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Abstract

We once presented a few ways to solve a Berkeley problem without paying attention to
initial values, which we try taking into account in this sequel.

1 What if initial value (IV) was given in this problem?: rather
meticulous version
In [1], IV of a system of linear differential equations was neglected, since it was unspecified in

Problem 3.4.9 (Sp91) . Moreover, we considered only one eigenvalue and its corresponding

eigenvector . Putting aside such an economy of thoughts, we wish to be rather meticulous through-

out this preprint. Specifically, we will consider three eigenvalues and their corresponding eigen-
vectors| and try taking I'V’s into account EI .

At the outset, we reproduce the system we considered in [1] for reference:
p x1(7) I 6 1)(x@
O (=1-4 4 111x0]. (1)
x3(1) -3 -9 8 )| x3(0)

We then compute the characteristic polynomial of this 3 X 3 matrix, or A, to get

2
B +132-1701+173 , (2)

which is denoted A(1). And we will sometimes refer to @, 8, and v, i.e., the roots of the equation

—AW) =B —1322+1704-173=0F]. (3)

* |Protein Science Society of Japan

ISee, e.g., [2].

2Cf. (4) in [1].

3Since a, B, y are the roots of (3), we have @ — 130 + 1700 — 173 =8> =138+ 1708— 173 = y> = 13y* + 170y - 173
=0. So we also have — (& — 130% + 1700 — 173) = — (B> = 1382 + 1708 - 173) = — (> = 13y* + 170y - 173) = 0.
Thus, @, B, y satisfy not only the equation —A(12) = 0, but also A(2) = 0. See 2.1 for their detailed computations.
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https://en.wikipedia.org/wiki/Matrix_exponential#Linear_differential_equations
http://archive.fo/V0WbR
https://brilliant.org/wiki/eigenvalues-and-eigenvectors/
http://archive.fo/chxRG
http://archive.is/chxRG
http://archive.is/chxRG
https://en.wikipedia.org/wiki/Characteristic_polynomial
https://en.wikipedia.org/wiki/Equation
http://archive.fo/Ac1u8
http://archive.fo/kR1iJ

1.1 Getting general solution (GS)

We notice the equation A(1) = 0 has the real root |~ 1.1 EI and factor its left-hand side (LHS) as
— (A= a)(A% + pA+q). We expand it and equate the resulting polynomial with (2):

—A=) P+ pl+qg)=— (B +pA2+gl—al’ —apl—aq)
=P +@-plP+ap-gAl+aqg=-1+1322-1701+173.
We note we have @ — p = 13, that is, p = @ +(—13). Both @ and — 13 are real numbers , so is p E]
Likewise, both 173 and (—'l ~ ﬁ =0.9... are real numbers|, sois 173 X é, or qﬁ ’. Hence, we

are able to let 8 and y be the roots of the quadratic equation 1> + pA+¢ = 0, with p,q € R, the
set of real numbers . Because A(1) is a monotonously decreasing function, which consequently

crosses the X-axis just once Iﬂ , weregard B, v | € C, the set of complex numbers , as the roots of

the lquadratic equation x*> + px+¢ =0 EI And it follows from the quadratic formula (QF) that
—p+\p*—4 —p—\p*-4
2+plig=(- p+ 217 91— =2 21? 9
= (A=p)A=y), with p>—4q <0, B =y (or = 7).
After all, A(Q) is factored into — (1 —a)(1—B)(1—7),where a € |R,B8,y € C,andS=7y (or =

¥), which reminds us that «, 3, v correspond to three eigenvalues of A . What about their corre-
sponding eigenvectors ? First, we set vy, an eigenvector corresponding to the eigenvalue «, to be

(@+62, 11a—15, a* - 5a+28)T, where ‘T’ stands for the transpose of a matrix m . Then, we let

eigenvectors corresponding to the eigenvalues| S and y be v, and v3, respectivelym ’ E . Replac-

4See Figs. 1 and 2 in [1].

5This is because R is closed under addition| . Cf. [3].

6

This is because R is closed under multiplication . Cf. [3].

7Alternatively, we can show that g is a real number as follows: Both « and p are real numbers| , so is @p. (See
footnote 6.) Both ap and 170 are real numbers , so is ap + 170. (See footnote 5.) Because ap+ 170 =¢, gis a
real number .

8See Figs. 1 and 2 in [1] again.

9We restrict our attention to R| or (C . That is, we put aside [H, the set of quaternions , (O, the set of octonions ,
and so forth.

lOSee the arguments made in 2.3 of [1], where setting B = 1 for simplicity, one gets vi = (1 X (¢ +62),1 x(11a—15),

Ix(@*=5a+28)T = (@+62, 11la—15, &> —5a¢+28)T. And |Avy = av1 holds, of course. See also footnote 13.
vz = v3 (or v3 = v3). See Remark. in [2].
More explicitly, because 3,y | € | C|, we can write 8 (resp . y) = +ni (resp|. {—ni), where {,n | € R, ,and i

11

is the imaginary unit| . By the way, why do we demand ¢ and 7 should be greater than 0? Regarding ¢, we recall
that the trace of a matrix is the sum of the (complex) eigenvalues| . In our case, {trace of A, or tr(A) , equals a+ 3+

: —13 = _ ; P _13-a[|13-1 _ 12 _
+y. Thatis, 1 +4+8=13=a+B+y=a+{+ni+{-ni=a+2{.Sowehave { = 5% ~ === 5F=6>0,«
approximating 1 for simplicity. Hence, we are justified in setting £ > 0. What about 7, then? It was set to be > 0
just for convenience. Actually, 77 can be < 0, if we wish. But in this case, given that we replace such 7 by some-

thing negative, e. g., —k, where k | € |R.q , we get 8= — ki and y = + «i. Then, we interchange 8 with y to
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https://en.wikipedia.org/wiki/Quadratic_equation
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ing a’s in vi by B’s (resp .y’s ) yields va (resp.v3) = (B+62, 118—15, B2 -58+28)T (resp .
(y+62, 11y =15, 9% =5y +28)"H[3].

Now the GS is x(¢) = C1e?’ vi + C2eP' vy + C3eY"v3 , where Cy, C,, C3 are arbitrary constants
(AC’s) E . Writing out, we obtain

x1(1) a+62 L+62 v+62
x2(f) | = Cpe?! 1la—15 |+ CyeP! 118—15 | + C3e”? 11y—15
x3(1) a®—Sa+28 B> —5B8+28 Y =5y +28

Ci(a+62)e” + Cr(B+62)eP! + C3(y + 62)e?!
Ci(11a—15)e® + Co(118—15)eP + C3(11y — 15)e" |. 4)
C1(a? = 5a+28)e® + C(8> — 58+ 28)eP! + C3(y?> — 5y +28)e?!

But we would like to check if (4) satisfies (1). Replacing x;(¢), i = 1, 2, 3, in the LHS of (1) by (4),
one gets

Ci(a+62)e® + Co(B+62)eP! + C3(y +62)e??
= Ci(1la—15)e® + Cr(118—15)eP’ + C3(11y — 15)e" (5)
C1(a? = Sa +28)e™ + Co(B> — 58+ 28)eP! + C3(y* — Sy +28)e?!
Cra(a+62)e?" + CoB(B+62)eP! + Cyy(y +62)e?"
- Cia(1la—15)e® + Cr8(118—15)eP" + C3y(11y — 15)e?!
Cra(a® = 5a+28)e® + CLB(B* — 5B +28)eP! + C3y(y* — 5y +28)e"!

Cra(a+62)e?! C2B(B+62)eP! C3y(y +62)e”!
- Cia(1la—15)e | 4+ CrB(118-15)eP! | &+ C3y(11y —15)e?!
Cra(a? —S5a +28)e®! C2 (8% — 58+ 28)eP! C3y(y? =5y +28)e?!

obtain 8 = ¢ +«i and y = { — ki. These are essentially the same as 8 = ¢ +ni and y = { —ni, respectively, since «,
1€ R.q , and 5 can be identified with x. See 2.2 for the relationship between determinant of A, or det(A) and
the product a8y.

13This idea has been obtained by simply calculating A vy — @ vy, which is meant to be 0|, in a componentwise and
explicit manner. We mean that in the following computations
o {Ix(@+62)+6x(11a—15)+1x(a*—5a+28)} —a(a+62)
= a+62+66a—90+a>—5a+28—a(a+62) = a®+62a—a(a+62) = a(a+62) —ala+62) =0
o {(—4x(@+62)+4x(1la—15)+11x(a?-5a+28)}—a(lla—15)
= —da—248 +44a-60+ 11a* - 55+ 308 —a(11a—15) = 11a? - 15a—a(11a - 15)
=a(lla-15-a(lla-15)=0
o {(-3x(@+62)-9x(11la—15)+8x (* —5a +28)} —a(a? - 5a +28)
—3a—186—-99a + 135 + 82 — 40 + 224 — & + 502 - 28a = —a> + 1322 - 170a + 173
—(@®-13a2+170a—173) = 0,
we note the first two hold for any letters such as a, 3, v, x, and so forth, since they just cancel out. We also note
the last one is slightly restricted. That is, it holds for o and other letters which satisfy (3), or 8 and y. This leads
us to replace @ and v; by B ( resp . y) and v, ( resp. v3), and we thus get Avy — vy = Av3—yv3 = |0 , which
means v, ( resp. v3) has become an leigenvector of A whose eigenvaluel is 8 ( resp. ) as desired.
4cf. [4).
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a(a+62) B(B+62) y(y +62)
=Cje®! a(lla—15) |+ CreP'|  BIB—15) |+ Cze?! y(lly—lS)J. (6)
a(a? —Sa +28) B(B*>—5B+28) y(y? =5y +28)

On the other hand, substituting it into the right-hand side (RHS) of (1), we obtain

1 6 1 Ci(a+62)e™ + Cr(B+62)eP! + C3(y + 62)e?!
-4 411 Ci(1la—15)e® + Co(118—-15)eB! + C3(11y — 15)e?" (7)
-3 -9 8| C1(a?-5a+28)e? + Cr(B> - 58 +28)eP! + C3(y* — 5y +28)e?!

1 X {C1(a+62)e + Co(B+62)eP! + C3(y +62)e?!
+6x{Ci(11a—15)e® + Cr(118—15)eP' + C3(11y —15)e?!
+1x{C1(a® =S5 +28)e® + Co(B> — 58+ 28)eP! + C3(y* — 5y +28)e?!

}

}

}

—4x{C1(a+62)e™ + Cr(B+62)eP! + C3(y + 62)e?)

= +4x{Ci(11a—15)e® + Co(118—15)eP! + C3(11y — 15)e?"}
+11x{C1(a® = 5a +28)e™ + Co(B> — 58+28)eB! + C3(y?> — 5y +28)e"'}
—3x{Ci(a+62)e” + C2(B+62)eB! + C3(y +62)e?}
—9x{Ci(11a—15)e® + Co(118 - 15)eP + C3(11y — 15)e”?}

+8 X {C1(a? —5a +28)e™ + Cr(B*> — 58 +28)eB! + C3(y> — 5y +28)e?}

= Ci(11a? — 15a)e® + C(118% — 158)eP! + C3(11y* — 15y)e?!

C1(a? +62a)e?" + Co(B% + 62B)eP! + C3(y* + 62y)e?!
C1(8a% — 142a + 173)e®" + Co(88% — 1428+ 173)eP" + C3(8y> — 142y + 173)e?!

Ci(a? +62a)e™! C>(B* + 62B)eP! C3(y? +62y)e?!
= Ci(11a? - 15a)e®! |+ C>(118% - 15B)eP! | + C3(11y* —15y)e?!
C1(8a% — 142+ 173)e® | | C2(88% — 1428+ 173)eP") | C3(8y? — 142y + 173)e”!
@’ + 62 B>+ 628 y2+62y
=Ce! 11a? - 15a | + Cy eB? 1182 =158 | + C3e?! 11y2-15y|. (8
8a? — 1422+ 173 882 — 1428+ 173 8y? — 142y +173
Therefore,
ala +62) BB +62) y(y +62)
(6)—(8) =Cj e’ a(lla—15) [+ Creft | B(11B—15) [+ C3e?! y(11y —15)
a(a? - S5a +28) B(B*—58+28) y(y* =5y +28)
@ +62a B> +628
—<{Cre®! 11a? = 15a |+ CreP! 1182 -158
8a% — 1420+ 173 88> — 1428+ 173



http://archive.fo/qDsjJ

+Cze?! 11y% - 15y

8y? — 142y +173

y2 + 627J

= Cie?! a(lla—=15)—=(11a? - 15a)

a(a® - Sa+28)—(8a? — 142a + 173)

a(a+62)—(? +62a) }

+CoeP! B(113—-15)— (1182 -158)

BB +62)—(B*+62p)
B(B>—5B+28)— (88> — 1428 + 173)]

+Cze?! y(11y —15) = (11y* — 15y)
y(y? =5y +28)— (8y> — 142y + 173)

y(y +62)— (v +62y) ]

0 0
=Cie” 0[+CreP? 0
@ - 1302 +170a - 173 B> —1382+1708-173
0
+Cze”! 0
Y3 —13y* +170y - 173
0
0
=| C1(a®-13a%+170a - 173)e®! )
+CHr(8° - 138% + 1708 - 173)eP!
+C3(y° = 13y? + 170y — 173)e?!

0
~Hllo|.
0

Hence, we have (6) = (8), which means that we also have (5) = (7). So (4) satisfies (1). In what
follows, we verify our computations using (OpenAxiom and wxMaxima with Zsh| unless other-
wise noted [9 - [7]- [18] .

SThis is because o — 130 + 1700 — 173 = 82 = 138> + 1708 - 173 = > = 13y* + 170y — 173 = 0. See footnote 3.

16
Throughout this preprint, we perform our computations on quad-core Intel processors of an |ArcoLinux 19.02.4
machine.

17See footnote 4 in [1] for how we verify our computations.

