U

Jooooobobooy

HRERE

20150 (OO 27r0)80 6008090
O ogoogon

o2rgogoogoooon

0000 (S)000000 15H05739
0000 (A)0DDOD0OD00 26247006
0000 (B) 000000 24340012



N T T T N I T T I O R



oo

00000020150 (00 270)80 600080900000 O0OO
gboogobuogbobugbbogbbodgbbogbooobooon
gbobodgbuodboobobboobodboobobboboobo
gobobbbooooooobobobbbooooooobboobbo
gbobbobobboboooooooobbbbbboooogbboobobbo
gboobooooboobod
gbooboobobboboobgooboobobbooboobd

obO2rogbooobooonDg

oooo  0ooo (S)

00000 0000

00000 000000000000
0000  15H05739

oood oooo (A)

ooooo 000

00000 FlerOOOODOO symplecticO O OOO
gogon 26247006

oooo 0000 (B)

ooooo 00 00

00000 0000000000000000
0000 24340012

D000 00000 (0000)
00 000 (Q00O0O00o0)
00 000 (QOoO00)

goo gobobbooooobood
gobboobooogobood



oo odoodootdootd ooogt

00 00000 0000 (0)000 0000 (@)00o0

OO0 0O466-83550000 0000 OO0 0000
gboogboo s1d0 10 5111

oooo (0)

14:00-15:00
00 00 (00000Doooocooooooon)
Normalized entropy versus volume for pseudo-Anosovs «---«----c-- 1

15:30-16:30
00 OO0 (Doooooooooog)
UbbooodbbobuooobobboogogiDn «oeeeeeeeeeeenn 11

oooo (0)

9:30-10:30

00 OO0 (Doooooooooo)

The slice-ribbon conjecture and related topics « -« -« vvveenen 19

11:00-12:00
00 00 (00000ODO0OC0oOooooooDby)
A0000000D00000DLDbO0O000nnDDng e 29

13:30-14:30
David Martinez Torres (Pontificia Universidade Catélica, Rio de Janeiro)
Symplectic topology and b-symplectic structures -« -«-«- e 39

15:00-16:00
000 (D00D0oooooooo)

Chain level operations in string topology via de Rham chains ---- - - o1

16:30-17:30

OO0 OO (Simons Center for Geometry and Physics, State University
of New York, Stony Brook)

O0D0D0000D00000000000 «-eveeeerena 61

ii



oooo (0)

9:30-10:30
00 00 (0000ooDpooooogn)
OO0 SchurO0O000000 GysinOOOODOOOO «--vveeeeennns 65

11:00-12:00
000 (D00000O0OO0Oo0oO0oOo0ooDbs)

On the topological classification of quasitoric manifolds - «-«------ 81

13:30-14:30
00 00 (00000000000000oobl/00oooooo
0000 DC1)
00000 Stein OO0 OO DD cvvverevnenenmenenennnenannen ]9

15:00-16:00
00 00 (0000000000 0o0ooobooooooooon)
DOnaldSOn—ThOmaS D D D ------------------------------------ 99

16:30-17:30 0000
00 00 (0000 0000)
00000000000 0 00000000000000 ----111

oooo (0)

9:30-10:30
00 00 (0000oopooooogn)
D000 000 0000 +cvvveevoeneneeaaeeiaaeeaanann. 127

11:00-12:00
00 000 (Dooooooooooo)
O00000000000000000 «ccvceereemenennenenaen. 137

il



Normalized Entropy versus Volume
for Pseudo-Anosovs

gooon
gboboboooobobooogobon

1 O0o00od

000 ¢00000ooooo0 mO0O000 X,,=X0000x2XY)=2-29g—m<0
OO000X0000000000000000Nielsen-Thurston OO0 Y0000 ¢ O
O0000 AnosovD 0 OO0O0O0O00OO00O0OO0O0OOOOODOOOOOOOO[27O00O
0000000 (10000000000

OO0 o00000D0000000D0O000D0ODOO ente OOOODOODO entep
O000000000DO0DODO0ODODOODODOODODOODOOODOODOOOObODOODO
O00000D0000 AnosovO0OOODOOOO AOdilatationD OO0 logA\ODDODODOO
OO0 Anosov UOODOODOOODOODOODOOO@ O Teichmiller 0000

(entp =) llgllr = inf dr(X, )

O00000000000000 [4,150000 70O X0 Teichmiller 000dy O 7 O
O Teichmuller OO0 00000
000000 00 Anosov OODOOO0ODOOO hepyOODOOODDOOODODO
00
N, =X x[0,1]/(h(z),0) ~ (x,1)

00000ON,0000000000000D0000 [28]0Moestow 00D 0OOOODOO
O000000000000000000 volN, DOOO0O0O0O0O0O0O0O0O0O0O0O00O0O0
Dbooboobooboobobboobooboobo

gbobuogoboodgbbuoooboobbuoobobboobibd cobbononooog
000000000000 [B000000000000000000000000 w”
000000000000000000 2600000000 [25/000 200000
0000000000000 000000000D0 LickelishOODOOOOO 10(7) 00
gbobobooodgbbboooobbbooobbbog 10o

000000000000000000 (14 00000N, 00000 volN, O ¢ O
bbOo0Od0d ente DU ooOUo

ent ¢ > C(g,m) vol N, (1.1)



35

25+ v

entropy

:
+ o o
- + +
15 R 5o St
g

05 - length=7

length=6
length=5  +
) Iength=4‘ +

Il Il Il Il Il Il Il
0 2 4 6 8 10 12 14 16 18 20
volume

U 1. 0g0oobod vsO0O

0000 ¥YO0O0O0O000oooooooo Cg,m)>00000000000000
O000000000000000000 Brock (60000000 O0DOODODOOODODO
0 C(gom)000000000000O0Penner 0 [23]0 Y O0OO0O0O00O0O0ODOOOO
OO0 AnosovO0OO0O0O0O0O0DOOO0ODOOO0ODOOODDOOODOODO30000O0OO
Dboboobooboobobboboobooboobob

g+m—oo OO0 C(g,m)— o0

0000

0000000000000000000000000000000000X 000
0000000000000000000000000000000000000000
00000000000000000000000 (=2x(X))00000000000
0000000000000000000000000000000000000000
00000000000000000000 2000000000 60000 Aonsov
0000000000000000000000000000000000000000
00000000000000000000000000

2 O0Ooooogo

000000C(¢,m) 0000000000000000000 McShane 00000
00 [16) 00000000



140

120

100

80

60

normalized entropy

40

20

volume

U2000000000000vsDOO

OO0 1. 0000 Anosov e OOOO

1
ent p > ————vol N, 2.1
s 1)
Oo0o0ooogooog 5
27| x(X)] ent ¢ > §V01Nﬂ" (2.2)

gboodgg

(22)0000000000000000000000000000 volN, 00000
gogobobobobbobobobobobbbboboooduoddoooouooooooon
Dobobooobooboobobooobog

00 2.00 10000 C(g,m) 00000000000 00O0OOOOODOOOOOO
000000001 0000000000000 00 (2.1) 0

ent ¢ 1
> — =(.10610. ..
vol N, = 37 010610

000000000 [14] O Conjecture 6.10 D0 O0O0O0OOOO
entg0>log%5
volN, =  2uv3
000 v3=1.01494... O0OD0OO0OD 4 0000000000000 8O0ODOO0ODOO
OO0D0OO0bOoooOg

= 0.47412. . .,




O000000000000000000000000000OPenner 23] 00000

to > log 2
e1n
= 4Bg—3+m)

goobodd
0 3.0 Y,,, 00 AnosovO0O0Om>100000000

¢ > 2?}3 2U3
en =
7= 3n|x(X)|  37(2g — 2+ m)

gooodad

O00. Cao O Meryerhoff 9] D0 ODOO0OO0OOOOOOOOOODODO 300000000
gbbodgsbuuubbboooobbbodobibibd 220000000000000
00000 (21)0 volN, O 2030000000000 [

OO0 4. 0000000000000 DOO0ODODO 100 BettiDOooooooooDO 1
OO0 BettiDUOO 3000000000000000 203 000000000000
Oooooobooo 30 “m>1700000000000

0000000000000 0000DO0DbO0ODO0ODbOODO0 AnosovO OO0 Farb,
Leininger 0 Margalit 00O O0OO000O0O0O0ODOOOOO0OOOOODOODOOOOOOOO

0 5 (Farb-Leininger-Margalit [11], Agol [1]). OO0OOOO C>0000000000
0000 30000000 M, 0000000000000 00 27|x(X)]ente <C O
000 X000 Anosov o 0000 M, O Dehn 00000000 DO0O0OODOODOO
oooooooooooobon

OO 6. Farb, Leininger J Margalit OO OO M, OO0OOOOOOOODehn OO0
gbbbuoooboboboooobbbuoobbboooon

O0. 2r|x(¥)|endp<COO0000O00 1000 volN, 0O0O0O0OO0O00DO0OO0DOO
O N, OODOOOO Margulis OO OO00000000O0O0O0O0O0O0OOCOOOOO
ooooooooooooOoOoOOOoOoUoUooooooooooooooo0oN, 000
00 Dehn 000000000000 0O0ON, OO0O0O0OOCOOOOOOOOOOOOO
0 O Jorgensen O Thurston 26 D00 000000000000 O0O0OOOOOOOO
gboboboobooboobooboobobooboobooboon [l

OO0 10000000000000000 Teihemiller 00 OO O Weil-Petersson [J
oogd

— inf
o[ we )I(IéTdWP(XﬂDX)

O000000000000Brock [6] 0 Theorem 1.1 0000000 0O0OOODODODODOOO
000 dwp O Teichmiiller OO 7 OO Weil-Petersson 0 0 0 00O



O 7.X00000000000000 Anosov e O0OODO

vol N,

2
lellwp > ——==
3v/2m|x (2]

00000000000

2
V2 (D) lellwe = 3 vol N,

000000000 ||-|jwp O ¢ O Weil-Petersson 00000000

00 8 0 Anosov 00 ¢ O |lgkllwp DO D000 entpr =||ekllr DOODODODOODOO
O000000000000000000000000000000 volN, OO0000
000000 Weil-Petersson 000 000000000000 O0O0ODOODumas 000
0000000000000 |l¢lle 0000000000

00 10000000000000000000000000 McMullen [18) D OO
Brock-Bromberg [7] 000 Klein 00 0000000000000 O00OOC0DOOON, O
OooOooooobbod Fevehs Db ooooobobboooobbooooo
Krasnov O Schlenker 0000 Fuchs OOOOOO0O0O0OO0OOOO0OOOODOOODOOODO
00000000 (17,21 000000000000 DO0OO0O0O0O0ODOC0O 200000
oboogobbgobboooboboooboobboobobooobboobboon
gbobgbgobogbboobooobbuooobboobboooboobboon
gbooboooobobooooobobooon

3 Uouond

0000000 Fuechs DO0DOO0OO0O0OO0O0D0OO0O0DOO0O0O Fuchs DOOOOO Fuchs
0000000 Fuchs 000O00OBers 3] 000000000000 Riemann 0000
OO00000000O0000DOCO0O000D0e 00 Anosovd X e 7T OOOOODODOO
00000 000000 7 00 Teichmiller 00000 Riemann OO0 C(p "X, " X)
O Bers 000000 (¢ "X,e"X) 0000 Fucks 000 Qe "X,¢"X)ODOOOO
000000 Brock O [6] 0O

... geometric inflexibility should yield a proof that the limit as n — oo
volC(¢ "X, ¢"X) = 2nvol N, + O(1) (3.1)

O000000000 Brock O Bromberg 0O0DOOOOOO Riemann OO0 OOO0OO0O
000 [7j000000000000000000000DO000D0ODODOODOO0DODOO
OO00O0O0O0OMcShane OO0 OO ODOOOOOOOOOOOODOOOOOODOOODOO
O000000000 Brock-Bromberg 00000 0O0O0OO0D0O0OOODOOODOOOOOO



OO0000 Riemann OOO0O0OO000000OO0OOOMinsky OODODOOOODOODO
0000 (190 Rafi 00O Teichmilller 0000000000000 00O00OOOOO
000 [24)00000000000000 [16] 0 appendix 0000000000 X O
gobobbodooodd itggoooboboobboooooobboobobboooan
gboboooodgbboobdadao

O00000000000000 Brock O Bromberg DO0O0O0O0O00O0O0OODOO [8 O
0000000000000000 1000000000 (3.1) 0000 liminf, .o O
gboogobuogbboobbooboboobbodobbooobooooboobooobn
OO00O000000000 McMullen 0O0O00O0O0O0OO0OODOODODODOODOODOO
gbooooggbbooago

4 000000

O00000000000000 Krasonov-Schlenker 0000 Fuchs OOOOOOO
000 RvolDOOODOODO [17,21,16)| 0000000

00 9 (Schlenker [21)). ¥ 0000000000X 0000000000000 D=
D(X)0000000000 Fuchs 0 Q(X,Y) 0000

volC(X,Y) < RvolQ(X,Y)+ D
oooooog

dooobdoooodooooobooooooboooooooooooooooo
0o
Schlenker 0 [21] 00X, Y e 7T 000000 Fuchs 000 Q(X,Y)OOOO0OOO

O0X,Y OO Weil-Petersson 0000000000000 OO0OOOOOO T OO0
000000d0oooooooobobobioo0 20000000X0Y 000 T7TOOO
O000000 Y, 0000 Fuchs 00 1000 {Q(X,Y)}o<«<« 00DOO0O0O0O0OO
¢ €QX)D QX,Y,) 000000 YV, 000O0O0oooooooooo 2000000
O p 0 dYy/dt 000 Beltrami D000000OSchlenker 0000000000000
Oo0o0oOooo c,oooad

/Qtlit

Y

000000000 Schlenker 0 2100000 Cy=1/40000000000000
O00dddoooooooooooooOo coooooooa

0000 (4.1) 00 Nehari 200000000000 |jglloe<60000000000
O Weil-Petersson OO0 000000000 O0O0O00O00O0O00O0 <6000000 Riemann O

& Rvol Q(X.Y:) < Cy (4.1)




Dooobodbd 400b0bobobuoboobooboboboboboobobobo
O McMullen 0OO0OO0OO0O0O -100000000D0ODODODO 4000000000
gbbooodobbboooobb 2000000

0.47412... O 0.4244... (= 0.10610... x 4)

00000000000000000000000000000000O00D0 1100 [16]
O version 1 0 arXiv OO OOOOdOOoOo4d
JddddoooOMcMulllen OO0 OO0OD0OD0O0OOOOOOOOOODOOODOOOOO
O000000000Teichmiuller 0000000000 OOOOORIiemann 0 X OO
O00000X 0000 2000000000 QX)O0ODOOge(X)O LPOOOO

g]|oo = sup p? Jq(z)|] ODOO,
z,eX

1/p
lall, = ( / p2-2p|q|f’)
X

0000000000 p»0000 -1 000000000000000

lally < lalloo(27Ix(Z))*?

O00000p=10000 Teichmuller OOOp=20000 Weil-Petersson [0 [ [ [
000000000 Anosov OO0O0OO0OO0O00OO Fucks D00 Qe "X,e"X)ODOOO
000000000 (41) 0000000000 |¢0000 POOOOOOOOOO 9
0000000000000 0000bO0o0oo0o0oonD 2n0000 n—ooOOOOO

3
vol N, < = Co (2nx(2)) "Il

000000000 |l¢ll,0 o0 LPOODOODOOOOOOCOODOOO
obo8Uubobobooboooboobuobdy pdbUdb0Dumas oo

lolls = 0.96242,  [|¢||> < 1.86068,  ||¢]|o < 2.80859

O0000000000000000 Schlenker 00000 Cp=1/4000000000

31
2.002988 = vol N, < 7+ - [l < 1.05322

gboboobbbuoodgbobbbooobbdobbboooobbboooobbodan

ooboobo0o 200b000bOoboOob ¢G,Ooo 1oboooboooooobog
OO000000 20000 Betrami DOO00O0OO00O0O00OO0OO0O0OOODOOOOOOO
gboodbougbouodgboogboobbobboobuodgbodgb 200000000
OO00bOO00ooooob 200000000000000000 BertlamiOOOOOO



D000 Riemann JO0DO00O000 -1 00000000000 2000000000
O00000OSchlenker O [21) 0000000000 Weil-Petersson 000000000
D000 20 20000000 Nehari OOODOODOODOODOOOOOOOOOOOO
[16] O version 1 0000000000 Oversion20000 2000 arXivODOOOOO
UbOboouboboboodd version1 DOUOO version 2000000000000 OO0O00OO

5 Uooon

goobobobobbbobboboooooooooboobobob 2b0b0b0
0000000000000 0000000O00000000D 0000 Agol-Leininger-
Margalit 2] O0O0O0 1 0000000000000 O0DOOODODOOOOOOOOOO
000000 N1 000000000000000000000O0O0R]OoOoOoOoOoO0
0000000000000 000000000000 Brock-Bromberg [8] O OO0
guobbboguobboooobbooobbooobbuooobbboboooobn
Weil-Petersson 00D 000000000000 0O0O0O0O0O0O0OOO0O0OOO0OODOOO
O0000000o0oob0o0ob00boooDboOnD Fuechs DOODOOOODODODOO
0000000000 Bridgman-Canary [5] 0000000000000 OOOOOO
bbb b 1gbobobbooogobbobbooooon
0000000000000 0000000Guillarmou-Moroianu-Rochon [12] O Pallete
2200 000000000000000000O0OO0OODOOOOO0OOOOOODOO

000o0N,000000000000000000D0 ||l¢|lx 00000000000
OO0000000000000b00D00 Teichmulller D00 Finsler OO0 OO0O0OO0O
gubbbbbooooooooououoooooobn

oo

[1] T. Agol, Ideal triangulations of pseudo-Anosov mapping tori, Contemporary Math.,
560 (2011), 1-17.

[2] 1. Agol, C. Leininger and D. Margalit, Pseudo-Anosov stretch factors and homology
of mapping tori, arXiv:1409.6983.

[3] L. Bers, Simultaneous uniformization, Bull. Amer. Math. Soc., 66 (1960), 94-97.

[4] L. Bers, An extremal problem for quasiconformal mappings and a theorem by
Thurston, Acta. Math., 141 (1978), 73-98.

[5] M. Bridgeman and R. Canary, Renormalized volume and the volume of the convex
core, arXiv:1502:05018



[6] J. Brock, Weil-Petersson translation distance and volumes of mapping tori, Commu-
nications in Analysis and Geometry, 11 (2003), 987-999.

[7] J. Brock and K. Bromberg, Geometric inflexibility and 3-manifolds that fiber over
the circle, J. Topol., 4 (2011), 1-38.

[8] J. Brock and K. Bromberg, Inflexibility, Weil-Petersson distance, and volume of
fibered 3-manifolds, arXiv:1412.4635.

[9] C. Cao and R. Meyerhoff, The orientable cusped hyperbolic 3-manifolds of minimal
volume, Invent. Math., 146 (2001), 451-478.

[10] A, Casson and A. Bleiler, Automorphisms of Surfaces after Nielsen and Thurston,
Cambridge University Press, 1988.

[11] B. Farb, C. Leininger and D. Margalit, Small dilatation pseudo-Anosovs and 3-
manifolds, Adv. Math., 228 (2011), 1466-1502.

[12] C. Guillarmou, S. Moroianu and F. Rochon, Renormalized volume on the Teichmiiller
space of punctured surfaces, arXiv: 1504.04721.

[13] N. V. Ivanov, Coefficients of expansion of pseudo-Anosov homeomorphisms, Zap.
Nauchu. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI), 167 (1988), Issied.
Topol. 6, 111-116, 191, translation in Journal of Soviet Mathematics, 52 (1990),
2819-2822.

[14] E. Kin, S. Kojima and M. Takasawa, Entropy versus volume for pseudo-Anosovs,
Experimental Math., 18 (2009), 397-407.

[15] S. Kojima, Entropy, Weil-Petersson translation distance and Gromov norm for sur-
face automorphism, Proc. Amer. Math. Soc., 140 (2012), 3993-4002.

[16] S. Kojima and G. McShane, Normalized entropy versus volume for pseudo-Anosovs,
arXiv:1411.6350

[17] K. Krasnov and J-M. Schlenker, On the renomalized volume of hyperbolic 3-
manifolds, Comm. Math. Phy. 279 (2008), 637-668.

[18] C. McMullen, Renormalization and 3-manifolds which fiber over the circle, Ann.
Math. Study 142 (1996).

[19] Y. Minsky, Bounded geometry for Kleinian groups, Invent. Math., 146 (2001), 143-
192,



[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

28]

Z. Nehari, The Schwarzian derivative and schlicht functions, Bull. Amer. Math. Soc.,
55 (1949), 545-551.

J-M, Schlenker, The renormalized volume and the volume of the convex core of
quasifuchsian manifolds, Math. Res. Lett., 20 (2013), 773-786.

F. Pallete, Local convexity of renormalized volume for rank-1 cusped manifolds,
arXiv:1505.00479.

R. Penner, Bounds on least dilatations, Proc. Amer. Math. Soc., 113 (1991), 443-450.

K. Rafi, A characterization of short curves of a Teichmeuller geodesic, Geometry &
Topology Volume 9 (2005) 179-202

M. Takasawa, Computing invariants of mapping class of surfaces, Ph.D thesis, Tokyo
Institute of Technology (2000).

W. Thurston, The geometry and topology of 3-manifolds, Lecture Notes, Princeton
University (1979).

W. Thurston, On the geometry and dynamics of diffeomorphisms of surfaces, Bulletin
of Amer. Math. Society., 19 (1988), 417-431.

W. Thurston, Hyperbolic structures on 3-manifolds II: Surface groups and 3-
manifolds which fiber over the circle, preprint.

10



Joooobooobooboboboboboobd

0DoooO0 (oooo)

gboobodbbuogobboobboobooboboooobboooboboonoobood

gbobbbbouooooobobbbbuooooobbbbbuooooobbbbood
gobobboobboougoooobobboobbbouoooooobobboobobobon
gbobbbboooodoobbbbbuoooooobbbboooooobbobbo
gobbobbougoooobobobboooooonobooboooooonooon
oboobuooboobboobooboobboobooboobobooboboon
gobobboobboouoooooobbbooobbobobobooooooobobobooo
goboboooobbboooobobboooobboooon

1. 0000gobogo
1.1. 000

gobbbbougooobobbobbuooooobobbobbouooooooobbo
gobodbobooobbooboobbuoobbooobbuoobobooobboon
gobbobboogooobbbbbuoooooobobboooooobbobo
gbobogdbuogdboboogbobobobooboobobooobboobbood
(191001913) 0 0000000000000 00O000OO00OOO0OO0OO0OOOO 'O
gobobboogooobbobboooooobbobbuoooooobobbood
obogboooobobooboobobomobooboobobooboobo
gobobobbougoooobobbodooooobbobbooooonooon
gboogo
gobbobooooggobbobbbougooobbobooooooooon
oboobuoobobooboboobooboobboobooboobbooboon
gobobbobbououoogobobbobbbuooooooooobobbobobogd
oboobuoobbooboboobooboobboobooboobbooboon
gbogbbodbogobuogbboobuoobobobbooboobobooon
obobgbooobobuobooobobobooboboobobobooboboood
gobbobbougooobbobbodoooobobobouoooooobboon
goboobboogoobobobobbtboooooooobboooooooobooobo
gobobbobobboouoooooobbbbbouooooooobobbobobboo
gobobobbooogoooobbbboooooooboobobbooooooooboon
gbobbobboooooobbbbuoooooobobbuooooobbbbood
goobbboobbbbobodooooooooobbobobiooobbbobobobo

0000000 (0000:15K13433)0 000000000000

oooooodoooooooo,ooooo,ood

*0263-8522 000000000 13300000 00000000

e-mail: kuga@math.s.chiba-u.ac. jp

0000000000000 0000000000000000D 000000000 DOOnOO
goooooooooooooooooooooooooodooooooooooooogoon
Oooooooooodooboooodgooooobooooooooooooooooooooon
obdoooooooobooooboooobooboobooboooboooooooboboooooboaoon
[11] 00

11



goooo

goodbooobobooobooboobbobboobooboobbboobd
gobbobbouogooobbbobboooooobbobbouooooooboboon
gobooboboobobbooooooooobboobbbooooooooooobooo
gbuogobogbboobuooboooboobboobuooboobbobbon
gobbobboooooobobobboooooobbooboooooobbooboog
gbudgboboobboooboobboobbobbooobuboobuooboon
gobobobbbuodgogooboobbbooogoobbobbouooooooboo
OOoboooobooboobooobobooboobooboboobooubboobonpdfoO
gbhodbodgbobobboobooboobooboobboobooboobo
gbobbobobuoooooobbbbuooooobbbobbuooooobbbbogg
gbobobogoobbooooan

1.2. 00000

Ooooooooobooooooooooooooobooooooooooooon
000 (proof assistant) 00 0000000000

e OUOOODLDLDLDOUOOODLDLDDODOLOODLDLDDOOO

e OO OOOOLODLDOUOOOLDODDOOOOD

Ooo0o0000oooOmoooooo0ooooooooooooooomooooDo
oooooooooobooooooobooooooooboOoooooboboooo
OooooboooooooooooobboobooocoQuuuooooooonon
Ooo0o0

00000000000 0000000 AutoMath O ( Nicolaas Govert de Bruijn
starting in 1967)0 00 0000000000000 0O0ODOOOOOOOOOOO0O
O000000O00Odependent type system) 00000000000

Mizar(http://www.mizar.org/) D0 0 0000000000000 OOCOOOOO
ODODOO0OO0O0O0O0O0O0O0O0O0OO00O0O HOL, Isabelle, COQ, Agda D0 O0O0O0O0OO
0COQDOODDOODODOSSReflect 0O O OODODODOOOOODDOO

000000000000 0000000000000O0DO0O0000000ODO0OODO
oooooooo

4-color theorem (Coq/Gonthier/2004)

Jordan curve theorem (Mizar/Kornilovicz/2005, HOL light /Hales/2007)

e prime number theorem (Isabelle/Avigad et al/2007)

Feit-Thompson theorem (Coq/Gonthier/2012)

Kepler conjecture (HOL, /Hales/2014)

gobobboooogobbobbodogoooboboooooobobooo
000020140 8000000 Kepler conjecture 00000 280[0 xO]O0O0O00O0O

12



0000000000000 00000000000000000000000000
0000000000000000000 COQO SSRefleet0 0000000000
O000O0O00SSRefleet 00 000000000000 0000000000000
0000000000000 000000000000000000000000
00000000000000SSReflect 00000000000000000000
0000000000000 0000000000000000000000000
0000000000000000020050000000000000000000
0000000000000 0000000000000000000000000
00000000000000000000000000000000000000
000000000000 00000000000000000000000000
00000000000000000000000000000000000000
000000000000000000 Homotopy Type TheoryD DO DO OO0 OD0

2. 0000bbobooooooobood

gooooobooB.O0b0O00O0ObbOOOoDbDbOObObOoObODbObOOoOoboooboo
ooboobooboobbobobooooboboboobobobobobooooo
OO0000b0OooooogoozZzrCODOODOOODOODOOODOODDOOODOODOOO
gboobobooboboobobobuoomuooboooboboboboobo
gugdubbbbooom@muoooooooboobboooooobobbbbuooon
0000000000 (propositions as types) 0 D 0000000000000 0OOO
gooubobboodgouoobbooooobubbbooooobbbbouoooo
oboobobooboobboobooboboobbooboooobooboboo
OO0oooooooooQuUuuobooooooboon
Variable p : Prop.
Theorem p_implies_p : p — p.
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nat

0
S nat — nat.

Axiom
completeness
V E:R — Prop,
bound E — (3 x : R, E x) — { m:R | is_lub E m }.

O0000ogooocoQuiin G.GonthierDOODOOOOOOOOODOOOODOO
ODOO0O0000000000000000000 SSReflect 000 DO DO GonthierO
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0000000000000000000 20

Record TopologicalSpace : Type := {
point_set : Type;
open : Ensemble point_set — Prop;
open_family_union : V F : Family point_set,
(V S : Ensemble point_set, In F S — open S) —
open (FamilyUnion F);
open_intersection2: V U V:Ensemble point_set,
open U — open V — open (Intersection U V);
open_full : open (@Full_set _)
}.

gbobobbuoooogobbbbuodooooobobobouooooobboboo
gobobboogooobobbooooooboboboooooobboooogd
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Hypothesis X_compact: compact Xt.

Hypothesis Y_compact: compact Yt.

Definition Bing_shrinkable (f:X—Y): Prop:=

V eps:R, eps>0 —

3 h : point_set Xt — point_set Xt,
homeomor¢sm h
(V x:X, d° (£ x) (f (h x)) < eps)
(V x1 x2:X, (f x1) = (£ x2) - 4d (h x1) (h x2) < eps).

Definition approximable_by_homeos (f:X->Y): Prop:=
YV eps:R, eps>0 —
3 h:point_set Xt — point_set Yt,
homeomor¢sm h
(V x:X, 4’ (£ x) (h x) < eps).

Theorem Bing_Shrinking_Theorem:

V f: point_set Xt — point_set Yt,
continuous f — surjective f —

(Bing_shrinkable f — approximable_by_homeos f).

000000000 github 9000000000000 O0OOOOOOOOOO
Ooo00ooOoooooooooos
Variable T: Topological_space.
Definition baire_space : Prop :=
V V : IndexedFamily nat (point_set T),

(V n: nat, (open (V n)) A (dense (V n))) —
dense (IndexedIntersection V).

Theorem BaireCategoryTheorem
complete d d_metric — baire_space.

gobboobbouogooooobboobobbobbbouoooooooboboo
goobooooon

Axiom FDC : FunctionalDependentChoice_on
(point_set X * { r:R | r > 0} * nat).
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Theorem (Disk to Disk Theorem for k£ = ) Suppose f : S — S™ is

a surjective map such that there are only countably many points p;, (i € N) with

000000000000 00000000000D000000000000000000000A0
gboooobgn
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the property Card(f~!(p;) > 1. We assume lim; .., diam(f~!(p;) = 0 and the subset
{pili € N} C S™ is nowhere dense. Then f is Bing shrinkable.
O0000000000OCasson HandleOOOOOO 2-0000000000 Freed-
manJ 000000000000 0O0O0O0OOODOOOOOO0000000ooobDn
OO000000 Freedman OO O OO0 O0OO0OOO0O0ODOOO0O0ODOODOODOODOOO
prooosSvio00d0o000o0o0UooOoUooOoooooooon

D" = {(zy,29,...,7,) ER" |23+ 25+ -+ 22 <1}
S = {(zy, 2, 7) ERM 2] + 23+ 22 =1}
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0000000000000 000D0000000O0DOO0A0 hit.Spheres.v

Fixpoint Spheres (n : trunc_index)
:= match n return Type with
-2 = Empty
-1 = Emply

|
|
| n’+1 = Susp (Sphere n’)
end .
guooobbbggooobbuooooobbboooooboooobbbooao
goodooooooobon
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SLICE-RIBBON CONJECTURE AND RELATED TOPICS
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Symplectic topology and b-symplectic structures

David MARTINEZ TORRES (Pontificia Catolica University, Rio de Janeiro)*

1. Introduction and statement of main results

A symplectic structure on a manifold M is given by w a closed 2-form maximally
non-degenerate. The first fundamental result for symplectic structures is the existence
around any point of Darboux coordinates x1,y1,. .., 2y, y, for w:

w:idxi/\dyi

i1

Therefore symplectic structures on a fixed (even) dimension have no local invariants;
this is also reflected in having an infinite dimensional group of symmetries: infinitesimal
symmetries are vector fields X € X(M) satisfying: Lxw = 0. In particular, any
function f € C*°(M) produces any such infinitesimal symmetry via its Hamiltonian
vector field X characterized by: df = ix,w.

Not unexpectedly, topology plays a major role in the study of symplectic structures,
as illustrated by the following fundamental results:

e Surgery is central to the construction of closed symplectic manifolds, the key fact
being the existence of normal forms in plenty of situations, a consequence of the
so-called Moser’s method [11, 7].

e (Closed symplectic manifolds have symplectic submanifolds, which are very care-
fully chosen Poincaré duals of multiples of the (rational) class of the symplectic
form [3].

e The existence of symplectic structures on open manifolds boils down to a homo-
topical obstruction [8].

Symplectic structures are a particular instance of Poisson structures: these are
given by a bracket operation on smooth functions such that (C*(M),{-,-}) is a Lie
algebra over R, and the Lie bracket is linked to the geometry of M by requiring {f,-}
to be a derivation, the so-called Hamiltonian vector field of f.

Poisson structures abound: any Lie algebra (g, [+, -]) has an associated Poisson struc-
ture on its dual g*; any symplectic manifold (M, w) is a Poisson manifold with bracket
{f,9} = w(Xy, X,); more generally, any foliated manifold with a leafwise symplectic
form (M, F,wr) is a Poisson manifold. In fact, a Poisson structure formalizes the
notion of a possibly singular foliation by symplectic leaves; this foliation is the one
integrating the distribution spanned by the Hamiltonian vector fields. For example,
for the dual of a Lie algebra the symplectic foliation has as leaves the coadjoint orbits.
Symplectic manifolds are exactly those Poisson manifolds whose (symplectic) foliation
has just one leaf (the whole manifold).

The speaker would like to acknowledge the finantial support from Chuo University and the organizers
of the Topology Symposium.
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It is natural to investigate which techniques from symplectic geometry go through
to Poisson geometry. Unfortunately, the answer is almost none. The reason is that
Poisson structures are far too general (for example, having singular foliation forces the
appearance of local invariants). Still, one would like to describe families of Poisson
structures which behave as much as possible as symplectic structures. The purpose of
this presentation is to discuss joint work with P. Frejlich and E. Miranda [6] in which
we describe one such family.

Another way to recast the definition of a Poisson structure on M is a as a bivector
7 € X?(M) which obeys the P.D.E. [r,7] = 0, where [, -] is the Schouten bracket of
multivector fields. If w is a symplectic form, its associated Poisson structure is the one
with bundle map 7% := w*  (the Poisson structure in the ‘inverse’ of the symplectic
form). Conversely, Poisson structure m on M?" is symplectic exactly when the section
A" of the line bundle /\2" T'M does not meet the zero section. Hence, it is natural to
relax the symplectic condition as follows:

Definition 1 [10] A Poisson manifold (M?", ) is of b-symplectic type if \" 7 is
transverse to the zero section M C /\2n TM.

Such structures were first defined, in the case of dimension two, by Radko [18], who
called them topologically stable Poisson structures. Poisson structures of b-symplectic
type have also appeared under the names log symplectic 9], [2], [13].

Poisson structures of b-symplectic type —also referred to as b-symplectic structures—
do not stay too far from being symplectic. One can think of them as symplectic struc-
tures which blow up to infinity along hypersurfaces in a controlled way. Indeed, The
transversality condition A" 7 M M ensures that the singular locus Z = Z(7) =
A" 7710 is a codimension-one submanifold of M, which by the Poisson condition is
itself foliated in codimension one by symplectic leaves of 7.

1.1. Statement of the main results

We shall start by describing a link between b-symplectic manifolds and cobordisms in
the symplectic category with appropriate boundary behavior.

Definition 2 A cosymplectic structure on a manifold Z?"~! consists of a pair of
closed forms (0,n) € QY (Z) x Q*(Z), such that 0 An"~ is a volume form.

The prototype of a cosymplectic structure is a symplectic mapping torus, i.e. the
suspension of a symplectomorphism of a symplectic manifold. It turns out that the
singular locus a b-symplectic manifold is not a just Poisson submanifold. An addi-
tional choice of data makes a cosymplectic structure appear [10]. Also, cosymplectic
structures appear naturally on boundaries (or hypersurfaces) of symplectic manifolds
endowed with a symplectic vector field transverse to the boundary (what one may call
a ‘flat end’ in symplectic geometry).

Definition 3 A cosymplectic cobordism (M,w, ) is a compact symplectic mani-
fold (M,w) together with 0 € Q'(OM) making (M, 0,wor) a cosymplectic manifold.

Our first result makes a direct link between b-symplectic manifolds and cosymplectic
cobordisms:

Proposition 1 [6] A b-symplectic manifold (M, ) can be canonically factored into a
composition of (connected) cosymplectic cobordisms. The cobordisms are obtained as
the result of cutting M open along its singular locus.
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A main concern for us is the construction of ‘enough interesting examples’ of closed
b-symplectic manifolds. More precisely, it is natural to ask if a cosymplectic structure
(Z,0,m) may appear of singular locus of a closed b-symplectic manifold. Proposition
1 implies that this problem is equivalent to finding a cosymplectic cobordism from
(Z,0,n) to the empty set, i.e, to finding a symplectic filling for it:

Proposition 2 [6/ A compact cosymplectic manifold (Z,n,0) is the singular locus of
a compact, orientable b-symplectic manifold (M, ) without boundary, if and only if
(Z,n,0) is symplectically fillable.

Symplectic fillings of contact manifolds —and more generally symplectic cobordisms
with concave/convex boundaries— are central to Symplectic Topology, whereas the case
of cosymplectic (or flat) boundaries has received comparatively little attention. In this
respect Eliashberg has shown that when Z is a 3-dimensional symplectic mapping torus
then it is symplectically fillable [4].

Our second result follows from observing that symplectic fillability of all cosym-
plectic 3-manifolds would be a consequence of symplectic fillability of all symplectic
mapping tori, hence solving the cosymplectic existence problem in dimension 3:

Theorem 1 [6] Any compact cosymplectic manifold of dimension 3 is the singular
locus of a compact b-symplectic 4-manifold without boundary.

Our third result describes a class of symplectomorphisms ¢ which yield symplecti-
cally fillable symplectic mapping tori in arbitrary dimensions; namely, Dehn twists 7;
around parametrized Lagrangian spheres | C (F, o) and their inverses Tl_li

Theorem 2 [6] Let Z be a compact symplectic mapping torus. Assume that ¢ is

Hamiltonian isotopic to
1 -1

Tll e TlmTlm+1 e Tlm/’

where I; : St — (F,0), i=1,...,m' are parametrized Lagrangian spheres.
Then there exists a compact b-symplectic manifold without boundary, whose cosym-
plectic singular locus is Z.

Another important question we address in the construction b-symplectic submani-
folds. These are, roughly speaking, submanifolds of M transverse to the singular locus
Z(m) and such that 7 induces on them a b-symplectic structure. Any such submanifold,
upon factoring (M, ) into cosymplectic cobordisms, would give rise to a symplectic
submanifold on each connected cobordism with appropriate boundary behavior. Hence,
it is natural to try to construct b-symplectic submanifolds by reversing the previous
procedure. Our fourth result shows that this is possible under a mild cohomological
assumption.

Theorem 3 [6] Every (M, ) rational compact b-symplectic manifold without bound-
ary has closed b-symplectic submanifolds W — (M, ) of any dimension intersecting
every connected component of Z(w). If M has dimension four, then the rationality
assumption can be dropped.

