, . ..

Here a;...a, < by ...b, in colexicographic order if a; < b; at the last i where a; # b; (i.e.,
dictionary order when read from right to left). Here we sort the elements of each r-tuple in
increasing order.

The Kruskal-Katona theorem can be proved by a compression/shifting argument. The idea
is to repeatedly modify the graph so that we eventually end up at the optimal graph. At each
step, we “push” all the edges towards a clique along some “direction” in a way that does not
reduce the number of k-cliques in the graph.

Minimum triangle density

Now we turn to the lower boundary of the edge-triangle region. What is the minimum triangle
density in a graph of given edge density p?

For p < 1/2, we can have complete bipartite graphs of density p + o(1), which are
triangle-free. For p > 1/2, the triangle density must be positive due to Mantel’s theorem
(Theorem 1.1.1) and supersaturation (Theorem 1.3.4). It turns out that among graphs with
edge density p + o(1), the triangle density is asymptotically minimized by certain complete
multipartite graphs, although this is not easy to prove.

For each positive integer k, we have

k k

As k ranges over all positive integers, these pairs form special points on the lower boundary
of the edge-triangle region, as illustrated in Figure 5.1.1 on page 165. (Recall that Kj is
associated to the same graphon as a complete k-partite graph with equal parts.)

t(K»,Ky) = 1—% and (K3, Ky) = (1—1) (1—2)
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Now suppose the given edge density p lies strictly between 1 — 1/(k—1) and 1 — 1/k
for some integer k > 2. To obtain the graphon with edge density p and minimum triangle
density, we first start with K; with all vertices having equal weight. And then shrink the
relative weight of exactly one of the k vertices (while keeping the remaining k — 1 vertices
to have the same vertex weight). For example, the graphon illustrated below is obtained by
starting with K, and shrinking the weight on one vertex.

I Ip) Iz I

1 0 1 1 1
L | 1 0 1|1
Ll 1 | 0 |1
n 1 1 1 0

During this process, the total edge density (account for vertex weights) decreases continuously
from 1 —1/kto1—1/(k —1). At some point, the edge density is equal to p. This vertex-
weighted k-clique W turns out minimize triangle density among all graphons with edge
density p.

The above claim is much more difficult to prove than the maximum triangle density
result. This theorem, stated below, due to Razborov (2008), was proved using an involved
Cauchy—Schwarz calculus that he coined flag algebra. We will say a bit more about this
method in Section 5.2.

Theorem 5.1.7 (Minimum triangle density)

FixO0<p <landk =[1/(1 - p)]. The minimum of #(K3, W) among graphons W with
t(K,, W) = p is attained by the stepfunction W associated to a k-clique with node weights
ai,a, - ,a; withsumequalto 1,a; =--- = ay_; > ay, and t(K,, W) = p.

We will not prove this theorem in full here. See Lovasz (2012, Section 16.3.2) for a
presentation of the proof of Theorem 5.1.7. Later in this Chapter, we give lower bounds that
match the edge-triangle region at the cliques. In particular, Theorem 5.4.4 will allow us to
determine the convex hull of the region.

The graphon described in Theorem 5.1.7 turns out to be not unique unless p = 1 — 1/k
for some positive integer k. Indeed, suppose 1 —1/(k—1) < p <1—-1/k.Let1,,...,I; be
the partition of [0, 1] into the intervals corresponding to the vertices of the vertex-weighted
k-clique, with 7y, ..., I;_; all having equal length, and I strictly smaller length. Now replace
the graphon on I;_; U I; by an arbitrary triangle-free graphon of the same edge density.
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I 0 1 1 1

I 1 0 1 1
any

I 1 1 triangle-
free

Iy 1 1 graphon

This operation does not change the edge-density or the triangle-density of the graphon (check!).
The non-uniqueness of the minimizer hints at the difficulty of the result.
This completes our discussion of the edge-triangle region (Figure 5.1.1 on page 165).

Theorem 5.1.7 was generalized from K3 to K, (Nikiforov 2011), and then to all cliques K,
(Reiher 2016). The construction for the minimizing graphon is the same as for the triangle
case.

Theorem 5.1.8 (Minimum clique density)

Fix0 < p < land k =[1/(1 — p)]. The minimum of ¢(K,, W) among graphons W with
t(K,, W) = p is attained by the stepfunction W associated to a k-clique with node weights
ai,as, - ,a; withsumequalto 1,a; =--- = ay_; > ay, and t(K,, W) = p.

Exercise 5.1.9. Prove that C¢ is Sidorenko.

5 Jo wnnoads ay Jo suud ur (5 Ty )woy pue (H 9 )woy A Uty

5.2 Cauchy-Schwarz

We will apply the Cauchy—Schwarz inequality in the following form: given real-valued
functions f and g on the same space (always assuming the usual measurability assumptions
without further comments), we have

L) <(L7) L)

It is one of the most versatile inequalities in combinatorics.
To better emphasize the variables being integrated, we write below the integral sign. The
domain of integration (usually [0, 1] for each variable) is omitted to avoid clutter. We write

flx,y,...) for /f(x,y,...)dxdy---.

XyYseen

In practice, we will often apply the Cauchy—Schwarz inequality by changing the order of
integration, and separating an integral into an outer integral and an inner integral.

A typical application of the Cauchy—Schwarz inequality is demonstrated in the following
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calculation (here one should think of x, y, z each as collections of variables):

[peomea= [([reo){fea]
i) (o

1/2 1/2
- ( f(x,y)f(x,y’)) ( I g(x,z)g(x,z'))
x,y,y’ X,2,2'

Note that in the final step, “expanding a square” has the effect of “duplicating a variable.” It
is useful to recognize expressions with duplicated variables that can be folded back into a
square.

Let us warm up by proving that K , is Sidorenko. We actually already proved this statement
in Proposition 3.1.14 in the context of the Chung—Graham—Wilson theorem on quasirandom
graphs. We repeat the same calculations here to demonstrate the integral notation.

Theorem 5.2.1 (K, is Sidorenko)
t(K2,2> W) > t(KZ’ W)4

The theorem follows from the next two lemmas.

Lemma 5.2.2
t(Kl,25 W) 2 I(KZs W)2

Proof. By rewriting as a square and then applying the Cauchy—Schwarz inequality,

= [ weawin= [([wen)]

2
> (/Xy Wi(x, y)) = 1(K,, W) O

Lemma 5.2.3
1(Ky2, W) > 1(Ky 5, W)2.

Proof. Similar to the previous proof, we have

(Koo, W) = / W(x, )W (e, )W (3, )W (3. 2)
X,y,2,7

2 2
:/ (/W(x,z)W(y,z)) > (/ Wi(x, Z)W(y,z)) = t(Klqz,W)z. O
X,y Z X,y,z

Proofs involving Cauchy—Schwarz are sometimes called “sum-of-square” proofs. The
Cauchy—Schwarz inequality can be proved by writing the difference between the two sides as
a sum of square quantity:

IBIGRIE R (W0 = F0s0)
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Commonly, g = 1, in which case we can also write

|/ fz)—(/f)2=/x(f(X)—/yf(y))2-

For example, We can write the proof of Lemma 5.2.3 as
2
(Ko W) = 1807 > [ ([ W = st
X y

I Exercise 5.2.4. Write t(K>,, W) — t(K,, W)* as a single sum-of-squares expression.

The next inequality tells us that if we color the edges of K,, using two colors, then at least
1/4 + o(1) fraction of all triangles are monochromatic (Goodman 1959). Note that this 1/4
constant is tight since it is obtained by a uniform random coloring. In the graphon formulation
below, the graphons W and 1 — W correspond to edges of each color. We have equality for the
constant 1/2 graphon.

Theorem 5.2.5 (Triangle is common)

1K, W) +1(Ks, 1 = W) > 1/4

Proof. Expanding, we have

(K5, 1 -W) = /(1 -W,y) (1 -W(x,2))(1 -W(y,z)) dxdydz
=1-3t(Ky, W) +3t(K, 2, W) — t(K3, W).
So
(K3, W) +1t(K3,1 = W) =1-3t(Ky, W) + 3t(K; 2, W)
> 1= 3t(Ky, W) +3t(K», W)?

1 1\’ 1
=—-+3(t(Kh,W)—=| = -. |
7 ( (K2, W) 2) 7
Which graphs, other than triangles, have the above property? We do not know the full

ansSwer.

Definition 5.2.6 (Common graphs)
We say that a graph F is common if for all graphons W,

t(F,W) +t(F,1 =W) > 271

In other words, the left-hand side is minimized by the constant 1/2 graphon.

Although it was initially conjectured that all graphs are common, this turns out to be false.
In particular, K, is not common for all # > 4 (Thomason 1989).

Proposition 5.2.7
Every Sidorenko graph is common.
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Proof. Suppose F were Sidorenko. Let p = t(K», W). Thent(F,W) > p¢®) andt(F,1-W) >
t(Ky, 1 = W)eE) = (1 — p)¢) Adding up and using convexity,

t(F,W) +t(F,1=W) > pF) 4 (1 = p)etF) > 27+, O
The converse is false. The triangle is common but not Sidorenko (recall that every Sidorenko
graph is bipartite).

We also have the following lower bound on the minimum triangle density given edge
density (Goodman 1959).

Theorem 5.2.8 (Lower bound on triangle density)

tH(K3, W) > t(K,, W)(2t(K,, W) — 1).

Below is plot of Goodman’s bound against the true edge triangle region from Figure 5.1.1
on page 165. The inequality is tight whenever W = K,,, in which case 1(K,, W) =1 —1/n
and t(K3, W) = (3)/n® = (1 = 1/n)(1 - 2/n). In particular, Goodman’s bound implies that
t(K3, W) > 0 whenever #(K,, W) > 1/2, which we saw from Mantel’s theorem.

1
1(K3, W)
7y =x(2x-1)
0 o (K, W) 1

Figure 5.2.1 The Goodman lower bound on the triangle density from Theorem 5.2.8
plotted on top of the edge-triangle region (Figure 5.1.1 on page 165).

Proof. Since 0 < W < 1, we have (1 — W(x,z))(1 — W(y,z)) > 0, and so
W(x,2)W(y,z) 2 W(x,z) + W(y,z) - 1.
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Thus

{(Ks, G) = / W e )W (e )W (. 2)
X,y,2

> W,y )(W(x,z2) + W(y,z) = 1)
X,Y¥,2
= 2I(K1,2, W) - I(Kz, W)
> 21(Kp, W)* = t(Ky, W). o

Finally, let us demonstrate an application of the Cauchy—Schwarz inequality in the following
form, for nonnegative functions f and g:

L))/ )

Recall that a graph F is Sidorenko if t(F, W) > t(K,, W)*") for all graphons W (Defini-
tion 5.0.4).

Theorem 5.2.9
111 is Sidorenko.

Proof. The idea is the “fold” the above graph F in half along the middle using the Cauchy—
Schwarz inequality. Using w and x to indicate the two vertices in the middle, we have

Z X

2
t(F,W):/ (/ W(w,y)W(y,z)W(z,x)) W(w,x).
w,x,y,Z

So
2

t(F, W)t(K», W) > (/

W,X,y,2

/W(w,y)W(y,z)W(z,x)W(w,x)
= 1(C4, W)? 2 t(Kp, W)®,

with the last step due to Theorem 5.2.1. Therefore t(F, W) > t(K,, W)” and hence F is
Sidorenko. o

Remark 5.2.10 (Flag algebra). The above examples were all simple enough to be found
by hand. As mentioned earlier, every application of the Cauchy—Schwarz inequality can be
rewritten in the form of a sum of a squares. One could actually search for these sum-of-squares
proofs more systematically using a computer program. This idea, first introduced by Razborov
(2007), can be combined with other sophisticated methods to determine the lower boundary of
the edge-triangle region (Razborov 2008). Razborov coined the term flag algebra to describe
a formalization of such calculations. The technique is also sometimes called graph algebra,
Cauchy-Schwarz calculus, sum-of-squares proof.

Conceptually, the idea is that we are looking for all the ways to obtain nonnegative linear
combinations of squared expressions. In a typical application, one is asked to solve an extremal
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problem of the form

Minimize t(Fy, W)
Subject to tFi,W)=¢qi, ..., tHF,W)=qy,
W a graphon.

The technique is very flexible. The objectives and constraints could be any linear combinations
of densities. It could be maximization instead of minimization. Extensions of the techniques
can handle wider classes of extremal problems, such as for hypergraphs, directed graphs,
edge-colored graphs, permutations, and more.
Let us illustrate the technique. The nonnegativity of squares implies inequalities such as
2

/ ‘ W(x, y)W(x,z) (/ (aW (x,u)W(y,u) — bW (x,w)W(w,u)W(u,z) +c)| = 0.

Here a, b, ¢ € R are constants (to be chosen). We can expand the above expression, and then,
for instance,

2
replace (/ Gyy . (u, w)) by / Gy (u,w)Gyy (u',w').
u,w u,w,u’ ,w

We obtain a nonnegative linear combination of #(F, W) over various F with undetermined
real coeflicients.

The idea is to now consider all such nonnegative expressions (in practice, on a computer,
we consider a large but finite set of such inequalities). Then we try to optimize the previously
undetermined real coefficients (a, b, ¢ above). By adding together an optimized nonnegative
linear combination of all such inequalities, and combining with the given constraints, we
aim to obtain an inequality ¢(Fy, W) > « for some real a. This would prove a bound
on the minimization problem stated earlier. We can find such coefficient and nonnegative
combinations efficiently using a semidefinite program (SDP) solver. If we also happen to
have an example of W satisfying the constraints and matching the bound (i.e., t(Fy, W) = ),
then we would have solved the extremal problem.

The flag algebra method, with computer assistance, has successfully solved many interesting
extremal problems in graph theory. For example, a conjecture of Erdds (1984) on the maximum
pentagon density in a triangle-free graph was solved using flag algebra methods; the extremal
construction is a blow-up of a 5-cycle (Grzesik 2012; Hatami, Hladky, Kral, Norine, &
Razborov 2013).

Theorem 5.2.11 (Maximum number 5-cycles in a triangle-free graph)

Every n-vertex triangle-free graph has at most (n/5)> cycles of length 5.

7
7\

==
{(44;;{{1

—
—
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Let us mention another nice result obtained using the flag algebra method.

What is the maximum possible number of induced copies of a given graph H among all
n-vertex graphs? (Pippenger & Golumbic 1975)

The optimal limiting density (as a fraction of (V(’;ﬂ
graph H. They conjectured that for every k > 5, the inducibility of a k-cycle is k!/(k* — k),
obtained by an iterated blow-up of a k-cycle (k =5 illustrated below; in the limit the should
be infinitely many fractal-like iterations).

), as n — oo) is called the inducibility of

The conjecture for 5-cycles was proved by using flag algebra methods combined with
additional “stability” methods (Balogh, Hu, Lidicky, & Pfender 2016). The constant factor in
the following theorem is tight.

Theorem 5.2.12 (Inducibility of the 5-cycle)
Every n-vertex graph has at most /(5> — 5) induced 5-cycles.

Although the flag algebra method has successfully solved several extremal problems, in
many interesting cases, the method does not give a tight bound. Nevertheless, for many open
extremal problems, such as the tetrahedron hypergraph Turdn problem, the best known bound
comes from this approach.

Remark 5.2.13 (Incompleteness). Can every true linear inequality for graph homomorphism
densities be proved via Cauchy—Schwarz/sum-of-squares?

Before giving the answer, we first discuss classical results about real polynomials. Suppose
p(x1,...,x,) is areal polynomial such that p(x1,...,x,) = Oforall x,...,x, € R.Cansuch
a nonnegative polynomial always be written as a sum of squares? Hilbert (1888; 1893) proved
that the answer is yes for n < 2 and no in general for n > 3. The first explicit counterexample
was given by Motzkin (1967):

p(x,y) = )c4y2 +)c2y4 +1- 3x2y2

is always nonnegative due to the AM-GM inequality, but it cannot be written as a nonnegative
sum of squares. Solving Hilbert’s 17th problem, Artin (1927) proved thatevery p(xy,...,X,) >
0 can be written as a sum of squares of rational functions, meaning that there is some nonzero
polynomial ¢ such that pg?* can be written as a sum of squares of polynomials. For the earlier
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example,
x2y2(x2 + y2 + 1)()(2 +y2 _ 2)2 + (xz _ y2)2
(x2 +y2)? :
Turning back to inequalities between graph homomorphism densities, if f(W) = 3, ¢;t(F;, W)
is nonnegative for every graphon W, can f always be written as a nonnegative sum of squares
of rational functions in #(F, W)? In other words, can every true inequality can be proved using
a finite number of Cauchy—Schwarz inequalities (i.e., via vanilla flag algebra calculations).
It turns out that the answer is no (Hatami & Norine 2011). Indeed, if there were always a
sum-of-squares proof, then we could obtain an algorithm for deciding whether (W) > 0 (with
rational coefficients, say) holds for all graphons W, thereby contradicting the undecidability
of the problem (Remark 5.0.2). Consider the algorithm that enumerates over all possible
forms of sum-of-squares expressions (with undetermined coefficients that can then be solved
for) and in parallel enumerates over all graphs G and checks whether f(G) > 0. If every true
inequality had a sum-of-squares proof, then this algorithm would always terminate and tell us
whether f(W) > 0 for all graphons W.

p(x,y) =

Exercise 5.2.14 (Another proof of maximum triangle density). Let W: [0,1]> - Rbe a
symmetric measurable function. Write W? for the function taking value W?(x, y) = W(x, y)>.
(a) Show that #(Cy, W) < t(K,, W?)2.
(b) Show that #(K3, W) < t(Ky, W2)1/2t(Cy, W)'/2,
Combining the two inequalities we deduce #(K3, W) < t(K,, W?)*/2, which is somewhat
stronger than Theorem 5.1.2. We will see another proof below in Corollary 5.3.10.

Exercise 5.2.15. Prove that the skeleton of the 3-cube (below) is Sidorenko.

I Exercise 5.2.16. Prove that K is common, where K is K4 with one edge removed.

Exercise 5.2.17. Prove that every path is Sidorenko, by extending the proof of Theo-
rem 5.3.4.

Exercise 5.2.18 (A lower bound on clique density). Show that for every positive integer
r > 3, and graphon W, writing p = t(K,, W),

1K W) 2 p2p-1)Bp=2)---(r=Dp—-(r=-2).
Note that this inequality is tight when W is the associated graphon of a clique.

Exercise 5.2.19 (Triangle vs. diamond). Prove there is a function f: [0, 1] — [0, 1] with
f(x) > x% and lim,_,o f(x)/x* = oo such that

1Ky, W) = f(1(K3, W))

for all graphons W. Here K is K4 with one edge removed.

puIwo [eAOWAI d3ueLn oy A[ddy ury




5.3 Holder 177

5.3 Holder

Holder’s inequality is a generalization of the Cauchy—Schwarz inequality. It says that given
Pir...,pr = 1with1/py+---+1/p; = 1, and real-valued functions fi, ..., f; on a common
space, we have

/flfz"'fk <Al - A, -

where the p-norm of a function f is defined by

= ( / |f|”)l/p.

In practice, the case p; = - -- = p, = k of Holder’s inequality is used often.

We can apply Holder’s inequality to show that K , is Sidorenko. The proof is essentially
verbatim to the proof of Theorem 5.2.1 that t (K5 5, W) > t(K,, W)* from the previous section,
except that we now apply Holder’s inequality instead of the Cauchy—Schwarz inequality. We
outline the steps below and leave the details as an exercise.

Theorem 5.3.1 (Complete bipartite graphs are Sidorenko)
HKs W) 2 t(Ky, W)™

Lemma 5.3.2
t(Ks,l’ W) = I(KZ’ W)S

Lemma 5.3.3
(K, W) 2 t(Ks 1, W)

Sidorenko’s conjecture for 3-edge path

It is already quite a non-trivial fact that all paths are Sidorenko (Mulholland & Smith 1959;
Atkinson, Watterson, & Moran 1960; Blakley & Roy 1965). You are encouraged to try it
yourself before looking at the next proof.

Theorem 5.3.4
The 3-edge path is Sidorenko.

Let us give two short proofs that both appeared as answers to a MathOverflow question
https://mathoverflow.net/q/189222. Later in Section 5.5 we will see another proof
using the entropy method.

The first proof is a special case of a more general technique by Sidorenko (1991).

w
X

y
Z


https://mathoverflow.net/q/189222
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First proof that the 3-edge path is Sidorenko. Let P4 be the 3-edge path. Let W be a graphon.
Let g(x) = /y W(x,y), representing the “degree” of vertex x. We have

5 Ys2

(W= [ WawweWen = [ @ wey.
By relabeling, we can ais;) ’write it as
(P = [ W),
Applying the Cauchy—Schwarz inequalit;/ ;Wice, following by Holder’s inequality,

{(Po W) = ( / g(x)W(x,y)mz,y)) ( [ soweawy
X,y,Z x,y,Z
> / VE@W (e )Wz Ve (@)
Xx,¥,2

(@]
2 (/xy \/c@W(x,y))2

(o s frof (e

The second proof is due to Lee (2019).

Second proof that the 3-edge path is Sidorenko. Define g(x) = /y W(x,y) as earlier. We
have

H(Po W) = / W e W)W (x )W (2. y) = / g (x5 ().

Y

Note that
Wx.y) _ /g(X) 1
vy 8() x 8(x)
Similarly we have
Wy
vy &)

So by Holder’s inequality

t(P4,W)=( / g(X)W(xyy)g(Y))( Z(fxf ))( W;(ch)y))

¥
3
> ( Wi(x, y)) . O
x,y
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A generalization of Holder’s inequality

Now we discuss a powerful variant of Holder’s inequality due to Finner (1992), which is
related more generally to Brascamp-Lieb inequalities. Here is a representative example.

Theorem 5.3.5 (Generalized Hélder inequality for a triangle)
Let X,Y, Z be measure spaces. Let f: X XY >R, g: XXZ - R,andh: Y XZ >R
be measurable functions (assuming integrability whenever needed). Then

/ Jx.y)g(x, 2)h(y, z) < If12 118l (17l -
X,Y¥,2

Note that a straightforward application of Holder’s inequality, when X, Y, Z are probability
spaces (so that fx . S, y) = /x y f(x,y)) would yield

Jy)g(x, 2)h(y. z) < (1115 liglls 175 -

X,y,2
This is weaker than Theorem 5.3.5. Indeed, in a probability space, || ||, < || f|l; by Holder’s
inequality.
Proof of Theorem 5.3.5. We apply the Cauchy—Schwarz inequality three times. First to the
integral over x (this affects f and g while leaving % intact):

1/2

12
, ,2)h(y,7) < , 2) ( , 2) h(v,z7).
[ s on0.0 /( / ) / g 22 hy.2)

Next, we apply the Cauchy—Schwarz inequality to the variable y (this affects f and % while
leaving g intact). Continuing the above inequality,

1/2 12 12
S[( - f(x’y)z) (/xg(x,z)z) (/yh(y’z)z) ‘

Finally, we apply the Cauchy—Schwarz inequality to the variable z (this affects g and /# while
leaving x intact). Continuing the above inequality,

1/2 1/2 1/2
< ,y)? ,2)? h(y, 2) .
( X,y f(x y) ) ('/X,Z g(x Z) ) (\/y,z (y Z)

This completes the proof of Theorem 5.3.5. O

Remark 5.3.6 (Projection inequalities). What is the maximum volume of a body K C R?
whose projection on each coordinate plane is at most 1? A unit cube has volume 1, but is this
the largest possible?

Letting |-| denote both volume and area (depending on the dimension) and ., (K)
denote the project of K onto the xy-plane, and likewise with the other planes. Using
1x(x,y,2) < f(x,y)g(x,z)h(y, z), Theorem 5.3.5 implies

K> < |y (K)| 17 (KD |70y (K| - (5.3.1)

In particular, if all three projections have volume at most 1, then |K| < 1.
The inequality (5.3.1), which holds more generally in higher dimensions, is due to Loomis
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& Whitney (1949). See Exercise 5.3.9 below. It has important applications in combinatorics.
A powerful generalization known as Shearer’s entropy inequality will be discussed in
Section 5.5. Also see Exercise 5.5.19 for a strengthening of the projection inequalities.

Now let us state a more general form of Theorem 5.3.5, which can be proved using the
same techniques. The key point of the inequality in Theorem 5.3.5 is that each variable (i.e., x,
v, and z) is contained in exactly 2 of the factors (i.e., f(x, ), g(x, z), and h(y, z)). Everything
works the same way as long as each variable is contained in exactly k factors, as long as we
use L* norms on the right-hand side.

For example,

/ F(uv) fo (v w) f3 (0 2) fo(x. y) v w
U,V W,X,Y,2

9
 F5( D) folz 1) fr(u, %) fy(,2) fo(w, ) < [ [l - N—Yy
i=1

Here the factors in the integral correspond to edges of a 3-regular graph shown. In particular,
every variable lies in exactly 3 factors.

More generally, each function f; can take as input any number of variables, as long as every
variable appears in exactly k functions. For example

/ Jw,x,y)g(w, y,2)h(x,2) < || fll2llgll2l7]l.
W,X,y,2

The inequality is stated more generally below. Given x = (xy,...,x,,) € X; X --- X X,,, and
I € [m], we write m;(x) = (x;)ies € [1;¢; X; for the projection onto the coordinate subspace
of I.

Theorem 5.3.7 (Generalized Hélder inequality)

Let X, ..., X,, be measure spaces. Let I, ..., I, C [m] such that each element of [m]
appears in exactly k different //s. For eachi € [m], let f;: [];c;, X; — R. Then

/X X Ji(r () - fe(mr (1) dx < A fillye - fell -

Furthermore, if every X; is a probability space, then we can relax the hypothesis to “each
element of [m] appears in at most k different I;’s.

I Exercise 5.3.8. Prove Theorem 5.3.7 by generalizing the proof of Theorem 5.3.5.

The next exercise generalizes the projection inequality from Remark 5.3.6. Also see
Exercise 5.5.19 for a strengthening.

Exercise 5.3.9 (Projection inequalities). Let Iy,...,I, C [d] such that each element of
[d] appears in exactly k different 1/s. Prove that for any compact body K € R9, with | - |
denoting volume in the appropriate dimension,

KI* < | (K)| -+ |7, (KD

The version of Theorem 5.3.7 with each X; being a probability space is useful for graphons.
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Corollary 5.3.10 (Upper bound on F-density)
For any graph F' with maximum degree at most k, and graphon W,

HF, W) < [W|e.

In particular, since
Wik = [ Wt s ke,

the inequality implies that
t(F, W) < t(Ky, W)k,

This implies the upper bound on clique densities (Theorems 5.1.2 and 5.1.5). The stronger
statement of Corollary 5.3.10 with the L* norm of W on the right-hand side has no direct
interpretations for subgraph densities, but it is important for certain applications such as to
understanding large deviation rates in random graphs (Lubetzky & Zhao 2017).

More generally, using different L” norms for different factors in Holder’s inequality, we
have the following statement (Finner 1992).

Theorem 5.3.11 (Generalized Hoélder inequality)
Let Xi,...,X,, be measure spaces. For each i € [{], let p; > 1, let I; C [m], and
fit Tljer, X; — R If either
I Xijer, I/pi = 1foreach j € [m],
OR
2 each X; is a probability space and 3;.;;, 1/p; < 1 for each j € [m],
then

/X o Silmy (0) -+ fe(mp () dx < \fill,, -~ [ fell,,, -

The proof proceeds by applying Holder’s inequality k times in succession, once for each
variable x; € X;, nearly identically to the proof of Theorem 5.3.5.

An application of generalized Holder inequality

Now we turn to another graph inequality that where the above generalization of Holder’s
inequality plays a key role.

Question 5.3.12 (Maximum number of independent sets in a regular graph)
Fix d. Among d-regular graphs, which graph G maximizes i(G)'/"(©), where i(G)
denotes the number of independent sets of G.

The answer turns out to be G = K; 4. We can also take G to be a disjoint union of copies of
Kg4.4’s, and this would not change i(G)!/V(®). This result, stated below, was shown by Kahn
(2001) for bipartite regular graphs G, and later extended by Zhao (2010) to all regular graphs
G.
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Theorem 5.3.13 (Maximum number of independent sets in a regular graph)
For every n-vertex d-regular graph G,

i(G) < i(Kd,d)n/(Zd) — (2d+l _ 1)"/(2‘1),

The set of independent sets of G is in bijection with the set of graph homomorphisms from
G to the following graph:

PN

Indeed, a map between their vertex sets form a graph homomorphism if and only if the
vertices of G that map to the non-looped vertex is an independent set of G.

Let us first prove Theorem 5.3.13 for bipartite regular G. The following more general
inequality was shown by Galvin & Tetali (2004). It implies the bipartite case of Theorem 5.3.13
by the above discussion.

Theorem 5.3.14 (The maximum number of H-colorings in a regular graph)
For every n-vertex d-regular bipartite graph G, and any graph H (allowing looped vertices
on H)

hom(G, H) < hom(Kd’d,H)n/(M)‘

This is equivalent to the following statement.

Theorem 5.3.15
For any d-regular bipartite graph F,

1(F, W) < t(Kg,g, W)

Let us prove this theorem in the case F' = Cg to illustrate the technique more concretely.
The general proof is basically the same. Let

Frna) = / W, )W (2o, y).
y

This function should be thought of the codegree of vertices x; and x;. Then, grouping the
factors in the integral according to their right-endpoint, we have

X1 Y1
X2 § y2
X3 y3
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t(Cs, W) = / W(xn, y)W(x2, y)W(x1, y2)W(x3, y2) W(x2, y3) W (x2, y3)
X1,X2,X3,Y1,Y2,Y3

=/ (/ W(xl,yl)W(-XZ’yl)) (/ W(Xl,yz)W(M,yz))
X1,X2,X3 Y1 y2

) (/ W(xz,yg)W(xs,ys))
¥3

= / f ey, x2) f(x1,x3) f(x2,x3)

< ||f||g [by generalized Holder, Theorem 5.3.5/5.3.7]

On the other hand, we have

1715 = fx1,30)°

X1,X2

=/ (/ W(xl,yl)W(xz,yl)) (/ W(x1,y2)W(x2, y2)
X1,X2 yi Y2

=/ Wxi, y)W(x2, y)W(x1, y2)W(x2, y2)
X1,X2,Y1,¥2
= f(C4, W)
X1 Y1
X2 X y2
This proves Theorem 5.3.15 in the case F' = Cg. The theorem in general can be proved via
a similar calculation.
I Exercise 5.3.16. Complete the proof of Theorem 5.3.15 by generalizing the above argument.
Remark 5.3.17. Kahn (2001) first proved the bipartite case of Theorem 5.3.13 using Shearer’s
entropy inequality, which we will see in Section 5.5. His technique was extended by Galvin

& Tetali (2004) to prove Theorem 5.3.14. The proof using generalized Holder’s inequality
presented here was given by Lubetzky & Zhao (2017).

So far we proved Theorem 5.3.13 for bipartite regular graphs. To prove it for all regular
graphs, we apply the following inequality by Zhao (2010). Here G X K, (tensor product) is
the bipartite double cover of G. An example is illustrated below:

G G xXK>

The vertex set of G X K, is V(G) x {0, 1}. Its vertices are labeled v; with v € V(G) and
i € {0, 1}. Its edges are ugyv; for all uv € E(G). Note that G X K, is always a bipartite graph.
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Theorem 5.3.18 (Bipartite double cover for independent sets)
For every graph G,

i(G)* <i(G xK>).

Assuming Theorem 5.3.18, we can now prove Theorem 5.3.13 by reducing the statement
to the bipartite case, which we proved earlier. Indeed, for every d-regular graph G,

i(G) <i(G X Ky)'? <i(Kqq)"D,
where the last step follows from applying Theorem 5.3.13 to the bipartite graph G X K.

Proof of Theorem 5.3.18. Let 2G denote a disjoint union of two copies of G. Label its vertices
by v; withv € V andi € {0, 1} so that its edges are u;v; with uv € E(G) andi € {0, 1}. We
will give an injection ¢: 1(2G) — I(G X K3). Recall that 1(G) is the set of independent sets
of G. The injection would imply i(G)? = i(2G) < i(G x K) as desired.

Fix an arbitrary order on all subsets of V(G). Let S be an independent set of 2G. Let

Evaa(S) :={uv € E(G) : ug,v; € S}.

Note that Ey,,q(S) is a bipartite subgraph of G, since each edge of Ey,,q has exactly one endpoint
in {v € V(G) : vy € S} but not both (or else S would not be independent). Let A denote the
first subset (in the previously fixed ordering) of V(G) such that all edges in Ey,q(.S) have one
vertex in A and the other outside A. Define ¢(S) to be the subset of V(G) x {0, 1} obtained
by “swapping” the pairs in A. That is, for all v € A, v; € ¢(S) if and only if v,_; € S for each
i€{0,1},andforallv ¢ A, v; € #(S) if and only if v; € S for each i € {0, 1}. It is not hard
to verify that ¢(S) is an independent set in G X K,. The swapping procedure fixes the “bad”
edges.

bad edges swap to get
B —
highlighted indep set

2G G x K>

It remains to verify that ¢ is an injection. For every S € I(2G), once we know T = ¢(S),
we can recover S by first setting

E +(T)={uv € E(G) : u;,v; € T for some i € {0, 1}},

so that Ev,q(S) = E; ,(T), and then finding A as earlier and swapping the pairs of A back.
(Remark: it follows that T € I(G x K3) lies in the image of ¢ if and only if E| (T) is
bipartite.) O

Remark 5.3.19 (Reverse Sidorenko). Does Theorem 5.3.14 generalize to all regular graphs
G like Theorem 5.3.13? Unfortunately, no. For example, when H = Q) Q) consists of two
isolated loops, hom(G, H) = 2¢(%), with ¢(G) being the number of connected components
of G. So hom(G, H)'/*(©) is minimized among d-regular graphs G for G = K., which is
the connected d-regular graph with the fewest vertices.

Theorem 5.3.14 actually extends to every triangle-free regular graph G. Furthermore, for
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every non-triangle-free regular graph G, there is some graph H for which the inequality in
Theorem 5.3.14 fails.

There are several families interesting graphs H where Theorem 5.3.14 is known to extend to
all regular bipartite G. Notably, this is true for H = K, which is significant since hom(G, K,)
is the number of proper g-colorings of G.

There are also generalizations of the above to non-regular graphs. For example, for a graph
G without isolated vertices, letting d,, denote the degree of u € V(G), we have

i(G) < [] i(Kgpa) .
uveE(G)
And similarly for the number of proper g-colorings. In fact, the results mentioned in this
remark about regular graphs are proved by induction on vertices of G, and thus require
considering the larger family of not necessarily regular graphs G.