18 As in footnote 5 of [1], verbatim outputs of software are not always kept intact. For instance, the output
on pll isn’t always the same as its ‘raw’ output by wxMaximal , which is not shown for simplicity. Usually,
such ‘raw’ outputs are edited so as to resemble the preceding OpenAxiom/ outputs.


http://www.open-axiom.org/
https://wxmaxima-developers.github.io/wxmaxima/
https://www.zsh.org/
https://arcolinux.com/
http://archive.fo/3xHb2
http://archive.fo/Wzox

% zsh --version
zsh 5.7.1 (x86_64-pc-linux-gnu)

% open-axiom
OpenAxiom: The Open Scientific Computation Platform
Version: OpenAxiom 1.5.0-2013-06-21
Built on Sunday December 15, 2013 at 18:59:05

(1) -> Jread bp349_part2_1_1_1.input

exp(1)
--This is confirmation.

(1 %e
Type: Expression Integer

exp(1.0)
--Ditto.

(2) 2.7182818284 590452354

Type: Float

Bl:=matrix[[D(C1*(alpha+62)*exp(alpha*t)+C2*(beta+62)*exp(beta*t)
+C3*(gamma+62) “exp(gamma*t) ,t)],
[D(C1*(11*alpha-15)*exp(alpha*t)+C2*(11*beta-15)*exp(beta*t)
+C3*(11*gamma-15) *exp(gamma*t),t)],
[D(C1*(alpha*2-5*alpha+28)*exp(alpha*t)
+C2*(betar2-5*beta+28) *exp(beta*t)
+C3*(gamma*2-5*gamma+28) *exp (gamma*t) ,t)]]
--This computes (5).

3
[ [
2 gamma t
(C3 gamma + 62C3 gamma)%e
+
2 beta t
(C2 beta + 62C2 beta)%e
+
2 alpha t
(C1 alpha + 62C1 alpha)%e
]



2 gamma t
(11C3 gamma - 15C3 gamma)%e
+
2 beta t
(11C2 beta - 15C2 beta)%e
+
2 alpha t
(11C1 alpha - 15C1 alpha)%e
1
[
3 2 gamma t
(C3 gamma - 5C3 gamma + 28C3 gamma)%e
+
3 2 beta t
(C2 beta - 5C2 beta + 28C2 beta)%e
+
3 2 alpha t
(C1 alpha - 5C1 alpha + 28Cl alpha)%e
1
]

Type: Matrix Expression Integer

Al:=matrix[[1,6,1],[-4,4,11],[-3,-9,81]
--This denotes matrix A.

+ 1 6 1 +
| |
4 |-4 4 11|

| |
+-3 -9 8 +

Type: Matrix Integer

El:=matrix[[C1*(alpha+62)*exp(alpha*t)+C2*(beta+62)*exp(beta*t)
+C3*(gamma+62) *exp (gamma*t) ],
[C1*(11*alpha-15)*exp(alpha*t)+C2*(11*beta-15)*exp(beta*t)
+C3*(11*gamma-15) *exp(gamma*t)],

[C1*(alpha*2-5*alpha+28) *exp(alpha*t)
+C2*(beta*2-5*beta+28) *exp(beta*t)
+C3*(gamma*2-5*%gamma+28) *exp (gamma*t) ] ]

--This denotes (4).



(5

gamma t
(C3 gamma + 62C3)%e

beta t
(C2 beta + 62C2)%e
+
alpha t
(C1 alpha + 62C1)%e
]

gamma t
(11C3 gamma - 15C3)%e

beta t
(11C2 beta - 15C2)%e

alpha t
(11C1 alpha - 15Cl)%e

2 gamma t
(C3 gamma - 5C3 gamma + 28C3)%e

2 beta t
(C2 beta - 5C2 beta + 28C2)%e

2 alpha t
(C1 alpha - 5C1 alpha + 28Cl)%e

Type: Matrix Expression Integer



B1-A1*El
--This computes (5)-(7) to give (6)-(8).

Type: Matrix Expression Integer

(6)
L[0],
(0],
[
3 2 gamma t
(C3 gamma - 13C3 gamma + 170C3 gamma - 173C3)%e
+
3 2 beta t
(C2 beta - 13C2 beta + 170C2 beta - 173C2)%e
+
3 2 alpha t
(C1 alpha - 13C1 alpha + 170C1 alpha - 173Cl1)%e
1
]

Type: Matrix Expression Integer.
Rewriting this last output, we have

0

0 0

©)-@) =) -D=| C,@*-13e%+170a—173)e®’ =@[0]~
+Cr (8% 1382 +1708—173)eP!

+C3(y> = 13y> + 170y = 173) e’

Again, we have (6) = (8) and (5) = (7). So (4) has been shown to satisfy (1) twice.
Next,

% wxmaxima -v
wxMaxima 19.04.1

% wxmaxima

198ee footnote 3 and (9).



3 Pl
0y )
W

(B2)

%eA(1);

/-This is confirmation.:/

bfloat(%en(1));

/-Ditto.-/

E2:matrix([C1-(alpha+62)-%eMalpha-t)+(C2-(beta+62)-%er(beta-t)
+C3-(gamma+62)-%er(gamma-t)],
[C1-(11-alpha—15)-%eAr{alpha-t)+C2-(11-beta—15)-%e’(beta-t)
+C3+(11-gamma—15)-%eA{gamma-t)],
[C1-(alphatr2-5-alpha+28)-%en(alpha-t)+C2-(betar2=5-beta+28)
-YoeA(beta-t)+C3-(gammanr2=-5-gamma+28)-%er{gamma-t)]);

/-This denotes (4).-/

B2:diff(E2,t);

/-This computes (5).-/

A2:matrix([1,6,11,[-4,4,111,[-3,79,8]);

/-This denotes matrix A.-/

ratsimp(expand(B2-A2.E2));

/-This computes (5)=(7) to give (6)—(8).-/

Uhe
2.718281828459045b0

|
r c3(y+62)%e' Y +c2 (B+62)%eP '+C1 (a+62) %"’

c3(11y-15)%e’ Y+c2 (11 B-15) %eP f+c1 (11 a-15) %e” !

& (y2-5y+28)%e!¥+c2 (B2 -5 B+28) weP [+C7 (a2-5a+28) %e” !
|

|
r CEN\HEEJ%e”ﬂ:zBrB+52}%eBr+c1uru+52}%e“
= Ly » Bt _ at
C3y (11 y-15)%e ' +C2B (11 B-15)%e” "+C1a (11 a-15) %e

t
!

LBv (y2-5y+28)%e'Y+c2B (B%-5B+28) %ef '+C1a (a®-5a+28) %e"

r1 6 1
-4 4 1N
L—E -9 3

10



0
0

(€373 = 13C37% +170C3y - 173C3)%e”"
+(C28° - 13C2> + 170C2B — 173C2)%ecP"
+(Cla® - 13C1a? +170C1a = 173C1) %e" |

Likewise, rewriting yields
0
0 2 0
0)-@)=0)-(N=]| Ci@®-13a*+170a - 173)e |= [ 0 ]
+Co(B — 1382+ 1708 - 173)eP! 0
+C3(y3 = 13y2 + 170y - 173)e"
Again and again, we have (6) = (8) and (5) = (7). So (4) has been shown to satisfy (1) repeatedly.
This leads us to hold that we have got a complex-valued solution of (1), or (4) [5].
We now wish to proceed to think a bit more generally. We assume that

fi) +igi (1) aiy aip a3 fiO+igi(0)
7 | LO+ig®) [=ax axn axn|| LO+ig2®) |,
) +igz(0) az; azx asz) | f3(0)+igs3(0)

where f,(1) and g,(1),n =1, 2, 3, are real functions, and a;; € R, for 1 <i, j <3. Then, comput-
ing the LHS and RHS of the above yields

o +igio}) (O +ig{(®) f® g/(®

L) +igo®V | = | (O +ig, @) | = | L@ [ +i ]850

(/@) +iga(}) [ +igy @) 5@ g5(1)
and

a{ i) +ig1(0)} +axn{fa(t) +ig2(D} +ax{f3() +ig3(1)}
azi{fi®) +ig1(®O} +azn{ () +ig2(t)) +azz{f3(1) +igs(1)}

ar{ i) +igi(O}+anifo() +iga(D} +ai{ f3(1) +ig3(1)} ]

= | a1 f1(®) +ia2181(0) + ax f2(1) +iaxgr(t) + azs f3(1) + iaz3g3(2)
a3 f1(H) +iaz181(t) + az fo(t) +iazga(t) +azz f3(1) +iazzgs(r)

ar fi() +anfo(t) +azf3(2) [iangl(f) +ianga(t) + ial3g3(t)J
_I_

an fi(D) +iay1g1(t) +an fo(t) +iang(t) +ayz f3(0) + ia13g3(t)]

= | a1 f1(t) + axn fo(t) + a3 f3(1) iax181(1) +iaxgr(t) +iaxgs(1)
az1 f1(t) + a3 f2(1) + a3 f3(2) a3 g1(t) +iazpga(t) +iazzgs()

ay f1(0) + a2 f2(0) + a3 f3(0) a1181(t) +a282(t) + arzgs(?)
= |a i) +anfo(t)+axf3(t) | +i|az2ig1(t) +axnga(t) +ax3gs()
az1 f1(1) + a3 f2(1) + az3 f3(2) az181(2) +azpga(t) +azzgs(t)

20Djtto.
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azp azy azs

{an aix a3
az| azy ass

fi(®
@)
@)

X

respectively P1 . So we have

air a2 a3
=421 a4z azs
asp azz asz

1 @® ai
H@® | =|an
5@ 431
8{(0) an
g, ()| =|ax
g5 (1) 431

(@ g
L@ +i|g®
5@ 830

[fl(t)

a2
a2
asp

a2
ann
ass

@
f(@)

-

Equating real part s (R’s) and imaginary part s (J’s), we end up with

ars
ans
ass

ais
a3
ass

arl
azl
asig

ain
asl
asi

fi®
@)
f(@)

g1()

&) |.

g3(1)

a2
az
asp

a2
an
asp

a3
a3
ass

a3
ans3
ass

g1(1)
&2(1)
g3(1)

g1(0)
&2(1)
g3(1)

b

J.

(10)

(11)

We notice both (10) and (11) are composed solely of reals , which leads us to focus on real-valued

solutions @ . Now that we have obtained somewhat general stuff, we wish to turn to the deductive
rather than the inductive. First, we try to extract R’s from (4), the GS of (1), which has been
inspired by and is deduced from (10). Prior to doing so, we make some concrete preliminaries for

later use, though @

Preparation 1.1.1. { +ni being the roots of (3) @ , we have

21 17

2 Cf. Lemma 1. in [5].
23We are going to get relations (12)— (15), which play some role in our later verification. See, e.g., footnotes 53 and

54.

24See footnotes 3 and 12.
25Here we have performed the so-called expansion .

26Ditto.

stands for differentiation wrt| .

(C+ni)3 =13 +ni)>+170(, +ni)— 173

12

_ Bl O+30i=3p? =P i—1302=26¢ni+ 130 +170¢ +170ni— 173 =0,
(& =ni)* =13(L =ni)* +170(L —ni) =173
- & O =30 i=3¢? +n3i— 1302 +26(ni+ 13> + 170 —170ni— 173 = 0.


https://oeis.org/wiki/Real_part
http://oeis.org/wiki/Imaginary_part
https://en.wikipedia.org/wiki/Real_number#Vocabulary_and_notation
https://en.wikipedia.org/wiki/Prime_%28symbol%29#Use_in_mathematics.2C_statistics.2C_and_science
http://archive.fo/sBR2e
https://en.wikipedia.org/wiki/Polynomial_expansion

Equating R’s and J’s of these relations, we get the following:

R{( +ni)> =13 +1i)?> + 170( +ni) - 173}

e R +3320i -3¢ —ndi— 1372 =26¢ni+ 130 + 1707 + 170ni — 173)
=R(0),

I +ni) = 13(C +ni)* + 170( +ni) — 173}

= B I3 +3ni =3 —nPi— 1302 = 26401+ 1372 + 1707 + 170ni — 173)

= 3(0),
R —ni)® = 13(¢ —ni)* + 170( — i) — 173}

= i R =332ni =3¢ +n3i— 1382 +26¢ni + 1307 + 170 — 170ni — 173)

= R(0),
3 - ni)® = 13(¢ - ni)* + 170(¢ —ni) — 173}

- I3 -33ni =3P +n3i— 1372 +264ni +13n% + 170 — 1700 — 173)
= J(0).

After some computations and rearrangements, one gets

=132 +170¢ -3¢ +137* - 173 = 0,
(3% =26¢ -1 +170) =0,
—n(3¢% =260 - +170) = 0.

(13) being essentially the same as (14), we reduce them to one equation
302-260-*+170=0

and check (12) and (15)P1-F4- ).

2TDitto.
28Ditto.
2Ditto.
30Ditto.

(12)
(13)
(14)

15)

31 Since n # 0, we can divide both sides| of (13) and (14) by 1 and —n, respectively. See, e.g., 2.1. And doing so

yields (15). But what if we assume 7 to be 07 See 2.3.1 and 2.3.2.

3In what follows, we let (15) be representative of (13), (14), and (15), which are essentially the same, unless other-

wise noted. See, e.g., footnote 37.

33 Solving the system of polynomial equations| including (12) and (15) will be of some interest and discussed else-

where.
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% open-axiom
(1) -> Jread bp349_part2_1_1_2.input

%12
--This is confirmation.