The final issue we address is the existence of symplectic structures on open mani-
folds:

Theorem 4 [6] Let M be an orientable, open manifold. Then M is b-symplectic if
and only if M x C s almost-complex.
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In fact, the story here is completely analogous to the symplectic case: supporting a
b-symplectic structure imposes restrictions on the de Rham cohomology of a compact
manifold without boundary [2, 12], but these do not apply to open manifolds. There,
the existence of b-symplectic structures becomes a purely homotopical question, and
we show that they abide by a version of the h-principle of Gromov [8].

2. The b-tangent bundle and Moser’s method

In this section we briefly describe how the reformulation of the b-symplectic condition
as a closed non-degenerate section of a suitable bundle, allows for an analog of Moser’s
method for b-symplectic manifolds. In particular, it produces (semilocal) normal forms
around the singular locus.

The category of b-manifolds has as objects pairs (M, Z), where Z C M is a closed
submanifold of codimension one with empty boundary, and as morphisms f : (M, Z) —
(M’',Z") those maps f : M — M’ transverse to Z’, and pulling back Z’ to Z.

The Lie subalgebra X(M,Z) C X(M) consisting of those vector fields v which
are tangent to Z can be identified with the space of smooth sections of the b-tangent
bundle T'(M, Z)b — M. There is a bundle map T'(M, Z)b — T'M which is the identity
outside Z. Tts restriction to Z defines an epimorphism T(M, Z)°|; — TZ, whose kernel
N(M, Z)" has a canonical trivialization v: if one expresses Z locally as 21 = 0 in a
coordinate chart (z1, ..., z,), then xla%l is independent of choices along ~Z.

One defines b-forms as sections of A" (T*(M, Z)b> , and denotes them by Q*(M, Z)".

They form a complex with a differential d® given by a Koszul type formula, and which
matches the de Rham differential outside Z. In fact, there is a short exact sequence of
chain complexes:

0— (Q(M),d) = (Q°(M, 2)",d") > (Q*Y(2),d) — 0, (1)

where b maps a b-form w to its contraction with the canonical v.

A b-map f : (M,Z) — (M',Z") induces a maps of b-complexes by pulling back
sections in the usual fashion.

A b-form w € Q*(M, Z )b will be called non-degenerate if w™ is nowhere vanishing,
and symplectic if it is non-degenerate and closed, d’w = 0.

Example 1 Let 21,91, ..., %n, Yn be coordinates in R**, and consider the b-manifold
(R?", 2y = 0). Then
dl’l -
W = x—lAy1+Zd.fC]/\dy]

=2
is a b-symplectic form on (R*™ z; = 0)

Example 2 In the unit sphere S*> C R®, consider h the height function and 0 the
polar coordinates associated to rotations around the z-axis. Then

dh
LN
Y

is a b-symplectic form on (S*, h = 0).
This b-symplectic form is invariant under the antipodal map, hence descending to
a b-symplectic form on (RP? RP!).

The first important result is:
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Proposition 3 [10] There is a bijective correspondence between symplectic forms on
(M, Z), and Poisson structures of b-symplectic type with singular locus Z.

The Poisson structures of b-symplectic type corresponding to examples 1 and 2 are:

AN A A
Yoy 0y, w00 oh

It is not surprising then that Moser’s method carries through to b-symplectic mani-
folds. At the local level, there is a Darboux theorem [17] that says that around a point
in the singular locus Z there exists coordinates so that a b-symplectic form w writes
as in example 1. At a global level, on a compact b-manifold a path of deformations
of b-symplectic forms which are cohomologous (for the cohomology of the b-complex)
corresponds to an isotopy [13].

Let us discuss the seminormal form around Z and the appearance of a cosymplectic
structure on Z. Firstly, the contraction with the canonical section 0 := i,wz = bw| 7 18
a closed 1-form, and it is nowhere vanishing since both w and v are nowhere vanishing.
Of course, the foliation defined by @ is the symplectic foliation induced on Z by the
Poisson structure that corresponds to w. Assuming for simplicity that M is orientable,
we can always find ¢ € C°°(M) a function vanishing linearly exactly at Z(w). Then
its Hamiltonian vector field X; is tangent to the singular locus, so it is a section of
T(M, Z)" which again does not vanish near Z. Mimicking the construction in the
symplectic category, is not difficult to see that w becomes independent of the local
coordinate t. In fact, the difference

dt
n::w—T/\Q

becomes an honest 2-form independent of the local ‘time’ coordinate ¢ € [—e, €], so one
can write around Z [10]:

dt
w=—Nb0+n, neQ2)

The closed 2-form 7 is symplectic on the codimension 1-leaves of the foliation defined
for 0, so (Z,0,n) becomes a cosymplectic manifold.

3. Cobordisms and b-symplectic manifolds

Let (M,w) be an oriented closed b-symplectic manifold. Upon the choice of a local
time coordinate ¢ around the singular locus Z, we have the normal form in Z x [—¢, €]:

dt
w=—Nb0+n neH2)

If we denote M¢ = M\[~§, 5], then we obtain:
e An oriented compact symplectic manifold with boundary.

e A cosymplectic structure in the boundary (M€, 0, n).

e A cosymplectic involution ¢: (OM¢,60,n) — (OM€,0,n) exchanging boundary
components.
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(M,w) can be recovered from (M€ 60,n,.) by gluing the product neighborhood of
Z using t. Conversely, if (X,6,7n,¢) is an oriented compact cosymplectic cobordism
with an involution in the boundary exchanging components, one may ask whether
there is a structure naturally obtained in M, the result of gluing X using ¢. Each
boundary component of X can be labeled as an inward or an outward one: The
component is outward if the orientation in the component inherited by the orientation
of M*" (outward normal first) is the one corresponding to the volume form 6 A w%}l;
otherwise it is inward. It follows from standard results in symplectic geometry, that if
¢ identifies and inward and an outward boundary component, then the symplectic form
is compatible with the gluing. If both components X, 10X, are inward or outward,
then the symplectic form will never extend to the gluing, but rather, we can insert a
tube:

(aXJ X [_57 %]ai% A 0]' +w\8Xj)7

the sign corresponding to the inward or outward case. The previous discussion sum-
marizes as follows:

Proposition 4 [6]

1. Any closed oriented b-symplectic manifold (M, w) can be factored as a composition
of b-symplectic cobordisms.

2. If (X,0,n,t) is an oriented compact cosymplectic cobordism with an involution
in the boundary exchanging components, then the result of gluing the boundaries
using ¢ is a closed manifold with a canonical b-symplectic structure; the singu-
lar locus corresponds to pairs of identified boundary components which are both
inward or outward.

The previous proposition offers an interesting justification for b-symplectic struc-
tures: they appear naturally when composing cosymplectic cobordisms.

Corollary 1 Let (X,w,0) be a cosymplectic cobordism. Then its double has a canon-
tcal b-symplectic structure.

Example 2 is the double of a disk with any symplectic form.

4. Realizing cosymplectic structures

It is natural to ask which cosymplectic structures appear as the singular locus of a closed
b-symplectic manifold. The relation with cobordisms readily implies that (Z,0,7n) can
be realized as one such symplectic locus if it is cosymplectically cobordant to the
empty set (by taking its double!), i.e., if it is what we call symplectically fillable (the
flat boundary of a closed symplectic manifold).

Among cosymplectic structures the simplest ones are those for which 6 has rational
periods, for these are exactly the symplectic mapping tori. It is not difficult to see that
using cosymplectic cobordisms which are topologically trivial (products) one can:

1. Reduce the symplectic fillability question for general cosymplectic structures to
symplectic mapping tori.

2. Check that the symplectic fillability question for symplectic mapping tori only
depends on the Hamiltonian isotopy class of the monodromy.
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For the first point simply observe that for (Z, 0, n) a cosymplectic structure on Z closed,
(Z x [0,1],dt NO+n+dt NO)

is a cosymplectic cobordism from (Z,6,n) (inward side) to (Z,0+6',7n) (outward side),
as long as 0’ has small enough C°-norm. But we can always use such deformations to
ensure that # + 6’ has rational periods.

In dimension three one can use cosymplectic cobordisms which are topologically
non-trivial to modify the monodromy of any surface mapping torus. This is based on
the following well-known facts:

1. The mapping class group is generated by (positive) Dehn twists around (oriented)
curves.

2. Attaching a 2-handle to one such curve with framing -1 produces a cobordism
whose new end has the monodromy of the latter surface bundle composed with
the corresponding positive Dehn twist.

3. The construction is symplectic, in the sense that the elementary cobordism admit
a symplectic form and a cosymplectic structure in the boundary corresponding
to the prescribed surface bundles.

This reduces the filling question to filling surface bundles with monodromy isotopic
to the identity. Here arises a subtle point. Dehn twists are defined up to symplectic
isotopy and not to Hamiltonian isotopy. So our problem is not quite reduced to the
trivial one of filling the cosymplectic manifold (X x S*,0,7) (filled by ¥ x D? with the
obvious product symplectic structure), but filling the ‘twisted” (X x S, 0,7+ a A 6),
a € QL(X). Fortunately, there is a rather non-trivial result by Eliashberg [4] that
grants the existence of such a symplectic filling, this completing the proof of Theorem
1

In higher dimensions, the problem of filling arbitrary symplectic tori is much harder,
because little is known of the structure of the group of Hamiltonian isotopy classes of
symplectomorphisms beyond the case of surfaces.

Still, one has:

1. A notion of generalized Dehn twist around a Lagrangian sphere (defined up to
Hamiltonian isotopy).

2. A result saying that attaching a middle handle to such a sphere with an appro-
priate framing produces a cobordism whose new end has the monodromy of the
latter surface bundle composed with the corresponding generalized Dehn twist
[15], and so that the construction is symplectic, in the sense that the elemen-
tary cobordism admits a symplectic form and a cosymplectic structure in the
boundary with the corresponding to the prescribed symplectic mapping tori.

This allows to fill symplectic mapping tori whose monodromy are certain words in such
generalized Dehn twists, as asserted in Theorem 2.
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5. b-symplectic submanifolds

A fundamental result in symplectic topology says that any compact symplectic manifold
has symplectic submanifolds [3]. It is natural to ask the same question in the b-
symplectic setting. For a b-symplectic (M,w), a b-symplectic submanifold W is a
submanifold intersecting the singular locus Z transversely, and so that w pull backs to
a b-symplectic form on (W, Z N W).

If W is such a submanifold, upon factoring M we will see W€ as a submanifold of
(M€ w,0,) with the following properties:

e W is a symplectic submanifold.

e ¢ intersects OM® transversely and 6 pullbacks to a no-where vanishing 1-form
in the boundary of W¢.

e OW¢ is stable under the involution ¢.

Donaldson’s results has been refined for cosymplectic cobordisms with involution
[14]: if (X, w, 0,¢) is one such cobordism so that [w] is a rational class, then there exists
Y C X submanifolds with the aforementioned properties.

To try to construct a b-symplectic submanifold, one starts with ¥ a submanifold
of (M¢ w,0,t) as above, and the difficulty is that upon gluing back (M€ w,#, ) into
(M,w), we will generically get a non-smooth submanifold. This is because if we start
with W C (M,w) a b-symplectic submanifold, additionally, we may choose the local
transverse coordinate ¢ so that W also inherits a product structure (i.e. the Hamiltonian
vector field X; is tangent to W).

So one either needs to build submanifolds Y of (M€, w,#, 1) compatible with a given
product structure in the boundary, or to analyze when for such a given Y one can find
a product structure near the boundary compatible with Y. If there is such a structure,
then one easily checks that at points z € 9Y, the symplectic orthogonal T,.Y* must be
tangent to 0X at x. In fact, it is not difficult to prove that that infinitesimal tangency
condition suffices to construct a product structure compatible with Y.

In any case, one can analyze if for a given Y as above, one can isotope it near
the boundary (and fixing the boundary) through symplectic submanifolds so that the
tangency condition is achieved. Note that this is by no means straightforward, be-
cause this is a ‘large deformation’, and one cannot use the openness of the symplectic
condition.

At the linear level —and in the lowest possible dimension 2n = 4— we have two points
in SympGr*(2,4) the Grassmannian of oriented two planes in R*, corresponding to the
tangent plane 7,.Y and the tangency we have to achieve. Any non-linear solution should
be based upon choosing ‘geodesics’ in this linear setting. Fortunately, the submanifolds
Y coming from Donaldson theory have the additional property of being ‘almost’ J-
complex w.r.t. any fixed compatible almost complex structure. At the linear level,
this fixes a core of the Grassmannian associated to the fixed Cartan decomposition
of Sp(4) = SU(2)P, and T,Y belongs to this core. The Cartan decomposition itself
provides a ‘geodesic’ joining our two points.

Based on the above ideas, it is possible to perturb Y into Y* a symplectic subman-
ifold with the appropriate tangency condition.

To summarize the proof of Theorem 3, we start with (M,w) a closed rational b-
symplectic manifold. The rationality assumption means that (M€ w,#, ) is a rational
symplectic manifold. Then we construct Y the fist symplectic submanifold, and finally
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we perturb it into Y another symplectic submanifold which upon gluing (M€, w, 6, ()
into (M,w) becomes a (smooth) b-symplectic submanifold.

The rationality assumption does not appear in the symplectic setting. This is due
to the fact that any symplectic class can be approximated by rational ones, and the
symplectic submanifolds constructed by Donaldson’s methods are well-behaved w.r.t.
this approximation. Unfortunately, our deformation/smoothing process is not well-
behaved in this respect. The exception is dimension 4, the reason being that symplectic
classes can be approximated by rational ones so that no perturbation occurs near the
boundary (this because degree 2 cohomology in dimension 4 is isomorphic to compactly
supported degree 2 cohomology).

6. An h-principle for b-symplectic structures

A necessary condition for a manifold M?" to be symplectic is that it carry a non-
degenerate two-form, or, equivalently, an almost-complex structure. If M is compact,
we have a further necessary condition, namely, that there be a degree-two cohomology
class 7 € H?(M) with 7™ # 0.

For open manifolds M — that is, those manifolds, none of whose connected compo-
nents is compact without boundary — a classical theorem of Gromov [8] states that the
sole obstruction to the existence of a symplectic structure is that M be almost-complex.
More precisely, given any non-degenerate two-form wy € Q?(M) and any degree-two
cohomology class 7 € H?(M), there is a path w : [0,1] — Q*(M) of non-degenerate
two-forms connecting wy to wy, dwy = 0, [wi] = 7.

We consider now the case of b-symplectic structures. Recall that b-symplectic man-
ifolds need not be oriented as usual manifolds, so in particular they may fail to be
almost-complex. However:

Lemma 1 If an orientable M admits a b-symplectic structure w, then M x C is
almost-complex.

The proof follows an essentially an argument in linear algebra that can be traced back
to [1]: the difficulty is around the singular locus. Using the Darboux normal form

d.Tl “
w=—Ay + dx; N dy;,
71 A1 Z i y]

=2

there is an obvious choice of almost complex structure for ¢ # 0, the difference being
that for ¢ < 0 it is ¢ in the xy,y; plane, and for ¢ > 0 it is —¢ on that plane. By
adding an extra complex dimension, it is easy to write down a path of almost complex
structures J; in R* such that R? x {0} is complex for Jy, Ji, the first one being 7 and
the second one —i.

In order to prove that if M open is orientable and M x C is almost complex, there
exists a b-symplectic structure, we need to introduce the analogs of non-degenerate
two-forms:

Definition 4 A bivector m € X*(M?*") is almost b-symplectic if its top exterior power

N" 7 is transverse to the zero section, and along the zero locus Z = Z(w) we have
™(T*Mz) C TZ

Theorem 5 On an open manifold M, an almost b-symplectic bivector wy is homotopic
through almost b-symplectic bivectors to a Poisson bivector w. Moreover, one can
arrange that Z(my) be non-empty if Z(mo) is non-empty.
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This statement is a result of checking that 1-jets of Poisson bivectors of b-symplectic
type forms a microflexible differential relation, invariant under the pseudogroup of local
diffeomorphisms of M, cf. [8]. Alternatively, one may follow the more visual scheme
of proof of [5].

Let my be an almost b-symplectic bivector, so it can be interpreted as a non-
degenerate b-form wy in (M, Z(m)).

e The b-differential d* : QF(M, Z(mo))! — QPY(M, Z(m,))" can be factored as a
composition d° o j;, where j; denotes the 1-jet map

p

g1 : DM, N T (M, Z(m))") = T(M, Jy /,\ T*(M, Z(m)")

and
_ p p+1
d":T(M,J, \T*(M, Z(m0)") — T'(M, \ T*(M, Z(m,)")
is induced by a bundle map
p+1

&5 NTOL Z(r))* > N\ T (M, Z()"

e One checks that d is an epimorphism with contractible fibres; in particular, we

p
can lift wy to ao € F(M, Jl/\T*(M, Z(?T()))b).

e Since M is an open manifold, there exists a a subcomplex K of a smooth trian-
gulation of M, of positive codimension, with the property that, for an arbitrar-
ily small open U C M around K, there exists an isotopy of open embeddings
gt M — M, hg = idy, with g1 (M) C U and g;|x = idg. We will refer to K as
a core of M, and say that g; compresses M into U. Note in passing that one can
always find a core K of M meeting Z (7).

e Fix then a core K of M, and a compression of M into an open U around K. The
Holonomic Approximation theorem of [5] then says that we can find

— an isotopy h; of M mapping K into U,
— an open V C U around hy(K);
— a section o € I'(V, T*(M, Z(WO))b)

such that j;a is so C%-close to @y that we can find a homotopy
G(t) € TV, hT*(M, Z(m0))"),
connecting woly to jia, and with db, non-degenerate b-forms on V.
e Now regard the compression g; as a smooth family of b-maps
90+ (M, Z4)) = (M, Z(m)),  Zs = g, Z(mo),

and set wy = d®(gia) € Q2(M, Z,)".
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e Observe that &} := g;@y connects Wy to g} (@oly), and @2 := giw(t) connects
g1 (@olv) to alift of wy. Let &; denote the concatenation of @} and W?:

@ o<ty
S| @ 1/2<t

Then ¢ +— 7 = ©; * € X*(M, Z,)" defines a homotopy of almost b-symplectic

bivectors between my and a Poisson 7.

The proof of theorem 4 results from observing the the presence of an almost com-
plex structure on M x C, grants the existence of almost b-symplectic bivectors on M
orientable (constructed out of the almost symplectic structure on M x C).
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Chain level operations in string topology via de Rham
chains

NI B (R EERAAT I FE AT )

1. AN VT rRAD—

A RU 7 bR Y=L, Chas-Sullivan [2] BSZEEEL O H E/L—FZEEOKRE R D—
£ 12 Batalin-Vilkovisky A3 O &2 R L7 Z E B ihE > 7= 2EfEIkCTH 5.
AECIEET 2ROV TIER, AH O BT 2 BHIK L~ ORERHES ~ & %
HED T,

1.1. Chas-Sullivan )L— 7§

HIDIZ, #e b AR E TH 25 (Chas-Sullivan) L — 7O ERE AT H. M % d
KA ASREE, LM = O°(S' M) % 2O BMA—TERMET5 (2L 8 =
R/Z) CUBELUIT LR LM 2 L EWFEL, £z H,(-) := Hoq(-) &8<. A B
e L— M;y—=~(0) BT 27 7 A —Fif

Loxe Li={(7,7) € LxL[~(0)=+(0)}

BEHBZ, j i LX L — LXLEDEGH, ¢ L X L — L%EN—TDOf54A (concatenation)
RV EELFHET D, V—THolFUTOEHRDOAEK L LTERIND. 22T
—DOHDOEMITY v AFE, —OHDOEBILICET S Gysin BB TH S -

o1 HL(L)®* —+ Huj2a(L X L) —— Hyra(L e X L) ——=HL(L).

J H.(c)

AEOHp € M % p EOEBL—T BT 5 - M — LM 250 HE H, ()
H,.(M) = H(LM) BEE DD, H (M) L0 FEE N &FITIE

H. (i) () o HL(i)(y) = H.(i)(x Ny)  (z,y € H.(M))
MY LD, ZOEW T — T REIIRZXFEDOILRIZ 72 > T\ 5. — 7 REITR AR
OB FHFETH Y, Flo M OFEAFE (DHL()IZED18) BHEAAITIZRD.
1.2. Batalin-Vilkovisky #&i&
LA~DSYERr St x L — LZr(t,7)(0) :=~(0 —t) TED, A:H,(L) = H, (L)
ZAx = H,(r)([SY] x x) CEHRTH. BEHIZONDLLIICA? =000 D, £z,
No—7FEME {, } o HL(L)®? — H,, 1 (L) &

{a,b} == (—D)A(a0b) — (-1)"'Aaob—aoAb

TERTIUL, {, HEIEES LiefFlZ2 0, 5120 & DREFRA

{aboc} = fa,b} oc+ (1) ho {a,c)
ARAFGEIIRME GREFE 5 25800041) OBk EZZ T T\ 5.

*e-mail: iriek@kurims.kyoto-u.ac.jp
LZ D% DT TEARMR LIRS 2 W ZERNS R LTS BERRAILIR STV D2 (MR TR [12] 2 3
SN2V, AR TIEES O ZHRELONV—TEMEZBRZONELETD.
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ML . — IS, WA~ Z RVERZY ECERSNEE o, A, {, } B32L LM
Baled & x, (V,o,A) % Batalin-Vilkovisky (BV) 3%, (V,o,{, }) Z Gerstenhaber
REE v 9. FrlZ, BVAREUL Gerstenhaber (REXDHEIEZ £70.

BV B L O Gerstenhaber RECDEEIL, AT v FOFEZHWTERRTLHZ LD
TE%. HS¥n > LIk LT, B {z € C| |2| < 1} EOHEWIZ disjoint 72 n
&/ NBEDOREZEM Z D(n) LB &, £72 fD(n) :=D(n) x (SY)** £ E<. D0)B
FOfD0) 2 —mn 67252 EFTHUE, D= (D)o BERD = (fD(n))nso 1E
HIRRNAA AT v ROEZ RO, DA/NEA T v R, D Z Wit/ N4~
Ty FEWIH., TNHEDORERY—%EDHIET, WREMNRT PAVEROA T v R
H.(D)BLOH,(fD) %#135.

R DRI T FVZERVIZDOWT, VO Gerstenhaber (W DOHEE & H, (D) O
V~OEM (H (D) 2BV OHERIEA T v K (Hom(VE™, V), ~DH) 1T—%F—IZ
X9 % (Cohen [3]) . RIS, V EOBVAREREE L H (fD) DV ~OEMIE—X—
WRHST B (Getzder [6]). Ho(D(2)), Hy(D(2)), Hy(FD(1)) 134T 1KGED<RY kL2
WThv, HEo, {,}, AlIKx DAERMITITKIE L TND.

1.3. BEARLANLOR ) T bROD—

INETTHHA—TEMOFRER Y — EOREEEICONTIRA3, AfFOF-ET
& % “Chain level string topology” &1L, 56 OEEAHBEKRDO L XL FE TR TE
FLARPTILT, LOBEREREGLS ET2RATHDS. o7 —~ICHlbS
BEERHELE LT [4]BRE TN,

RE PR P28 T, HEKRL VOB ERNOHEON L AEREE L TERAR
HDIZ, Massey fE2 5. ZHUTDONWT A, REDBLE N HEE L THIZW. —fKIZ
AAHZER] X 1okt LT, ZORRAHER C*(X) 1L cup BEIZ £ ¥ dga(differential graded
algebra) DG ZFFD. 7272 LARTIX, dga & I3 E 2D LOREERIREOM TH -
T Leibniz Al 24723 b O & L, O HPEIIOE L. —J7, RESFT F V22
V ED A B L 1E, BEREE > 11T L TIRE2 - kDOBIEEM 1y, - VO -V
MEFZRII, EEOHREm > 1122501 T

Yo Eum @ @@ @ Vi) ® - @) =0

k+l=m+1
1<i<k

7T b D ThH o7, Fllu, =0(Vhk > 3) 725 A R & 1T dga lTiZz B g, Ay
REDO—fGmIic L L, O(X) & (A R¥&E L) &% bE—FfE H*(X) ED Ay
REHEE (1 )i>1 THST, g =0 D e BN cupfEERDBDNEEDH. TD L E g
Z AW T Massey BN EFRSIND (272 LG ps BIRIZ—EIZITRE S22 - LLEIZ
DWTEE L <IE[11] Section 9 &M S H7z .

Mz mMAZKRIE L T2 L, Poincaré Yol X 0 H*(M) Ed cup FIF HL (M) Lo
RYFEICHIET 5. —TFEITHL(LM) LA TH - T, TDOH, (M) ~DHl
[RIZZEXFETH o7z, £ 2T, H(LM) LD A AREIEE (k) p>1 ThH > TIRDSM%
WeTb0EERE L, LWVOMBBEILNS.

PARRTIE, WEAR7 PAVEREND L& L TREM SNIZ b0 EHE XD,

312 Ligim LTI B 1 DOBAEO A TH D . BEO M) & R oBlEIX AR Clixtkb 2. [12)
BIXOZFZ TR TN TWA R E SRS L2,
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o 1 =0, poldN—T7HEIZ T 5.

o (LD kIZONT py(HL(M)®F) C H(M) T, (pre)iz1 O HL (M) ~OHIBRIZARH
BRCH(M) & A 3 & LTARE b E—[FfH.

IR TARN) T MR Y —OHEZEHEERO L~V E TR TERT HZ L TH
LNDIHEWR] O LEELRFITHAS . ZORNTRT A5, TREOREE L T4
iR 5.

ZORNZ, ARV 7 bR Y= BRORWEEETH D (T L7 T 1y 7 %
®) Floer FE 1 ¥ —3 L ONES 3D Hochschild ZARE 0 U —|ZOW TR, ZiLH
WZCBWTHEHER L L OREAEEN AR L REIC /2D Z E &M L72u.

2. Floer/READ—EER MY VT bAROD—

M %z CXHAZRIRE T D&, ZORERORZEMTM = ), Ty MIZARRY T
LT 4w 7 SRR OREE 2D, Floer T n V—HF,(T*M) RN EHRSND. £92
AU DWW TREFHUZER L 720,

ma TEM — M Z25 Ll U, T*M EO 1R TER )\ &

Mr(X) o= p((ma)(X)) (g€ M, p e TEM, X € TiyyT*M)

TEFTDH., Z0Lxd\yiZv o7 v o7 4007 (oF 0, FERZREAER) 1
5. —J7, C¥#EHH :T*"M - R TH-TT*M D= RTHHELIIEKRT S
D% &0 4, Hamilton LB Ay - C°(SY, T*M) - R %

An(r) = / A - HO@) e (€ C¥(S' T M)

TEDD. N Ay ORI, H ® Hamilton X7 kLSO EHIHE & xtisd 5.
Ap 23 L CEBEE NEZREMT 2 EIERETH 525, Ay D Morse RER V—ITH
THbDEERTDHIEIIAETHS. T74b6, Ay ORI E VARSI DK
BT e EE 2, ZO LOBEFERRZFHC — T*MIZx3 % Floer /2
X (H %M T Cauchy-Riemann GRS 22 Lzt D) OMEOEEE 2 TESR
L. ZOHEEROTRER Y (HIZLHRWZ EXREND) % T*M @ Floer A8
7 Y— L WWHF, (T M) & #<

C*IECP'\ {0,00} LB TH DA, CP\ {0,1,00} — T*M 257 % Floer HF2
KOfEOESE Sz 5 2 & THEAM e o HF,(T*M)®? — HF,(T*M) NEFHR S5
(pair-of-pants f5) . F7z, C* — T*M IZ%F3 % Floer FRERX DK FEREM4ZE)L
TS' EokE#2%) ZHAVWTA: HF,(T*M) — HF, . (T*M) N EHFSNhD. 20
& & (HF(T*M), 0, A)IZ BV R¥ET72 5.

EE 2.1 D EORERIIRBERICIE 726 O T2 <, Liouville 24K &5 LD —fi%
DR TV 7T 4y 7 ZERRICH LTS (e ofEZRTIX) AT Thd. [13]%
ZR STz,
B 21X M @ Riemann #H &4 [HE LT H(q,p) == |p|* £ T 5.
ST*M FOMERMEE T T LI T 0y 7R dA\y AR LOEROCTERT 5.
Liouville ZHRMIC LT, Z 2Tl LR FETERSND Floer RER UV —%, FFIC
symplectic (co)homology & 9.
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WORERNTT L2, BHEROFloer e P—BIORFOBVHESEIL, A MUV
T RhARe—CBI5BVEE L SEMTHS.

EH 2.2 MMPAE U HEEFFO L &7, BVREOREHF.(T*M) = H,(LM) A3ELAL
T5.

<y M AZEE ORI HF, (T M) = H,(LM) 1189 Viterbo 12 £ W B H.Xh, 20
Salamon-Weber, Abbondandolo-Schwarz (Z X 2 BIFERA N 5 2 H 7=, /L—7FE & pair-
of-pants #8 & O xfilE Abbondandolo-Schwarz (2 & 5. A B UG & & FF- 72\
BETEDEHNE, Kragh (2 X 20284 # T Abouzaid [1]IZX V5B LIzL 5T
H5. LLEIZOWTHEHLLIL[] 2R E .

REEHR (—%IC Liouville Z2EKK) 12%F LT, %D Floer A€ 1 ¥ —(X BV RE D&
ZFRODT, FFICHEAGHIRES Le A EREIND. IO OEITSHEKRD L1
TEFZINDD, I TIIREERIC Jacobi fEIIHATE M E—%1E L L TLEANL LRV,
ZIZTAE ME—IE, CPY5 482 H0 BRV - Riemann i E O Floer T2 (DE)
EFHWTERIND. EHIZCP D kRZTY BRV Nz Riemann i _E O Floer 22
(D) #2TOHKREE > 21T L TEZXDHZET, FloerdhEr Y — EIZALBLIY
Lo RBOBENERTE D EEbis.

48T, FEREROBFEE L TH(LM) EIZ AL BE O L REOBENEET D L&
DN (FaN—T7HBL O —7HEIEOIEE) , E TR~ HF.(T*M) LD A B
F O Lo REAEE X, Zh b EdRE FE—EICRD ETHRIND.

3. Hochschild A/ RERAY—EXR MY VT bARAD—
Gerstenhaber [5] 12 X 2RO HHAYZRHEIRIZ, A B U 7 bR B — & S ERMATRV.

REHE 3.1 L5 ORA R AlZoWT, Hochschild 2R E 1 S— HH—*(A, A) 111 472
Gerstenhaber fAE D IE & FFo.

Z ORI, ANdga, KV RICALRETHRNTS. AR S bR Y-
OBRZETAT 572012, 2K EOMOTERD T dgas B2 L9598 MEdRTH
B C° ZREIKE T 5. BEGITH L TM L0 jIREOTERBRO T RS hL2E
e A, bECE (0<j<dTRVWEZITA, =088, Ay, 1305 LAEIC
XV dgaltZe . Zo& X, RKIEFESIZLD 5B

T: H*(ﬁM) — HH7*<AM,AM)

DEFE S, MPHEREe X ZEFRRICRS. BikT 5 L9511 (EE4L2), 54
T 1ZM8 D Gerstenhaber #i&E # > (LU TIFA NI 7 hdRvv—, A0 CTIEEa
3.112 X % Gerstenhaber #i& %% 2. %) .

ER 3.1 OFER L NNV OREEILE LT, WRICERDEBI2AMOLNATND. £
KRBT, LTFOFELZHND  SHEEDOE BT 547y RedgA T v F&
WO AR E LT, 8K C OXERE AT v FEnd(C) := (Hom(C®", C))n>0
N5, HEKRC L dg AT v RPIZHOWT, POC~DEMAEIZdgA T v KD
FHP-End(C)DZZEWS (ZDLExChdgPRELE L) . POC~DIERNS
E, AERV—%E5Z L TH(P)D H(C) ~DIERNEE 5.

TMBAELTRWE XL, LM EO®HDRITHR O IZEY HE(T*M) 2 H.(LM : 0y) L 725.
S ZTIHFRERHTEZX THLXWVDOER, & & O & ORRTHIIEREE > THIT 5.
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T 3.2 dg4 27 v FOTH- T, ROFMEETT-THDONEFEET D.

(i): WESER2 NAERIOF 25 v KE LT H(O) 2 Hy(D). 727° LD I3/ A
ATy R

(ii): EEORANRE AIC>NT, HH*(A, A) E® Gerstenhaber f#i& X Hochschild
SR CH (A, A) ~D O DERICE B LN 5.

ER 3.3 () L0k, OFXCUD) (DOREHORT dgA~T v F) L#EFE
THoHELTHEBRITHLT D,

ZDOEHIZ, Deligne DFHIZHBIT HIITIHAIE L TWD Z &H b, Deligne PARE JE
Wz, BIFETIEZ < OFENE 50T T (McClure-Smith, Kontsevich-Soibelman,
Voronov, Tamarkin, Berger-Fresse, Kaufmann), %72 Kontsevich-Soibelman I%, —fi%
D Ao RELIZOWTHRIET DHERZFE LT 5. (CSCHRIZ DU TIE [11] Section 13.3.15
ZRLNTZWN) AN 7 AR Y —IZBWTEM3.2 P OMRI Lok
WO DITERZRBETHA S, KRROFEMBULZINICKHT L HENRREL G52 5.

4. TR
AREDOTFERIIKOEHTHSH. DB LD 2/ ML L OWAH N4 v L
T% (1.28iM8) .
EE 4.1 ([7], [8]) dg AT v R fP LZDHNART v KPTH-T, LLFDOLKME
BT b ONEET 5.
(i): A7 v ROFEFE H.(P) = H, (D) & H.(fP) = H.(fD) TH»> T, ROXAMN
AHAIZ IR D L ONIEET D (HEOG4IE, AE5H8ICIVENND)

R

H.(P) —=—~ H.(D)

| |

H.(fP) — H.(/D).
(ii): EE D dga AIZDOWT, HH *(A, A) E® Gerstenhaber #1513 Hochschild 4384
BIKCH (A, A) EOdg PREDOHEIZRD END.
(iii): EEOAM C™ ZEE M 12O\ T, dg fPRECEMT BL W

e BV L LCORE® : H.(LM) = H (CHM)
° dg Pfﬁiﬁt@ﬁélﬂﬁéj : Of’M — CH_*(AM,AM)

DAFET D, ZZCTH(J)o® : H(LM) — HH *( Ay, Ay ) 1, AIEFE 2 H
WTERSINLDEHRI BHEIZR) L —87T 5.

(i) (TEF 3.2 D dga iR TH DA, ZAUTH LWFRER TIIZRW (RIEI T~z L 912
A RBURDV RSN TWD) - BB A1 OFERERIT (1) TH Y, ZHITEHZ 2D
F) T RARe =BT 52HUTHS.
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EE 4.2 EH410%RELT, BRI H(LM) — HH *(Ayr, Ay) 25 Gerstenhaber
WEZ RO Z EDNELND. ZHEERTFHLWERTIERWEEDbND (D st
M HEGERE DA Merkulov, Tradler I X 5 EFERNH D) .

N FRILHL (LM) E OSSR Th o7, T AL O (S ERY, dgadd
WHiEZEDDH. Fo, dga DEERIE L : A (M) — CFM Th > THX

H. (M) —— Hyi (M)

H, (i)l iH*(L)

S(LM) —> H,(CEM),

=

BRI B LOBHHES 5. ZIUC LY HL(LM) EO A, (RIHE (1)1 T,
pr = 0D pp IINV—T7FEE —F L, EOIZHL(M) ~OHIPRN A*(M) £ ARE FE—
[FfE7Z2 b O/ 6 5 (L3O 5 ME) .

J—FHEIIC OV T B RBED 2 L Bk 0 S2o. T 7b b, H.(LM) L0 Ly /%%
i (l)rs1 THS Tl = 002 L IV —7FEIMEE —E L, (ETEDOE > 11220 T
llu. e =0 £ R BDOBELND.

5. GERA DT E
TEHL 4.1 OFEA O FE 2R T EHER CEM O TH D, FOBEOAREN 25 Th
ZREWr EREDRBEIZ OW T 1E Tk _7=dh &, MO E L 5. 28 cib~%. 5.3
TlX, CM LS L AT v ROERICOWTHHAT 5.

AEiZE U TM %2 dRITTAMMHEC® ZERK, L=LM =C>(S, M) &<,
5.1. #EETIE B DRERE
ANV T hARrY—ICBIAHEAENE, FHMOTRICET ST 7 A N—fEE Lo TER
Enb. FIZIELV—TREEERETLHIE, 7rANR—FlE Lo TELRLRER Y —
FOBEBHL(L)®? = Hepg(Loxe L) MBLETHST-.

T 7 AN—GEHEERDO L)L TERL LD &9 EMWERIMESREICR D, =
MU A% 2 DB CTCloBing. EB, M EoRRS s e Cu(M), y € C(M)
XL CEDORX 2Ny € Cpyya(M) ZEFRT HITIE, o &y BSHEBICRD>TN D
VBN H DD, ZHUILT L H ALY L7720, FAIRIRITCEARIR L O XIEDOGETE, 8
BIKCL(M) DD D ICREBEIRCT(M) & 2T LV, v—T72ElO%AT (&
RIRTCTHDHDT) ZOFHEFIOFETIT#EHATE 72200,

5.2. $HEER OM DR
Gk HRE A AT B 72912, [7] Tl de Rham 81 & Vs 5 BE5EH & oyt 4 47
HLTboOxEEBZ-. ZiuL, Fukaya [4]1Z2 X % “approximate de Rham chain” &9
TATTH#BBIZLTEbDTHD. 1O I =207 AT TIE, mftEL—T7 D%
AR VWD Z & Th D, LLFTIE, SR CEM OfRliE, US> DRT v 7y
JCRLIAT S,

ATw T 1: FEftE Moore /L—TDZER L,
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M E® C>#f Moore b—7" D723 22 LoM %75 2% . 1IEFEIZIE

LoM :={(7,T)| T € Rxg, v € C([0,T], M), v(0) = v(T),
FM0) =4"(T) =0 (Ym > 1)}
TEHTD. 22Ty Iy OmBEEEKTHY, BEDOEHFTCML—TE S L
DA (concatenation) & & D72 DIZMEZ/R D, £z, [EEOHAREE > 1I1TxL
T, kEOE:R S %2 F-> Moore /L— 7 D Z2[H]

*CkM = {(’77t17"'7tk7T) | (’YaT) G'COMa Oétl <<ty STy
Yty =0 (Ym>1, 1<Vj<k)}

REZD. EEOG {0, kNI LT, TG, LM — M %

7(0) (G =0)

ej(v byt T) 2= {y(tj) (1<j<k)

TEFETD. T2, Fpe MITH L Tp LOEZ0DNLV—T%2%0EE52 LT, &
@i, M — LM %ZEFRTH. LI, L,MEHIZL, &EL.
ATFv7 2 L, EnTOy KO
HHRE IOV TR OF RS SHREREORTEE U, EBE, U =], Uy
ERL. UecUBLOVER o U — L, O (U, p) TROSEM (a), (b) =T b0%
Ly Eo7my MR, Tuy VEEROESGE P(Ly) &EL.