The results discussed in this remark are due to Sah, Sawhney, Stoner, & Zhao (2019;
2020). The term reverse Sidorenko inequalities was introduced to describe inequalities such
as t(F, W)"/*(F) < (K4, W)"¥, which mirror the inequality 1(F, W)/¢) > t(K,, W) in
Sidorenko’s conjecture. Also see the earlier survey by Zhao (2017) for discussions of related
results and open problems.

We already know through the quasirandom graph equivalences (Theorem 3.1.1) that C; is
forcing. The following exercise generalizes this fact.

I Exercise 5.3.20. Prove that K , is forcing whenever s, t > 2.

Exercise 5.3.21. Let F be a bipartite graph with vertex bipartition A U B such that every
vertex in B has degree d. Let d,, denote the degree of u in F. Prove that for every graphon
W’

(F W) [ | Ky W)@,
uveE(G)

Exercise 5.3.22 (Sidorenko for 3-edge path with vertex weights). Let W: [0, 1]?> — [0, o)
be a measurable function (not necessarily symmetric). Let p, ¢,r,s: [0,1] — [0, o) be
measurable functions. Prove that

/ pW)q(x)r(y)s()W (x, )W (x, y)W(z, y) §w
W,X,y,2 X
3 y
> ([ womawrosentweon)
x.y
Exercise 5.3.23. For a graph G, let f,(G) denote the number of maps V(G) —

{0,1,...,¢q} such that f(u) + f(v) < g for every uv € E(G). Prove that for every
n-vertex d-regular graph G (not necessarily bipartite),

14(G) < fy(Ka.a)"®.
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5.4 Lagrangian
Another proof of Turan’s theorem

Here is another proof of Turdn’s theorem due to Motzkin & Straus (1965). It can be viewed as
a continuous/analytic analogue of the Zykov symmetrization proof of Turdn’s theorem from
Section 1.2 (the third proof there).

Theorem 5.4.1 (Turan’s theorem)
The number of edges in an n-vertex K,,,-free graph is at most

1\ n?

Proof. Let G be a K,.,-free graph on vertex set [n]. Consider the function

f(-xla"'7xn)= Z XiXj.

ijeE(G)

We want to show that

In fact, we will show that

Xlseens Xp 20 r
X+ +x,=1

max f(xq,...,x,) < %(l—l)

By compactness, the maximum is achieved at some x = (x,...,x,). Let us choose such a
maximizing vector with the minimum support size (i.e., the number of nonzero coordinates).

Supposeij ¢ E(G) for some pair of distinct x;, x; > 0.If we replace (x;, x;) by (s, x;+x;-5),
then f changes linearly in s (since x;x; does not come up as a summand in f), and since f
is already maximized at x, it must not actually change with s. So we can replace (x;,x;) by
(x; +x;,0), which keeps f the same while decreasing the number of nonzero coordinates of x.

Thus the support of x is a clique in G. By labeling vertices, say that xy,...,x; > 0 and
Xps1 = Xpg2 = -+ = X, = 0. Since G is K, -free, this clique has size k < r. So
1 R 1\ 1 1
LR [ ST BT A
I<i<j<k i=1

Remark 5.4.2 (Hypergraph Lagrangians). The Lagrangian of a hypergraph H with vertex
set [n] is defined to be

A(H) = | max f(x1, ... x0), where f(x1,...,x,) = Z nxi.

X+ X, =1 ecE(H) ice

It is a useful tool for certain hypergraph Turdn problems. The above proof of Turdn’s theorem
shows that for every graph G, A(G) = (1 — 1/w(G))/2, where w(G) is the size of the largest
clique in G. A maximizing x has coordinate 1/w(G) on vertices of the clique and zero
elsewhere.

As an alternate but equivalent perspective, the above proof can rephrased in terms of
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maximizing the edge density among K, -free vertex-weighted graphs (vertex weights are
given by the vector x above). The proof shifts weights between non-adjacent vertices while
not decreasing the edge density, and this process preserves K, ,;-freeness.

Linear inequalities between clique densities

The next theorem shows that to check whether a linear inequality in clique densities in G
holds, it suffices to check it for G being cliques (Bollobds 1976; Schelp & Thomason 1998).
The K, density in a vertex-weighted clique can be expressed in terms of elementary symmetric
polynomials, which recall are given as follows:

eO(XIa'--’xn) = 1’
e1(X1,. .., X)) = X1+ + Xy,
er(X1,...,X,) = Z XiXj,
1<i<j<n
ez(xy,...,x,) = Z XiX Xk,
I<i<j<k<n
en(X1,...,x,) = X1 Xy

Lemma 5.4.3 (Extreme points of a linear combination of symmetric polynomials)

Let f(xi,...,x,) be real linear combination of elementary symmetric polynomials in
X1,...,X,. Suppose x = (xy,...,x,) minimizes f(x) among all vectors x € R" with
Xis...,X, 2 0andx; +---+x, = 1, and furthermore x has minimum support size among

all such minimizers. Then, up to permuting the coordinates of x, there is some 1 < k < n
so that

xp=-=x,=1/k and xpy =---=x,=0.

Proof. Suppose xi,...,x; > 0and x4 = --- =x, = 0 with k > 2. Fixing x3, ..., x,, we see
that as a function of (x1,x;), f has the form

Ax1xy + Bxi + Bx, + C

where A, B, C depend on x3, . . ., x,. Notably the coefficients of x| and x, agree due since f
is a symmetric polynomial. Holding x; + x, fixed, f has the form

Axix, + C'.

If A > 0, then holding x; + x, fixed, we can set either x; or x, to be zero while not increasing
f, which contradicts the hypothesis that the minimizing x has minimum support size. So
A < 0, so that with x; + x, held fixed, Ax;x; + C’ is minimized uniquely at x; = x,. Thus
X1 = x,. Likewise, x; = - - - = xy, as claimed. O
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Theorem 5.4.4 (Linear inequalities between clique densities)
Letcy,- -+, ce € R. The inequality

l
Z e t(K,,G) >0

r=1

is true for every graph G if and only if it is true with G = K,, for every positive integer n.

More explicitly, the above inequality holds for all graphs G if and only if

¢
D (n—r+l
Zcr-n(n ) (n-r+l) >0 for every n € N.

nr

r=1

Since this is a single variable polynomial in m, it is usually easy to check this inequality. We
will see some examples right after the proof.

Proof. The only non-trivial direction is the “if”” implication. Suppose the displayed inequality
holds for all cliques G. Let G be an arbitrary graph with vertex set [n]. Let

14

fx1,...,x,) = r!c,Zx,-]---xir.

r=1 {i1,ee0nir }
r-clique in G

So

1 1 d
f(—,...,—) = c t(K,,G).
n n r=1

It suffices to prove that

min  f(xy,...,x,) > 0.
Xlseens Xxp 20
X1+ +x,=1

By compactness, we can assume that the minimum is attained at some x. Among all
minimizing x, choose one with the smallest support (i.e., the number of nonzero coordinates).

As in the previous proof, if ij ¢ E(G) for some pair of distinct x;, x; > 0, then, replacing
(x;,x;) by (s,x; +x; —5), f changes linearly in s. Since f is already maximized at x, it must
stay constant as s changes. So we can replace (x;,x;) by (x; +x;,0), which keeps f the same
while decreasing the number of nonzero coordinates of x. Thus the support of x is a clique
in G. Suppose x is supported on the first k coordinates. Then f is a linear combination of
elementary symmetric polynomial in xy, ..., x;. By Lemma 5.4.3, x; = --- = x; = 1/k. Then
fx) =X, e t(K,, Ki) = 0 by hypothesis. O

Remark 5.4.5. This proof technique can be adapted to show the stronger result that among all
graphs G with a given number of vertices, the quantity >°_, ¢,#(K,, G) is minimized when
G is a multipartite graph. Compare with the Zykov symmetrization proof of Turdn’s theorem
(Theorem 1.2.4).

The theorem only considers linear inequalities between clique densities. The statement
fails in general for inequalities with other graph densities (why?).
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Theorem 5.4.4 can be equivalently stated in terms of the convex hull of the region of all
possible clique density tuples.

Corollary 5.4.6 (Convex hull of feasible clique densities)
Let £ > 3. In R, the convex hull of

{(t(K2, W), t(K35, W), - ,t(Kg, W)) : graphons W}
is the same as the convex hull of

{(t(Ky, K,,), t(K3,K,), -, t(Kp, Ky)) tn€ N}

For £ = 3, the points

ko =(1-L (1) 1-2)). nem

n n

are the extremal points of the convex hull of the edge-triangle region from (5.1.1). The actual
region, illustrated in Figure 5.1.1, has lower boundary consisting of concave curves connecting
the points (¢(K>, K,,), (K3, K,,)).

Exercise 5.4.7 (Turan’s theorem from the convex hull of feasible clique densities). Show
that Corollary 5.4.6 implies the following version of Turdn’s theorem: ¢t (K>, G) < 1 —1/r
for every K, ,-free graph G.

Exercise 5.4.8 (A generalization of Turdn’s theorem). In an n-vertex graph, assign weight
r/(r — 1) to each edge, there r is the number of vertices in the largest clique containing that
edge. Prove that the sum of all edge weights is at most n?/2.

Exercise 5.4.9. For each graph F, let cr € R be such that ¢ > 0 whenever F is not a
clique (no restrictions when F is a clique). Assume that ¢ # O for finitely many F’s. Prove
that the inequality
Z Cptinj(F, G) >0
F

is true for every graph G if and only if it is true with G = K, for every positive integer n.

Exercise 5.4.10 (Cliquey edges). Let n,r,t be nonnegative integers. Show that every
. 2 .

n-vertex graph with at least (1 — })"7 + t edges contains at least r¢ edges that belong to a

Kr+1-

“ydesd £1080 ur $95pa Konbro Jo squinu oy puE $A5Po JO JOqUINU A WEMIAG ATTENbaUL JEAUI] © SE JUWRNEIS oy sEIyday UTH

Exercise 5.4.11 (A hypergraph Turdn density). Let F be the 3-graph with 10 vertices and 6
edges illustrated below (lines denotes edges). Prove that the hypergraph Turan density of F

is 2/9.
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Exercise 5.4.12* (Maximizing K, , density). Prove that, for every p € [0, 1], among all
graphons W with ¢(K,, W) = p, the maximum possible value of (K| ,, W) is attained by
either a “clique” or a “hub” graphon, illustrated below.

0 a a 1

1 a

a

1 1

clique graphon hub graphon

W(x,y) = 1max{x,y}Sa W(x,y) = lmin{x,y}sa

5.5 Entropy

In this section, we explain how to use entropy to prove certain graph homomorphism
inequalities.

Entropy basics

Definition 5.5.1 (Entropy)

Let X be a discrete random variable taking values in some set S. For each s € S, let
ps = P(X = 5). We define the (binary) entropy of X to be

H(X) := ) =p;log, ps.

seS

(By convention if p; = 0 then the corresponding summand is set to zero).

I Exercise 5.5.2. Show that H(X) > 0 always.

Intuitively, H(X) measures the amount of “surprise” in the randomness of X. A more
rigorous interpretation of this intuition is given by the Shannon noiseless coding theorem,
which says that the minimum number of bits needed to encode n independent copies of X is
nH(X) +o(n).

Here are some basic properties of entropy.

Lemma 5.5.3 (Uniform bound)
If X is a random variable supported on a finite set S, then

H(X) <log, |S].

Equality holds if and only if X is uniformly distributed on S.

Proof. Let function f(x) = —xlog, x is concave for x € [0, 1]. We have, by concavity,

1 1
H(X) =) f(py) < ISIf(EZps) =181 (E) = log, |S]. 0

seS seS
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We write H(X,Y) for the entropy of the joint random variables (X, Y). This means that

H(X,Y) = H(Z) = Z —“P(X =x,Y =y)log, P(X =x,Y = y).
(x,y)

In particular,
H(X,Y)=H(X)+H(Y) if X and Y are independent.
We can similarly define H(X,Y, Z), and so on.

Definition 5.5.4 (Conditional entropy)
Given jointly distributed discrete random variables X and Y, define

H(X|Y) := Z P(Y = y)H(X|Y = y).
y

Here H(X|Y =y) = 2, —P(X =x|Y = y) log, P(X = x|Y = y) is entropy of the random
variable X conditioned on the event Y = y.

Intuitively, H(X|Y) measures the expected amount of new information or surprise in X
after Y has already been revealed. For example:
e If X is completely determined by Y (i.e., X = f(Y) for some function f), then
H(X|Y)=0.
e If X and Y are independent, then H(X|Y) = H(X);
e If X and Y are conditionally independent on Z, then H(X,Y|Z) = H(X|Z) + H(Y|Z)
and H(X|Y,Z) = H(X|Z).

Lemma 5.5.5 (Chain rule)
H(X,Y)=H(X)+ H(Y|X)

Proof. Writing p(x,y) = P(X =x,Y = y) and so on, we have by Bayes’s rule

p(xly)p(y) = p(x,y),
and so (below we skip y if p(y) = 0)

H(X|Y) = > B(Y = y)H(X]Y = y)

= > =p() D p(xly) log, p(xly)
y x

_\_ p(x,y)
—xzy: p(x,y)log, 20

= Z —p(x,y)1og, p(x,y) + Z p(y)log, p(y)

= H(X,Y) - H(Y). o
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Lemma 5.5.6 (Subadditivity)
H(X,Y) < H(X)+ H(Y). More generally,

H(X],...,Xn) SH(X1)++H(Xn)

Proof. Let f(t) =log,(1/t), which is convex. We have
H(X)+H(Y) - H(X,Y)
= > (~p(x,y) log, p(x) = p(x,y) log, p(y) + p(x,¥) log, p(x,))

X,y

: p(x,y)
Z R TOTIO)

_ ZP( (P( )p(y))
(x, )

>f(2p< y)l’<(>1’$>) = F()=0

More generally, by iterating the above inequality for two random variables, we have
H(X,....X,) <HX,...,X,-1)+H(X,)
<H(Xy,...,Xn0)+H(X,-1) + H(X,)
-<H(X)+---+H(X,). m]
Remark 5.5.7. The nonnegative quantity
I(X;Y)=H(X)+HY)-H(X,Y)

is called mutual information. Intuitively, it measures the amount of common information
between X and Y.

Lemma 5.5.8 (Dropping conditioning)
H(X|Y) < H(X). More generally,

H(X|Y,Z) < H(X|Z).

Proof. By chain rule and subadditivity, we have
H(X|Y)=H(X,Y)-H(Y) < HX).
The inequality conditioning on Z follows since the above implies that
H(X|Y,Z=2z) > HX|Z=72)
holds for every z, and taking expectation of z yields H(X|Y,Z) < H(X|Z). O

Remark 5.5.9. Another way to state the dropping condition inequality is the data processing
inequality: H(X|f(Y)) = H(X|Y) for any function f.
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Applications to Sidorenko’s conjecture

Now let us use entropy to establish some interesting cases of Sidorenko’s conjecture. Recall
that a bipartite graph F is said to be Sidorenko if

1(F,G) > t(K,, G)¢F)

for every graph G. Sidorenko’s conjecture says that every bipartite graph is Sidorenko.

The entropy approach to Sidorenko’s conjecture was first introduced by Li & Szegedy
(2011) and further developed in subsequent works (Szegedy (2015); Conlon, Kim, Lee, &
Lee (2018)). Here we illustrate the entropy approach to Sidorenko’s conjecture with several
examples.

To show that F is Sidorenko, we need to show that for every graph G,

hom(F, G) S 2e(G) ("
(G = WG
We write Hom(F,G) for the the set of all maps V(F) — V(G) that give a graph

homomorphism F — G. This set has cardinality hom(F, G). Our strategy is to construct a
random element ® € Hom(F, G) whose entropy satisfies

H(®) > e(F)log,(2¢(G)) — (2¢(F) —v(F))log, v(G). (5.5.2)

The uniform bound H(®) < log, hom(F, G) then implies (5.5.1).

Let us illustrate this technique for a three-edge path. We had already seen two proofs of
the following inequality in Section 5.3. Now we present a different proof using the entropy
method along with generalizations.

(5.5.1)

Theorem 5.5.10
The 3-edge path is Sidorenko.

Proof. Let P, denote the 3-edge path and G a graph. An element of Hom(P,, G) is a walk of
length three. We choose randomly a walk XYZW in G as follows:

e XY is a uniform random edge of G (by this we mean first choosing an edge of G
uniformly at random, and then let X be a uniformly chosen endpoint of this edge, and
then Y the other endpoint);

e 7 is a uniform random neighbor of Y;

e W is a uniform random neighbor of Z.

A key observation is that YZ is also distributed as a uniform random edge of G (pause
and think about why). Indeed, conditioned on the choice of Y, the vertices X and Z are both
independent and uniform neighbors of Y, so XY and Y Z are identically distributed, and hence
YZ is a uniform random edge of G.

Similarly, ZW is distributed as uniform random edge.

Also, since X and Z are conditionally independent given Y

H(Z|IX,Y)=H(Z[Y) and HW|X,Y,Z)=H(W|Z).

Furthermore,
H(Y|X)=H(Z|Y)=H(W|Z)
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since XY,YZ,ZW are identically distributed as a uniform random edge.
Thus

H(X,Y,Z,W)=H(X)+HY|X)+H(Z|X,Y) + HW|X,Y,Z) [chain rule]

=HX)+HYI|X)+H(Z|Y)+ H(W|Z) [cond. indep.]
=H(X)+3H(Y|X) [prev. paragraph]
=3H(X,Y) -2H(X) [chain rule]
=3log,(2¢(G)) —2H(X) [XY uniform]

> 3log,(2¢(G)) —2log, v(G) [uniform bound]

This proves (5.5.2), and thus shows that P, is Sidorenko. Indeed, by the uniform bound,
log, hom(Py, F) > H(X,Y,Z, W) > 3log,(2¢(G)) — 2log, v(G),

and hence

(P4, G) = hom(Py4, G) S (Ze(G)

v(G)* v(G)?

Let us outline how to extend the above proof strategy from the 3-edge path to any tree 7.
Define a T-branching random walk in a graph G to a random ® € Hom(7, G) defined by
fixing an arbitrary root v of T (the choice of v will not matter in the end). Then set ®(v) to be
arandom vertex of G with each vertex of G chosen proportional to its degree. Then extend
® to a random homomorphism 7' — G one vertex at a time: if u € V(T) is already mapped
to ®(u) and w € V(T) has not yet been mapped, then set ®(w) to be a uniform random
neighbor of ®(u), independent of all other choices. The resulting random ® € Hom(7, G)
has the following properties:

o for each edge of T, its image under @ is a uniform random edge of G (in the sense of the

proof of Theorem 5.5.10); and

e for each vertex v of T, conditioned on ®(v), the neighbors of v in T are mapped by @ to

conditionally independent and uniform neighbors of ®(v) in G.
Furthermore, as in the proof of Theorem 5.5.10,

H(®) = e(T) log,(2e(G)) — (e(T) — YH(D(v))
> ¢(T) log,y(2¢(G)) — (e(T) — 1) log, v(G). (5.5.3)

(Exercise: fill in the details.) Together with the uniform bound H(®) < log, hom(7, G), we
proved the following.

3
) =1(K>, G). o

Theorem 5.5.11
Every tree is Sidorenko.

We saw earlier that K , is Sidorenko, which can be proved by two applications of Holder’s
inequality (see Section 5.3). Here let us give another proof using entropy. This entropy proof
is subtler than the earlier Holder’s inequality proof, but it will soon lead us more naturally to
the next generalization.
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Theorem 5.5.12
Every complete bipartite graph is Sidorenko.

Let us demonstrate the proof for K, » for concreteness. The same proof extends to all K ;.
X2 Y2

Proof that K ; is Sidorenko. As earlier, we construct a random element of Hom(K; 5, G).
Pick a random (X, X»,Y),Y>) € V(G)* with X;Y; € E(G) for all i, j as follows:

e XY is a uniform random edge;

e Y, is a uniform random neighbor of X;;

e X is a conditionally independent copy of X, given (Y}, Y>).
The last point deserves some attention. It does not say that we choose a uniform random
common neighbor of ¥; and Y>, as one might naively attempt. Instead, one can think of the first
two steps as defining the K, »-branching random walk for (X, ¥}, Y,). Under this distribution,

we can first sample (Y1, Y>) according to its marginal, and then produce two conditionally
independent copies of X; (with the second copy now called X>).

We have
H(X;, X, Y1, Y2)
=H(Y.Y2) + H(X,, 5|11, 1a) [chain rule]
=HY,,Y2) +2H(X, |11, Y>) [cond. indep.]
=2H(X,Y1,Y,) - H(Y\,Y>) [chain rule]
2 2(2log,(2¢(G)) —log, v(G)) - H(Y), 12). [(5.53)]
> 2(2log,(2¢(G)) — log, v(G)) —21og, v(G). [uniform bound]

=4log(2¢(G)) — 4log, v(G).

Together with the uniform bound H (X, X»,Y,Y>2) < log, hom(K;,, G), we deduce that K ,
is Sidorenko. o
I Exercise 5.5.13. Complete the proof of Theorem 5.5.12 for general K ,.

The following result was first proved by Conlon, Fox, & Sudakov (2010) using the dependent
random choice technique. The entropy proof was found later by Li & Szegedy (2011).

Theorem 5.5.14

Let F be a bipartite graph that has a vertex adjacent to all vertices in the other part. Then
F is Sidorenko.

Let us illustrate the proof for the following graph F'. The proof extends to the general case.
Y1
X1
X0
X2
Y3
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Proof that the above graph is Sidorenko. Pick (Xo, X|, X,,Y},Y»,Y3) € V(G)® randomly as
follows:
e X,Y; is a uniform random edge;
e Y, and Y; are independent uniform random neighbors of Xj;
e X is a conditionally independent copy of X, given (Y1, Y>);
e X, is a conditionally independent copy of X, given (Y>, Y3).
We have the following properties:
e Xy, X1, X, are conditionally independent given (Y1, Y>, Y3);
e X; and (Xy, Y3, X») are conditionally independent given (Y}, 1>);
e The distribution of (Xy, Y1, Y>) is identical to the distribution of (X, Y1, Y>).
So (the 1st and 4th steps by chain rule, and the 2nd and 3rd steps by conditional independence)
H(Xo, X1, X3, Y1,Y,,Y3)
= H(Xo, X1, X|Y1, 12, Y3) + H(Y1, Y2, 13)
= H(Xo|Y1,Y2,Y3) + H(X1|Y1, Y2, Y3) + H(X2|Y1, Y2, Y3) + H(Y1, Y2, Y3)
= H(Xo[Y1, Y2, Y3) + H(X1|Y1,Y2) + H(Xa|Y2, Y3) + H(Y1,Y2,Y3)
=H(Xo, V1,12, Y3) + H(X1,Y1,Y2) + H(X2, Y2, ¥3) —H(Y1, }2) - H(,, 13).

By (5.5.3),

H(XO’ Yl’ Y2a Y3) 2 3 10g2(2€(G)) - 210g2 V(G)9
H(X,,Y,,Y,) > 2log,(2¢(G)) —log, v(G),
and H(X,,Y,,Y3) = 2log,(2¢(G)) —log, v(G).

And by the uniform bound,
H(Y,Y,) = H(Y»,Y3) < 2log, v(G).
Putting everything together, we have
log, hom(F, G) > H(Xy, X1, X>,Y1,Y>,Y3) > 7log,(2¢(G)) — 8log, v(G).
Thereby verifying (5.5.2), showing that F' is Sidorenko. O
(Where did we use the assumption that F' has vertex complete to the other part?)

I Exercise 5.5.15. Complete the proof of Theorem 5.5.14.

Shearer’s inequality

Another important tool in the entropy method is Shearer’s inequality, which is a powerful
generalization of subadditivity. Before stating it in full generality, let us first see a simple
instance of Shearer’s lemma.

Theorem 5.5.16 (Shearer’s entropy inequality, special case)

2H(X,Y,Z) < H(X,Y) + H(X,Z) + H(Y, Z).
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Proof. Using the chain rule and conditioning dropping, we have
H(X.,Y) = H(X)+H(Y|X),
H(X,Z)=H(X) + H(Z|X),
and H(Y,Z) = HY)+H(Z|Y).

Adding up, and applying conditioning dropping H(Y) > H(Y|X) , we see that their sum is at
at least

2H(X)+2H(Y|X)+2H(Z|X,Y) =2H(X,Y,Z),
with the final equality due to the chain rule. O

Here is the general form of Shearer’s inequality (Chung, Graham, Frankl, & Shearer 1986).

Theorem 5.5.17 (Shearer’s entropy inequality)
Let Ay,..., A, C [n] where each i € [n] appears in at least k sets A;’s. Let X;, ..., X,
be a jointly distributed discrete random variables. Writing X, := (X;);ca, we have

KH(X1,..., X)) < > H(Xa).

Jjels]

I Exercise 5.5.18. Prove Theorem 5.5.17 by generalizing the proof of Theorem 5.5.16.

Shearer’s entropy inequality is related to the generalized Holder inequality from Section 5.3.
It is a significant generalization of the projection inequality discussed in Remark 5.3.6. See
Friedgut (2004) for more on these connections.

The next exercise asks you to prove a strengthening of the projection inequalities (Re-
mark 5.3.6 and Exercise 5.3.9) by mimicking the entropy proof of Shearer’s entropy inequality.
The result is due to Bollobds & Thomason (1995), though their original proof does not use
the entropy method.

Exercise 5.5.19 (Box theorem). For each I C [d], write 7: R — R/ to denote the
projection obtained by omitting coordinates outside /. Show that for every compact body
K C RY, there exists a box B = [a;,b;] X -+ X [ag, by] € R? such that |B| = |K| and
|7 (K)| = for every I C [d] (here | - | denotes volume).

Use this result to give another proof of the projection inequality from Exercise 5.3.9.

ssouoedwos BiA Y [e12U3E 01 1 PUAIX UAY], *saX0q PHIF JO UOMN & Butaq 3 10§ 11 9A01d 1SIL] JUIH

Let us use the entropy method to give another proof of Theorem 5.3.14, restated below.

Theorem 5.5.20 (The maximum number of H-colorings in a regular graph)

For every n-vertex d-regular bipartite graph F, and any graph G (allowing looped vertices
on G)

hom(F,G) < hom(Ky 4, G)"?%.

The proof below is based on (with some further simplifications) the entropy proofs of
Galvin & Tetali (2004), which was in turn based on the proof by Kahn (2001) for independent
sets.
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Proof. Let us first illustrate the proof for F being the following graph

X1 Y1
X2 § y2
X3 y3
Choose ® € Hom(F, G) uniformly at random among all homomorphisms from F to G. Let
X1, Xo, X5,Y1, Y2, Y; € V(G) be the respective images of the vertices of G. We have
2log, hom(F, G)
=2H (X, X2, X3,Y1, Y2, Y3)
= 2H(X1, Xo, X3) + 2H(Y1, Y5, Y3 |X1, X, X3) [chain rule]
< H(Xla Xz) + H(Xla XS) + H(XZa X’%)
+2H(Y\| X1, X5, X3) + 2H(Y,| Xy, X5, X3) + 2H(Y3| X, X5, X3)  [Shearer]
= H(Xh X2) + H(Xl7 X3) + H(X27 X3)
+ 2H(Y1 |X1, Xz) + 2H(Y2|X1, X3) + 2H(Y3|X2, X’;) [cond. indep.]
In the final step, we use that X3 and Y; are conditionally independent given X; and X, (why?),
along with two other analogous statements. A more general statement is that if S C V(F), then
the restrictions to the different connected components of F — § are conditionally independent
given (X;)ses.
To complete the proof, it remains to show
H(Xl ) X2) + ZH(YI |Xl$ Xz) < 10g2 hom(KZ,Zs G)a
H(Xl, X3) + 2H(Y2|X1, X%) < 10g2 hOHI(Kz’z, G),
and H(Xz, X3) + 2H(Y3|X2, X3) < lng hOIn(KZ,z, G)
They are analogous so let us just show the first inequality. Let Y| be a conditionally independent

copy of ¥; given (Xj, X5). Then (X, X5,Y;,Y)) is the image of a homomorphism from K ,
to G (though not necessarily chosen uniformly).

X1 Y1

Thus we have
H(X1, X)) +2H(Y1|X,, X2) = H(X), Xo) + H(Y1, Y]| X1, X3)
= H(X\, X5, Y1,Y)) [chain rule]
< logz hom(Kggz, G) [uniform bound]
This concludes the proof for F = K5 .

Now let F be an arbitrary bipartite graph with vertex bipartition V = A U B. Let
® € Hom(F, G) be chosen uniformly at random. For each v € V, let X, = ®(v). For each
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S C V, write X5 := (X,),cs. We have

dlog, hom(F,G) = dH(®P) = dH(X4) + dH(Xp|X4) [chain rule]
< ZH(XN(b)) +dZH(Xb|XA) [Shearer]
beB beB
= ZH(XN(b)) +dZH(Xb|XN(b))~ [cond. indep.]
beB beB
For each b € B, let Xlgl), e ,Xl()d) be conditionally independent copies of X;, given Xy ).
We have
H(Xn@) +dH(Xp| Xnw) = HXnw) + HX, o X X))
= H(Xlgl), R X;d), XNw)) [chain rule]
< log, hom(K, 4, G). [uniform bound]

Summing over all b € B, and using the previous equality, we obtain
dlog, hom(F,G) < dlog, hom(K, 4,G). o

Exercise 5.5.21. Prove that the following graph is Sidorenko.

Exercise 5.5.22 (A vs. A in a directed graph). Let V be a finite set, £ C V XV, and

8= {(xy.2) €VP: (), (0:2). (2,%) € E}

(i.e., cyclic triangles; note the direction of edges) and

A= |{(x,y,z) eVi:i(x,y),(x,2) € E}|

Prove that A < A.

Further Reading

The book Large Networks and Graph Limits by Lovész (2012) contains an excellent treatment
of graph homomorphism inequalities in Section 2.1 and Chapter 16.

The survey Flag Algebras: An Interim Report by Razborov (2013) contains a survey of
results obtained using the flag algebra method.

For combinatorial applications of the entropy method, see the surveys

o Entropy and Counting by Radhakrishnan (2003), and

o Three Tutorial Lectures on Entropy and Counting by Galvin (2014).
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Chapter Summary

e Many problems in extremal graph theory can be phrased in terms of graph homomorphism

inequalities.

— Homomorphism density inequalities are undecidable in general.

— Many open problems remain, such as Sidorenko’s conjecture, which says that if F is
bipartite, then ¢(F, G) > t(K>, G)¢F) for all graphs G.

The set of all possible (edge, triangle) density pairs is known.

— For a given edge density, the maximum triangle density is maximized by a clique.

— For a given edge density, the minimum triangle density is given by a certain multipartite
graph. (We did not prove this result in full and only established the convex hull in
Section 5.4.)

Cauchy-Schwarz and Hélder inequalities are versatile tools.

— Simple applications of Cauchy—Schwarz inequalities can often be recognized by “reflec-
tion symmetries” in a graph that can be “folded in half.”

— Flag algebra leads to computerized searches of Cauchy—Schwarz proofs of subgraph
density inequalities.

— Generalized Holder inequality tells us that, as an example,

S y)g(x 2)h(y, z) < (1 f1l2 llgllz Nl All -

X,¥,Z

It can be proved by repeated applications of Holder’s inequality, once for each variable.
The inequality is related to Shearer’s entropy inequality, an example of which says
that for joint random variables X,Y, Z,

2H(X.,Y,Z) < H(X,Y)+H(X,Z) + H(Y, Z).

The Lagranian method relaxes an optimization problem on graphs to one about vertex-

weighted graphs, and then argue by shifting weights between vertices. We used the method

to prove

— Turan’s theorem (again);

— A linear inequality between clique densities in G is true and only if it holds whenever G
is a clique.

The entropy method can be used to establish various cases of Sidorenko’s conjecture,

including for trees, as well as for a bipartite graph with one vertex complete to the other

side.
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Chapter Highlights

Fourier analytic proof of Roth’s theorem

Finite field model in additive combinatorics: F; as a model for the integers

Basics of discrete Fourier analysis

Density increment argument in the proof of Roth’s theorem

The polynomial method proof of Roth’s theorem in Fg’

Arithmetic analogue of the regularity lemma, and application to Roth’s theorem with
popular difference

\ J

In this chapter, we study Roth’s theorem, which says that every 3-AP-free subset of [/N]
has size o(N).

Previously, in Section 2.4, we gave a proof of Roth’s theorem using the graph regularity
lemma. The main goal of this chapter is to give a Fourier analytic proof of Roth’s theorem.
This is also Roth’s original proof (1953).

We begin by proving Roth’s theorem in the finite field model. That is, we first prove an
analogue of Roth’s theorem in [F}. The finite field vector space serves as a fruitful playground
for many additive combinatorics problems. Techniques such as Fourier analysis are often
simpler to carry out in the finite field model. After we develop the techniques in the finite
field model, we then prove Roth’s theorem in the integers. It can be a good idea to first try out
ideas in the finite field model before bringing them to the integers, as there may be additional
technical difficulties in the integers.

Later in Section 6.5, we will see a completely different proof of Roth’s theorem in F} using
the polynomial method, which gives significantly better quantitative bounds. This proof
surprised many people at the time of its discovery. However, unlike Fourier analysis, this
polynomial method technique only applies to the finite field setting, and it is unknown how to
apply it to the integers.

There is an interesting parallel between the Fourier analytic method in this chap-
ter and the graph regularity method from Chapter 2. In Section 6.6, we develop an
arithmetic regularity lemma and use it in Section 6.7 to prove a strengthening of Roth’s
theorem showing popular common differences.

6.1 Fourier Analysis in Finite Field Vector Spaces

We review some basic facts about Fourier analysis in ¥}, for a prime p. Everything here can
be extended to arbitrary abelian groups. As we saw in Section 3.3, eigenvalues of Cayley
graphs on an abelian group and the Fourier transform are intimately related.

201
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Throughout this section, we fix a prime p and let

w = exp(2ni/p).

Definition 6.1.1 (Fourier transform in )

The Fourier transform of f: F — C is a function f: [, — C defined by setting, for
eachr € P;‘)

F0) = Buesy f0™ = -2 3 flo

n
x€Fp,

where r - x = rix; + -+ r,x,.

In particular, f (0) = Ef is the average of f. This value often plays a special role compared
to other values f(r).

To simplify notation, it is generally understood that the variables being averaged or summed
over are varying uniformly in the domain F}.

Let us now state several important properties of the Fourier transform. We will see that all
these properties are consequences of the orthogonality of the Fourier basis.