(n -1
Type: Complex Integer
real ((zeta+eta*%i)A3-13*(zeta+teta*%i)*2+170* (zeta+eta*%i)-173)

3 2 2 2
(2) zeta - 13zeta + (- 3eta + 170)zeta + 13eta - 173

Type: Expression Integer
imag((zeta+eta*%i)A3-13*(zeta+eta*%i)*22+170* (zeta+eta*%i)-173)

2 3
(3) 3eta zeta - 26eta zeta - eta + 170eta

Type: Expression Integer
real ((zeta-eta*%i)*3-13*(zeta-eta*%i)A2+170*(zeta-eta*%i)-173)

3 2 2 2
(4) zeta - 13zeta + (- 3eta + 170)zeta + 13eta - 173

Type: Expression Integer
imag((zeta-eta*%i)*3-13*(zeta-eta*%i)*2+170% (zeta-eta*%i)-173)

2 3
(5) - 3eta zeta + 26eta zeta + eta - 170eta

Type: Expression Integer.

We have checked preliminaries. Furthermore,
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% wxmaxima
Yoi™2;
{This is confirmation.-/
expand(realpart({zeta+eta-%i)"~ 3—13-(zeta+eta-%i) "2
+170-(zeta+eta-%i)—173));
factor(imagpart((zeta+eta-%i)"3—-13-(zeta+eta-%i) ™2
+170-(zeta+eta-%i)—173)):
expand(realpart{(zeta—eta -%i)" 3—-13-(zeta—eta-%i) ™ 2
+170-(zeta—eta-%i)—173));
factor(imagpart{{zeta—eta-%i)" 3—13-(zeta—eta -%i) "2
+170-(zeta—eta-%i)—173));
—1
¢?-13¢%-3n%c+170C+13n%2-173
n(3¢°-267¢—-n’+170)

¢ 13732 C+170T+13n?—173
—n(3¢%>-26C—n%+170) .

We have checked preliminaries repeatedly.

1.2 Extracting R’s from GS
Having checked preliminaries repeatedly, we replace 8 and y in (4) by { +ni and { —ni, respective-
lylfl , and extract R’s from x,(1),n=1, 2,3 |3-_5| :
Rix1(0}

= R{Ci(a+62)e® + Cr(B+62)eP + C3(y + 62)e?}

= R{Ci(a+62)e® + Co({ +ni+62)e €T + C3( —ni +62)e ¢ 101}

= R{Ci(a@ +62)e® + Cref (¢ + i+ 62)e! + C3e5 (¢ — ni+ 62)e i)

= R{C1(a +62)e® + C2ef (L + 62 +1i)e!'! + C3e5 (¢ + 62 —ni)e M)

= R{C1(a +62)e® + Cre (¢ + 62 + ni)(cosnt + isinnt) + Cz3et (¢ + 62 —ni)(cosnt —isinnt))

3See footnote 12.
3In the following, Euler’s formula (EF) will be frequently used. See e.g., footnote 93.
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= R[Ci(a+62)e® + Cre®'{({ +62)(cosnt +isinnt) + ni(cosnt +isinnt)}
+C3e5 (£ +62)(cosnt —isinnt) —ni(cosnt —isinnt)}]

= R[Ci(a+62)e® + Cre’'{({ +62)cosnt —nsinnt +nicosnt + (£ + 62)isinnt)
+C3e5'{(¢ +62)cosnt —ysingt —nicosnt — (£ + 62)isinnt}]

= Ci(a+62)e™ + Cref (£ +62) cosnt —nsinnt) + C3e{({ +62) cosnt —nsinnt)

= Ci(a+62)e™ +(Cy + C3)et (¢ + 62) cosnt —psinnt).

Rix (1)}

= R(C1(11a—15)e? + Co(118-15)eP + C3(11y — 15)e”"}

= R[Ci(11a —15)e® + Co{11({ +ni) — 15}eE+1D! 4+ C3{11(¢ — ni) — 15)e—101]

= R{C1(11a—=15)e¥ + Cre5"(11{ + 115i — 15)e7 + C3€5'(11¢ — 115i — 15)e ™"}

= R{C1(11a—15)e¥ + C2e5' (11 = 15+ 115i)e 1 + C3e4 (114 — 15 = 11ni)e '}

= R{C1(11a = 15)e?" + C2e' (11 = 15+ 11ni)(cosnt + isinnt)
+C3e51(11¢ — 15— 11ni)(cosnt — isinnt)}

= R[C1(11a —15)e?" + Coef{(11£ — 15)(cosnt + isinnt) + 1 1ni(cosnt + isinnt)}
+C3e51{(11Z = 15)(cosnt —isinnt) — 11ni(cosnt — isinnt)}]

= R[C1(11a—15)e® + Cre5'{(117 — 15) cosnt — 11ysinnt + 11nicosnt + (11 — 15)isinnt)
+C3e5"{(11¢ = 15)cosnt — 11ysinnt — 11nicosnt — (11£ — 15)isinnt}]

= Ci(11a—15)e® + Cref{(11¢ — 15) cosnt — 11ysinnt) + C3¢{(11¢ — 15) cosnt — 11nsinnt)

= Ci(11a - 15)e® +(Cy + C3)ef{(11 — 15) cospt — 11ysinnt).

Rixs(0)}

= R{C1(a® = 5a +28)e™ + Cr(B> — 58+ 28)eP! + C3(y* — Sy +28)e?}

= R[C1(a® = 5a+28)e?" + Co{({ +ni)> = 5(C + i) + 28}l é1D1
+C3{({ —ni)* = 5(L —ni) +28}¢101]

= R[C(a? - 5a +28)e™ + Cret (¢ +1i)> = 5(C +ni) + 28}
+C36 (L —ni)* = 5( — i) +28}e711]

= R{C1(a® = 5a+28)e?" + Cret'({? +2{ni—n? = 5 = Sni +28)e!
+C3e (2 = 2ni— 17 = 5+ 5ni +28)e )

= R[C1(a? = 5a+28)e?" + Caet (% — 50 —1? + 28 +1(2L - 5)i}e’!
+C3e51 =50 -1 + 28 + (5 = 20)i}e ]

= R[C1(a? =5 a+28)e + Cre’!{¢? = 5¢ — 1> + 28 + (2L — 5)i}(cosnt + isinnt)
+C3¢5 P =50 =17 + 28 + (5 = 20)i)(cosnt — isinn1)]
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= R[Ci(a® - 5a +28)e™!
+Cref ({2 =50 — 17 +28) cospt —n(2L = 5)sinnt
+1(2L = S)icosnt+ (% —5¢ — > +28)isinnt)
+C3e5{(? =50 — % +28) cospt +1(5 = 2¢) sinnt
—n(2¢ = 5)icosnt— (% —5¢ —n* +28)isinnt}]
= C1(a? = S +28)e® + Cret!{({* = 5¢ — 17 + 28) cost — (2L — 5)sinnt)
+C35 (P =50 —n* +28) cos it — (2L — 5)sinnt)
= C1(a? —5a+28)e® +(Cy + C3)ef{(¢? —5¢ —n? +28) cosnt — (2L — 5)sinnt).

Hence, we have extracted the following real-valued functions from (4):
F1(t) = Ci(a+62)e* +(Cy + C3)et (¢ + 62) cosnt —ysinnt},

Fr(t) = Ci(11a = 15)e® +(Cy + C3)et {(11Z — 15) cosnt — 11y sinnt},
F3(t) = C1(a® = 5a +28)e® + (Cy + C3)ef{({2 = 5¢ = +28) cosnt — (2L — 5)sinnt).  (16)

We check if (16) satisfies (1). Replacing x; (), i =1, 2, 3, in the LHS of (1) by F;(¢),i=1, 2, 3,
respectively, one gets

Fi(n) (F/®
= | Fa(t) | = | F}(0)
F3(1) Fi(n)

[C1(a+62)e?" +(Cy + C3)e {(£ +62)cosnt —nsinnt}]’
= [Ci(11a—15)e®" +(Cy + C3)et {(11¢ — 15) cosnt — 11ysinnt}]’ (17)
[Ci(a? —5a+28)e® +(Cy + C3)eé (&% —5¢ —n* +28) cosnt —n(2¢ — 5)sinnt}]’

Cra(a+62)e® +(Cy+ C3)ef{({? + 627 — %) cosnt —2n(¢ +31) sinnt)
| Cia(11la=15)e®" +(Cy + C3)et (1142 = 15¢ — 11n?) cosnt — (224 — 15) sinn1) (18)
Cra(a? —5a +28)e?" |

+(Ca + C3)e (P =582 +28¢ = 3n°¢ + 517) cos it — (3¢ — 10 — 7% +28) sin gt}

On the other hand, applying a similar procedure to its RHS, we get

1 6 1)\(F0
—4 4 11| P (19)
-3 -9 8| F0

Ci(a+62)e® + (C + C3)ef {(¢ +62) cosnt — psinnt)
Ci(11a—15)e? + (Ca + C3)ef{(11£ — 15) cospt — 1 1ysinnt)

-3 -9 8 Ci(a? —5a +28)e"!
+(Cor + C3)ef (&% = 5¢ —n? +28) cosnt — (2L — 5) sinnt)

31f we let C + C3 equal 0, (F1 (1), F2(f), F3(t)) becomes (Cy(a +62)e?’, Ci(11a = 15)e®!, C1(a® —S5a +28)e"),
which is reminiscent of 2.3 in [1]. But what if { = 5 = 0? See 2.3.1.
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1 X[C1(a+62)e? +(Cy + C3)et'{(¢ +62) cosnt —nsinnt}]

+6 X [C1(11ar—15)e? +(Car + C3)et{(11£ — 15) cosnt — 1 1nsinnt}]
+1X[C1(a® = 5a +28)e?!

+(Cy+ C3)ef (> =50 — % +28) cosnt —(2¢ — 5)sinnt)]

—4X[C(a+62)e?" +(Cy + C3)e {(£ + 62) cosnt —nsinnt}]
+4X [C1(11a—15)e +(Cy + C3)et{(11¢ — 15) cosnt — 11ysinnt)]
- +11 X [C1(a? = 5a +28)e®!
+(Co+ C3)e (&% = 5¢ —1? +28) cosnt — (2L — 5) sinnt}]

—3X[Ci(a+62)e? +(Cy + C3)et{(¢ + 62) cosnt —nsinnt)]
—9x[Ci(11a —15)e™ +(Ca + C3)et (11 — 15) cosnt — 1 1n7sinnt}]
+8x[C1(a? —5a +28)e®

+(Co + C3)e (&% = 5¢ —1? +28) cosnt —n(2¢ — 5)sinnt}]

C1(a? +62a)e™
+(Cor+ C3)ef (&% +62¢ —n?) cosnt — 2n(¢ +31) sinnt)

Ci(11a? - 15a)e®!

- +(Cr+ C3)ef (112 = 15¢ = 11%) cosnt — (22 — 15)sinnt) | (20)
C1(8a% — 142a + 173)e®!
+(Ca+ C3)efM(87% — 1427 — 81 + 173) cos it — 2n(8¢ — 71) sinnt}
Therefore,
0
0 e 0
(18)—(20) = Ci(a® - 13a” + 170 — 173)e! |= [OJ- (21)
+(Cy + C3)e (3 =132 + 1707 = 302¢ + 1357 = 173) cos it 0

—n(3¢% =267 —n* +170)sinnt)

Hence, we have (18) = (20), which means that we also have (17) = (19). So (16) satisfies (1), which
we check as follows:

% open-axiom
(1) -> )Jread bp349_part2_1_2_1.input

Gl:=matrix[[D(C1*(alpha+62)*exp(alpha*t)+(C2+C3)*exp(zeta*t)
*((zeta+62)*cos(eta*t)-eta*sin(eta*t)),t)],
[D(C1*(11*alpha-15)*exp(alpha*t)+(C2+C3)*exp(zeta*t)
*((1l1*zeta-15)*cos(eta*t)-11*eta*sin(eta*t)),t)],
[D(C1*(alpha*2-5*alpha+28)*exp(alpha*t)
+(C2+C3) *exp(zeta*t) *((zetar2-5*zeta-etar2+28) *cos(eta*t)
-eta*(2*zeta-5)*sin(eta*t)),t)]]
--This computes (17) to yield (18).

37See footnote 3, (12), and (15).
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(1

[
[
t zeta
((- 2C3 - 2C2)eta zeta + (- 62C3 - 62C2)eta)%e sin(eta t)
+
2 2
((C3 + C2)zeta + (62C3 + 62C2)zeta + (- C3 - C2)eta )cos(eta t)
%
t zeta
%e
+
2 alpha t
(C1 alpha + 62C1 alpha)%e
]
[
t zeta
((- 22C3 - 22C2)eta zeta + (15C3 + 15C2)eta)%e sin(eta t)
+
2 2
((11C3 + 11C2)zeta + (- 15C3 - 15C2)zeta + (- 11C3 - 11C2)eta )
t zeta
cos(eta t)%e
+
2 alpha t
(11C1 alpha - 15C1 alpha)%e
]
[
2 3
(- 3C3 - 3C2)eta zeta + (10C3 + 10C2)eta zeta + (C3 + C2)eta

+
(- 28C3 - 28C2)eta

t zeta
%e sin(eta t)
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3 2
(C3 + C2)zeta + (- 5C3 - 5C2)zeta

2 2
((- 3C3 - 3C2)eta + 28C3 + 28C2)zeta + (5C3 + 5C2)eta

t zeta
cos(eta t)%e

3 2 alpha t
(C1 alpha - 5C1 alpha + 28Cl alpha)%e
]

Type: Matrix Expression Integer

Al:=matrix[[1,6,1],[-4,4,11],[-3,-9,8]]
--This corresponds to matrix A.

+ 1 6 1 +
I I
@) |-4 4 11|
I I
+-3 -9 8+

Type: Matrix Integer

Hl:=matrix[[C1*(alpha+62)*exp(alpha*t)+(C2+C3)*exp(zeta*t)
*((zeta+62)*cos(eta*t)-eta*sin(eta*t))],
[C1*(11*alpha-15)*exp(alpha*t)+(C2+C3)*exp(zeta*t)
*((11*zeta-15)*cos(eta*t)-11*eta*sin(eta*t))],
[C1*(alpha*2-5*alpha+28) *exp(alpha*t)+(C2+C3)*exp(zeta*t)
*((zetar2-5*zeta-etar2+28)*cos(eta*t)

-eta*(2*zeta-5)*sin(eta*t))]]
--This corresponds to (16).