(a): @IXC®REG. DFD, = (v, 1], .. ], T9) &R &t],.. . 1], T9 € C(U)
T, o{(u,t) |ue U, 0<t<T?u)} = M; (u,t) — v°(u)(t) 1L C®HKGH.

(b): FEEDj=0,...,kIiZ2NT, p:=¢jop:U— MITILDIAA.

EED (U, p) € P(Lr), (V,p) € P(L)FBELO G € {1,...,k}ZDONT, FfE(b)ITX
D77 AN=F0 Uy, Xy V i={(u,0) € U XV | pi(u) = tho(v) } (ZTHRU DITITRY,
N—TORiE L > Toxth: Uy Xy V= L1 DERIZEED.

(90 *; ¢)(u7 U) =0

E+1-1

Gt o, P(Ly) X P(L) = P(Lirri1) &
(U, 90) O (Vv w) = (U% Xapo Vi * w)

CEET 5.
971w k (plot) &5 5#1X, K.T. Chen |Z X % Differentiable space ® ¥, Souriau %12 & %
Diffeological space DF R CEOLNLTWAHHDTHDH. L, TITERLIEESGP(Ly) XTI b
DB ONE & i 72 S 7200,
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ATv 7 3: L, Dde Rham fHE K
Zay NEHWTA—T7ZEHOREe Y —%25 BT 572012, 7av b EBaE
PilAE DY de Rham#{E WO b DEFE 2 5. BENIIH LT, RXT FLZEH

C«]c\l[R — ( @ AgimU—N(U))/ZN
(Up)EP(Ly)

REZD. ALLA(U)IZU L0 NEESTERO R RAZ M VZER, Zy i
(U, p,mw) — (V,pom w)

DD THER SN DD ZEMET 5. (2 :T“(U ©) EPLY), VeU m:V = Ul
C®EDIEDIABRTH Y, mliET 7 A A=~ TS 2 FT.) W= Lz
CIR(L,) FOBEERIENFE O %

(U, p,w)] = [(U, ¢, dw)]

TERTD. 7743 —Zh> TR iéw(/\éz A7 DT Z L well-defined TH Y,
HOMNZ? =027, Z0XHIZ FSNDHER CIR(L,) & Ly, D de Rham
IR, T D% de RhamEH &9 = }: e LJ: 9. de Rham SR DA E 7 ¥ —IFTR
DORIEN S DD .

WRE 5.1 (i) EEOE>01o0\C, E#SE2 s 54
Ek_>£0a (Vatla"wtk?T)’_)(’}/vT)
LD BUEAR CIR(L,) — CIR(Lo) 1E, ERBCHS.

(ii): A H (CIR (L)) = H (LM : R) BFAET 5. 722 LALLM (C™ (A% A
b)) ORHEARERV—,

BRI <i<kLi>0005L, BERo : OB, (L) ® OB (L) — CBY(Lipir) &

[<U> 907w>] O [(V,iﬂ, 77)] = :*:[(U% Xapo V> © *q %W X 77)]

TEFTD. ZIUTEY, CL:= (CR(Li))ksolE GERIFR) dg AT v Ric/sd. B
froelE [(M,i1,1)] € CIR(Ly) TH D 0. SBIZZ/(k+ 1)Z D Ly, ~D BRZERIX
CIR(Ly) ~DERZFHFEL, ZhIz XV CLITKE (cyclic) dg AT v Rt/ 5.
ATy T4 BEEKCM DES
£7, HEROFTy FOMEY 2ERL LS.
EE 5.2 0= (0k))s0 & GERR) dgA<T7v RET5H. peO2) Tho>Tau =0,

pop = pogpuim/icTbDaE ODHEWD., £T2, ¢ € O0)y ThHh-o>T e =0,
o1 €= j10oge=1lp &Ml T LDOERE DB ITLEVD (72720 1p1T O OHEALT) .

WIiEHEIZIZ M @ Buclid ZZf~OHiA% > TM el & 77‘&?
==tz LD LiE 9 JET Gerstenhaber-Voronov 12 & 0 A &7z,
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(FERFR) dg AT v KO L ZDO/R p iz LT, O, = [[12Ok)ur EBNT
8u : @* — @*71 ;}i’

k—1 2
Ol )z = (D1)xz0 + (Z 51 0j k) Ep 0, )
j=1 j=1 k>1

TEHTIUL, (0,,0,) IBHEIC 2B, HKANARHIE LTIE, A%dgatTsEZ0
YR AT » F End(A) I3 % S (ABHALE2HTIE, End(A) O b E#5.20

—_—

B THA LA FD) , End(A) % A ® Hochschild SR8 ARIZ 72 & 7200,
T, AT v 73 TEHRLIZCLLEE ALt AR, FERE

M= [<M7 7;27 1)]7 €= [(Mv iOa 1)}
ERBFIEI W (uiXCLR) ~DZ/3ZDIERATAETHD) . £ T
CfM = (52:*78ﬂ)

& E%—g‘é . k= 05257\’\0)%)5}"‘2 C*LM — Cgfd(ﬁo), (xk)k — X ﬁ%‘%ﬁ%ﬂiﬁé Z & 75§
W51 (1) LEERARE TN DT, MiEs.1 (i) L AbED &

H.(CM) = Ho.o(CI(Lo)) = HL(LM : R)

#1585, ZHOWNER41() OFRFE S ThH 5.
—J7, fEED k> 01220 T Jy : C8 (L) — Hom *(AS], Ay) %

Je([(U, 0, 0)) (1 @ -+ @ i) := E(00)i(w A pimn A= A pin)

TEDIUE, (Jp)so: CL — End(Ay) 1Zdg AT v ROEERETH Y, FEEHED. =
AUC L0 EFLA.1(ii) OYERIE J : CFM — CH (A, Ay ) WMEFRSILD. Ho(J)od M
RIEFEFICRVEREINDIEHRI & —BT DL E2RDLDITHEHL < 220,

5.3. CFM EDiEHE&
O ZHERFRAg AT v F, pa220feT5. O, LofioB LIV %

(xoy)y = Z +(p o1 x1) 01 Ypm, (x*xy) = Z +2; 05 Ym
I+m=k l+m=k+1

1<i<l
TEHELLY. 5L013(0,,0,) Ll dga DREEED, {z,y} =azxy+y*ra T
EREINDHML{, } 13 dg Lie REOHEZEDD. O = CLOBA, oLV, }
H,(LM) =~ H,(CEM) RIZED 2RI — 7Rk L O — 7RI — %9 5. 2hb
DOWEIE, WOMBICE T D dgA 2T v FPOEMAO—EE LTHRETE 5.

@i 5.3 dgA T v R fP L ExDMHATy RP T, 4L (1) BILOKD ZHD
FIEETT-T b OPHET 5.

(a): (O,p) % GERHR) dgAT v RBIUOZOMET 5L, PIXHEE(O,,d,) 1/E
H+ 5.
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(b): (O, ) % GERITR) KEdgA<T v RBEOZOMEHMITEE L, SbiTpue
O2)0 X O02) ~DZ/3L DIERTARER T 5. Zokx, PD(0,,0,) ~DIE
R fPOERICOTS.

EE 5.4 MEL3IX[ TAEHENTWVDD, ZZTHRR7ZEAL L TR > TV 5.
Fiz, KSBITRERD L0 — BVl C[15] ICBW CGGEH STV b, AT » R
P ¥ L fP i Kaufmann [9], [10] 238 A LIZAAERIYART 0 (cactl) AT v K&
FRILTWL R 2D LEMR D TH D.

i 5.3(a) 7 End(A) 12 LT3 4uE (A 1IXEE D dga) , Hochschild 4841
R CH™(A,A) 1Zdg PRI D 2 ERbasd. £72, (b) & CLicx LTHEATH
X, CFM Zdg fPIREIC2 2 Ebnd. TNHLEELHRER V— Lo
(HH™*(A, A) £ Gerstenhaber #1853 JOHL (LM) =0 BV #iE) 2RO H D & —
BT D exTF oy 7 ThUE, EHA1OMHANETT5.

& 3wk
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BRME3RTSHEOT LF—KEQY—

EAB A Simons Center for Geometry and Physics

BRAE SKRITTEED 7L 7—FER Y — (v IURBEHICHEDL) 1220
1%, 9 O4EMUICTEA DL R I N3, ZOMERIZH 2HETIEE > T35,
FHLXOPOMHAZ 9 0OFMRUT L7, LIFS K BMELTwAad o720, il
9 04EfUICEER L 72800 D PRI TE 2 Z LIZKAD WD T, W15,
ZOMBEIZ VbYW LT7 T4 Y —- 7L 7—FREEDLZD, 774 Y —7L7—7F
Higny FVEo5ET, 2086, il Lo HHAZROVFHEROEY 27 4
M EETINEREL S, TOEY 274 EHIRERLSAZFE->Tws, (A
Bl id 5720, ) KRN 2 OS> v 7L 7 74 v 7 SRR~ O FAE AR O P
Z, MmO HWHZEOEHEFROEY 2 74 ZROE&E2 &0 THET S Z LIk
REINTVEWED, ZOBAEZHERY, (5T, TROT7TFAY— 7L 7 —F
HULER L 220,

SRICHIEEM L ZD LD SOBYKRE #5272 %, 1:7L, EDAT4—7x)LE
Ay b=—BI M O EDOHERT ETH0THRVETZ, ZORWT7 L7 —[2]1F
JL7—FhETuY =R HFME) * TR LTW5, ZNIFHERCFM,E) DEFER

P—TH%. CFIM,E) DX FILZER (2T Z,BRETEZLS) L LTOREE
3 E DR TH 2. CEHEROE Y 25 4 B ORICIF, M ICERZ W
BE0THBY, 2RRKEIITCTHS, MITIF, LrsREEHEEI AL,
PHEHROES 274 DB0ORILTH L LI T3, ) BAMEHEIE, MxR Lo
ASD (KHCHE) #Eic, MR TH 26N FHERICR2bD2BATER
T5. ZO7VT7—HRERY—DERDDH LGEND MU ERRTH 5.

SRILHRIE M DERZRO LT 2. 3612, 20O LD SOB) HE 12 LTRD
Ffrand, EDATA—7 VKA v b =—Fw,(E) DEHR Z=0M ~Dfl[RIZ,
BERarEuY —HZIC—8T 5. (§2L, T=0M DEFERITOEBMEE TR
ko nwZ tbhr b, )

IADE DRz E|, £ HE, 2o Lo VS0 — P REEEEZ RE) &9
(. R®IF READR) v 7V 7 T4y 74RIET, 3612, T ojEhhdE
B D E RE) DEEWEPEE 5.

EDM FOVHESD 7 — P AEE2EZ RM) &<, FH E v ) 5K
F, =0 ICHEWIEHIE 2 RET 2 &, (Thbb, ZOoMBLIEALEH LTS
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£) , RM)DXRICIZ RE) DRICDNA71C 5, 12, HIREHIZ RM)— RE) %
EDBD, TNBT T TP adDRAARICKR S, ik, HBEAXF, =0 25"
SHENEZATEHTLIIET, 7772301 AHR RM)— RE) BE6 N

3.
R E Joyce ([1]) 137 77 v aifm%tkikD 7 L 7 —3ER((6]) % 12 DA A DY

Hle—ib L7, T4%bb, CFRM)=HRM)Xs RIM);AY) BIZ7 4 V5 —1F
A RBOEGERZEDE, (APIZ/Ea78, RE)VBE/ F—rThHsrI L%
iy & A ZRBEBICHZ ZENTESL. [7]) T 0niF,
m, :CF(RIM)®* = CF(R(M)) %2 254067 %, 72721, mld—MIcix 0 Tldk
<, ft->T, mZ2RHEHLTH0 LIRS R, atrEuy—%285%121%, €—

7 —=ANE Vﬁ*%ﬁimk(b,...,b)=0 DOf#Eb (bounding cochainf7:13E—5—%
k=0

NEYILEMSE) ZRIWT, m, %

b 1 i j it
m) (X, x)= Y, m s (b0,x b7 bR xR
A

WD BZ B0 EDRHZ, ZOXIRbDBHFETILEE, 7407 —4(F AR
(CF(R(M)),{m }) 1ZIEFEFENTH 2 &2 9,

FET1 : LORWT (CFRM)),{im}) IFIEREENTH S, 361, E=F7—A1LF
YIub O =P EEE % 3 RITLRIE M 5 G EENICED 5 2 LI TE 5,

EH1Db b, L2, TV T4 VS RELIC2ODEORAENTF T TV
CaBALELL DY, EHWRCE—T—=ANY VIUbb BEIOND L, T
75 Y At ED 7 L 7 — R E QY — HF((L,,b).(L,,b,);A>) ZEHETE 3,
(CNF LNL, OREIEE T2, A Ay LIS, BOERHRZ > TER

N2ESWEH#E 2B 2 ko T —#TH 2. )
BiRAL & 3ROGE A M, M, D38 Z D 1D SO3) W E,E, D3R DR E % it 72 3

L9251, 2008 OM.E|, ) & (~OM,.E)|, ) 3AMTHL LTS,
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DEE, M.M,, EEZHEATHYIAELEMALCZIXILEMKIEM 2D LD
SO W EBHLNS,
FE2  F—VHHDO 7L T7—FREQY— HF(M,E) £ 5 75 VY 2885 % MkD 7

L7 —HET Y — HF(RM,).b,, ).(R(M,).b,, ):As?) IZFATLTH %,

IHICRD T EDIRING,

FE3:EM1ORNT, X515, RM)>RE) IZHHETH 2 EIKET S, DL
%b,=0TdH52,

3ODEHZEDEL ERDI DN,

EIR4  EH2DRMT, T5I1Z, RM,)—>REZ), RM,—>RZ) IZHHEHTHZ L
RETZ., ZOLE, F—YH@RO7VL7—KEQY—HFM,E) &7 7 7Y 2
DERRIED 7 L7 —F €0 Y — HF(R(M,),R(M,)) IZARITH %,

KAEDP S, RM)RM,) BE/ b= 7770 aiBr%kikici 30T,
HF(R(M),R(M,)) IZ0hIZ ko TEBINLET ) b=V 777 v P a8 % ko 7

L7—FhERY—ThH 5,
EH 1 -4 DOFEWIZIE, FEEDPT 99 OFERICEAITEALLEY 27 A 2%
I, =L, B -4 13YRIFEFHI N TW o 7,

SCiikE
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W& Schur BI# & i a o Gysin DL AU DN T
oI GERE (LR TR

62 hARu P— AR Y T A (20154E8 H 6 H (K) ~8H9H(R))

1. HAEDENE

1.1. RO D—ExtFRRa%

ETHOIC, BVEL D ZLEEFRED LT, FEOIEIC OV TENTEE W, Z
HZ G bR U— LR OMICITE S O EELRBEMRRH 5. Fl 21X, L<Hmbih
TS LI, BHERY VRO Chern 1T (32 FH ] #B LT, LD REEE (W
7% Chern/b— b)) OFEAMHATEIND. 202 LiTAE b E—HAICITRO X
INCEWVWETZENTES: Un) Znik==% 1 —F, BU(n) 22O EZEMET 5
L&, BU(n) DBEGHaREn D—R2 IR THELAONS:

H*(BU(n)) = Zlcy, cay - . . ).

ZZT,¢; € H¥(BU(n)) (i =1,...,n) IXE& Chern#g, 7725 BU(n) Lo &
N7 FVIR] A" — BU(n) ® Chern B TH 5 ¢; = ¢;(7v"), ¢o := 1. T" &% U(n) O (£
YRR R h—TF AL LT, B G% p: BT" — BU(n) I2X > T, 4" & BT" L~
FlERTE, p(7") X oyt DS, BT EOEBEA! (i=1,...,n) 753 OEM
(2oL (2R E), 2 Chern (=) = >0 G (=) IZDWT, Chern JHO HIAMEL Y,

pe(v™) = clp" (7)) = e(@iy) = [ [ etd) = [T+ en(3) = T[ (1 + =)
i=1 i=1 i=1
MDD (2 ZC, y i= ey(vy}) € HA(BT™) L BWo). ZoZ &b (8612, £<
HHNTWDEDIZ, p*: HY(BU(n)) — H*(BT™) I3HH TH 5), & Chern i ¢; %,
T, .., Ty DAL €;(x,) = ei(x1, ..., 2,) ERTRED, WD FRIRNE )LD,
F T, A(xp) = Zlw, ..o, 2% (S X n REATFRRE) ZRIFRLHEAORTRET S &,

Axp) = Zler(%p), - - -y en(x)] — H(BU(n)) = Zlca, ... cn)y  €i(%y) — ¢y (1)

LVS RS TE S, BT, n— oo DMREE 2 5 & &, BU = BU(00) O K%
B D— B L RBBIARO/2T AR = A L OO, £ <m0 SR

A:Z[Gl,eg,...] %H*(BU):Z[CDCQ,...], e; — C;, (2)

AHFIEIIRFE (FRRER 5 15K04876) DB E Z T2 b D TH 5.
2010 Mathematics Subject Classification: 05E05, 57R77, 55N20, 556N22, 14N15
F—U— I : Schur B3%, —fit = aE v P —PGs, Schur B%L, Schubert calculus, Gysin %[F]H!

* T 700-8530 ] LGB (LT ALK R P 3-1-1 [l IR PR AR E At 7E )
e-mail: nakagawa@okayama-u.ac. jp

VARG TR R 2 W1, 2011 SO FEN HAT > TV DA JLK (ILRLRFERFBERAHITEE) & D4
MPEICESS SO TH L. ZOHERBEY LT, BillKIZBILZH L LT,

ZRRCIBID HRWIRY | aREr U— 3R TH D LT D HY(—) = H* (—; Z).

SN CP Lo [REHEEHOR (Hopf OEHH)] % ' == {(,v) € CP" x C"1 | v € £} —»
CP" L L, ZNNEDDH CP® ~ BU(1) EOBEMEK S AL LB ZE12T5. BT 2 CP®x.--xCP>®
THHMD, i BEHORE CP® X -+ x CP® — CPRIZLD ! D ERHLE 4 EEW (i =
1,...,n).
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WEOLND (6; = ei(x) (1 = 1,2,.. ) ITEAGHEH). 61T, BUIERZ hLRO
Whitney Fi/n b E SN D¢ : BUXx BU — BU %t b, ZHIZ XL VAT FE—al
RH-ZEM 72 %, LT -> T BU OFEwY— H,(BU)IX, Wi 5 Pontrjagin F#I1Z &
DL, ZOBRMED L<HALNTWD: £F, HY(BU(1)) =Z[c]| TH DB, £
DOEHBENMEEE L TORIE ] oo, EAL, H(BU(1)) DRJEE LT, £ 0ORKEHEE
{Bitizoa2.. (Bo:=1)ZW5. &I, BRREM BU(1) — BU PAERV—IIFHET
HUEETY H,.(BU (1)) — H.(BU)IZ X% §; € Hyy(BU(1)) D8 %R U< ; € Hy(BU)
EELSZ LT DL, H(BU) DBRIEEIILLT DX 51278 %:

H.(BU) = Z[B1, Ba, - . ]

INEMHEBOEETE ) EIRO X DT D: hy=hi(x) (i =1,2,...) Z5E2%F5ES
BET5 Thbb, K

o0

H(t) = Z hit' = H 1 —1xit
=0

=1

WCEVEEDLADITLET D, ZDEE BOEDF LY, IROFE—HUPIHFLND:
A:Z[hl,hQ,] %H*(BU):Z[BhﬁQ,], hz'—>ﬁz (3)

Enftirmz s &, OR8] (2), (3)1XZ Lo Hopf ¥ E L CoRA 2 5 2 T
W5, ZO X912 T, Hl 21X Macdonald DA [55] D T BB 3 DA%k~ 7ok FrES
BB e, (r = 1,2,...), SBEIFREE b, (r = 1,2,...) Ofth, FEFTREIEL
pr (r=1,2,...), IR E my, MXWDDLRE5) 7 8 &) ITkhtT 2 Ty
M7 G2 1M LSV EB XD Z &R, Dind & HERITE > TUIHFEDJFR
ol EZ2D. 29958, ZORDFEIETR G LI b, RIGHOMEAERIC
BWTHR b EE R & E 2 515 Schur B3 (Schur LIER) (25X G325 2% (i
FHIRXIGIITEAS 537 &) IR T TITEWENS. L ZANEZTOHBHRY
Schur B Z W - 7c bR m o — (B, REW FAR e P — &RF b E—§w) BfROFHm L
FEAERNE D THD. B, BIFER RITHEDNITAFAE L, ZIUIRET TR~ 58
% Grassmann Z4£{K? Schubert 8 CH 5.

1.2. Schubert calculus D &

a= (a1, 0, ...,00) %, a1 > ay > >, >0 ZH7ZTIFAELOS L LT, HIEL
X = gPad? - xtn LERT D, Z ORI n IRKTFREE S, DIt w D3,

w-x* =X wea=w (0, 0) = (1) Q1)

WCEVIERT . £2T,

Qo = Aa(%n) 1= Y sgn(w)w-x* = det (27")1<ij<n

45 RBIER A @ Hopf {REAEIE 12DV Cid, Macdonald [55, Examples 25] (Zffi B 725tk 238 5. #il 2
X, RTFEMEEI
Ath)= 3 hyoh, (1)
ptg=r
ThHzbhb.
SAFRTIE, MAEMOME (Z<EERNRLOOR) ZWV 2 LICHAWSZ L b b EBbhb. HH,
Macdonald [55, 1, 1. Partitions|, [ H [63, §6.1] Z &M L T\ =2 & 7m0,
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ETERTDHE, au TR THS. R, ppr = (n—1,n—2,...,2,1,0) 12k LTI,
tp, ., =det (@] Nicijen = ] (@i—a;) (GER)

1<i<j<n
THD. A=A, e, ., M) &, N i=a—p,_, T2, N\ =aj—(n—j) (j=1,...,n)
EBLE N> > >N >R, NIESR U T ORETHDL. 0
& &, R Kay = anyy, , 1T a,, TRV LI, 2D ayy,, /a,, , [TRIHZHEKX
L b. £ T,
)\jJrn*j o
N P C e I Y 5
Wpp det (77 )1<ij<n
CEFLS, ZNESEINICKST D Schur BIERK LV D . ESBn A FTOSEIOES
P, (DEIRIKDRTHELEEZP) LT HEEX, MBI OZ ERMOLN TN D:

1. Schur ZH K {s)(x,) hrep, TAHRLERDO T A(x,) O HHZ-HKEE 727

2. n — oo DIRAZE 2 % & & Schur B {s)(x) brep 1IRIFREAEL D 72T BR A DA
H Z- Bk % 727

E 72, Bl ZAE5E] (k) x5 Schur BIEL s (x) (X5 FRBIEL by, 12, 53] (1F) =
(1,1,...,1) I 2 Schur BB s o) (x) (ZIAFRBEIEL e 1T — BT D Z & BH B
TW5. EfEo 1, 2. EROR—H (1), (2) D, sx(x,) [Zxtd % H*(BU(n)) ®=
AEr Y—HEIE, (Schur ZIHNOBEEMEICEAD &) BIFHICLEKOHH DT
e E THEEINS. EZAT, Gr(n,CN) Z CN OF O n IRTTHIEH /0 22/ O 72
T 56 Grassmann AL & 5 & & FZER] BU(n) O FIEDO—> & LT [
R Grassmann ZAkIK] Gr(n,C™) NHNL 5 2 & & i 23 &, Grassmann ZER{E
Gr(n,CN)y D akEa V—E H*(Gr(n,CN)) OHIZ, /L b EEL aRE o U—EN
BEATWD Z EMTREND. 2y [Schubert Z4k1K) OE®H % [Schubert ¥5] T
bbb, EXREZEELTBII. {e}V, 2CN OEHELE L L, KHEL D8, 37725
BRIEA 7 22 [ DR F

F,.{0}=FRycRcEkcCc---CFy_,CcEy=C"

%*’DE?% ::VC\, F; = <€N+1_Z‘,...,€N_1,€N> (Z = 0,1,2,...,N) e RS

N-—n>A2>X2>--2>2X20
2 T2 B NIk L T8, Schubert Z#k4K

O\(E) :={V e Gr(n,CY) | dim (VN Fy_piin,) >i(i=1,...,n)} C Gr(n,CY
62 iz T, Z D Schur ZHA (%) @ FEM EMESRELOEFEAT LN, £ 2 TOERICH

b,
X)\+pn71
sa(xp) = Z w - a:j)l (6)

weS, Ihcicj<n(®i =

ERRTHILHTED.

" Grassmann ZA£ KD Schubert 2522V T, Fulton [27, §9.4], Manivel [56, §3.2] 23 FAAH) 72 STk 72
LEDbID.

89 7pbh, ®IET 2 Young KL, fitn, AN —n® TEHF) CHEENDH LI RNETHSH. AFET
%, 2oz T AEOEEE P, Ny LES I EICLED.
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EEFRT DL, W(F)IE, RRIED (N = D0 N ODEERIZRFR S SRk L 70D, £ 2
T, O(F,) NED D artu P—H% o, € HM(Gr(n,CN)) L #E | Zh% Schubert
LS. 2oL &, Schubert {0 }aep, o (X, FHER V=B H*(Gr(n,CY)) DA H
73K A 723, £ 2 C, s L CoOEHERT A

on AeP,ND L),

A(xn) —> H*(Gr(n,CY)),  sa(xn) — { 0 (ZRESD LX),

EEFRT H. ZDL X, Schubert ORI Z 52 5 A4 72 Pieri DA 2FH 725
&, PRROBGENERERETHL Z EBREIND. 2, N — co DIBRIZEBWT,
L1fioR—H# (1) %, EHITn — co DRRIZIBNT, (2) DRI—HEEZ D L9 b
FTTHD. ZZTIFHIEZEM BU(n) &9 “EERRIRIE” OZERH]N DG Z MG O T8, A
Tz & 512, ARKICOEFE Grassmann ZERE Gr(n, CV) L\ o> 7= [Schubert #
MEFRSNDZEM] ITH LT, ZOaRtn U—E LB E OBREZIBERT 5 Z
CIIMBDTHRTHD. ZOLHRZEME LT, Whow2 —KRIEZHKEK, T72bbiHE
fa 7R (CFHRD) Lie BE G %2, T OB P TR T2 FEESRIKG/P 135 %
b5, #il 21X, Macdonald D AR I T2 Y3 % Schur M Q-BE%1 & Lagrangian
Grasmmann ZA{K LG(n, C*) ® 2R E 1 2 —E O Schubert 8 & Oxtinid & < HH i
T % (Jozefiak [39], Pragacz [66, §6]). & HIZiX, B2 5 aREr Y —HER4 T O 2
RE R U—HG H*(—) 721 The <, K-¥lGa K (—) PEFEB TORBW a2 AT 4 X L8
MU (=), (=), EL T, ZNoD [ h—=F A[FEEMR] e E~LET 22 &0, <D
BB LT, ZO20FFEORITHAIMICED 5T\ 5. BIEY 5302 HERE S
D2 EETERVD, BnoO £ E 42 551FTH < Kostant-Kumar [44], [45], Knutson-
Tao [41], Ikeda [35], Ikeda-Naruse [36], Ikeda-Mihalcea-Naruse [37], Ikeda-Naruse [38],
Hornbostel-Kiritchenko [34].

1.3. Lie# LD —TZEMEO (2)READ—

ZIT, WIEIDEETITH LN, A4 7 () Bott O EHINMEEH ] 1220\ Tl
ThB&E7w. Zhi, Bott ®JFFRIC [12, p.314, Corollary] Tif, [MEfR==% VU —#
U=U(co) DFRE FE—FEREIOTHY, H#2 282 m,(U) = mep2(U) (k =
0,1,...)] EWVWIHIBTHRRLIATNDA, RIFFEIZE o> THH LT W TIRRE L T
BZH: QSU %, WREHR2 = U —Hf SU = SU(c0) LOIGEN—TZEMET
%Hex, TH-22EM & LCORE bE—[EEBU = QSUNBNFET D] . 2O b,
QSU D (z) AEr v — Lt PrBa#ER A & @ Hopf (¥ & L CORIBIPFIET S:

H,(QSU) = A\, H*(QSU) = A.

ZDO XL T, Fex DRI ROFIZ Lieff EONL—TZE/NR A>T 5. K&x a3 x
7 Mg HLERE, Bl Lie i, QK 2 2 O Rt &V —72EM L35 &, QK IIV—T O
W2k, RE MR H-ZEM & 720 FORTE D V—ERIEBIR O ITTO I B D
HHZMBEOEZ 2. 2O Z b, TORER V— H(QK)I1XZ Lo #i72 Hopf
REDOHEZ >, Z O Hopf REMEEDFIRIL, Z< OREHY F AR X ML AT
DITEY, RUFFE L BES 5 k2 2817 Tk < &, Bott [9], [10], [11], Bott-Samelson

9 Fulton [27, p.146], Manivel [56, 3.2.8].
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[13], Clarke [19], [20], [21], Kono-Kozima [42], Kozima [46], [47], [48], Petrie [64], Rao
71] 72 E03® 5. K2, Bott DFERDIR b EANTH Y, HIZAIXQSU(k+ 1) DFER
U=, RO &9 RBEARTHEALBNS:

H.(QSU(k+1)) = Zloy,09,...,04].
212U, 0, € Hy(QSU(k+ 1)) (i =1,...,k). EHIZ, TOREMEEIX

Ao,) = Z o, @0, (00:=1), (7)
p+q=r

WLV BEX6ND. ZOfEE, L1HEI Tl A7 BB OGE N Bk TH S & i)
THARIZRD X 5 pFE—HICEBNED:

H,(QSU(k +1)) = Z[oy, ..., o8] = M) = Zlhs, ..., by (8)

Bott D@L [11] ZFide &, O IXMEW 72 < RIFRBIEER & OFR—11 (8) b -7z &
BEZONDHN, FOHAMEE TRE) S®E512F, 9D LIERMELE 572X )5 Thb.
T 7205, 1970 F-RIZ A Y | Garland-Raghunathan [29] & Quillen (A%63%) (2 & 0 AT
2, QK 0D 57 T 4 > Grassmann SFEOHIEL O Z LRI, 720
b, K OEH#RIEG = Ke & L,

G:={f:C"— G (FEAN} D P:={f € G| fIHFA bIADTEA}

ERLEE, GILMET 2T 7 4 v Grassmann 28K Grg % Grg := G/P L EH
%. Z®L X, Garland-Raghunathan & Quillen 1%, QK & Grg 2874 FE—[FfETH
HZ AR LT ZAUTE Y, LieBE Lo —72e/ % ¢ TERRITTOESER] & R
HZENAEEL /20, 1280 & [AARIZ, [Schubert 24544 |, [Schubert#8] ¥ N EF S
, FEROEmB R SN D, DI F, 77 4 2 Schubert calculus] & FEFAL,
INFEFREE VBV THIERNMTDON TS, 2 ZICHRT 2 R0BIT /208, B
%3k Z WO E F 2P T < Lam [49], [50], Lam-Schilling-Shimozono [51], [52],
Littig-Mitchell [54], Mitchell [58], [59], [60].
INOLOMEZRBAICR S, EHIHIEIRENLELNLI L LTV IBOH S
BH) PR R FoEuv g R RIEE 9 B X, K7, Clarke [19], [20], Kono-Kozima
[42) ITEB L, 15 DFERZ A & [RFREOBA] 2 BRTE vy, & 2010 4F
DOV ENOER RO, RIBRKEHI L, ZOBRBOFREZOEETE LD
t D73, Nakagawa-Naruse [62] Th 5. Z O XIZHB W T, #HF O aREr Y —HH
H*(—) % MR T alRele GRIER) — Mk aREr o —BEm) M ISR L CGEma
ITo TS, KR, ERME TR —Kkartn P—#HigoHh < EEE] 250
MEFEaR LT ¢ A LB MU (—)Ick T s ESMbE BELE L, 1.2 Tilk~<7= Schur
%o MR TH Y, KEHOBEE OTIZH H 5 EESchur @84 EA L. i
IZOWTIL2HICRB W TR RS Z L 35,

AT ak®En P—7TERL, AERID—ICBT HSchubert N EZEDPL LR D,
1 Adams [1, Part 11, p.37], Switzer [73, §16.27].
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2. & (factorial) Schur BE%g

128 TR/ 2 & RIS E 9 &, TH56 Grassmann ZE-{AD 2 REr U —BRICE
(7 % Schubert #8213 Schur I LW R&ESh D) . ZOFERFEEZMPE LT, £ 2 THEN
7z X 91T, #i3 Grassmann ZERIKNZ G obk 4 RIESERAD aRkEn U —, K-#Ea/ & &,
Schur 55455(7% & fefk 2 IR EL & DE TR BIE S LN ) o0 Hh 5. T, ?’E
F# Grassmann ZARIKD N —F A [ 2 7RE 1 P —E & factorial Schur Bi%{ & © 1%
(Knutson-Tao [41, §6], Molev-Sagan [61, §2]) 3 KO b —F A [AIZ K- & factorial
Grothendieck %I (McNamara [57, §4], Ikeda-Naruse [38, §2.4, 9.3]) 1ZH Y 731 &
HTHHEZEZDBND.

2.1. &8 factorial Schur BE%#
ZIHDIATHE A B E 2 T, Fex L, fnsL 62, §4.5] ITHBWT, T OXFREIE D
BRG] 28 A LT, T7cbb, LA LazardBR 12 & L,
Fr(u,v) =u+v+ Z a; ju'v? € L[u,v]]
ij>1

(WO TR REE L T 5. LT Tl

a+1 b= Fp(a,b) (BBXH), a=x, (a) (BXHHET)

&#E< 2%, FFRAEEH IR LT, mE O RFE ¢ oYL L LT,

k
[t[b]F = TJ(t 41 i) = (¢ 41 bi)(E 4+ ba) -+ (E +1 br),  [t[b]* =
i=1
LB E, BERnLLFONEIN € Pk LT, [x|b] =[], [ai|b]N & E#T 5.
DL,

E&E 2.1 EIN = (\,..., ) € P iZxt LT, i factorial SchurB s (x,|b)
Z, WONIT KLV ERT D

>\+,Dn 1

L L [x[b]

Sy(xn|b) = sy(x1,...,2z,|b) : E w

g g oS, [Li<icj<n(@i 1 75)

oz, 20 THERZEM] ThHER SchurB#% st (x,) = sk(x,]0) 2LV ERH
%14,

s¥(x,|b) DIEY J5 & Fi(u,v) ® TE@EM) 128D, &2 TDa;; =0 LFERMET D L, i@
H @ factorial Schur BA¥AG 641, a1 = 8 (WD [Bott i) ), ZH S D a,; =0
E kL3 5 & factorial Grothendieck ZHEANGEONDH Z L2 ERE L TBL. TDE
T, Fox D sh(x,|b) 1% TEEME] 28> T\ D,

12Lazard B¢ L SR 2 RLT 4 X LB MU* (—) & OBIfRE FANIEHE L7201 Quillen [69, Theorem?]
Td%. Adams [1, Part IT, Theorem 8.2], /- EA [43, B 6.30] 72 & & 2/

1312/ (6) K & Hhiig b’Cb\tt%tlﬂ

W TIERIZRR) T 2% Schur B%%iE, BEIZ Fel’dman [25 Definition 4.2 IZ XV BASNTEY, £
Z TlE generalized Schur polynomials & M-EIL TV 5
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3. Gysin BEfg (ERZE)

3.1. Gysin Bl A 1V5

ZOHETIIAREDO S 5 —2DFEHTH D Gysin B (ERE) (oW TR TR
B F Ok 2 23 IIZBNT, £ L TERA RRED FT, TERRME] LT M
DE ) WEFRSN, REFHRLO LD, ZOERE D% (FHIZITfitiv3712) #1128
LT L,

(a

) AARE R U—HE H* (=) I28B1 5 Gysin $E[FA 16
(b) 7 7 A S— LRSS 1T

(¢) K-BFR 8K (—) 281 5 Gysin 54 1

(d) R aARNLT ¢ LG MU (—) 1281 5 Gysin 544 20
72 }:“75‘5%6

_ODJ: UZ, —MIZ TGysin 51§ (HERR)) L MFEN 2 BU8ITE, BRax e adREm U —
i ?olz‘“C FRATRRRED T TSIV TV DA, BB Z &% TERME AT rT6E

& aREr =M h(—)ICXF LT, RERXEEMOBIOH f: X — YV )b,
mEOGHR) f (X)) — b (Y) TH-oT

o (AARME) Gl go f: X Ty Sz, (go f)e=gso fL DSV L.
o (HEANX) 2z e (X),ye (W)IZH LT, ful f*(y) - x) =y - fu(z) BSALY L.
o (ELEZHL) 7 7 A N—FhM 572 % HA K

Xx,V — L5y

x -1z
IZX LT, ffoge=geo f* b (Y) — h*(X) DSEE D 320,
EEOLONERTED, LWVWHIZLThDEEZLNS.
3.2. Gysin AKX W55

Gysin 5% (HERR) IR L C, Bkx 72 TAX) b6 T 5. 2O CARIFZEICE
BECEET A L0 F T TR ).

152 NE TAIFZEDBEIC OV TR X & ENTE 20, AHBICER TS [Gysin DAY EODF%%%
DNTIE, RO X5 7R b 5. 15 2014410 A 20 HIZ, P. Pragacz K3 H S, [ ILEKFIC
FE SALTC. F DOREONEIL, Fa 3 [68] IZEMILTH D TB@’C“X?)Of:fﬁ, O, AR rPragacz
DLW, fa L [62) TEFR I R Schur B%%) , & Schur P, Q-B3% |, & olcix 3%
i@ Hall-Littlewood B3] I bILETE 2D TlEAewnny Lo/ 2 ERHIRORIETH 5.

16 Fulton [27, Appendix B.1], A& [32, §8.1], Manivel [56, appendix A.3].

17Borel-Hirzebruch [6, §8].

18 = Z TSR E sz ) iR X5 Grothendieck BE 45T H D & 5.