The next result allows us to write f in terms of f

Theorem 6.1.2 (Fourier inversion formula)
Let f: F), — C. Forevery x € F),

F)y= ) flrw™.

refFy

The next result tells us that the Fourier transform preserves inner products.

Theorem 6.1.3 (Parseval / Plancheral)
Given f, g: F, — C, we have

Exem f(x)g(x) =
reF

—~

(ng(r).

b

In particular, as a special case (f = g),

Evemy |F0)I° = D IF I

n
reFy,

Remark 6.1.4 (History/naming). The names Parseval and Plancheral are often used inter-
changeably in practice to refer to the unitarity of the Fourier transform (i.e., the above theorem).
Parseval derived the identity for the Fourier series of a periodic function on R, whereas
Plancheral derived it for the Fourier transform on R.

As is nowadays the standard in additive combinatorics, we adopt the following convention
for the Fourier transform in finite abelian groups:

average in physical space Ef .
and sum in frequency (Fourier) space ) f.
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For example, following this convention, we define an “averaging” inner product for functions
f.g:F, > Cby

(f,8) =Exery f(0g(x)  and Il :=(f..0".
In the frequency/Fourier domain, we define the “summing” inner product for functions
a,B: F, — Cby

(@P)e =Y a@px). and  lalle = (e a))

x€F

Writing y, : Fj, — C for the function defined by

yr(x) = 0™

(this is a character of the group F)), the Fourier transform can be written as

(1) =By () f(x) = (yrn f) - (6.1.1)

Parseval’s identity can be stated as

(f.)=(FDe and  |Ifla=1fle

With these conventions, we often do not need to keep track of normalization factors.
The above identities can be proved via direct verification, by plugging in the formula for
the Fourier transform. We give a more conceptual proof below.

Proof of the Fourier inversion formula (Theorem 6.1.2). Let y,(x) = w”"~. Then the set of
functions

{yr:r€F,}

forms an orthonormal basis for the space of functions F), — C with respect to the averaging
inner product (-, -). Indeed,

1 ifr=s,

rs S = Exw(s_r)‘x =
rye) {0 ifr #s

Furthermore, there are p" functions y, (as r ranges over ). So they form a basis of the
p"-dimensional vector space of all functions f: F, — C. We will call this basis the Fourier
basis.

Now, given an arbitrary f: F), — C, the “coordinate” of f with respect to the basis vector

—~

v, of the Fourier basis is {y,, f) = f(r) by (6.1.1). So
F=> frm.

This is precisely the Fourier inversion formula. O

Proof of Parseval’s identity (Theorem 6.1.3). Continuing from the previous proof, since the
Fourier basis is orthonormal, we can evaluate { f, g) with respects to coordinates in this basis,
thereby by yielding

o) = > T (gv) = Y. FEw). 0

" n
reF} refFy,
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The convolution is an important operation.

Definition 6.1.5 (Convolution)
Given f,g: F, — C, define f * g: F, — Cby

(f *8)(x) :=Eyer f(y)g(x — ).
In other words, (f * g)(x) is the average of f(y)g(z) over all pairs (y, z) with y + z = x.

Example 6.1.6. (a) If f is supported on A C F and g is supported on B C F, then f = g is
supported on the sumset A+ B={a+b:a € A,b € B}.

(b) Let W be a subspace of Fy. Let uw = (p"/|W|) 1w be the indicator function on W
normalized so that Euw = 1. Then for any f: ), — C, the function f * u is obtained from
f by replacing its value at x by its average value on the coset x + W.

The second example suggests that convolution can be thought of as smoothing a function,
damping its potentially rough perturbations.

The Fourier transform conveniently converts convolutions to multiplication.

Theorem 6.1.7 (Convolution identity)
For any f, g: ]F;‘) — Candanyr € F,

Fg(r) = f(rg(r).

Proof. We have
Fr8(r) =B f *0) (00 ™ = BBy siyremnf (1) (D)0 O
=E,.f()g@w” " = B, f(w ) (Bg()w ™) = F(r)E(r). o
By repeated applications of the convolution identity, we have
(rxxf) = fife fa

(here we write " for f for typographical reasons).
Now we introduce a quantity relevant to Roth’s theorem on 3-APs.

Definition 6.1.8 (3-AP density)
Given f, g, h: ]I-?;'7 — C, we write

A(f,8,h) =By f(x)g(x +y)h(x +2y), (6.1.2)
and

A3(f) = A(f’faf)’ (613)

Note that for any A C F”,
A(la) = p ™ {(x,y) :x,x+y,x+2y € A}| = “3-AP density of A.”.

Here we include “trivial” 3-APs (i.e., those with with y = 0).
The following identity, relating the Fourier transform and 3-APs, plays a central role in the
Fourier analytic proof of Roth’s theorem.
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Proposition 6.1.9 (Fourier and 3-AP)
Let p be an odd prime. If f, g, h : }FZ — C, then

A(f. 8. 1) = ). F(NE(=2r)h(r).

We will give two proofs of this proposition. The first proof is more mechanically straight-
forward. It is similar to the proof of the convolution identity earlier. The second proof directly
applies the convolution identity, and may be a bit more abstract/conceptual.

First proof. We expand the left-hand side using the formula for Fourier inversion.

By f(x)g(x +y)h(x +2y)

= Ex,y (Z f(rl)wrl‘x) (Z §(r2)wr2~(x+y)) (Z Z(r3)wr3.(x+2y))

= Z f(rl)g(rz)Z(r3)Exwx-(r|+r2+r3)Eywy.(r2+2r3)

r1,r,r3

= Z f(rl)g(rl)z(r3)]r1+r2+r3:01r2+2r3:0

r1,r2,r3

= > F(Ng(=2rh(r).

In the last step, we use that r| + 7, + r3 = 0 and r, + 2r; = 0 together imply ry = r, =r;. O

Second proof. Write g((y) = g(—y/2). So gi(r) = g(—2r). Applying the convolution
identity,
Ex,yf(x)g(x + y)h(x + Zy) = Ex,y,z:x—2y+z=0f(x)g(y)h(z)
= Ex,y,z:x+y+z:0f(x)gl(y)h(z)
= (f*g =h)(0)

= Z f*gi*h(r) [Fourier inversion]
= Z f (nai(r )Z(r ) [Convolution identity]
= > F(Ng(=2rh(r). o

Remark 6.1.10. In the following section, we will work in Fj. Since —2 = 1 in 5 (and so
g1 = g above), the proof looks even simpler. In particular, by Fourier inversion and the
convolution identity,

As(1,) =37 |{(x,y,z) eA’ i x+y+z= O}|
= (Lax 14 12)(0) = Y (Iax Lo 1) (1) = Y Ta(r)*, (6.1.4)

When A = —A, the eigenvalues of the adjacency matrix of the Cayley graph Cay(F%, A) are
3"14(r), r € F} (recall from Section 3.3 on the eigenvalues of abelian Cayley graphs are
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given by the Fourier transforms). The quantity 32*A3(1,) is the number of closed walks of
length 3 in the Cayley graph Cay(F}, A). So the above identity is saying that the number of
closed walks of length 3 in Cay(FF?, A) equals to the third moment of the eigenvalues of the
adjacency matrix, which is a general fact for every graph. (When A # —A, we can consider
the directed or bipartite version of this argument.)

The following exercise generalizes the above identity.

Exercise 6.1.11. Let ay, ..., a; be nonzero integers, none divisible by the prime p. Let
fisooos fur Fjy — C. Show that

B .oxeemaimtarn=0S1(X1) = fi(xx) = Z filarr) - filagr).

reFy

p

6.2 Roth’s Theorem in the Finite Field Model

In this section, we use Fourier analysis to prove the following finite field analogue of Roth’s
theorem (Meshulam 1995). Later in the chapter, we will convert this proof to the integer
setting.

In an abelian group, a set A is said to be 3-A P-free if A does not have three distinct elements
of the form x, x + y, x + 2y. A 3-AP-free subset of Fj is also called a cap set. The cap set
problem asks to determine the size of the largest cap set in F.

Theorem 6.2.1 (Roth’s theorem in IF%)
Every 3-AP-free subset of F; has size O(3"/n).

Remark 6.2.2 (General finite fields). We work in I} mainly for convenience. The argument
presented in this section also shows that for every odd prime p, there is some constant C, so
that every 3-AP-free subset of ), has size < C,,p" /n.

In %, there are several equivalent interpretations of x, y, z € F; forming a 3-AP (allowing
the possibility for a trivial 3-AP withx =y = 2):

(x,v,2) = (x,x +d, x + 2d) for some d,;
x=2y+z=0;
x+y+z=0;

x, y, z are three distinct points of a line in IF; or are all equal;
for each i, the i-th coordinates of x, y, z are all distinct or all equal.

Remark 6.2.3 (SET card game). The card game SET comes with a deck of 81 cards (see
Figure 6.2.1 on the next page). Each card one of three possibilities in each of the following
four features:

e Number: 1, 2, 3;

e Symbol: diamond, squiggle, oval;

e Shading: solid, striped, open;

e Color: red, green, purple.
Each of the 3* = 81 combinations appears exactly once as a card.

In this game, a combination of three cards is called a “set” if each of the four features
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J- B BEE
J=l= E8/= EEE
Q| |ow| R| ||| D012 %%%
J- B EEE
Jl= Bzl EBE
o~ EER BEE
-~ B2E BEE
J=l= S8z EEE
o~ B BEE

Figure 6.2.1 The complete deck of 81 cards in the game SET.

shows up as all identical or all distinct among the three cards. For the example, the three cards
shown below form a “set”: number (all distinct), symbol (all distinct), shading (all striped),
color (all red).

amp| | D
@)G]]]]D%

In a standard play of the game, the dealer lays down twelve cards on the table until some
player finds a “set”, in which case the player keeps the three cards of the “set” as their score,
then dealer replenishes the table by laying down more cards. If no set is found, then the dealer
continues to lay down more cards until a set is found.

The cards of the game correspond to points of F‘; A “set” is precisely a 3-AP. The cap set
problem in IF;1 asks for the number of cards without a “set.” The size of the maximum cap set
in IF<“31 is 20 (Pellegrino 1970).
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Here is the proof strategy of Roth’s theorem in F}:

(1) A 3-AP-free set has a large Fourier coefficient.

(2) A large Fourier coefficient implies density increment on some hyperplane.

(3) Iterate.

As in the proof of the graph regularity lemma (where we refined partitions to obtain an
energy increment), the above process must terminate in a bounded number of steps since the
density of a subset is always between 0 and 1.

Similar to what we saw in Chapter 3 on pseudorandom graphs, a set A C F} has
pseudorandom properties if and only if all its Fourier coefficients T;(r), for r # 0, are small
in absolute value. When A is pseudorandom in this Fourier-uniform sense, the 3-AP-density
of A is similar to that of a random set with the same density. On the flip side, a large Fourier
coeflicient in A points to non-uniformity along the direction of the Fourier character. Then
we can restrict A to some hyperplane and extract a density increment.

The following counting lemma shows that a Fourier-uniform subset of F; has 3-AP density
similar to that of a random set. It has a similar flavor as the proof that EIG implies C4 in
Theorem 3.1.1. It is also related to the counting lemma for graphons (Theorem 4.5.1). Recall
the 3-AP-density Az from Definition 6.1.8.

Lemma 6.2.4 (3-AP counting lemma)
Let f: F; — [0,1]. Then

[As(f) = Bf)'| < max| FAIF5.

Proof. By Proposition 6.1.9 (also see (6.1.4)),
As(f) = ) Fr) = FO) + ) F(r),

r#0
Since Ef = f(O), we have
A3 () = Bf)| < D IF P < max 7] - Y IF(F = max| FIF15-

r#0 r

The final step is by Parseval. O

Remark 6.2.5. It would be insufficient to bound each term |f(r) 1> by || ]?”20 Instead, Parseval
comes for the rescue. See Remark 3.1.19 for a similar issue.

Step 1. A 3-AP-free set has a large Fourier coefficient

Lemma 6.2.6 (3-AP-free implies a large Fourier coefficient)
Let A C F and @ = |A| /3". If A is 3-AP-free and 3" > 2a 72, then there is r # 0 such
that |14(r)| > o?/2.

Proof. Since A is 3-AP-free, A;(A) = |A| /3% = /3", as all 3-APs are trivial (i.e., with
common difference zero). By the counting lemma, Lemma 6.2.4,

a —~ —~
o' = =0t = As(14) < max1(n)] 1413 = max|1a(r)|a.
r#0 r#0
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By the hypothesis 3" > 2a72, the left-hand side above is > a*/2. So there is some r # 0 with
[14(r)] = a?/2. o

Step 2. A large Fourier coefficient implies density increment on some hyperplane

Lemma 6.2.7 (Large Fourier coefficient implies density increment)
Let A C F; with a = |A[/3". Suppose [14(r)| = 6 > O for some r # 0. Then A has
density at least @ + §/2 when restricted to some hyperplane.

Proof. We have
Qo+ aw + 612(1)2

3

where g, a1, @, are densities of A on the cosets of 7. We want to show that one of g, a;, @
is significantly larger than . This is easy to check directly, but let us introduce a trick that we
will also use later in the integer setting.

We have a = (@ + a1 + @2)/3. By the triangle inequality,

Ta(r) = By Iy(x)w ™ =

36 < ’ao+alw+a/2w2|
= |(a0 —a)+ () —)w+ (a — a')a)2|
< lag —a| +|a; —a| + |y - a
2
= > (lej—al+(a; - ).
Jj=0

Consequently, there exists j such that |a; — a| + (@; — @) > §. Note that [¢| + ¢ equals 2¢ if
t>0and0ift <0.Soa; —a > §/2, as desired. o

Combining the previous two lemmas, here is what we have proved so far.

Lemma 6.2.8 (3-AP-free implies density increment)
Let A C Fy and @ = |A| /3". If A is 3-AP-free and 3" > 2a72, then A has density at least
@ + /4 when restricted to some hyperplane. O

We now view this hyperplane H as Fg”l (we may need to select a new origin for H if
0 ¢ H). The restriction of A to H (i.e., A N H) is now a 3-AP-free subset of H. The density
increased from a to & + a?/4. Next we iterate this density increment.

Remark 6.2.9 (Translation invariance). It is important that the pattern we are forbidding
(3-AP) is translation-invariant. What is wrong with the argument if instead we forbid the
pattern x +y = z? Note that {x € [F} : x; = 2} avoids solutions to x +y = z, and this set has
density 1/3.

Step 3. Iterate the density increment

We start with a 3-AP-free A C Fj. Let V := F; with density a := @ = |A| /3". Repeatedly
apply Lemma 6.2.8. After i rounds, we restrict A to a codimension i affine subspace V; (with
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Vo2 Vi 2---).Leta; = |A N V| /|Vi| be the density of A in V;. Aslong as 2a;2 < |V;| = 3",
we can apply Lemma 6.2.8 to obtain a V;,; with density increment

2
@iy > @; +a; /4.

Since @ =@ < @) < --- < 1, and ; increases by > a?/4 > a?/4 at each step, the process
terminates after m 4/a/2 rounds, at which point we must have 3" < 20;,,2 < 2a7?% (or
else we can continue via Lemma 6.2.8). So n < m +log;(2a7%) = O(1/a?). Thus a < 1/+/n.
This is just shy of the bound @ = O(1/n) that we aim to prove. So let us re-do the density
increment analysis more carefully to analyze how quickly a; grows.

Each round, a; increases by at least a?/4. So it takes < [4/a/] initial rounds for «; to
double. Once «; > 2a, it then increases by at least a/i2 /4 each round afterwards, so it takes
< [1/a;] < [1/a] additional round for the density to double again. And so on: the k-th
doubling time is at most [42"‘ / cf|. Since the density is always at most «, the density can
double at most log, (1/@) times. So the total number of rounds is at most

> [5l=eld)

J<log,(1/a)

<
<

Suppose the process terminates after m steps with density «,,. Then, examining the
hypothesis of Lemma 6.2.8, we find that the size of the final subspace |V,,,| = 3"~ is less than
@, < a2 Son <m+0(log(1/a)) < O(1/a). Thus @ = |A| /N = O(1/n). This completes
the proof of Roth’s theorem in IF} (Theorem 6.2.1).

Remark 6.2.10 (Quantitative bounds). The best published lower bound on the size of a
cap set is > 2.21" (Edel 2004). This is obtained by constructing a cap set in F3** of size
m =237(273 +3777%) > 2.21*% which then implies, by a product construction, a cap set in
F3%% of size m* for each positive integer k.

It was an open problem of great interest whether an upper bound of the form ¢”, with
constant ¢ < 3, was possible on the size of cap sets in F}. With significant effort, the Fourier
analytic strategy above was extended to prove an upper bound of the form 3" /n!* (Bateman
& Katz 2012). So it came as quite a shock to the community when a very short polynomial
method proof was discovered, giving an upper bound O(2.76") (Croot, Lev, & Pach 2017,
Ellenberg & Gijswijt 2017). We will discuss this proof in Section 6.5. However, the polynomial
method proof appears to be specific to the finite field model, and it is not known how to extend
it to the integers.

The following exercise shows why the above strategy does not generalize to 4-APs at least
in a straightforward manner.

Exercise 6.2.11 (Fourier uniformity does not control 4-AP counts). Let
A={xeF;:x-x=0}.

Prove that: .
@ |Al = (57" +0(1))5" and |[14(r)| = o(1) for all r # 0;
(b) {(x,y) €F! :x,x+y,x+2y,x+3y € A}| # (5% +0(1))5™.

pI°€'€ WAI0A L Woxy wns ssnen oy s aedwio)) wns [enuatodxo ue st V| a1ua 181 uiE
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Exercise 6.2.12 (Linearity testing). Show that for every prime p there is some C,, > 0 such
that if f: F), — F, satisfies

Pryern (f()+f(y) =fx+y)=1-¢
then there exists some a € FZ such that

Premy (f(x) =a-x) 2 1-Cpe.

In the above P expressions x and y are chosen i.i.d. uniform from F,.

The following exercises introduce Gowers uniformity norms. Gowers (2001) used them to
prove Szemerédi’s theorem by extending the Fourier analytic proof strategy of Roth’s theorem
to what is now called higher order Fourier analysis.

The U? norm in the following exercise plays a role similar to Fourier analysis.

Exercise 6.2.13 (Gowers U? uniformity norm). Let f: F, — C, define

1/4
1 llge = (Buyyrem fOT G+ DG +y+3))

(a) Show that the expectation above is always a nonnegative real number, so that the
above expression is well defined. Also, show that || f||- = |Ef].
(b) (Gowers Cauchy—Schwarz) For f,, f>, f3, fa: IFZ — C, let

<fl,f2s f3’ f4> = Ex,y,y’e]F;fl (x)f2(x + y)fS(x + y/)f4(x t+y +y,)'

Prove that

[<f1s 2o fos SO < Wil 12010 W51l (1 Salle
(c) (Triangle inequality) Show that

If +gllve < M1fllo + Mg lloe-

Conclude that || |2 is a norm.

(q) A1ddy weaurnu st (Vf <€f <Tf <11 yeq 10N sty

(d) (Relation with Fourier) Show that

I/ Nl = 11f lles-
Furthermore, deduce that if || f]|, < 1, then

7 711/2
1fllee < 1 lle2 < 11F11

(The second inequality gives a so-called “inverse theorem” for the U 2 norm: if
I fllu> = 6 then |f(r)| = 6 for some r € F. Informally, if f is not U*-uniform,
then f correlates with some exponential phase function of the form x — «w"*.)

The inadequacy of Fourier analysis towards understanding 4-APs is remedied by the U?
norm, which is significantly more mysterious than the U* norm. Some easier properties of the
U? norm are given in the exercise below. Understanding properties of functions with large U?
norm (known as the inverse problem) lies at the heart of quadratic Fourier analysis, which
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we do not discuss in this book (see Further Reading). The structure of set addition, which is
the topic of the next chapter, plays a central role in this theory.

Exercise 6.2.14 (Gowers U? uniformity norm). Let f: F, — C. Define

1f lys = {Boyyyoys f ) f (x + y0) f (X +32) f(x +y3) - -

1/8

Sy ) e+ yi+y3) f(x+y2+y3) f(x+y1+y2+y3)

Alternatively, for each y € ), define the multiplicative finite difference A, f: F), — C by

A, f(x) := f(x)f(x +y), we can rewrite the above expression in terms of the U? uniformity
norm from Exercise 6.2.13 as

8 4
£ 115 = Byer [|Ay £]l,2 -

(a) (Monotonicity) Verify that the above two definitions for || f||,» coincides and give
well defined nonnegative real numbers. Also, show that

£l < 11 s -

(b) (Separation of norms) Let p be odd and f: F, — C be defined by f(x) = e2mixx/p,
Prove that || || = 1 and || | = p™/*.
(c) (Triangle inequality) Prove that

1f +gllys < W fllys + Mgl -

Conclude that || ||, is a norm.
(d) (U? norm controls 4-APs) Let p > 5 be a prime, and fi, f, f3, fi: F, — Call
taking values in the unit disk. We write

A(f15 fos f35 f4) 1= B yemp f1(X) fa(x + y) f3(x + 2y) fa(x + 3y).
Prove that
IA(f1s fos f3s f)] < min | fsllos -

Furthermore, deduce that if f, g: F — [0, 1], then
NS o s f) — A8, 8.8 9 <4 f —gllys -

zremyog—Ayoney) Ajdde A[pareadal oy PuE (] °Z UONRS U SE ozLIAeWEIEd-0y JUIH

6.3 Fourier Analysis in the Integers

Now we review the basic notions of Fourier analysis on the integers. In the next section, we
adapt the proof of Roth’s theorem from [ to Z. The notions that we introduce below are
better known as Fourier series.

Here R/Z is the set of reals mod 1. A function f: R/Z — C is the same as a function
f: R — Cthatis periodic mod 1 (i.e., f(x + 1) = f(x) for all x € R).
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Definition 6.3.1 (Fourier transform in Z)
Given a finitely supported f: Z — C, define f : R/Z — C by setting, for all § € R,
F0) =) f(x)e(-x0),
X€Z
where

e(t) = exp(2nit), t e R.

Note that f(@) = f(@ + n) for all integers n. So f : R/Z — C is well defined.
The various identities in Section 6.1 have counterparts stated below. We leave the proofs as
exercises for the reader.

Theorem 6.3.2 (Fourier inversion formula)
Given a finitely supported f: Z — C, for any x € Z,

flx) = /0 F(0)e(x0) do.

Theorem 6.3.3 (Parseval / Plancheral)
Given finitely supported f,g: Z — C,

—_— 1 —
> 7wt = [ 7z do

X€Z

In particular, as a special case (f = g),

1 —~
YU = [ 1Fo)r o

X€Z

Note the normalization conventions: we sum in the physical space Z (there is no sensible
way to average in Z) and average in the frequency space R/Z.

Definition 6.3.4 (Convolution)
Given finitely supported f, g: Z — C, define f * g: Z — C by

(f*&)x) = ) f()g(x - ).

yeEZ

Theorem 6.3.5 (Convolution identity)
Given finitely supported f,g: Z — C, for any 6 € R/Z,

fg(®) = f(0)3(6).

Given finitely supported f, g, h: Z — C, define
A(frg,h) = D F(0g(x+y)h(x +2y)

X,yEL
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and
As(f) = Af. 1. 1)
Then for any finite set A of integers,
As(A) = [{(x,y) : x,x+y,x+2y € A}|

counts the number of 3-APs in A, where each non-trivial 3-AP is counted twice, forward and
backward, and each trivial 3-AP is counted once.

Proposition 6.3.6 (Fourier and 3-AP)
Given finitely supported f,g,h: Z — C,

1 —_ —
A(f.g.h) = /0 F(6)3(=26)7(6) db.

| Exercise 6.3.7. Prove all the identities above.

Exercise 6.3.8 (Counting solutions to a single linear equation). Let c¢y,...,c, € Z. Let
A C Z be a finite set. Show that

1
{(ai,...,ax) € Ak ciay + -+ +crar =0} =/ 1a(c1t)1a(cat) -+ - 1 4(cit) dt.
0

Exercise 6.3.9. Show that if a finite set A of integers contains 3 |A|* solutions (a, b, ¢) € A>
to a + 2b = 3c, then it contains at least 8% |A|® solutions (a, b, c,d) € A*toa+b =c +d.

6.4 Roth’s Theorem in the Integers

In Section 6.2 we saw a Fourier analytic proof of Roth’s theorem in Fj. In this section, we
adapt the proof to the integers and obtain the following result. This is Roth’s original proof
(1953).

Theorem 6.4.1 (Roth’s theorem)
Every 3-AP-free subset of [N] = {1, ..., N} has size O(N/loglog N).

The proof of Roth’s theorem in F; proceeded by density increment when restricting to
subspaces. An important difference between F; and Z is that Z has no subspaces (more on
this later). Instead, we will proceed in Z by restricting to subprogressions. In this section, by a
progression we mean an arithmetic progression.

We have the following analogue of Lemma 6.2.4. It says that if f and g are “Fourier-close,”,
then they have similar 3-AP counts. We write

1/2
171l = supl 7O and  IIflle :=(Z|f(X)|2)-

X€Z
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Proposition 6.4.2 (3-AP counting lemma)
Let f, g : Z — C be finitely supported functions. Then

IAs(f) = As(@)] < 311 F = gllomax {[IF%:, lIglZ: } -

Proof. We have
A(f)—N(@)=A(f—-g f. /) +Ng. f-8f)+Ag 8 f-28)-

Let us bound the first term on the right-hand side. We have

|A(f_g’f’f)|
IA —_ —
= ‘/0 (f—2)(0)f(-20)f(6) dé” [Prop. 6.3.6]
—_— 1/\ —
< ||f_g||oo/ f(=20)£(6) dQ‘ [Triangle ineq.]
0
. L N2 e
— 8|l -20)| do )| do auchy-Schwarz
<IF =l (/O (=20 ) (/0 no ) (Cauchy-Schwarz]
< ||m||m ||f||§z [Parseval]

By similar arguments, we have

A £ =& Ol < I =gl I1f Nl ligll 2
and
ACg. 8. f = ) < IIF = gl g7 -
Combining with the first sum gives the result. O

Now we prove Roth’s theorem by following the same steps as in Section 6.2 for the finite
field setting.

Step 1. A 3-AP-free set has a large Fourier coefficient

Instead of directly studying the Fourier coefficients of 1, (which is not a good idea since
14(0) =~ |A| is always large whenever 6 = 0), we apply a useful and standard trick and study
the Fourier coeflicients of the de-meaned function

IA—O’I[N].

This function has sum zero, and so its Fourier transform is zero at zero, which allows us to
focus on the interesting values away from zero. Subtracting by a1y here has the same effect
as considering 14 (r) only for nonzero r in the finite field model.
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Lemma 6.4.3 (3-AP-free implies a large Fourier coefficient)

Let A C [N] be a 3-AP free set with |A| = aN. If N > 572, then there exists § € R/Z
satisfying

N

D (L= a)(x)e(6x)

x=1

a,2

>
— 10

N.

Proof. Since A is 3-AP-free, the quantity 14(x)14(x+y)14(x+2y) is nonzero only for trivial
3-APs (here trivial means y = 0). Thus

As(14) = |A] = aN.

On the other hand, a 3-AP in [N] can be counted by counting pairs of integers with the same
parity to form the first and third element of the 3-AP, yielding,

As(1v) = LN/2)* +[N/2]* > N?/2.
Now apply the counting lemma (Proposition 6.4.2) to f = 14 and g = al|y]. We have
”1A”?2 = |A| = aN and ||011[N]||?2 = Q'ZN. So

@’ N?

—aN < a&®As(11n)) = As(1a) < 3aN (14— alin)., -

Thus, using N > 5/a?, we have (the final step uses N > 5a72)

13N —aN
“(IA _(Yl[N])A”oo > ZW = éa’zN—% > %(IZN.
Therefore there exists some 6 € R with
N 1
Z(1A —a)(x)e(0x)| = (14 — alin)(6) > mazN. O
x=1

Step 2. A large Fourier coefficient implies density increment on a subprogression

In the finite field model, if ﬁ(r) is large for some r € F; \ {0}, then we obtained a density
increment by restricting A to some coset of the hyperplane r.

How can we adapt this argument in the integers?

In the finite field model, we used that the Fourier character y, (x) = «"* is constant on
each coset of the hyperplane r* C FJ. In the integer setting, we want to partition [N] into
subprogressions such that the character Z — C : x — e(x0) is roughly constant on each
subprogression. As a simple example, assume that 6 is a rational a/b for some fairly small b.
Then x — e(x0) is constant on arithmetic progressions with common difference b. Thus we
could partition [N] into arithmetic progressions with common difference b. This is useful as
long as b is not too large. On the other hand, if b is too large, or if 6 is irrational, then we
would want to approximate 6 be a rational number with small denominator.

We write

[16]]/7 := distance from 6 to the nearest integer.
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Lemma 6.4.4 (Dirichlet’'s lemma)
Let 8 € R and 0 < § < 1. Then there exists a positive integer d < 1/6 such that
ld6]lz)z < 6.

Proof. Letm = |1/6]. By the pigeonhole principle, among the m + 1 numbers 0,8, - - - , m8,
we can find 0 < i < j < m such that the fractional parts of i6 and j6 differ by at most ¢. Set
d =i — j|. Then ||d6]|z 7 < 0, as desired. O

Given 6, we now partition [ N] into subprogressions with roughly constant e(x6) inside
each progression. The constants appearing in rest of this argument are mostly unimportant.

Lemma 6.4.5 (Partition into progression level sets)
Let0 <5 < 1 and @ € R. Suppose N > (4r/n)°. Then one can partition [N] into
subprogressions P;, each with length

N'3 < |P;| <2N'3,

such that
sup |e(x0) —e(y0)| <n, foreachi.

x,y€P;

Proof. By Lemma 6.4.4, there is a positive integer d < VN such that 1d0lz)z < 1/VN.
Partition [N] greedily into progressions with common difference d of lengths between N'/3
and 2N'/3. Then, for two elements x, y within the same progression P;, we have

le(x0) — e(y0)| < |P;| le(dd) — 1| < 2N'3 .27 - N~'/2 < .

Here we use the inequality [e(d6) — 1| < 27 ||d6)]| 7, from the fact that the length of a chord
on a circle is at most the length of the corresponding arc. O

We can now apply this lemma to obtain a density increment.

Lemma 6.4.6 (3-AP-free implies density increment)
Let A C [N] be 3-AP-free, with |A] = aN and N
subprogression P C [N] with |P| > N'/? and |A N P|

(16/a)'?. Then there exists a

>
> (a +a?/40) |P|.

Proof. By Lemma 6.4.3, there exists 8 satisfying

o?
> —N.

2 (s~ @)@ed)| 2 15

Next, apply Lemma 6.4.5 with n = @?/20 (the hypothesis N > (4r/n)® is satisfied since
(16/a)'? > (80r/a?)® = (4n/n)®) to obtain a partition Pi,...,P; of [N] satisfying
N'3 < |P;| < 2N and
o2
le(x0) — e(y0)| < 2 foralli and x,y € P;.



218

So on each P;,

Thus

Thus

and hence
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D (L= @) (x)e(x0)| <

xeP;

ol‘2

2 (=) + 5

x€eP;

N
Z 14— a@)(x)e(x0)
=
< Y 1D Ua—a)@e(x0)|.
i=1 |xeP;
k CYZ
< Z (Z(l —a)(x) +%|Pi|)
k az
= Z: ;(u ~a)(x)| + 55N

k
‘2’— Z > (a-a))

xeP;

2 k k
S 2Pl < YA P - alPi|
i=1 i=1

We want to show that there exists some P; such that A has a density increment when restricted
to P;. The following trick is convenient. Note that

Zk: SZk:|AmP|—a|P||

k
Z ||A N P —alPi|| +([ANP;| —a|Py])).
=1

as the newly added terms in the final step sum to zero. Thus there exists an i such that

2
a
—I|P;| < |[|ANP;| - a|Pi||+ (JANP;| - a|P]).
20

Since |¢| + ¢ is 2¢ for t > 0 and O for ¢ < 0, we deduce

which yields

(12
—|P:| <2(|ANP;| — a|P;
Il <2040 Pl = alPi),

a/2
ANP;| > +—||P;l. a
AN P (a 40)' |
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By translation and rescaling, we can identify P with [N’] with N’ = |P|. Then A N P
becomes a subset A" C [N’]. Note that A’ is 3-AP-free (here we are invoking the important
fact that 3-APs are translation and dilation invariant). We can now iterate the argument. (Think
about where the argument goes wrong for patterns such as {x, y, x + y} and {x, x +y, x + y*}.)

Step 3. Iterate the density increment

This step is nearly identical to the proof in the finite field model. Start with @y = @ and Ny = N.
After i iterations, we arrive at a subprogression of length N; where A has density @;. As long
as N; > (16/a;)'2, we can apply apply Lemma 6.4.6 to pass down to a subprogression with

Niy = Nl.l/3 and @iy = @; +ozi2/40.

We double «; from aq after < [40/«a] iterations. Once the density reaches at least 2«, the
next doubling takes < [20/a] iterations, and so on. In general, the k-th doubling requires
< [40 - 27% /@] iterations. There are at most log,(1/a) doublings since the density is always
at most 1. Summing up, the total number of iterations is

log,(1/a)
m< > [40-27/a]=0(1/a).
i=1

When the process terminates, by Lemma 6.4.6,
N'3" < N,, < (16/a:)"? < (16/a)"2.

Rearranging gives
o(1/a)

N < (16/a)'**" < (16/a)*" ™.

Therefore

|A] 1
=q = .
N loglog N
This completes the proof of Roth’s theorem (Theorem 6.4.1). O

We saw that the proofs in F} and Z have largely the same set of ideas, but the proof in Z is
somewhat more technically involved. The finite field model is often a good sandbox to try out
Fourier analytic ideas.

Remark 6.4.7 (Bohr sets). Let us compare the results in F} and [N]. Write N = 3" for
the size of the ambient space in both cases, for comparison. We obtained an upper bound
of O(N/log N) for 3-AP-free sets in F} and O(N /loglog N) in [N] C Z. Where does the
difference in quantitative bounds stem from?

In the density increment step for F%, at each step, we pass down to a subset which had size
a constant factor (namely 1/3) of the original one. However, in [N], each iteration gives us a
subprogression which has size equal to the cube root of the previous subprogression. The
extra log for Roth’s theorem in the integers comes from this rapid reduction in the sizes of the
subprogressions.