(3)
[
[

t zeta
(- C3 - C2)eta %e sin(eta t)
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t zeta
((C3 + C2)zeta + 62C3 + 62C2)cos(eta t)%e

alpha t
(C1 alpha + 62C1)%e

t zeta
(- 11C3 - 11C2)eta %e sin(eta t)

t zeta
((11C3 + 11C2)zeta - 15C3 - 15C2)cos(eta t)%e

alpha t
(11C1 alpha - 15Cl)%e

t zeta
((- 2C3 - 2C2)eta zeta + (5C3 + 5C2)eta)%e sin(eta t)

2
((C3 + C2)zeta + (- 5C3 - 5C2)zeta

2
(- C3 - C2)eta + 28C3 + 28C2)

t zeta
cos(eta t)%e

2 alpha t
(C1 alpha - 5C1 alpha + 28Cl)%e
1

Type: Matrix Expression Integer
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Gl-A1*H1
--This computes (17)-(19) to give (18)-(20).

(4)
[[0], [6],
[
2
(- 3C3 - 3C2)eta zeta + (26C3 + 26C2)eta zeta + (C3 + C2)eta
+
(- 170C3 - 170C2)eta
t zeta
%e sin(eta t)
+
3 2
(C3 + C2)zeta + (- 13C3 - 13C2)zeta
+
2 2
((- 3C3 - 3C2)eta + 170C3 + 170C2)zeta + (13C3 + 13C2)eta
+
- 173C3 - 173C2
t zeta
cos(eta t)%e
+
3 2 alpha t
(C1 alpha - 13C1 alpha + 170C1 alpha - 173Cl)%e
1
]
Type: Matrix Expression Integer.
Rewriting this last output, we have
0
0 0
(18) — (20) = (17) - (19) = Ci(@®—13a%+ 170 —173)e?! | = i [ 0 ] .
+(Ca+ C3)(3 =132+ 170¢ = 3% + 1357 = 173)e 4 cos(n1) 0
—1(Cy + C3)(3¢% = 26¢ —n? + 170)e4 'sin(n 1)

38See footnote 3, (12), (15), and (21).

22



Again, we have (18) = (20) and (17) = (19). So (16) has been shown to satisfy (1) twice. Next,

% wxmaxima

H2:matrix([C1-(alpha+62)-%eAalpha-t)
+(C2+C3)-Y%eN(zeta-t)((zeta+b2)-cos(eta-t)—eta-sin(eta-t))],
[C1-(11-alpha—15)-%eA(alpha-t)
+{C2+C3)%eM(zeta-t)((11-zeta—15)-cos(eta-t)=11-eta-sin{eta-t))],
[C1-(alphar2-5-alpha+28)-%e”(alpha-t)
+(C2+C3)-Y%er(zeta-t)((zetar2-5-zeta—etar2+28)-cos(etat)
—eta(2-zeta=5)-sin(eta-t))]);

/-This corresponds to (16).-/

G2:diff(H2,1);

/-This computes (17) to yield (18).-/

AZ:matrix([1,6,1],[-4,4,11],[-3,79,8]);

/-This corresponds to matrix A.-/

ratsimp(expand(G2-A2.H2));

/-This computes (17)~(19) to give (18)—(20).-/

(C3+ C2)(cos(nt)({ +62) —nsin(nt))%el’
+Cl(a +62)%e®!
(H2) (C3+ C2)(cos(nt)(11¢ —15) = 115sin(nt))%e’’
+CI(11la—15)%e®!
(C3+C2)(cos(t) (> =50 —1? +28) —nsin(nf)(2L = 5))%e’!
+CI1(a® =5 +28)%e?!
(G2)
(C3+ C2) (- (£ +62)sin(yt) — p*cos(nt)) %oes!
+(C3+C2)2((£ +62) cos(nt) —nsin(nt))%oe’ + Cla(a +62)%e®!
(C3+C2) (- (11Z = 15)psin(nt) — 1157 cos (171)) %o’
+(C3+C2)£((11Z = 15) cos(nt) — 11nsin (1) %et' + Cla(11a — 15)%e®!
(C3+C2)(— (2 =5¢ =% +28)ysin(nt) — (2L — 5)cos(nt)) %oe’!
+(C3+C2)L((Z% =52 — % +28) cos(nt) — (2L — 5)sin(1))%eet! + Cla(a® — 5a +28)%e®!
1 6 1
(A2)|-4 4 11
-3 9 8
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0
0

((03 +C2)cos(n) 3

+((=3C3-3C2)nsin(nt) +(=13C3 - 13C2)cos (1)) >
+((26C3 +26C2)nsin(yt)

+((=3C3-3C2)n* + 170C3+ 170C2) cos(nt)) ¢
+((C3+ C2)n +(=170C3 = 170C2)n)sin(y1)
+((13C3+13C2)* - 173C3 - 173C2) cos(nt))%e»( t
+(Cla® = 13C1a* +170C1a— 173C1) %e®! )

Likewise, rewriting , we have
0
0 o 0
(18) - (20) = (17) = (19) = C1(a® —13a%+ 170 — 173)e?! |= 0.
+(Ca+C3) (3 = 1322 +170¢ = 3% + 130> = 173) e cos(nt) 0

—1(Cay + C3) (3% = 26¢ —n? + 170) 4 sin(n1)

Again and again, we have (18) = (20) and (17) = (19). So (16) has been shown to satisfy (1)
repeatedly. This leads us to hold that (16) is a real-valued solution of (1) devoid of IV and pay at-

tention to trigonometric functions| (TF’s), which (16) contains @ . What about the [scalar multi-
plication (SM) of (16)? It follows from (16) that we have

UF1(t) = u[Ci(a+62)e™ +(Car + C3)el{({ +62)cosnt —nsinnt}]
= uCr(a+62)e? + (uCs + uC3)e* ' {({ + 62)cosnt —nsinnt},
uF>(t) = u[Ci(11a = 15)e® + (Ca + C3)e{(11¢ — 15) cosnt — 1 1sinnt)]
=uC1(11a—15)e®" + (uCs + uC3)e*'{(11£ = 15)cosnt — 11y sinnt},
uF3(t) = u[Ci(a? = Sa +28)e® + (Ca + C3)e* {({? = 5¢ — 1% + 28) cosnt — (2L — 5)sinnt)]
= uC(a® = 5a+28)e® + (uCs + uC3)et{(¢* = 5¢ — 1 +28) cosnt — (2L — 5)sinnt), (22)

u being a scalar . Rewriting (22) yields

L1(1) = Ca(a@ +62)e® +(Cs + Co)et ' {(£ + 62) cosnt —ysinnt},
L(t) = C4(11a—15)e® +(Cs + Cg)et (117 — 15) cosnt — 11psinngt},
(1) = Ca(a® = Sa +28)e?" + (Cs5 + Cg)et{({* = 5¢ —n? +28) cos it — (2L — 5)sinnt}, (23)

where C;,i=4,5, 6, are AC’s, too. (23) being essentially the same as (16), scalar multiples (sm’s)
of (16) also satisfy (1) @ In other words, (16) satisfies (1) up to an sm.

¥ Ditto.

40Though we didn’t mention TF’s in [1] explicitly, the astute reader might notice that if we replace a of e%, which
frequently appears therein, by i, we get e’’, which amounts to cost +i sint. So we are able to imagine that we have
already mentioned them in [1] implicitly.

it 24.
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1.2.1 Taking IV into consideration

We now set £ = 0 in (4) in order to get the IV (x1(0), x2(0), x3(0)), which we once neglected, as
follows:

x1(0) = C1(@+62)e® O+ Co(B+62)eB 0 + C3(y + 62)e”°
= Ci(a+62)e’ + Cr(B+62)e’ + C3(y + 62)e”
=Ci(a+62)-1+Cr(B+62)-1+C3(y+62)-1
= C1(a+62) + Co(B+62) + C3(y +62)

= il Ci(@+62)+Cr(l+ni+62)+C3({ —ni+62)
=Ci(a+62)+Cr(+ 62 +ni)+ C3({+62—ni)
=C1(@+62)+(Cr+C3)({+62)+(Cy— Ca)ni,

x(0) = Ci(11a=15)e® 0+ Cr(118-15)eB 0 + C3(11y = 15)e?©
=Ci(11la—15)e" + Co(118 - 15)e" + C3(11y — 15)€°
=Ci(1la=15)-1+C>(118-15)- 1+ C3(11y—15)-1
=Ci(1la—15)+Cr(118-15)+ C3(11y—15)
= (11— 15)+ Co{11(L +1i) = 15} + C3{11( — i) — 15)
=Ci(1la=15)+ Co(11Z + 11i—15)+ C3(11Z = 115i — 15)
=Ci(11a—15)+Co(11£ =15+ 11ni) + C3(11¢ = 15 = 11ni)
=Ci(11la=15)+(C2 + C3)(11 = 15) + 11(C2 — C3)ni,

x3(0) = C1(a? = Sa +28)e® 0 + C1 (8% — 58+ 28)e? O + C3(y* — 5y +28)e? 0
= C1(a? = 5a+28)e’ + Co(B> — 58+ 28)e + C3(y% — 5y +28)e?
=C1(a?=5a+28)-1+Cr(B>-5B+28)- 1+ C3(y> -5y +28)-1
=C1(a? —5a+28)+ Co(B> - 58+28) + C3(y> - 5y +28)
= Cr(@® = S5a+28) + Co{(£ +1i)> = 5(C + i) + 28}
+C3{({ —ni)* = 5(¢ —ni) +28)
=C1(a?=5a+28)+ Co(L? +2ini—1> =5 —51i+28)
+C3(P=2ini—1? =5 +5ni+28)
=C1(a? =5a+28)+(Ca+ C3)(> =1 =5 +28) + (C2 — C3)n(2¢ = 5)i, (24)

from which we extract R’s as follows E] :

42See footnote 12.

“Ditto.

“Ditto.

45 Alternatively, setting ¢ = 0 in (16), we obtain
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xr1(0) = R{x1(0)} = C1(a+62) + (C2 + C3)({ +62),
xr2(0) = R{x2(0)} = C1(11a = 15) +(C2 + C3)(11{ - 15),
xr3(0) = R{x3(0)} = C1(a® =5 +28) + (Co + C3)({2 =50 —n? + 28)@ ) (25)

Eliminating Ci(a+62), C{(11a—15), and C1(a? - 5a +28) between (16) and (25), we get
Ji(1) = {xp1(0) = (C2 + C3)({ +62)}e" + (Cy + C3)e¢ {({ +62) cosnt —psinn 1},
Jo(t) = {xp2(0) = (C2 + C3)(11 = 15)}e®" + (C + C3)ef{(11¢ — 15) cosnt — 11psinni},
J3(1) = {xp3(0) = (C2 + C3)({* = 54 —7* +28)}e™!
+(Cr+C3)efM(? = 5¢ —n* +28) cosnt —n(2L —S)sinnt}. (26)

Setting ¢t = 0 in (26) yields

J1(0) = {xp1(0) = (C2 + C3)({ +62)}e® O+ (C2 + C3)ed (L +62) cosn-0—nsinn - 0}
={xr1(0) = (Ca+ C3)({ + 62)}e0 +(Cr+ C3)e0{({ +62)cos0 —nsin0}
= {xF1(0) = (C2+ C3)(( +62)} - 1 +(C2 +C3)- 1-{({ +62)- 1 —7- 0}
=xr1(0) = (C2+ C3)({ +62) +(Ca + C3)({ +62)
= xr1(0),

J2(0) = {xp2(0) - (Co +C3)(11Z - 15)}(3"‘0 +(Cr+ C3)e5‘0{(1 1£—-15)cosn-0—11nsinn- 0}
={xp2(0) = (Cr+C3)(11Z - 15)}e° + (Cr+ C3)€0{(1 1£—15)cos0—117sin0}
={xp2(0) = (Ca+C3)(11L—=15)}- 1+ (Co+C3)-1-{(11£—=15)-1—-11n-0}
= xp2(0) = (C2 + C3)(11£ = 15) + (C2 + C3)(11£ - 15)
= xr2(0),

J3(0) = {xp3(0) = (C2 + C3)(¢? = 5 — > +28)}e®©

+(Cr+C3)eé (2 =5¢ = +28) cosp- 0 — (2L — 5)siny - 0}
= {xp3(0) = (C2 + C3)({* = 5¢ —* +28)}e°
+(Ca+ C3)e%(* =50 — % +28) cos 0 — (2 — 5)sin 0}
= {xp3(0) = (C2 + C3)(2 =5 > +28)} - 1
+(C2+C3)- 1-{({* =50 -n* +28)-1-n(2L - 5)-0)
= xp3(0) = (C2 + C3)({* = 50 = +28) + (C2 + C3)({* = 5, —* +28)
= xr3(0).

F1(0) = xp4(0) = Ci(a +62)e® 0+ (Cy + C3)e? (£ +62) cosny-0—nsing - 0
= C(a+62)e +(Ca + C3)e{(£ +62) cos 0 —17sin 0}
=Ci(@+62)-1+(Cr+C3)-1-{(C+62)-1-1-0}
= Cl(a+62)+(C2+C3)({+62),

F>(0) = xp5(0) = C1(11a = 15)e® O+ (Cy + C3)e¢ °{(11£ = 15)cosn-0— 11xsiny - 0}
=C1(11a—=15)e’ + (Cy + C3)e®{(11¢ = 15) cos 0 — 1175in 0}
=Ci(11a=15)-1+(C2+C3)-1-{(11£=15)-1-115-0}
=Ci(11la—=15)+(C + C3)(11¢ - 15),

F3(0) = xp6(0) = C1(a? = 5a +28)e® O + (Cy + C3)ed (&% = 5¢ — 1> +28) cosyp-0— (2L = 5)sinn - 0}
= Ci(a® =5a+28)e’ + (Ca + C3)e{({? =50 — % +28) cos 0 — n(2¢ — 5)sin 0}
=C1(a®=5a+28)- 14+ (Co+C3)-1-{(>=5,-n*+28)-1- (2L -5)-0)
=Ci(a@® =5a+28)+(Cr+ C3)(> =50 — 1> +28).