19 Borel-Serre [8, §5, d.], Hartshorne [31, Appendix A, p.436], Hirzebruch [33, §23, p.170].

20 Quillen [70, 1.4].
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3.2.1. “G/B — G/P” ®#® Gysin DA

G Z iR 22 - HGRE (b U <K R, BB LOT %, £h£h Borel 355HE,
BRKM—FR2ALT5H GOL—FREA =AT||A, I C AT ZHfliLv— hOES
T 5. BAES © C HITHIST 2 EEZ P = Po & L, Woe BLUD Ag
b, FINEN Po lCKIET 2 Weyl B, L— FRET D, WK N—F R T OEERE%
T = Hom (T,C*), Sym(T) %, ZOxFHARE L TH L & FEy e T LT, G/B k
DEMHK L, = G x, C DF— ChernFic1(L,) € H*(G/B;C) Zxhit S ¥ 25 Z L1 &
O, FRMEVERY ¢ - Sym(T) — H*(G/B-C) WEFEEND. 7:G/B — G/P%HERK
L THLE, ROEENISLNTWND

FH 3.1 (Akyildiz-Carrell [3], [4], Theorem 1). Gysin 7[R
. H'(G/B;C) — H*(G/P;C)
X, kchx 652
™ omc(f) =c ( Z M) (f € Sym(T)). (10)
Akyildiz-Carrell ([3], [4, Theorem 1)) 1%, Z DAX%E, LK EOER|XY L
DOFE R ZFIH LTz Gysin ¥ERIR O ek 2 FH U CRE L T 5 22,
3. “FI(E) — X” DD AHK

E -5 X %0 OBEHES7 MLVRE LS 7 =15 FUE) — X &, (1T 5 (522)
R ET 5. R EIZIE, Whwwd TN G 78 25 & 73

UgcUyC---CUypqyCU,=7"(E)

DPAFET 203, B Q; := 7°(E)/Un—i = E/Up—; (1 =0,1,...,0) B2 Z &ITL
0, TREER DD 72 2 i 7R

E=Qn —Qna— — Qs —

H2(FU(E )) (z' _ 12, ) P (E ® Chern v— ). FUE) O FEL D,
(B = L B D IR 5755 DT, % Chemn A2 5 = LIz L 0|

¢(E)=T1"c(FE) = c(®L;) Hc H (1+ ;)
i=1 i=1

AC LCIEEMEERR ¢ Sym(T) — H*(G/B;C) Iz & TH 575, Z0ARIT,
Tromd(r) = Y w- 1 (z € H*(G/B;C)) (9)
weWeg O‘EA+ @

EETHEERERLTBEL.

22 AVE IR U A% Brion [16, Proposition 2.1] 23K LT\ 5. Brion 1%, Z AR Z Weyl DA
B L U Grothendieck-Riemann-Roch DEH &5 TRER ] ZHNTORLTWS. £/, 20K
Kajimoto [40, Theorem 2.3] IZBWTHRENA TN D.

BIEZEM X 122N T, FRTHIBRIZ L2 as, Wb d [T hVEROSFEER] 230 YLD X 9 722
LT5%.

U MVKE D FUE) E~OBIERL m(E) bRILEE E TEL Z &7 5.
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HY(FUE)) = H (X)[ar, 2] (][ (1 +20) = e(B))
i=1
ThH2bNG., ZOLE G FUE) — X PaF53 % Gysin #E[@8 7, : H*(FU(FE)) —
H*(X)IZHOWT, ROARXDBH HIN TN D.
EH 3.2 (Pragacz [65], Lemma 2.4, Pragacz [67], Proposition 4.2 (ii), Fulton-Pragacz
28], p.41). 2K P € Z[X,, ..., X, JITR LT,

T* o Tu(P(21,...,1y,)) = Z w - [ P ] (11)

wes, H1gi<jgn($i — ;)
NS RIRVASH
Fulton-Pragacz [28, p.41] TliE, ETHEERMK 1 : P(F) = G1(E) — X O%AE
@ Gysin ¥ERIRI 2 FHH L, & OFER & IR D55 1iF

—
T 77—an1

FUE) = FUQn_1) G\(E)=P(E) =5 X

A, BEE n BT D IRMNAIC K VAE L T s A (10), (9) & (11) OFEEUE T
HATH L2, ZOFERATEFIRESERD. LL, MONDORDOHFHENLFEIN
% Gysin ALY, AFRHE (£ 0 %I Weyl #F) OERIC L 2O THEIFTWD, &
WO HRREL, IO MR A D RSN H D Z L R L TV DO TN
A9 IN? & T, Fxld Bressler-Evens O3 [14) ICEH T2 &2 L7, 37205,
(=) %, ERA ST TR REN — K aREn P—#im L 5. 72720, h*(pt) i34
Utz blce W ERET 5. EREMRR L — XX LT, 2D h*(—) 2w Euler £
X(L) € W(X)DEED. GE = /"y Mewfs, oM Lie B, T %2 DMK F—7 A
ELT, Borel 7 7 A7 L—v a3y

G/T — BT - BG

EERDH. A=AT| A ZGODNL— bR, W Z GO Weyl B, F55E A € Hom (T, S1)
(A3 2 BT EOEMKEZ Ly EEZ S, 20 L X, p: BT — BG #5895 Gysin
Y[R p, : h*(BT) — h*(BG) (22T, Bressler-Evens |3k % 7~ L7 26;

EH 3.3 (Bressler-Evens [14], Theorem 1.8). FOEED T T,

p* o p.(f) = ZW w. [HMJ‘X(L_Q)

} (f € n*(BT) (12)

N ARVASN

25 ks DIEFER Y MVIRE 25 X 2%t L C, r OGRS 2273 5 72 5 Grassmann H & G.(F) — X
LELZ LTS (1.2 HiTliE Grassmann ZAE K% Gr(n,CN) LEWTUWE). FRIC, SHEZERHK
P(E)=G{(E)Th 5.

26521%, W akEr U—in H*(—) DAL, BEIZ Borel-Hirzebruch [7, Theorem 20.3] (238 TR &S
NTND Z & ZEF TR KD T
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ZOAROEFEHIZIL, Becker-Gottlieb [5] DB E#ERE (FS VA T77—) ZFHL
7z Brumfiel-Madsen ®/AZ [17, Theorem 3.5| ZHWHAL TS Z & A 1ER L THL.

S B2, Bressler-Evens [14] IZITR XS TW WS, BB 3.3 2RO X D IZHEET D
ZENTED: HERKER (TROBWBA N—F AT 25T) il e L, H
D Weyl B, W — M REZNEN Wy, Ay = AL UAL &%, Borel D7 7 A 7 L—
var

G/H — BH ->5 BG

#BERDHEE, 0 BH — BGWiHET % Gysin #[f M o, : h*(BH) — h*(BG) 125
T, IRDIE Y SO

% 3.4.

otoo(f)= ) w-[ ! ] (f € h*(BH)).

wevgwy  lacaniag X(E-a)

FEH33LZDOR3AZHAND L, OEH3L, 32IIBHIGERT 22 LN TE 5.
Bl 21T, Bsn DEHE Y MVRE 5 XRE2 5 E &, X7 MNVEROSEERRIC
L0, DEBB [ X — BU(n) WFEIEL, RO AHRRIA A S5

FoE) —— BT"

| [
x —L BU®).

G=Un)O%HeE, V= RA={+t(r,—2;) | 1<i<j<n}THDHZLL, Gysin
WEETL o TR 2RV, EH32IIEH 33 NOELINED ZeRbnd. b6
\Z1%, Bressler-Evens O ARIHEHR 2R /LT 0 A LG MU*(—) IZb@EHATE 5. &
#FR7 MVRE 2 XICx LT, EB#Ea R T 4 X LAHERICH T % Chern 3 (Conner-
Floyd Chern#1?7) cMV(E) € MU*(X) NEF S, FUE) O#FEaRT 1 X LG
MU*(FU(E)) I,

n

MU(FUE)) = MU*(X)[z1,. .., z,) /(][ (1 + 2:) = MV (E))

=1

(cMY(E) 134 Chern 38)) TH 2 b6N5. L&, ¥+ FUE) — X BhET5
Gysin ¥R 7, : MU*(FUE)) — MU*(X) 122U\, KA D 1o

FH 3.5, LHAP € Z[X,, ..., X, ] ICk LT,

T*OT*(P(Jfl,...,xn)):Zw-[ P

wESy H1§i<j§n($i +L T;)

N ARG

2T Adams [1, Part I, §4], Conner-Floyd [22, Corollary 8.3].
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4. BERED GysinD AKX DA

4.1. & Schur B OFE{T 1+

SB3FHMOBREDTTEZD. WEIN=(A1,..., \) € Pp (kT 5 Schur 2 sy (x,,)
%, B xy, .. 2, [T DRHLZEATH D06, AN LHRK ¢;(x,) T2 HDEIH
ATERIND. 4, X7 VKR E®Chern/V— b&x xy,...,2, £ 35 & E, E® Chern
¥, (F)1Xei(x,) ER—HTE. 22T, si(x,) Z(B) mbHb0ZHEKXE LTEHLE
LDEs\(B)e HHN(X) EEL ZEICLE Y. ZOFEOTFT, JHE 7 FIE) — X
NHEET D Gysin ¥FRL 7, « H*(FU(E)) — H*(X) #5525 & &, HEAxMrm1 =
g T 2 R e ) Gysin YERIBRUC K B 81E, EFE3.212 80,

Apn—
T*(X)‘+p"_l) _ Z w - [ xATPn—1

wes, H1§z‘<j§n(95i -

ThHz2 b5 (Pragacz [65, Lemma 2.3, Pragacz [67, Proposition 4.4], Pragacz [68,
Example 8], Fulton-Pragacz [28, p.41, (4.1)]). Z DARIZE, Fulton-Pragacz [28, p.42]
Tlx Jacobi-Trudi MEFEFR L FHIEZNTE Y 2, 2 zFH L T, #21% Grassmann #
GU(E) = Gp_o(E) = X BT 5, a7 Gysin OARBEINIL TN D, EBE 3.5 %
M5 & 2@ Jacobi-Trudi OMEER (13) #EFE R VT 4 X LG MU*(—) ICE S
LR T2 2 N TE, ROERZG5:

EHE 4.1. GysinYERL T, : MU*(FUE)) — MU*(X) #3525 & &, BIEAx M- =

A ARl e A

T (xMP1) = sX(B) (14)
NS ARVASH
4.2. L& Hall-Littlewood Bi%k
7 ¢ Nakagawa-Naruse [62, Definition 4.1] Ti%, i@ Schur BI%k s%(x,,) (212 C, i@H
® Schur P, Q-B3%d [H@hi ) T 5 Fi& Schur P, Q-B% P (x,), Q%(x,) (B &
O D factorial i) HHEASILTI Y, ZHUTK L THREROFREMT T BN TN S.
Z HUE Pragacz DFES [68, Example 11] O, 58 2R VT ¢ X LBGm MU (=) ~O— %
{bTHbdH 5. #EoBM% L, Hall-Littlewood B8 2 IZ > W T O R DA &R T, &K
FREMZDZEET DO N=(A, h, .. \) EREEIVRnUTOREIE T 5. IEOEEE

my, Mo, ..., Mg, M1 + Mg + -+ Mg =N, %
>‘m1+1 = /\m1+2 == >\m1+m2 (mQﬂE)v
)\m1+m2+-~~+md_1+1 - = )\n (mdﬂﬁb

BAEFIT 2014 0 10 AEN D, ZDWY @ Gysin DA OV TR LiGd 7. Z 0z, A (13)
ZHAWVWERE L. £ BoTWANSEFRRTHL &, (KEMID) [ CAKT, FESd<nb, £<
DEFFEIZL > TEIPNTWZZ ERboolo. B33 F TIZEEITTEHL &, Damon [24, Corollary 2],
Harris-Tu [30, Proposition 2.3], Manivel [56, Exercise 3.8.3], Sugawara [72, Theorem A] 72 &3 5.

2 Macdonald [55, 111, §2].

SOSEIEIZ DWW I 42 Pragacz [68] 129D Z & &7 5.
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WKV ERT S, Zhickv, {1,2,....,n} ZdEO “K" I, L,..., [ 125500 X 5:
n]:={1,2,...,n} =L ULU---Ul %ieniZL T, inRwT 5 “XHE" "I, T
bHbHEE () =rEEKRTDH. S, OHSHES,) &, N\OBEEAHSEE L LS. BIRN
(ZIES) = Simy X Smy X+ X Sy, THD. WIT, HEEARE FL (v, v) O [(v) & T
%30 wEl(x) VD &R a4+ b= Fiu(a,b) Za+L b= 1" ((a) +1(b) &E<
ZEMTEDL. ZNEHANT, RELHITK LT, [t)(z) =171t I(x) LEFRT D32 LU
FOREDOTIZ, ROXIITEEL K S

E&E 4.2. 7EIN=(\1,...,\,) € P IZX L C, Fi&B Hall-Littlewood FB¥ HY(x,,;t)
Z, WORXICLVEET D!

x; 41 [t)T;
T; +1, fj

Hy(xit) = Hy(on,omnt)i= >0 we [ ]

WESy /S 1<i<j<n, n(i)#n(j)

WAZ, BN = Ay M) ISR LT, RIS BET 2 T(d — 1)-Bo s % ny -
FOE) — X ELE5. Tbb, s

n—mqgn—mqg—mdjg-1,...,— Mg — Mg_1 — +++— Mg

ThHhdEDOEKNLIRDEADTERZ THD. H5gny : FINE) — X B#FET 5 Gysin
YRR )y, MU (FONE)) — MU*(X)%%2X5. f: X — BU(n) &2 pLIK
EDGEEH/RET D L&, FINE) OED 5D, RO AHKAN G B S:

FNE) —Ls BU(my) x U(ma) x -+ x U(my))

m| &

x I BU(n).

THERIALY, WEHD:
FE 4.3. SOARERZEAP € Z[Xy, ... X, ][5 126 LT,

()" 0 (M)o(Plar,..yz)) = 3w P

e [H1§i<j§n, n(i)n(i) (Ti L T5)
NS A/RVASY
ZiLd& v, i Hall-Littlewood BI% HY (x,,; t) DRFEATT DG H L%
% 4.4. GysinYEREL (). - MU*(FNE)) — MU*(X) 2% LT, IRV D

(17)« (XA H (2 +1 [ﬂ@)) = Hy(xu;1).

1<i<j<n, n(i)#n(j)

SLITHP-FA [43, %% 6.26], Quillen [69, p.1293].

B25@, AR n I LT, InFl) [n](z) &, MR [n](2) == [n — 1](z) +L 2 (n > 1), [0](z) :== 0
WCEVERTD. K il(z) ZHWD &, [n](x) =17 (n-l(z) £ ETDZLICHEETD.

33 Fulton [27, §9.1] DFHEICE 2 1F, FON(B) = Fen—man—ma—mai..n=ma—ma_r—-ms( ) Cip %
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On the topological classification of quasitoric manifolds
A (R RZF R B H AR SER], D3)*

B =
Quasitoric manifold £ l&n kot b —F A T" = (SH? D LWMEAZ £ D 2nik
TLERRIRTH - T, £ DIEAIC K 2HEZE D AL R & 1D ELhkik &
UCHMIZRE K572 D%EET. KiEH TIEZ 5 U7z quasitoric manifold
BT B 0 HRER, & <12 (CP2#CP?)-FH R D quasitoric manifold D 4 %Iz
DWTHNT .

1. F

Quasitoric manifold 1% 5 DR HEH N — VU v 7 LR DA AR FZ PRI TH 0 |
DI IZBVWTEAI N, AROE 2fildzDEZROEF IR TOHNS. b=V v
SRR EIFEIE N B ARSI RS 5 D L [FEK, quasitoric manifold I Hiffi%
R P & P EDOREITHIN DL (P, IS o d. B3 TIEZ DXNIHIZDONWT
BARD .

F—=Vv 27 bR Y—IZETERELRMED—DL LT, MHBHARIZ L > TR
5 X 172 quasitoric manifold @ cohomological rigidity problem 23 4. Z DIk
quasitoric manifold £ 5K D 7 T A, HEWEZFDY T2 7 AN, LFIZERSE
(2 H W T cohomologically rigid TH AN ENEM I HDTHD. BEXTDL I AKX
BHER D H o TV,

NiAZE 2 5 % 2 T A C H* cohomologically rigid TH 5 & %, CIZ/ET % ZE[M 7=
LERZENSDIFRERY —DRIEEDAIZ L > TAMENIZAEINDE Z L 20D, 374
Db, ROFEMED Y LD & Z C & cohomologically rigid TH 5 L \Whbihb: XY €C
XU, HY(XGZ) & HY(Y;Z) PR EBRELVTHRMTHNE X LY IZFAMETH 5.
E SIEEOUWEO FBORM o: H*(Y:Z) — H (X;Z) IS8 LT o = f* &7 2K
B f: X - Y PFET S & &, Cldstrongly cohomologically rigid TH 5 &\ 5.

Z % T quasitoric manifold D 73 %H1% cohomological rigidity problem % f&#t & U TA7
ONTE. HHfiB L OHECHITIEE 5 UIzdifEROMN 217\, B&IZ (CP?#CP?)-
HRALD quasitoric manifold @ strong cohomological rigidity 122\ TaERH DHERE % 59

2. Quasitoric manifold D EFH

HEEE PR TEIIN & U T, AKfin o B 4Hi £ TORBIX [BPO2 IZfE>T WS, LU, T
a2 R R =T Z (S E U, CHUZEET X C" =5 C™: (. tn) X (21,03 20)
(t121, . tn2y) WX BT AEARASTVEHDET S,

& 2.1. T-EFHZ L O/ X, YRIOEEL f: X - Y PBEAZETHH LIL, H5HEHD
W) T — T PFEL, EEDz e X &t e TIZRUT f(t-x) =(t) - f(x) &
7232 eEWNS,

EF 2.2. T" D 2niIRTCIA ZHRAK M ~ D1 S 9272 /Ef ¥ locally standard TH 5 &
X, M OREELERER (U, f,V)} TH->T, UBLPVHEZENETNM BLTC O T-A

*e-mail: s.hasui@math.kyoto-u.ac.jp
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RIS G, fOEFEZLMAFEERE LD DVFEETHI L E VD,
EE 2.3. R! = {(21,...,2,) € R"[2; > 0,i=1,....,n} &L, Kz e RLIIHLT
depth () Z 2 D 0125 LW OEE L U TED 5. Hausdorff 22 X 23n RITAD &
ZIRkIECTH 2 L1, BWE (U} LAMEEGDE{fi: Ui = V;} THoT, £V, IR D
PR EAETH Y, T SITBEEADEMIZE W Tdepth 2RO X5 REDWBFET S
ZrEWS.

ADOELRKM, N OBNZFEFER f: M — N Th > THMUITB W T depth 2D
EONFMHETDEE, MENBABDODESHKAKE LTRABETHD NS,

EFE 2.4. nOTMZHARP OZTERIZH £ 5 EnMOMHEVEE>TWEEE, P
BLZEmATHL LN,
E 2.5, CY/T" IERY CHRIZEA—HTE 20T, n RO Z Rk M ~D locally
standard 72 T"-fEFIC K B GEZEM M/T" IZHRICHAD EZHRIRE AT I ENTE
5. BRI OWTHAKTH 5.
EF 2.6. Locally standard 72 T"-{Ef % £ DA LK TH - T, £ D#EZEM A D
SEHRIRE U THRMZEAR PIZFMHETH 5 £ 5745 D% P LD quasitoric manifold
AN

BAR, 29 U7z quasitoric manifold D 3 3HIZ DWW T DFERZ /N9 5. oFEORAEL
UCIXETHFAZMM, X SIIZHEME, IFEn Y —FAE (2 2 CIRBHREIseEn Y —
BROWRBOEBRE L TORMAET) 252 5.

3. BRIZRAMICDOWTDDEE
EF 3.1. BlZ MK P _EO® quasitoric manifold D55 [FRIZ FIMHEE A Z Mp & 52T

AR, PlEnkocHfiZmATm M ONEZ S5, 2 O2FTNSIEF, ... F, 2 & 5D
o Tnwdbned 5.

EFE 3.2. P LORFMTII &I, BEBRBD n x miTH N = (A,...,\,) TH->TIX
® non-singular condition & MEEN B FM 27T EDE WS MEHF,, ..., F, hdd
FHTED>TVWAB L E det Ao, = £1. T 2T Ay BNMTF Ny, N, ) B
*9.

UFDESIZLTP EORETHIND S P ED quasitoric manifold M () Z R4
L5ZLINTED. BRqe PIIRNUTqDET 2HR/NDMH%Z G(q) 7. FEEH4 0,
WPOXREIZT" Db —F A2 NI EEIEHRTH-> T, IRTEHRINS:

..... in

.....

-----

R ZRLTWS. T x PIZFEMEREG ~, ZIRTED 5:
(t1,p) ~x (t2,q) == p=q2D tit;" € (\(G(q)).

M) == (T" x P)) ~y & U, T" DHE KA ~DEERRIEHZZA 5 218D
quasitoric manifold M(\) M3 o5, FEEE M\ 26 PAOHEEZ & L, EHE v
XN LUTPPSvDEI R WIRiZ T RTRWtD2 U, k3T & &, n1(U,) 12 C"
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WCHRIZRMTH 2 Z BB PE. TSI X VMR LHROMEZ EDNIX
.

W2, M % P E® quasitoric manifold &35 & &, LD & 512 U TRMEATSIAN(M)
NROoNDE. Mo P X M/T~NOY %%« L. {FMA locally standard TdH
525, nl(relint ) DEICIXE UE M HEZ RS, TN 1IRTDHD b —
FATHD. IhzeTy(F) Lidl, HIG$TERZ7 bLve X € 2" 95, kbbb,
Ai =Ny M) Ty (Fy) = {(ZMi o 22 i) e T 2 € C 2| = 1} &85 Z" DG
THo>T, IHIXBBDDBRANIBMN1ITHELOB0EDTHS. ZHIFF5ERL
T—RIZEES. A(M) = (A1,..., Ap) &THUE, THD¥non-singular condition % Jiii 7z
2 LIEEM A locally standard TH B Z &N o000, fiE> TAM) I& P EORHEAT
Heiss.

EF 3.3. P LORMETIR2ROESZE Ap, TR Ap — Mp: A= M(\) % ¢ L3T.
& 3.4 ([DJI1]). P EDOIEE D quasitoric manifold M (ZxF LT, $5 M — PIZ I3
TR UM AEAES 5.

Proof. [Dav78, p.344] (2B 1F % “blow up” Dz kv, ET-Hp: M — P ki
Bifgr: M - MThHoTror=p,iRdbDWKTE%. PRUMTH B0,
p: M — PIZHBETH->THMWZ2ED. ZOYWE r2AKTNIE IV, O

8 3.5 ([DJ91]). P EDEED quasitoric manifold M Zxf LT M & M(A(M)) (X[
R, Rz o328 Th 5.

Proof. ffifd3.4 L0 1GFoNb ki IliZEs: P— MEFd. 32T x P — MM
(t,q) = t-s(ITEKDEE DD, ZNDM(\) = (T" X P)/ ~\ 226 M ~DEZHEMHE
BEELS ZLIIRGIIRINS. O

ApZIX GL(n, Z) DS DRIZ & > T, (Z)2)™ W% —1£53 5 Z 212 & > TIEH
15,
E# 3.6. Xp = GL(n,Z)\Ap/(Z/2)".
EF 3.7. {1,...,m} LORKEERKp ZIROD X SIZED -

{iv,...,ix} e Kp<—=F;,N...NE;, #0.

Kp DHAFRB2ARD L IHEE Aut (Kp) LELT.

SF 3.8. Aut (Kp) IZFIO AN ZIZ LD Ap IZEHT 5. X HIZZDEMITZ A ~NDH
e %35 <.

W& 3.9 ([DJ91]). ¢: Ap — MpldEHE ¢ : Xp/Aut (Kp) — Mp ZEL.

Proof. £3 ¢ D3 Xp/Aut (Kp) 6 Mp ~NDEM{EZEL Z L2 %2RT. A= (A,..., An),
N o= (N,..., X)) &2 P EORMEATFIE L, M = M(\), M' :== M(\N) £8BL. o €
Aut (Kp) & A€ GL(n,Z) BMFEL T
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b E MEMDPEHERZRMETHZZ 2 RBIEEWV. Kp OFE LSNP OB
BB EGEZBZLIIHETEE, o 3HOE LKL LTORMf: P—> PTHhoT,
FMEZN U f(F) = Fou) 82 &5 BB 02EL W05, AhoBEIND T
DHCFAMZ ¢ 23U, f: TP x P = T"x P: (t,q) — (¥(t), f(q) L EDB. THL |
W fM— M ZE8HR, OB HAZRMTHL I LIZHONTH 5.

WIZEDE S M e M DEAEALFRMTHE LTS, Thbb, FHEEGME - M — M
YT OECRM G BAFEIELTEEDz e Mt € TPIZHUT f(t-2) = () - f(x)
Ehi7z S ARET S, 2T b GL(n,Z) DtE AT 5. F7z, fIFHuEZER
P2 M/T" = M'/T 2D E %k ULTCOHCREM f 28, fickviEx?
Aut (Kp)Dit& o LRLY. TDEE N, ;) = AN (i =1,...,m) BKH LD LA
B D. 2O LT oDEEMENRI N, ]

4. AREOYV—IR
Quasitoric manifold D AFREA Y —ERIZDWVWTU FDZ &R H5NT WS,

EF 4.1. PEn ot BMiZmAkE U, ZD (n—i — 1) RTOHEOKE%E f; LS. P
D h-vector (hg, ..., h,) I FIXDONIZ L > TEHRSIND:

hot™ + -+ 4 hoat + by = (£ — 1) + folt — 1" 4o+ foy.

IR DEHL L quasitoric manifold (2 A % FEHER 72 CW R DS ([BP02, p. 66]) 7* 5

"ons.
EE 4.2 ([DJI1]). P& niRouBMZHEARK, (ho,. .., h,) & T D h-vector £ 9§ 5. P ED
fE:3E D quasitoric manifold M IZDWT, ZDHER Y —FIZHFEIRIZBEWT0OTH D,
EEBIRICBWTIXHABETH 5. X512, M D 2i{RD Betti B % by (M) it T & &,
E 4.3, $2b 5, [H U ML EA LD 2 D0 quasitoric manifold % [biRd 5 & & %
NOSDARER Y —FRBO EIEEL UTIEARTH > T, B3 EE TR BEN
H5.

HIHEIFIRR, PlEn Ot HMZ R T m Ol ZRS, TN6IE R, ... F, & &SD
FonTWwsEDE T 5. M % P _E® quasitoric manifold & U, M 536 P ~ND5I# %
T Y. 2D EZ Y E) X (2n — 2) IRTTOHE R ZRMATH 2 Z LITIEE.

EIHE 4.4 ([DJI1]). A= () &2 P LORMEATHIE U, M= M\) & BL. ZDEEM
DEFHATER Y —BRIIIRTEZIS5N5:

H*(M;Z) = Zlvy, ..., o0]/(Zp + T»).

2 ZTu; € H*(M; Z) \ZH# D Z k4K 7~ (F;) D Poincaré YO, Ip, Ty 1EEAF DA 77
VK.

IP:(Uil"'Uik|E1m'~‘mEk:@),
TIn=Nav1+ -+ N |t =1,...,n).
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5. HEDEMLEAFLTORRICEAT 2FEER

EFE 5.1. BMLZMEAE Pz U, 2D ED quasitoric manifold D [EFHEEEIRDES %
Mbemeo @ Bl F 72 P E® quasitoric manifold DRI I R E B Y —ERO[FHSH
EERE MM EET. ZITAFRERY—HOMAEE WS OIFHRITIREDEERE LT
DEAMEZEZTWS (DX D aFER Y —FHIEREDHEIIE AL, BRG2H
Mp — Migmeo plomeo — MED % ZNEN ¢y, o LFLT .

M E Mbomee D cohomological rigidity W21 >TWA X5 R GHEE2FLD-EHD
TdH 5. Mmoo i cohomologically rigid TH 5 Z &1L gy BEHPNTH S Z & L[HfET
HBHIEITHER.

9, RO EIEBIIHNS

mE 5.2 ([DJI1]). nIKICHER A ITH U, #Man = #MEPC = MG =1TH D,
Mapn IZJET ZME— DFHIFBHER R T EHZ A 7-CP Iz kb R&KI B,

KIX [ORT0] DFER DR E LTHRONS. m>42 L, P, ldMmAKERTEDL
T5.

EHE 5.3 ([DJIL]). Mp, (FATRMEBRE D% 5D, Mliemee 289 5 EHHIE CP?, CP2, 52 x
S?2oDHEFERIZE o TRES NG, LIT o lE2 $§T1%6

RIF[CPS12] D EE Bl 2 AL L 72 B TR R 728 DTH 5.

EIE 5.4 ([CPS12]). K2 DDFEA" x A™ (1 <n < m)iZH L, MPE o (ZINFH LR
HDTEFD. ¢ TG TITAR L, ¢ lFEHETH .

F VL DBEEDORIZDOWTIE, IRDNE /KT ETORERERDVD 5.
EI 5.5 ([H2]). Mbgmee [T strongly cohomologically rigid T 5.

B AT RO A 2 TH AR | D quasitoric manifold D FEIZEE 3 B4R 28R 5. K[A%
HARC™(m) (1 <n <m)EmEOTHRZFEDnKuhZ HETD D, £ DR C™(m)*
Em W DOHITH %2 FF D niROTRFM L K L 70 5. FHfllld [Zie9s] w2 2D Z &.

I 5.6 (H1])). n >422Om-—-n>4,H50VEn>602Dm—n>3ThbEZE,
C™(m)* 11Z quasitoric manifold IZ/F1E L 722\,

E 5.7 ([H1)). BOFKEIZHEAK C™ (n + 3)* (n = 3,4,5) LD quasitoric manifold (2D
W, BARAR D 32D,

(1) ¢1: Mesggys — M IERBETIRIRND ¢y MESES — M) IFEHEGT
})V),if:\_ﬂ’bb —9“«\17 SRR D6 S D,

(2) #MC4(7 #Mhomeo _ #Mcoh = 4.
(3) #Mess)y = #MR = # M. = 46.

6. /X RILEID quasitoric manifold ICEE Y %5 FER
EFE 6.1. TOX S REREHGERDONEEZS.

B, "% B, " %... 2B, "> B, =CP'
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WO P(L; ® C) — B IZF L\ & &, B, ¥ n-stage Bott manifold TH2 &\ 5.
ZIZTCCIFEMRZ, P(L; ® C) I3k z £ 7.
Bott manifold I&37 /5K _E D quasitoric manifold iIZ272 5 Z & HI 5N TW5B. T DFE

e ImoMEOFRS DT 2B L ITH DR 5 Z 212 LD, n-stage Bott manifold D%
MEATHNTIRD & 5 I FE T 5!

1 0 0 1 = *
0 1 0 1

0 : *
0 0 10 0 1

% Z T (CP?*#CP?)-HHEL D quasitoric manifold ZIRD K S IZEFHKT 5. CP2 L CP?*D
[F 2 EAER & LT D CP2#CP? 1 I? D quasitoric manifold TH 0, Z ORPELTH]IX

P DS TS
0111

EF 6.2. L HIKI?" ED quasitoric manifold M 7Y (CP?*#CP?)-RETH S & 1%, TD
LR P EOREATHIINDPFAEL T, M & M(\) AHRAZRMHE 252 820D

Ey 0 -+ 0 K * o0 %
By .
N 0w (1)
N N SR
0O - 0 Ey 0 --- 0 k

22T By REATH, k= ( 1 f) LT3,

(CP?#CP?)-HAID quasitoric manifold 28 CP?#CP? LD iterated (CP*#CP?)-bundle
LB LI IFHTD M) DEENSRTIENTE S,

Bott manifold IZ D WTIEBA R D 2 DD HHERVFEET 5.
£ 6.3 ([Choi]). 3-stage (resp. 4-stage) @ Bott manifold &{&!J strongly cohomolog-
ically rigid (resp. cohomologically rigid) TH 5.
EIE 6.4 ([CMM]). Z/2-f28D aREQ Y =8B H*(CPLZ/2)" IZRMTH 5 & 574
n-stage Bott manifold /&% strongly cohomologocally rigid Td 5.

22 (CP?*#CP?)-HAELD quasitoric manifold (2B 5 3G R &, £ DFEH DB
ZRR S,
E 6.5 ([H2]). M, M' % (CP?*#CP?)-HHID quasitoric manifold & U, ¢: H*(M';Z) —
H*(M;:Z) 2O &R UCOMABMESR L T2, 2L EHALFEMES f: M — M’
ThHhoTo=frli25bDNFHET 5. & <IT(CP*#CP?)-HELD quasitoric manifold
2K 1% strongly cohomologically rigid T 5.

FEHIEL T D K S R FIHTITbN S, N\, N %2 (1) DEE £ D I EORMTHIE U,
M=MMN, M =MN)ZEZTEW., EHL4DOERIZE VT g,y (i =1,...,20) %
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X, b EEETEE, MOIAFRED Y —BRTEY 21 T TNV ZHOVTLZX, ..., Xon) /]
tiié.Hﬁkﬂf@jﬁ%n/~?ﬁzwgnw&@Wtiié.bt#of¢d
ZIXy, ..., Xop] DIRBOESEE UTCOHCHMTH>TI 2 IZETHDERMITI L
MWTE5.

ZIXy,..., Xon| D74V L=y a v FrRUTFIZE-TEHERS:

(Xon—1, Xon) € (Xon-3,---, Xon) €+ C(Xop-2ig1s---,Xon) €+ C(Xy,..., Xop).

IRDFEREDGE D L 70 5.

iR 6.6. (1) D% & DRMEATH u & HRIZFRMEEGE f: M(p) — M DBFLEL, ffop
X740V L —Y a3y FaEo.

ZDMEIZE D, f*opldfTHTRT LIRDIBIZE S:

¢1 k o .. k
Frop=| 0 ¥
0 -+ 0 U,

Fap 13 H*(CP?#CP%Z) DHCREZ 5.2 5. FiX, LD H (CP?*#CP?,Z) DI
DEBRE LU TOHCHMIIBHAZHCHME UTHEHEHATE 22130505, ki<,
IRDFEDENLT 5.

8 6.7. (1) D% L DRMEITH / L FAZFRME G g: M — M (/) PFEL, g 1
FHTELS EIRD KD IT%5:

wl—l 0O --- 0
. vyt :
: . .0
0 0 1/};1

Ey, x *
[fopoyg ! %ﬁ
*
0 0 FEs

DL EROMEZFEORLUHNWSZEIZED, p=p/ DD ffopog  =F,, £7%25 2
EDDN S

2 6.8. u, i/ % (1) DLZE L7z I* EORMEATH, 0 H*(M(W/);Z) — H*(M(u); Z)
%mﬁﬁ%%ELT®EEE@tT%.GﬁEWT< )t%bbéﬂét%

0=E,THO, Tollpu=p 5.
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PLEIZED, o BHAZRMSG g o fL & LTERINE,

M-————>M H*(M;Z) <—— H*(M'"; Z)

/ k . o e

M (p) == M(p') H*(M(p); Z) == H*(M(i'); Z)
S 3k
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=87 | Stein B & BAEFERE
K (BN T3A)

a2/3%7 b+ Stein BiIE (compact Stein surface) (%, —FEOEERT & #EHEdhH
Thd. LY EMRIITKDO LD, £, Stein ZEAE L IXCY 127 m =7 DE
HNCHLDIABRN TE DEFELZRIEDOZ L THDH. [TED Stein ZARKIL FIZH R TH
DT N—Ip RIS HA PRI B & M D EEUE RS A FF>. 237 | Stein #h
e, TR MRESUTE ARGCEHRIRT, Lo XD kB L EL ML R
b, BERBEZDOEBDOL~NVEETHLHLDODI LEWVD.

2 X7 b Stein HAIFEFEHER EOHIKINC XY, —AToEEoneh7aY) —
TOFEIIIAME 72 L I A TLES. LML, 22737 b Stein #im OMFEIZ I
FARY—IZLOEEREEL TR, TANTFED 3L /37 |k Stein #i# OHFFE
DOEHSDOMHEZ LA TND.

il 21X, Eliashberg [El1], Gompf [Go] iZ=2 /37 | Stein i D/~ K53 % H
WERHBAT T 21T o 7. ZOFHEMHTIC L v, Kirby K& METI D N> ROV iR % 3R
FTRATDO a7 | Stein B O ATREIZ /R o 72,

K23V L F % &, Loi & Piergallini [LP], Akbulut & Ozbagci [AO] %, Lefschetz
T AN—ZER A, S HIZHIE BT T VA NiRihmz vz 2237 | Stein
A DRI ©1T o 7. Lefschetz 7 7 A /X—22f] &%, Wiz 7 7 A4 X—& T 5 dhm
D7 7 A N—Z2]] T, Lefschetz BUFFR M E WO FFREZ G, £, 7L A MR
HE T & 13RI 7" e =[O IA 7o phin ©, RO — 55 % il i~ [R5
5 &M EOSIEHEEIZ 7> TS D TH D, Lefschetz 7 7 A /3—28[, 7L A K
W XG5, 7 LA FREEIC K VI C&, MERRI7MF5E & OFEtER BV, F2EE,
IS OBEOBEFOFRSCAR O R XN, 2787 |k Stein i OBFFEICEE 7o hRE
kL2, EROFHITEZ LY LTWV5.

EHOMRLESICL > Thaiza /37 b Stein BHEIORFE T2 EHE LT
W5, FZT, H1HEI T8 b Stein #iff & Lefschetz 7 7 A /S—Z2[ O BfRIC
HAOLFHEEFEZ DR RZENTDH. IRWTHE2EITIE, 222737 b Stein #imm e 7 L
A NIRRT OBRICIE S S G & FHFH ORE DR O — I E BT 5. 72, KRR
BOWTEERIE L ZOMOBGRIZTT X THES N ERET S.

1 Lefschetz 7 7 A4 /N\—ZEfR & /37 k Stein HE

1.1. [FC®»IZ
ZOHITEHEEORRTH S, Stein FHEO—BEMOFRROMAE2T 5. ZORRIC
DWTORITHR R EXRARDT2DIZ, FT VW OhDOEXREEH 2 5.

M Zd5 e AP 3IRTT SRR & 5. M LD & 3 Ef#EE (contact struc-
ture) THDH LIE, M EO1RMOERaBFEL, £ = Kera > M OREIZEL
alNda >0ER5LEH0). ZDa%xOEMER (contact form) &5, #2
ik AR (M, €), (M, &) 23 EMRIE! (contactmorphic) Th 5 L iX, My FRIIHEES

AW IR L (FRAER B © 15J05214) OB Z2Z =D ThH 5.
* T 152-8550 HUsUAR A RECOKN 11 2-12-1 HFUR THKRF  KFHE T2 7R
e-mail: oba.t.ac@m.titech.ac.jp
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H:M— M'PHFEL, H(§) =& &l dE&xu2 0. £, M EOEEES, ¢
W7 A4 EwY (isotopic) Th D &I, HEMEEDOE O Hbhi~%
ETELEEL VD, IWICEMBERK (M, ) N ARTuy T VI T 4w 7 ZERKR,
237 b Stein B OBEFUIT /2 5 & S ITHRBOWEERA RSN TE 2. AR T
BEDLGE LT D, £ Stein FEIEFHE (Stein fillable) Th 5 L 1%, RN M
2By TRIFE 722 = 2 /X7 | Stein i (X, J) BSTEEL, (M, €) & (0X,TOX N J(TOX))
DA CH D EEE V). (X, J) % (M,€) ® Stein FIE (Stein filling) &1 5.