Can we do better? Perhaps by passing down to subsets of [ N] that look more like subspaces?
Indeed, this is possible. Bourgain (1999) used Bohr sets to prove an improved bound of
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N/(log N)!/?**() on Roth’s theorem. Given 6, .. ., 6, and some & > 0, a Bohr set has the
form

{x € [N] : ||x8]|r/z < & foreach j = 1,...,k}.

To see why this is analogous to subspaces, note that we can define a subspace of F; as a set of
the following form

{xeF;:r;-x=0foreachj=1,...,k}.

where ry, ..., 7 € F}\ {0}. Bohr sets are used widely in additive combinatorics, and in nearly
all subsequent work on Roth’s theorem in the integers, including the proof of the current best
bound N/(log N)'*¢ for some constant ¢ > 0 (Bloom & Sisask 2020).

We will see Bohr sets again in the proof of Freiman’s theorem in Chapter 7.

The next exercise is analogous to Exercise 6.2.11, which was in FZ.

Exercise 6.4.8™ (Fourier uniformity does not control 4-AP counts). Fix 0 < @ < 1. Let N be
a prime. Let

A:{xe [N] :xzmodN<aN}.
Viewing A C Z/NZ, prove that, as N — oo with fixed «,

(a) Al = (@ +0(1)N and max,+|Ta(r)| = o(1);
() [(x,y) € Z/NZ : x,x+y,x +2y,x +3y € Al # (a* + 0(1))N>.

6.5 Polynomial Method

An important breakthrough of Croot, Lev, & Pach (2017) showed how to apply the polynomial
method to Roth-type problems in the finite field model. Their method quickly found many
applications. Less than a week after the Croot, Lev, & Pach paper was made public, Ellenberg
& Gijswijt (2017) adapted their argument to prove the following bound on the cap set problem.
The discovery came as quite a shock to the community, especially as the proof is so short.

Theorem 6.5.1 (Roth’s theorem in [F}: power-saving upper bound)
Every 3-AP-free subset of [F} has size 0(2.76").

The presentation of the proof below is due to Tao (2016).

Recall from linear algebra the usual rank of a matrix. Here we can view an |A| X |A]
matrix over the field F as a function F: A X A — F. A function F is said to have rank 1 if
F(x,y) = f(x)g(y) for some nonzero functions f,g: A — F. More generally, the rank of F
is the minimum k& so that F' can be written as a sum of k rank 1 functions.

More generally, for other notions of rank, we can first define the set of rank 1 functions,
and then define the rank of F to be the minimum & so that F can be written as a sum of k
rank 1 functions.

Whereas a function A X A — F corresponds to a matrix, a function A X A XA — F
correspond to a 3-tensor. There is a notion of tensor rank, where the rank 1 functions are
those of the form F(x,y,z) = f(x)g(y)h(z). This is a standard and important notion (which
comes with a lot of mystery), but it is not the one that we shall use.



6.5 Polynomial Method 221

Definition 6.5.2 (Slice rank)
A function F: A X A X A — F is said to have slice rank 1 if it can be written as

f(x)eg(y.2), f(yex,2), or f(2gx,y),

for some nonzero functions f: A - Fandg: AXA — F.
The slice rank of a function F': A X A X A — F is the minimum k so that F can be
written as a sum of k slice rank 1 functions.

Here is an easy fact about the slice rank.

Lemma 6.5.3 (Trivial upper bound for slice rank)
Every function F: A X A X A — F has slice rank at most |A|.

Proof. Let F, be the restriction of F to the “slice” {(x,y,z) € AX AX A : x = a}; that is,

F(x,y,z ifx = a, ! |
Fa(X,y,Z)Z{ ( Y ) . 1_Z/

0 ifx # a. 0
F, 12z

Then F, has slice rank < 1 since F,(x, y,z) = 6,(x)F(a, y, z), where &, denotes the function
taking value 1 at a and O elsewhere. Thus F = .4 F, has slice rank at most |A|. O

For the next lemma, we need the following fact from linear algebra.

Lemma 6.5.4 (Vector with large support)
Every k-dimensional subspace of an n-dimensional vector space (over any field) contains
a point with at least £ nonzero coordinates.

Proof. Form a k X n matrix M whose rows form a basis of this k-dimensional subspace W.
Then M has rank k. So it has some invertible k X k submatrix with columns S C [n] with
|S| = k. Then for every z € F, there is some linear combination of the rows whose coordinates
on S are identical to those of z. In particular, there is some vector in the k-dimensional
subspace W whose S-coordinates are all nonzero. O

A diagonal matrix with nonzero diagonal entries has full rank. We show that a similar
statement holds true for the slice rank.

Lemma 6.5.5 (Slice rank of a diagonal)
Suppose F: A X A X A — Fsatisfies F(x, y, z) # 0 if and only if x = y = z. Then F has
slice rank |A]|.

Proof. From Lemma 6.5.3, we already know that the slice rank of F is < |A|. It remains to
prove that the slice rank of F is is > |A|.
Suppose F(x,y, z) can be written as a sum of functions of the form

f(x)g(y.2), f(y)egx,z), and f(2)g(x,y),

with m; summands of the first type, m, of the second type, and mj of the third type. By
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Lemma 6.5.4, there is some function #: A — F that is orthogonal to all the f’s from the third
type of summands (i.e., )4 f(x)h(x) = 0), and such that |supp h| > |A| — m3. Let

G(x,y) = ) F(x, 3. 2)h(2).

ZEA

Only summands of the first two types remain. Each summand of the first type turns into a
rank 1 function (in the matrix sense of the rank)

(x,) > D FX)E(, Dh() = FOR()

for some new function g: A — F. Similarly with functions of the second type. So G (viewed
as an |A| X |A| matrix) has rank < m; + m,. On the other hand,

o= {0 00
This G has rank |supp /| > |A| — m3;. Combining, we get
|A| —m3 < rank G < my + m,.
So my + my + m3 > |A|. This shows that the slice rank of F is > |A]. O

Now we prove an upper bound on the slice rank by invoking magical powers of polynomials.

Lemma 6.5.6 (Upper bound on the slice rank of 1,y.,-9)
Define F: AXAXA — F; by

1 ifx+y+z=0,

0 otherwise.

F(x,y,Z)={

Then the slice rank of F is at most

n!
3 Z alblc!’

a,b,c>0
a+b+c=n
b+2c<2n/3

Proof. In Fs, one has

e {1 if x =0,
—Xx° =

0 ifx=#0.
So, writing x = (x1,...,X,), ¥y = (¥1,...,Yn), and 2 = (21, ..., 2,), we have
Fx,y,2) = [ [(1= G+ yi+ 2. 6.5.1)
i=1

If we expand the right-hand side, we obtain a polynomial in 3n variables with degree 2n. This
is a sum of monomials, each of the form

iyt i ke R
xl xnyl ynzl Zn’

where i1,02,...,00, J1s---sJnsK1s...,k, € {0,1,2}. For each term, by the pigeonhole
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principle, at least one of iy + - -+ +1i,, ji + -+ Ju, k1 + -+ - + k,, is at most 2n/3. So we can
split these summands into three sets:

n

2 i in
[JO-Gityivd = D xexitfi (3.2
i=1 i1+'~+i,,£%
D g (D)
jl+"‘+jnS%Tn

+ Z Z’]ﬂ . Zln(”hkl .... . (x,y).

2
ky+ee -tk <%

Each summand has slice rank at most 1. The number of summands in the first sum is precisely
the number of triples of nonnegative integers a, b,c witha+ b +c =nand b +2c < 2n/3
(a, b, ¢ correspond to the numbers of i,’s that are equal to 0, 1, 2 respectively) . The lemma
then follows. O

Here is a standard estimate. The proof is similar to that of the Chernoff bound.

Lemma 6.5.7 (A trinomial coefficient estimate)
For every positive integer n,

n! n
Z m < 2.76".

a,b,c>0
a+b+c=n
b+2c¢<2n/3

Proof. Let x € [0, 1]. The sum equals to the coefficients of all the monomials x* with
k < 2n/3 in the expansion of (1 + x + x?)". By deleting contributions x* with k > 2n/3 and
using x*"/3 < x* whenever k < 2n/3, we have

Z n! - (1+x+x2)"'

1blc) — 2n/3
a0 a'b!c! x2n
a+b+c=n
b+2c¢<2n/3
Setting x = 0.6 shows that the left-hand side sum is < (2.76)". O

Remark 6.5.8. Taking the optimal value x = (V33 — 1)/8 = 0.59307 . ... in the final step, we
obtain < (2.75510...)". This is the true exponential asymptotics of the sum in Lemma 6.5.7
(for example, see Sanov’s theorem from large deviation theory). We have no idea how close
this is to the optimal bound for the cap set problem. However, quite surprisingly, such bound
is tight for a variant of the cap sets known as the tri-colored sum-free sets (Blasiak et al. 2017,
Kleinberg et al. 2018).

Proof of Theorem 6.5.1. Let A C F} be 3-AP-free. Define F': A X A X A — Fj by

1 ifx+y+z=0,

F(x,y,Z)={

0 otherwise.

Since A is 3-AP-free, one has F(x,y,z) = lifandonlyif x =y =z € A. By Lemma 6.5.5, F
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has slice rank |A|. On the other hand, by Lemmas 6.5.6 and 6.5.7, F has slice rank < 3(2.76)".
So |A| £ 3(2.76)". O

It is straightforward to extend the above proof from F; to any other fixed F,, resulting:

Theorem 6.5.9 (Roth’s theorem in the finite field model)

For every odd prime p, there is some ¢, < p so that every 3-AP-free subset of I, has
size at most 3¢,.

It remains an intriguing open problem to extend the techniques to other settings.

Open problem 6.5.10 (Szemerédi’s theorem in the finite field model)
Is there a constant ¢ < 5 such that every 4-AP-free subset of IF{ has size O(c")?

Open problem 6.5.11 (Corner-free theorem in the finite field model)
Is there a constant ¢ < 2 such that every corner-free subset of IF} X IF} has size o(c®)?
Here a corner is a configuration of the form {(x, y), (x +d,y), (x,y + d)}.

Finally, the proof technique in this section seems specific to the finite field model. It is an
intriguing open problem to apply the polynomial method for Roth’s theorem in the integers.
Due to the Behrend example (Section 2.5), we cannot expect power-saving bounds in the
integers.

Exercise 6.5.12 (Tricolor sum-free set). Letay,...,an,bi,...,by,cy,...,cp € F). Sup-
pose that the equation a; + b; + ¢, = 0 holds if and only if i = j = k. Show that there is
some constant ¢ > 0 such that m < (2 — ¢)" for all sufficiently large n.

Exercise 6.5.13 (Sunflower-free set). Three sets A, B, C form a sunflower if AN B =
BN C=AnNB=AnBnNC.Prove that there exists some constant ¢ > 0 such that if 7 is
a collection of subsets of [n] without a sunflower, then || < (2 — ¢)" provided that n is
sufficiently large.

6.6 Arithmetic Regularity

Here we develop an arithmetic analogue of Szemerédi’s graph regularity lemma from
Chapter 2. Just as the graph regularity method has powerful applications, so too does the
arithmetic regularity lemma as well as the general strategy behind it.

First, we need a notion of what it means for a subset of ]F;‘, to be uniform, in a sense
analogous to g-regular pairs from the graph regularity lemma. We also saw the following
notion in the Fourier analytic proof of Roth’s theorem.

Definition 6.6.1 (Fourier uniformity)
We say that A C F)) is e-uniform if |TZ(r)| <eforallr € Fj \ {0}.

The following exercises explains how Fourier uniformity is analogous to the discrepancy-
type condition for e-regular pairs in the graph regularity lemma.
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Exercise 6.6.2 (Uniformity vs. discrepancy). Let A C F), with [A| = ap". We say that A

satisfies HyperplaneDISC(n) if for every hyperplane W of F),

|[ANW|
Wl

(a) Prove that if A satisfies HyperplaneDISC(¢), then A is e-uniform.
(b) Prove that if A is e-uniform, then it satisfies HyperplaneDISC((p — 1)¢).

a’Sn.

Definition 6.6.3 (Fourier uniformity on affine subspaces)
For an affine subspace W of F, (i.e., the coset of a subspace), we say that A is g-uniform
on W if A N W is g-uniform when viewed as a subset of W.

Here is an arithmetic analogue of Szemerédi’s graph regularity lemma that we saw in
Chapter 2. It is due to Green (2005a).

Theorem 6.6.4 (Arithmetic regularity lemma)

For every &€ > 0 and prime p, there exists M so that for every A C F}, there is some
subspace W of ), with codimension at most M such that A is e-uniform on all but at
most e-fraction of cosets of W.

The proof is very similar to the proof of the graph regularity lemma in Chapter 2. Each
subspace W induces a partition of the whole space F), into W-cosets, and we keep track
the energy (mean-squared density) of the partition. We show that if the conclusion of
Theorem 6.6.4 does not hold for the current W, then we can replace W by a smaller subspace
so that the energy increases significantly. Since the energy is always bounded between 0 and
1, there are at most a bounded number of iterations.

Definition 6.6.5 (Energy)
Given A C ¥, and W a subspace of I}, we define the energy of W with respect to a fixed
Atobe
AN (W +x) |2}
we 1

ga(W) :=Eyer,

Given a subspace W of F). Define uw : F, — R by

— .

4

(One can regard uy as the uniform probability distribution on W; it is normalized so that
Euw = 1.) Then,

Hw =

[AN(W+x)|

Wi for every x € F,.

(La* pw)(x) =

We have (check!)
1 ifr e W+,

Aw(r) = {0 ifre Wt
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So by the convolution identity (Theorem 6.1.7).

. — 1a(r) ifre w+,
Ia* r)=1a(r r)= 6.6.1
a* pw(r) =1a(r)pw(r) {0 B (6.6.1)
To summarize, convolving by uy averages 1,4 along cosets of W in the physical space, and
filters W+ in the Fourier space.
Energy interacts nicely with the Fourier transform. By Parseval’s identity (Theorem 6.1.3),
we have
ga(W) = 14 x pwlls = 3 [T pw(P = D [Ta(r). (6.6.2)
refFy rew+t
The next lemma is analogous to Lemma 2.1.12. It is an easy consequence of convexity. It
also directly follows from (6.6.2).

Lemma 6.6.6 (Energy never decreases under refinement)
Let A C F),. For subspaces U < W < Ff,, we have g4 (U) > ga(W). O

The next lemma is analogous to the energy boost lemma for irregular pairs in the proof of
graph regularity (Lemma 2.1.13).

Lemma 6.6.7 (Local energy increment)

If A € F}, is not e-uniform, then there is some codimension-1 subspace W with
qa(W) > (|Al/p")* + €.

Proof. Suppose A is not g-uniform. Then there is some r # 0 such that |T;(r)| > ¢. Let
W = r*. Then by (6.6.2),

ga(W) = [T40) 2+ [Ta(") P+ [Ta2r) P + -+ [Ta((p = Dr)?
> [T4(0) 2 +[T4(r) 2 > (|A] /p")? + 2. O

By applying the above lemmas locally to each W-coset, we obtain the following global
increment, analogous to Lemma 2.1.14

Lemma 6.6.8 (Global energy increment)

Let A C F},. Let W be a subspace of F),. Suppose that f is not e-uniform on > &-fraction
of W-cosets. Then there is some subspace U of W with codim U — codim W < pcodimW
such that

qga(U) > qga(W) +e.

Proof. By Lemma 6.6.7, for each coset W’ of W on which f is not e-uniform, we can find
some r € F \ W+ so that replacing W by its intersection with 7 increases its energy on W’
by more than £2. In other words,
. AnwW)
Garw W Nrt) > ——— + &7,
wep?

Let R be a set of such 7’s, one for each W-coset on which f is not g-uniform (allowing some
r’s to be chosen repeatedly).
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Let U = W N R*. Then codim U — codimW < |R| < [FP/W| = peodimW,

Applying the monotonicity of energy (Lemma 6.6.6) on each W-coset and using the
observation in the first paragraph in this proof, we see the “local” energy of U is more than
that of W on by > &2 on each of the > e-fraction of W-cosets on which f is not -uniform,
and is at least as great as that of W on each of the remaining W-cosets. There the energy
increases by > &2 when refining from W to U. O

Proof of the arithmetic regularity lemma (Theorem 6.6.4). Starting with W, = F, we con-
struct a sequence of subspaces Wy > W; > W, > --- where each at step, unless A is
g-uniform on all but < e-fraction of W-cosets, then we apply Lemma 6.6.8 to find W;,; < W,.
The energy increases by > &° at each iteration, so there are < &3 iterations. We have
codim W;,; < codim W; + p«dimWi at each i, so the final W = W,, has codimension at most
some function of p and & (one can check that it is an exponential tower of p’s of height
O(&7?)). This W satisfies the desired properties. O

Remark 6.6.9 (Lower bound). Recall that Gowers (1997) showed that there exist graphs
whose e-regular partition requires at least tower(Q(&7¢)) parts (Theorem 2.1.17). There is a
similar tower-type lower bound for the arithmetic regularity lemma (Green 2005a; Hosseini,
Lovett, Moshkovitz, & Shapira 2016).

Remark 6.6.10 (Abelian groups). Green (2005a) also established an arithmetic regularity
lemma over arbitrary finite abelian groups. Instead of subspaces, one uses Bohr sets (see
Remark 6.4.7).

You may wish to skip ahead to Section 6.7 to see an application of the arithmetic regularity
lemma.

Arithmetic regularity decomposition

Now let us give another arithmetic regularity result. It has the same spirit as the above
regularity lemma, but phrased in terms of a decomposition rather than a partition. This
perspective of regularity as decompositions, popularized by Tao, allows one to adapt the
ideas of regularity to more general settings where we cannot neatly partition the underlying
space into easily describable pieces. It is very useful and has many applications in additive
combinatorics.

Theorem 6.6.11 (Arithmetic regularity decomposition)

For every sequence &9 > &1 > & > - -+ > 0, there exists M so thatevery f: F}, — [0,1]
can be written as

f = fstr +fpsr +fsm1

where
e (structured piece) fy = fw for some subspace W of codimension at most M;
e (pseudorandom piece) ”fpsr”oo < Ecodim W3
e (small piece) || fumill2 < &o-

Remark 6.6.12. It is worth comparing Theorem 6.6.11 to the strong graph regularity lemma
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(Theorem 2.8.3). It is important that the uniformity requirement on the pseudorandom piece
depends on the codim W.

In other more advanced applications, we would like f, to come from some structured class
of functions. For example, in higher order Fourier analysis, f, is a nilsequence.

Proof. Let ko = 0 and k;,; = max{k;, [s;?]} for each i > 0. Note that kg < k; < ---
Let us label the elements 71, 7,,...,7pn of IF;‘, so that

Forol = F(ra)l = --- .
By Parseval (Theorem 6.1.3), we have

DIFrpP=Bf < 1.
j=1

There is some positive integer m < [£,7] so that

PRGET? (6.6.3)

ki <j <km+1

since otherwise adding up the sum over all m < [&;?] would contradict Y, |f(r) |2 < 1. Also,

we have

-~ 1
|f(r)| £ — for every k. (6.6.4)

The idea now is to split

fo) =) Flrpen

~
I
—_

into

f = fstr + fsml + fi)sr
according to the sizes of the Fourier coeflicients. Roughly speaking, the large spectrum will
go into the structured piece fy, the very small spectrum will go into pseudorandom piece fiqr,
and the remaining middle terms will form the small piece fiy (wWhich has small L? norm by

(6.6.3)).
LetW ={ry,...,rg,}" and set

fstr = fW

Then, by (6.6.1),

_ f(r) ifrewH,

fslr(r) = . n

0 ifr e W-.

Let us define f, and fiy via their Fourier transform (and we can recover the functions via
the inverse Fourier transform). For each j = 1,2, ..., p", set
f(rj) if j > kysy and r; ¢ WH,
0 otherwise.

Fose(r)) = {
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Finally, let fyn = f — fpsr — fomi, SO that

() = F(rj) ifky < j < ke and rj @ W
smid 0 otherwise.

Now we check that all the conditions are satisfied.

Structured piece. We have fy, = fy where codimW < k,, < krg(;z], which is bounded as a
function of the sequence g9 > &; > ....

Pseudorandom piece. For every j > k.1, we have |f(rj)| < 1/Vku41 by (6.6.4), which is
inturn < &, < &coaimw by the definition of k,,. It follows that ||fp;|| < EcodimW-

Small piece. By (6.6.3),

Il < D0 IFG)IP <55, R
ki <Jj <kms1

Exercise 6.6.13. Deduce Theorem 6.6.4 from Theorem 6.6.11 by using an appropriate
sequence ¢&; and using the same W guaranteed by Theorem 6.6.11.

Remark 6.6.14 (Spectral proof of the graph regularity lemma). The proof technique of
Theorem 6.6.11 can be adapted to give an alternate proof of the graph regularity lemma
(along with certain weak and strong variants). Instead of iteratively refining partitions and
tracking energy increments as we did in Chapter 2, we can first take a spectral decomposition
of the adjacency matrix A of a graph:

n
— T
A= Z/livivi .
i=1

where vy, ..., v, is an orthonormal system of eigenvectors with eigenvalues 1; > - -- > 4,,.
Then, as in the proof of Theorem 6.6.11, we can decompose A as

A=Ay + Apsr + Agmi

Agr = Z/liviv;. Apyr = Z/liv,»v;. and Agy = Z Aiviv;

i<k i>k’ k<i<k’

with

for some appropriately chosen k and k’ similar to the proof of Theorem 6.6.11.
We have

n
D =wat<n’,
i=1

So A; < n/i for each i. We can guarantee that the spectral norm of Ay 1s small enough as a
function of k and . Furthermore, we can guarantee that tr Afml = Ypeic A2 < &

To turn Ay, into a vertex partition, we can use the approximate level sets of the top k
eigenvectors vy, . . ., V. Some bookkeeping calculations then shows that this is a regularity
partition. Intuitively, A, provides us with regular pairs. Some of these regular pairs may not
stay regular after adding Ay, but since Agy, has < & mass (in terms of L? norm), it destroys
at most a negligible fraction of regular pairs.

See Tao (2007a, Lemma 2.11) or Tao’s blog post The Spectral Proof of the Szemerédi
Regularity Lemma (2012) for more details of the proof.
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The following exercise is the arithmetic analogue of the existence of an g-regular vertex
subset in a graph (Theorem 2.1.26 and Exercise 2.1.27).

Exercise 6.6.15 (e-uniform subspace).
(a*) Prove that for every 0 < & < 1/2 and A C F}, there exists a subspace W C F} (note
that O € W) with codimension at most exp(C/¢e) such that A is e-uniform on W.
Here C is some absolute constant.
(b) Let A = {x € F} : there exists i such that x; = --- = x; = 0,x;4; = 1}. Prove that A
is not c-uniform on any positive dimensional subspace of F}. Here ¢ > 0 is some
absolute constant.

6.7 Popular Common Difference

Roth’s theorem has the following qualitative strengthening. Given A C F} with density a,
there is some “popular common difference” y # 0 so that the number of 3-APs in A with
common difference y is > @ — o(1), which is what one expects for a random A of density a.
This was proved by Green (2005a) as an application of his arithmetic regularity lemma (from
the previous section).

Theorem 6.7.1 (Roth’s theorem with popular common difference in %)

For all & > 0, there exists ngp = ny(g) such that for n > ny and every A C F; with
|A| = @3", there exists y # 0 such that

|{x eF :x,x+y,x+2ye€ A}| > (o’ —£)3".

In particular, Theorem 6.7.1 implies that every 3-AP-free subset of F has size 0(3").

Exercise 6.7.2. Show that it is false that every A C F} with |A| = 3", the number of pairs
(x,y) € F withx,x +y,x +2y € Ais > (@ - 0(1))3*", where 0(1) — O as n — 0.

We will prove Theorem 6.7.1 via the next result, which concerns the number of 3-APs with
common difference coming from some subspace of bounded codimension, which is picked
via the arithmetic regularity lemma.

Theorem 6.7.3 (Roth’s theorem with common difference in some subspace)

For every & > 0, there exists M so that for every A C I}, there exists a subspace W with
codimension at most M, so that

|{(x,y) eF;XW:x,x+y,x+2ye€ A}| > (o’ —€)3" |W|.

Proof. By the arithmetic regularity lemma (Theorem 6.6.4), there is some M depending only
on ¢ and a subspace W of I}, of codimension < M so that A is e-uniform on all but at most
e-fraction of W-cosets.

Let u + W be a W-coset on which A is g-uniform. Denote the density of A in u + W by

AN (W)
! Wl
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Restricting ourselves inside # + W for a moment, by the 3-AP counting lemma Lemma 6.2.4,
the number of 3-APs of A (including trivial ones) that are contained in u + W is

{(x,y) e (u+W)xXW :x,x+y,x+2y € A}| > (ai—s)|W|2.

Since A is e-uniform on all but at most e-fraction of W-cosets, by varying u + W over all
such cosets, we find that the total number of 3-APs in A with common difference in W is

|{(x,y) eFXW:x,x+y,x+2ye€ A}| > (1-¢)(a®-)3" |W| = (a® —2&)3" |W|.
This proves the theorem (with € replaced by 2¢). O

Exercise 6.7.4. Give another proof of Theorem 6.7.3 using Theorem 6.6.11 (arithmetic
regularity decomposition f = fyr + fose + fsm1)-

Proof of Theorem 6.7.1. First apply Theorem 6.7.3 with find a subspace W of codimension
< M = M(g). Choose ng = M +1log,(1/¢). So n > ngy guarantees |W| > 1/e.
We need to exclude 3-APs with common difference zero. We have

(o —&)3" |W| < |{(x,y) eF;xW:x,x+y,x+2ye€ A}|
= |{(x,y) eFy x (W\{0}) :x,x+y,x+2y € A}| +|A|.
We have |[A| < 3" < 3" |W|, so
(@® =2&)3" W] < [{(x,y) € Fy x (W\{0}) : x,x +y,x +2y € A}|.
By averaging, there exists y € W \ {0} satisfying
|{x eF :x,x+y,x+2ye€ A}| > (a® - 2¢)3".
This proves the theorem (with & replaced by 2¢). O

By adapting the above proof strategy with Bohr sets, Green (2005a) proved that a Roth’s
theorem with popular differences in finite abelian groups of odd order, as well as in the
integers.

Theorem 6.7.5 (Roth’s theorem with popular difference in finite abelian groups)

For all £ > 0, there exists Ny = Ny(&) such that for all finite abelian groups I' of odd
order |I'| = Ny, and every A C I" with |A| = a |T'|, there exists y € T" \ {0} such that

HxeT:x,x+y,x+2y € A} > (& —¢) |T].

Theorem 6.7.6 (Roth’s theorem with popular difference in the integers)
For all £ > 0, there exists Ny = Ny(&) such that for every N > Ny, and every A C [N]
with |A| = @N, there exists y # 0 such that

{x € [N] i x,x +y,x+2y € A}| > (o’ - &)N.

See Tao’s blog post A Proof of Roth’s Theorem (2014) for a proof of Theorem 6.7.6 using
Bohr sets, following an arithmetic regularity decomposition in the spirit of Theorem 6.6.11.
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Remark 6.7.7 (Bounds). The above proof of Theorem 6.7.1 gives ny = tower(e~°("). The
bounds Theorems 6.7.5 and 6.7.6 are also tower-type. What is the smallest n, (&) for which
Theorem 6.7.1 holds? It turns out to be tower(®(log(1/¢))), as proved by Fox & Pham (2019)
over finite fields and Fox, Pham, & Zhao (2022) over the integers. Although it had been
known since Gowers (1997) that tower-type bounds are necessary for the regularity lemmas
themselves, Roth’s theorem with popular differences is the first regularity application where a
tower-type bound is shown to be indeed necessary.

Using quadratic Fourier analysis, Green & Tao (2010c) extended the popular difference
result over to 4-APs.

Theorem 6.7.8 (Popular difference for 4-APs)
For all £ > 0, there exists Ny = Ny(&) such that for every N > Ny and A C [N] with
|A| = aN, there exists y # 0 such that

Hx:x,x+y,x+2y,x+3y € A}| > (a* — &)N.

It may be a surprising that such a statement is false for APs of length 5 or longer. This was
shown by Bergelson, Host, & Kra (2005) with an appendix by Ruzsa giving a construction
that is a clever modification of the Behrend construction (Section 2.5).

Theorem 6.7.9 (Popular difference fails for 5-APs)
Let 0 < a < 1/2. For all sufficiently large N, there exists A C [N] with |[A]| > aN such
that for all y # 0,

Hx:x,x+y,x+2y,x +3y,x +4y € A}| < aleV/IN,

Here ¢ > 0 is some absolute constant.

For more on results of this type, as well as for popular difference for high dimensional
patterns, see Sah, Sawhney, & Zhao (2021).

Further Reading

Green has several excellent surveys and lecture notes:
e Finite Field Models in Additive Combinatorics (2005¢) — For many additive combina-
torics problems, it is a good idea to first study them in the finite field setting (also see
the follow up by Wolf (2015)).
o Montreal Lecture Notes on Quadratic Fourier Analysis (2007a)— An introduction to
quadratic Fourier analysis and its application to the popular common difference theorem
for 4-APs in F%.
o Lecture notes from his Cambridge course Additive Combinatorics (2009b).
Tao’s FOCS 2007 tutorial Structure and Randomness in Combinatorics (2007a) explains
many facets of arithmetic regularity and applications.
For more on algebraic methods in combinatorics (mostly pre-dating methods in Section 6.5),
see the books:
o Thirty-three Miniatures by Matousek (2010);
o Linear Algebra Methods in Combinatorics by Babai & Frankl;
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o Polynomial Methods in Combinatorics by Guth (2016);

e Polynomial Methods and Incidence Theory by Sheffer (2022).

In particular, the book Fourier Analysis by Stein & Shakarchi (2003) is a superb undergrad-
uate textbook on Fourier analysis. The analysis viewpoint has different emphases compared
to this chapter, though many standard tools (e.g., Parseval) are common to both. It is helpful
to familiarize with general principles of Fourier analysis, such as the relationship between
smoothness and decay.

Chapter Summary

e Basic tools of discrete Fourier analysis:
— Fourier transform,
— Fourier inversion formula,
— Parsevel / Plancheral identity (unitarity of the Fourier transform),
— convolution identity (Fourier transform converts convolutions to multiplication).

o The finite field model (e.g., Fg’) offers a convenient playground for Fourier analysis
in additive combinatorics. Many techniques can then be adapted to the integer setting,
although often with additional technicalities.

e Roth’s theorem. Using Fourier analysis, we proved that every 3-AP-free subset has size at
most
- O(3"/n) in F"*, and
— O(N/loglogN) in [N] C Z.

e The Fourier analytic proof of Roth’s theorem (both in Fg‘ and in Z) proceeds via a density
increment argument:

(1) A 3-AP-free set has a large Fourier coefficient;

(2) A large Fourier coefficient implies density increment on some hyperplane (in IF;’) or
subprogression (in Z);

(3) Iterate the density increment.

e Using the polynomial method, we showed that every 3-AP-free subset of F} has size
0(2.76").

o Arithmetic regularity lemma. Given A C F;’,, we can find a bounded codimensional
subspace so that A is Fourier-uniform on almost all cosets.

— An application: Roth’s theorem with popular difference. For every A C FZ, there is
some “popular 3-AP common difference” with frequency at least nearly as much as if A
were random.
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Structure of Set Addition

Chapter Highlights

Freiman’s theorem: structure of sets with small doubling

Inequalities between sizes of sumsets: Ruzsa triangle inequality and Pliinnecke’s inequality
Ruzsa covering lemma

Freiman homomorphisms: preserving partial additive structure

Ruzsa modeling lemma

Structure in iterated sumsets: Bogolyubov’s lemma

Geometry of numbers: Minkowski’s second theorem

Polynomial Freiman—Ruzsa conjecture

Additive energy and the Balog—Szemerédi—Gowers theorem

\ J

Let A and B be finite subsets of some ambient abelian group. We define their sumset to be
A+B:={a+b:a€cA,be B}.

Note that we view A + B as a set, and do not keep track of the number of ways that each
element can be written as a + b.
The main goal of this chapter is to understand the following question.

Question 7.0.1 (Sets with small doubling)
What can we say about A if A + A is small?

One of the main goals of this chapter is to prove Freiman’s theorem, which is a deep and
foundational result in additive combinatorics. Freiman’s theorem tells us whenever A + A is
at most a constant factor larger than A, then A must be a large fraction of some generalized
arithmetic progression.

Most of this chapter will be devoted towards proving Freiman’s theorem. We will see ideas
and tools from Fourier analysis, geometry of numbers, and additive combinatorics.

In Section 7.13, we will introduce the additive energy of a set, which is another way to
measure the additive structure of a set. We will see the Balog—Szemerédi—Gowers theorem,
which relates additive energy and doubling. This section can be read independently from the
earlier parts of the chapter.

These results on the structure of set addition are not only interesting on their own, but also
play a key role in Gowers’ proof (2001) of Szemerédi’s theorem (although we do not cover it
in this book; see Further Reading at the end of the chapter). Gowers’ deep and foundational
work shows how these topics in additive combinatorics are all highly connected.

235
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Definition 7.0.2 (Sumset notation)
Given a positive integer k, we define the iterated sumset

kA:=A+---+A (ktimes).
This is different from dilating a set, which is denoted by
A-A:={da:a€A}.
We also consider the difference set

A-B={a-b:acAbecB}.

7.1 Sets of Small Doubling: Freiman’s Theorem

How small or large can A + A be given |A|? This is an easy question to answer.

Proposition 7.1.1 (Easy bounds on sumset size)
Let A C Z be a finite set. Then

Al+1
2|A|—1§|A+A|s(| |2+ )

Furthermore, both bounds are best possible as functions of |A|.

Proof. Letn = |A|. For the lower bound |A + A| > 2n — 1, note that if the elements of A are
a; <a, <---<a,,then

apta<atar, <---<ata, <a+a, <---<a,+a,

are 2n — 1 distinct elements of A + A. So |A + A| > 2n — 1. Equality is attained when A is an
arithmetic progression.

The upper bound |A + A| < ("}') follows from that there are ("}') unordered pairs of
elements of A. We have equality when there are no nontrivial solutionstoa + b = ¢ + d in A,

such as when A consists of powers of twos. O

Exercise 7.1.2 (Sumsets in abelian groups). Show that if A is a finite subset of an abelian
group, then |A + A| > |A|, with equality if and only if A is the coset of some subgroup.

What can we say about A if A + A is not too much larger than A?

Definition 7.1.3 (Doubling constant)
The doubling constant of a finite subset A in an abelian group is the ratio |A + A|/|A|.

One of the main results of this chapter, Freiman’s theorem, addresses the following question.