We see that these coincide with (25).
46By the way, are Cy, Cy, Cs still arbitrary at this stage regardless of the constants @, £, and 77? See 2.5.
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Having thus regot (and confirmed) the IV (xr1(0), xF2(0), xr3(0)) (or (xr4(0), xF5(0), xpe(0))) [*'],
we wish to know whether/how taking IV into account affects the arguments we have made so far.
Specifically, we check if (26) satisfies (1) as follows:

1.2.2 Checking solution with IV in a componentwise manner

We substitute (26) into both sides| of (1) and check each row, which is divided in three parts, or
terms containing e, ¢’ cosnt, and ¢! sinpz 9]

Comparison of both sides of the first row

e®! part

LHS = ax{xr1(0)— (Cy + C3)({ +62)}.
RHS = 1 X{xF1(0) = (C2 + C3)({ +62)} + 6 X {xf2(0) = (C2 + C3)(11{ - 15)}
+1x{xp3(0) — (Co + C3)(L2 =5 - +28)).
LHS - RHS
= a X {xr1(0) - (C2 + C3)({ +62)}
—[1 X{xF1(0) = (C2 + C3)({ +62)} + 6 X {x2(0) — (C2 + C3)(114 - 15)}
+1x{xp3(0) = (C2+ C3)(2 =5 —n* +28)}]
= [®] ax {C1(@+62) +(Cs + C3)({ +62) = (C2 + C3)({ + 62)}
—[1x{Ci(a+62)+(C2+ C3)({ +62) — (C2 + C3)({ + 62)}
+6x{C1(11a—15)+(C2 + C3)(11£ = 15) = (C2 + C3)(11£ = 15)}
+1X{C1(a® =5 +28)+(Cy+ C3)({* =5, —n? +28)
—(C2+C3)({* =5 - +28)}]
= Cia(@+62)— {1 X Ci(a+62)+6 X Ci(11a—15)+ 1 X C1(a? — 5a +28)}
= Cra(a+62) - Ci(a+62+66a —90 + a2 — 5a +28)
= Cra(a+62)-Ci(a? +620a)
= 0.

e cosnt part

LHS = (C2 + C3){{({ +62) —n-n}.
RHS =1 X (Cy 4+ C3)(¢ +62) + 6 X (Ca+ C3)(11£ = 15) + 1 X (Ca + C3)({? = 5¢ — > +28).
LHS - RHS
=(Co+C3))L(L+62)—n-n}
—{IX(Co+C3)(C+62)+6X(Cr+C3)(11 = 15) + 1 X (Ca + C3)(¢% = 5¢ — 1> +28)}
= (Cr+ C3)(*+ 620 —1?) = (Co + C){E+62+6(118 = 15) + 2 =50 — 1% + 28}
= (C2+ C3)(2 +62L —n*) = (C2 + C3)({* + 62 — 1)
=0.

4TSee footnote 45.

“8In what follows, ‘X part’ means comparing the coefficient of X in the LHS with that in the RHS and subtracting
the latter from the former.

49See (25) for the replacement of xr; (0), where i = 1, 2, 3.
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e'sinnt part

LHS = (C2 + C3){-n({ +62) - { - n}.

RHS = 1 X (Ca + C3)(=1) + 6 X (C2 + C3)(=11) + 1 X (C2 + C3){-1(2£ = 5)}.
LHS - RHS

= (C2+ C3){—n({ +62)- ¢ -1}

—[1X(C2+ C3)(=1) + 6 X (C2+ C3)(=11n) + 1 X (C2 + C3){—n(2{ = 5)}]
(C2+ C3)(={n—62n—{n) — (C2 + C3)(-n— 6617 - 2{n + 5n)

(Ca+ C3)(=2¢n—6217) — (C2 + C3)(—62n—2{n)

= 0.

So we have

the LHS of the first row — the RHS of the first row = 0-e®"+0-e¢’cosnt+0-e¢'sinnt =0

which means that the first row holds.

Comparison of both sides of the second row

e part

LHS = ax{xp2(0) - (C2 + C3)(11£ - 15)}.
RHS = —4 X {x£1(0) = (C2 + C3)({ +62)}+4 X {xp2(0) — (C2 + C3)(11£ = 15)}
+ 11X {xF3(0) = (Ca + C3)({2 = 5L — 17 + 28)).
LHS —RHS
= ax {xp2(0) = (C2 + C3)(11£ = 15)} = [-4 X {xF1(0) = (C2 + C3)({ +62)}
+4 X {xp2(0) = (C2 + C3)(11£ = 15)} +1 1% {x3(0) — (C2 + C3)(¢> = 5 — > +28)}]
= @ ax{Ci(11a—15)+(Cr+ C3)(11Z-15) - (C2 + C3)(11£ - 15)}

—[=4x{Ci(a+62)+(C2+ C3)({ +62) = (C2 + C3)({ +62)}
+4x{C1(1la—15)+(C2 + C3)(11¢ = 15) = (C2 + C3)(11£ — 15)}
+11x{C1(a® =5a+28)+ (Ca+ C3)(¢* -5 — 1> +28)

—(C2+C3)(* =50 -1 +28)}]
=C1(11a2 = 15a) - {-4 X C1(a+62) +4x Ci(11a = 15)+ 11 X C (* = 5a + 28)}
= Ci(11e% = 15a) - C(-4a — 248 + 44a — 60 + 1 1> — 55 + 308)
=Ci(11e?=15a)-Ci(11a? - 15a)
=0.

e’ cosnt part

LHS = (C2 +C){Z(11=15)— 117},
RHS = —4 % (Cy + C3)({ +62) + 4 X (Ca + C3)(11£ = 15) + 11 X (C2 + C3)({% = 50 — > +28).

SODitto.
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LHS - RHS
= (C2+ C){ILA1L~15) = 11n-n}

—{=4X(Co+C3)(+62)+4 % (Co +C3) (11 = 15) + 11 X (Car + C3)(&* = 5¢ — 177 +28)}
= (Cr+C3)(112 =15 = 1117)

—(Ca+ C3)(—4¢ =248 + 447 — 60+ 1182 =557 — 1157 +308)

= (Co+C3)(11£2 =15 = 1117) = (C2 + C3)(11£2 = 15 — 117%)
=0.

e!sinnt part

LHS = (C, + C3){-n(11¢ = 15) = ¢ - 1 7).

RHS = -4 X (Co +C3)(—n) + 4 X (Ca + C3)(=111) + 11 X (Ca + C3){—n(2{ - 5)}.
LHS —RHS

= (C2+ C)i=n(11£ = 15)= - 11n}
—[=4Xx(C2+ C3)(=n) +4 X (C2 + C3)(=11n) + 11 X (C2 + C3){-1(2{ = 5)}]
= (C2+ C3)(=11{n + 157 = 11{n) = (C2 + C3)(4n — 44n — 22{n + 557)

= (C2+C3)(=22{n+15n) = (C2 + C3)(=22{n + 15n)
=0.

So we have

the LHS of the second row — the RHS of the second row = 0-e®' +0-e%’cosnt+0-e%'sinyt =0 I

which means that the second row holds.

Comparison of both sides of the third row

e®! part

LHS = a x {xr3(0) = (C2 + C3)(*> = 5¢ — > + 28)}.
RHS = =3 x{xr1(0) = (C2 + C3)({ + 62)} = 9 x {xp2(0) = (C2 + C3)(11{ - 15)}
+8x {xF3(0) = (C2 + C3)(¢2 = 50 — > +28)).
LHS — RHS
= ax{xp3(0) = (C2 + C3)({2 =5 —1* +28)}
—[=3x{xF1(0) = (C2 + C3)({ + 62)} = 9 x {x2(0) = (C2 + C3)(11{ - 15)}
+8 % {xF3(0) = (C2 + C3)(% = 50 —n* +28)}]
= [T @ x{C1(a? = 5a +28) + (Cy + C3)({% =5 — 1> +28) — (Co + C3)(L2 = 50 —1* +28))
—[-3X{Ci(@+62)+(Cr+C3)({+62)—(Ca+ C3)({+62)}
—9x{Ci(1la—15)+(Cy + C3)(11£ = 15) = (C2 + C3)(11Z — 15)}
+8X{C1(a? =5a+28)+(Co+ C3)({* =5 — 1> +28) — (Ca + C3)(&* =5 — 1> +28)}]

SIDitto.
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= Cra(a? —5a+28)—{-3C1(a+62)—9C (11a — 15) + 8C(a? - 5a +28)}
= C1(a® - 502 +28a) — C1(=3a — 186 —99a + 135 + 8a® — 40a + 224)
=C1(a’ —5a% +28a) — C1(8a* — 142 + 173)

=Ci(a® = 13a% + 170a — 173)

=[>o.

e cosnt part

LHS = (C2+ C3){{(¢* = 5¢ =17 +28) = 117(2 = 5)}.
RHS = -3 X (Ca + C3)(¢ +62) —=9X (Cy + C3)(11£ = 15) + 8 X (Ca + C3)({* = 50 — 1> +28).
LHS — RHS
= (Co+ C){(L* =5 = +28) = 1> (2L = 5))
—{=3X(Ca+C3)(+62) =9 (Cy+C3)(11£ = 15) + 8 X (Co + C3)(Z* = 50 — 1> +28)}
= (C2+C3)(* =507 =30 + 28, +517°)
—(Cr+C3)(=3¢ —186—997 + 135+ 8% — 40, — 812 +224)
= (Co+ C3)(> =502 +280 =312 +50%) — (Co + C3)(8L% — 142 — 8% + 173)
= (Cr+ C3)(2 =132 +170¢ = 3°¢ + 137 = 173)
=[>o.

e!sinnt part

LHS = (Co + Ca){—n(* =5 =1 +28) = {n(2{ - 5)}.

RHS = -3 X (C2+ C3)(—n) =9 X (Ca + C3)(—11n) + 8 X (Ca + C3){—n(2Z - 5)}.

LHS — RHS

= (Co+ Ca){—n(* =5 — 1% +28) = {n(2L - 5)}
—[-3X(C2+C3)(—) =9 X (C2 + C3)(—11) + 8 X (C2 + C3){-n(2L — 5)}]

= (C2+ C3){-n(3¢* = 10 — * +28)} = (C2 + C3)(3n + 99n — 161 +40n)

= —n(C2 + C3)(3* = 10L — 1% +28) = (Cy + C3)(—16 +142)

= —n(C2+C3)(3¢* =26, —n* +170)

=*9o0.

So we have

the LHS of the third row — the RHS of the third row = 0-e%' +0-e% cosnt+0-e¢'sinnt =0

b

which means that the third row holds. (26) has thus been shown to satisfy (1). Before we make
computational verification as usual, we try to simplify (26) as follows:
At the outset, replacing C, + C3 by C7, an AC, we make it a bit simpler:

52See footnote 3.
3See (12).
See (15).
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Ki1(0) = {xp1(0) — C7(£ + 62)}e ™ + C7e"{(£ + 62) cosnt —nsinnt},
K>(f) = {xp2(0) = C7(11£ = 15)}e® + C7e¢"{(11£ — 15)cosnt — 11ysinnt),
K3(t) = {xp3(0) — C7({% = 5¢ — % +28)}e ™!

+C7eSH(% = 5¢ —n* +28) cosnt —n(2L — S)sinnt}.

Then, we prepare the following for later use:

Table 1. Some notational substitutions ﬁ] , ﬁ]

xr1(0) L 4 P

Cy M || xp0) | O

a N xp3(0) | R
Cr+C3(=Cy7) | O n S

Making use of this table, we rewrite (25) and (27) (or 26) as

Q=MAIN-15+011P-15),

L=M(N+62)+0O(P+62),
R=M(N?=5N+28)+O(P>-5P-52+28),
and

T1(t) ={L—-O(P+62)}eN! + OeP{(P+62)cos St —SsinSt},

T2(t) ={Q—O(11P—15)}eN" + 0P {(11P - 15)cos St — 11S sin S},

T5(f) = {R— O(P?>-5P—S52+28)}eN?
+0eP{(P2—5P-S2+28)cosSt—S(2P—5)sinSt},

respectively. We now verify that (29) satisfies (1) as follows:

% open-axiom

(1) -> Jread bp349_part2_1_2_2_1.input

Ul:=matrix[[D((L-0*(P+62)) *exp(N*t)+0*exp(P*t)* ((P+62)*cos(S*1t)

-S*sin(S*t)), ],

[DC(Q-0*(11*P-15)) *exp(N*t)+0*exp(P*t) * ((11*P-15)*cos(S*t)

-11%S*sin(S*t)), )],
[D((R-0*(PA2-5*P-SA2+28)) *exp (N*t)+0*exp (P*t)

*((PA2-5%P-SA2+28)*cos(S*t)-S*(2*P-5)*sin(S*t)),t)]1]
--(29) is plugged into the LHS of (1) and subjected to differentiation.

(27)

(28)

(29)

>SHere we avoid using the notations that have already been employed in case for example, C, F, etc. should be con-

fused with C; on p5, F(f) on pl7, and so forth. Cf. footnote 79.