TSR Z G- 2 72 L E1Z, £ O Stein FBEO GBI H < OB SN TEMET
H%. Stein FTHN 1 DIZRE DL EORERO —F EIRY > TH D EIRD K5 725
HK13d 5. Eliashberg [EI2] 12 X 0 3ok S° L OFEAER 7p Bl 18 & Fr Dt 2 Ak
(KD Stein T 4R TERIA B T 5 Z EAVRENTWS. McDuff [Mc|ic kv Lo X
251 L(p, 1) (p # 4) LOREER) 22 Bt d 2 K5 OB ZARIA D Stein FIEIT Euler #73
—p THLEKE FOMBIRTH L Z LRI NTND. SHIT, Lip, 1) (p #4) Loofh
O Stein FEIE A[AEZR BEARFEE IC B L C b RBEDFE AL W S2> Z & %, Plamenevskaya
& Van Horn-Morris [PV] 23R LTV 5.

BB LTERERIT Y TV 7 7w 787 L0 b B OGS IR 7253
iz EICHWTREH LTS, FHORED, €O LI REmICHlD & ZABKRE .
VIBETIE, BURERE L Stein Jodl, FEMZERIA L OBIfRZ T <.

1.2. {588 & Lefschetz 7 7 1 /\—2=f

ZDO/WNEITIE, BEREL Lefschetz 7 7 A N—ZEMOEEZ T 5. BUEHRHIZ OV T
I%, [FM] %, Lefschetz 7 7 A /3—Z2/IIZ-DUWTIX[GS, Chapter 8], [0S, Chapter 10]
ZiE LI LUTHE V.

Y =X, RN g TEERS D bED 2Ry Nl A i & 95, Diff (3, 0%)
Y OMEZRD, R ETIHEESR THLIWMORHEEGR AN LR 0BG LT 5.
Diff, (3, 0%) IGO0 AR A fE L L CHEEZF>. ¥ OB%%E# (mapping class
group) My &1, Diff (Z,0X) DT A Y hE—HERRTHOZ L THDH. L OFOH
MPARAR o 12¥h 9 BF Dehn YA X k (right-handed Dehn twist) t, &%, alZ
HBoTHimY 22—V E, KIFFEIVIZIEALY, Y GbE o8BIk E
EF5Y LomMEZROMIEHEGEHRTHL. (X 1) . BEMPAH e & o BT A4V B
By 7 ThdEE, [t =te] € My THY, KFETIEt, DEDDGHIA[t] D &
bty EESZEICT D, My ODFHORFLITIRD L OITKIRT D & 1,00 € Mg lZ
XL, 1o € Msldpr ZRICHLIRICo 2T 2 A ERT LD ET 5.

1: BREPAMER o 127h 9 A F Dehn VA A b.

WIZX %=z 87 N CHEEE BT S AR 4 IRTEHRIEE T 5.

EE 1.1. X 0201 D? ~D548 [ X — D? 8 Lefschetz 7 7 4 /13\—22f (Lef-
schetz fibration) Th 5 &1, D*ONHOARBEO RN S 5EEQr = {ar, a2, ..., an}
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FAE LIRZTH =T b D% WD
L flf D= Q) IE D —Q; LOSET 7 A A—ETHT 74 A=K TS ;
2 % € Qp KL, BT 7 A S fUa) LIZ f OERA p 27275 —1EHE
T5
3. & pi, a; DAV T, ZNHEHLET DRPITEREE (21, 20), wMFIEL, fIX
w=f(z1,20) =22+ 22 LERTREIND. L, ZTNOORFEREZEIXX, D?
D E EWLTHHEDETH.

EE 1.2. f: X = D? f:X — D?*% Lefschetz 7 7 A4 X"—2Efj L5 5. f& /R
& (isomorphic) Th o &1L, ME ZROWMDFEMEGEH : X — X', h:D?> - D?
WIFELho f=fo HMNEVNIDEEEWND.

f X — D? % Lefschetz 7 7 A /N—28f{] &9 5. a9y Z 0D? EOmET5. #
(81,82, ., 8n) &, ag & a; &Vl & T D0l s, MBEY, i £ 5 DEE s;Ns; ={ag} &
RHbDETDH. 22, ag DJEY KRRV Ao 72 & Z T sy, 89,0, 8, DIEIC
Wbhhbedsd., £i=1,2,..., 025V TC, a2 0LETHHo/NSWAEY, 2
D, ZOBFUIIKFRIRID ICR D Lo maE s . Vil s Zfisl LTHRLAD,
aEERAETIN—Toy T, ZOEE, {v,7,. ., W Em(D?* — Qf,a0) DI
JETHD. M (y1,72, -, 7) P Z &% Hurwitz £ 2 XA T L (Hurwitz generating
system) & FESZ L1295 (K 2). Lefschetz 7 7 A N—2ERIDERKN D, F; EITIE

2: Hurwitz A k> A7 A,

NrET AN T LT 7 AN—R BB OIS, ZO7 7 A RN—_OE/ FrI—, T
OB T 7 AN—{A (X x[0,1])/((x,1) ~ (¢(x),0)) = [0,1]/(1 ~0) £ 725 [¢] € Mx
X, HHHEMPAMBR ey C IO ATT =2 YA A M, THDLZ EBMBLTND.
a; DT EERRT 7 A= [ a,) 1Zx T DHBY A )L (vanishing cycle) & 5.
F72, M (tay, tags - s tan) Z f D (71,72, -, Vo) (KT HE/ FA X — (monodromy)
EFES. —RIZE / Fr 2 —F Huwitz ERGROIRY HTEIKFT S, 20Xk ) 2B
RS ZROL D RERTE FrI—OFRE L TR 2B TES
(tars s taps tagars - - s tan) € (tars - s tagprs tay taitagass - - s tan)s
(tal, tag, .. ,tan) S (t(a1)¢, t(a2)<p, e ,t(an)‘p),

=7z L, (Y2 EWES @'ﬁ&%‘%@?ﬁf&)é (tal,taz, . 7to<n) s (tﬂwtﬁw R ,t@n> NED 2o
DEETHEY &S5 L&, 220X Hurwitz BfE (Hurwitz equivalent) Th 5 &\
2. ZDEZE, (tay,tags---sta,) = (tg,tay, ... ts,) & <. Lefschetz 7 7 A /S—25[H]
DE/ Fv = Huwitz FIETHLH L&, TNOIRFERICRL ZERMONTND.
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EF 1.3. Lefschetz 7 7 A /X—22[] f: X — D? ¥ allowable TH 5 &%, fOEED
KB 7 7 A N—IZX T DB A 7 b 0 IOV, ZORERY—H|o) € Hi(Z;Z)
MIEFETHHEZH WS, LIT, ALF X allowable Lefschetz 7 7 A /N—28 [l 257 =
LT 5.

ALF (Z=22787 b Stein iz d~% b CTHEERKEE 2R

EI 1.4 (Loi-Piergallini [LP, Theorem 3], Akbulut-Ozbagci [AO, Theorem 5]). X %
Ny N CERERES T ERAMARTGEREKE T 5. ZoblE, UNIRETHS :
1. X 1= /"7 | Stein #imTdh 5.
2. X [T ALF 38T 5, Thbb X 242%M L35 ALF B3MFEET 5.

1.3. #—T 2 T vy nfE &L EfiEE

ZOMNEITIEA =T Ty 7 iR & B E ORRAEE T 5. FELIE, [Et], [OS,
Chapter 9] #Z M L TIHZ 72\,
B%EMOHOHMKEHEET D, 12 M—-BhrHLHESI ~DEBHBLET5.

E& 1.5. fl (B,m) B M OF—T 2T v 5 #% (open book decomposition) TH
HEE, 1M —-B—= ST 7 AN/ THY, FEEDOc STITH LERMS & =
Sy NI Sy © M ASTEEEL, IntSy = 7 1(0) v 0%y = BAHI=F & X510 5.
BuaA =727 v 75 (B, ) DINA VT 4 2% (binding), ¥~ Xy % (B, 1) DR—
Y (page) &\ 9.

MOA—T2 Ty 75 (B,n)&5x5&, 774 3—Kr: (M- B) = Stz
DONTDE/ Fal—pe MyWEEDH. et —7 7 v 7 0oE/) KOS —
(monodromy) & 5. W2, T MRERTEAMERY & p e My BEZ B
TV ET 5. OX ITERSy 2 rflRFD & L, ZO/EREIT 7 051,05, ..., 0%, L&
AT L THEL B, = (2 x[0,1])/((x, 1) ~ (p(z),0) ITEEFSF & 3IRTSERIKETH D,
ZOERIr O N—F AL THD. rfdDY Y vy FF—=FZXS'xD*ZHEL, Zi
bOBERE, 0X, DFBFER KD I I L TEEHFHF TS, 0, 0%, 0D?,
0, 1]oHFDRETH. DL, £V Uy FE—=F7Z2D S x {6} C S* x 9D? D&M,
08 x{0s} C 0%, THDHME ZROWEAFHGMH L LTFEZEDD. S,Up([], St xD?)
FIATBSKILEHATHY, TOF—F T v I 3R LT, X=URLTHH LD
BEND. TR, =TT v I nfREfl(S,0) THRTZLIZT 5.

Ex M EOBEMIEE LT, MOFT—TF 07 v I B5RNEDHR— b T4 V5 F—
727w Y 5f# (supporting open book decomposition), F7ziXEVAR— T
5 e, MR alzONT, EX—Y LdaPNEHBEERTHY, "M T 47
Wi o7 Aol Lalv) > 087256 D% 9. Thurston & Winkelnkemper
[TW] IZX YD, MOAERDOA =727 7 fRICKE L, £ R— b Sh 5 3G
DFET D EDRSN TS, Giroux [ZX VIRV EIRE LT, LFOEREZ R LT :
EHE 1.6 (Giroux [Gi]). M ZHMFA3RITCEKKLTDH. ZD&E, LITD 25D
BOMNZ—%—DREDR B D -

o { M EOWMAEEL Y 74 Y bE—
o {MOA—=T2T v 7 5F (5, ¢) }/ IEDLES
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ZITH=T T v 70 (8, ¢) DIEDREIL (positive stabilization) &%, &
DEICLTHELNLA =TT v 7 5fF (X tap) DT ETHD : EOHFOT m/3—
ila % —2HY, TOMuEE 1-N RIVh O o DN —HT 5L IChEXIC
o, ZoLTHEoNZ, YUMEY L L, akxaUd &7 5.

Giroux ORI, M _EOBEMESEIIA—T7 07 v 7 5 L0 #8fiET 5 Z LN T
&%, FFC, Stein FEHAREREEMIEE IS L TE, Y AT 7 A =TT v 75
EOE/ FaI—IZX VD Z ENARETHD.

FHE 1.7 (EFLADOFTWHR ). M ZEiER AP SRICEHRIR L L, ¢4 M Lokl
gL+, 2ok, UMIFETH D :
1. &1 Stein FRHFRETH 5.
2. EOYR—=T 4 T HA=T T v I 0E (8,¢) T, o234 F Dehn YA X DA
DR TRTENDLONREET S, 2D &%, £F Dehn VA A b &4 T 58
WA= b OREr —HITEETHS.

ZOSVZIE, ALF O “BR7 ARHZLICEVEBLIZENTES. f: X — D?
77 AN—RETE) R I =D (ta, tay, - la,) D ALF EF5. pr: (D —
{0}) = ST & (r,0) = 0 TEHTS. =L, (n0)1xD?— {0} OMEEETS. =
DEE, (pro fl(pro f)7HSY : (pro f) NS = SYIFOX OA—T T v 7 bR
(Bitaytay ta,) ZEDD. W, (M, &) DV R—T 4 T A =TT v 7551 (2, 0)
EHZIEETD. oNEHLTO (2) BT 2T DL, tata - ta, =@ 25 0 D5
RNGIEST D, ZDLE, T7AN=RETE/ FEI=D (ta, tay, - la,) THD
ALF MBEBHN5. ORI (M,€) O Stein Tl & /2% 2 LICEE LTHL. LI,
IOEHICLTHELND ALF O L%, (S,0)hbE5R% ALF LIRS LT 5.

1.4. Stein REO—E 4
ZOHIOTREREBRD DI, EFPEFRE 107 5. Mazur B E#HK (Mazur type
manifold) & 1%, BE5A%S? TRV A & 1T FIREZR Al 4 IR ARIA T, 0-, 1-, 2-/
RAVFNZEIN 1 OT OB A N RAUSEERS D THS.

EHE 1.8 (Oba [Ob2]). M ##f#AEny—38Kim & L, ¢ % M ED Stein FIHEA[
REREMAEIE L T 5. E WA =TT v 75 (S04, 0) ITFR—FENTWNDR BT,
(M, &) @ Stein FEIIMOFEHOEEZFRNT—ETHD. £z, MM ST FHE
ThbdEE, T Stein FBEIT 4 RITTERIR B TR T, LS OEAIL, 5
Mazur BIZARIRIZI DRI CTH 5.

EE 1.9, 1 FEF 18 OREEM /- L, SRR TRt v o —Bkm
IFEAT L0 HERERE R S LTV D ([Obl]).

2. EHN18 DA—T T v IV BROREDSNT, X—VOEFEAZ3UTICEZT-
ET D, ZOLEDOIREEM - TR TR U—KmIL P OHTH D Z L3,
Kirby X=2 2 H W CRBEIZHE O Hivd.

ZOFEBITFEH THIRARIZ L 51T, EBICHEGEREORKGA Tl S b, Stein FRIAS
Stein FRIE A[RE/p Mg E &, BRI OE N> 1LER 1.4, 1.7 TBEIC /A 7=. Stein
FEE AR S E DY R —TFT 4 o T A —T T o VSRR HONWT, £ DR_R—DOff
RO THIHEGE, LMW EREE L TROL ) REENIOLN TV,
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EH 1.10 (Wendl[We, Theorem 1]). M Z#iE72 G 1MA3RICEZRAE L L, ¢ % Stein
FE P RE/R MG & 5 5. €Y, NV OREN0TH LA —T T v I R (S, 0)
WY R—hFSNTNDLTDE, (M,E DIEED Stein FBIHX 1T, (X, p) 02bEE D ALF
AT S.

ZOEHOBMPAL TBE VA, B Stein FIED, FEICHE X R—T 4
YIH=T T I RPN LV IR THD. WAL, GV HR—=T 1~
DA =TT 753 (S, 0) DEJ Ra 2 — 9 DT Dehn VA A b ~Dofif %4~
THIZETIUE, Stein FRIET X THIZELIZZ LIT2 5.

2T, ETER .8 DIRGE & 7= T HMZARIR D Stein I L, £D FARR=
UL DR EELET D,
fRE 1.11 ([Ob2)). M 28Rkt nr Y —38KmE L, % M Lo Stein fillable 7282
fifiE L 95, €0, =V OMEN0THEIA—T T v I SR R— ST
HETHE, (ME)D Stein FBIE X OFEB T —IT LRI Y L.

Hi(X;7) = {OZ((Z;?))

AERNZ[Ob2] Z#Z L CIHE /2. Z oM & E# 1.10 20T, &8 1.8 2R

EH 1.8 DOFEH OB, —EMEICET R ROFEN O L% Z 2 Tldk~%. Mazur
ThbHZ LIZONTIT[Ob2] #S L TIHE 72\,

X ZHEARSARIR (M, €) @O Stein B LT 5. EPE 1.10 1o, X (XEDOVHR—T 1
TA—=T0 T IR (S, )b EED ALF f: X — D?* 23R+ 5. T7obb, fiX
T7AN=INE, THY, T R I=D (tay, tay, -+, ta,) £785 ALF THD. X1,
Yo X D2 T 7 A N—=DHTZT 2-/0 RIVEHE Llcy RAGRERS. Ko T,
X DOAA T —FEE (X)X, x(X)=x(Sosx D) +n=—2+n. —J7, fHELI1LY,
X(X)=1Tdhd. ®xIZ, n=3. &I, NEV—H[ay], [, [as] € H1(Xo4;Z) Dith
[ ETHY 9 5EEEZZ 2D E, LTFTOK3IOLH1Z/5. (i) & (i) O%EIE, Hurwitz

3: REDO ‘:/‘_‘;EE [Ozl], [O./Q], [ag] € H1(2074; Z) @Eﬂﬁ

[FfE & Kirby MDA HWT X 23 BT D Z &R0, EEAEY Lo, (i)
DEEEBZD. WE, o DRIOGE s tats, & D (tay, tags tas) = (tsy, tasstss) T
HDHLEREE, ENENOMEE S Fu I —I2FfD ALF BREEE 720, 272/
DR TH D Z EBNgnd. ©zI, Zizaxrd. £9, Hurwitz FMEREE %
19287, [og] = [Bi],[oe] = [Ba], a3 = B3 ZIRETE D, HEDEE (tay, tas) C My,
AEZDE, BH2OEMBETHEZ EBDND. Jar] = [Bi],[as] = [Bs] TH BT &
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73‘5, ¢1,¢2 € <ta1,t02> <, (Ozl)@/)l = ﬁz (’L = 1,2) R A %mﬁ)ﬁﬁﬁ_é Lo,
(tﬁlutﬁwtﬁs) = (t(a1)¢17t(a2)¢27t03) = (talvt(ag)qj;gwl_l’tt%)' ZIT, HORI <ta17t042> -
PSL(2;Z) % B5H Z LT, totpy' =010 72D p,q € LWFET D EBNTED. Wz

(<, (tal’t(a2)1/127/)1_1’ta3) = <ta1’t(a2)t22tqa1’ta3) = (talatamtas) &7y > Eﬁ%ﬁ’/]’%‘é
O

2 DIEHEE O /N b Stein BT
2.1. [FL®IC

Loi & Piergallini [ZLL FOEEIZ LY, 7 LA NRhm & 22237 | Stein o
FAfRMEZ AL L7z,

FEI 2.1 (Loi-Piergallini [LP, Theorem 3]). X & =22 /37 N TElfs B8 fiA T Am 4k
TEKKET D, ok, LTNERETH S
L X iF=>737 b Stein #ETH 5.
2. X 13 AWTTERIK B* DB O RZEM TH D, £ ORIERITIET LA Fikih
M (EF%2.3) THD.

T LA RIREiEE, LA FE FeI—x, Fy— bERRE, Bl TiEL
FAMEDS B W, LacL, BIBETIIT LA MRz o= 237 & Stein gl O F
FTIXIFE A E72SI TV,

FIT, MOEHIRMEAELD  IET LA BR#AE SICHOWT, S B+ 2 4k08
2O EFEXTLLEIL, ENODORZERM N AV A THyD Stein A 23 FH 5
HLDEEZD SIIFET D). AETIXZOBWOEENREZ L LT, EBIC
MR L7277 LA R o Fl 28803 5.

2.2. J LA FIREATE & 4 RITERIK B* D2 IS HE
ZITET VA NRihE &, 2ol BT o gk m A EE TS 7 LA Rkl
HZ2OWTIE, [Ru], [Ka, Chapter 16, 17], [APZ, Section 3] %, /IGHFEIZ OV Ti
[APZ, Section 5, 6] Z# L < ZZM L TIHE 72V,

D? D} zmE S onizffEl L, S% D? x DicF uS—c#diA £z ihim &
T5.

& 2.2. S C D} x DI 3k m @ (Bff) TLA FREE ((simple) braided
surface) Th 5 &1, H—HE pri : DI x D3 — D} Ol pg := prq|S : S — DI 3K
Bm OBMOISHETH DL EZE VD,

Qs % B I E ps D RES LT 5. |Qs| =n &35, HKilay % oD? 12 &
D, 1.2 EFERIC (D7 — Qs,a0) PEJE L LT Hurwitz AR AT A (91,9, -+, Yn)
LD, S, EmIRMHEEL, p: m(D — Qs,a0) — S, EWE ps ODWEET ) Rn
R—LT5. Thbh, plEm(D? — Qs,a0) DB 2RI T, % p(y) ITHEBLTH
D. ZDppe DmIRT LA REE~OFH LIFE LT, SOTLA FE/ FAZ— (braid
monodromy)ps : (D2 ~Qs, 1) — B SEES. HL(ps(n), ps(12). .. ps(1)) D2
ELSOT VA RE FRI—LIPSZ LT D, ps DHHITEND, ps(i) = w; o5 w;
7% 0j,,w; € Bp,&; € {X1} BAFAET D, 72720, 0y, 1% By, OEEERNAERITTH S.
EE 2.3. 7 LA MRl SNIE (positive) THhH LI1E, SOT LA KE/ R I—
ps BMEBED i lZ20WT ps(y) = w; lojw; THDHEEEWD.
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p: X = BY~ D} x D} %#1E7 LA Rk S B3 2 08E L35, f =
priop: X — D*IX ALF ThHD. Qr = Qs THY, fOT7A5—1% fHag) =
p~'({ao} x D3) (ap € DY) TH 5 (X4). plp~'({ao} x D3) : p~'({ao} x D3) — {ao} x D}
NSN({ag} x D3) BT 2B CTHL Z LICbIER L TRL. £z, fOE/
FrI—ISO7 1A RE/ FrI—0KL EFThs. 7L <IL[LP, Proposition 1]
SR LUTHEZ .

X

4 FADEIEAE A X, D2 x DIEFEL, TOHD M f, ps DR RS & ET.

B* OBl B 2T DI H T Vi E 1 ST 5. 20720l £T0nL

ONDEFRET D, q: 8 — D> 2P DRMEYE L 5. Dl RES Q, DIRE
ZmET5H. T LA KB, Z /B mEB =P D, DBRERE Mp,, ETRI—H L,
B € B lZxt LEE DIt% [hg] € Mp,, £EL. 72720, T Z COBBIERITE 1.26
xR, ROWMyEHESE L THRD D, EORIE Z RSO FRHEEBRDOT AV K
BN THTHDL. WE, D*—Q, % D, LRI 5. e B, BNqIlBHLEL
EFETEE (liftable) To 5 & 1%, WSRMEGE Hy - X — SAHEL, qoHs =hsoq
e EE VD,
#H%8 2.4 ([Ob3]). S C DI x D% E7 LA NR#imme L, 207 1A FE/ Rn
=% (wylojw, wyltopwe, . witeg w,) ET B ag & ODI DSEL, ¢ Y —
{ao} x D3 C DI x D3 % SN ({ao} x D3) b33 2R d DR IEHE L 5.
L, Kwojw ' € B, NqiZB LD EIFAMRER O1F, S B9 % B* ~ DI x DD
B Ep : X — BYBHIEL, priop: X = D?IE7 7 A4 =N ¥ ThDHALF
Thod.

AEFI OB . by € {ag} x OD3 %2 &V, m(({ao} x D3) — (SN ({ao} x D3)), (ag,bo))
IZxt L, Hurwitz £ AT A (21, T, ..., T) ZED . fHEEZRTITE, p:om (DY -
S, (ag,bo)) = Sa 3 q DHFBE /) FrI—p, MOEEDLZ L E2RTIX L. (D —
S, (a0, bo)) 1 (1), ta(@a),y - ooy (@) THERESH, ZRIZEHLTHSDOT7 LA RE/
2I—PhEETELZENMLN TS ([Fo, p. 133], [Yal, [Ru, Proposition 4.1]).
72720, v (({ao} x D3) — (SN ({ag} x D3)), (ap, b)) = (D* =S, (ap, b)) 105 514
Tho. ®IE, T4 RFE FeI—=—RqIlELTHEDL LFAETHLZ L2 HNT,
pIMERL T E 2 Z L AT L. 580 OFERIE [Ob3]| 22 L TIHE 720, O
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PIFEEINE L THEN Stein BENEL D32/ b Stein A
ZOFOEEREREN L, FEH OB 2k %

EE 2.5. NZ2U FLOMLEORREETH. Z0&x, E7 LA MRS € DI x D3
WIFEL, SZEDIEES LT 2 BiMin#Ep, : X, - B*~ D? x D3 (i=1,2,...,N)
TREG =T L OBGFET S -

L X1, X0, XNIZEWIZSFRMTH S ;

2. & X B p, MOEE D Stein #iEx J, & 358, J,#£J; (i#7) Tho.

REH OIS, N = 2085 0H Y. £7, ag € D3, by € {ap} x OD3 % L 5. 8K
T UA FEEBs DT, Bu,Poy ..., B IRD L D ITEFHT D :

By =05, Po:= (06_1‘77_2‘76_104‘7304) tos(og 1‘77 20510403304)»

By = (05 0 o7 05 Yoy o 20y \orogos oy o Loy o ay) Loy

(05105 o7 o5 oy or 20y onogos o o oy 2oy bo),
By = (0, 050, Louoioy) Los(o) Loy 2o towaPay),

B5 = (0'60%0'6)710'7(0'60-?)0'6)7 Be = (03040506)7102(03040506)-
E7 b MR S &, # (B, B2, B, Ba, 05, 86) &7 VA FE/ FuI—& LTHS
bOLLTERTD. ¢,¢0 0 Y14 — {ao} x D3 &, WOX S RHPHEE/ FuI—

Pq17qu 71({%} X DQ, (ao, bo) — S4 75_’12]“0/}(@4 @E"f‘@ H?ﬂi%&?‘é

)
Par (21) = (12), pg,(22) = (12), pg,(w3) = (2 3), pg(24) = (2 3),
P (25) = (3 4), pg(6) = (3 4), pg,(w7) = (12), pg(w5) = (1 2),
Pa (1) = (1 2), pg,(22) = (1 2), pg(w3) = (3 4), pgs(4) = (3 4),
Pgs(5) = (2 3), pg,(w6) = (2 3), pg,(w7) = (1 2), pg,(w5) = (1 2).

B, By PslEqr, o B LS EIFRRETH D Z L IXfEHICHEND D Z LN TX 5.
L7eo THIEE24 L0, K q l2k UM S p, - X, > B D? x DI EED.
Kpriop;: X; — D?1X ALF THo7nb, HEYA 7 vOEHRN S Kirby K%
STEMNTES. EREKirby iR Z2T5Z £I12X 0, X; & Xold Euler 228 -4 Th 5
B EOMERICMOFRIMHCOH L Z Enbnd. Eio, JEHEp, " HEE S Stein
& J; 1ZB L T8 1 Chern % Kirby AN GEHAET LI ENTE S, (X, J1) #0
ThY, c1(Xe, o) =0THDZ D005, UENPOERNEL. O

B&ICHRE 1O D, EH2.612BV CTEAOBEMEZRKICH 2T Th5. #
ﬁi%@ﬁé@ﬁ? (M, &) O oAMKESH LA EEE#EA B (transverse link) ThH 25 &1
Fmr € LIZOWT, MELIADTTLL+E =T,MZHIETHEOTHD. 53 O
HIHERIAEE Eoa |2 DOWVT, 7 LA BRI OSSR 22 B I 72 > TV 5.

% 2.6. N2 EOEBEORRKLET D, 0L &, %mm%&aLc(ﬁfwwi
fFAEL, LESIGES LT 2 M E#Ep, : M; — S (i=1,2,...,N) CIRZ7= T

HLDORFIET D
1. My, My, ..., MNIZHEWZHBOFRMATH S ;

2. 45 M \ZHGD BN D E £ D SfiEEZ & L0 &, i #A770bIEE LR
TAY RE w7 TR,
HEE G 6200 AR V= AT AMIBHE LSV E L, KBSt G R4

HRHTORTERT) , RS T =JeE (BIWB TR, A (PR 10 &0 it
AHRL R ET
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Donaldson-Thomas ~2 &

FRsEd (RRRPEBER ST 7 U s g5 e it 7ehits )

1. 35t Calabi-Yau Z4k{K

BEHE kO, BELHHE R TIERWIER] (n, 0) B &> 2237 | Kihler 28K % &
z 5. 1950 FF-fRIT Calabi IZ K ¥ 2 OFR72E R ZERMRIZIL Ricel FHZREFIFEN A D & T48
S, RERBELE 72> T2, 20 Calabi TARIZ 1977 46 Yau 12 L 0 @ik S i, Ltk
Z DR ZRRRI Calabi-Yau 245K & FHEN A ERIC 7 o 72, 2 < D554 T, Calabi-Yau
SARIRITHE R SR (O F W ERHE 2R PY NOK S ORIRZHXDE i
) 2k b. B2 f(ro, 21, 2) Zn+ 1IROFRRSZENE 35 &) B

{lwo iy 2+t wy) € PR fmo, 1, + ) = 0} (1)

%, (BERENTFE LR 2 5) Calabi-Yau Z26RKI1272 5. —J5, —#%IZ Calabi-Yau %
(I (1) OBEICBITI O & LT 5 b1 TlEAR L. % 2 CAlAEZ: Calabi-Yau SEE (%
OB, TORMEEZT D 2 L IREEM AT 51 OO EE R L 725,
{5 X 1SR VIRGT O B 2 e B RREEZARIR L Riemann Zfl72 59, R< A S
TUWAERIZ Riemann 3% OFEE A WO TH SN D, 1 KRIEO Calabi-Yau ZEE A &
FHEE O%A, OF VMRS U, SRS PANO 3RKOFERES LR D
FHERHMOILTND, FEHE2RITTITRD & L 0EMIC/R 0, 2T 19K » 5
20 HEACRIERIZ 22T TA # U THIRICE O R el STV D, £k D & 2k
7t Calabi-Yau ZERKDALARRLI PE N 4 ol (K3 dhifn) 72 > OFgH h#R O E
# (Abel i) OWFHE 725, KT K3 HEIEIEFICE LWSMIHE 2D, £
S OBFHEZMT LTE . ZDk, #5373 IRTRESARIR D 53 B LR OWFFE 1T RO
AR o 1243, ZRESCRIZ X 5 Hartshone TARDFER N & 5 00 & 72 o THIZE D
72, 1980 4EMRIC 3R TEAVESRRIKD (B CO) AP sEm LTz, Z ORURIC
£V, 3Tt Calabi-Yau ZAR1AK D 3R TCIRBBSRIKDEE R 1 DD 7 T A& pi T H 03
I L7z, L L 3WRotiZ7e % & Calabi-Yau ZAREKICITZ < ONARRINAAE L, 5627257
HITHETHRMIOMBETH D, Z ORRERRE R XLV, 3%t Calabi-Yau 24k
ROBFFEIIRELZBRIR O RIS BV CIEFICEE TR b D LT b,

2. = S—XRE

—77, 1990 7> & 3kt Calabi-Yau 24k 1A & PR 7 O R & OB Y 2N EH sS4
L X 9T TV oo, B L 1T, WEORREHEN 1 IRTTOMN B D &1 58
THY, TNICE D EFHxDFHEITIR x X OO 10RTERMNMOKD & Shd. XX
Planck &% (107%m) 1FE/NSWEERILZEMTH O | BXIFHMEIZRET D620 HE%E
3 %ot Calabi-Yau ZAEEIZ 722 B 7220 AUE W T 720, Loy UEBSXERRG I3 1 FiE Cid/e <,
BEOBEGRNGIET D2 ENMBNTWD. 2N OB OMOEMMEZ K ET D &,

FEIIREIC L DR b T L UVBFZERLE 7 1 7T s (WP, R ORHARFFEE (B B, 26287002)
RV ZmsnTVWET.
2000 Mathematics Subject Classification: 14N35, 18E30
F—T— R P OE KK Donaldson-Thomas N4 &, Z2EMESM:
*e-mail: yukinobu.toda@ipmu. jp
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Calabi-Yau ZERAE D &[22 B3 2 BIBRIEONTENE LS. ZUX, I 7 —Xr & I
ENs (EWIZERBLE RS 720) 250 3%t Calabi-Yau 46K X, XY O] OARE
PR TH D, b A — 7 72 BEfRIE, Hodge BB 3 2% #i: AL (X)) = h2H(XVY)
Thd. ZZThYYX)IF X ko Kahler A/ NERZEM HY (X, QL) ORIE, h21(XY)
T XV EOEFEHED/NERZEM HY(XY, Txv) DIRTEERZ D 2 ERHERD. Fixoh
5OEZERIZITEIZH 2 EOMREAEEN AN Y (Frobenius #id& & FEIZILS) |, L
SR DX HEIL N S REBREE O OFEMME L BT 5. HY(X, QOx) IZA DRI
HEIL X EOFBEEE (DFE D PLMD X ~OFOB L 722 58 OAREEZ W
THERLTE, — HY(XY, Txv) I A REIEE X XY OEFEBEL O THEREN5.
PL O 5 i & 2D X 7 —I2x LT 24 b AREEE % bl U 7= 023 1990 AR AIJEE
@ Candelas, de la Ossa, Green, Parkes [10] b#EFEHIC L DEFETH D, ZORER, 1%
HIEs W X EOFHMHOAREZ, 2D T — XV FOBEBHEDEY 27 1%
M EDEME D 2 AW CE Z LTS Lz, #0 OFmIImERIc LS 72, ZORF
MTIEX FOFHBHOREICEAT 2 PHEEZ 52 2ICTE R0y, 2Ty, ZHUdE<
NERRTH T, TR, REO/DNSOFBBROALUZBI LTI b TO7ZfRiR &
—H LTV L, FREDEmNGEIT S RO RBER T OEIN TIEM AR 2 H x5 2
CAZIIWNEENR B > 7o Te D, MEFE N ZN O OARP A I TS LI-OITERN TH -
7o, Flo, AEEBRORE L MM LD, — T 5 LERA RS Z D RECFRIRTS:
BB D L5 O b BLEEEEY Y. Candelas 2£D AL 1C Givental |2 & - TS
BRAEAN G2 60, I 7 —JAMENEFEEOMTHIER SN L2 IZhoTno T,

3. Gromov-Witten ~f £ =

L Candelas ZEDAEFIZ Lo T, I 7 —xWME 2 P AICBE T 5 L CREZERE
FOMBOBERZ D ENEETHL ZERH LMo, L L—RICREZ
BIEX FolRoasiz L5 EB-oTH, 22 b i EIRICAET 55513 E
LWHIFR O 2 LT 2 E&RT D 2 O BPRICIFANRREE 2 5. £F, B2 72w
MR DR g & RIS € Ho(X, Z) WERIZHFET D720, TN O EEET HLERH
5. FNTYH, 2ok e wEEF> X EO i IIERIZFET 5 ietEn H
D, ZNOETA =722 5 Z Lk, &2 AN, X 233t Calabi-Yau 4%
ROGEITIZ I 6 O RAMABRRN A IRME L7 & 7pt 5. C &V bR fi g
OREHIFRE L, f: C = X % f.[C] = BT THET L. 2otk (f,C) DO
BRIV CEEET DL, 5 f OBBZEROBEZERILHO(C, f*Tx) & 720, FEEZE
X HY(C, f*Tx) £ 72%. X - T, Riemann-Roch O EHIZ L 0 & f O ZE M OIAE
FNYAS) ST BN

dim H°(C, f*Tx) — dim H*(C, f*Tx) = 3 — 3¢

LD, TN C DEFEEDOEZEMDIRIC3g — 3% T &, Eriled. %0,
M(f,C)DEY 274 %M (D=7 Mb) My(X, B)IHMEARICE r kit & At
. EBRAAEN 2 B v RTEOEY 2 7 A ZEM AT 2 OIIEEm a2 23 203, K
LArTAIIZ 135 % 1F Behrend-Fantechi [5] 12 X 2 58 2fEEHGR 2 W THERT 2 Z & 23 H
kD, FEE BT Lo TM,(X,B) RICB e kT ORAREASE (M, (X, B)]'" kT 5
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ZEMTE, ZNEMYTHIETH(,O) DB EFAEE
GW, 5 = / 1€Q (2)
[My(X,B8)]ir

MWEFZSIND. Z9 LTHRLNIEAZEGW, 513 Gromov-Witten (LLT, GW & 1§3)
REE EMEEN %, Candelas FEMN TAE L, Givental 23FERH U 7= A BRHGER O ARZUZ B35
FERIE, SR Hh T X EOREH0 D GW AL R GWo s T80 THSD. Z 2 TH
(f,C) I E B B CRBATELE L D 5720, ¥ a T4 28 I,(X, §) 11— 1
AH 7 (JAFTRNZ SRR EBIREECE 72 b DO TH LN, TOFEHOT—X 5% L
ToZ2f]) L7 b. o TGWAE R (2) IXAREEONE O FIMA /S RHI K S i A8
BlLledZ LITEETS.

4. Donaldson-Thomas A~ £ &
GW AREEDNEFEMINCEE ICER SN OIX 1990 FEREZ Lo L Thb. —JF, 3T
Calabi-Yau 224K _ E O EiAR & 5 DT TIEZR WS, 1] 5O ZREAR L] & D
BRI R ZE 2 BT A ARE BT ZNLIEIN HAFE L TV e, 1980 - RICEA I, AR B
VOB R E 1B 2 5 2 12 32 A ROt ARR L Donaldson NEEIZZ D 1->TH
L. ZHUIRZ MVKR EOBHRAE B 2 D8, OF 0 S —VHEEROMENLEENT D
DTHY, 526N 7 MK EOSH DFEOR B & 5 2 b D ARZE 8 L g4
HZEMHERD. F, ST EARIRTRIZE T D Casson A28 & Taubes DFEFIZ LY
F=VHERIICIRTE, b DO O BT AEE L 25,
Donaldson-Thomas (LLF, DT & lg9) AR &1L, #58 3 %ot Calabi-Yau Z4R1E
T/ —-UHERAEET H Z LI X o> T Donaldson A2 & Casson R & O LY
EHERT 5 &9 BT, 1990 47 Y412 Donaldson D453 ¢ T Thomas [25] (2 X Y
BASNTZAEETHD. ZOY4E 3%t Calabi-Yau 241K X EOXZ MR E D
gk 7ot & 1%, E OBFEMEEE 5 25 0-BfticdinT 5. o TDT AZL&E L1133
ot Calabi-Yau 861K X EOERIRY "k a8z BIF A2 REEE TS, L
L, Donaldson "2 &=X° Casson RNE & DK DFRIZAT - 727 — VB R 2 3 IR
Calabi-Yau ZEERICZ O EE Y TID L 9 &T5 &, Hia REARMIRENAET 5. Bz
IXERIRYZ MLVROEY 2T A 22/IZ a7 b TEERWOTERE a7 Med
HVHEMNG L. 2T MUK RBFERIRI R, s oY TR S BRI b
VR ZHIET DD TH DD, ZOR S O %7 — UHERANCEIR D & 5 OITEE L.
ZZ CThomas NERA L7 7 u—F%, €V 2T A ZEMO a7 Muaz/r—UH
i W TIT 9 O T3 < BRICAREERMIICIT I W0 o) b D TH L. REERFIC
ITHEERE & ) BESFEE L, U B ORRR A BRI RV E Ble 2 &R
R 2. HEEEOE Y 2 7 A BEmld b Ay 72558 TH 1V , Mumford, Gieseker, HLILH 51T
Ko TRLIREEV 2 T A ERPHER SN TNV, ZZTHLDIZRSTWEZ L,
HEEEOE Y 2 7 A M ZMRT 2R3 5 12, BEMSEMEMIND T —F D
BThHhLH L Thotl-. RESHEKRX FodEEOREMSIT, BERFwr b2
FHCWRED. X LOEEEENwIZOWTEETH D &L, (LEOIHEA RS
F C E TR LT

Cl(F) . wdimel _ Cl(E) . wdimel (3)
rank(F) rank(F)
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LT 2 b DL LTERSND. B ZITAREHR EOREE & B Z HE Lo~ by
WEEREEZD L, ZORRRANT MRIZZTETENLEZNRT A T A AT 5 RA
DEY 2T A ZBENFELZNWZ ERT TS, L)L, ZORTEERNRT FL
FITERET 2 & BET L7 MRITHME L THRBOE Y =2 T A ZE/IPNFET 5 2
EWGIG. Lind, BTORY MUVHRITRERY MVREDIEKTELND -0, #
ET MVEIN G DIURFERAIZIZ R TORY MVRBGND 2 LR b.