Question 7.1.4 (Sets of small doubling)
What is the structure of a set with bounded doubling constant (e.g. |A + A| < 100 |A])?

We’ve already seen an example of such a set in Z, namely arithmetic progressions.
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Example 7.1.5. If A C Z is a finite arithmetic progression, |[A + A| =2 |A| -1 < 2|A], so it
has doubling constant at most 2.

Moreover if we delete some elements of an arithmetic progression, it should still have
small doubling. In fact, if we delete even most of the elements of an arithmetic progression
but leave a constant fraction of the progression remaining, we will have small doubling.

Example 7.1.6. If B is a finite arithmetic progression and A C B has |A| > |B| /K, then
|A+ A| < |B+B| <2|B| £ 2K |A]|, so A has doubling constant at most 2K.

Now we generalize arithmetic progressions to allow multiple dimensions. Informally, we
consider affine images of d-dimensional “grids”, as illustrated below.

7? Z

Definition 7.1.7 (GAP — generalized arithmetic progression)

A generalized arithmetic progression (GAP) in an abelian group I' is defined to be an
affine map

¢: [Li] XX [La] = T.
That is, for some aq,...,aq €T,
¢()C1,. . .,Xd) =agtaxy+---+agxy.

This GAP has dimension d and volume L, - - - L,;. We say that this GAP is proper if ¢ is
injective.

We often abuse notation and use the term GAP to refer to the image of ¢, viewed as a set:
apg+ap - [Ll] +---+ag- [Ld] = {a0+a1x1 +--+agxy i X; € [Ll],...,xd (S [Ld]}
Example 7.1.8. A proper GAP of dimension d has doubling constant < 2¢.

Example 7.1.9. Let P be a proper GAP of dimension d. Let A C P with |A| > |P| /K. Then
A has doubling constant < K29,

While it is often easy to check that certain sets have small doubling, the inverse problem is
much more difficult. We would like to characterize all sets with small doubling. The following
foundational result by Freiman (1973) shows that all sets with bounded doubling must look
like Example 7.1.9.

Theorem 7.1.10 (Freiman’s theorem)

Let A C Z be a finite set satisfying |A + A| < K |A|. Then A is contained in a GAP
of dimension at most d(K) and volume at most f(K) |A|, where d(K) and f(K) are
constants depending only on K.

Freiman’s theorem is a deep result. We will spend most the chapter proving it.
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Remark 7.1.11 (Quantitative bounds). We will present a proof giving d(K) = exp(K°")
and f(K) = exp(d(K)), due to Ruzsa (1994). Chang (2002) showed that Freiman’s theorem
holds with d(K) = K°M and f(K) = exp(d(K)) (see Exercise 7.11.2). Schoen (2011)
further improved the bounds to d(K) = K'*°"Y and f(K) = exp(K'*°"). Sanders (2012,
2013) showed that if we change GAPs to “convex progressions” (see Section 7.12), then an
analogous theorem holds with d(K) = K(log(2K))°" and f(K) = exp(d(K)).

It is easy to see that one cannot do better than d(K) < K — 1 and f(K) = %), by
considering a set without additive structure.

Also see Section 7.12 on the polynomial Freiman—Ruzsa conjecture for a variant of
Freiman’s theorem with much better quantitative dependencies.

Remark 7.1.12 (Making the GAP proper). The conclusion of Freiman’s theorem can be
strengthened to force the GAP to be proper, at the cost of potentially increasing d(K) and
f(K). For example, it is known that every GAP of dimension d is contained in some proper
GAP of dimension < d with at most d°(¢") factor increase in the volume; see Tao & Vu (2006,
Theorem 3.40).

Remark 7.1.13 (History). Freiman’s original proof (1973) was quite complicated. Ruzsa
(1994) later found a simpler proof, which guided much of the subsequent work. We follow
Ruzsa’s presentation here. Theorem 7.1.10 is sometimes called the Freiman—Ruzsa theorem.
Freiman’s theorem was brought into further prominence due to the role it played in the new
proof of Szemerédi’s theorem by Gowers (2001).

Remark 7.1.14 (Freiman’s theorem in abelian groups). Green & Ruzsa (2007) proved a
generalization of Freiman’s theorem in an arbitrary abelian group. A coset progression is a
set of the form P + H where P is a GAP and H is a subgroup of the ambient abelian group.
Define the dimension of this coset progression to be the dimension of P, and its volume to be
|H| vol P. Green & Ruzsa (2007) proved the following theorem.

Theorem 7.1.15 (Freiman’s theorem for general abelian groups)

Let A be a subset of an abelian group satisfying |A + A| < K |A|. Then A is contained
in a coset progression of dimension at most d(K) and volume at most f(k) |A|, where
d(K) and f(K) are constants depending only on K.

7.2 Sumset Calculus I: Ruzsa Triangle Inequality

Here are some basic and useful inequalities relating the sizes of sumsets.

Theorem 7.2.1 (Ruzsa triangle inequality)
If A, B, C are finite subsets of an abelian group, then

|A||B-C|<|A-B||A-C|.

Proof. For each d € B — C, define b(d) € B and ¢(d) € C such that d = b(d) — c(d). In
other words, we fix a specific choice of b and ¢ for each element in B — C. Define
p:AX(B-C)— (A-B)x(A-C)
(a,d) > (a —b(d),a - c(d)).
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Then ¢ is injective since we can recover (a, d) from ¢(a, d) = (x,y) viad = y — x and then
a=x+b(d). O

Remark 7.2.2. By replacing B with —B and/or C with —C, Theorem 7.2.1 implies some
additional sumset inequalities:

|Al|B+C| < |A+B||A-Cl;
|A||B+C| < |A-B||A+C|;
|A||B-C| <|A+B||A+C]|.
However, this trick cannot be used to prove the similarly looking inequality
|A||IB+C| < |A+B||A+C].
This inequality is also true, and we will prove it in the following section.
Remark 7.2.3 (Why is it called a triangle inequality?). If we define
p(A,B) :=log u
|Al B
(called a Ruzsa distance), then Theorem 7.2.1 can be rewritten as

p(B,C) < p(A,B) +p(A,C).

This is why Theorem 7.2.1 is called a “triangle inequality.” However, one should not take the
name too seriously. The function p is not a metric because p(A, A) # 0 in general.

Exercise 7.2.4 (Iterated sumsets). Let A be a finite ssubset of an abelian group satisfying
|2A - 2A| < K |A].
Prove that
|mA —mA| < K™ ' |A| for every integer m > 2.

In the above exercise, we had to start with the assumption that |[2A — 2A| < K |A|. In the
next section, we bound the sizes of iterated sumsets starting with the weaker hypothesis
|A+ Al < K|A]

7.3 Sumset Calculus II: Pliinnecke’s Inequality

We prove the following result, which says that having small doubling implies small iterated
sumsets, with only a polynomial factor change in the expansion ratios.

Theorem 7.3.1 (Pliinnecke’s inequality)
Let A be a finite subset of an abelian group satisfying

|A+A| < K|A|.
Then for all integers m,n > 0,

|mA —nA| < K™ |A].
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Remark 7.3.2 (History). Pliinnecke (1970) proved a version of the theorem originally using
graph theoretic methods. Ruzsa (1989) gave a simpler version of Pliinnecke’s proof and also
extended it from sums to differences. Nevertheless, Ruzsa’s proof was still quite long and
complex. It sets up a “commutative layered graph”, and uses tools from graph theory including
Menger’s theorem. Theorem 7.3.1 is sometimes called the Pliinnecke—Ruzsa inequality. See
Ruzsa (2009, Chapter 1) or Tao & Vu (2006, Chapter 6) for an account of this proof.

In a surprising breakthrough, Petridis (2012) found a very short proof of the result, which
we present here.

We will prove the following more general statement. Theorem 7.3.1 is the special case
A =B.

Theorem 7.3.3 (Pliinnecke’s inequality)
Let A and B be finite subsets of an abelian group satisfying

|A+B| < K|A].
Then for all integers m,n > 0,

\mB — nB| < K™ |A|.

The following lemma plays a key role in the proof.

Lemma 7.3.4 (Expansion ratio bounds)
Let X and B be finite subsets of an abelian group, with | X| > 0. Suppose
|Y + B| S |X + B|
Yy = 1X
Then for any nonempty finite subsets C of the abelian group,
|X + C + B| < |X + B|
IxX+c| ~ x|

for all nonempty ¥ C X.

Remark 7.3.5 (Interpretation as expansion ratios). We can interpret Lemma 7.3.4 in terms of
vertex expansion ratios inside the bipartite graph between two copies of the ambient abelian
group, with edges (x,x + b) ranging over all x € I" and b € B. Every vertex subset X on the
left has neighbors X + B on the right, and thus has vertex expansion ratio | X + B| /| X|.

+B

X+C
X+C +B
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We will apply Lemma 7.3.4 by choosing X among all nonempty subsets of A with the
minimum expansion ratio, so that the hypothesis of Lemma 7.3.4 is automatically satisfied.
The conclusion of Lemma 7.3.4 then says that a union of translates of X has expansion ratio
at most that of X.

Proof of Theorem 7.3.3 given Lemma 7.3.4. Choose X among all nonempty subsets of A
with the minimum |X + B| /| X| so that the hypothesis of Lemma 7.3.4 is satisfied. Also we
have

|X+B| |A+B]|
< <K
1X] Al
For every integer n > 0, applying Lemma 7.3.4 with C = nB, we have
| X +(n+1)B| < |X + B
IX+nBl — |X]

So induction on n yields, for all n > 0,

<K.

|X +nB| < K" |X].

Finally, applying the Ruzsa triangle inequality (Theorem 7.2.1), for all m,n > 0.
|X +mB||X +nB|
1X]

Proof of Lemma 7.3.4. We will proceed by induction on |C|. For the base case |C| = 1, note
that X + C is a translate of X, so |[X +C+ B| =|X + B| and | X + C| = | X|.

Now for the induction step, assume that for some C,
|X +C + B| < |X + B|
IX+C| — |X]
Now consider C U {c} for some ¢ ¢ C. We wish to show that
| X +(CU{c}) + B| < |X + B|

|mB — nB| < < K™ |X] < K™ |Al. O

IX+(Cufchl — IX]
By comparing the change in the left-hand side fraction, it suffices to show that
|X + B|
[(X+c+B)\(X+C+B)| < X [(X+c)\ (X+O). (7.3.1)
Let
Y={xeX:x+c+BCX+C+B}CX.
Then

[(X+c+B)\(X+C+B)|<|X+B|-|Y+B|.
Furthermore, if x € X satisfiesx+c € X+C,thenx+c+B C X+C+Bandhencex € Y. So
(X +c)\ (X+O)| = [X]-[Y].
Thus, to prove (7.3.1), it suffices to show

| X + B|

|X+B|-|Y+B| <
1XI

(IX1=1D,
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which can be rewritten as
| X + B|

1X]

which is true due to the hypothesis on X. O

|Y + B| >

YT,

Let us give a quick proof of a variant of the Ruzsa triangle inequality, mentioned in
Remark 7.2.2.

Corollary 7.3.6 (Another triangle inequality)
Let A, B, C be finite subsets of an abelian group. Then

|A||1B+C| < |A+B||A+C]|.

Proof. Choose X C A to minimize |X + B| /| X|. Then
|X + B| |A+B
<|A+C| .

B+Cl<|Xx+B+C| "< x4l
+C|<|X+B+ < +
|X| |A|

O

Exercise 7.3.7*. Show that for every sufficiently large K there is some finite set A C Z
such that

|A+A| <K|A| and |A - Al > K" A].

Exercise 7.3.8™ (Loomis—Whitney for sumsets). Show that for every finite subsets A, B, C
in an abelian group, one has

[A+B+C|><|A+B||A+C||B+C]|.

Exercise 7.3.9* (Sumset vs. difference set). Let A C Z. Prove that

IA-APP <|A+A| <|A-AP2.

7.4 Covering Lemma

Here is a simple and powerful tool in the study of sumsets (Ruzsa 1999).

Theorem 7.4.1 (Ruzsa covering lemma)
Let X and B be finite sets in some abelian group. If

|X +B| < K|B],
then there exists a subset 7 C X with |T| < K such that

XCcT+B-B.

Remark 7.4.2 (Geometric intuition). Imagine that B is a unit ball in R”, and cardinality above
is replaced by volume. Given some region X (the shaded region below), consider a maximal
set 7~ of disjoint union balls with centers in X (maximal in the sense that one cannot add an
additional ball without intersecting some other ball).
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o¥o
oloxo

Then replacing each ball in 7~ by a ball of radius 2 with the same center, (i.e., replacing
B by B — B) the resulting balls must cover the region X (which amounts to the conclusion
X C T+ B - B), for otherwise at any uncovered point of X we could have added an additional
non-overlapping ball in the previous step.

Similar arguments are important in analysis (e.g., the Vitali covering lemma).
Proof. LetT € X be a maximal subset such that ¢ + B as ¢ ranges over T are disjoint. Then
IT||B|=|T+B|<|X+B|<K|B|.

So|T| < K.

By the maximality of 7', for all x € X there exists some ¢ € T such that (+B) N (x+B) # 0.
In other words, there existt € 7T and b,b’ € Bsuchthatt+b =x+b'.Hencex e T+ B - B
foreveryx € X. Thus X €T + B — B. O

The following “more efficient” covering lemma can be used to prove a better bound in
Freiman’s theorem.

Exercise 7.4.3" (Chang’s covering lemma). Let A and B be finite sets in an abelian group
satisfying

|A+A| < K|A] and |A+B| <K'|B|.
Show that there exists some set X in the abelian group so that
ACXX+B-B and |X| = O(Klog(KK")),

where XX denotes the set of all elements that can be written as the sum of a subset of
elements of X (including zero as the sum of the empty set).

g + p sawsuen wiofsip 3y Surpuy 1s1y K11, JuIH

7.5 Freiman’s Theorem in Groups with Bounded Exponent

Let us prove a finite field model analogue of Freiman’s theorem. The proof only uses the tools
introduced so far, and so it is easier than Freiman’s theorem in the integers.
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Theorem 7.5.1 (Freiman’s theorem in IF)
If A C F} has |[A + A| < K |A], then A is contained in a subspace of cardinality at most
f(K) |A|, where f(K) is a constant depending only on K.

Remark 7.5.2 (Quantitative bounds). We will prove Theorem 7.5.1 with f(K) = 25°K2. The
exact optimal constant f(K) is known for each K (Even-Zohar 2012). Asymptotically, it is
F(K) = ©(2*)/K).

For a matching lower bound on f(K), let A = {0, ey,...,e,} C F}, where ¢; is the i-th
standard basis vector. Then |A + A| ~ n?/2, and so |A + A| /|A| ~ n/2. However, A is not
contained in a subspace of cardinality less than 2".

In fact, we prove a more general statement that works for any group with bounded exponent.
This result and proof are due to Ruzsa (1999).

Definition 7.5.3 (Exponent of an abelian group)

The exponent of an abelian group (written additively) is the smallest positive integer
r such that rx = 0 for all elements x of the group. If no finite r exists, we say that its
exponent is infinite (some conventions say that the exponent is zero).

For example, F} has exponent 2. The cyclic group Z/NZ has exponent N. The integers Z
has infinite exponent.

We use (A) to refer to the subgroup of a group G generated by some subset A of G. Then
the exponent of a group G is sup, . |{x)|. When the group is a vector space (e.g., F}), (A) is
the smallest subspace containing A.

Theorem 7.5.4 (Freiman’s theorem in groups with bounded exponent)
Let A be a finite set in an abelian group with exponent r < co. If |A + A| < K |A|, then

I(A)] < K2K" |A].

Remark 7.5.5. This theorem is a converse of the observation that if A is a large fraction of a
subgroup, then A has small doubling.

Proof. By Pliinnecke’s inequality (Theorem 7.3.1), we have
A+ (2A-A)| =34 - A| < K*|A|.

By the Ruzsa covering lemma (Theorem 7.4.1 applied with X = 2A — A and B = A), there
exists some T C 2A — A with |T| < |A + (2A — A)| /|A| < K* such that

2A-ACT+A-A.
Adding A to both sides, we have,
BA-ACT+2A-AC2T+A - A.
Iterating, for any positive integer n, we have

(m+NA—-ACnT+A-AC(T)+A-A.
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Since we are in an abelian group with bounded exponent, every element of (A) lies in nA for
some n. Thus

Myc| Jmara-a)yc@my+a-a

n>1

Since the exponent of the group is at most r < oo,
(T < rTh < 7K
By Pliinnecke’s inequality (Theorem 7.3.1),
|A - Al <K*|A].
Thus we have,
(A < rK'K? A O

Remark 7.5.6. Note the crucial use of the Ruzsa covering lemma for controlling nA — A.
Naively bounding nA using Pliinnecke’s inequality is insufficient.

The above proof for Freiman’s theorem over abelian groups of finite exponent does not
immediately generalize to the integers. Indeed, in Z, [(T")| = co. We overcome this issue
by representing subsets of Z inside a finite group in a way that partially preserves additive
structure.

Exercise 7.5.7. Show that for every real K > 1 there is some Ck such that for every finite

set A of an abelian group with |A + A| < K |A|, one has [nA| < n®% |A| for every positive
integer n.

(If we let f(n, K) denote the smallest real number so that |A + A| < K |A| implies |nK| < f(n,K) |A],
then Pliinnecke’s inequality gives f(n, K) < K™, at most a polynomial in K for a fixed n, whereas the above
exercise gives f(n, K) < nCK, a polynomial in n for a fixed K. Does this mean that f(n, K) is at most some

polynomial in both n and K?)

Exercise 7.5.8* (Ball volume growth in an abelian Cayley graph). Show that there is some
absolute constant C so that if § is a finite subset of an abelian group, and k is a positive
integer, then

[2kS| < CST|kS).

7.6 Freiman Homomorphisms
Consider two sets of integers, depicted pictorially below as elements on the number line:

The two sets are very similar from the point of view of additive structure. For example, the
obvious bijection between A and B has the nice property that any solution to the equation
w+Xx =y + z in one set is automatically a solution in the other. Sometimes, in additive
combinatorics, it is a good idea to treat these two sets as isomorphic. Let us define this
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notion formally and study what it means for a map between sets to partially preserve additive
structure.

Definition 7.6.1 (Freiman homomorphism)

Let A and B be subsets in two possibly different abelian groups. Let s > 2 be a
positive integer. We say that ¢: A — B is a Freiman s-homomorphism (or Freiman
homomorphism of order s), if

$(a) +---+¢(as) = ¢(ay) +- -+ ¢(ay)
whenever ay, ..., a,,a1,...,a; € A satisfy
ar+---t+ag=a;+---+a..

We say that ¢ is a Freiman s-isomorphism if ¢ is a bijection, and both ¢ and ¢! are
Freiman s-homomorphisms. We say that A and B are Freiman s-isomorphic if there
exists a Freiman s-isomorphism between them.

Remark 7.6.2 (Interpretation). Informally, a Freiman s-homomorphism respects s-fold sums
relations. Two sets are Freiman s-isomorphic if there is a bijection between them that respects
solutions to the equationa; +---+a, =a; +---+a;.

Remark 7.6.3 (Composition). If ¢, and ¢, are both Freiman s-homomorphisms, then their
composition ¢, o ¢, is also a Freiman s-homomorphism. If ¢; and ¢, are both Freiman
s-isomorphisms, then their composition ¢, o ¢, is a Freiman s-isomorphism.

Remark 7.6.4 (Descension). Every Freiman (s+1)-homomorphism is automatically a Freiman
s-homomorphism (by setting a,,; = a’,,). Likewise, every Freiman (s + 1)-isomorphism is
automatically a Freiman s-isomorphism.

Example 7.6.5 (Freiman homomorphism).

(a) Every abelian group homomorphism is a Freiman homomorphism of every order.
(b) Let S be a set with no non-trivial solutions to a + b = ¢ +d (such a set is called a Sidon
set). Then every map from S to an abelian group is a Freiman 2-homomorphism.

(¢) The natural embedding ¢: {0, 1}" — (Z/27Z)" is the restriction of a group homomor-
phism from Z", so it is a Freiman homomorphism of every order. This map ¢ is a
bijection. However, the inverse of ¢ does not preserve some additive relations (e.g.,
1+1=0+0 (mod 2)). So ¢ is not a Freiman 2-isomorphism!

(d) Likewise, the natural embedding ¢: [N] — Z/NZ is a Freiman homomorphism of
every order but not a Freiman 2-isomorphism. However, when the domain is restricted
to all integers less than N /s, then ¢ becomes a Freiman s-isomorphism onto its image
(why?).

The last example has the following easy generalization, which we will use later. The
diameter of a set A is defined to be

diam A := sup |a - b|.
a,beA
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Proposition 7.6.6 (Small diameter sets)
If A C Z has diameter < N/s, then A is Freiman s-isomorphic to its image mod N.

Intuitively, the idea is that there are no wrap around additive relations mod N if A has
small diameter.

Proof. The mod N map Z — Z/N is a group homomorphism, and hence automatically a
Freiman s-homomorphism. Now, if ay, ..., a,,aj, ..., a; € A are such that

(a+-+-+a)) = (aj+---+a) =0 (mod N),

then the left hand side, viewed as an integer, has absolute value less than N (since |a,» —aj| <
N /s for each 7). Thus the left hand side must be 0 in Z. So the inverse of the mod N map is a
Freiman s-homomorphism over A, and thus mod N is a Freiman s-isomorphism. O

7.7 Modeling Lemma

The goal of the Ruzsa modeling lemma is to represent a set with bounded doubling inside a
small cyclic group in a way that that preserves relevant additive data. This is useful since
initially A may contain integers of vastly different magnitudes. On the other hand, if A is
a subset of Z/NZ with N comparable to A, then we have additional tools such as Fourier
analysis (to be discussed in the following section).

As warm up, let us first prove an easier result in the finite field model.

Proposition 7.7.1 (Modeling lemma in finite field model)

Let A C Fj. Suppose |sA — sA| < 2™ for some positive integer m. Then A is Freiman
s-isomorphic to some subset of F5'.

Remark 7.7.2. If |A + A| £ K |A|, then Pliinnecke’s inequality (Theorem 7.3.1) implies
|sA — sA| < K> |A|. By taking m to be the smallest integer with K% |A| < 2, we see that
the cardinality of the final vector space ;' is within a constant factor 2K 25 of |A|. In contrast,
A initially lived in a space F that could potentially be much larger.

Proof. It is easy to check that the following are equivalent for a linear map ¢: F} — F}":

(1) ¢ is a Freiman s-isomorphism when restricted to A.

(2) ¢ is injective on sA.

(3) ¢(x) # 0 for all nonzero x € sA — sA.

Then let ¢: F} — ' be a linear map chosen uniformly at random. Each nonzero
x € sA — sA violates condition (3) with probability 27". Since there are < 2 nonzero
elements in sA — sA by hypothesis, (3) is satisfied with with positive probability. Therefore,
the desired Freiman s-isomorphism exists. O

Starting with A C Z of small doubling, we will find a large fraction of A that can be
modeled inside a cyclic group whose size is comparable to |A|. It turns out to be enough to
model a large subset of A rather than all of A. We will apply the Ruzsa covering lemma later
on to recover the structure of the entire set A.
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Theorem 7.7.3 (Ruzsa modeling lemma)

Let A C Z. Lets > 2 and N be positive integers. Suppose |sA — sA| < N. Then there
exists A’ C A with |A’| > |A| /s such that A’ is Freiman s-isomorphic to a subset of
Z/NZ.

Proof. Choose any prime g > max(sA — sA). For every choice of 1 € [¢g — 1], we define ¢,
as the composition of functions as follows

-1
b= 72 7107 A 7)q7 D 01, g -1}

The first map is the mod ¢ map. The second map sends x to Ax. The last map inverts the mod

gqmapZ — Z/qZ.

If A € [¢g — 1] is chosen uniformly at random, then each nonzero integer is mapped to a
uniformly random element of [¢ — 1] under ¢,, and so is divisible by N with probability
< 1/N. Since there are fewer than N nonzero elements in sA — sA, there exists a choice of A
so that

Nt ¢(x) for any nonzero x € sA — sA. (7.7.1)

Let us fix this A from now on and write ¢ = ¢,.

Among the three functions whose composition defines ¢, the first map (i.e., mod ¢) and the
second map (-1 in Z/qgZ) are group homomorphisms, and hence Freiman s-homomorphisms.
The last map is not a Freiman s-homomorphism, but it becomes one when restricted to an
interval of at most ¢g/s elements (see Proposition 7.6.6). By the pigeonhole principle, we can
find an interval / with

diam/I < g/s
such that
A'={acA: ¢(a)el}

has > |A| /s elements. So ¢ sends A’ Freiman s-homomorphically to its image.
We further compose ¢ with the mod N map to obtain

mod g

v:Z-210,1,...,9- 1) =% 7/NZ.

We claim that i maps A’ Freiman s-isomorphically to its image. Indeed, we saw that ¢ is a
Freiman s-homomorphism when restricted to A’ (since both ¢| 4 and the mod N map are).
Now suppose aj, ..., as,aj,...,a; € A’ satisty

Y(a) +--+ylay) =¢(ay) +---+y(ay),
which is the same as saying that N divides
yi=¢(a) +---+¢la) —dlay) - — ¢(ay) € Z.

By swapping (a,...,a,) with (aj,...,a}) if needed, we may assume that y > 0. Since
¢(A") C I, we have |¢(a;) — ¢(a})| < diam I < g/s for each i, and thus

0<y<g.
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Let
X=a,+---+as—a;—---—a, € sSA—sA.

Since ¢ mod g is a group homomorphism,

¢(x) = ¢p(ar) +---+¢(as) —p(a) = —¢(a;) =y (mod g).
Since
¢(x),y€[0,g)NZ and ¢(x) =y (mod g),

we have ¢(x) = y. Since N divides y = ¢(x), and by (7.7.1), N { ¢(x) for any nonzero
x € sA — sA, we must have x = 0. Thus

’ ’

ar+---+as=ay+---+a..
Hence A’ is a set of size > |A| /s that is Freiman s-isomorphic via ¢ to its image inZ/NZ. O

Exercise 7.7.4 (Modeling arbitrary sets of integers). Let A C Z with |A| = n.
(a) Let p be a prime. Show that there is some integer ¢ relatively prime to p such that
llat/pllg/z < p~'/" for all a € A.
(b) Show that A is Freiman 2-isomorphic to a subset of [ N] for some N = (4 + o(1))".
(c) Show that (b) cannot be improved to N = 2"~2.
(You may use the fact that the smallest prime larger than m has size m + o(m).)

Exercise 7.7.5 (Sumset with 3-AP-free set). Let A and B be n-clement subsets of the
integers. Suppose A is 3-AP free. Prove that |A + B| > n(loglogn)'/'% provided that n is
sufficiently large.

Wel09y) 5,10y “Bwwa] [2pow eszny “AEnbaur s axoeuun|q ‘Anenbaur aFueLn BSZMY UIH

Exercise 7.7.6 (3-AP-free subsets of arbitrary sets of integers). Prove that there is some

constant C > 0 so that every set of n integers has a 3-AP-free subset of size > ne ¢ Viee",

7.8 Iterated Sumsets: Bogolyubov’s Lemma

The goal of this section is to find a large Bohr set inside 2A —2 A, provided that A is a relatively
large subset of Z/NZ. The idea is due to Bogolyubov (1939).

Let us first explain what happens in the finite field model. Let A C F} with |A| > 2" (we
think of @ as a constant for now). Since A is arbitrary, we do not expect it to contain any large
subspaces. But perhaps A + A always does.

Question 7.8.1 (Large structure in A + A)

Suppose A C F} and |A| = @2" where « is a constant independent of 7. Must it be the
case that A + A contains a large subspace of codimension O, (1)?

The answer to the above question is no, as evidenced by the following example. (Niveau is
French for level.)
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Example 7.8.2 (Niveau set). Let A be the set of all points in F} with Hamming weight (number
of 1 entries) at most (n — c4/n) /2. Note by the central limit theorem |A| = (a + 0(1))2" for
for some constant @ = a(c) € (0, 1). The sumset A + A consists of points in the boolean
cube whose Hamming weight is at most #n — ¢/n and thus does not contain any subspace of
codimension < ¢y/n, by Lemma 6.5.4.

It turns out that the iterated sumset 2A — 2A (same as 4A in ) always contains a bounded
codimensional subspace. The intuition is that taking sumsets “smooths” out the structure of a
set, analogous to how convolutions in real analysis make functions more smooth.

f M
R A N
fxfxf ‘/&/—
fefefes E/\Aﬁ

Recall some basic properties of the Fourier transform. Given A C F, with |[A[ = ap”, we
have

1.0 =a,
and by Parseval’s identity

DUTA(P = Eemy 140 = .

n
reF})

We write w = exp(2ni/p) in the proof below.

Theorem 7.8.3 (Bogolyubov's lemma in F’))
If A CF) and |A] = ap” > 0, then 2A — 2A contains a subspace of codimension < 1/ o’

Proof. Let
f=Taxlax1_4%1_4,
which is supported on 2A — 2A. By the convolution identity (Theorem 6.1.7), noting that

T_:(r) = E(r), we have, for every r € F},
Fr) =Ta()" 1A = [Ta ().
By the Fourier inversion formula (Theorem 6.1.2), we have

1) = 0 Fre™ = ) Tl

n n
reFy, refy,
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It suffices to find a subspace where f is positive since f(x) > 0 implies x € 2A — 2A. We
will take the subspace defined by large Fourier coefficients. Let

R= {r e FI\{0} : [Ta(r)] > a'3/2} .
We can bound the size of R using Parseval’s identity:

R’ < Y ITa()P < Y ITa()P =Bl = .

reR reFy
So
IR| < 1/a”.
If r ¢ R U {0}, then [1,(r)| < a*?. So, applying Parseval’s identity again,
2, L@l < max [P ) (TP
r¢RU{0} reRU{0} r¢RU{0}
3 TR — A3 2_ 4
<a’ ) TP = @Bulla@)f = o,

reFy
Thus, for all x € R+, so that x - r = 0 for all » € R, we have

HOESNINGIR e

reFy
> [T+ Y [Ta) = > [Ta)f

reR réRU{0}
>a*+0-a*
> 0.

Thus R+ C supp(f) = 2A —2A. Since |R| < 1/a?, we have found a subspace of codimension
< 1/a? contained in 24 — 2A. i

To formulate an analogous result for a cyclic group Z/NZ, we need the notion of a Bohr
set, which was mentioned earlier in the context of Roth’s theorem (Remark 6.4.7).

Definition 7.8.4 (Bohr sets in Z/NZ)
Let R C Z/NZ. Define

Bohr(R,e) = {x € Z/NZ: |[rx/N|lz)z < &,forall r € R}

where |||,z denotes the distance to the nearest integer. Its dimension is |R| and width is
. (Strictly speaking, the definition of a Bohr set includes the data of R and € and not just
the set of elements above.)

Bogolyubov’s lemma holds over Z/NZ after replacing subspaces by Bohr sets. Note that
the dimension of a Bohr set of Z/NZ corresponds to the codimension of a subspace in F.

Theorem 7.8.5 (Bogolyubov’s lemma in Z/ NZ)

If A CZ/NZand |A| = aN then 2A — 2A contains some Bohr set Bohr(R, 1/4) with
IR| < 1/a?.
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With the right setup, the proof is essentially identical to that of Theorem 7.8.3.
Given f : Z/NZ — C, we define its Fourier transform to be the function f : Z/NZ — C
given by

F(r) = Beegynzf ()™

where w = exp(2ni/N). Fourier inversion, Parseval’s identity, and the convolution identity
all work the same way.

Proof. Let
f:]A*lA*l_A*l_A,

which is supported on 2A — 2A. By the convolution identity, for every r € Z/NZ,

Fr) = T2 (NT2A(r) = [Ta(r)]*.

By Fourier inversion, we have (noting that f is real-valued)

fy= > fe~= 3 L)l

reZ/NZ r€Z/NZ
Let
R= {r € Z/NZ\{0} : [T2(r)| > a3/2} :

As earlier, we can bound the size of R using Parseval’s identity:

[Rla® < Y ITa(P < 3 [Ta(n)F = B0 = a.

reR refy,
So
IR| < 1/a?.
We have
DUl <e® Y )P <o,
r¢RU{0} r¢RU{0}

For all x € Bohr(R, 1/4), every r € R satisfies ||rx/N||g/z < 1/4, and so cos(2xrx/N) = 0.
Thus every x € Bohr(R, 1/4) satisfies

f@)y= > Ma@)fo™

reZ/NZ
> [T + Y [Ta)l = > [Tar)f?

reR r¢RU{0}
>a*+0-a'>0.
Hence Bohr(R, 1/4) C 2A - 2A. O
Remark 7.8.6 (lterated sumsets and Goldbach conjecture). The above proof hints at why it is
easier to understand the iterated sumset kA when k& > 3 than k = 2 (roughly speaking, we

need two iterations to just apply Parseval, and the extra room is helpful). Exercise 7.8.7 below
shows that the three-fold iterated sumset of every large subset of F), contains a large affine
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subspace (we do not always have a large subspace since the origin is not necessarily even in
3A).

A related phenomenon arises in Goldbach conjecture. Let P denote the set of primes. The
still open Goldbach conjecture states that P + P contains all sufficiently large even integers.
On the other hand, Vinogradov (1937) showed that P + P + P contains all sufficiently large
odd integers (also known as the weak or ternary Goldbach problem).

Our next goal is to find a large GAP in the Bohr set produced by Bogolyubov’s lemma. To
do this, we need some results from the geometry of numbers.

Exercise 7.8.7 (Bogolyubov with 3-fold sums). Let A C F), with [A| = ap". Prove that
A+ A + A contains a translate of a subspace of codimension O (a73).

Exercise 7.8.8 (Bogolyubov with better bounds). Let A C F}, with |[A| = ap”.
(a) Show that if |[A+A| < 0.99 - 2", then there is some r € F), \ {0} such that
[TA(r)| > ca®? for some absolute constant ¢ > 0.
(b) By iterating (a), show that A + A contains 99% of a subspace of codimension
O(a™'?).
(c) Deduce that 2A — 2A contains a subspace of codimension O (a~'/?).

7.9 Geometry of Numbers

We will need some results concerning lattices and convex bodies belonging to a topic in
number theory called the geometry of numbers.

Definition 7.9.1 (Lattice)
A lattice in R? is a set of the form

A = 7w, @---@Zvd:{n1v1+---+ndvd:nl,...,nd GZ}
where vy, ...,v, € R? are linearly independent vectors.
The fundamental parallelepiped of a lattice A with respect to the basis vy, ...,v4 18
{X]Vl +r+XgVg P X1, ., Xg € [0, 1)} .