SFor example, the pair (xr1(0), L) reads ‘xz1(0) corresponds to L and can thus be replaced by it’. Cf. footnote 80.
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(D
Pt 2 2 Pt
(- 20 P - 620)S %e sin(St) + (- 0S + 0P + 620 P)cos(S t)%e

N t
(- NOP - 62N 0 + L N)%e

Pt
(- 220 P + 150)S %e sin(S t)

2 2 Pt
(- 110 S + 110 P - 150 P)cos(S t)%e

Nt
(NQ - 1IN O P + 15N 0)%e

3 2 Pt
(0OS + (-30P + 100 P - 280)S)%e sin(S t)

2 3 2 Pt
((-30P +50)S +0P -50P + 280 P)cos(S t)%e

2 2 N t
(NOS +NR-NOP + 5NOP - 28N 0)%e

Type: Matrix Expression Integer
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Al:=matrix[[1,6,1],[-4,4,11],[-3,-9,8]]
--This corresponds to matrix A.

+ 1 6 1+
| |
2 |-4 4 11|
| |
+-3 -9 8+

Type: Matrix Integer

Vi:=matrix[[(L-0*(P+62)) *exp(N*t)+0*exp (P*t)* ((P+62) *cos(S*t)

-S*sin(S*t))],

[(Q-0%(11*P-15))*exp(N*t)+0*exp (P*t)* ((11*P-15)*cos(S*t)

-11*S*sin(S*t))1],

[(R-0%*(PA2-5%P-SA2+28)) *exp(N*t)
+0*exp(P*t) *((PA2-5*%P-SA2+28) *cos(S*t)

-S*(2*P-5)*sin(S*t))]1]
--This corresponds to (29).

(3
Pt

[[- O S %e sin(S t) + (O P + 620)cos(S t)%e

Nt
(- OP - 620 + L)% 1,

Pt

Pt

- 110 S %e sin(S t) + (110 P - 150)cos(S t)%e

Nt
(Q - 110 P + 150)%e
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Pt
(- 20 P + 50)S %e sin(S t)

2 2 Pt
(-0S +0P -50P + 280)cos(S t)%e

2 2 N t
(0OS +R-0P + 50 P - 280)%e

Type: Matrix Expression Integer
Ul-A1%V1
(4)
2 2 N t
[[(-0S -R-6Q+0P + (-N+620P-62N0+ LN - L)% 1,

2 2
[(-110S - 11IR+ (N - 4)Q + 110 P

N t
+ (- 11N - 15)0 P + 15N O + 4L)%e 1,

3 2 Pt
(OS + (-30P + 260 P - 1700)S)%e sin(S t)

2 3 2 Pt
((- 30P +130)S + 0P - 130P + 1700 P - 1730)cos(S t)%e

2 2
(N-8)0S + (N-8R+9Q+ (-N+80P + (5N - 142)0 P

+
(- 28N + 173)0 + 3L

Type: Matrix Expression Integer.
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Rewriting this last output, one gets

{(-OS?-R—-6Q+OP?+(62—N)OP-62NO + LN — L}eN!
{(-110S2=11R+(N-4)Q+ 110P?>— (11N + 15)OP + 15NO +4L}eN*

{(N-8)OS?+(N—-8)R+90+(8—N)OP?+ (5N — 142)OP + (173 —28N)O + 3L}V’
+{(130-30P)S2+0OP3 - 130P? + 1700P - 1730}e’ cos(S1)
+{0S3 = (BOP%-260P +1700)S }e"sin(S 1)

Using (28) for replacement, we try to simplify the coefficients of eV’, e’ cos(S1), and e?’sin(S7)
in the above in a row-by-row manner:

(1) -> Jread bp349_part2_1_2_2_2.input

rowl:=-0*SA2-R-6*Q+0*PA2+(62-N) *0*P-62*N*O+L*N-L

2 2
(1) -0S -R-6Q+0P + (-N+62)OP-62NO+L N - L

Type: Polynomial Integer

subst (%,L=M* (N+62)+0* (P+62))
--See (28).

2 2 2
2 -0S -R-6Q+0P +610P - 620+ M N + 61M N - 62M

Type: Expression Integer

subst(%,Q=M*(11*N-15)+0*(11*P-15))
--Ditto.

2 2 2
3 -0S -R+0P -50P+280+MN - 5MN + 28M

Type: Expression Integer

subst (%,R=M*(NA2-5*N+28)+0* (PA2-5*P-SA2+28))
--Ditto.

4 0o

Type: Expression Integer.
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Since this last output is 0, the first row becomes 0 x e’ = 0. We proceed to the second row.

(1) -> Jread bp349_part2_1_2_2_3.input

row2:=-11%*0*SA2-11*R+(N-4) *Q+11*0*PA2- (11*N+15) *0*P+15*N*0+4*L

2 2
(1) -110S - 11R+ (N -4)Q+ 110P + (- 11N - 15)0 P + 15N O + 4L

Type: Polynomial Integer
subst (%,L=M* (N+62)+0* (P+62))
--See (28).
(2)
2 2
-110S - 11R+ (N - 4)Q + 110 P + (- 11N - 11)O P + (15N + 248)0 + 4M N
+
248M
Type: Expression Integer
subst (%,Q=M*(11*N-15)+0*(11*P-15))

--Ditto.

2 2 2
3 -110S - 11R+ 110 P - 550 P + 3080 + 11IM N - 55M N + 308M

Type: Expression Integer

subst (%,R=M*(NA2-5*N+28)+0%* (PA2-5%P-SA2+28))
--Ditto.

4 0o

Type: Expression Integer.
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Likewise, since 0x e™? = 0, the second row becomes 0, too. We divide the third row in three
portions and try to simplify the coeflicients in it. Such portions are designated as rows 3 — 5.

Portion containing eV’

(1) -> Jread bp349_part2_1_2_2_4.input

row3:=(N-8)*0*SA2+(N-8) *R+9*Q+(8-N) *0O*PA2+(5*N-142) *0*P+(173-28*N) *0+3*L

(D
2 2
(N-80S + (N-8R+9Q+ (-N+80P + (5N - 142)0 P
+
(- 28N + 173)0 + 3L

Type: Polynomial Integer
subst (%,L=M* (N+62)+0* (P+62))
--See (28).
(2)
2 2
(N-8)0S + (N-8R+9Q+ (-N+80P + (5N - 1390 P
+

(- 28N + 359)0 + 3M N + 186M

Type: Expression Integer

subst (%,Q=M*(11*N-15)+0*(11*P-15))

--Ditto.
3
2 2
(N-80S + (N-8R+(-N+80P + (5N - 40)0 P + (- 28N + 224)0
+
102M N + 51M

Type: Expression Integer
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subst (%,R=M*(NA2-5*N+28)+0* (PA2-5*P-SA2+28))
--Ditto. And the below output

3 2
(4 MN - 13M N + 170M N - 173M

Type: Expression Integer

--is rewritten as M*NA3-13*M*NA2+170*M*N-173*M
--and subjected to factorization.

factor (M*NA3-13*M*NA2+170*M*N-173*M)

3 2
(5) M(N - 13N + 170N - 173)

Type: Factored Polynomial Integer.

This last output M(N? — 13N? + 170N — 173) amounts to 0, since N> — 13N? + 170N - 173 = o —
1302 + 170 — 173 = 0 [7]. So this portion equals 0 x ¢V’ = 0.

Portion containing e’ cos(St)

(1) -> )Dread bp349_part2_1_2_2_5.input

row4:=(13*%0-3*0*P) *SA2+0*PA3-13*0*PA2+170*0*P-173*0

2 3 2
(1) (-30P+130)S +0P -130P + 1700 P - 1730

Type: Polynomial Integer

57See Table 1 and footnote 3.
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factor (%)

2 3 2
(2 -0C@BP -13)S -P + 13P - 170P + 173)

Type: Factored Polynomial Integer.

We observe this last output also amounts to 0, because (3P — 13) S2—-P3 + 13P? - 170P + 173 =

— (P3 = 13P% + 170P — 38%P + 1382 = 173) = — (> = 132+ 170 = 32 + 137 = 173) = 0 PY]. So
this portion equals 0x e’ cos(S7) = 0.

Portion containing e’ sin (S7)

(1) -> Jread bp349_part2_1_2_2_6.input

row5:=0*%SA3-(3*0*PA2-26*0*P+170*0) *S

3 2
(1) 0S + (-30P + 260 P - 1700)S

Type: Polynomial Integer

factor (%)

2 2
(2) O0S(S - 3P + 26P - 170)

Type: Factored Polynomial Integer.

Thmlaﬁ(nnputmnounmtoo,uxxbecauﬁzsz——3P24—26P——17O = —(3P2 - 26P - S? + 170) =
—{%Q—%X—#+IKD:O@LSommpmmmemmBOXeHQMSD:QIkmnﬂmﬂﬁdmw
equals row3+ row4+row5 = 0+0+0 = 0. Eventually, all the rows become 0, which means
U1-A1*¥V1 amounts to (0, 0, 0)T. (29) has thus been shown to satisfy (1). Since (26) (or (27)) has
been simplified to become (29), (26) has been shown to satisfy (1) twice. Next,

% wxmaxima

38See Table 1 and (12).
3See Table 1 and (15).
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V2:matrix([(L—O-(P+62))-%eAN-t)+0-%eA(P-t)-((P+62)-cos(S-t)~S-sin(S-1))],
[(Q-O-(11-P—15))-%eA(N-t)
+0-%eA(P-1)-((11-P=15)-cos(5t)=11-5sin(51))],
[(R-O-(PA2-5-P-5A2+28))-%er(N-1)
+0-%er(P-1)((PA2=5-P=5/2+28)-cos(51)=5(2-P=5)-sin(5-1))]);
/-This corresponds to (29)./
U2:diff(VZ,t);
/+(29) is plugged into the LHS of (1) and subjected to differentiaion.-/
AZ2:matrix([1,6,1],[-4,4,11],[-3,79,8]);
/-This corresponds to matrix A.-/
ratsimp(expand(U2-A2.V2));

0%e"" (P +62)cos(St)—S sin(St)) + (L— O(P +62))%e" !

0 %e” (11P —15)cos(St)— 115 sin(St))
(V2) +(Q—-0(11P—-15))%e"!
0%e"" (=S?+ P> —5P +28)cos(St) — (2P —5)Ssin(S1))
+(R—O0(=S8?+ P> -5P +28))%e"!
(U2)
0 %e®" (= (P +62)Ssin(St)—S2cos(S1))
+OP %e" (P +62)cos(S1)—Ssin(St)) + N(L - O(P +62))%e™!
0%e"" (= (11P—15)Ssin(S1)— 1152cos(S1))
+OP%e"! (11P—15)cos (St)— 118 sin(S£)) + N(Q — O(11P — 15)) %e™!
O0%e"'(—S(=S?+P?>—5P+28)sin(S1)— (2P —5)S%cos(S1))
+OP%e" (=82 + P> = 5P +28)cos (St)— (2P —5)S sin (S1))
+N(R—O(=S? + P> -~ 5P +28))%e"!
1 6 1
(A2) |-4 4 11
-3 -9 8

(—=0S?-R—6Q+0P?+(62—N)OP—-62NO + LN — L)%eN!

(=1108? = 11R+ (N -4)Q+ 110P?> + (=11N = 15) 0P + 15NO + 4L)%e" "

(N —8)OS? + (N -8)R+9Q + (8 —N)OP?> + (5N — 142)OP + (173 —=28N)O + 3L) %e!
+((130-30P)S? + OP> —130P? + 1700P — 1730)%e" " cos (S1)

+(0S3 +(=30P?> +260P - 1700) S )%e"'sin(S1) ).

Using (28) for replacement, we try to simplify the coefficients of eVt ePcos(S1), and ef'sin(S7) in
the above in a row-by-row manner. As mentioned earlier, the third row is divided in three portions,
which are designated as rows 3 —35.
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row1:-0-5A2-R-6-Q+0-PA2+(62-N)-O-P-62-N-0+L-N-L:
ratsubst{M-(N+62)+0-(P+62),L,row1);
/See (28).-/
ratsubst(M-(11-N-15)+0-(11-P-15),Q,%):
/Ditto.-/
ratsubst(M-(NA2-5-N+28)+0-(PA2-5-P-S5A2+28),R,%);
/Ditto.-/

(rowl) -0 S°-R-6 Q+0 P*+(62-N) O P-62 N O+L N-L
~_0S°-R-6 0+0 P*+61 O P-62 O+M N*+61 M N-62 M

—OS -R+OP*-50P+28 O+MN°-5 M N+28 M
0

Since this last output is 0, the first row becomes 0 X Nt =0. We proceed to the second row.

row2:-11-0-542-11-R+{N-4)-Q+11-0-PA2+(-11-N-15)-0-P+15-N-0+4-L;
ratsubst(M-{(N+62)+0-{P+62),L,row2);
/-See (28).-/
ratsubst{M-(11-N-15)+0-(11-P—15),Q,%);
/-Ditto.-/
ratsubst(M-(NA2-5-N+28)+0-(PA2-5-P-5A2+28),R,%);
/-Ditto.-/
(row2) -11 6.5 R+(N-4)Q+11 O P2+(—11 N-15)0P+15 NO+4 L

“11. 0.5 =11 R+(N-4)Q+11 DP2+(—11 N-11)OP+(15 N+248) O+4 M N+248 M

~11 05°-11 R+11 O P*-55 O P+308 0+11 M N*-55 M N+308 M
0.