VIERY, RESRE X OB ER T w ROREH e H*(X,Q 2525 L, wiZD
WCZEREREE ECTch(E) = v & T b DODEY 27 A Z2H M,(v) PR TE 5.
BV 2T A MM, () IS T U H a7 FTIRARVR, ar 8y MIARD ek wil
TR RMETMOENTND. ZDO a3 72 b, M, (v) 13RI
(BT AT — L) s, F72, M,(v) DRICKHET 5 X EORERE E % 1
HE, My(v) D BB 2ZEMIZExt (B, E) & F—H 3, MEZERITExt*(E, E)
THZLND. LoT, GWRE R & FEC M, (v) DR T2 Z 25 &

dim Ext'(E, E) — dim Ext*(E, E) (4)

7%, 22T, X B3 WTE Calabi-Yau 24K CThH 5 LARET H. T 5 & Serre BkHE
XV Ext*(E, E) & Ext' (B, E) IZEWICRRF & 720 Ko TIRIER T (4) 12012
2%, DFED, M,(v) I ZT—KITIZEDOR T EZFF2H OO, RABRICIZTE v kot & e d
HETHD. ZORICFEE LT, Thomas i GW RE & % AT AIZAE AT D BRI H
W SE R E R 2 VT, M, (v) BICE v kT ORARFEASE (M, (v)]" 21 L7,
M,(v) a3 NI D EWIRED N T, DT AL &L Z OFBEAFE LT 5
L TERIND.

DT, (v) ::/ 1€z (5)
(Mo ()]

ZZCGWAERELIFHRZRY DT AEEG) I TEHIC R Z LICEET S, 2
X, ZEBIIIIFARARACRBENFE L2V EIER LTS, £, DT, (v) iX—
RIZw DEROFICHEFT D2 LITEET D.

DT ARE&ED (5) IZ L5 EFHIL Thomas IZE DD THDH. £ Dk Behrend [4] 13,
M, (v) D& HFEORERFTRERIR xp WAL L T, DT RZE & (5) 23 xp IZ K> THEAD
F oz Euler 8 E —ETHZ LRI L. DF Y, IRBALT B

DTu(v) =Y m-x5'(m). (6)

N (6) 1Z DT REBNE Y =7 A 22 M, (v) ® Euler i & ITWVAEETHDHZ L &
ARLTEY, DT AEEZERIFHET L2 ETOREANTHD Z LN LENIT
ol

5. GW /DT /PT s

Z ORRIZ, AREEE 5 TR DT BT 2 O T DT AE B EUF I #EE 72 F T Thomas
X2 Behrend |2 L& D Rk =417z, L2 L, Donaldson A~ &< Casson NAE ®DOERIZ DT A~
ZEz MO EAWEHRE BRI DIT TR -7z, DT REEOHIZE R
T 5 E oNT LR oD, 2003 4D Maulik-Nekrasov-Okounkov-Pandharipande [20]

102



LD DT AEREE GWAEEOROBRIZEET 2 TETH 5. ik L72kIZ, GW R
2713 30t Calabi-Yau AR A X oz z BiIF Ty, = DT AL ®EIZX I
DREREEEZ BT D, BB & IXRMHEIC S - TRER A &7 MLVROEEZ2 S
DTHY, ETORRSESIZIXNOERERRKITC2L LOMES, D0 i mx 5 2
L. FRCBEBN 1 OZERE Tdet(E) =O0x ERObDEEZD L, ZOKRBEITIE D
FRRAOEROLTRE S, EBE, EICxLTdimC <1 L2 5EE (L0 EMICIE
PR AF—L) CCXMWEEY, EIXCEZERTHAT T NVEIc C Ox ERELE 72
5. ZZT, e Hy(X,Z)EneZIlTx LTAEE (D) DMK EZ [C] =5, x(Oc) =n &
BROATTNIE [ DEY 2T A ZERICHEHT D2 & TRE®R L, € ZE155. RO
FeraE WD s, B, n & Z i E I Poincaré BxHEEFLIZ L - T HY(X,Q), HS(X,Q)
DIte& HrieT &,

[n,,B = DTW(L 07 _57 —TL) (7)

E05. D TCAEE L Fw IR L2200, ZHUFEUEE (1,0, -8, —n) OHY
FIZLDHHEETH D,

B#A07DL, GWAEEELFKIZDTAZE R (7T) b X Lofifz%x LiF 5 AE&T
bbH. —F, DTAREE(T) KOZENCHFHFS T HHBEOMEEIZGW AL &L Ky RS,
£, CW AL RITAFEMZ IS, DT AZ BRIV TFEEEARS. 72, CWARZE
BICHFGT 2T AEE L) (BAEEHRLNRFTERY) THhLHD, DTAEE
(2% 53 2 AR ORF R AU ORIR S 22 < %5 THEWAR SA /D 2 5. BIZGW
RERICEFEGETHIBIE X ITHDIAEN TS SRS 20N, DT AERICEHEET S
HIAR T X (CHLDIAEN TV D, Lo TOGW AL R E DT AL E & ORI S0 BIf%
MNHDIE DL, TNENOEZRENSITH LTIV, EEE, b o oBRZ
RDIIIAEREDOEKRBSEZE 2 20BN D, GW AREEOARKE S E

GW(X) =) > GW, ) %2

920 5>0

B &, DT AERDERNEE %

DTs(X) = I,p¢", DT(X):=) DTs(X)t’.
n >0
EBRLZIT N ¢ tIEHRDERTHY, B> 01X 808 X WD L IRICER Sy A ¥ — L0
W HHARED D THD - L EEWRT 5. WA MNOP [20]12 & 0 208 S i T
BTHoD.

F18 5.1. ([20]) (i) £ OMEDT(X)/ DTo(X) 1X g2 oW TOHFHEBEHE ¢ = 0
WZBWT Laurent BB L7 b O TH Y, HIZZ OFHBEITEW g+ 1/ TRETH D
(ii) BHAER g = —e? DT T, WOFEXNBHLT 5.

DT(X)

exp (GW(X)) = DTo(X)

: (8)

X () IXCGW/DT /G EMEEND. & 2 TIT ) BB g = —e? IZZTOFE T
BHAZRE 200, (1) OFBEMETHREZRD L EBWEART. 2F0, 8) DAL TEX
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5D DT AREEDAREEE g IOV TOFEBEKE AL, ZhEk g = -1 DUEfH
TR L2BT L GWALEDERBEENEOND EWVIEDTHD. Lo THEA(Y)
F1O1OOREEAZE L TRZ T 2R TR, R TOREREZ W TARL
B a kT 2 2 L TRA TS 2B TH S, £z, EBEEDT(X) X X ND 0K
T AF — L E A D DT AEEDEREETH L. (8) DAIBIZIBWT DTH(X) T
FD LWV OEIEIL, 2O 0RITEIB I A X — L0 H T HIE L CHBO %5 D%
BoHdens FErEKkds.

AT L7281, GW RE BT EEEAEY , DT RAEEITERMEL D, Lo T%
K@) IE, GWALEED H HORENT-EHMEZERT LD THD. ZOKRZRGW AR
DS HFEORZA T, WEUA D 5 Tid MNOP FRLIRI b i&im STz,
1990 X% 1-1Z Gopakumar-Vafa [12] I% Type TTA 5%z & M B 56 0 [ 0 Mk %
MAWT GW AL EOARKERZ & 2 OBBEALELZ W TRIRTE 5 & AL,
%6 DFLE L T= AL EIX Gopakumar-Vafa (LUK, GV) REE EMEIN S, REEHEIZND
5L, GVALEEIZX FOIRITCEEZFFOLERDEY 2 7 A D aRERr U—HIZ
ANDsly x sl EHAZE 2, TOERICET Y e L —AZWMH 2 L TERIND &
W ans W23 [13) 2881) . LL, GWAEESLDT ALRETER LIRS, &
R EIGR O X520 50O TGOV AREREDERITHAATL LIRS 5. Z ORRR%
5% GV AEBITHAAT Z &3 HEIFICEE L <, T 5.1 23278 S 7R Clddies:
IR WS B TO GV AEEOERITIG LN TR o7, T 51 0BT GV AR
EEORDVIC, B AT D OBFHICEICERE SN TS DT AL EE VT
GW AREEDORN-#EMEE2 52 5% £ L TCDT ALEZHNCGVAERED (i
® Gopakumar-Vafa DFf 3L [12] L ITESTZETO) HFHEREZ G2 HFITH T,

ZZT, HFA Q) 0ABIZB T HEMBEOEEEZE R D, ZOERBEOEEIS
&) FED TR E RS &2 RIEIZ L7= D A3 2007 4D Pandharipande-Thomas D5
X [22) Th ol M HIF%ER (8) DA DI D BRI, ZETEXT & FEITI 2 AT %F
BEFA BT T ETRLE. HONER LIZLER E1X, BOWILHR 1 Th HElHE
J@ F & Z0XKEBYMs ¢ HY(X,F) DT, HHEOLME2HI-THLOTHD. AERE
L LIRBEIC, B n e Z L B e Hy(X,Z) \Zxt LT, [F] = B, x(F) = n &= 92 Ext
(F,s) &8 x LT HREREDP, s 2 BT L. ZOREREP, gl 3PT AL LT
NCTWD. 3 [22)1081) 2 PAUE, %R (R) OAUM PT RERIZ L » Tk s h b
EWVWIHLDThHoTz.

F18 5.2. ([22])

DT(X
DTO((X)> N nzﬁ Pt )

FAE 5.1 & P 5.2 AMAADES L, QW AL & PT AL RO OBIRANE 5
N5, LinhZoBBRIE, SR (8) LY bEMALDO LR, —HRL [22 1B\ T,
82 (9) BHALT 5 Th A 5 HRITIE, THE TR ST 2 205 7= R B
TET 5 Th 55 2 L bk BT =, 2, MBS ORI I- 3515 5 el % B3k
<h 5.
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6. EEBODERE L TEMEEN

RELS R L osdiHE g D& & 131960 412 Grothendieck 12 & - THEA S 7-E&
T, ZDOEADIL 4 OB ITERE 2 AT v 27— DM D Serre PO E L O FH X IR % e
MFTDHEND T EICh ot REEERIE X 12X LT, 0 EoERE OERE D(X) A
EFRIND. B DX)O/MRIE, X EOEEBOFFTEERT Hld. 22 T2o0
HREEROBOH F* — G* 1%, TN arEn V—0OMICHEET HHNEMTH S
REZHRRIBLCH D & RTINS . Bk D(X) 13#zE O REROBE 2 BFREN 572 5
HORFHMELZb0 L LTERSNS. R > TRIHEL TV A 729, D(X) X
Abel 21T 677, TR =AM L TN DS 2 FFo.

R PE D(X) IXE < IXH R D HENE R &0 ) BER T Lo 7223, 1994 412
Kontsevich 231 X 7 —xt e T4 [16] Z82"B L7722 212XV D(X) 1T 55 %
HN—ET DI o7z, Blaai I 7 —xFPE TR L IE, X & XY 3 T —DRRIC
b B, X OESEE D(X) & XY EOESRIEAENFREIZ /25 L) FHRTH 5. Bk
FEREII XY EO TV o T 4y 7BENOEE DB TH Y, 20 EOEFREEITIT
o2, —J, DX)IZX EOv o7 Vo T 0o 7SR LT, X 0EFEHEED
HTEED. Lo TEFHwHMI T —FETRE, REGRAIEE T Lo T v 7 %]
O OBLREOFEZ BT 5. Kontsevich (I XD PHEOT A T 7 NE omiT &
785 C, R Al U7 kR % Z5a BRMEDS I L ST o 7. Bl 2132 D 0 BUR BRFEE 72
3%kt Calabi-Yau Z4£1K X, X 1XFAEIR I 7 —2FFo72 0, £ 5 OERE IZFEIC
RHETH D, EBEZ OFFILBridgeland [6] 12 L VR a7z, il 3k McKay %
J& (9], 1THIA T & ORTIG [21] BB OB GO % RIX 14 & #al= 3, EokE OfF7E1X
BUE CIIREGEM O ERT —~ D12 E-TH R,

HEEE OB B J R F 2 W TLEMSRMNEE o7 & 918, BRBE ORI LT
L OPOLRERFMEZED D E VI ZBXITIARTH D, EBEZORRZEMSEMFIX
5L EERR O SURC Douglas [11] 235 %2 L, Bridgeland [7] 2% Z 1V & HUEIZ R 7 ©
ERAL L7z, Al U 72 BRICESKRIENL Abel B TIX 220, #0538 & Vo &0 17
TEL72V. Ko Tl OZEREOEFRITEM LIAR 2 I L2 A% (3) 2 E#E
— b9 B Z ik, £ Z T Bridgeland X L7274 T 71X, £ 9 W\Wo 7%
DRIGHEED DT —Z b EEWFMEIIMZ D ENIFETHDH. TOT—X L%, LTS
WWARD - AEEOKEEFEND O THD. EHEEFEZEE. - 20— F - 0— -
LB D L CFED(X) ORISR E BT 2 ENTE, Lo TCOoh(X) % D(X) D4y
EHIRT T ENHRD. Z ORI E T T E 2 AL LT b OO0, t-HEED
BCThd. KHEIZW D EHSEA C DX) B t-iBEOKTH 5 & 1%, AN Abel O
WEEZFROLEICALZORB Y 7 NENDX) ZEKRTHHLOTHD. Ok AL
Coh(X) LAz b H 0 2 C, Bl 2 1XEkE o Rl D(X) = D(Y) 2357495 & Coh(Y)
H D(X) D t-HEEDOE A ED 5. Bridgeland 12 X 5 D(X) EOREMESM: & 1%, t-HEiE
DA C D(X) EBHERAL Z: K(X) = CO(A,Z) TH- T, (5D %~
THOTHD. ZOKRRMPR S D &, Z 2= (3) L RO RERIZ L > TAIZEBIT
D Z-LEMNBNEED.

Bridgeland |3 D(X) DR TOLREMSIFOES Stab(X) & 2, £ D LITHEFAZLER
KOWENAD Z L ZFEHI LTc. ZOBEHBEZLEERITI 7 — MO IR CRFICEZE T
H7%. X % Calabi-Yau kA L L, XV 22 DI 7%k 35, ZORE Myv % XV
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FOBFEBEDE V2 T AL T D &, HDIAL
Myv < [Aut D(X)\ Stab(X)/C] (10)

DAFAER PRI TS, Bl 21X X 25 Rl O%E, Mxv 5tk 32 & (10) O43
W1 OZEME G ETPRIND. —F, B3R OB AR T Stab(X) &
e 5 2 LIXIEHICRNEETH D, —fRIZStab(X) A D THDHZ & LRI TR,
FEEE, dim X > 272 & 1 THEHER 72 t-H3E D% Coh(X) 13 Bridgeland 2 E M AF D AP &
BELBRWZ EDGEA SN D . 18> TLEMSRMF 2T 2 IZITARHERY 72 t-H1E Tld/e
VN, AT O t- R DR 2 RS 2 LB B 5 . BURF ATl b TR 7085 AT X 23 AR
3kt Calabi-Yau ZARK (3 kIT Abel ZER(K 4 B H 724 [RFEVEH THI - 72 Calabi-Yau
ZERIR) DA 12 Stab(X) & FLik L 72 Bayer-Macri-Stellari [2] 12 & 2655 T 5 723,
Z X5 YB3 LT Stab(X) £ 0 THDH Z L ITRMFRTH 5.

| ——— EAGHER

AZ74—)VEE —p

57 —R

L: 5 YR #0228 FEME S D 22 [ 0 [ o0 4]

7. BXEICHITHRERIRR

REZARIR X 12%F L C, Bridgeland 22 @M E D ZE [ Stab(X) NEE 5 Z & &k~ 7z,
o € Stab(X) & v € H*(X,Q) IZxt L, 0 lc oW CTLERKMEE € D(X) Tch(E) =0
LD L ODRBBEHOES M,(v) ZE 2D, I M,(0) X0 BT D0, T DIRAF
DAL IXFTRBEE 2 BEUT X > THIT S 5. D F Y Stab(X) ITIEERKIC 1 D%
FRIR (BELBRIZALD) W C Stab(X) MFAE L, M, (v) 1% Stab(X) \ W Ok s (8
WMEMHIND) TEAETHLIN, BEEBALET Y TT5.

TR 5.2 HMEME S 7= 9], %5 (9) 1E Bridgeland 22 E ME S O BER 2 HLBRIZ L - T
HfFTE b BN, %R (9) OEDICHGT 68T 1 RTLL T OESY A % — A
CCXDATTNEITHY, ZHUED(X)DXMETHD. —FHEX(9) OFDICEFS
T HRBITLES (F,s) THDHD, ZIUF2HHE - 50 —-0x 3 F—0— - I
Lo TD(X) DR ERIRED. £ ZTREMSM 01, 0p € Stab(X) 2MF/E L T, #fE
AN (1,0, =B, —n) TH D op-BEXMNBNA T TIVIE [c 1 HRY | 0p-ZETERIRI L E R}
MWOHEFED2HEMERMNORD EMFESND. b LEITHDHRD, o7 & op D DEER
ZBBETRTHZETTR 21T 7u—F TEXHDOTIHESZ LN, LLARN
O, AR L72ARIC—MRIZ Stab(X) # 0 22 E 9 bR DT, EDORRR o, op DRERL
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MEIXLVRHEER LD THD. £, KiZor & op PR SNTZE LTHER(9) &5
BRSE ITIXHER DML E L 72D,

FLERRSC [26] 1238V TC, R E ORI EMESAF OS2 8 A L7z, Z4E Bridgeland
\ZRDEEMFRMEDRNIETTOT- b D TH LM, I 7 — RO ART S H WV EK L
Fpo, RISV D &, ZHIEK 1 IR DB RIEFERROE AT EORKRR S D TH
5. X LT, BERMPSEE D 2EEMRILZ OMIRLZ EMESMICET 2R ERNSEE LT
FHRTEHZ LA LT, HITHS 27 2B W TR EVESR 28 TS LTIESRE
PESRMFEOBEEZEA L, DT/PT X 2 99 % EMERMIC I DBE A IZ X > TR T
5 b, LU TEBRIC JoycelZ L DR 2 AR [14] 2 Z 0EICEH T 5 2 & TEHRA(9)
? BEuler R AFEH L7z, Z 2 CTEuler 8 & 1%, ¥ =2 7 A 22D Euler &2 o = &
TERINDOIAEEIZATOMRZE®RT L. 2F 0, FX(6) 128V T xp AW
1EBWTERLIEAZLZRICEATO/RTHD. EF/EOT AT T 2 HWTTE 5.1
(i) @ Euler #hR $ @ 3L [28] TREI L7=. Euler #thi TlX e W AR D TR A FEH T 5 12
(X, R O R RO RFTATE2ERN B4 2 Bl et R (24013 4 Behrend-Getzler
IZEOTF AN TWE) Ziiud, Joyce-Song [15] (2 & % Behrend P% % 5 A
TERER R N L CRmSC [27], [28] & RIBROEEm C AR 5.2, T 5.1 () et
NEEI T2 Z ENHRETH H. T4 51312 Bridgeland [8] 12 & - T Behrend-Getzler
RAFETICRE ST

8. Bogomolov-Gieseker 2R ERFHEE DT AL =

R OISR TENESRMF 2 VD Z & THIR O X BT EERIZISH &2 52 5 FAATHELS
7o Toy, MR B I5 % 5 2 5 12 DIZIEA KO Bridgeland 22 EMESRAIF 2 ARk 9~ 5 W0 B2
W5, 2011 FIZFLEFRSC [3] 1238 T Bayer, Macri & & #:[6 T 3 It L ALK
FOREWFMEOBAEEZ G52 57T — 2 AL L. ST 5 t-MiE O ITE g O
Coh(X) D2 HMEANZ K> TH X b5, Fox b 2727 — & 28 FEFRIZ Bridgeland Z &
PESRME DR A9 Z LIZAWATIEZR L, HLTEO 2 HARD 3R Chern B % 7§
% Bogomolov-Giescker (LAF, BG &W87) BORNFEXNTFTRLGAT 5L E RN H L. Jux
? BG AR &3 E i EORERY FVERO 2k O Chern & FHli 75 A5 TH
v, A ARESRANIZ 3T 2 TARD 2 RoTIT IS 1T HRE 78 & BB B 5 T 23
Ao Tz, Fx OB LEAEFNTRIIBCAERD IR T TH D EEAD.
B, Fox OREXTADN O RAERRIE TH 5 3T TAEMIIENED Z &2 [1] 12&k-
TREINTWD. Foxr ORERTRITBIE Macri [19] 12 & > TP %4, Schmidt [24]
2L > TP N 2 kil D357, Maciocia-Piyaratne [17], [18] 12 K> TE I — /L83 1
O Efmeh 3Tt Abel ZERIK D4 % L T Bayer-Macri-Stellari [2] 12 &> TARID 3%k
7t Calabi-Yau ZAAE DS A ITAEA STV 5.

i 3 (3] 1231 D BGRIAFEAFAUIRMR TH 278, BRI Z O PRS2 3KIT
Calabi-Yau 451K X #7525 & Stab(X) BZETIERNZ ER 000, T OZE[M % FE
(\ZHFE 2 2 LR AREIC 72 . HRIC o € Stab(X) & v e H*(X,Q)Zx L Tch(E) =v
T o B RERNGE € D(X) 2825 DT AL EDT,(v) € Q BEE Y, BE X
AR YRR

DT, (v): Stab(X) - Q (11)

PRoND ETREND. BB ZORRALEBROHFEL R TIE, FRENROE
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Va7 A B E ML L2 T T e 572\, FAIE Piyaratne & AT, §@3C [3] 12\ T
TRUIAERZHANT, REERDEY 27 A Bimz i [23) ICB VW THENL L7z, K
(2, Ao 3¥k Tt Calabi-Yau ZERA DG A IC AL & (11) OfFEEZFEA L7z, ZORE &
(11) DFEMRBFICIX 5% OBETH 5.
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WARBEE M ROY—
~ FEREREEEPRDELT ~
ARE Rz
20154E8 H 8 H

B =

WOFEEEEE PR —Dfb D IcOnT, 22 80FIZEDFED—M
2R EH EAEZROBIEP GIRVIEYD, FERNDREZ RS,
HARINIZIE, FIRT7 P Y FLORMEF OGN &, Pontrjagin-Thom
MR E N D, P Au Y —DRARNLRERBICOWTEED S, 2L T,
NS OHEHPHEMAE LT A LIk, HMEE 77 ANRN—ET BT
A N=NY FIVORHEEHIZOWT, BIEE TGN TR VLA WA iR
ZHEIT S, HiT, ZoOMNEERICEEL OO b, 2T xR
Z R TR =20Nnz b5, BEIC, 205 DRNDIEREM LITFED)
ATET, W OPDOREZZET 5.

1. IFU®IC
H k9 E104ERTD 20058 H, SAIKETHEINZEREBFRaP—2 v RY
D ATHEHIT TV WE, 202084 ML

WoEMEEEE PRy — ~ W ODDEEEE ~

Thote, ZOHDDERDTT, PR Y —DBEDEHN]TH > 7z Kervaire AR D [V
ZHD B, oA, PREE D 9o &< 2009 212212 Hill-Hopkins-Ravenel
IZE->T (I3ELAL) ksl ([I6)2H) . 2z £l 3%.

EIE 1.1 (Hill-Hopkins-Ravenel [15]) Kervaire A& 1 DPeff & % RkE (framed
manifold) SFFET 5 XI01%, 2,6,14,30,62,126 IR %,

EREDRITLD I B, #WDHDSMFEICOWTIET TIHFEDPH S NTE D, 126 RTTDEH
FUDHELE L o7z, ZHUOo0nTIEWnL 220 (EZITHKT %) PHEH L0
FIHEEDSIER 5 01T % (Atiyah, Snaith %) |

KBRS T, SO0 T—2 %, HIREE X OSRIEDBED OB D
FEEIRDIRZ ZETHD, HARLELRZDIE, Euler #E X O Pontrjagin HZ#] &
THXR7 PNV FVORERE L, Pontrjagin-Thom K & FEIXN 2 FEEHITH 5,
BEIE, BN RFEE FE P E—mOMELZFE OO 2N RTFIETH 5.

Z LIRS #IPHN T, Gl & BEICBE T 2 =D 051 « (i) A N v Fov
DRFEME, (i) TS ORI OB, (iii) Kontsevich DI v 7V 75749 7
B, DFREITOWTS, oy FEAHEE & EEICBE§ 28580 LIg> T L 72w, ik
BICEENEE L EZ 20 O 0HEEZ RN S,

ZDFTIE, ZRRIE M IS R WERD O O TRESIRIA E L, ZD C®M
rEAHEEZ Diff M EFH . MDA E T RETIR ST o Tw 2581003, mE 2

*e-mail: morita@ms.u-tokyo.ac.jp
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RO FIMHREZ Diff .M &H . M D3FERITI S S RRME DY 513, 2 DIFEEITIIM
FEMHEEZ DIff'M EF . 2o O FRMHERCIE C° Mtz AN 523, Bl %Z
AN SEITIE DI M, Diff* M s & £ &<

SRIDFEDFE L AFIZOWTIE, FEFEPHFRRKETIE TRV GHEROR
Rz, £, BRI T 29 — 7 = £ 12DV T, Sakasai[32]
¥ L U Hatcher [14] LTI L\, FEFDRES) - BRI K O] « A R— 2 DRfRD 5,
WO B 7-FHEHICREY BH b0 B9, £/, 5IHCED BER/RICLZ. C
NEDRIZOVTIEITHEM 72T IULFENTH 5.

2. Gauss E{&H S Thom [[IFBH/ADE

Gauss HIAEHICE T 5 Gauss BEREZ BT I LD oio L 9. RE oz E 7
S Y CREBEZo6NLET S, ZDEE, Gauss GARE XY 26 WA ERE
S2 DB

Y — 52
TOEDL ) ICERINT, HRp e DICBOTETHIT,(X) ICIEDM S IV TILEZ
LDIEHER T bV, &L, ZOMEZFERISHTIBE L TRoNLENT PrZzn, &
95, ZDEE
Y- (p) = 0, D&KL € 5

EELDTHD, I EE oG4

7Y — S22 (R DOIAE AT 6 i 2 R Ini a2 )
v(p) = plZ B BEFHIT,(X) 2 RIS PATREI L 72 b D

ZBRIICE 21, 5?13 Grassmann ZRRED—HBITH D, 13T DENY FLDITH
BBREWH) ZElckhs, BEEZOEZEZIEZ, TCIO2EZDLH)I—LTES. M%Zn
RILDME M NI C° SR E L, T(M)%Z D8Ny PV ET %, Whitney #
OIABEIIZ LD, TAREBLICNLTM IR OEIEMRAEE L THBTE 3,
—Ji
G (R™F) = (R ) Z 1 & 1tz n ot 242 }

EBIFIE, T2 Grassmann AR EMEIENAEAZRETH D, 2D EiZidnRILD
tautological bundle &MHIN 2 M E 1T 517z n RIGRT ANV P PEEI N
Tw3, ZOLEE

v: M — G, (R"F)
vt M — GR(R™F)

Z, fripe MITHL

v(p) = BRI T, (M) % T FATREI L 72 b 0
v (p) = v(p) DIEAAHZEH]

LRERT UL

V(&) =T(M),  (v)"(&) = v(MR™F) (3 Fob)
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b, ThbbyytIZZNENM OENY FALB LY (RTPoHTo) ANV F
NOFEEREWINDE S DR D, —J, 13 G, (R™) LD nXKIGR7 b Ly
FIVTH 2D, (n+ k) RTGOHWALZRZ LAY FLOEG Ny PV E L TERS
N5, ZOELMNY Pk ()t EFTE, v ((E)H) 2v(M, R L2 5DT, v
ZENY FLVOEEBROBE L R L Tws, 2D X1, tautological ¥ v KL
DESZMNY FAVZHGE 2 EICX D, AV FLVOGEHGHRE LTy OBEb DIy
) T EDTED LWV RREE, URDO L TIEH SH, BICHNT 2EERH
Madsen-Tillmann|[23], Madsen-Weiss[24] 12 3\ > THARY 2 158 2 77,

2.1. R NV RILDYSESE
] & 1) S 417 n RIC C® Stk M DNy LT (M) 1%, M EoRET sk
nRILEXZ PNV ELTH B, Thbb

GL,(n,R) = {A € GL(n,R);det A > 0}

EHEREE T D7 7 A NNV FELTHL, TDX) BNV FIVOREREIX 1940 F4R
ETITIFEAEICA SN T, GL(n, C) R GL(n, R) IZOWTH K TH 523, ZIT
X GLL(n,R)DBAEL T EZBOHELTEZ I,
DRI

GL+(1,R) - GL,(2,R) - --- — GL;(n,R) — - --

1%, 2RO RS
BGL4(1,R) - BGL,(2,R) — --- - BGL;(n,R) — ---

RFEL, ZOQREB LVZ/2FarsEnY —I3 (Euler Hle 2R E) MOEKT
HRET D -
lim H*(BGL,(n,R); Q) =H*(BGL, (00, R);: Q) = Q[p1, po, - . -]

H*(BGL,(2n,R); Q) = Q[p1,...,pn_1,€¢] (Pontrjagin #, Euler )
H*(BGL.(2n + 1,R); Q) 2 Q[p1,...,p.] (Pontrjagin #H)

lim H*(BGL, (n,R);Z/2) =H*(BGL, (00, R); Z/2) = Z/2[ws, ws, . . .]

H*(BGLy(n,R);Z/2) 2 Z/2[w,, ..., w,] (Stiefel-Whitney %)

BB SO(n) C GLy (n) A€ FE—FAMGHRTHZ L L, BLAMONLT 74
N—)NYV R

SO(n) — SO(n + 1) — S"
»o, 774 7L —Yav

S"™ — BGL, (n,R) — BGL,(n + 1,R)

DFAES 5 2 D375,
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X612, FEDOSFHZEMIZTXT, SRR TH % Grassmann FHRIED H % 25D
MELTEMARNITHER T2 E083TES, I4bb
BGLy (0, R) = | (Gu(R™) = {R™* 0 5 17 & 17 n JOLHILH5 %0 } )

k=0

Z LT, %G, (R _EI2iEn XI6D tautological /3> FIL R BERSIND D, WEE
B G (R™F) € G (R IZEWT, &, DG (R™F) ~OFlRIE ¢ L 5. FEIE,
I 5 1EBGL, (n,R) ED nXIud tautological /N FL & DR TH 5.

ZL T, Lokt ~07 7a—F & LT, Grassmann ZEAD Schubert
ik 2l o#Ez2 e 2EER, Eo7 74 7v—yavzlvin BT 3
JEAE, W RO TH 28t & 2 V5 H D (Chern-Weil i) , FEED
B (UM OGFEANDOEER) 2H 0200, HElIADbDRH L, k),
R7 PNV PO 1 REEEHOBERIZ TR I NI MR E B> Tw 5,

2.2. Pontrjagin-Thom &Rk

MU IT) DEITT TIZHR7z X 9 12, Pontrjagin-Thom %z S TWAIX, %
I T 2MEEFE I E—DOMEZEE S 2MEIED I ETHS, BHITk-
T, HE FE—DOMEZ SREDOREICBEHI S THRL L H D, WA
T LEMNAMEZ FE P E—DEIURE ST TZENZMYE0 H 5. Pontrjagin
D 1930 ERUCIR £ 2 MEF (HTEICET %) &, 1950 448D Thom D 4 % FIEELEH O
b (BEIZET %) 5, Pontrjagin-Thom FEAL & FEIEILS KL 9 Ik o 72,

S & 7 2RI, RFD 1S 2 v 87 MEE kXRICERIE S* & o F—#

R* U {oc0} = S*

Thb, FEHBEICIE, TNEFEFE—MWICEiE 22X D k5  BAANEEE2# 2
5. EZIERF oo HEAMHE DF L, ZOERODF = SF1 & X OIMI O E 5
ZlREIZOR LM%, SFLHE—HTI2OTHS., Thbb

R*/(R¥ \ Int D*) = D*/0DF = S*

EWVIFE—EHTH 5, ffHIZ\WZIE, Pontrjagin & Bt DRERZ SRR T X —%
s HHZ ISR LTy, Thom 3R UNZHEICH L TfT>72DTH 5,

2.2.1. Pontrjagin O+

SRRIE ML, 208NNV FVT(M) & ERIGHWHANY Kb eb = M x RF £ D
Whitney M1T(M) @ ek (k+3K) %2 M DLEE NS PV Ew), LEE Y FILOH
LD G- 2 6 N7 hkih 2 LE Ve E ZBkE (stably framed manifold) &\ 9. 2 v
XY IR E SRR DO EERUL, HARICLERN E SRR OREE D, 2
L0, LEPN ZEASRA OIS, ZEPATE RS & v ) FERIRZ At s 2 L3 T
E 5. n ROULERMN S RER2ED, ZORMERERIC X 2REAGZ QF L FITIL,
ISR DBERRNC X O 7 —~)VHEE 72 %5, Whitney Hl@AAREHIZ KD, 2D
FEIZ TR E LRIICDER SM e (REWICFH L Z & TH B3R ) Do 2k
DEMPELTOEDLIICLTCHEBTLILTES, 2O, REHE NNV FL
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DBENILEENY FADRRETZ LItk 2 (WEOMICIZER BN H 3 2 &

i3
ICHE)

FIRDERIZHT, Pontrjagin 135612 2 L 2RICHE R, FRADFE FE—
HolEz LoV &SGR0 IC X 2 0BNEIVFE S0 TH S, ZDE
Bl Z Hopkins[16] IZfi¢ > TRHUCEL . HE FE—HF

Motk Sk _ [Sn—l-k’ Sk]

N B T2, WO TREREGH f . Stk - SF&REZ D, TDEE fOIEHIEp € S*
ZAERICEUE, f~(p) C S"TFIERRILE DI S RIATH D, ZDIEAY FLiC
1%, pe SFDIENY FLTHLE T,(SH) OHBLEZIEET 2 2 12k D, AILLG 2
515, 29 LT f1(p)lFnormally framed manifold & 7% %23, IEHIfEZZFZTHZD
Pefd ERBEIZ DD S W0 2 D005, Wi S"HF O normally framed manifold
M»B5G2Z 6Nt $5 L, Ay FAVoHPLZ > T2 OEIRERIZ M x D* LIH
—HTEL LIRS, ZITERpy : SV — SFE, BPREHED ETIEE 2 o
DEH M x D — D* £ DF — DF/OD* = SF O HE/R E L, BREHEDOREAED M
12T RTIODF DITE oo € SFICET I ETERT 52 LW TE S, Z1h¥Pontrjagin
MR TH 5. H\ITPEAT & RIS 2 Vet Z PAZARA D Pontrjagin K IZ A€ FEY 7T
HHIEDTDS,
29 LT, [FA
QfFr =~ Jim. S*
PRONE. n=0DEE mS" =~ 7137 TIZ Brouwer, Hopf IZX D HIS LTz,
Pontrjagin ldn =1,20 ¢ E%2E 272, n=1D& ZIFMDIAA S C SHHL DNV F
VOHWEED 7 GLy(k,R) 2 Z/2 (k> 2)Thsr I x2lioTOr >27/2 THB T L
ZR LTz, DEICn =2058I0HER, 2XKIUERIED 3 ED SHOAF N/ gD
PRI X, € S22 DAY FLOHIEZFIRUET L W LItk %, g = 0DHAE,
7o GLy (k,R) = 02263y VO HBMIZ S22 N7 v F 95 D3ICHRRL, ZOJG
F0ZRT I LN DD 5. g > 1OEEEY, Lo Ry Foro Bz
IRL, 22iin=108628H752LickD, &
q: Hi(347Z)2) — Z/2
DEFRI NS, H9 Pontrjagin 1Z 2 DEERIEYETH 5 LHWT L7z, 2L T, ZDk%
AW Z &L, (512v9)) framed surgery Z O EOX LHEHTE I EICEDg=0
FTEHETELIE06, O =0 Lffam L 72, BRICTIUIIRD T, LElD ¢l3 quadratic
ERAY PR
qlu+v)=qu) +qv)+u-v (u,v e Hi(X,7Z/2))
ThsILICRMNE, QO 2 7/2 LIEIEL 72, Kervaire IZI 6122 DEZ ZHED T, it
D4 %I LTINS X 9 1275 5 HERBI GG
Kervaire A5 : QF ., — 7Z/2
ZREFRLT, ZLT, ZOGHRBEDRITTAn + 21K UTaH & 7% 20 ? )3 Lt #
flEZ%>7DTH 5. 19694 D Browder DALFIT X D, BEIZ 7 —X 7 v DX ) I
OFE FE—GROMICEITIEE NIz, 21T, 405D CTHE < MR Bl GR 2
52 LIk, FRD L) RSN DTH S,
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2.2.2. Thom D=

Thom IZBHETH PR —DROEELMR L VWA aRXLTF 4 X4 (HE) B
MORIRETH 5. DO, MEOEZZBOCH L TEL., Z20mEfHTonsn
RICHERAR M, N 1, H2% a7 FTHREMNT SN SHEW 3FE L <

oW =M][-N (-NENOEEBIL D)

EBLE, RLIZMEMITHEBETH S L), ZiUd, nRITEHZ RO 2RI [HEE
IRz 555 5. C OEMERIFRIC X 2 FEEEG Q, (IS RADBERRI OFEE T 2 RIS
07 —VLEEDONEEDY A %, Thom & Pontrjagin D# 2 %2 KE { —fft L 72 Thom
k& Thom BEEDEZEZICE D, 2EFDLHITLTQ, DRERELZ FE £ —DiE
W S E

Whitney BlOIARERIC X D, Q, DWRERBEIZTITKRE L LITOVTR orfo)
&M e n RGBSR MED & 2 0 FRIEE 22, M CR"™FZ2ZD L)%
HOERE T 5. M DOFEANY LM, R ) 1Z ERICDAEE T 5077 RN
YEVNTH D, Z2OREEBERD X ISyt 1 M — Gp(R™F) & F4UE, ZHudn
¥ FVER G u(M R — ¢k iz iofﬁﬂ—gn%.#tb,ﬁﬁémWMLt
?D tautological X7 FANY FLTHS, I TH L (MR 2HHEZSIE, H
bz 52 % 2 LIk D Ny RV % H AT Pontrjagin M2 1T 218 7,,,.5F DILHHF 5
na, Lol, —MIv(M,R™F) 3 5AAHHEIFRS Z2\w». 22T M ARICH
N5t ii)%%&bf, WREZ T ZOST L 2EZ 5, 22 TEYT 52D53Thom
HikTh 2, MOFET, EEMHAEMX EOXRT PNy FLe L, GEYAGEE
AIT) BWREST 2Ny FA B X OBRIE Sy FLEZRZND(E), S LT3, &
DEEED Thom HIKT(E) %=

T(€) = £ DA%/ (Int D(€) DRIES) = D(€)/S(€)

LERT 5.