The determinant of this lattice is defined to be

det A :=|det|v; -+ vyu

This is the absolute value of the determinant of a matrix with vy, ..., v, as columns.

Given a lattice, there are many choices of a basis for the lattice. The determinant of a
lattice does not depend on the choice of a basis, and equals the volume of every fundamental
parallelepiped. Translations of the fundamental parallelepiped by lattice vectors tiles (i.e.,
partitions) the space.

An example of a lattice is illustrated below. Two different fundamental parallelepipeds are
shaded.
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Let A C R? be a lattice. Let K € R be a centrally symmetric convex body (here centrally
symmetric means that —x € K whenever x € K). Foreach 1 > 0, let AK = {Ax : x € K} be
the dilation of K by a factor A.

As illustrated below, imagine an animation where at time 1 we see AK. This growing
convex body initially is just the origin, and at some point it sees its first nonzero lattice point
b,. Let us continue to grow this convex body. Later, at some point, it sees the first lattice point
b, in a new dimension not seen previously. And we can continue until the convex body grows
big enough to contain lattice points that span all directions.

The process of dilating a convex body motivates the next definition.

Definition 7.9.2 (Successive minima)
Let A be a lattice in R and K € R a centrally symmetric convex body. For each
1 <i < d, the i-th successive minimum of K with respect to A is defined to be

A; = inf{d > 0 : dim(span(1K N A)) > i}.

Equivalently, 4; is the minimum A such that AK contains i linearly independent lattice

vectors from A.
A directional basis of K with respect to A is abasis by, . .., b; of R such thatb; € 1,K

foreachi=1,...,d.

Note that there may be more than one possible directional basis.

Example 7.9.3 (A directional basis does not necessarily generate the lattice). Letey, ..., eg
be the standard basis vectors in R3. Let v = (e; + - - - + eg) /2. Consider the lattice

A=Ze & - ®Ze; ®Zv =78+ {0,v}.

Let K be the unit ball in R®. Note that the directional basis of K with respectto Ais ey, ..., eg,
as all nonzero lattice points in A have length > 1 (in particular, [v| = V2). This example
shows that the directional basis of a convex body K is not necessarily a Z-basis of A.
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In the next section, we will apply the following fundamental result from the geometry of
numbers (Minkowski 1896).

Theorem 7.9.4 (Minkowski’s second theorem)

Let A € R be alattice and K C R a centrally symmetric convex body. Let 1, < --- < A4
be the successive minima of K with respect to A. Then

Ay ... Agvol(K) < 2%det(A).

Example 7.9.5. Note that Minkowski’s second theorem is tight when
1 1 1 1
K = _ ) — %X |-, —
A A Aa A
and A is the lattice Z¢.

We will prove this theorem in the remainder of the section. The proof, while not long, is
rather tricky. Feel free to skip the proof and jump to the next section.

Here is a simple geometric pigeonhole principle (Blichfeldt 1914).

Theorem 7.9.6 (Blichfeldt’s theorem)
Let A C R? be a lattice and K C R? be a measurable set with vol(K) > det(A). Then
there are distinct points x,y € K withx —y € A.

Proof. Fix a fundamental parallelepiped P. Then v + P tiles R¢ as v ranges over A. Partition
K by this tiling. For the portion of K lying in v + P, translate it by —v to bring it back to P.
Then the parts of K all end up back in P via translations by lattice vectors. Since
vol K > vol P = det A, some distinct pair of points x, y € K must end up at the same point of
P. This then implies that x — y € A. O

Here is an easy corollary (though we will not need it).

Theorem 7.9.7 (Minkowski’s first theorem)
Let A be a lattice in R? and K € R a centrally symmetric convex body. If vol(K) >
24 det(A), then K contains a nonzero point of A.

Proof. We have vol(%K ) =274 vol(K) > det(A). By Blichfeldt’s theorem there exist distinct
X,y € %K such that x — y € A. The point x — y is the midpoint of 2x and —2y, both of which lie
in K (using that K is centrally symmetric) and hence x — y lies in K (since K is convex). 0O

Note that Minkowski’s first theorem is tight for K = [—1, 1]¢ and Z¢.

Proof of Minkowski’s second theorem (Theorem 7.9.4). The idea is to grow K until we hit a
point of A, and then continue growing, but only in the complementary direction. However
rigorously carrying out this procedure is very tricky (and easy to get wrong).

In the argument below, K is open (i.e., does not include the boundary). Fix a directional
basis by, ...,b,. Foreach 1 < j < d, define map ¢; : K — K by sending each point x € K
to the center of mass of the (j — 1)-dimensional slice of K which contains x and is parallel to
spang{by,...,b;_;}. In particular, ¢, (x) = x for all x € K.
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Define a function ¢ : K — R by

(A -,
v (x) =Z(’T“)¢j<x),

=1

where by convention we let 1p = 0.

Forx = x;by +--- + x4by € R? with xq, ..., x4 € R, we have
¢ (x) = ch,i(-xja .o Xa)b; +inbi
i<y isy

for some continuous functions c; ;. By examining the coefficient of each b;, we find

) (Aixi
W(X) = Z (Tx +wi(xi+l’ R ,Xd)) bi

=1
for some continuous functions ¥; (X1, . . ., X4), so its Jacobian 9y (x)/0x; with respect to
the basis (by, ..., b,) is upper triangular with diagonal (1,/2,...,14/2). Therefore

Ay -1
vol y (K) = % vol K. (7.9.1)

For any distinct points x = ), x;b;, y = ), y;b; in K, let k be the largest index such that
X # yi. Then ¢;(x) agrees with ¢;(y) foralli > k. So

(¢j(X) —¢j(Y))

d
VX = 0(y) = ) (A = ) (5

J=1

k ) g k
:Z(/lj—/lj_l) (M) EZ(/IJ_/]'j—l)K:/le'
=1 =1

The € step is due to K being centrally symmetric and convex. The coefficient of b, in

(W (x) —¢(y)) is A(xx = yi)/2 # 0. So Y(x) — ¥(y) ¢ spang{bi,by,...bxi}. But we
just saw that ¥ (x) — ¥ (y) € 4K Recall that K is open, and also 1, K N A is contained in

spang{b;,b,,...b,_;}. Thus ¢ (x) — ¢ (y) ¢ A.
So ¢ (K) contains no two points separated by a nonzero lattice vector. By Blichfeldt’s
theorem (Theorem 7.9.6), we deduce vol ¥ (K) < det A. Combined with (7.9.1), we deduce

Ay Agvol K <29 voly(K) < 29 detA. O

7.10 Finding a GAP in a Bohr Set

Now we use Minkowski’s second theorem to prove that a Bohr set of low dimension contains
a large GAP.

Theorem 7.10.1 (Large GAP in a Bohr set)
Let N be a prime. Every Bohr set of dimension d and width & € (0, 1) in Z/NZ contains
a proper GAP with dimension at most  and volume at least (¢/d)* N.
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Proof. LetR ={ry,...,rq} C Z/NZ. Recall that
Bohr(R, &) = {x €Z/NZ: ||xr/N||gjz < eforallr € R} .

Let
(l"] rd)
v=_—,...,—].
N N
Thus for each x =0, 1,..., N — 1, we have x € Bohr(R, &) if and only if some element of
xv +7Z4 lies in [-¢, ]¢.
Let

A=Z%+Zv CRY

be a lattice consisting of all points in R? that are congruent mod 1 to some integer multiple of
v. Note det(A) = 1/N since there are exactly N points of A within each translate of the unit
cube. We consider the convex body K = [—¢, s]" .LetA,,...,1, be the successive minima
of K with respect to A. Let by, ..., b, be the directional basis. We know

IIb;llee < A& forall j.

Foreachl < j <d,letL; =[1/(1;d)].1f0 < [; < L; then
e

7

If we have integers /4, ...,[l; with 0 < [; < L, for all i then

”ljbj”oo <

||l1b1 + -+ ldbd”oo <e&.

For each 1 < j < d, there is some 0 < x; < N so thatb; € x,;v + Z%, so its i-th coordinate
lies in x;7;/N + Z4. The i-the coordinate in the above L* bound gives

(hxy+ -+ lgxg)r;

< gforalli.
N

R/Z

Thus, the GAP
Lixi + -+ lyxg, 0<l;<L;foreachl <i<d

is contained in Bohr(R, ). It remains to show that this GAP is large and proper. It volume is,
applying Minkowski’s second theorem,

1 . vol(K)  (2e) (8)d
Ao Ag-d? T 2ddet(A)d?  24(1/N)d? \d
Now we check that the GAP is proper. It suffices to show that if

Li---Lp>

l|x1+--~+ldxdEl{x]+--'+l;xd (mod N),
then we must have /; = [{ for all i. Setting
b= (L —I)by+-+(a—1))ba,

we have b € Z4. Furthermore

d
1
Iblle < ), 5 Ibille <& <1,
; /lld
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so actually b must be 0. Since by, . . ., b, is a basis we must have /; = [ for all i, as desired. O

7.11 Proof of Freiman’s Theorem

We are now ready to prove Freiman’s theorem by putting together all the ingredients in this
chapter. Let us recall what we have proved.

e Pliinnecke’s inequality (Theorem 7.3.1): |[A+ A| < K|A| implies |mA —nA| <
K™ |A| for all m,n > 0.

e Ruzsa covering lemma (Theorem 7.4.1): if |X + B| < K |B|, then there exist some
T C X with |T| < Ksuchthat X C T+ B - B.

e Ruzsa modeling lemma (Theorem 7.7.3): if A C Z and |sA — sA| < N, then there
exists A” C A with |[A’| > |A| /s such that A’ is Freiman s-isomorphic to a subset of
Z/NZ.

e Bogolyubov’s lemma (Theorem 7.8.5): for every A C Z/NZ with |A| = aN, 2A - 2A
contains some Bohr set with dimension < 1/a? and width 1/4.

e By a geometry of numbers argument (Theorem 7.10.1), for every prime N, every Bohr
set of dimension d and width € € (0, 1) contains a proper GAP with dimension < d and
volume > (g/d)¢N.

Now we will prove Freiman’s theorem. We restate it below with the bounds that we will
prove.

Theorem 7.11.1 (Freiman’s theorem)

Let A C Z be a finite set satisfying |[A + A| < K |A|. Then A is contained in a GAP
of dimension at most d(K) and volume at most f(K) |A|, where d(K) < exp(K€) and
f(K) < exp(exp(K©)) for some absolute constant C.

Proof. By Pliinnecke’s theorem, we have |8A — 8A| < K'®|A|. Let N be a prime with
K'®|A| < N < 2K'®|A] (it exists by Bertrand’s postulate). By Ruzsa modeling lemma, some
A’ C A with |A’| = |A| /8 is Freiman 8-isomorphic to a subset B of Z/NZ.

Applying Bogolyubov’s lemma on B C Z/NZ, with

B _ 141, 1AL, 1

N N ~— 8N ~ 16K’
we deduce that 2B — 2B contains a Bohr set with dimension < 256K3? and width 1/4. By
Theorem 7.10.1, 2B — 2B contains a proper GAP with dimension d < 256K3? and volume
> (4d)™¢N.

Since B is Freiman 8-isomorphic to A’, 2B — 2B is Freiman 2-isomorphic to 2A” — 2A’
(why?). Note GAPs are preserved by Freiman 2-isomorphisms (why?). Hence, the proper
GAP in 2B — 2B is mapped to a proper GAP Q € 2A’ —2A’ with the same dimension (< d)
and volume (> (4d)"*N). We have

|A| < 8]A’| < 8N < 8(4d)?|0|.
Since Q € 2A’ —2A" € 2A - 2A, we have Q + A C 3A — 2A. By Pliinnecke’s inequality,

|0 +A| < |3A -24| < K°|A| < 8K°(4d)? Q] .
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By the Ruzsa covering lemma, there exists a subset X of A with |X| < 8K3(4d)? such that
A C X +Q — Q. Itremains to contain X + Q — Q in a GAP.

By using two elements in each direction, X is contained in a GAP of dimension | X| — 1
and volume < 2X1-! Since Q is a proper GAP with dimension d < 256K3? and volume
< |2A - 2A| < K*|A|, Q — Q is a GAP with dimension d and volume < 2¢K* |A|. It follows
that A C X + Q — Q is contained in a GAP with

dimension < |X| - 1+d < 8(4d)K°> +d -1 = K

(recall d < 256K*?) and

o(l)
volume < 2XI1+d g4 14| = " |A]. O

The following exercise asks to improve the quantitative bounds on Freiman’s theorem.

Exercise 7.11.2 (Improved bounds on Freiman’s theorem). Using a more efficient covering
lemma from Exercise 7.4.3, prove Freiman’s theorem with d(K) = K° and f(K) =
exp(K9W).

7.12 Polynomial Freiman—Ruzsa Conjecture

Here we explain one of the biggest open problems in additive combinatorics, known as
the polynomial Freiman—Ruzsa conjecture. As mentioned in Remark 7.1.11, we already
have nearly optimal bounds f(K) = K'**") and d(K) = exp(K'**") on Freiman’s theorem.
However, one can reformulate Freiman’s theorem with significantly better quantitative
dependencies.

PFR in the finite field model

Let us first explain what happens in the finite field model ;. Theorem 7.5.1 showed that if
A C F} has |A+ A| < K|A], then A is contained in a subspace of cardinality < f(K) |A]. As
mentioned in Remark 7.5.2, the optimal constant is known and satisfies f(K) = ®(22X/K). An
example requiring this bound is A C F""*" definedby A = {ey,...,e,} XF}' (wheree, ... e,
are the coordinate basis vectors of F}). Here K = |[A + A[ /|A| ~ n/2 and [(A)| = (2"/n) |A].
However, instead of trying to cover A by a single subspace, we can easy cover A by a small
number of translates of a subspace with size comparable to A, namely A is covered by
{e1} xEY, ..., {e,} x F}', which are translates of each other and each has size < |A].

The Polynomial Freiman—Ruzsa conjecture in ) proposes a variant of Freiman’s theorem
with polynomial bounds, where we are only required to cover a large fraction of A. Ruzsa
(1999) attributes the conjecture to Marton.

Conjecture 7.12.1 (Polynomial Freiman—Ruzsa in F5)
If A CF},and |A + A| < K |A], then there exists a subspace V C Fj with [V| < |A] such
that A can be covered by KV cosets of V.

The best current result says that in Conjecture 7.12.1 one can cover A by exp((log K)?")
cosets of V (Sanders 2012). This is called a quasipolynomial bound.
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This conjecture has several equivalent forms. Here we give some highlights. For more
details, including proofs of equivalence, see the online note accompanying Green (2005¢)
titled Notes on the Polynomial Freiman—Ruzsa Conjecture.

For example, here is a formulation where we just need to use one subspace to cover a large
fraction of A.

Conjecture 7.12.2 (Polynomial Freiman—-Ruzsa in F})
If A C F},and |A + A| < K |A], then there exists an affine subspace V C F} with [V| < |A|
such that [V N A| > K9 |A].

Proof of equivalence of Conjecture 7.12.1 and Conjecture 7.12.2. Conjecture 7.12.1 implies
Conjecture 7.12.2 since by the pigeonhole principle, at least one of the cosets of V covers
> K9 fraction of A.

Now assume Conjecture 7.12.2. Let A C Fj with |[A+ A| < K|A|. Let V be as in
Conjecture 7.12.2. By the Ruzsa covering lemma (Theorem 7.4.1) with X = Aand B=VNA
wefind7 C X with |[T| < |X+B|/|X| <|A+A|/|A| < Ksuchthat ACT+B—-BCT+V.
The conclusion of Conjecture 7.12.1 holds. O

Here is another attractive equivalent formulation of the polynomial Freiman—Ruzsa
conjecture in IFJ.

Conjecture 7.12.3 (Polynomial Freiman—Ruzsa in [F5)
If f:F) — F} satisfies

{fG,y) = f() = f(y) ix,y e B} <K,

then there exists a linear function g : F; — [F)) such that

|{f(x) -gx):xe F§}| < KOO,

In Conjecture 7.12.3, it is straightforward to show a bound of 2¥ instead of K°(", since
we can extend f to a linear function based on its values at some basis.

To state our third reformulation, we need the notion of the Gowers uniformity norm. Given
a finite abelian group I', and f: I' — C, define the U® uniformity norm of f by

L g = | By yoys S OS2+ y0) f (6 + 32) f(x + y3)-

1/8

Sy ) e+ yi+y3) f(x+y2+y3) f(x +y1+y2+y3)

The U? norm plays a central role in Gowers’ proof of Szemerédi’s theorem for 4-APs (the U
norm is also discussed in Exercise 6.2.14).

If f: F} — {-1,1} given by f(x) = (—1)™) where g is a quadratic polynomial in n
variables over F, (e.g., x; + x;x; + - - - ), then it is not hard to check that the expression in
the expectation above is identically 1 (it comes from taking three finite differences of g). So
Il £ll» = 1. For proving Szemerédi’s theorem for 4-APs, one would like a “1% inverse result”
showing that any f: F} — [—1, 1] satisfying || f||;s > 6 must correlates with some quadratic
polynomial phase function (—1)?®). Such a result is known but it remains open to find optimal
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quantitative bounds. The polynomial Freiman—Ruzsa conjecture in ] is equivalent to a U 3
inverse statement with polynomial bounds (Green & Tao 2010b; Lovett 2012).

Conjecture 7.12.4 (U? inverse with polynomial bounds)
If f:F} — Cwith || f|l, < Land || flly, 2 1/K, then there exists a quadratic polynomial
q(x1,...,x,) over F, such that

[Exery f () (=1)7W| = K00

Remark 7.12.5 (Quantitative equivalence). It is known that the bounds in each of the above
conjectures are equivalent to each other up to a polynomial change. This means that if one
statement is true with conclusion < f(K) then all the other statements are true with conclusion
< Cf(K)€ (appropriately interpreted) with some absolute constant C.

PFR in the integers

Now we formulate the polynomial Freiman—Ruzsa conjecture in Z instead of F]. It is not
enough to use GAPs (Lovett & Regev 2017). Instead, we need to consider convex progressions.

e o o o o o o —_ oo eeees  occcece secccce soscece cecee oo

7

Definition 7.12.6 (Convex progression)
A centered convex progression in an abelian group I is defined to be an affine map

$:72°NB—>T

where B is a centrally symmetric convex body. We define its dimension to be d and its
volume to be |Z¢ N B.

Conjecture 7.12.7 (Polynomial Freiman—Ruzsa conjecture in Z)
If A C Z satisfies |[A + A| < K |A|, then one can cover A using K°! translates of some
centered convex progression of dimension O (log K) and volume at most |A]|.

More generally, one can formulate the polynomial Freiman—Ruzsa conjecture in an arbitrary
abelian group.

Definition 7.12.8 (Centered convex coset progression)

In an abelian group, a centered convex coset progression is a set of the form P + H, where
P is a centered convex progression and H is a subgroup. Its dimension is defined to be
the dimension of P, and is volume is defined to be |H| vol P.
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Conjecture 7.12.9 (Polynomial Freiman—Ruzsa conjecture in abelian groups)

If A is a finite subset of an abelian group satisfying |A + A| < K |A|, then one can cover A
using K°( translates of some centered convex coset progression of dimension O (log K)
and volume at most |A]|.

For both Conjecture 7.12.7 and Conjecture 7.12.9, the best current result uses exp( (log K)° (")
translates and dimension bound (log K)°" (Sanders 2012, 2013).

7.13 Additive Energy and the Balog—Szemerédi—-Gowers Theorem

We introduce a new way of measuring additive structure by counting the number of solutions
to the equationa +b = c +d.

Definition 7.13.1 (Additive energy)
Let A be a finite set in an abelian group. Its additive energy is defined to be

E(A) :=|{(a,b,c,d) e AXAXAXA:a+b=c+d}|.

Remark 7.13.2. The additive energy of A counts 4-cycles in the bipartite Cayley graph with
generating set A. It is called an “energy” since we can write it as an L? quantity

E(A) =) ra(x)?

x
where
ra(x) ={(a,b) e AXA:a+b=x}
is the number of ways to write x as the sum of two elements of A.
We have the easy bound
2141 - |A| < E(A) < |A].

The lower bound is due to trivial solutions @ + b = a + b and a + b = b + a. The lower bound
is tight for sets without non-trivial solutions to a + b = ¢ + d. The upper bound is due to d
being determined by a, b, c when a + b = ¢ + d. It is tight when A is a subgroup.

Here is the main question we explore in this section.

Question 7.13.3

What is the relationship between small doubling and large additive energy? (Both encode
some notion of “lots of additive structure.”)

One direction is easy.

Proposition 7.13.4 (Small doubling implies large additive energy)
Let A be a finite subset of an abelian group satisfying |A + A| < K |A|. Then

AP
E(A) > —.
()_K
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Proof. Using r4(x) from Remark 7.13.2, By the Cauchy—Schwarz inequality

2
! AFF | 1AP
)= ) rA<X>22m( 2 ’A@f)) Al K °

X€EA+A XEA+A

The next example shows that the converse does not hold.
Example 7.13.5 (Large additive energy does not imply small doubling). The set
A=[NJU{2N+1,2N+2,...,2N +2"}

is the union of a set of small doubling and a set withour no additive structure. The first
component has large additive energy, and so E(A) = @(N?). On the other hand, the second
component gives large doubling |A + A| = O(N?).

However, we do have a converse if we allow passing to large subsets. Balog & Szemerédi
(1994) showed that every set with large additive energy must contain a large subset with small
doubling. Their proof used the regularity method required tower-type dependencies on the
bounds. Gowers (2001) gave a new proof with much better bounds, and this result played a
key role in his work on a new proof of Szemerédi’s theorem. We will see Gowers’ proof here.
The presentation stems from Sudakov, Szemerédi, & Vu (2005).

Theorem 7.13.6 (Balog—Szemerédi—-Gowers theorem)
Let A be a finite subset of an abelian group satisfying

E(A) > |A]’ /K.
Then there is a subset A’ C A with

|A’| > K °V Al and |A"+A’| < KW |A].

We will prove a version of the theorem allowing two different sets. Given two finite sets A
and B in an abelian group, define their additive energy to be

E(A,B) :=|{(a,b,a’,b’) e AXBXAXB:a+b=a +b'}|.
Then E(A, A) = E(A).

Theorem 7.13.7 (Balog—Szemerédi—-Gowers theorem)
Let A and B be finite subsets of the same abelian group. If |A|, |B| < n and

E(A,B) > n’/K

then there exist subsets A’ C A and B’ C B with

|A'|,IB'| > K™%0 and |A'+B'| < KOUWn.

Proof that Theorem 7.13.7 implies Theorem 7.13.6. Suppose E(A) > |A|’ /K. Apply Theo-
rem 7.13.7 with B = A to obtain A’, B’ C A with |A’|,|B’| > K°|A| and |A’ + B’| <
K9 |A|. Then by Corollary 7.3.6, a variant of the Ruzsa triangle inequality, we have

|A” + B'|?

A7+ A <
|B’|

< K°M 4],



264 Structure of Set Addition
O

We will prove Theorem 7.13.7 by setting up a graph.

Definition 7.13.8 (Restricted sumset)
Let A and B be subsets of an abelian group and let G be a bipartite graph with vertex

bipartition A U B. We define the restricted sumset A +¢ B to be the set of sums along

edges of G:
A+g B:={a+b:(a,b) € AX Bisanedgein G}.

Here is a graphical version of the Balog—Szemerédi—Gowers theorem

Theorem 7.13.9 (Graph BSG)
Let A and B be finite subsets of an abelian group and let G be a bipartite graph with

vertex bipartition A U B. If |A|, |B| < n,

2
e(G)z% and  |A+c B| < Kn,

then there exist subsets A’ C A and B’ C B with

|A’],|B'| > K°Yn and |A"+B|<K°WVn.

Proof that Theorem 7.13.9 implies Theorem 7.13.7. Denote the number of ways to write x as

a+ b by
rap(x):={(a,b) e AXB:a+b=x}|.
Consider the “popular sums”
n
S = {X€A+B VAB(x)Zﬁ}

Build a bipartite graph G with bipartition A U B such that (a, b) € A X B is an edge if and
onlyifa+b e S.
We claim that G has many edges, by showing that “unpopular sums” account for at most

half of E (A, B). Note that
<E(AB)= ) rap®)?+ Y rap®)?

I’l
K x€eS x&S

Because 74 g(x) < n/(2K) when x ¢ S, we can bound the second term as

(7.13.1)

3
n
< — < —|A||B
;m(x) ZKZrABu)_ 7 141181 < 2.
and setting back into (7.13.1) yields

—<ZrAB(x) +—

x€eS

3

n
ZTA p(x)* > 3K

xeS

and so



7.13 Additive Energy and the Balog—Szemerédi—Gowers Theorem 265

Moreover, because r4 g(x) < |A| < n for all x, it follows that
ra B(JC)2 n?
G) = > _ > —.
e(G)= ) ran(0) 2 ) T o
xeS xeS
Furthermore, A +g B C S,
n
— |A+ B| < |A||B| < n?,
A+ Bl < 1A]1B] < n

s0 |A +¢ B| < 2Kn. Hence, we can apply Theorem 7.13.9 to find sets A” C Aand B’ C B
with the desired properties. O

Proof of graph BSG

The remainder of this section will focus on proving BSG (Theorem 7.13.9). We begin with a
few lemmas.

Lemma 7.13.10 (Path of length 2 lemma)

Let d,& > 0. Let G be a bipartite graph with vertex bipartition A U B and at least § |A| | B|
edges. Then there is some U C A with |U| > 6 |A| /2 such that at least (1 — &)-fraction of
the pairs (x,y) € U? have at least £5? | B| /2 neighbors common to x and y.

The proof uses the dependent random choice technique from Section 1.7. Instead of
quoting theorems from that section, let us prove the result from scratch.

. %é
o

Proof. Say that a pair (x,y) € A?is “unfriendly” if it has < £6% | B| /2 common neighbors.
Choose v € B uniformly at random and let U = N(v) be its neighborhood in v. We have

N

T
S~

G
E|U|=E [N = eI(BI) > 6|A|.
For each fixed pair (x,y) € A2, we have
d bl
P(x.y € U) = P(x,y € N(v)) = %

Soif (x, y) is unfriendly, then P(x, y € U) < £6%/2. Let X be the number of unfriendly pairs
(x,y) € U%. Then

862 2
EX = Z P(x.y € U) < - AP,

(x,y)eA?
unfriendly
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Hence, we have

EX 62

X
E[|U|2—E > (E|U|)2—? > 3|A|2-

So for some v € B, U = N(v) satisfies

X _ ¢
UP* - = > —A]*.
€ 2

Then this U C A satisfies |U]* > 62|A|* /2, and so |U| > & |A| /2. Moreover, we have
X < £|U)?, so at most e-fraction of pairs (x, y) € U? are unfriendly. O

Lemma 7.13.11 (Path of length 3 lemma)

Let 6 > 0. Let G be a bipartite graph with vertex bipartition A U B and at least § |A| | B|
edges. Then there are subsets A’ C A and B’ C B with |A’| > ¢6€ |A| and |B’| > ¢6€ |B|.
such that the number of 3-edge paths joining every pair (a,b) € A’ X B’ is at least
c6€ |A||B|, and Here ¢, C > 0 are absolute constants.

A A
Al
Ay o
Bl
A/ \
N
T
— ||
a \
gy

Proof. We repeatedly trim low degree vertices.
Call vertices a pair of vertices in A “friendly” if they have > §° | B| /20 common neighbors.

Define
)
A :z{aéA:degaZEIBl}.

Since each vertex in A \ A; has < § |B| /2 neighbors, e(A \ A, B) < §|A||B| /2. So
0 0
e(A1, B) = e(A, B) —e(A\ A1, B) 2 5|A[|B| - 7 |A[|B] 2 5 |A]|B].

Hence |A| > 6 |A] /2.

Construct A, C A, via the path of length 2 lemma (Lemma 7.13.10) on (A;, B) with
& =0/10. Then, |A;| > §|A;| /2 > 6% |A| /4 and < (6/10)-fraction pairs of vertices in A,
are unfriendly.

Set

0
B’ = {b €EB: deg(b,Ag) > Z |A2|} .

Since each vertex in B\ B’ has < § |A;| /4 neighbors in A,, and so e(A,, B\B’) < 6 |A>| |B| /4
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edges. Since every vertex in A; has > ¢ |B| /2 neighbors in B, and A, C A;, we have
e(As, B) = 6 |A>| |B| /2. Hence

, s 5 5
e(Ay,B’) = e(Ay,B) —e(A, B\ B') > 5 |Az| [B] - 1 |As| |B] 2 1 |As| |B].

Hence |B’| = § |B| /4.
Let

A’ ={a € A, : ais friendly to > (1 — §/5)-fraction of A,}.

Since < (6/10)-fraction of pairs of vertices in A, are unfriendly, we have |A’| > |A,| /2 >
5% |A| /8.

We claim that that A" and B’ satisfy the desired conclusions. Let (a, b) € A’ X B’. Because
b is adjacent to > § |A,| /4 vertices in A, and a is friendly to > (1 — §/5) |A,| vertices in
A,, there are > ¢ |A,| /20 vertices in A, both friendly to a and adjacent to b. For each such
a, € A,, there are > 6° |B| /20 vertices b, € B for which ab,a,b is a path of length 3, so the
number of paths of length 3 from a to b is at least

5 5 5 & 0 8 5"
Z Ayl —|B| 2 ~— - — |A| - — |B] > Al|B].
20 142l 55 181 2 55 - 7 141 55 1B = 1g5g 141181
Furthermore, recall that |A’| > 62 |A| /8 and |B’| > & |B| /4. O

We can use the path of length 3 lemma to prove the graph-theoretic analogue of the
Balog—Szemerédi—Gowers theorem.

A B
’ =a+b\

4 x/7b’l
o— | N

a

3 B’

z=0a1 +b | | o

4 b

ai

Proof of Theorem 7.13.9 (Graph BSG). Since e¢(G) > n’?/K, we have |A|,|B| > n/K. By
the path of length 3 lemma (Lemma 7.13.11), we can find A’ € A and B” C B each with size
> K~2Wp such that for every (a, b) € A’ x B’, there are > K-?Wn? paths ab,a,b in G with
a; € A and b; € B. Then, with
x=a+b, y=a;+by, z=a;+b,
we have
a+b=x-y+z
This shows that every element of A’ + B’ can be written as x — y + z for some x — y + z in

> K~9Wp? ways (for a given (a, b) € A’ x B’, these choices of x, y, z are genuinely distinct;
why?). Thus

K 9D A"+ B'| < |A+g B’ < K’n’.

Therefore A’ + B’| < K°Wn. o
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Further Reading

See Ruzsa’s lecture notes Sumsets and Structure (2009) for a comprehensive introduction to
many topics related to set addition, including but not limited to Freiman’s theorem.

Sanders’ article The Structure of Set Addition Revisited (2013) provides a modern exposition
of Freiman’s theorem and his proof of the quasipolynomial Freiman—Ruzsa theorem. Lovett’s
article An Exposition of Sanders’ Quasi-Polynomial Freiman—Ruzsa Theorem (2015) gives a
gentle exposition of Sanders’ proof in F}.

The methods discussed in this chapter play a central role in Gowers’” proof of Szemerédi’s
theorem. The proof for 4-APs is especially worth studying, It contains many beautiful ideas
and shows how these the topics in this chapter and the previous chapter are closely linked. See
the original paper by Gowers (1998a) on Szemerédi’s theorem for 4-APs as well as excellent
lecture notes by Gowers (1998b), Green (2009b), and Soundararajan (2007).

Chapter Summary

e Freiman’s theorem. Every A C Z with |A + A| < K |A| is contained in a generalized
arithmetic progression (GAP) of dimension < d(K) and volume < f(K) |A],
— Informally: a set with small doubling is contained in a small GAP.
— Up to constants, this gives a complete characterization of integer sets with bounded

doubling.

e Rusza triangle inequality. |A| |B - C| < |A - B||A - C|.

o Pliinnecke’s inequality |A + A| < K |A| implies [mA — nA| < K™ |A|.

¢ Ruzsa covering lemma. Idea: take a maximally disjoint set of translates, and their
expansions must cover the entire space.

o Freiman’s theorem in groups with bounded exponent. A set with bounded doubling is
contained in a small subgroup.

o Freiman s-homomorphisms are maps preserving s-fold sums.

¢ Ruzsa modeling lemma. A set of integers with small doubling can be partially modeled
as a large fraction of a cyclic group via a Freiman isomorphism.

o Bogolyubov’s lemma. If A is large, then 2A — 2A contains a large subspace (finite field
model) or GAP (cyclic group).

o A large Bohr set contains a large GAP. Proof uses Minkowski’s second theorem from the
geometry of numbers.

¢ Polynomial Freiman—-Ruzsa conjeture: a central conjecture in additive combinatorics.
The finite field model version has several equivalent and attractive statements, one of which
says: if A C F7, and |A + A| < K |A|, then A can be covered using KOO translates of
some subspace with cardinality < |A].

e The additive energy E(A) of a set A is the number of solutions to a + b = ¢ + d in A.

e Balog-Szemerédi-Gowers theorem. If E(A) > |A|® /K, then A has a subset A’ with
|4’ > KO |A] and |A” + A7| < KOO |4).
— Informally: a set with large additive energy contains a large subset with small doubling.

\ J
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Sum-Product Problem

Chapter Highlights

The sum-product problem: show either A + A or A - A must be large

Erd6 multiplication table problem

Crossing number inequality: lower bound on the number of crossings in a graph drawing
Szemerédi—Trotter theorem on point-line incidences

Elekes’ sum-product bound using incidence geometry

Solymosi’s sum-product bound via multiplicative energy

In the previous chapter we studied the sumset
A+A:={a+b:a,beA}.
Likewise we can also consider the product set

A-A=AA:={ab:a,be A}

Question 8.0.1 (Sum-product problem)
Can the sumset and the product set be simultaneously small?

Arithmetic progressions have small additive doubling, while geometric progressions have
small multiplicative doubling. However, perhaps a set cannot simultaneously look both like
an arithmetic and a geometric progression.

Erd6s & Szemerédi (1983) conjectured that at least one of A + A and AA is close to
quadratic size.

Conjecture 8.0.2 (Sum-product conjecture)
For every finite subset A of R, we have

max {|A + A|, |AA|} > |A]P°W.

Here o(1) is some quantity that goes to zero as |A| — oo.