Likewise, since 0 x eV = 0, the second row becomes 0, too. We divide the third row in three
portions and try to simplify the coefficients in it:
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Portion containing e’

row3:(N-8)-0-542+(N-8)-R+9-Q+(8-N)-O-PA2+(5-N-142)-0-P+{173-28-N)-0+3-L;
ratsubst(M-(N+62)+0-(P+62),L,row3);

[-See (28).-/

ratsubst{M-(11-N-15)+0-(11-P-15),Q,%);

[-Ditto.-/

ratsubst{M-(NA2-5-N+28)+0-(PA2-5-P-5/2+28),R,%);

[-Ditto.-/

factor(%);

ratsubst{0,NA3-13-NA2+170-N-173,%);

/-5ee Table 1 and footnote 3./

(row3) (N-8) 05" +(N-8)R+9 Q+(8-N) O P*+(5 N-142) O P+(173-28 N) 0+3 L
(N-8) 0 S*+(N-8) R+9 Q+(8-N) O P*+(5 N-139) O P+(359-28 N) O+3 M N+186 M
(N-8) O S*+(N-8) R+(8-N) O P*+(5 N-40) O P+(224-28 N) 0+102 M N+51 M
MN>-13 MN*+170 MN-173 M
M (N*-13 N> +170 N-173)
U.

Since 0x N = 0, this portion amounts to 0.

Portion containing ePlcos(S1)

rowd:(13-0-3:0-P)-5A2+0-PA3-13-0-PA2+170-0-P-173-0:
factor(%);
ratsubst(0,PA3—13-PA2+170-P-3-5A2-P+13-5A2-173,%):
/-See Table 1 and (12).//

(rowd) (13 0-30P)S +OP -13 0P +170 0 P-173 O
=B3PS 13 =P 13 =170 PT3)
0

Likewise, since 0x e’’*cos(St) = 0, this portion amounts to 0, too.
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Portion containing e’ sin(S¢)
row5:0:5A3+(-3:0-PA2+26-0-P=-170-0)-5;
factor(%);
ratsubst{0,3-PA2-26-P-5/2+170,%);
[-See Table 1 and (15).-/

(row5) OS5 +(-3 0P*+26 O P-170 0) S

0.5{5 -3 P°+26 P-170)
0

Likewise, since 0x ef’sin(St) =0, this portion becomes 0, too. Hence, the third row equals row 3 +
row4+row 5 = 0+0+0=0. Eventually, all the rows become 0, which means U2 -A2.V2 amounts
to (0, 0, 0)T. (29) has thus been shown to satisfy (1) twice. Since (26) (or (27)) has been simplified
to become (29), (26) has been shown to satisfy (1) repeatedly. This leads us to hold (26) is a real-
valued solution of (1) with IV and pay attention to TF’s, which (26) contains, again. What about
the SM of (26)? It follows from (26) that we have

vJ1(t) = v[{xp1(0) = (C2 + C3)(£ +62)}e?" + (Ca + C3)e{(£ + 62) cosnt —nsinnt}]
= (vxr1(0) = (VCa + vC3)(£ + 62)}e?" + (vCa +vC3)e* {({ +62)cosnt —nsinnt},
vJa(t) = v[{xr2(0) = (Ca2 + C3)(11¢ — 15)}e + (Ca + C3)e4 {(11¢ — 15) cosnt — 11 sinnyt)]
= (vxp2(0) = (VCa +vC3)(11£ = 15)}e®! + (vCa + vC3)es {(11£ — 15) cosnt — 1 1sinnt},
vJ3(t) = v[{xp3(0) — (Co + C3)({* = 5L —n? +28)}e®’
+(Cy +C3)eb (2 =50 —n* +28) cosnt —n(2¢ — 5)sinnt)]
= {vxp3(0) — (vC2 +vC3)((2 = 5¢ —n* +28)}e?!
+(vCa +vC3)ef ({2 = 5¢ — 17 +28) cosnt — (2L — 5)sinnt}, (30)
v being a scalar . Rewriting (30) yields
Wi(1) = {xr7(0) — (Cg + Co)({ +62)}e®" + (Cg + Co)e* {({ + 62) cosnt —psinnt},
Wa(t) = {xpg(0) = (Cg + Co)(11¢ — 15)}e®" + (Cg + Co)el{(11¢ — 15) cosnt — 1 1y sinnt},
W3(t) = {xp9(0) — (Cs + Co)((? = 5L —17* +28)}e®!
+(Cg +Co)ef{({? = 5¢ —n? +28) cosnt —n(2L — 5)sinnt}, (31)

where C;, i = 8, 9, are AC’s, too. (31) being essentially the same as (26), sm’s of (26) also satisfy
@)) @ . In other words, (26) satisfies (1) up to an sm.

0cft 2.4.
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1.3 Extracting J’s from GS
Now we extract J’s from (4), which has been inspired by and is deduced from (11) @ .

I{x1 ()}

= J{Ci(a +62)e® + Cr(B+62)eP! + C3(y + 62)e?"}

= J{C1(a+62)e® + Co(L +ni+62)e St 4 C3( — i + 62)ed 7101}

= J{C1(a +62)e® + Cre (L + i+ 62)e™ + C3e({ — i+ 62)e i1}

= J{C1(a +62)e + C2e (L +62 +ni)e™ + C3e({ +62 —ni)e )

= J{Ci(a +62)e® + Cref'( + 62 +ni)(cosnt +isinnt) + Cze®(C +62 —ni)(cosnt —isinnt))

= J[Ci(a +62)e® + Cre’'{( +62)(cosnt +isinnt) + ni(cos nt +isinnt)}
+C3e{(¢ +62)(cosnt —isinnt) —ni(cosnt —isinnt)}]

= J[C1(a+62)e™ + Cret'{(¢ +62)cosnt —nsinnt +ni cosnt + (£ +62)i sinnt)
+C3e51(¢ +62)cosnt —nsinnt —ni cosnt — (¢ + 62)i sinnt}]

= Creb!{ncosnt+ (£ +62)sinnt) — Cze*'{ncosnt + (£ +62)sinnt)

= (Cy— C3)ef {ncosnt + (£ +62)sinnt}.

I{xa(t)}

= J{C1(11a—=15)e? + Co(118-15)eP" + C3(11y — 15)e?}

= J[Ci(11a —15)e® + Co{11(£ +ni) — 15} 41D 4 C3{11(¢ — i) — 15} 67107]

= J{C1(11a—15)e® + Cref (11 + 115i — 15)e™ + C3e4 /(11 — 11ni — 15)e™ ')

= J(C1(11a—15)e + Cret'(11£ = 15+ 117i)e"' + C3e¢ /(114 — 15 = 11ni)e 1)

= J{C1(11a—15)e? + Cret!(11£ = 15+ 115i)(cosnt + i sinnt)
+C3e%!(11Z = 15— 11ni)(cosnt —isinnt))

= J[C1(11a—=15)e® + Cre4'{(11¢ — 15)(cosnt + i sinnt) + 1 1ni(cosnt +i sinnt)}
+C3e5"{(11Z = 15)(cosnt — i sinnt) — 1 1ni(cosnt — i sinnt)}]

=J[Ci(11a—15)e?!
+Cref"{(11Z = 15)cosnt — 11ysinnt + 11nicosnt + (11£ — 15)i sinnt}
+C3ef"{(11¢ = 15)cosnt — 11psinnt — 11nicosnt — (11 = 15)i sinnt}]

= Cref!{11ncosnt + (11¢ —15)sinnt) — Czeé!{11ncosnt + (11¢ — 15) sinnt)

= (Cy—C3)ef {11ncosnt + (11 — 15) sinnt}.

I{xs3 ()}

= J{C1(a? —5a+28)e? + Co(B% — 58 +28)eP! + C3(y*> — 5y +28)e?}

= J[C1(a® =5a+28)e® + Co{(¢ +1i)> = 5( + i) +28}e¢*nD!
+C3((Z —ni)* = 5(L = ni) +28)e!<710]

61 As in 1.2, we replace 8 and y by ¢ +ni and £ — ni, respectively.
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= J[C(a® = 5a+28)e® + C2e (¢ +ni)? = 5(C +ni) + 28}
+C3e4"(({ —ni)> = 5( —ni) +28}e "]
= J{C1(a® = 5a+28)e® + Cre (% +2¢ni —n?> — 5 — Sni +28)eM!
+C3e8 (02 = 20mi — 1% = 5C + 5mi+ 28)e M)
= J[C1(a? = 5a+28)e? + Cret{{? = 5¢ — 1> + 28 + (2L = 5)i}e!
+C3et "L =5~ +28 = (2L = 5)ife ]
= J[C1(a® - 5a+28)e + Cret{¢* —5¢ — 1> + 28 + (2 = 5)i}(cosnt +i sinnt)
+C3eSU % =50 =17 +28 + (5= 20)i}(cosnt — i siny1)]
= J[Ci(a® - 5a +28)e™!
+Cref (P = 5¢ —n? +28) cosnt — (2L — 5)sinnt
+n(2¢ = 5)icosnt+ (% =5 —n? +28)i sinnt)
+C3ef1(7* = 5¢ —n? +28) cosnt + (5 — 2¢) sinnt
—n(2¢ —=5)icosnt — (% —5¢ —n? +28)isinnt}]
= Cre"(n(2¢ = 5)cosnt + ({2 = 5¢ —n? +28) sinnt)
— C3e51{n(2¢ = S)cosnt + (% = 5¢ —n* +28)sinnt)
= (Cy — C3)e {2 = 5)cosnt + (£ = 5¢ —n? +28)sinnt).
We have thus extracted the following real-valued functions from (4):
X1(f) = (C2 — C3)ef {ncosnt + (£ +62)sinnt),
X5(t) = (C — C3)e“!{11ncosyt + (11 — 15)sinnz},
X3(f) = (Cr — C3)e“H{n(2¢ — 5)cosnt + ({2 = 5¢ — > +28) sinnt}. (32) &

We check if (32) satisfies (1). Replacing x;(¢), i =1, 2, 3, in the LHS of (1) by X;(#),i=1, 2, 3,
respectively, one gets

xin) [X®
LIX0 | = | X;0)
X3(1) X (0

[(C> — C3)e¢ {ncosnt+ (¢ +62)sinnt}]
= [(Cy - C3)e¢ {11ncosnt+ (11 —15)sinnt}]’ (33)
[(C2 — C3)et " {n(2¢ — S)cosnt + (> — 5¢ —n* +28)sinnt}]

(Cy—C3)ef2n( +31)cosnt + (&% + 62 —n?)sinnt)
(€= C3)et (227 - 15) cosnt + (1142 = 15¢ = 115%) sinn 1) (34)
- (Cr—C3)ef ! n(3¢2 =100 — 1> +28) cosnt |

+(3 =50% =3¢ + 28 + 51°) sinnt)

On the other hand, applying a similar procedure to its RHS, we get

O21f we set i = 0, we just get (X1 (1), X2(t), X3(1)) = (0, 0, 0). What else? See 2.3.1 and/or 2.3.2.
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1 6 1)(Xi0
-4 4 11| X0 (35)
-3 -9 8| X300
1 6 1 (Cy—C3)e¢ {ncosnt + (£ +62)sinnt}
=|1-4 4 11 (Cr—C3)ef"{11ncosnt+(11£ — 15)sinnt)

-3 -9 8

(Cy — C3)e* {(2¢ — 5) cosnt + (% = 5¢ —n* +28) sinnt)

1 X (Cy — C3)ebH{ncosnt + (£ +62)sinnt}
+6X(Cy—C3)ef{11ncosnt+(11£ —15)sinnt)
+1X(Cy—C3)e {2 —5)cosnt + ({2 = 5¢ —n? +28)sinnt)
}

—4 % (Cy—C3)e{ncosnt + (£ +62)sinnt
= +4X(Cy—C3)ef{11ncosnt + (11 — 15)sinnt}
+11X(Cy— C3)ef!{n(2¢ = 5)cosnt + (£2 = 5¢ — > +28) sinnt)
—3x(Cy—C3)et {ncosnt + (£ +62)sinnt}
—9%(Cy—C3)ef{11ncosnt+(11£ — 15) sinnt}

+8 % (Cy— C3)ef ' {n(2¢ = 5) cosnt + (£2 = 5¢ —n* +28) sinnt}

(Cy — C3)ef(2n(¢ +3 1) cosnt + ({2 + 62 —n?)sinnt)
= (Cy — C3)et (22 — 15) cosnt + (112 = 152 = 11%) singe} | . (36)
(Cr —C3)e!{2n(82 —T1)cosnt + (822 — 142¢ — 8n? + 173) sinnt}

Therefore,
o| g0
(34) = (36) = (Cr — C3)ef'n(3L% =26 —n? + 170) cos it - { 0 J 37

+(Cy — C3)ef (3 =132 + 1708 =302 + 1357 = 173) sinnt

Hence, we have (34) = (36), which means that we also have (33) = (35). So (32) satisfies (1), which
we check as follows:

% open-axiom
(1) -> )Dread bp349_part2_1_3_1.input

Yl:=matrix[[D((C2-C3)*exp(zeta*t)*(eta*cos(eta*t)
+(zeta+62)*sin(eta*t)),t)],
[D((C2-C3)*exp(zeta*t)*(11*eta*cos(eta*t)
+(1l1*zeta-15)*sin(eta*t)),t)],
[D((C2-C3)*exp(zeta*t) *(eta*(2*zeta-5)*cos(eta*t)
+(zetar2-5%zeta-etar2+28)*sin(eta*t)),t)]]
--This computes (33) to yield (34).

03See (15) and (12).
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(1

[
[
2 2 t zeta
((- C3 + C2)zeta + (- 62C3 + 62C2)zeta + (C3 - C2)eta )%e
sin(eta t)
+
t zeta
((- 2C3 + 2C2)eta zeta + (- 62C3 + 62C2)eta)cos(eta t)%e
]
[
2 2
((- 11C3 + 11C2)zeta + (15C3 - 15C2)zeta + (11C3 - 11C2)eta )
t zeta
%e sin(eta t)
+
t zeta
((- 22C3 + 22C2)eta zeta + (15C3 - 15C2)eta)cos(eta t)%e
]
[
3 2
(- C3 + C2)zeta + (5C3 - 5C2)zeta
+
2 2
((3C3 - 3C2)eta - 28C3 + 28C2)zeta + (- 5C3 + 5C2)eta
t zeta
%e sin(eta t)
4
2 3
(- 3C3 + 3C2)eta zeta + (10C3 - 10C2)eta zeta + (C3 - C2)eta
+
(- 28C3 + 28C2)eta
t zeta
cos(eta t)%e
]
]

Type: Matrix Expression Integer
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Al:=matrix[[1,6,1],[-4,4,11],[-3,-9,8]]
--This corresponds to matrix A.