HIDFEICR > T, M OEWRIEEE N(M) & v(M,R"*) OB v Fov %z [Fl—
L, NY FVEHFE - v(MRYF) — & 2558 T % Thom # kD MO E 4 %
T(HY) : T(v(M,R™F)) — T(&F) £ TUL, G

Stk —_RHE 1 a8 Ml —
R /(Int N (M) DHfigEE) = T(v(M,R™)) — T(&))

SN 5. 8 1FBGL(E,R) 1O tautological 23> L &k @ Gp(R"HF) ~DOHIRTH
h5, fhilEGH

te SR = TRy € T(€F) = MSO(k) (Thom D)

BFos, DIk k+1 & LTRONDE K, - ST — T(¢5) = MSO(k+
1) 1%, SEEMRBGL(E,R) C BGL(k+1,R) I & % 5+ ® BGL(k, R) ~DHlR2I¢* et
LB EDPS

Skt = ygntk EE SINSO (k) — MSO(k + 1) (S 136+ %9
IC—HT 52505, MSO = {MSO(k)};, Z Thom A7 7 LEWVT,
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EIE 2.1 (Thom [33]) HAZ A
Q, 2 lim m, ;MSO(k) = m,MSO

DIET 5. 61T, DEDRLT 5.

2®Q=> Q,2Q=Q[CP*CP!, .|
n=0
ZDOEBOFEAIZ X, Thom #{& & Thom ML D# Z 1M AT, Thom REM:E R
B LU Thom AR E W) BELEZMEONS, ZLTENETICT TICAIS LT
7-BGLy(k,R) DarERY —E+HICHEL TOAAE FE—MmEfioT, jE I
NFE P E—DMERRNT-DOTH %,
COEHZ Z-5DIF £ LT, Hirzebruch D5 5ER, Milnor ORI O FE A,
Kervaire-Milnor @+ € & —BRE O MGG (Z 41U Diff . S™ ICBART %) ZRETH b
Y —0uaRM e 2 7,

3. SIRIFINY RIL DRSS

3.1. HIE/\Y RILDFFIHERR ~MMM #8 ~

HiTE N Y RV OREROER Z I E W L TE < ([29][26][25] 2H) . iy o
W E TSNS, 2 7 7 A N— & 2R ST ooy nfels 7 7 A4 /N—
YFlr:E— X %, JUCHIA NS Y FVEERZ L2 5, MEERIEDIff, X, Th 2.
TDT7 7AN=ITIR) BNV PV Tr EFHITIE, TR E LORE ST S 200
X7 PVNYEVTHS, LED>T, ZDEuler He e HHE,Z)DEHEIND. eD
¥ et € H¥2(E;Z) 12 Gysin ¥R G R, : H**(E;Z) — H*(B;Z) =i L T
LbarER Y —H

e; = m. (e € H*(B;Z)
80 MMM EIES, ZNoDarseny =R, Ny FIVEHRICBIL TH
IRTH5, Lo T, HERMER
Zley, e, ...| — H*(BDiff , 3; Z)

BREons. PLERAAAHEMNZER TS 553, —J7 Mumford([29] 13 ARBE D
HDOPTEY 27 A W My, D Chow B A*(M,y) Z2EEL, ZDiue L TR
ki € AlM,) ZEZE L, DL, HARLZEH A'(M,) — H*(BDIiff | 3,; Q) MH1E
LTri (—1)ite 725,

3.2. Harer TEE EZEAREOY —

T 3.1 (Harer [13]) BDiff, %, D a s Eu Y —FI3HEM g ICBIL TXET 2. Tk
bh, EEDEICHLERaFERY R HYBDIff  X,;Z) &g TaREVEZH W
B E 75, I, AHBURBOZE A FER Y —fF

lim H*(BDiff {1 X,; Q)

g—00

DIAET 5.

117



EiloZE a s Eu Y —#1E, Madsen & Weiss 12 & - T MIZIAR BB TR4AICIR
E I,
Ak Madsen-Tillmann D [23] TR S 7z P2 HENICIEH T2 2 LT X
D7 I NTz, Z ZTlE, D Pontrjagin-Thom WO AE W 7282 073, FEL <1,
JFEXE L, BB S DRlEEE 5 2 72 (9], % L T2 DfEHtE ¢ Tillmann|[35)],
Wahl [37] & 206 DEIHAXHRZ SIS L7\, 2 2T, RD Pontrjagin-Thom %
IZOWTZDT7A T4 7 %2 MHICE T, i v P

T: B — X

BhHZontlce LE), ®REME 2 HRE R IS L TR ICHOAL, Zok
EHHr e XICHLT, 2 LO7 74 8= B, = 17l(2) = D, D R ~ADI AR
MESNS,. E, DFENY PV y(E, R OBHEHRE LT, BNV FLOSHEEGR
v B, — Go(R*™F) % & D, tautological /3> FIL €2 DERM NN Fv (&) D SR
LELTu(E,R*) 282 %, %D Pontrjagin-Thom HEk%Z#H 21X, G4

S — (&)
PREEoND, ZOMRIZKEEMX EOKKTIT) 2L TES, Z2no 2o
X, BB
ap: X — QT ((E))
RO ND, TOWKT, k—k+1ELTRONDZEFRX — QTFIT((E2, )1 13,

EETTR CH(RHY) C Go(RE) 125 B (62,))* @ Co(REF) ~OHIH () @ &' &
A5 S

X — PHT((@)Y) — BHOT((E40)) = BHIT((E40)")

2T 5 2 EDTH B, MTSO(2) = {T((§)) }x % Madsen-Tillmann A7 k7 A
v, I, RElOWRE EZER EOME Y, Ny FOVIC L CHid 2 Eic kD,
DEDGREGS,

o, : BDIff, 5, — QFMTSO(2)
EIE 3.2 (Madsen-Weiss [24]) 5? Pontrjagin-Thom HER2YFEE T 2 5AR

s : BDff, 5., — QMTSO(2)
RO En Y —HOAMZHEE T2, LI

lim H*(BDIff, 5, Q) = H*(QMTSO(2); Q) 2 Qley, e, ..

g—00

3.3. tautological algebra &EIEREIREAI—

MMM i e; 7 T S 115 H*(BDIff, 3,; Q) D5 W% R* (Diff X, Q) £ #< 2
LICT B, —, ki ETERINDS A*(M,) O REE RY(M,) LHEE, Iz
Y2 74 Z2H M, O tautological fRE & v, HARZEH R*(M,) — R*(Diff . X,; Q)
DEET 5. R*(Diff . 2,; Q) IZFZHARBOETH 205, ZDORIIFREUEIL T
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H2BHADOWKETH S, &2 AHH, M, Dorbifold & L T Euler-Poincaré EEE D
IE (Harer-Zagier, Penner) & & O, J## D Euler-Poincaré #24 & D7EDFFHfi (Harer-
Zagier) 75, H*(BDiff, ¥,; Q) DRIt REUCEI L THREBEBIE Lo REEZFE>
ERFhoTeS, Ledio>T, MMMBTEYZLoTEhvareny —H Gk
LZogahtny —fEw)) BREIFAHET S, LrL, JHEXTICHSN T2
NIITHER S 7R LE a v e v O —JHIE, o TH %\ (Looijenga, Tommasi) |

3.4. HIED 5 SRITTZERIEA
3.4.1. FFHEDER ~—{EShfct MMM $ ~

i Ny BV MMM D EF L, DF DL HICL T—RDEEM %2 7 74 3—
9% 7 7A=Y FLVOREFHOERICHRIC LI D ([6][7)[17)EFSH ) .
MZRIEMT SN RGO ALK E T 5.,

7. F— X

ZAEIMIToNTM ANV EELVEL, Tna 7 7AN=ICRIBENVFVET S, Tk
bbb

Tr={veT(E);n.(v) =0}
Thsb. ZOLE, Trld E LOMEMIToNnIcn RILDFEXRT P ANV FILTH S,
L7235 T, DB

fz: E — BGL4(n,R)

DERINS, ZOLE, EEDILc € HY(BGL, (n,R);Q)(k > n) IR L fr(c) €
H*(E; Q) & e ICRIET 2 Tr OBHERICTH 5. = DEHERIC Gysin MG

™ H"(E;Q) — H* "(X; Q)

ZML TSNS
ke = m(f;(c) € H(X;Q)

BHEZL, ZOBRIZMANY FLOANY FIVERICBIL THSMCHERTH S, LT
3o T
ke € H*"(BDiff L M; Q)

EHBEZBLILENTES, THOLRAIM ANV FVORERTH S, Tz clIInd
5 n MMM B & v 9,
IS 2 eiED UL, MGG

R : H*="(BGL, (n,R); Q) — H* "(BDiff, M; Q)

Bod, 2I2Tx =nDEEE, M OFEE (Pontrijagin 2L & Euler 1) D 2ADS
ol T3 I LICHEELELYL, 22T

R*(Diff, M; Q) = Im R 234K 9 % H*(BDiff, M; Q) D%

EEL. M=%, 08581F, TTICERLLR(DIff,S,;Q) £—HT 5 LTI
TB.
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EE 3.3 M =S84, TEOMEMNIT NS NV LD 7 74 8—=I12H ) BN
Y FVIZABHTH 2005, RYDiff ,SHIZAWHE RS, —J, BCAISNTWS LI I
St~ Diff S'TH S5

BDiff, S' ~ BS* = CP™

£ %, L7d3>TH*(BDIff S Z) 2 Zle] L7 5.
3.4.2. Harer RE M D—A%{t & %D Pontrjagin-Thom &R

M ZESMT o NTen RODOMERIEE T2, oL &, Wiy FLoGaz i
btz tickly, G

ayy : BDiff L, M — Q°MTSO(n)

MEFEINS, T I TMTSO(n) 1Z n XRILDE D Madsen-Tillmann AX7 7 LT
bH5.
W, = g(S" x S”) & L Diff(W,, D>), Diff W, = lim,_.. Diff(W,, D*") %% A %.

EIE 3.4 (Berglund-Madsen [2]) fEED n > 2120 LT, BDiff(W,, D*") DA EE
BB arEr Y —RBZ g I L TLET 3.

EH 3.5 (Galatius-Randall-Williams[10]) fEEDn > 21Z%f LT, D Pontrjagin-
Thom HERAEEET 2GR
aw,, : BDiff W, — QFMTSO(2n)
FEBRBOFER Y —HORMEZFEET 3.
FROZODEBIZOWTIE, 545l - BEMBoODH S,

4. FET IV 2 DN

4.1. HHE DR IE

kit X9z, #himoNy FLoREO ML, —RORICDOEREE 7 7 4 N —
ET57 7A=Y FLVORMEEOBEIC LI N5 b %\, Lar L, dhim
DB DRI EOFHIED 724, ZOBARBO THELEEAGLELEALHDT
H5., WOPREMNLHEEZBITLLEOEDLH LR D,

(i) DiffoX, I¥WHfE (9 > 2) = BDIff, %, = K(M,,1) (Earle-Eells [5])
(ii) My = Outym Y, (Dehn-Nielsen)
(iii) M, (g > 2) 1& Teichmiiller Z£[#] 7, = R%~°1Z properly discontinuous IZfE/H 9 %

Z 2T DiffgX, 1 Diff . Xy DHEAICOMEGR T 2R L M, = Diff |3, /DiffgX, 133, D
HEHEREETEN/ETH 5, FHMEEM, = T,/ M, 39T L7228, gD
V= VHDEY 2 7 A L EWEN 2 BEAZEHTH L, ZNSDRRICED, D
LI BAHaFEuY —DOHARRFARIEET 3.

H*(BDiff | X;;Q) = H*(My;Q) = H'(M;Q) (9>2)
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4.1.1. Johnson ICIF SN

MO GEIERE M, EFER Y = H = H (X, Z) AT 5. ZOERIZRIE
DFEET 5 H EOEXNIHWN—XIEA p: Ho H — Z %26, BLHS NI THIRB
po: M, — Aut (H, ) = Sp(29,Z) 3R 6 N5, TOERBUIEHTH 5 Z & A0HHITIC
HMonTED, Lo THReERy

1 -7, — M, Sp(29,Z) — 1

BRSNS, T LTERINDHTL, % Torelli HEE V9, Johnson (% 1970 FEFRIE
I Torelli BEDWIFEZ2 MR ®, 1980 A1 F T HIRIIEL RIS W < D D HEAR 72
T A2, Torelli D7 —ULDIREE L W g > 3D L ZOERAEKEETH %
(18] ZM) . T & WA THDMR L 7 EHE 2273 Johnson filtration TH 5., i
I¥, Dehn-Nielsen DEHZ&QIHIC, M, D m Y, DEEFLS] (Malcev 5Efiifl) ~DIEM
DFFHEET % filtration TH 5. Johnson DIEFIFL  DWIFEHIC L > THl EHED L TH
L, BUED ZDfNdMi T 5, B2 i TR 2 — 2RO g D a7
I i S} OBEAGERE M, DYt 2 EFHITIE, Johnson filtration {Mg(k);k =0,1,...}
ICBEFE S 2 REUAT E MBS, v TV 7T 14y 780D —RECEWIEN S ) — R
b1 D HE R RIGAR

T: @Mg,l(k)/./\/lg,l(k’ +1) = by
k=1

WERINTED, ZOMEIHLT—3D—-DTH5, T IThy !, HFDOFE
0¥ —Hy=H(3,;Q)DEKT2HEHY —REBD> v TV o7 T4y 7 Wnetkoind
=R E L TEEIN, F72 7 1ZBIHE Johnson H#EFRIB EFFIEN TS, g — 00 &
L 7100 boo 1, #2389 % Kontsevich OFGwIC b B, BEREROA L ST, Hb#f
DO HCHBBEDOIIE & DFEGCEI#HMEL C&E 2, FREERERZ2 KRS IET 24
0Y—) vy =B (Habiro, Goussarov, Garoufalidis, Levine, Sakasai,...) Tb,
HELRKEENZRI-TIEBTroT0E, I6IC, ZITRELVLI EEBRsNR
WS, B E DEOEIESH L LA RINTED, 20V —REOBEHEMEIZF T F
THRLTWS,

Z DHD %I Torelli #f & B FMHBEO arER Y — L DEFZOBHEICE T2 =
DO Torelli #ED a2 A €0 ¥ —OMERAELEZ R L7z Akita[l] &, R*(Diff 4 3,; Q)
& Johnson #E[FIAY & DRYFRZH S 2212 L 72 Kawazumi-M.[19] Z 2817 TE Z 72\,

4.1.2. BRI, RERE, BEREDEDD
T IR A OFFRMEIC K D, B Ny POV OMEEIEEE DS D78 LR
Bl b ZRi> T3, & T Teichmiiller B, REHHFRD €Y 2 7 4 2B O MG, #
L C arithmetic GERJEREOMERS 28 U C, Mo, BEMmT, RBC%M, Hans
DB D D 3, F 72, Witten Df1EE, Witten-Kontsevich DEH DI, BEYHE &
DOEEBAEENT, UL, THHICOWVTEELBRRZ Z LIZFEZEDRES 2 3E)
B2 T3,
2T, o IREGEN L OB E T, TTICEREZBRLEY 2T
A ZE[H D tautological VB R*(M,) DWI%ElE, Faber A &IN5 PO (1993
fE) DU, TEFEIRBIAME TV B (Faber[8] ) . 2 OIFFEIE— M DB M (12
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B9 % R*(Diff , M; Q) DML DEAN L ET IV ERZ I ES, FPRuY—ItBnT
LEELEEbND,

1.2. EKEBEDFHESE

AERD T T — < ICEBICBE T 2 2% HOWAUE, FHEHAY POk Es X O3
JERE ORMHO BT H 5. 1970 AU D Godbillon-Vey HH & M-I 5 Rt D
FR L, ZODEHED Thurston OFFH 2L (2 OFEE DML 22 L LT,
TEJE RS O R H O B S I A O TN R 22 FE g 2 L 72 (Bott[3] &) . C
DIEFH & HiEE L THL 7z Gelfand-Fuks 3l [11] & & O Chern-Simons Bl 1%, ZEfEHE
EOR O M & B HRBH 5. &) —D2 I DB THLI 2 EE 2 L7 LT
K7z DX, Haefliger DL [12] TH 5.

4.2.1. Haefliger 933%825M4

Haefliger IZZEEMEEDHZCITREBIN P R e P —DFELZRLIAAL, RT DA E 2L}
DRI FMHEGBR DI (germ) 2ED D 2 HHHHRE (topological groupoid) (T
LRlEN D) BEZ, ZTONHEEMBL Z L 72, 2 DZE[EIE Haefliger Z74HZE[ &
WEIL S, 2 LT, kR M _EORXItn OBEWIIC I E M o - @S %, T
IEZINA 1 a4 7V E L TR, LXK, ZO0HEH M — Bl 2VERI N
%, WOy 2EEI, HERRIDY - BGL, (n,R) Z3FEL, 2&¥D 774 7L —vav
PRoNG,

BT, — BI'} — BGL, (n,R)

4.2.2. BDIf' M @ AREAY—ICET 3 Thurston D{LE
Z 2 TlE, Diff M ICEESIA 2 AN RE DIt M O 22 BDIffP M (24U M %
T7AN=—LET BT 7AN=—NY LT, 774 N—ICHEBINZEREBGED A>T
DENET2) Oatren Y —ICHEBEBERT 2 T o0EMEXIT O, IS DTEH
DER EFEHICIE, JAWERTO Pontrjagin-Thom R DHE ZB¥MfHb T3,
—DZ LIERMEMT S, GRAMEEE LGOI U RS HZ 52 720D T
%. BG#EHEMHRBG - BGOFEIE—7 7 A N—LF 3 ZDLELE774 7L —
va v
BG — BG° — BG
DT 5, T, Diff y(R" 2 R" DO FEMESRTa v 7 F iz >b ekt
T3, ZDLE, BDIff )R* FOME NV FIL DT EEES
BDiff xR"” x R" — BT,
X, co eR*"DEfFHZORTZEIZEDHODEDE/R
> (BDiff xR") — BT, (1)
ZHET 5,
EIE 4.1 (Mather(n = 1),Thurston[34]) LilD 5 (1) DFEFEEE
BDiff xR" — Q"(BT,)

ZEBURE DO TR Y — RO [EM 2 FFE T 5 |
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DEIW, MZEMEMT SN RIGHEKIAE L T2 L &, BDIff,M x M Lok
NV FLV DGR
BDiff , M x M — BI'}

E 725, ZOBBIL, %iip e BDIf, M ITR LT, M DAY FILOSHEES
M — BGLy(n,R)DBI} "DV 7 b 2525, ZZTXy2ZDk)H7%) 7 Foek
DRI ZEMET 5,

EI 4.2 (Thurston[34]) HALEH
BDiff , M — X,
FEREBRBO e Y —HOFAME2FEET %,
Z D X912 Thurston DfEFE, FEFMHEOREZ Bl 2ffi>THE F E—Dfi#

R EE T, L#L,”TTmm®ﬁ$®i G EREMICE® T 5 D1%, Bl Ok
FFE—HIR (LD ERThoEITVE) RADEFFTHBE V) ETH S,

4.3. Kontsevich QR FL I T 1y V%M

3TEHDIENLE LTHD _EF % Kontsevich D77 7 A€ w ¥ —OMGIE, 1990 £
DHDIZHEH Z 72 B DT associative, commutative, lie D 3 (Z 415 D variants
ZEaoiud 6 BB L) 5 5. FsC[20] O FEH OIS XU, b2 H DI
X, ®5RVHEEZ b DO dga ZHOE “BEEHO aFE0 Y —HOAW LREIE
IZ5 DWW 2 (associative i) T, iV T commutative, lie IRZ A7, L H 5.

TCORMIC W 2L, =D DRI Y —fillas, too, hoo DAFER T =3, Zh
i, GHER (203 —<VHEHDEY 274 %M), V7 7F5Euy—, Al
DAEE CFRERE (b %\ 1d Culler-Vogtmann [4] D77 7 DEY 27 4 Z2[H) OHH

afrERY— &#ﬁ&&% EVIHELSRZIGRTH 2. =20 —REDERII R
XeWTwZd 2 EICLTIITIIEKT 5, 772 LrED Y —fUkZ, Kontsevich
O MEHLARTIZ Johnson ¥EFRID & —77y P E LTI TIZHN T2 DTH 5,

I TREODEEDEKLIZOWT, H*(BDIff M) ICEEBRT 235 1co2nwTE
URFHRICEIR T 5 Z LI2T B,

4.3.1. associative case
EIE 4.3 (Kontsevich [20, 21]) D EDRIMIEET 5.
PHi(ax)m = @  H™ MM Q)°"

2g—2+m=n
m>0

22 TM S g D m A D RAT S REUERO T Y 2 7 A B EERT. B, EDOm
DRZEE T 2R Diff X & FTIE, 5
H*(My; Q) = H*(BDiff | 37"; Q)

DEIET D2 EDBRHONTWS, L7zd3o T EIDEMIZ, a DHET Y —FEBREL
DT RTDEY 294 EMDaFrER Y —DFREZF>TWVWBE I LR RLTVS
CORFEDEHEDIGH & LT, %L ZIF Sakasai-Suzuki-M.[28] 23dH % 23, £k4 It H
DHIfFI N5,
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4.3.2. commutative case
EIE 4.4 (Kontsevich [20, 21]) D EDFRIMIHFET 5.

PHj(¢o0)2n = Hy(GUHY).

226G (n>2) 1 Kontsevich 23E#E L 7277 7HIETH Y, ZDORIGIE 20 — 2
TH5, ZOEMLEEBET 2 (EH L LT Watanabe[38] % LMO A& H [22] 936 5.
AL Ohtsuki[31] b 2 I 7\,

4.3.3. lie case
EIE 4.5 (Kontsevich [20, 21]) D EDRIMAET 5.

PHy(hoo)an = H*™H(Out F, 415 Q).

2 TOut g B (n + 1) O HI#EOIMEH CRBREZ 9, GEHIE, Culler-
Vogtmann @ Outer Z2[H] [4] DA DHOMIE L, ho DAETR Y — 2R T 52F = A
VR E 2 ARCBEMN TS 2 LIk DI NG, iR k)T, oY —RERE
BEREOMZEICE VLTI TICRN TV AL DTH 205, ZOEMIIZ GG
FTikzal, BHRHOHCHMEELE R I L2RLAELDTHD, EEOH
RTho7:. EHF, TOEMHEBBREFOMEZHAG O TOu F, D—#HD Y A
INZEFR LT, I 5 ITHEED Conant-Kassabov-Vogtmann D30 & 138 Gm & DB
BYLAEFEN, OutF, DAED Y —DWIFIIND TRE LJEEZ HETw 3,

BARIC, ZOEHE o FMHBEOERE OB 28— D> DH| 22517 5, Laudenbach
D moDiff, (n (ST x §%)) = Out F,, (mod 2-torsion) 2> &, ¥HE[RAIG

PHi(hoo)on—o = H* 27K (Out F,; Q) — H* 27 *(BDiff, (n (S* x 5?)); Q)

o5, Lol, TUIEEWNE ) IRBIRTECRAITH 5,

5. FRNDFRE

SRR 5.1 Buler Bz HICHEZ 2 FHBIIHFE T 5725 9 2 2 BRI - & LTI, #
VR RPAS A M 2 7 7 A N—L T2 7 7 A /N— N RV SRR (R
BHGRCIIAHTERORMEE) 2 TE 2R TEHRE L. &I M =3, D54
ICIELE a R Y —HO RTINS EE 5 2 X,

SRRE 5.2 “HZELR DIff’ M — Diff M OFFEE T 3 HR & HEE ARG R
H*(BDiff M) — H*(BDiff’ M) ({#¥UIR,Q,Z,Z/p%)
ZUIER L. L ICZ2 0%, REEEFARE.

2% : Friedlander, Milnor VA fERED Y —#EG T L, HALHERM H*(BG; Z/p) —
H*(BG% Z/p) \&FAEY>?  H.(BDiff2%,) (CBIT 2 BT OISO T [30] 2,
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ERRE 5.3 M 2 EMITNLHEELE T2, DL %, AE554 DI M — Diff’ M OFEE
T % HR 7 MEE T GAR

H*(BDiff’ M) — H*(BDiff*’ M) (f85I R, Z, Z/p %)

AR ? &5k, FEHWLKZ O ? LI, M= S0 L E LiloEREIZIE
HH &% b 29> ? (Thurston’s “lost theorem” (Ghys))

Herman D15 (19707s) DA%, AREVERE X Tsuboi[36] DA & Bbi s,

PRRE 5.4 “EHRZEH]” (huge space, Bott Ofiify) OFRERY —, 72 & ZIX H,(Bl,;Z)
& %\ i3 0, (BDiff? SY, Z) Difffi % ¢ k.

2R 5.5 MiAHIA 72V —D (smooth A7 3V —IZHEE L TD) “Flk”  (Freedman

DEM, Thurston OEM) Z&ZIHIZL T, 4XIGD bR P =BT 2 00 L C® D%
Z, FEQY =YY VY —DRICEET 2 H 5HORHEETRIBETE 20D ?
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LR ot & % O R e
WPEDE (BRI TR

B =

KR E A 2 D R8T & B Wl IR ot D FEARME 2 B3 U, 2 O MR G
PEAZ DWT, MR TCERINNL G D S BN T 5.

KRR (large scale geometry, coarse geometry) Tld, (FEAFL) BEEEZE M D 5 A
GRS N, 2O KIBHREE GRS N 5. EEXE’JK i HL POk 2D
JEDSD iU T WD 2 DDZEMMAE U (MEME L) EAREINnNs. HlZIE 1kt —72
Uy REMRIE, BEEAERDORTROMAOERMZEMZ CHMAMETH L. £, AHRES
W IREGEHAETH 5.

HIREREGOAERRAERRS I L TEHEIND G EOGEH

ds(g,h) = min{n : h = gooy-- -0, for some o1,...,0, € SUS™'}, g,heGq,

(727U, S = {07 1 0 € S}) DI, ERRSDE D HITEKGFET S, UL, GO
2DODAMRABAERRS & SITHLUT, 26 OFEEMIZ X 5 2 DDE#EZEM (G, ds) &
(G,dg) &, HIFMETH 5. > T, AREMMICE T S MEMEIZ DWW TAZEZ2ME X
HOMETH L. =612, BRAEMEEG P HMEREZER X (B2 X, ZD Cayley 77 7)
IZRA VN M OB CHERMIEMT 2 & &, GEEM 2 €D G I3 X LA
fliCd % (Milnor-Svarc DHfifH). Z D HIET, B2 BTN S 2N TE S,

WHERIGIE, Gromov [15] 12 & » TEA I N2 KR ERMZFITE 1T 5 FHARN AL &
THB. Yu [34) &, (GEEHHC T B ) WREDTAYE R 2 BRAE SEEC F U C, M Bawn-
Connes PRAMELWI &, > T Novikov PEPIELWIZ EZFEH L2 2D Yud
9% 2 B2, BEEEZZ M, R (A BRAE RE D TRE T DI AR & SR U 72

X 512 Yu [35] 14, Hilbert 221 ML A A T E T TSI % & & — BRI ZEi
1z U C, ¥ Baum-Connes PEMNELWZ & ZGEH U /2. % 7z, Hilbert 2212 FHE
OIAAFRERBEEE R OME E U T, ME A ZEAL 2. WE A ZREOREEN: D —#{k
ELUTEHAINEZMETH S0, {Efrﬁ(ﬁ(mﬁ VERRTA SR 2 B DRI A %
Jiti 723" (Higson and Roe [20]). T ORIRT, M A IXWHEIRIC DA BRIRGHE I IR
WML A BZ t%f%%

WL Roel, (KM Ootamic B 1T 2B RGTDORRERE U TEAI N &
5. ‘{kﬁﬁﬂﬁ@@%%@@#ﬁl@ i D KR RAT A DX & A Dranishnikov [7] 12 & O’CHH
RIIZ G- Z 5N TEARE, RotEmIZH 1T 2B OFBLZFE 2 5 Z &I K il kot D5
DHED 5, FARKZE DG I N T & 72, AGEHETIX, £ 9, WnEkoc & £ DA
MEZMEHT 5. 20%, #LkouicBd 2 W< OO ERIoutEz Mo L, BdEd 5
Rz OGRS G 6B A 5.
AAHSEIT R E (FREE5:26800040) DK %2 ZF 725D TH 5.
2010 Mathematics Subject Classification: 54F45, 20F69
F—U— K WnEikoo, MG
* T 790-8577 MR X HMT 2% 55 EEKE RZELEL L2050k}

e-mail: yamauchi.takamitsu.ts@ehime-u.ac. jp

LE# 1.1 221
2 KRR EE#A] & M Baum-Connes PAUZ DWW TS U 2 Bal DR & LT, [22], [25] A’ 5.

127



1. RRE® & EHERTT
1.1. fHE1E

AREICIE, KRERMOERFHEZRDIKRS (cf. [22]). PAFN, MM ZHIZ X TRL
=HEE, Hilffdy 20295, HHER X Lz e X, R>0ICHLT, z&2dbed
% R {y € X :dx(r,y) < R} % B(x,R) TKRT. 72, MRHEAHAC XXX DIE
HEZ X ot ERTH B L U,

diam A = sup{dx(x,2') : x,2' € A}

LEDS. FHEHEEM X BNERTH DL, dam X BWERTH DL E2 WS, NIZED
BRERE, |AIZEAEADREZERT. FHIW SR WER D, GEICERMEIXNE L
W, HEMEIZIR TERINS.

& 1.1. PEEEZE X DEEREZEM Y L MEME (coarsely equivalent) T % & 1&, IRD
( ) 2) 27T EHERf X > Y PFHETELEEZND.
(1) Wzfi7=3 2 DD p_, py : [0,00) — [0,00) BIEET 5
() EREDz, 2" € X IZHUT, p_(dx(z,2") < dy(f(x), f(2") < py(dx(z,2')).
(ii) limy oo p—(t) = 0.

(2) Y =Uyepx) By, R) 2723 R > 0BMFET 5.

EDZRM (1), (2) 2T ER [ X — Y ZHEEERR (coarse equivalence) £\ .
Tz, R (1) 2723 ER [ X - Y ZHIBOHAAER (coarse embedding) & W\,
X0 Y NOHMDIARGENIFET B L E, X IZY NHIBEDIAAFRETH D L\ .
ER 1.2, EHELLID (1) D py, p_ DIITEHUIEO O R T, (2) D RH0 & L TH
NE, X &Y IR) TV YRETHS. 72, (1) D py, p DI — IR THN N
X, XY IMERTHS.

Bl 1.3, EHEMR F, BEEARDRT R OIS IERHZEMZ LA TH 5 3.

Bl 1.4. A FEEREZS X 1%, 180005 70 2 FEEEZER] {p} L MFRMETH 2 4.

Bl 1.5. PEEEZEM X (£7213%, T O dy) S —FREEER (uniformly discrete) TH 5 & &
HBR>0DVFELT, EREDERD v,y € X ITHUTdx(z,y) > RPEDILDE E
WD AL OREEZEM X 1%, —HREERLT X S HFEMETH 5 K S 2R BEREZE ] & Ry
D5,

MIFMEDBEREZERI D 2 7 A28 1T B RERBRTH 5 Z &1d, LT O 1.7 2> & iR
TE5. TDHDHGEEZMEMT 5.

SERF R Z%, 2 e RENUTr 2BABRWVERKOEE |z (TGS G254 T 5. HlZIE,
EFLLID (1) D p_,py :[0,00) = [0,00) & p_(t) = [t], pr(t) = [t| + 1 THZ, (2)DRER=1T
Bz 0uE, f o MR EAR T 5 2 & AHEDD 5N 5.

TRpICEE E BEMEG [ X — {p} FHAMEEHRTHS. EBE, E&H1.1 D (1) Dp_,py: [0,00) —
[0,00) % p_(t) = max{t — diam X, 0}, p4(t) =0 THZ, (2) DR%Z R=1THZNIEL .

SR D 2 HOENS 1 U BN TWS X DS EALRDORTESHEICAEHBBKRTIET 2 AN5.
Zorn DHfEZ HWT, ZDIEFEADIEAIE D 2HE, D15 X ~NOAEEHRITHEEESTH
5.
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EFE 1.6. X LY 2HHfizfE 5.
(1) B4 f: X — Y D bornologous TH % &1, IR& 72 3B p; : [0,00) — [0, 00)
PFEET DL E2V): EED 2,2 € X ITHUT, dy(f(x), f(2)) < prldx(z,2))).

(2) 22DBR f1: X =Y, fo: X = YV IHEWEE, sup{dy (fi(z), fo(x)) : x € X} B}
AERTHDEETEZND.

8 1.7 (cf. [17, Lemma 2.2]). FE#EZZHE DM D bornologous 2 EE [+ X — Y AYHFE
EERTH 5 72D DB+ 573 5MF1X, bornologous 78G5 g : Y — X WFEEL T, go f
Yidg, fog&idy BIEIEWZ & TH D, 22 Tidy X X IZB I B EEEGE2 KT
B 1.8. G& HEAREREL L, S 2ZNTNG, HDOERBRERRLE L, dg &
de ZZNZTNS, S'IPOEE PR L35, 20L& BB f: G — HMPRHER
BB/ 61X, f: (G,ds) — (H,ds) I&bornologous TH 2 7. KT, G H LHEIZR S
X, 1.7 &0 (G, ds) (& (H,ds) LHFETH 5.

ER 1.9, ARAREOGERRE X, AFETS 2 6 B AEALY Tt TH 5.
—IZ, AR, AR E B B AR T —RMBUREERE M FEE L, T 5 Ok
EHWICHFEMET® 5 (cf. [22, Example 1.4.7]). 2OIZ &h 6, LUF, A& IE, 2D
MEZEDOmBZEREEZ 5. FIC, BREMEHIERERMICK 2ERZEREEZ 2.
1.2. #nHERIT

9, MO BT B WBEBRCOERERVIRS. £E5 X OWMAESEU, VITHL
T, UPVERDTE U< V)&l FU cUIZHLTU CV 2723V e VIRfF

352205, £, mU) =sup{{U el : 2 €U} :z2€ X} 2, U DEEE
(multiplicity) &5 10,

T 1.10. EBIZER N X RO 2723 2 &, X OFERTT (covering dimension)
En AT (dmX < n)THE2EVI: X ODEEOFRBEWEUIZHLT, V <U
omV) < n+1%hizd X ORRFEPEY BFEET D) £z, dimX < ndD
dmX €n—-1Thd & & X DFEEIRTIEN (dmX =n) THDE VW, LEDn e N
ZHLUTAdmX £nThd e E, X OHEITOTIEHER (dimX =oc0) THDEWVD.

PREEZEE X O EEHEU IR LT,
meshf = sup{diam U : U € U}

EBEL.MDEEBEUNP—FRERTHS L1, meshU WERTHD L &2 VD . HEIR
TN AT TH 2 & 1F, ERICGA-ERAKEL DD M v AIRFEMET, EE
ERn+ 1IUTOEDONREMLETEZENS I ETHo7z. ZOEHED TV 2 TH
W] IR R, FIEOERMEZ RV T —RRE R 2R U B ANINEIR T TH B 12,

&L Sl

TREF1.6 (1) D ps:[0,00) = [0,00) &, p(t) = max{dg (en, f(s)) : s € S} -t THANIE L.

8 —RREfEER 2 BEEE 2SR X (X 7210%, Z DM dx) BB REM (bounded geometry) % H D &, (LD
R>01ZH LT N(R) e NAFHEL, & € X i UT [B(x,R)| < N(R) THBEZ %S,

B G LOEHE d DEFRE (left-invariant) TH 5 &1, LD g, h,y € GIZX L T d(yg,vh) = d(g,h)
MBSO EE NS,

YUmU)eNTHDLE, FERD 2z € X IEE4mU) DU DAV N—IZUEENR.

Ut 2 &R BITIE, 3@, MAHZEEIC ERMEZES 5. PEMZE/m > 2 > 32 b 72 Hausdorff 22
MIXEMZERTHS.

L2FBIZ Gromov DA G- R T2 E L, ZORITBRZEH1.16 D (b) DERHATH 5.
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EFE 1.11 ([15]). HEEEZER X 2RO M 2723 & &, X OBHERIT (asymptotic
dimension) ¥ n AN (asdim X < n) THD & \WS: [X DIEREDO AR LHEEU IZ
HUT, U<VPDOmV) <n+ 1%l X O—RERGZHEBEY PFEET 5.1 £
7z, asdim X < nhDasdimX € n—1Th5 & &, X OEHEIRITIEn (asdim X = n)
THHDEVW, AEEDn € NIZX U TasdimX £ n TH 5 & E, X OLiRociLER
(asdim X = o0) THDH &V D.

SER 1.12 (cf. [2, Propositions 22 and 23]). BREfEZEM X DSEEREZE M Y ~ O A AT]
BB 51X, asdim X < asdimY. o T, X 2°Y Y HEMER 5 1F, asdim X = asdim Y.
o T, WERITGIERRIERMZIZB T EETDH 5.

B 1.13. BHEEZEE X DE SR 51, asdim X < 0%,

) 1.14. asdimR = 1. it > T, asdim Z = 1.

Bl 1.15 (cf. [2, p.1270]). YA 7% & 72720 HAE 2 LIRGTHAREIR Z K (tree) &\ 5.
KNiE, 1O EZ % 1 &9 51 0EE# (edge-length metric) 2523 5. ZD& &, L
BRORKOHHERICIEZIU T TH S, B n OHBEEF, @ Cayley 77 7 IZARKTH O, F,
3 Z L ERLDIEHER 2 S0 DT, ZOWHERIGIE1ITH S

PUR, Wk ot D BRI % | ot D E R & I LR SN d 5. 3EL <1 2],
3] 2 &S N,

IEDERIZHN U T, 2 X OIDEE KU 2 R-disjoint TH 5 & 13, RO R
25 U,U e UITRHUT, inf{dx(z,2") iz € U o' € U} > RPFKDIEDEEZEZH NS,
oGEmIZ B 1T B Ostrand DEEE (cf. [14, Theorem 3.2.4]) DFELLE U T, KDL D 2D,

EHE 1.16 (cf. [3, Theorem 2.1.2]). FEEEZEM X & n e NU{0OHIZX L T, IRIXFEMET
»H5.