ErdSs & Szemerédi (1983) proved bounds of the form
max {|A + A, |AA|} > |A|"*

for some constant ¢ > 0. In this chapter, we will give two different proofs of the above form.
First, we present a proof by Elekes (1997) using incidence geometry, in particular a seminal
theorem of Szemerédi & Trotter (1983) on the incidences of points and lines. Second, we
present a proof by Solymosi (2009) using multiplicative energy, which gives nearly the best
bound to date.

269
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8.1 Multiplication Table Problem

Let us first explain why we need the error term —o(1) in the exponent in Conjecture 8.0.2.
Erdés (1955) posed the following problem.

Question 8.1.1 (Erdds multiplication table problem)
What is the size of [N] - [N]?

This is asking for the number of distinct entries that appear in the N X N multiplication
table.

2 3 45 6 7 8 910
4 6 8 1012 14 16 18 20 -~
6 9 12 15 18 21 24 27 30 -
8 12 16 20 24 28 32 36 40 -
15 20 25 30 35 40 45 50 -
12 18 24 30 36 42 48 54 60 -
14 21 28 35 42 49 56 63 70 -
16 24 32 40 48 56 64 72 80 -
18 27 36 45 54 63 72 81 90 -
10 20 30 40 50 60 70 80 90 100 ---

O 00 9 O W AW N =
p—
o

After much work, we now have a satisfactory answer. A precise estimate was given by Ford
(2008):
N2
(log N)9(loglog N)3/2
where 6 = 1 — (1 + loglog?2)/log2 =~ 0.086. Here we give a short proof of some weaker
estimates (Erdds 1955).

I[[N]-[N]| =6

Theorem 8.1.2 (Estimates on the multiplication table problem)

2
N V] - [N = o(N?)

(1-o(D)) 2logN ~

This already show that is false that at least one of A + A and AA has size > ¢ |A|*. So we
cannot remove the —o(1) term from the exponent in the sum-product conjecture.

To prove Theorem 8.1.2, we apply the following fact from number theory due to Hardy &
Ramanujan (1917). A short probabilistic method proof was given by Turdn (1934); also see
Alon & Spencer (2016, Section 4.2).

Theorem 8.1.3 (Hardy—Ramanujan theorem)
All but o(N) positive integers up to N have (1 + o(1)) loglog N prime factors counted
with multiplicity.
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Proof of Theorem 8.1.2. Firstlet us prove the upper bound. By the Hardy—Ramanujan theorem,
all but at most o(N?) of the elements of [N] - [N] have (2 + 0(1)) loglog N prime factors.
However, by the Hardy—Ramanujan theorem again, all but o (N?) of positive integers < N? have
(1+0(1)) loglog(N?) = (1+0(1)) loglog N prime factors, and thus cannot appearin [N]-[N].
Hence |[N] - [N]| = o(N?). (Remark: this proof gives [[N] - [N]| = O(N?/loglog N).)
Now let us prove the lower bound by giving a lower bound to the number of positive
integers < N? of the form pm, where p is a prime in (N*/3, N] and m < N. Every such n has
at most 2 such representations as pm since n < N* can have at most two prime factors greater
than N?/3. There are (1 + o(1))N/log N primes in (N*/3, N] by the prime number theorem.
So the number of distinct such pm is > (1/2 — o(1))N?/log N. O

Remark 8.1.4. The lower bound (up to a constant factor) also follows from Solymosi’s
sum-product estimate that we will see later in Theorem 8.3.1.

8.2 Crossing Number Inequality and Point-Line Incidences

The goal of this section is to give a proof of the following sum-product estimate, due to
Elekes (1997), using incidence geometry. Recall we use f > g to mean that f > cg for some
constant ¢ > 0.

Theorem 8.2.1 (Elekes’ sum-product bound)
Every finite A C R satisfies

|A+A||AA| 2 A,

Corollary 8.2.2 (Elekes’ sum-product bound)
Every finite A C R satifies

max{|A + A|,|AA|} = |A]*.

We introduce a basic result from geometric graph theory.

Crossing number inequality

The crossing number cr(G) of a graph G is defined to be the minimum number of edge
crossings in a planar drawing of G where edges are drawn with continuous curves.

The next theorem shows that every drawing of a graph with many edges necessarily has
lots of edge crossings. For example, it implies that every n-vertex graph with Q(n?) edges has
Q(n*) crossings; that is, a constant fraction of the edges must cross in a dense graph. This
result is independently due to Ajtai, Chvatal, Newborn, & Szemerédi (1982) and Leighton
(1984).

Theorem 8.2.3 (Crossing number inequality)
Every graph G = (V, E) with |E| > 4|V| has

EI’

cr(G) 2 —.
\4k
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Proof. For any connected planar graph G = (V, E) with at least one cycle, we have 3 |F| <
2 |E|, with |F'| denoting the number of faces (including the outer face). The inequality follows
from double counting using that every face is adjacent to at least three edges and that every
edge is adjacent to at most two faces. By Euler’s formula, |V| — |E| + |F| = 2. Replacing | F|
using 3 |F| < 2 |E|, we obtain |E| < 3 |V| — 6. Therefore |E| < 3 |V| holds for every planar
graph G including ones that are not connected or do not have a cycle.

If an arbitrary graph G = (V,E) satisfies |[E| > 3|V|, then any drawing of G can
be made planar by deleting at most cr(G) edges, one for each crossing. It follows that
|E| — cr(G) = 3|V|. Therefore, the following inequality holds universally for all graphs
G =(V,E):

cr(G) = |[E|-31|V|. (8.2.1)

Now we apply a probabilistic method technique to “boost” the above inequality to denser
graphs. Let G = (V, E) be a graph with |E| > 4|V|. Let p € [0, 1] be some real number to
be determined and let G’ = (V’, E’) be a graph obtained by independently randomly keeping
each vertex of G with probability p. By (8.2.1), we have cr(G’) > |E’| — 3 |V’| for every G’.
Therefore the same inequality must hold if we take the expected values of both sides:

Ecr(G') > E|E’| - 3E|V|.

We have E |E’| = p?|E| since an edge remains in G’ if and only if both of its endpoints
are kept. Similarly E |[V’| = p |V|. By keeping the same drawing, we get the inequality
p*cr(G) > Ecr(G'). Therefore

cr(G) = pE| =3p~° |V].
Finally set p = 4|V|/|E| € [0, 1] (here we use |E| > 4 |V|) to get cr(G) 2 |EI* /|V|*. O

Szemerédi-Trotter theorem on point-line incidences

Given a set of points # and the set of lines £, define the number of incidences to be

IP, L) ={(p.O) e PxL:pet}

Question 8.2.4 (Point-line incidence)
What’s the maximum number of incidences between n points and m lines?

One trivial upper bound is |P] | L|. We can get a better bound by using the fact that every
pair of points is determined by at most one line:
PP = {(p.p',0) ePXPxL:pp €l,p#p'}

2
> Pnd(Pne-1) 2 I(i’—f)—z(sv,zz).

tel | |

The last inequality follows from Cauchy—Schwarz inequality. Therefore,

(P, L) <|PLI"*+|L].
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By the same argument with the roles of points and lines swapped (or by applying point-line
duality),

(P, L) < |L]|P"*+|P|.

In particular these inequalities tell us that n points and 7 lines have O (n*?) incidences.

The above bound only uses the fact that every pair of points determines at most one line.
Equivalently, we are only using that the bipartite point-line incidence graph is 4-cycle-free.
So the O(n*/?) bound (and the above proof) is the same as the K, ,-free extremal number
bound from Section 1.4. Also, the O(n*?) bound is tight for the finite field projective plane
over F, with n = ¢*> + ¢ + 1 points and n = ¢*> + ¢ + 1 lines gives n(g + 1) ~ n*/? incidences
(this the same construction showing that ex(n, K, ) 2 n3/? in Theorem 1.10.1).

On the other hand, in the real plane, the #*/?> bound can be substantially improved. The
following seminal result due to Szemerédi & Trotter (1983) gives a tight estimate on the
number of point-line incidences in the real plane.

Theorem 8.2.5 (Szemerédi—Trotter theorem)
For any set # of points and £ of lines in R?,

(P, L) s |PPPILP + 1P+ | L]

Corollary 8.2.6
The number of point-line incidences between n points and 7 lines in R? is O (n*/3).

We will see a short proof using the crossing number inequality due to Székely (1997). Since
the inequality is false over finite fields, any proof necessarily requires the topology of the real
plane (via the application of Euler’s theorem in the proof of the crossing number inequality).

Example 8.2.7. The bounds in both Theorem 8.2.5 and Corollary 8.2.6 are best possible up to
a constant factor. Here is an example showing that Corollary 8.2.6 is tight. Let P = [k] x [2k?]
and £ = {y =mx+b : m € [k],b € [k*]}. Then every line in £ contains k points from P,
so [(P, L) = k* = O(n*?).

3
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Proof of Theorem 8.2.5. We remove all lines in £ containing at most one point in . These
lines contribute to at most | L| incidences and thus does not affect the inequality we wish to
prove.

Now assume that every line in £ contains at least two points of #. Turn every point of P
into a vertex and each line in £ into edges connecting consecutive points of £ on the line.
This constructs a drawing of a graph G = (V, E) on the plane.

P and L graph G

Assume that I(P, L) > 8|P| holds (otherwise we are done as I(P, L) < |P]). Each line
in £ with k incidences has k — 1 > k/2 edges. So |E| = (P, L)/2 = 4|V|. The crossing
number inequality (Theorem 8.2.3) gives

EFP _ 1(P.L)°

cr(G) 2 — =
@ 145 ik

Moreover cr(G) < | £]* since every pair of lines intersect in at most one point. Rearranging
gives (P, L) < |P |** |L|*". (Remember the linear contributions |#| + | £] that need to be
added back in due to the assumptions made earlier in the proof.) O

Now we are ready to prove the sum-product estimate in Theorem 8.2.1 for A € R:
|A+A||AA| 2 |AP.
Proof of Theorem 8.2.1. In R?, consider a set of points
P={(x,y):x € A+A,y € AA}
and a set of lines
L={y=a(x-ad’):a,a €A}

Foraliney=a(x —a’) in L, (a’ + b,ab) € P is on the line for all b € A, so each line in L
contains > |A| incidences. By definition of # and £, we have

|P| = |A+A||AA| and 1L£] =|A]*.
By the Szemerédi—Trotter theorem (Theorem 8.2.5),
AP = |Al1L] < I(P, L) < |PIPP LI + 1P+ 1L
S [A+APP|AAPP A1

The contributions from |P| + | £] are lower order as |P| = |A + A| |AA| < |A]* = |£]* and
|L] = |A]* < |A+ A]*|AAJ* = |P)*. Rearranging the above inequality gives

|A+A||AA] 2 AP, O
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In Section 1.4, we proved an O(n*?) upper bound on the unit distance problem (Ques-
tion 1.4.6) using the extremal number of K, 3. The next exercise gives an improved bound (in
fact the best known result to date).

Exercise 8.2.8 (Unit distance bound). Using the crossing number inequality, prove given n
points in the plane, at most O (n*/3) pairs of points are separated by exactly unit distance.

8.3 Sum-Product via Multiplicative Energy

In this chapter, we give a different proof that gives a better sum-product estimate, due to
Solymosi (2009).

Theorem 8.3.1 (Solymosi’s sum-product bound)
Every finite set A of positive reals satisfies
AL*

|AA| A+ A 2
log |Al

Corollary 8.3.2 (Solymosi’s sum-product bound)
Every finite A C R satisfies

max {|A + A|, |AA[} > |A|**°D .

Proof of Theorem 8.3.1. We define multiplicative energy of A to be
E.(A) :=|{(a,b,c,d) e AXAXAXA:ab=cd}|

Note that the multiplicative energy is a multiplicative version of additive energy. As with
additive energy, having small multiplicative doubling implies large multiplicative energy, as
seen by an application of the Cauchy—Schwarz inequality:

2 Al
E.(A) = Z |{(a,b) € A% ab :xH > ﬁ
xeAA
Let
AJA ={a/b:a,be A}.
Write
r(s)=1|{(a,b) e AXA:s=a/b}.

We have

E.(A) = Z r(s)%.

seA/A

By pigeonhole principle (dyadic partitioning), there exists some nonnegative integer k <
log |A| such that, setting

D={s:2"<r(s) <2} and m=|D|,
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one has

EX(A) 2 2k+2
< r(s)” < m2==, (8.3.1)
fog ] < 24"

Let the elements of D be 51 < s, < -+ < s,,. For each i € [m], let £; be the line y = s;x. Let
{41 be the vertical ray x = min(A) above £,,,.

gm gm—]
£m+l
%)
A . . . . . o o ’—5.
JPOY
. o . . . ——o——_—_——:{,f::: Ll +L2
P I LY
o/ o oo . o T - L
e oo . —:2,’—’)’./’/ 51
A

Let L; = (AxA)N<¢;. Then, foreach 1 < j <m,
|LJ| = I"(Sj) > 2k.

Furthermore, |L,.1| > |L,,| > 2% as well.

Since ¢; and {;,; are not parallel, we have |L; + L;,,| = |L;||L;.:|. Moreover, the sets
L;+ L, are disjoint for different j. The sumset A X A + A X A (here A X A is the cartesian
product) contains L; + L, for each 1 < j < m, so, using (8.3.1),

2= . = . 2%k x
A+ AP = |AXA+AXAl> YL+ Lial = D ILilILju] > m2* 2 oAl

Jj=1 j=1

Combining with Ey(A) > |A|* /|AA|, which we obtained at the beginning of the proof, we
obtain

|A+A)* |AA|log|A| 2 |A]*. O

Remark 8.3.3 (Improvements). Konyagin & Shkredov (2015) improved Solymosi’s sum-
product bound to max{|A + A|, |AA|} > |A|4/ 3*¢ for a small constant ¢ > 0. This constant ¢
was improved in subsequent works, but still remains quite small.

Remark 8.3.4 (Sum-product in ). Bourgain, Katz, & Tao (2004), combined with a later
result of Bourgain, Glibichuk, & Konyagin (2006), proved the following sum-product estimate
in F,, with p prime:
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Theorem 8.3.5 (Sum-product in prime finite fields)

For every & > 0 there exists 6 > 0 and ¢ > 0 so that every A C F,,, with p prime, and
1 < |A| < p'~¢, satisfies

max {|A + A|, |[AA]} > c|A|"*.

The statement is false over non-prime fields, since we could take A to be a subfield.
Informally, the above theorem says that a prime field does not have any approximate sub-rings.

Further Reading

Dvir’s survey Incidence Theorems and Their Applications (2012) discusses many interesting
related topics including incidence geometry and additive combinatorics together with their
applications to computer science.

Guth’s book The Polynomial Method in Combinatorics (2016) gives an in-depth discussion
of incidence geometry in R? and R? leading to a proof of the solution of the Erdés distinct
distances problem by Guth & Katz (2015).

Shefter’s book Polynomial Methods and Incidence Theory (2022) provides an introduction
to incidence geometry and related topics.

Chapter Summary

e Sum-product conjecture: max {|A + A|, |AA[} > |A|2_"(1) forall A C R.
e Elekes’ bound: max {|A + A|, |AA|} > |A]/*
— Proof uses point-line incidences.
— Crossing number inequality. Every graph G with n vertices and m > 4n edges has
> m3 / n? crossings in every drawing.
- Szemerédi-Trotter theorem. m lines and n points in R2 form O (m
incidences.
o Solymosi’s bound: max {|A + A|, |[AA|} > |A[*/3-°(D).

\ J
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Progressions in Sparse Pseudorandom Sets

Chapter Highlights

e The Green—Tao theorem: proof strategy

o A relative Szemerédi theorem and its proof: a central ingredient in the proof of the
Green—Tao theorem

e Transference principle: applying Szemerédi’s theorem as a black box to the sparse
pseudorandom setting

e A graph theoretic approach

e Dense model theorem: modeling a sparse set by a dense set

e Sparse triangle counting lemma

\ J

In this chapter we discuss a celebrated theorem by Green & Tao (2008) that settled a
folklore conjecture about primes.

Theorem 9.0.1 (Green—Tao theorem)
The primes contain arbitrarily long arithmetic progressions.

The proof of this stunning result uses sophisticated ideas from both combinatorics and
number theory. As stated in the abstract of their paper:

[T]he main new ingredient of this paper . .. is a certain transference principle. This allows us to deduce from
Szemerédi’s theorem that any subset of a sufficiently pseudorandom set (or measure) of positive relative
density contains progressions of arbitrary length.

The main goal of this chapter is to explain what the above paragraph means. As Green
(2007b) writes (emphasis in original):
Our main advance, then, lies not in our understanding of the primes but rather in what we can say about

arithmetic progressions.

We will abstract away ingredients related to prime numbers (see Further Reading at the end
of the chapter) and instead focus on the central combinatorial result: a relative Szemerédi
theorem. We follow the graph theoretic approach by Conlon, Fox, & Zhao (2014, 2015),
which simplified both the hypotheses and the proof of the relative Szemerédi theorem.

9.1 Green-Tao Theorem

In this section, we give a high-level overview of the proof strategy of the Green—Tao theorem.
Recall Szemerédi’s theorem:

279
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Theorem 9.1.1 (Szemerédi’s theorem)
Fix k > 3. Every k-AP-free subset of [N] has size o(N).

By the prime number theorem,

#{primes < N} = (1 +o(1))%.
0g

So Szemerédi’s theorem does not automatically imply the Green—Tao theorem.

Remark 9.1.2 (Quantitative bounds). It is possible that better quantitative bounds on Sze-
merédi’s theorem might eventually imply the Green—Tao theorem based on the density of
primes alone. For example, Erd§s famously conjectured that any A € N with divergent
harmonic series (i.e., ), ,c4 1/a = o) contains arbitrarily long arithmetic progressions (Con-
jecture 0.2.5). The current best quantitative bounds on Szemerédi’s theorem for k-APs is
|A| < N(loglog N)~“¢ (Gowers 2001), which are insufficient for the primes, although better
bounds are known for k = 3, 4. More recently, Bloom & Sisask (2020) proved that for k = 3,
|A| < N(log N)~'=¢ for some constant ¢ > 0, thereby implying the Green—Tao theorem for
3-APs via the density of primes alone.

We will be quite informal here in order to highlight some key ideas of the proof of
the Green—Tao theorem. Fix k > 3. The idea is to embed the primes in a slightly larger
“pseudorandom host set”:

{primes} C {“almost primes”} .

Very roughly speaking, “almost primes” are numbers with no small prime divisors. The
“almost primes” are much easier to analyze compared to the primes. Using analytic number
theory (involving techniques related to the problem of small gaps between primes), one can
construct “almost primes” satisfying the following properties.

Properties of the ‘“almost primes”:
(1) The primes occupy at least a positive constant fraction of the “almost primes”:
#{primes < N}
: —; > k.
# {“almost primes” < N}

(2) The “almost primes” behave pseudorandomly with respect to certain pattern counts.

The next key ingredient plays a central role in the proof of the Green—Tao theorem, as
mentioned at the beginning of this chapter. It will be nicer to work in Z/NZ rather than [N].

Relative Szemerédi theorem (informal). Fix k > 3. If S C Z/NZ satisfies certain
pseudorandomness hypotheses, then every k-AP-free subset of S has size o(]S]).

Here imagine a sequence S = Sy C Z/NZ of size o(N) (or else the relative Szemerédi
theorem would already follow from Szemerédi’s theorem), and |S| > N'~¢* for some small
constant ¢ > 0. In the proof of the Green—Tao theorem, the set S will be the “almost primes”
(so that |S| = ®(N/log N)), subject to various other technical modifications such as the
W-trick discussed in the remark below.

The relative Szemerédi theorem and the construction of the “almost primes” together tell
us that the primes contain a k-AP. It also implies the following.
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Theorem 9.1.3 (Green-Tao)

Fix k > 3. If A is a k-AP-free subset of the primes, then
AN [N]]|

N—oo [Primes N [N]]

In other words, every subset of primes with positive relative density contains arbitrarily
long arithmetic progressions.

Remark 9.1.4 (Residue biases in the primes and the W-trick). There are certain local biases
that get in the way of pseudorandomness for primes. For example, all primes greater than 2
are odd, all primes greater than 3 are not divisible by 3, and so on. In this way, the primes
look different from a subset of positive integers where each » is included with probability
1/log n independently at random.

The W-trick corrects these residue class biases. Let w = w(N) be a function with w — oo
slowly as N — oo. Let W = [],.,, p be the product of primes up to w. The W-trick tells
us to only consider primes that are congruent to 1 mod W. The resulting set of “W-tricked
primes” {n : nW + 1 is prime} does not have any bias modulo a small fixed prime. The relative
Szemerédi theorem should be applied to the W-tricked primes.

We shall not dwell on the analytic number theoretic arguments here. See Further Reading
at the end of the chapter for references. For example, Conlon, Fox, & Zhao (2014, Sections 8
and 9) gives an exposition of the construction of the “almost primes” and the proofs of its
properties.

The goal of the rest of the chapter is to state and prove the relative Szemerédi theorem.

9.2 Relative Szemerédi Theorem

In this section, we formulate a relative Szemerédi theorem. For concreteness, we mostly
discuss 3-APs, though everything generalizes to k-APs straightforwardly.
Recall Roth’s theorem:

Theorem 9.2.1 (Roth’s theorem)
Every 3-AP-free subset of Z/NZ has size o(N).

We would like to formulate a result of the following form, where Z/NZ is replaced by a
sparse pseudorandom host set S.

Relative Roth theorem (informal). If S C Z/NZ satisfies certain pseudorandomness
conditions, then every 3-AP-free subset of S has size o(|S]).

In what sense should S behave pseudorandomly? It will be easiest to explain the pseudo-
random hypothesis using a graph.

Consider the following construction of a graph G¢ that we saw in Chapter 6 (in particular
Sections 2.4 and 2.10).
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x ~ yiff
2x+yeS

Here Gy is a tripartite graph with vertex sets X, Y, Z, each being a copy of Z/NZ. Its edges
are:

e (x,y) € X XY whenever 2x +y € S,

e (y,7) €Y X Z wheneverx — z € S,

e (x,7) € X X Z whenever —y — 2z € S.
This graph G is designed so that (x,y,z) € X XY X Z is a triangle if and only if

2x+y, x—-z, —-y-—-2z€S.

Note that these three terms form a 3-AP with common difference —x — y — z. So the triangles
in G precisely correspond to 3-APs in § (it is an N-to-1 correspondence).
The following definition is a variation of homomorphism density from Section 4.3.

Definition 9.2.2 (F-density)

Let F and G be tripartite graphs with three labeled parts. Define F-density in G, denoted
t(F, G), to be the probability that arandom map V(F) — V(G) is a graph homomorphism
F — G, where each vertex in the first vertex part of F is sent to a uniform vertex of the
first vertex part of G, and likewise with the second and third parts, all independently.

Now we define the desired pseudorandomness hypotheses on S C Z/NZ, which says that
the associated graph G has certain subgraph counts close to random.
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Definition 9.2.3 (3-linear forms condition)

We say that S C Z/NZ satisfies the 3-linear forms condition with tolerance ¢ if, setting
p =S| /N, one has

(1 -e)p D <t(F,Gs) < (1+¢&)pe) whenever F C K> 55.
p p .2,

(Here F C K, , means that is a subgraph of the labeled tripartite graph K, » »; an example
is illustrated below.)

F c K>

In other words, comparing the graph G to a random tripartite graph with the same edge
density p, these two graphs have approximately the same F-density whenever F C K 5 5.

Alternatively, we can state the 3-linear forms condition explicitly without referring to
graphs. This is done by expanding the definition of G. Let xo, X1, Yo, Y1, 20,21 € Z/NZ be
chosen independently and uniformly at random. Then S C Z/NZ with |S| = pN satisfies the
3-linear forms condition with tolerance ¢ if the probability that

—Yo =220, Xo—20, 2%0+ Yo,
-y1 =220, X1 =20, 2%1+ Yo,
—Yo—2z1, Xo—21, 2Xxo+Yi,
-y1—2z1, X1 —21, 2x1+Yy;

lies in the interval (1 + £)p!'2, and furthermore the same holds if we erase any subset of
the above 12 linear forms and also change the “12” in p'? to the number of linear forms
remaining.

Remark 9.2.4. This K, , condition is reminiscent of the C4-count condition for the quasir-
andom graph in Theorem 3.1.1 by Chung, Graham, & Wilson (1989). Just as how C4 = K, »
is a 2-blow-up of a single edge, K5, » is a 2-blow-up of a triangle.

2-blow-u 2-blow-u

The 3-linear forms condition can be viewed as a “second moment” condition with respect to
triangles. It is needed in the proof of the sparse triangle counting lemma later.

We are now ready to state a precise formulation of the relative Roth theorem.
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Theorem 9.2.5 (Relative Roth theorem)

For every § > 0, there exist € > 0 and Nj so that for all odd N > Ny, if S C Z/NZ
satisfies the 3-linear forms condition with tolerance &, then every 3-AP-free subset of S
has size less than 6 |S].

To extend these definitions and results to k-APs, we set up a (k — 1)-uniform hypergraph
similar to the deduction of Szemerédi’s theorem from the hypergraph removal lemma in
Section 2.10.

Let us illustrate it first for 4-APs. We say that S C Z/NZ satisfies the 4-linear forms
condition with tolerance & if given random wg, wy, Xo, X1, Yo, Y1, 20, 21 € Z/NZ (independent
and uniform as always), the probability that

3wo +2x0+yo, 2wo+Xo— 20, Wo—Yo— 220, —Xo—2yo— 320,
3W0+2X0+y1, 2wo + X9 — 21, wo—y0—2z1, —xo—2y0—3z1,
3wg + 2x; + Yo, 2wo + X1 — 29, Wo — yi — 220, —Xo — 2y1 — 320,
3wo+2x1 +y1, 2wo+x;—21, Wo— Y1 —221, —Xo—2y1— 321, cs
3wy + 2xp + Yo, 2wi + X0 — 209, Wi — Yo — 229, —X1 — 2y0 - 320,
3W1+2X0+y1, 2wy + X9 — 21, wl—y0—2z1, —X1—2y0—321,
3W1 +2X1 + Yo, 2W1 +X1—20, Wi1—Y1— 2Z0, X1 — 2y1 - 3Z0,
3W1+2X1+y1, 2W1+X1—Z1, Wl—y1—2Z1, —x1—2y1—3zl

lies within the interval (1 + &) p32, and furthermore the same if true if we erase any subset of
the above 32 factors and replace the “32” in p3? by the number of linear forms remaining.

Here is the statement for k-APs. (You may wish to skip it and simply imagine it should
generalize based on the above examples.)

Definition 9.2.6 (k-linear forms condition)

Foreach1 <r <k, let
L(x1,...,x; ) =kxy+(k=Dxo+---+x —r(x; +--+xp).

We say that § C Z/NZ satisfies the k-linear forms condition with tolerance ¢ if for every
R C [k] x {0, 1}*, with each variable x;. j € Z/NZ chosen independently and uniformly
at random, the probability that

Lr(xl,jl,..

lies within the interval (1 + &)p

LX) €8 forall (r,ji,...,jk) €R

IR|

Theorem 9.2.7 (Relative Szemerédi theorem)
For every k > 3 and 6 > 0, there exist £ > 0 and N, so that for all N > N, coprime to

(k=1)!,if S C Z/NZ satisfies the k-linear forms condition with tolerance &, then every
k-AP-free subset of S has size less than 6 |S].

Remark 9.2.8 (History). The above formulations of relative Roth and Szemerédi theorems are
due to Conlon, Fox, & Zhao (2015). The original approach by Green & Tao (2008) required
in addition another technical hypothesis on S known as the “correlation condition,” which is
no longer needed.



9.3 Transference Principle 285

Remark 9.2.9 (Szemerédi’s theorem in a random set). Instead of a pseudorandom host set
S, what happens if S is a random subset of Z/NZ obtained by keeping each element with
probability p = py — 0as N — oo? A second moment argument shows that, provided that
pn tends to zero sufficiently slowly, the random set S indeed satisfies the k-linear forms
condition (see Exercise 9.2.11 below). However, this argument is rather lossy. The following
sharp result was proved independently by Conlon & Gowers (2016) and Schacht (2016). In
the statement below, there is no substantive difference between [N] and Z/NZ.

Theorem 9.2.10 (Szemerédi’s theorem in a random set)

For every k > 3 and 6 > 0, there is some C such that as long as p > CN~Y/*=D with
probability approaching 1 as N — oo, given a random S C [N] where every element is
included independently with probability p, every k-AP-free subset of S has size at most
é|S|.

The threshold CN~"/*=1 is optimal up to the constant C. Indeed, the expected number
of k-APs in S is O(p*N?), which is less than half of E|S| = pN if p < ¢cN"Y*D for a
sufficiently small constant ¢ > 0. One can delete from S an element from each k-AP contained
in S. So with high probability, this process deletes at most half of S, and the remaining subset
of S is k-AP-free.

The hypergraph container method gives another proof of the above result, plus much
more (Balogh, Morris, & Samotij 2015; Saxton & Thomason 2015). See the survey The
method of hypergraph containers by Balogh, Morris, & Samotij (2018) for more on this topic.

Exercise 9.2.11 (Random sets and the linear forms condition). Let S € Z/NZ be a random
set where every element of Z/NZ is included in S independently with probability p.

Prove that there is some ¢ > 0 so that for every € > 0 there is some C > 0 so that as long
as p > CN~° and N is large enough, with probability at least 1 — £, S satisfies the 3-linear
forms condition with tolerance & . What is the optimal ¢?

( 101dey) ‘91 (7) 100uadg % UO[Y 238 {POLIAU JUIUWIOW PUOIAS A 3S[) IUTH

9.3 Transference Principle

To prove the relative Szemerédi theorem, we shall assume Szemerédi’s theorem and apply it
as a black box to the sparse pseudorandom setting. It may be surprising that we can apply
Szemerédi’s theorem this way. Green and Tao developed a method known as a transference
principle for bringing Szemerédi’s theorem to the sparse pseudorandom setting (the idea also
appeared earlier in the work of Green (2005b) establishing Roth’s theorem in the primes). The
transference principle is an influential idea, and it can be applied to other extremal problems
in combinatorics.

Let us sketch the outline of the proof of the relative Szemerédi theorem. We are given
ACS with |A| = 6 S].
Here S C Z/NZ is a sparse pseudorandom set satisfying the k-linear forms condition.

Step 1. Approximate A by a dense model.
We will prove a dense model theorem that produces a “dense model” B of A. In particular,
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the density of B in Z/NZ is similar to the relative density of A in S:
1Bl 1Al
N S|
And furthermore, B will be close to A with respect to a “cut norm” derived from the graphon
cut norm (see Chapter 4 on graph limits). Recall that the graphon cut norm is closely linked

to e-regularity from the regularity lemma (Chapter 2) and the discrepancy condition DISC
from quasirandom graphs (Chapter 3).

Step 2. Count k-APs in A and B.

We will prove a sparse counting lemma to show that the number of k-APs in A is similar
to the number of k-APs in B, after an appropriate density normalization. In other words,
setting p = |S| /N for the normalizing density, we will show

0.

|{k-APs in A}| ~ p* |{k-APs in B}|.

Szemerédi’s theorem says that every subset of [N] with size > 6N contains a k-AP
(provided that N is sufficiently large compared the constant ¢ > 0). In fact, we can bootstrap
Szemerédi’s theorem to show that a subset of [ N] with size > 6N in fact must contain lots of
k-APs. The deduction uses a sampling argument and is attributed to Varnavides (1959). (This
was Exercise 1.3.7 from Section 1.3 on supersaturation.)

Theorem 9.3.1 (Szemerédi’s theorem, counting version)

For every 6 > 0, there exists ¢ > 0 and N, such that for every N > N, every subset of
Z/NZ with > SN elements contains > c¢N? k-APs.

Since the “dense model” B has size > dN/2, by the counting version of Szemerédi’s
theorem, B has 25 N? k-APs, and hence A has 25 p*N? k-APs by the sparse counting
lemma. So in particular, A cannot be k-AP-free. This finishes the proof sketch of the relative
Szemerédi theorem.

Now that we have seen the above outline, it remains to formulate and prove:

e a dense model theorem, and

e a sparse counting lemma.

We will focus on explaining the 3-AP case (i.e., relative Roth theorem) in the rest of this
chapter. The 3-AP setting is notationally simpler than that of k-AP. It is straightforward to
generalize the 3-AP proof to k-APs following the (k — 1)-uniform hypergraph setup discussed
in the previous section.

9.4 Dense Model Theorem

In this section, I' is any finite abelian group. We will only need the case I' = Z/NZ in
subsequent sections.

Given f: I' — R, we define the following “cut norm” similar to the cut norm from graph
limits (Chapter 4):

lfllg = sup [Exyer[f(x+y)1a(x)1()]|.
A,BCTI’



9.4 Dense Model Theorem 287

This is essentially the graphon cut norm applied to the (not necessarily symmetric) function
I'xI' - Rgiven by (x,y) — f(x+y).

As should be expected from the equivalence of DISC and EIG for quasirandom Cayley
graphs (Theorem 3.5.3), having small cut norm is equivalent to being Fourier uniform.

Exercise 9.4.1. Show that forall f: " — R,
lflle < M Fllg < 11 Flleos

where ¢ is some absolute constant (not depending on I" or f).

Remark 9.4.2 (Generalizations to k-APs). The above definition is tailored to 3-APs. For
4-APs, we should define the corresponding norm of f as

sup By zer[f(x +y+2)1a(x, )15, 2)1e(r,2)]|.

A,B,CCI'XI’

(The more obvious guess of using 14(x)15(y)1¢c(z) instead of the above turns out to be
insufficient for proving the relative Szemerédi theorem. A related issue in the context
of hypergraph regularity was discussed in Section 2.11.) The generalization to k-APs is
straightforward. However, for k > 4, the above norm is no longer equivalent to Fourier
uniformity. This is why we study || /||, norm instead of || flle in this section.

Informally, the main result of this section says that if a sparse set S is close to random in
normalized cut norm, then every subset A C S can be approximated by some dense B C Z/NZ
in normalized cut norm.

Theorem 9.4.3 (Dense model theorem)

For every & > 0, there exists § > 0 such that the following holds. For every finite abelian
group I' and sets A C S C I" such that, setting p = |S| /|T,

Ils = pllo < 6p,
there exists g: I" — [0, 1] such that

14 — pglla < &p.

Remark 9.4.4 (3-linear forms condition implies small cut norm). The cut norm hypothesis
is weaker than the 3-linear forms condition, as can be proved by two applications of the
Cauchy—Schwarz inequality (for example, see the proof of Lemma 9.5.2 in the next section).
In short, ||v — IIIé <t(Kpa,v—1).