(a) asdim X <n.
(b) fFED R > 01T LT, IRD (1)-(3) 2723 n+ LEHD X ODWAEAE U, ..., U,
PFET 5.
(1) UL Ui \E X 2B T 5.
(2) &U; 1 R-disjoint TH 5.
(3) BUF—HRERTH 5.

RIGEmIZ B 1) B countable sum theorem!' DFEMLE LT, IRAK D LD,

EH 1.17 ([1, Finite Union Theorem]). FEEEZEH X OIS EE A, BIZH LT,
asdim (A U B) < max{asdim A, asdim B}.

EHL 117 1281 A ELSOHZ FIZABERIZT A Z 2 iETERW0e, L, M
TOEMZEM-TEREBEIIS L T, €117 2 —fRILTE 5.

BY — (X} BB R X OBIWRETH S Z L h5hieS.

UR O ka7 BIE U 225 2, S =meshid & B <. FIZIE, BN S 2 2 £ 41
V={Bn-1)8,3(n+1)S):ncZ}i¥ EEE2ORDEWETU <V %%i/zT DT, asdimR < 1
%185, asdimR £ 0 1Z R OGN SHED .

P IERZEM X 2B T 2 EROEMA M DS {F;}ien 12N LT, dim(U;oy Fi) < sup{dim F; : i € N}
(cf. [14, Theorem 3.1.8]).

BEEDn € Z 12t UTasdim {n} = 0727, asdimZ = 1 TH 5.
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EF 1.18. pHEEZEH X O EETE {Xotaca DENLRTH—HRICR LT TH 5 & 13,
EREDOR> 0T LT, IREE729 S > 03 FHET 2L E2 0D {TEDa € AITHL
T, IRD (1)-(3) 723 n+ LEAD X, DEWHEESTRUS, ..., USDTFET 5.

(1) UL USE X, BT 5.

(2) & U 1F R-disjoint TH 5.

(3) EEDie{0,1,...,n} T LT, meshtd* < S.

EFE 1.19. FEEEZEH X O EEH] { X }ien P coarsely disjoint TH 5 & 1%, L=

DR >0 LT, BEHE{X; iz, D R-disjoint &7 5 & 5 7ig e NBFEET HL &%

W,

EIE 1.20 (cf. [1, Theorem 1]). FE#EZZH X DI AT { X, bien DY coarsely disjoint

THY, TOWEERTGHA—FRIZn AN TH DL $5. ZDLE, asdim (U, Xi) < n.
RItEmIZ B 1) % Cartesian product theorem!” & [ABRDEH A, WHLIRITTIZ DWW TH

D LD,

EI 1.21 ([8, Proposition 5], [3, Corollary 14], [5, Theorem 2.5]). 2 D D% T2\ FHA

ZE X, YIZHR U T, asdim (X x V) < asdim X + asdim Y'!8.

Bl 1.22. asdimR" = n'. it > T, asdimZ" = n.
RIGEmIZ B 1T 5 theorem on dimension-lowering mappings?® OFEMLIDEEL & LT, X
NS ARVASH
EI 1.23 ([5, Theorem 4.11]). BREfEZZH]ID ] D bornologous G f: X — Y IZX L
T, asdim X < asdimY + sup{asdim f~*(B) : B C Y, asdim B = 0}.
ABEREDILKITH U T, IR D 3D,

EIE 1.24 ([10, Theorem 2.3], cf. [5, Theorem 5.4). W& H# K, G, H DD RE5645
0—-K—=G—H-—=0»P52607-E &, asdim G < asdim H + asdim K.

2. HHER T D ER R T4
2.1. BRRITHEISEWERRRTE S, 215 OFEE%
P SCTHRET U7z Yu OME AL, IRCRERI LD 2L

1 ([35]). —HREEBCZZRBEREZE X 23%EE A (property A) %729 & 13, FED
e>0LR>0IZHUT, IRD (1), (2) 2557235 > 02 X x NOHRIBHEEDS 7
BIE{A, r € X}DPFIET DL EER VD,

(1) dx(z,y) < R 5IF|A LA, < e|A, N A2
(2) &%z e XIZHULT, 4, € B(z,S) x N.

172 DDZETHRWEFE#ZEM X, Y IZ/H U T, dim(X x V) <dim X +dimY (cf. [14, Theorem 3.4.9]).
B2720, X x Y iddxxy (z1,y1), (22,y2)) = dx (21, 22) + dy (y1,y2) CEXZDHHEZ L DL T 5.
BasdimR"” < n i3] 1.14 LEH1.21 5D, asdimR” £ n — 11 dim[0,1]" € n—-1THhd I L%
FHWTRES (cf. [22, Example 2.2.6]).
0 FERZEE X 5 PR Y A~ OB S f: X - YV IZH U T,
dim X < dimY + sup{dim f~'({y}) : y € Y} (cf. [14, Theorem 3.3.10]).
2P A OIEAIMER I D \WTIE B1]25FEL . 8T a v Ry MEEHH UL LT [6] h3d 5.
27720, ALAA, = (A \ 4y) U (4, )\ Ay).
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EIE 2.2 ([35, Theorem 2.2]). ME A % i 7= 9 —HREFHZZ BEAEZE[H 1%, Hilbert 22~
HOAATRTH 5.

AHITIE, Wt DABRKOTEL D5 <, HE A X 0iR <, MHEMHETARL L 2
DOHWEIZDWTHEZRS. 1 DHIX, It BT 5 ME C (property C)?3 D KR ]
FADX e E & U T Dranishnikov [7] IZ& > TEAINZ@HEMHEECTH 5.

F 2.3 ([7]). PEHEZEM X 25ERARMYEE C (asymptotic property C) Z {724 & &, {T:
HOIEDBDII Ry < Ry < -+ 1T U T, IRD (1)-(3) i 7= 3 HRMED X DIEAHES
E%L[o,ul, U PEETDHLEEZND.

1) U U B X OWBETH 5.
(2) & U; 1% R;-disjoint TH 5.
(3) BFUNF—FREHRTH 5.

EIE 2.4 ([7, Theorem 7.11]). xS C %7z U A SUEM % & DRRREZERIE, M

A7 g

FER 2.5, EHL1.16 £ 0, Wk koo A R EEMEZE M, BNEAMEE C 26729, ik

oT DR CHlna M C 2 Tt 72 3 BREEZE M o 4111, Radul [24] IZ& > THA SN,
2 D HIX ZHARDAAHBIRIMEDIFSEIZ 3 W T Guentner, Tessera and Yu [18] 12 & -

TEAINHBDREMNETH 5 2,

EFE 2.6. FHEEM X D200 HEABKE FER > 0CHLT, FHE % R-9
BT5ED F) ek, BEDOE c £ LT, E = J(FLUR) &i7=7 R-disjoint
Fl,fgc./rﬁ)ﬁ@j—é&%%b\ﬁ

T 2.7 (18). X 2l 35 Fo={X}&BE FL—Y—A BILLBRD
T—LEERD.

SHURI FL—Y—AR (F 4R R>0%85%25. 7L—Y—B ik (R,%2R
T) Fiy % R-PET 2 X OMPERIEF, 2 525,

R R R, R; R;
(X}=F 5 F D F 2 5 F—5 ...

TV—Y =B, H5 77V Nk T—RRERRF, 25252 NTELE BOK
Fedsb. Z5TRVWEE, JL—T—ADPR LT 5.

DT —=LIZBWT TV =Y —Bo¥uEEE2 DL & X IIBROBEMME (finite
decomposition complexity, FDC) Z &2 &\ 5.

230 28 b EREEZER X Y (Haver D) ME C [16] 20723 £ 13, (EEDIEDE DI ey > e > --- > 0
LT, IRD (1)-(3) Zifi7z S A RED X DM ESTE U, U, ... Uy DEIET DL EZ2 NS,

(1) Ul U 1E X OWETH 5.

(2) BUNTHWNIZETHS. Thbb, BRZU,U cU TRHLTUNU =2 Th 5.

(3) fEE®Die {0,1,...,k} T LT, meshif; <e; TH5.

0L ZEMDOAIER TR I NS 3 v 32 MEEEEZE M, FRoARRota > X o N EEREZERNIE, VEE C &
729 MEE C &7 9 a v 8o N EEEEZER YR AT AT #E C HiE, ANR TH 5 [16, Proposition 4]. Z
DI Ehs, HE CIEGEEHROILRICBE L CEEREETH 5.

24 Z0F, IRANGEIH & vz [18, Theorem 4.12]: FEAEEA A B/ AR AHEVE % £ D IEBKRTH I EAZ BRIK M 12
WUT, REHTZ9 ne NBIFHETSD: M EHAZHRANDFE FPE—FAERSIE, M xR® & N xR?
EEHTH 5.
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EH 2.8 ([19, Theorems 4.1 and 4.3]). WMkt A RREEREZR X, FDC %% D.
FDC %z & b A 5% 2 © D — ki stz M, E A 2729

FR 2.9. FDC W EHOMAMXP AIEEN, B LXOHEKE & 28FTHLTED, #Eo
T, VISEREIERE 2 1Z FDC %2 % D [19]. FENEREAFDC % & 20, BT, FIERENERE TRVt
JEREDHIT D % Grigorchuk BED FDC % H D&, KFFRTH 5 ([19, Question 5.1.3]).

PAEDZ o, B5EM%Z D D —bREEUZREEREZ TN U T, IRAE D 32D,

FDC
\
—

HEAIMEE C

HEIR A R TE A

EE29& 0, BB ZOAEEN @O, ZIFFDCE2HD. T T, M@, 2B
5 (EE1ID) L, IRTHEZ 6N 5.

oo

d((w:), () = D ilvi —wil,  (w:), (i) € P2
i=1 i=1

FERDOn e NIZHUTZ" 3 @2, ZA~HEOIAAFBERD T, {EE 112 2411.22 & D

asdim (P;, Z) =0 TH 5. @,°, ZHWnEIME C 27z X 7213 1id, FDC &l iy

MECIFRZIMETHE I EWRINS. 2D L5, Dranishnikov and Zarichnyi

[11] (&, RO Z R L 7=

B8 2.10 ([11, Question 4.3]). P, Z \FHlik MEE Cliti 7z 9 %>
IR 2.10 123 U C, BEMRIRE 21572,
EIE 2.11 ([33]). BEP2, Z 1FWHEMIMEE C &2 727
FEH 21112 K D, W RoC AR CTHE RS C &7z 3 /B ORI RS Nz

T L5 (of. TEE2.5). —H, FE2100EEMNTH 572D T, IITKRMRDO £ £ T
b5,

IRE 2.12. FDC % $ HL M E C % 72 X 20l SERE (F 72 (XBRREZE) 13FET
% 26,

ER 2.13. BEHZOWHRERIGIE1TH Y, BB n OEHHHETF, O#RERtH 1 TH S
(B11.15). LA L, B2 O #5740 5 i EEH S, Fo M MREHIEE C % 729
X, Do TWRW2 F 72 BnEMEE CIZEEOILK TR U 2 000> T\, K
\Z, ZD wreathBZ 1 Z = (D, Z) X Z DY HHERIVEE C 21 723 53 70 o TWRW,

FEE29&D, X Fo L Z1ZIEFDCEBD. L, TS WT N AWHEHNIEE C
7z XN 2RI NNUE, FDC 2 & BERLMEE C 272 S W] BREDIFE
WRINZ LD, —H B3P, , 2 ekt LTEL DT, Z DMHLIX
TR TH L. & U, Z1ZHWHEMEE C 25729 2 & AR S uE, B ikoch3 i
PR CHE RIS C 2 72 S A RE RO FIEDV R I N T LTk 5.

BHREE L AR G4, BRI LR E & 2ECHU 2 RBEED 7 7 AD R TR/Ns b DIZET D HE.

26 [TWHEMEE CAFDC) MEE AAFDC) MEE AA BREMEE Cl 4o Twihne Bbhb.

EM 211 DFFATIE, ZITB 2R EIDOXMEEZTSLTERAL I LIZLD, ROBESKRDF
ZHEL TWE. ZOHEDF ICHEHBESEHTE 2.
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2.2. Higson 207 DRt & #RRTTM

FREEZE R O KR E R % K Id™ 5 3 > /82 b 72 Hausdorff 2E[f] & U T, Higson I B F A%
F<LHISNTWS (cf. [26, Section 5.1]).

F 2.14. FEEHEHZEM 22X FOARGEGEK [ X -5 RVIROFMFZ2HT-T &
&, f# Higson B \WS: FEDe >0 R>01IRULT, X OFRES B WEE
U, dx(z1,79) < RZE72SERD 21,090 € X \ BIZRUT|f(21) — fxa)| < &

A PREEZE I X ICR LT, RO 2729 X D3R T MEAX DMFEIET 5 2 F
BEOARZEGEEEf X 5> RIZHLUT,

FIEhX LGB ANILRS NS «— fIE Higson B TH 5.

ZDhX % X O Higson AV /NI MW\, ZOHER (FR) vX =h X\ XZ XD
Higson JO07F &\ 5.

2 DDPEEEZEM X & Y AYHFEMETH NI, vX & vY IXFEMTH 5 (cf. [26, Corollary
5.12)). FREEZEFOFEHERIT Y, % O Higson I 1 F OHEIRITIZIE, IRDBERDH 5 30,

EI 2.15 (]9, Theorem 1.1]). [EAFHEEZZME X 123 U T, dimrX < asdim X.

I 2.16 ([7, Theorem 6.2]). [EAHF#EZEM X OWHLIRTTHERTH 5 & &, asdim X
EdimvXIEZ—27 5.

Dranishnikov [7] 1%, IROfEZ £ L 7z,

B8 2.17 ([7, Problem 1]). fEE O E A2 X (208 U T, asdim X = dim v X (35§
DArDA. H L LI, asdim X = co D dimvX < oo % i 7= 3 [E A EREf2E ) X 13/71E
ERSYA

ZOMBIERMBITH B, FIZIX, X HPMEE A, LS C, FDCEOME % 7z
T X2, asdim X = dimvX DR DL DODE S o TW7an 3t

AR, dimvX < asdim X 23729 X DERMFE%2F 2 5. X ZMnERoe 3 ERR © — AR
B EAERER T 5. £/, X FEHEROGRn (e N) OIS HEBZEHY 250 &
T5. ZDLE Y OAXIZET2MA clxY 1, Y @ Higson 2> /87 METH 3 |9,
Theorem 1.4]. &> T, & 2.16 & D IRAEL D 3ZD.

n = asdimY = dimvY = dim(cl,xY \ V) < dim v X*.
Wo>T, IRxef35.

EE 2.18. asdim X = co D2 dimvX =n < oo & 723 [FEAERREZE M X 1, #HERoe
WERTn &Y KREWEIROERREZEM 2 £ 72720 33,

Z®DZ L5, Dranishnikov D 2.17 X D 5WRTEE LT, MAIEZ 61 5.

BEROERALEI T VR0 N ThH 2 HHHEZEH % EEERER &\ 5. FREMEZ £ 5 — Rt
e X E AR T H 5.

2 hX OREEUZ DWW T, Fl A1 [21, Section 1] % 2. HEBUE Higson BBRIAD 9 C* BRIZH L
T, Gelfand-Naimark @ﬁﬁﬁ’i’)ﬂb\f HLEHE S N5 [26, Section 5.1].

30 Higson 3 1 F DA IR T ORI & LT, [4, Corollary 6], [13, Corollary 7.2] 38 5.

SUBS 2 5212 [12] 23 5.

32 IEHIZEM X OEE OS2 F 126 LT, dim F < dim X (cf. [14, Theorem 3.1. 3])

LR OUEREZEM X 13, —FREEECT X L HFEETH 2 & 5 IR 2 /> Z L IR T 5 (H
L.5).
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I8 2.19. XD (1), (2) 2 7= 9 EA M X & n e NIZFEET 50
(1) asdim X = oo.
(2) X DIEEOEAFHHEZEM Y 12X U T, asdimY < oo 2 51 asdim Y < n.

FER 2.20. fEEDOn e NIZH U TZ" 280t LTEL @2, Z, Z1 Z, Thompson #f
F %, FE2.19 DEIOFERIZ 7 57\, TR D n € NIZH U T Z" 1% Grigorchuk #E~H
M IAAFHE7R D T [29], Grigorchuk 6 EAHIZ 75 & 72\,

EE 221 VI VDORBEOY A INVOEISE, TDJ 7 7 DAA (girth) £ \W5 . LK
Die NIZHLUT, WEi+2D3ERZ T 7 X, BMEETZ[28]. ZhonrI 73 %
coarsely disjoint IZWMNRZZHEES (o X 2 X & T2 &, X IIME A 272 S 722\ [32].
P> T, X DERERTCIXIERTH S, 2D X HEHEIRTT 2 D 22 %2 £ D2 %
Ao TWRWEEbig .

ER 2.22. Walsh [30] 1, XD (1), (2) Ziifi7=3 2 > 32 NEEREZEHE % FERL L 7=
(1) dim X = oo.
(2) X DIEEDOEBAEMY IZH LT, dimY < co 25 dimY < 0.

Z DM % i 7= 922 ML, BAZAERI T 22 /] (hereditarily infinite-dimensional space)
EIEENS.
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A B ORFE S OfIEE L ZDInH
TEIEHERER  (f = R H)*

1. &
AR TIEER, ZRIRIETRT O Bn e 5. M, N ZZNEN m,n L%
AL T2 B f- M - NIZHLTpe MWD f DEERTHSLIE

rank df, < min{m,n}

EAZTEEEWVD. 2m < n THIUITED f: M — N IZIEDAATELMTE 5.
DED IFEACRRRESZRZLRVWEHRTHS. L 2m >n DL EF—RIZITZD
EORERE LB ENTET, TF b —ICE4E2BATRENZ K> TWEAIL,
FPR 2O BDEREU D, ARETIEEICRESOREMEL ZDIRHIZ DWW T DK
T DFER & BEFEEIZ DO W TR S . FRAIIEIICE R S N AR DT, PAREIX
BRFEDOEETHRAS. C®(m,n) = {f: (R™0) = (R",0)} 5 5.

1. _DODBHE fg: (R"0) — (R,0) »"EERE (X721 ARMEE-IZRL-
E{&) TH 5 L 1WA FAMAESEE o . (R™,0) — (R™,0), 7: (R",0) — (R",0) HZLE
LTg=Ttofoo MEHIUDELEZ WS, ZORMEMEKRE ~4 &h <.

Z DRMERGRIZE RIS & QIO FAHGEHRTI DD E D LW BikAD TREH
RFAERGRTH 5. Z OFRMEBIRIZH U TIRO ZDDOEARWLFELREZEZ 55,
o (DHEME) C®(m,n) ND TEW] HAEAES IZTHLT S IZETSE4TE ~

THEE L. EAHORELT, [OhrOPTV] £ D2 ZOFREHKL VS,

o (FRMRIE) BB FIZHLT ge C®(m,n) D f 12 AFRETH 570D W%
BI DR EROK. TDX I BMBETRNFMEDSI BT DPOPTWV] D% f D
HIEEE WD,

INSIFTERIIHIRINT WS, § & LTI, ZE, RIGCHME, HHl AIRMEE 1 %

NEZH5NTWS ([33, 34, 45] %), RilTES ﬁ%®$$hﬁofé@%%ﬁ%&%

WZLUTHEZONTWS ([35, 36, 45) %), 7z, ~RITGZ5NZ2D0 K Rl 5 H

I fg W foag ERBBETDEMENGZ 50TV ([39)).
INETOMETIFHEIELIFREEDIXNFE AL 72, mip D f: (R, p) —

(R", f(p) DRERTHHLE, f OHEEEZDEEREL p DHEEL VWD,

2. FITEA
LI TREERONT WD RREFDHEERZ BN S,

Bl h 4 & Al B 6 BRI 42 (C)26400087 DI 2217 TH 0 £ 7.
*e-mail: sajiBmath.kobe-u.ac.jp
IS OHREIX (11, 14, 18, 19, 41] F% 2.
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2.1. EZ VB
G f (R, p) — (R™, f(p)) &

k—1
(T1,. . Ty) <x1, cey T, lexfn + xﬁfl) (k <m)

i=1
DFEFIZBIIBEHIFIZ AFMETHILEZ, p 2 E-ETVRESE VD ([35])2 20
R RUIHEANTH O, ¥ oy MEENOEEANORMWIME (18, 41]) PNIERIH D & 15
725D ([14, 43]) FORBL IV H 5. ZZTIHEZSNELIEDOY v b DIFHD
ATHEEZ TS Z ORRLAOREMN T CHEE) 2B R5. £TIXHEED O DR
F—R—%RRD. GZONEGHE f IO U TEBESR (u,...,u,) 2D, Yar
TR ZE N =det(fu,, -, fu,) EBL. FERA p BPIBRIETHD LT dA\p) A0 D&
EE2WS. IR EA p I LT, p Dir< T S(f) ERKIT 1 DEREHRIKLTH 5.
E7z, rankdf, =m — 1 DS, —F rankdf, =m —1 DEE, (EED q € S(f) £ T
ker dfy = (ng) p PRV ILD (R™,p) DRY MV n DMFEIET 5. DR PV EIR
ERT MLIGE WS (126]).

I 2 ([55]). BA&EE f - (R™,p) — (R™, f(p)) LT, p 2 k-E T VR (K < m)
THEHI2DDBEFDEMEFIRD —DODRKONVDIETHS.
o Ap) =---=n"A(p) =0, " A(p) # 0,
e rankd,(\,n\, ..., 0" I\) = k.

€7 VRRSICET 2 MMOBZRI (7, 10, 47, 48, 53, 60, 61] % S

m<3 &9 5. mIRTCEFIREDER f: M — N IXLERSIZTEEOR RS pe M
F BT VRS (k<3) Thd. m>4 FLoRREYHSbNE. 22 CTEMA
DA UES KR EDHEEE O & DI\,

B4 f (R p) = (R, f(p) &

+ . 2 2
12’2 : (I‘l, T2, 1’3,.1'4) — (.731 + X273, 25 + I1$4,I3,I4),

- . 2 2
[272 : (.131, T2, I3, ZL’4> — (Il — X5 + X1T3 + ToXy, T 1T + T 1Ty — ToX3, T3, .T4)

DFEMIZB T 2ERFIC ARMETHL L S, p 2 ThTh Iy, KRR WS 4 0i%
FRARFEDEMR f: M — N IXLERSIMTEDORES pe M 1T k-E T UFRES (K <4)
n Ii; RESTHD. GHIESf (R p) — (R, f(p)) % rankdf, =2 £ §5. ZD&
&, M ER L BMFIEL T Lo f = (91,92, 93, 94) EF W2, d(g1)p, = 0,d(g2), =0 &
TES. £/, rankdf, =2 &9, (R',p) DT bV & n THoT, (&, 1) g = ker df,,
LRBEDNREND. ARBEALT 5 ([52]).

p WIS, R (I, R R) TH D BB+ D&M
o detHessi, A(p) <0 (det Hess(ey,) A(p) > 0),
o d(g1)d(€g2), d(ngr), d(ngs) 1& p T—UHAL

21T VERFIIIFVE, 72— REHE WS 225 VERNIZAR T, KAy hZ—DEL £\ 5.
3ETURRAIERT7O—F AL (DFYA) EH WS
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MEDILDIETHBD. TIT, Hessep A ERT MV & IZBIT 5 A O~y £1751

(&& w)

néA A

THY, E&nMkerdf ZIERS>TWVWADTINIEIRIRTH S, Z ORFE UL 4 RTTERIR
MIDLZEEHRIZH SONEHE_DRIER 2 DRFRETH B2, HFHINTED, WA
WARMEBEDRFAR SN T WS ([7, 8, 44, 52] F % 2 1H).

D F S DYIETEIL [49, 53, 64] &2 2R,

2.2, K@\

M % m IRTCERRIR, (N,g) & m+1Re) =~V ZhRkkE 5. BAR f - M — N 2
BHEMNEGRTHL LI, EED pe M ITNUT p DFIERE U & L= (f,v) DEDE
B L:U—-TINFELT FEEDONZ MLV X e T,M IZH LT

gldf(X),v) =0

B IEBVTHRDIOEE2 0D, £/, L NEDARTHLEIICENDEEE, [ %

EEE NS . Wiz & ZIXIRORFRSE £ D, B f: (R™,p) — (R™, f(p)) H*
k—1 k-1

<x1, ooy T, (k4 2)2R 4 Z(z + Dagz! (B + Dk 4 Z mzx:;d) (k <m)
i=1 i=1

DFEFIBITEEHFIZ ARMETHEEE p % A -HERE WD 3. ZHS IXERT
FDOBEZDOIOH, AT LMD TH Y, FRRICEANZRELTH S ([1, 19, 22]
RS, ZORESOHUTEEEBRR S, WHEKIEAR 25U TR (u,. .., u,) %
E0, N=det(fu,. -, fu,,v) ERSHZEBEEERHE VS, FERIRRL, BN
2 MVEGBHET VEBRD L E LFRFKIZERTE S ([20]).

EHE 3 ([26, 55)). W f: (R™,p) — (R™, f(p)) (2 LT, p DY Apy - KA (K < m)
THDI-DDRBEADEMZIRDZDNEDNLDI L TH S,

o Ap)=---=7""Ap) =0, 7" A(p) # 0,

e rankd,(\,n\, ..., 0" \) = k.

DR L OHIEEIL [9, 22, 23, 50, 51] 25, P OR R BLET 20581
(17, 21, 25, 32, 37, 38, 40, 56, 58, 59, 63] 5% .

3. I5F

LR CHIEEDIEH 28RS, LR TR & S ICHEEIRBEEDY v + DIEHD AT
B A R 1 CVW 2 O CHRIR 2 WSS DL DA E T I F v /T
B TRLE, BRAOEEEZTIES AR I LHNTES.

SA-FFESUI N AT, A REMFATE—T AL EE NS,
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3.1. FERD A-1Y bE—

HERE r 12X LT, BUREE f € C°(m,n) D’ r-MEETH B &1F, EED 57 £(0) = j79(0)
EARZT gD f e ARMETHELEZ WD, r-HEETH > T A-[FMER = DDEHEF
Fog WMAAY NEY D (miy E9<) TH B L3RR o : [ — Diff’ (m) C J"(m,m)
& 1:1— Diff"(n) C J'(n,n) DMFIEL T, 0(0), 7(0) IEEGHD r-Y =y N TH Y,

7"(9)(0) = 5"(7(1) o f 0 0(1))(0)

DOV DEEE WD, 72720, 1 =1[0,1] Td b, Diff"(m) (¥ 0 FHEEEEE (R™,0) —
(R™,0) Dr-Yzv hOEATHO, 2—2 ) v REMEE-HL ThHEZ TNV 5.
DED, friag &E5F0) & j7g(0) &A A-BED R UslRER D ICET 2 & &
BEVITHE. T oI, WEZROWMAFEMEGED r- v b OES D™ (m) A3l
RS TH B DT, [ EEOWMAFMEL 0"+ (R™,0) — (R™,0) ¥ 7+ (R",0) —
(R",0) BFELTj7g(0) = j"(rF o foo)(0) KDDL L BB+ HTHS.
HIEEEIGH L TIDb 5. G4&FE feC®m,n) ik n-ET VRBSE T2 X,
o n=4i+1,iA0DEE, [~y
Fgli—i_l = (.Tl, C. ,$4i,€<t4i+2 + t.l?l + -+ t4i_1.1742'_1 + t4i$4i)>, e ==l1.
E 5T, P obia FI
° n::lo)t%,szAFel = et?. é%&:,Fj_l 7LiAFE1'
e n=4+2DEE, [~
FAT2 = (xl, o Ty, T, (ET a4 t4i+1$4i+1)>, ==L
EHIT, P2 olia FI2.
I = (533'17 e T, Tty o T g t4i+2374i+2)7 e ==+l.
50T, B by P2
e n=4D&E f~
Féil,@) = (51$1, cooy Laid2, Laid 3,
E9 (t4i+1 + €1tl’1 + tzl’z + - F t4i+2l’4i+2 —+ t4i+3x4i+3)>, g1 = :tl, €9 = +1.
36&:,(51,52)7&(51,52) f&b iF4Z€)741A 5162
I-E7 VRRAIZBEUTIE 2,3 T, A @Lfﬁi@d‘% FE—BIRPFEHRSNT WS, D
ISR DWTI [52, 64] 22,
3.2. 71 A 7iE 0 DR
Eﬁ%ﬁd) A-[FE B DI MGG % FA\W 2 O T, KR O Mo Mg HR I LD
AR, RSO &2 B E U C, RS Dk < TR M IMEE 258 5 2 &
NB% frbhTWwa ([6, 12, 16, 42]). Z ZTIHHEED —D2DInHE LT, #ATU

WA DBTIRRR DI 2 M3 5. HEEZHWT, P ATHOE VY alEEL S
HIRERDRES.
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R 4. [30) Wi f: (R%,0) —» (R?,0) LT p 3 ATLET D, 20L& EH
BOWMA FMHEG e GIRO 21— ) v REFHFRAIZ XD fIX

1 b b b b
<Ua %uz %ug + 57]27 %'UQ + %ug + %uvz + %/Ug) + h’(u7 U)

a0, a0, bao, bso, b1z, bos € R, (bog # 0, by > 0)

DIz B, 72721 h(u,v) & 4 RELEDIETH 5.
HATADFELIZBWT @8 & FREIC

(EM — FL)du® + (EN — GL) dudv + (FN — GM) dv* = 0, (1)
L du® + 2M dudv + N dv* = 0, (2)
(L(GL— EN) —2M(FL — EM)) du®
+2(M(GL + EN) — 2FLN) dudv
+(2M(GM — FN) — N(GL — EN)) dv* = 0, (3)

(27U, (uv) BEETHY, E = (fuf), F = (fuf), G = (fuf), L =
(fuir V), M = (fur, ), N = (foo,v) TH3.) I2&D, EhSZTNENEELR, B
AR, FFMERIRRIC K DR ER I ND. 2T, a; du® + 2b; dudv + c;dv? (i = 1,2) DE
& B 1EREAE U & EAAHFEEL (R?0) — (R 0) & {v # 0} T 027250 T
WEPBEDES L EE2 V.

‘\/“I;I}\ )y (f%;&@%ﬁﬁﬁwf%\(kﬁ 1) iﬁﬁﬁﬂi%éﬂl a0, 430, bzo, bgo, b12, bog D A
TEED, RO L5275 ([31]).

HEERHR 2 du? — dv? DED DKL FE L (K 174).

WHERR boo # 0 782513 udu? +dv? DED BERREF U (B145). bag = 0, bsg—asebiz #
0, A0, 463, + b2bsy 20 DL E H2D NN EEHL.

REME AR bog # 0 72 51 udu® +dv? ERIU (145). by = 0, bsg — agbiz # 0, A # 0,
4b3, 4+ b2gbsg 0 D& E K2DENREFRU.

X 1: BiBkZ D1

ER 5. by FHAATILOEMETH D, byg — agebi 1FZDWHTH B, Ffl 463, +
b2sbso # 0 VI A A TIWOFAFMEMN AT H =T A TR SRV E VI FMETH S ([62)).

71 A TN D FGEAIZ B 1T B EEERIZ D WTIX[5, 13, 15] 52 S|
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2: BRRZ D2

3. EEEREZDFER
TR DONIREARMTH 2 EERERE ZDIGHZIERS.
6.

EFE 6. m ITHAMZRE M EO@EREERE T,
(1) E & M LB m oFm~N2 bIVR,
(2) (, )& F EOFIRET, D IZZOFtRIZEET 2 B,
(3) ¢ :TM — E I%
Dxp(Y) - Dyep(X) =[X,Y] (XY € X(M))
% B S AR A
DL (E,(, ),D,p) DZ &%\ ([54, 57)).
RO ZDDHNFEARNTH 5.

Bl 7. (1) M %2 m IRGTERIR, (N, g) & m IRoe) —< VERKE L, f: M — N %[
RICHI DGR S5, Ef = TNy & TN O f(M) ~OHIBRE L, (, ) % g »* By
CHETHEHEE L, g DV E-FEREOHIRE D &5, o, =df :TM — Ey &
T2, (Ep(, ), D, o) lZdEEER 25, ZhE2RARCHOEE f MoFES N
EEERE VS,

(2) M % m IRTLERRIK, (N,g) 2 m+1 RV =~ V&KL, f: M - N %
KHNEGRE S5, Ef =v(p)™ CTN|pm & v(p) DERMAERE U,

pr(X) = df(X)

$5. D% gDLE-FERERD (M) DEEINOHIE, (,) % g »oiAEX
NrzEtEE T8, (B, (, ),D,pp) FEBHERELS. INZKENGH f HOHEE
SNTEREERE VD,
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HpeMM o DRER (0-FHER) THhd L, p,: T,M = E, B kergp, # {0} T
HhHEZTEWND.

EHZDPS, BAMICEPL(CERBREEK) 2258 o 1ZM EO m xm {75 fE%Z
CHBEEARTIENTE, N 2 ZDTAOTHRET B L, o-FrEMAIEN=0 &7
LRe—T 5. £, o FIRNOREEEZ Z DT ORBETERT 5. REEHD 1
D o-FEERS p IZEALT p OBHBEMHE U PFELT, U LOXRT MV o DMFEL T
qeUNS(p) ETHIZ

ker¢(q) = (n(@))r
DO D, o-FERSWIEBRIETH S L1, d\ A0 DXL EERT . HEEE22%E
12, Ap-o- RS ZIRD XD IZEET 5.

EE 8. HMEEKR(E,(,),D o) ODRER p 2 Ao BRERTH L L 1X

e Ap) =---=n"""Ap) =0, " A(p) # 0,
e rankd,(\,n\, ..., 0" \) =k
A RVAC R - AR B

HREED S B 7 TR E NIRRT QG4 (KE) f 758 S iz EBERER ¢
CHUT, p 2S Ap-p- RS THD Z EDORBEFDEME p DY f DE-T T VRFEK
(A - RN THD. m=22T5. Z0r &, JERIE - RHERLADE L TREND
BEFEAHIRE R0, WA WA LSRN ALZENER I NS, p 2B o-F
FEE L, p DL TO o REDEED T A—R—Fm%k () £T 5.

(Dyn, 0(7'))

()2
ZREMERCIER. 22T, n & ule(y),n) >0 A= E ORMYIMTHD, p ik
pEMIZHUTE, DIEBERPE e1,e0 1T UT pyler, en) =1 &7 25 B FRAARELIY

rs(t) = —sgn(nA)

Mt ={pe M|\> 0}, M- ={peM|\<0}

YD pk Aro RS LTE. ZDLE EHBNPS mA£L0 THDEIDT, nld S(p)
R LT mEEMT 5. n A MY ZEELURTEE, p ik + O Ao FREE XU, %
ITHRWVWEE, — D ARG LR, ZDOEERMDA TR - RV 2RO EHEAIAL D
WA

EIE 9 ([54, 57]). S(p) 1& Ay, Az-p-REFDAZEDETEH. DL ZE,
WB) = 5o [ KdA=x(r")-x(r)+8 =57,
21 Jus

1 1
—/ KdA:x(M)——/ K dT.
21 Jm T JS(e)

ZIZT, 8T, ST IEENENIE, 8D As-p-FRSOHEHSDU, K X D 12T 54
2 AR dA, dA ZFBEEE (u,0) 2 & o7 & FIZENENAA = NduAdv, dA = |\ dundv
TEEHEDLT 3.
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% 10 ([28, 27, 54]). M ZAF 2{IRTCEMRK, N 2 G 3IRuEkike L, f: M — N
EREEC U TCHATLE AT O =T A NDAERFOEDE TS, 20L&, IRHBEKD
D, (L, ST BENETNE, AD AT 0 —F 1 )LDOE)

1 ~
— [ KdA = x(M*)—x(M~)+ S+ -5,

2 S

1 1

—/ KdA = X(M)——/ K dT.
27 I ™ ()

% 11 ([46]). M,N ZHM2MTEhkikE U, f: M — N 2REHAE UTHOEHEAS
ATDHREHLDEDLTEH. ZOLE KMV LD. (CF IXIE, BDAH AT D)

deg(f)x(N) = x(M*) = x(M~) + C* = C~.

%12 ([29]). M A 2MTERIAE L, f M — R* 28RS UCTHOEHE AR
TDOAEEDLDETS. S(f)=CLU---UC, ZHEMEAKROIELFE TS, 2o
&, IRDKD LD,

X(M)

7272U, R(C)) € Z/2 % f(C;) DREIEEHTH 5.

BT RALERRN T MDD 5. BALERAN Y MV EEEERZFET 5D TE
NEZBRBIZAND & ZODOEBHERNERI NS, W Z BAIERR 7 ML EIADT
WIIZEME L@ d B ons. 2o OEBEERIZ LT, €8 9 2HEHAT 5 &,
ARt AHDFEXREFEOND 57 TNH5DHFITBHMSNTWZEDEH LD, HrLWVA
REHD. FIZIZIRDBRES .

% 13 ([4, p287)). M ZAMMEMEHE L, f: M — R 2130AAR LT 5. [ OHENTE
MR MV v M — S? ORI OHE WA TDODATH DL TS, ZOLE,

2y({K <0})=C*-C~
DR ONLD. 72720, {K <0} C M iZHA Y AENADEH»EZH DL, CF,C~ 1E%
NENIE, BDOv DAATDMEEH 50T

% 14 ([57)). f: 5% - R® & MIEDAS (BAIERAR 2 ML v AR E Rz a0
HIABR) LU, fi=f+tv (t€ER) % f OFATHE L T5. f, OREENHATLE A
TH—F A LDIRNS KBTS,

2x({K; < 0}) = S — 57

DEONED. 72720, {K, <0}y Cc M 1% f, DH Y AMERPEOH S Z2HS5bL, SE 1%
IE, BoA7a—T1 LD EH S HT.

R® WO & %7 O HBAERAR 7 S VIZxnd 28E&0%, I >3 7 A% —22RIN O
BRI O ENCE T 2L Y v > RIVAGHE & LT [20] 12 & - TR X 0, Bz b
WirbhTWwad., ZORMO LTz, f: M — LC* c R} #22fdhm e 35 &,
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MOFHHTA f - M — LC*, fr, - M — H3*(=1), fo: M — S3(1) MEond. Zhs Dk
BEDPIAAT L AT 0 =T A INDOATHIUX, € 9 2 f &2 TOISHImmIZx L
TS 5.
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