Remark 9.4.5 (Set instead of function). We can replace the function g by a random set B C I
where each x € I is included in B with probability g(x). By standard concentration bounds,
changing g to B induces a negligible effect on € if I is large enough. It is important here that
g(x) € [0,1] forallx eT.

So the above theorem says, given a sparse pseudorandom host set S, any subset of S can be
modeled by dense set B that is close to A with respect to the normalized cut norm.

It will be more natural to prove the above theorem a bit more generally wheresets A € S € T’
are replaced by functional analogs. Since these are sparse sets, we should scale indicator
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functions as follows:
f=p'ly and v=pl'ls.

Then f < v pointwise. Note that f and v take values in [0, p~!], unlike g, which takes values
in [0, 1]. The normalization is such that Ev = 1. Here is the main result of this section.

Theorem 9.4.6 (Dense model theorem)

For every £ > 0, there exists § > 0 such that the following holds. For every finite abelian
group I' and functions f,v: I' — [0, co) satisfying

lv—-1llo <6
and
f < v pointwise,
there exists a function g: I' — [0, 1] such that

If —glla <&

The rest of this section is devoted to proving the above theorem. First, we reformulate the
cut norm using convex geometry.

Let @ denote the set of all functions I" — R that can be written as a convex combination of
convolutions of the form 14 « 15 or —14 = 15, where A, B C I'. In other words,

® =ConvexHull ({1413 : A,BCT}U{-14%x1:A,BCT}).

Note that @ is a centrally symmetric convex set of functions I' — R.

Lemma 9.4.7 (Multiplicative closure)
The set @ is closed under pointwise multiplication; that is, if ¢, ¢’ € @, then p¢’ € .

Proof. Given A, B,C,D C T, we have
(Ia*1p)(x)(1c * 1p)(x) = B p.c.dg:arb=c+d=x1a(a)15(b)1c(c)1p(d)
= Ea,b,s:a+b:x1A(a)lB(b)IC(a + S)ID(b - S)
= EsEa,b:aHh:xlAm(C—s) (a)an(D+s) (b)
= Es(1an(c-s) * 1Bn(p+s)) (X).

Thus the pointwise product of 14 * 15 and 1¢ * 1p lies in @ since it is an average of various
functions of the form 1g * 17. Since ® is the convex hull of functions of the form 1, * 15 and
—1,4 * 1p, @ is closed under pointwise multiplication. O

Given f,g: I' — R, define their inner product by
(f,8) = Exer f(x)g(x).
Since
Ecyerf(x+y)1a(x)15(y) = (f, la*1p),
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we have
lfllo= sup [{f,1a% 1) =sup(f,¢).
A,BCT’ ped

Since @ is a centrally symmetric convex body, || || is indeed a norm. Its dual norm is thus
given by, for any nonzero ¢ : ' — R,

lwlls = sup (f.¢)=sup{reR:r 'y € ®}.
fiT>R
[Ifllg <t

In other words, ® is the unit ball for || ||, norm. The following inequality holds for all
fiy:I' > R:

Fo) < Mf Mo Nl -

Lemma 9.4.8 (Submultiplicativity of the dual cut norm)
The norm ||-||% is submultiplicative; that is, for all ,y": T' — R,

ey lla < wlis vl -

Proof. The inequality is not affected if we multiply ¢ and ¢" each by a constant. So we can
assume that ||yl = |l¢’||5 = 1. Then , ¢’ € ®. Hence ¢y’ € ® by Lemma 9.4.7. This
implies that |Jyy’||; < 1. m]

We need two classical results from analysis and convex geometry.

Theorem 9.4.9 (Weierstrass polynomial approximation theorem)

Leta,b e Rand € > 0. Let F: [a, b] — R be a continuous function. Then there exists a
polynomial P such that |F(t) — P(t)| < e forall ¢ € [a, b].

Theorem 9.4.10 (Separating hyperplane theorem)

Given a closed convex set K € R" and a point p ¢ K, there exists a hyperplane separating
K and p.

Proof idea of the dense model theorem. If no g: I' — [0, 1] satisfies || f — gl|5 < &, then f
does not lie in the convex set containing all functions of the form g + g’ where g: I' — [0, 1]
and ||g’|ls < &. The separating hyperplane theorem then gives us a function ¢ so that
(f.¥)>1land (g+g’,¥) < 1forall such g, g’ (it helps to pretend a bit of extra slack here,
say (f,¥) > 1+ ¢). Using the Weierstrass polynomial approximation theorem, choose a
polynomial P(¢) so that P(f) ~ max{0,} pointwise for all |t] < ||y||5 = O.(1). Writing
¥, (x) = max {0,y (x)} for the positive part of i, we have

<f7w> < <f’w+> < <V’w+> z<V’P¢>=<V_1’PW>+<LP¢>-
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We can show that ||¢/]|5 = O.(1). As P is a polynomial, by the triangle inequality and the
submultiplicativity of || ||}, we find that ||Py/||5, = O .(1). And so

(v=1Py) < |lv-1lg IPylls < 8 11PYll

can be made arbitrarily small by making ¢ small. We also have (1, Py) = (1,y,), which is
at most around 1. Together, we see that ( f, ) is at most around 1, which would contradict
(f,¥) > 1 from earlier (assuming enough slack).

Proof of the dense model theorem (Theorem 9.4.6). We will show that the conclusion holds
with 6 > 0 chosen to be sufficiently small as a function of &. We may assume that 0 < & < 1/2.
We will prove the existence of a function g: I' — [0, | + £/2] such that || f — gl|5 < £/2. (To
obtain the function I' — [0, 1] in the theorem, we can replace g by min{g, 1}.)

We are trying to prove that one can write f as g + g’ with

geK = {functions r—[0,1+ §]}

and

g’ €K = {functions I' - R with ||-||5 < %} .

We can view the sets K and K’ as convex bodies (both containing the origin) in the space of
all functions I' — R. Our goal is to show that f € K + K.

Let us assume the contrary. By the separating hyperplane theorem applied to f ¢ K + K,
there exists a function ¢ : I' — R (which is a normal vector to the separating hyperplane)
such that

(@ (f.¢)>1,and
(b) (g+g’.¥)<lforallge Kandg’ € K’
Taking g = (1+ £)1y50 and g’ = 0 in (b), we have

SR l+¢&/2

Here we write y, for the function ¥, (x) := max {(x), 0}.
On the other hand, setting g = 0, we have

9.4.1)

12 sup (g'w) = sup (g'u) =3 W5

g'eK’ llg’'lla<e/2

So
L. 2
oy < .

Setting g =0 and g’ = +5 N1, for a single x € I (i.e, g’ is supported on a single element of
'), we have ||g’ll; < e/2and 1 > (g, ) = +5¥(x). So | (x)| < 2/&. This holds for every
x € I'. Thus

2
¥l < -
€

By the Weierstrass polynomial approximation theorem, there exists some real polynomial
P(x) = pdxd + -+ p1x + po such that

[\

|P(t) —max {t,0}| < 2% whenever |t < —.

™
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max{z,0}

d 2\
R=) Ipil|=],
i=0 €
which is a constant that depends only on &. (A more careful analysis gives R = exp(s7°(1).)

Write Py : I' — R to mean the function given by Py (x) = P(¥(x)). By the triangle
inequality and the submulticativity of ||-||5 (Lemma 9.4.8) ,

d d d i
* IATES s\ 1 2
1Pl < Y il 1041 < D Ipd i) < Y- 1l 2] = &
i=0 i=0 i=0

Let us choose

Set

6—min{ & 1}
a 20R* 7

Then ||v — 1||; < ¢ implies that
. £
(v =L Pyl <|lv=1llo I1P¥]lo < 6R < 7. (94.2)

Earlier we showed that |||, < 2/e, and also |P(f) — max {¢,0}| < &/20 whenever
|t] < 2/e. Thus

E
Py — < —. 4.
|Py w+||m_20 (9.4.3)
Hence,
(v, Py = (1, Pyr) + (v — 1, Pys)
&
<A1, PyY) + — by (9.4.2
<AL, Py) 20 [by (9.4.2)]
&
<{1 — by (9.4.
< ,w+>+10 [by (9.4.3)]
< ! +i by (9.4.1
=T+e2 10 [by ©.4.10-
Also,
v-1,1) <|v-1|5 <é.
Thus
Vil <1+]lv-=1]; <146 <2.
So by (9.4.3),

(o = PYY < IVl s = Pl <27 35 < 15 9:44)
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Thus, using that 0 < f < v,

<f,l/l> < <f9l//+> < <V,l//+>
< <V7PW>+<V,W+_PW>

< 1 N £ N & _ | &
“1+g/2 10 10 10°
This contradicts (a) from earlier. This concludes the proof of the theorem. ]

Remark 9.4.11 (History). A early version of the density model theorem was used by Green
& Tao (2008), where it was proved using a regularity-type energy increment argument. The
above significantly simpler proof is due to Gowers (2010) and Reingold, Trevisan, Tulsiani, &
Vadhan (2008) independently. Before the work of Conlon, Fox, & Zhao (2015), one needed to
consider the Gowers uniformity norm rather than the simpler cut norm as we did above. The
use of the cut norm further simplifies the proof of the corresponding dense model theorem, as
noted by Zhao (2014).

I Exercise 9.4.12. State and prove a dense model theorem for k-APs.

9.5 Sparse Counting Lemma

Let us prove an extension of the triangle counting lemma from Section 4.5. Here we work
with a sparse graph (represented by f) that is a subgraph of a sparse pseudorandom host
graph (represented by v) satisfying a 3-linear forms condition (involving K, » densities).
The conclusion is that if f is close in cut norm to another dense graph g, then f and g have
similar triangle densities (we normalize f for density).

Setup for this section. Throughout this section, we have three finite sets X, Y, Z (which can
also be probability spaces) representing the vertex sets of a tripartite graph. The following
functions represent edge-weighted tripartite graphs:

f8 Vv (XXY)U(XXZ)U(Y xXZ) —>R.

e v represents the normalized edge-indicator function of a possibly sparse pseudorandom
host graph (arising from S C Z/NZ in the statement of the relative Roth theorem).

o f represents the normalized edge-indicator function of a relatively dense subset A C S.

e g represents the dense model of f.

0,0
(&)

For any tripartite graph F, we write t(F, f) for the F-density in f (and likewise with g
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and v). Some examples:

t(K39 f) = Ex,y,zf(x’ y)f(x’ Z)f(y7 Z) and

t(KZ,l,lsF) = Ex,x’,y,zf(x7 y)f(x,a y)f(x’ Z)f(X’, Z)f(yv Z)

‘We maintain the convention that x, x” range uniformly over X, and so on.
The functions f, g, v are assumed to satisfy:
e 0 < f < v pointwise;
e 0 < g <1 pointwise;
e The 3-linear forms condition:

|t(F,v) — 1| <& whenever F C K;,5;

e When restrictedtoeachof X XY, X X Z, and Y X Z, we have

”f_g”\] <e&.

For example, when restricted to X X Y, the left-hand side quantity denotes

f-g
sup  [Exy (f — ) (x, 1) 1a(x)15(y)|.

ACX,BCY

Throughout we assume that & > 0 is sufficiently small, so that < £?() means < Ce® for
some absolute constants ¢, C > 0 (which could change from line to line).
Here is the main result of this section, due to Conlon, Fox, & Zhao (2015).

Theorem 9.5.1 (Sparse triangle counting lemma)
Assume the setup in the beginning of this section. Then

(K, f) = 1(K, )] < &%V

You should now pause and review the proof of the “dense” triangle counting lemma from
Proposition 4.5.4, which says that if in addition we assume 0 < f < 1 (that is, assuming v = 1
identically), then

|t(K3, f) —1(K3,8)| < 3| f - gllo < 3e.

Roughly speaking, the proof of the dense triangle counting lemma proceeds by replacing f
by g one edge at a time, each time incurring at most an || f — g|| loss.
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f 8 8 g
fgf fgf é’gf 8%4?

Having v = 1 should be thought of as the “dense” case. Indeed, v = 1 correponds to
S = Z/NZ rather than having a sparse pseudorandom set S. In general, starting with a general
“sparse” v, our strategy is to reduce the problem to another triangle counting problem where v
is replaced by 1 on one of the edges of the triangle.

v 1 1 1
— — —
v % v v v 1 1 1

This densification strategy reduces a sparse triangle counting problem to a progressively
easier triangle counting problem where some of the sparse bipartite graphs among X, Y, Z
become dense.

Let Sparsity (v) be the number of elements of {X XY, X x Z,Y x Z} on which v differs
from 1. We will prove the statement:

SparseTCL (k): the sparse triangle counting lemma is true whenever Sparsity(v) < k. (The
hidden constants may depend on k.)

We already proved the base case SparseTCL(0), which is the “dense” case corresponding
to v = 1, as discussed earlier. We will prove the implications

SparseTCL(0) = SparseTCL(1) = SparseTCL(2) = SparseTCL(3).

We phrase our argument as an induction (a slightly unusual induction setup, as 0 < k < 3).
For the induction step, it suffices to prove the conclusion of the sparse triangle counting
lemmas under the following hypothesis.

Induction hypothesis. SparseTCL (% — 1) holds with k = Sparsity(v), and v is not identically
lonX XY.

The next lemma show that v is close to 1 in a strong sense, provided that v satisfies the
3-linear forms condition.

Lemma 9.5.2 (Strong linear forms)
Assume the setup in the beginning of this section, we have

[Bryer (V(x,y) = D f(x,2) F (6, 2) f (3, 2) f (3, 2)

The same statement holds if any subset of the four f factors are replaced by g.

< 20,

Proof. The proof uses two applications of the Cauchy—Schwarz inequality. Let us write down
the proof in the case when none of the four f’s are replaced by g’s. The other cases are similar
(basically apply g < 1 instead of f < v wherever appropriate).

Here is a figure illustrating the first application of the Cauchy—Schwarz inequality.
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2

y—1 < y—1 Q$< y—1 Qg
f s f T r v Y

Here are the inequalities written out:

By oo (v(xy) = D f &2 f (52 f ) (3 D[
= By o B[ (v(x,y) = DF(x,2) f(x, )] £ (3, 2) f (3, 2)
< (Byee (B y) = DF @D F D) F 0. F 0,2 By f (30 D (0 2)

< (Byee (B (v 3) = D2 (6, 2)) V(0 V(0 D) By e oV (3, 2DV (3,2).

Note that we are able to apply f < v in the final step above due to the nonnegativity of the
square, which arose from the Cauchy—Schwarz inequality. We could not have applied f < v
at the very beginning.

The second factor above is at most 1 + € due to the 3-linear forms condition. It remains to
show that the first factor is < &1, The first factor expands to

Erxyeo (v, y) = D(v(x,y) = D f(x,2) f(x, 2) f (X, 2) f (X, 2)v(y, D) v (., 2).

We can upper bound the above quantity as illustrated below, using a second application of the
Cauchy—Schwarz inequality.

2

v v —1 v—1 v —1 y—1
. . O
f v f % f v % % v v

On the right-hand side, the first factor is < &%) by the 3-linear forms condition. Indeed,
|t(F,v) — 1| < g forany F C K;,,. If we expand all the v — 1 in the first factor above, then
it becomes an alternating sum of various t(F,v) € [1 — &, 1 + ¢] with F C K, , », with the
main contribution 1 from each term canceling each other out. The second factoris < 1 + ¢
again by the 3-linear forms condition.

Putting everything together, this completes the proof of the lemma. O

2

Define v, fa,gr: X XY — [0, o) by

Valx,y) = Ev(x, 2)v(y,2),
Jalx,y) =B f(x,2)f(y.2),
gn(x,y) = E:g(x,2)8(y, 2).
They represent codegrees. Even though v and f are possibly unbounded, the new weighted

graphs v, and f,, behave like dense graphs because the sparseness is somehow smoothed out
(this is a key observation). On a first reading of the proof, you may wish to pretend that v,
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and f, are uniformly bounded above by 1 (in reality, we need to control the negligible bit of v
exceeding 1).

We have
1(Ks3, ) =[5 fa)s
and 1(K3,8) = (8. 81)-
So
1(Ks, ) = 1(K3,8) = (f, fr) — (8. 8x)
={fofra—80)+{f -8 8n)-
We have
f-8
Kf—genl <|lf-glla<e
8 8

by the same argument as in the dense triangle counting lemma (Proposition 4.5.4), as
0 < g < 1. So it remains to show |(f, fx — ga)| < %0,
By the Cauchy-Schwarz inequality, we have

(fsfn— 8/\>2 =E[f(fr - 8/\)]2 <E[f(fa - g/\)z] Ef <E[v(fr - g/\)z] Ev.

The second factor is Ev < 1 + & by the 3-linear forms condition. So it remains to show that

E[v(fy - g/\)z] =, (fa— g/\)2> < &%,
By Lemma 9.5.2
(v =1, (fa = g0)?)] < &2

(to see this inequality, first expand ( f, — g,)? and then apply Lemma 9.5.2 term by term).
Thus

E[v(fy — gn)?] < EB[(fx — gn)?] + 2.

Thus, to prove the induction step (as stated earlier) for the sparse triangle counting lemma, it
remains to prove the following.

Lemma 9.5.3 (Densified triangle counting)
Assuming the setup at the beginning of the section as well as the induction hypothesis, we
have

E[(fn —gn)?] < &0, 9.5.1)

Let us first sketch the idea of the proof of Lemma 9.5.3. Expanding, we have
LHS of (9.5.1) = (fa, fa) = (fa> 8a) = (s fa) + (8- &1)- (9.5.2)

Each term represents some 4-cycle density.
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So it suffices to show that each of the four terms above differs from (g, g,) by < %V,

We are trying to show that (f., fo) = (g, &x). Expanding the second factor in each (-, -), we
are trying to show that

fa
Exy o fa(x, ) f(x,2) f(y,2)
~ Exygn(x,y)g(x,2)8(y, 2)- 7 7

However, this is just another instance of the sparse triangle counting lemma! And importantly,
this instance is easier than the one we started with. Indeed, we have || f, — gl < 2V (this
can be proved by invoking the induction hypothesis). Furthermore, the first factor f, (x, y)
now behaves more like a bounded function (corresponding to a dense graph rather than a
sparse graph). Let us pretend for a second that f, < 1, ignoring the negligible part of f,
exceeding 1. Then we have reduced the original problem to a new instance of the triangle
counting lemma, except that now f < v on X X Y has been replaced by f, < 1 (this is the key
point where densification occurs). Lemma 9.5.3 then follows from the induction hypothesis
as we have reduced the sparsity of the pseudorandom host graph.

Coming back to the proof, as discussed earlier, while f, is not necessarily < 1, it is
almost so. We need to handle the error term arising from replacing f, by its capped version
fa: X XY — [0, 1] defined by

fr=min{f,,1} pointwise.

We have
0 < fy — fn =max{f, — 1,0} < max{v, — 1,0} < |v, —1]. (9.5.3)

Also,
(Elvy = 1])* < E[(va — 1)*] =Ev? = 2Ev, + 1 < 3e, (9.5.4)

by the 3-linear forms condition, since Evi and Ev, are both within € of 1. So

P f) = oo 10| =[5 = T )

SE|V/\_1|V/\

=E|va—1|(va=1)+E|v, — 1]
< E[(va - 1)2] +E|va - 1]
< 20, [by (9.5.4)] (9.5.5)

Lemma 9.5.4 (Cut norm between codegrees)
With the same assumptions as Lemma 9.5.3,

177 = gnllo < €.
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Proof. Indeed, forany A C X and B C Y, we have
(fa = 8nrLaxe) = (fa = far Lax) + (fa = 8as Laxs)-
By (9.5.3) followed by (9.5.4)
(fn = fuLaxw) SElfy = fol S Elva = 1] <620

So it remains to show that

[{(fr = &nr> Llaxs)| < g2,

This is true since

(far Laxs) = Exy 2 laxa(x,¥) f(x,2) f(y,2)
and (gn, laxs) = Ex,y-laxs(x,¥)g(x,2)g(y,2)

satisfy the hypothesis of the sparse counting lemma with f,g,v on X X Y replaced by
1axB> 1 axp, 1, thereby decreasing the sparsity of v by 1, and hence we can apply the induction
hypothesis. O

Proof of Lemma 9.5.3. We need to show that each of the four terms on the right-hand side of
(9.5.2) is within £?() of (g,, g.). Let us show that

[ fas S = (8ns M) < &2,
By (9.5.5), {fa, f,) differs from (f,, f,) by < £, and thus it suffices to show that

<ﬁ’ f/\) = Ex,y,zﬁ(xs y)f(x9 Z)f()’? Z)
and
(&r 8n) =By y.28n(x,¥)g(x,2)g(y,2)

differ by < V. To show this, we apply the induction hypothesis to the setting where f, g, v
on X x Y are replaced by f,, g, 1 (recall from Lemma 9.5.4 that || f, — g|lo < £%*("), which
reduces the sparsity of v by 1. So the induction hypothesis implies

(Fas o) = (gnr g0)| < 20,

Thus [{fx, fo) = {gr. ga)| < &%, Likewise, the other terms on the right-hand side of
(9.5.5) are within %V of (g,, g») (Exercise!). The conclusion E[(f, — g.)?] < %) then
follows. =

Exercise 9.5.5. State and prove a generalization of the sparse counting lemma to count an
arbitrary but fixed subgraph (replacing the triangle above). How about hypergraphs?
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9.6 Proof of the Relative Roth Theorem

Now we combine the dense model theorem and the sparse triangle counting lemma to prove
the relative Roth theorem:

Theorem 9.2.5 (restated). For every 6 > 0, there exist € > 0 and N, so that for all N > N,
if S C Z/NZ satisfies the 3-linear forms condition with tolerance &, then every 3-AP-free
subset of S has size less than ¢ |S].

Recall that with xg, x1, yo, Y1, 20, 21 € Z/NZ chosen independently and uniformly at random,
the set S C Z/NZ with |S| = pN satisfies the 3-linear forms condition with tolerance & if
the probability that

—Yo — 220, Xo—Z0, 2Xo+ Yo,
-y1 =220, X1 =20, 2X1+ Yo,
—yo — 221, Xo—2Z21, 2Xo+Yi,
-yi—2z1, X1—21, 2x1+y

lies in the interval (1 + £)p'2, and furthermore the same holds if we erase any subset of
the above 12 linear forms and also change the “12” in p'? to the number of linear forms
remaining.

The proof follows the strategy outlined in Section 9.3 on the transference principle.

We need a counting version of Roth’s theorem. As in Chapter 6, we define, for f: Z/NZ —
R, its 3-AP density by

A3(f) = Exaezynzf () f(x +d) f(x + 2d).

Theorem 9.6.1 (Roth’s theorem, functional/counting version)
For every ¢ > 0, there exists ¢ = ¢(6) > 0 such that every f: Z/NZ — [0, 1] with
Ef > ¢,

As(f) 2 c.

Exercise 9.6.2. Deduce the above version of Roth’s theorem from the existence version
(namely that every 3-AP-free subset of [N] has size o(N).)

Proof of the relative Roth theorem (Theorem 9.2.5). Let p = |S| /N. Define
v:Z/NZ — [0, o) by v=plls.
Let X =Y = Z = Z/NZ. Consider the associated edge-weighted tripartite graph
Vi(XXY)U(XXZ)U(YXZ)— [0,00)
defined by, forx € X,y e Y,and z € Z,
V(x,y) =v(2x +y), V(x,2) = v(x - 2), V(y,2) = v(=y - 22).

Since v satisfies the 3-linear forms condition (as a function on Z/NZ), v’ also satisfies the
3-linear forms condition in the sense of Section 9.5. Likewise,

v = 1lg = V" =1l

where ||v — 1||5 on the left-hand side is in the sense of Section 9.4 and ||v’ — 1|| is defined
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as in Section 9.5 with v’ is restricted to X X Y (the same would be true had we restricted to
XX ZorY xZ).Indeed,

lv=1llg= sup E((x+y)-DIs(x)1s(y)

ACX,BCY

whereas

v =1llz= sup E('(x,y) - Dla(x)1s(y)

ACX,BCY

= sup E(v(2x+y)—1)1,(x)15(y)

ACX,BCY

and these two expressions are equal to each other after a change of variables x < 2x (which
is a bijection as N is odd).

By Lemma 9.5.2 (or simply two applications of the Cauchy—Schwarz inequality followed
by the 3-linear forms condition), we obtain

Iy =1l < £,
Now suppose A C S and |A| = 6N. Define f: Z/NZ — [0, c0) by
f=p"14

so that 0 < f < v pointwise. Then by the dense model theorem (Theorem 9.4.6), there exists
a function g: Z/NZ — [0, 1] such that

Ilf—eglla <n,

where 7 = nj(&) is some quantity that tends to zero as £ — 0.
Define the associated edge-weighted tripatite graphs

g (XXY)U(XXZ)U (Y XZ)— [0,0)
where, forx € X,y e Y,and z € Z,
f'(xy)=f(2x+y), f'(x,2) = flx-2), I'v,2) = f(=y -22),
g'(x,y) =g(2x +y), g'(x,2) =g(x—2), g'(y,2) =g(-y - 22).
Note that g’ takes values in [0, 1]. Then
If =glla=1f-glloc<m

when f’ — g’ is interpreted as restricted to X X Y (and the same for X X Z or Y X Z). Thus by
the sparse triangle counting lemma (Theorem 9.5.1), we have

t(Ks, f') — 1(K3,8")| < .
Note that
1K, ') = Exy o S/ (6, ) (%, 2) f1 (3, 2)
=Eyyzeznzf 2x+y) f(x = 2) f(=y = 22)
=Eyaeznzf(x) f(x +d) f(x +2d).
= As(f)
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Likewise, (K3, g’) = A3(g). And so

1A (f) = As(g)] < . 9.6.1)
We have
Eg>Ef-n=6-n.

Provided that ¢ is chosen to be small enough so that ;7 is small enough (say, so that Eg > §/2),
we deduce from Roth’s theorem (the functional version, Theorem 9.6.1) A3(g) =s 1. Therefore

—3 72 (9.6.1) Q1)
pONTHxd) ix,x+d,x+2d € A} =A3(f) = As(g) - 261
provided that 7 is sufficiently small. We can now conclude that A must have a non-trivial

3-AP if N is large enough. Indeed, if A were 3-AP-free, then

{(x,d) : x,x+d,x+2d € A}| = |A| < |S| = pN,

and so the above inequality would imply p <s N~'/2. However, this would be incompatible with
the 3-linear forms condition on S, since the probability that random xg, x1, Yo, y1, 20, 21 € Z/NZ
satisfy

—Yo — 220, Xo—Zo, 2Xg+ Yo,
=y1—2z0, X1 —20, 2x1+Yo,
—Yo—2z1, Xo—2z1, 2xo+Yyi,
-y1—2z1, x1—2z1, 2x1+y;

lies in the interval (1 + £)p'2, but this probability is at least |S| /N> = p/N* (the probability
that all 12 terms above are equal to the same element of S). So (1 +&)p'? > pN~*, and hence
p 2 N™¥1_which would contradict the earlier p <5 N~'/2if N is large enough. o

Remark 9.6.3. The above proof generalizes to a proof of the relative Szemerédi theorem,
assuming Szemerédi’s theorem as a black box.

All the arguments in this chapter can be generalized to deduce the relative Szemerédi
theorem (Theorem 9.2.7) from Szemerédi’s theorem. The ideas are essentially the same,
although the notation gets heavier.

Further Reading

The original paper by Green & Tao (2008) titled The Primes Contain Arbitrarily Long
Arithmetic Progressions is worth reading. Their follow-up paper Linear Equations in Primes
(2010a) substantially strengthens the result to asymptotically count the number of k-APs in
the primes, though the proof was conditional on several claims that were subsequently proved,
most notably the inverse theorem for Gowers uniformity norms (Green, Tao, & Ziegler 2012).

A number of expository articles were written on this topic shortly after the breakthroughs:
Green (2007b, 2014), Tao (2007b), Kra (2006), Wolf (2013).

The graph-theoretic approach taken in chapter is adapted from the article The Green—Tao
Theorem: an Exposition by Conlon, Fox, & Zhao (2014). The article presents a full proof
of the Green—Tao theorem that incorporates various simplifications found since the original
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work. The analytic number theoretic arguments, which were omitted from this chapter, can
also be found in that article.

Chapter Summary

o Green-Tao theorem. The primes contain arbitrarily long arithmetic progressions. Proof
strategy:

— Embed the primes in a slightly larger set, the “almost primes,” which enjoys certain
pseudorandomness properties.
— Show that every k-AP-free subset of such a pseudorandom set must have negligible size.

e Relative Szemerédi theorem. If S C Z/NZ satisfies a k-linear forms condition, then
every k-AP-free subset of S has size o(|S]).

— The 3-linear forms condition is a pseudorandomness hypothesis. It says that the associated
tripartite graph has F-density close to random whenever F C K 5 5.

e Proof of the relative Szemerédi theorem uses the transference principle to transfer

Szemerédi’s theorem from the dense setting to the sparse pseudorandom setting.

— First approximate A C S by a dense set B C Z/NZ (dense model theorem).

— Then show that the normalized count of k-APs in A and B are similar (sparse counting
lemma).

— Finally conclude using Szemerédi’s theorem that B has many k-APs, and therefore so
must A.

o Dense model theorem. If a sparse set S is close to random in normalized cut norm, then
every subset A C S can be approximated by some dense B C Z/NZ in normalized cut
norm.

o Sparse counting lemma. If two graphs (one sparse and one dense) are close to normalized
cut norm, then they have similar triangle counts, provided that the sparse graph lies inside
a sparse pseudorandom graph satisfying the 3-linear forms condition (which says that the
densities of K3 > 5 and its subgraphs are close to random).
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unit distance problem, 24

Erd&s—Turdn conjecture, see Szemerédi’s theorem

Erd&s—Stone—Simonovits theorem, 26, 75

ESS theorem, see ErdGs—Stone—Simonovits theorem

ex(n, H), see Turdn problem
expander mixing lemma, 103
bipartite, 104
converse, 105
exponent
abelian group, 244
extremal number, see Turdn problem

finitary, 1
finite field model, 201, 206, 259
flag algebra, 173
forcing graph/conjecture, 99, 163
Fourier, 108, 201, 212, 252
3-AP, 214
inversion, 202, 213
non-abelian, 117
uniform, 208, 210, 215, 220, 224
Freiman
homomorphism, 245
isomorphism, 245
polynomial Freiman—Ruzsa conjecture, 259
theorem, 237, 258
abelian group, 238
finite field model, 244
groups with bounded exponent, 243
Furstenberg—Sarkdzy theorem, 8

Index

G (n, p), see random graph, Erd§s—Rényi
G|[S], see induced subgraph
GAP, see progression, generalized arithmetic
Gauss sum, 110
Gowers uniformity norm, 212
graph, ix
graphon, 130

associated, 131

space, 135

compact, 136, 150

step, 131
Green—Tao theorem, 9, 279
Grothendieck’s inequality, 119

H-free, ix, see also Turdn problem
half-graph, 62, 131
hereditary graph property, 85
homomorphism

Freiman, 245

graph, ix, 137, 161
hypergraph, ix
induced subgraph, ix
infinitary, see finitary
invertible

measure preserving map, 134

Kévari—So6s—Turan theorem, 22
constructions, 39
geometric applications, 24
K, see clique
K ¢, see bipartite graph, complete
KST theorem, see Kévari-S6s—Turan theorem

lattice, 253
<, see asymptotics
linear forms condition, 283, 284

Mantel’s theorem, 12
martingale, 148

convergence theorem, 149
maximum cut, 147, 158
measure preserving map, 134
Minkowski

first theorem, 255

second theorem, 255
mixing

quasirandom groups, 114
modeling lemma, 247
moment, 124

graphon, 154
N, ix
N (x), see neighborhood
(n,d, A)-graph, 103

bipartite, 104
neighborhood, ix
norm graph, 42

projective, 44
O( ), see asymptotics

Q( ), see asymptotics
operator norm, 103



Paley graph, 94, 107

eigenvalues, 110
Parseval, 202, 213
Perron—Frobenius theorem, 98
Pliinnecke’s Inequality, 239
Plancheral, 202, 213
point-line incidence, 272
polynomial method, 220
product set, 269
product-free, 111, 114
progression

arithmetic, ix

convex, 261

generalized arithmetic, 237

progression, generalized arithmetic, 256

property testing, 84
pseudorandomness, 91
PSL(2, p), 94, 116

quasirandom
Cayley graph, 118
graph, 92, 131
bipartite, 100
group, 111, 117
examples, 115
r-graph, see hypergraph
Ramanujan graph, 126
Ramsey’s theorem, 2
random graph
Erdés—Rényi, 92
quasirandom, 94
rank
slice, 221
regular
pair, 55
partition, 55
set, 62
regularity lemma
arithmetic, 225, 227
bounded degree, 153
equitable, 61
graph, 56
hypergraph, 87
irregular pair, 60, 62
lower bound, 60
strong, 78
weak, 144, 147
removal lemma
graph, 75
hypergraph, 86
induced, 77
infinite, 82
triangle, 64, 176
representation theory, 111
Roth’s theorem, 6, 9, 67, 214, 281
Behrend construction, 70
counting, 299
finite field, 206, 220, 224
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relative, 284

Sark6zy theorem, see Furstenberg—Sark6zy theorem
Schur’s theorem, 1
semidefinite
program, 147, 174
relaxation, 120
SET card game, 206
Shearer’s inequality, 196
Sidorenko’s conjecture, 162, 170, 173, 177, 193
~, See asymptotics
spectral gap, 105
square, see Furstenberg—Sarkdzy theorem
Stanley sequence, 70
stochastic block model, 132, 139
subgraph, ix
induced, ix
successive minimum, 254
sum-free, 1, 224
sum-product, 269
sumset, 235, 238, 239, 269
iterated, 249
restricted, 264
sunflower, 224
supersaturation, 21, 286
symmetrization
Zykov, 17, 186
Szemerédi’s regularity lemma, see regularity lemma,
graph
Szemerédi’s theorem, 6, 86, 280
bounds, 7
counting, 286
multidimensional, 8
polynomial, 8
random, 285
relative, 284

O( ), see asymptotics
tower function, 60
trace method, 124
transference, 285
triangle

density, 164

forbidding, see Mantel’s theorem
triangle inequality

Ruzsa, 238
Turdn

density, 19

graph, 14

hypergraph, 20, 189

number, 11

problem, 11

theorem, 14, 186
U3 norm, 212, 260
undecidability, 161
unit distance problem, 24
V(G), v(G), see graph
van der Waerden’s theorem, 5
vertex-transitive graph, 113
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W-random graph, 139
Wg, see graphon, associated

Zarankiewicz problem, 22
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