+ 1 6 1 +
| |
2 |-4 4 11|

| |
+-3 -9 8+

Type: Matrix Integer

Z1l:=matrix[[(C2-C3)*exp(zeta*t)*(eta*cos(eta*t)+(zeta+62)*sin(eta*t))],
[(C2-C3)*exp(zeta*t)*(11*eta*cos(eta*t)
+(1l1*zeta-15)*sin(eta*t))],
[(C2-C3)*exp(zeta*t)*(eta*(2*%zeta-5)*cos(eta*t)
+(zetar2-5%zeta-etar2+28)*sin(eta*t))]]
--This corresponds to (32).

(3)
[
[

t zeta
((- C3 + C2)zeta - 62C3 + 62C2)%e sin(eta t)

t zeta
(- C3 + C2)eta cos(eta t)%e

t zeta
((- 11C3 + 11C2)zeta + 15C3 - 15C2)%e sin(eta t)

t zeta
(- 11C3 + 11C2)eta cos(eta t)%e
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2 2
((- C3 + C2)zeta + (5C3 - 5C2)zeta + (C3 - C2)eta

- 28C3 + 28C2)

t zeta
%e sin(eta t)
+
t zeta
((- 2C3 + 2C2)eta zeta + (5C3 - 5C2)eta)cos(eta t)%e
]
]
Type: Matrix Expression Integer
Y1-A1*Z1

--This computes (33)-(35) to give (34)-(36).

(4)
[[0], [0],
[
3 2
(- C3 + C2)zeta + (13C3 - 13C2)zeta
+
2 2
((3C3 - 3C2)eta - 170C3 + 170C2)zeta + (- 13C3 + 13C2)eta
+
173C3 - 173C2
t zeta
%e sin(eta t)
+
2 3
(- 3C3 + 3C2)eta zeta + (26C3 - 26C2)eta zeta + (C3 - C2)eta
+
(- 170C3 + 170C2)eta
t zeta
cos(eta t)%e
]
]

Type: Matrix Expression Integer.
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Rewriting this last output, we have

n(Cy — C3)(322 =267 — 1% +170)eb'cos(t) |~

0
0
(34) - (36) = (33) - (35) = B [0 ]
+(Cy = C3)( = 1382 + 1708 =317 + 1357 — 173)e sin(a1)

Again, we have (34) = (36) and (33) = (35). So (32) has been shown to satisfy (1) twice. Next,

% wxmaxima

Z2:matrix([(C2-C3)-%eA(zeta-t)(eta-cos(eta-t)+(zeta+62)sin(eta-t))],
[(C2-C3)-%eA(zeta-t)(11-eta-cos(eta-t)+(11-zeta=15)-sin(eta-t))],
[(C2-C3)-%eM(zeta-t)(eta-(2-zeta—5)-cos(eta-t)

+(zetar2—5-zeta—etar2+28)sin(eta-t))]);

/-This corresponds to (32).-/

Y2:diff(Z2,1);

/-This computes (33) to yield (34)./

A2:matrix([1,6,11,[-4,4,111,[-3,79,8]);

/-This corresponds to matrix A.-/

ratsimp(expand(Y2-A2.22));

/-This computes (33)~(35) to give (34)-(36).-/

(C2 - C3)(sin(nf)(£ +62) + ncos(nt))%et’
(72) (C2 - C3)(sin(nr)(11¢ — 15) + 115cos(yt)) %oe’”
(C2 = C(sin(pe) (2 = 5¢ — 1% +28) + neos(nt)(2L = 5)) e’

(C2 = C3)¢(sin(nt)¢ +62) +neos(t)) %ot
+(C2 - C3)(ncos(nt)({ +62) —n? sin(nt)) %e’!

(C2—-C3)¢(sin(nt)(11¢ = 15) + 11ycos(nt)) e’
+(C2—-C3)(ncos(nt)(11 = 15) — 11n? sin(y1)) %oes !

(C2 = C3)(sin(t) (&> =5 =17 +28) + necos(nt) (2L — 5))%oet!
+(C2-C3)(ncos(mi)(&? = 5¢ — > +28) — i sin(y£) (20 — 5)) %€’

1 6 1
(A2) [-4 4 11

(Y2)

-3 -9 8

%4See (15), (12), and (37).
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0
0

((cz — C3)sin() 3 +((13C3 — 13C2)sin(yt) + (3C2 — 3C3)ncos(n)) 2
+((3C3=3C2)? = 170C3 +170C2)sin(y1) + (26C3 — 26C2)ncos(71))
+((13C2-13C3)n% + 173C3 - 173C2) sin(n1)

+((C3 = C2)n® +(170C2 - 170C3)n) cos(m))%eé“ gl

Likewise, rewriting , we have
0
0 0
34)—-36) =3B3)-3)5) = = @] 01.
1(Ca = C3)(3¢> =26 —1° + 170) e "cos (1) 0

+(Cy— C3)( = 1322+ 1708 =372 + 1307 — 173)éb sin(nt)

Again and again, we have (34) = (36) and (33) = (35). So (32) has been shown to satisfy (1)
repeatedly. This leads us to hold that (32) is another real-valued solution of (1) devoid of IV and

repeatedly pay attention to TF’s, which (32) contains. What about the SM of (32)? It follows from
(32) that we have

EX1(1) = E(Ca — C3)e {ncosnt+ (£ +62) sinn1}
= (£Cy—£C3)et ! (eosnt+ (£ +62)sinnt),
EXo(f) = E(Cy — C3)e{11ncosnt + (11¢ — 15) sinnt}
= (£Cy —£C3)ef {11ncosnt + (11£ — 15)sinnt},

EX3(1) = E(C2 — C3)et " {(2L — 5) cosnt + (2 — 5 — > +28) sinnt}
= (£Cy — £C3)e " (n(2¢ - 5)cosnt + (> — 5 — > +28)sinnt}, (38)

¢ being a scalar . Rewriting (38) yields
ay(t) = (Cro—Cry)eb{ncosnt+ (£ +62)sinnt},
ar(t) = (Cio— C11)e§t{11ncosnt+ (11£—15)sinnt},
as(t) = (C1o— C11)e"{n(2¢ = 5)cosnt +({* = 5 = +28) sinnt}, (39)

where C1g and C1; are AC’s, too. (39) being essentially the same as (32), sm’s of (32) also satisfy
(D) @ In other words, (32) satisfies (1) up to an sm.

%Ditto.
¢t 2.4.
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1.3.1 Taking IV into consideration again

Letting IV be (x51(0), x52(0), x53(0)), we extract J’s from (24) as follows @ :

x61(0) = 3{x1(0)} = (C2 = C3)n,

xG2(0) = I{x2(0)} = 11(C2 - C3)n,

x63(0) = 3{x3(0)} = (C2 = C3)n(2¢ - 5). (40)
Eliminating C, — C3 between (32) and (40), we get

bi(t) = xGlT(me@{ncoan (£ +62)sinnt},

by(t) = 22D ed!{11ncosnt+(11£ - 15)sinnt},

b3(f) = n’ggg(og)d "2 = 5)cosnt+ (2 =57 —n* +28)sinnt). @n®

Setting t = 0 in (41) gives

b1(0) = xGlT“))eé“'O{ncosn-0+(§+62)sinn 0} = xGlT(O)eO{ncos0+({+62)sin0}

- —"G;I(O)-l-{n-1+(§+62)-0}— 2610 = x61(0),
b2(0) = 22001 1pc087-0+ (114 - 15)siny- 0} = 22D eO(117c0s0+ (11£ - 15)sin0)
=0 11y 1+ (112-15)-0) = 22 11 = x6(0),

b3(0) = n’ggg@s))eio{ (2§—5)cosn-0+(§2—5§—n +28)sinn- 0}

_n)g(z;z(os)) *(n(24 —5)cos 0+ ({* — 54 —n* +28)sin 0}

= 2808 1- (2L =5)- 1+ (0> =50 =117 +28) -0} = 7555 - n(2L - 5) = x63(0).

Having regot (and confirmed) the IV (x61(0), x62(0), x63(0)) (or (x64(0), x65(0), x66(0)) [,
we verify that (41) satisfies (1) as shown in the following.

1.3.2 Checking solution with IV in a componentwise manner again

We substitute (41) into both sides of (1) and check each row, which is divided in two parts, or
terms containing e*’cosnt and e¢’sinnt.

67 Alternatively, setting ¢ = 0 in (32), we get

X1(0) = x64(0) = (C2 — C3)ef O {nycos -0+ (£ +62)sin -0} = (C2 — C3)e® {17cos 0 + (£ + 62) sin 0}
=(C2-C3)-1-{n-1+(+62)-0} = (C2 -C3)n,

X5(0) = xg5(0) = (C2 — C3)e§‘0{11ncos n-0+(11Z-15)sinn-0}

(C2—C3)e® {115¢c0os0+ (11 —15)sin 0}

(Cr—C3)-1-{11p-1+(11£-15)-0} = 11(C, - C3) 7,

X3(0) = xG6(0) = (C2 = C3) e (24 = 5)cos -0+ (£ = 5 —1* +28)sin - 0}
= (Cy—C3) e’ (2 = 5)cos 0+ (> = 5 — 1> +28) sin 0}
= (C2=C3) 1 (024 =5) - 1+(> =50 =% +28) -0} = (C2 = C3)n(2L = 5).

We see that these coincide with (40). Cf. footnote 45.
%8Considering the case where ¢ = 0 and 1 # 0 leads us to ‘efface’ e¢’, since " = ¢¥ = 1. What else? See 2.3.3.
See footnote 67.
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Comparison of both sides of the first row

el cosnt part m
LHS = 2. {77 + (£ +62)n).
RHS = 1 x XGI@ N+ 6X XG2<°) 1lp+1x n{ggﬁog) (2 -5).
LHS — RHS
= 200 g+ (£ +62)m) = {13 240 1165 KB 11+ 1% 7825k - n(2n - 5))
= 2x61(0)(¢ +31) — {x51(0) + 6x52(0) + XG3(0)}
=[] 2(C2=C3)nE +31) —{(C2 = C3)n+6-11(C2 = C3)n+ (C2 = C3)n(2{ - 5)}
=2(C2 = C3)n({ +31) =2(C2 = C3)n({ +31)
= 0.

e4!sinnt part

LHS = "Gl“’) A=+ L+ 62)).
RHS_lxxG‘(O) (g+62)+6><x02(0) (A1 =15)+1x ’ggg(_(’g)~(g2—sg—nz+28).
LHS - RHS = XGI“)) A=+ L +62)}
{1><xGl<°> (+62)+6x 20 . (117-15)+1x 235, - (2 =5, -1 +28))
= E(Cz—c3>(§2+62§—n )
—{(C2 = C3)(£ +62) +(C2 = C3)(66 = 90) + (C2 = C3)(&* = 5¢ —1* +28))
= (Ca = C3)({*+62L =) = (C2 = C3)(* + 627 —17%)
=0.

So we have

the LHS of the first row — the RHS of the first row = 0-e¢’cosnt+0-e¢’sinnt =0 I

which means that the first row holds.

Comparison of  both sides of the second row

e cosnt part

LHS = "02“” {11n+ (112 = 15)).
RHS ——4><—XG;7(°) n+4x 20 1+ 11x 285 720 - 5).
LHS - RHS_MO) {11n+ (112 = 15)n)

{ 4)( xGl(O) 77+4X XGZ(O) 1177_'_ 11 X U)Egz(_os)) n(2§—5)}

70See footnote 48 for what ‘X part’ means.
7IWe have eliminated xg;(0), i = 1, 2, 3, between (40) and the above.
"Ditto.
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= 22O (11£+ 117~ 15) ~ {~ 4x61(0) + 4x62(0) + 1 1x63(0)}
= E (C2-C3)(224n—15p)
—{—4(C2 = C3)n+44(C2 — C3)n + 11(C2 — C3)n(2¢ - 5)}

= (C2=C3)(22¢n—15m) = (C2 = C3)(22¢n — 157)
=0.

e!sinnt part
LHS = M{—n;ﬁ +(112-15)}).
RHS = —4x 2@ (£ 4 62) +4x 2B (117 - 15) + 11 x 385 - (2 =5, -1* +28).
LHS — RHS = WO) A=112 + 2112 - 15)}
{ 4><XGI<°) (§+62)+4><x02(0) C(112-15)+ 11 x 229 . (25712 +28))

n(2¢-5)
=" (>~ chngz 15— 1127%)
—{=4(C2 = C3)({ +62)+4(Co— C3)(11£ = 15) + 1 1(C2 = C3)({2 = 5¢ — 1> +28)}
= (Cy - C3)(112 =157 = 117") = (C2 = C3)(11£2 = 15¢ — 11%)
=0.

So we have

the LHS of the second row — the RHS of the second row = 0-e¢’cosnt+0-e*'sinnt =0

which means that the second row holds.

Comparison of both sides of the third row

e cosnt part

LHS = 388 (27 - 5) + (0> - 5 - +28)}.

0 0 0
RHS = -3 x 20 .- 9 20 . 11+ 8 x 280k - n(2¢ - 3).

LHS — RHS = ,;ggg“)g) (UnQ@L=5)+n* =50~ +28))

O . © ©
—{=3x 20— 9x 22D 17+ 8x 22O 2 - 5))

=[] (G2 - Ca){gn2¢ - 5) + (> = 5¢ -7 +28)}
—{=3(C2—C3)n—99(C2 — C3)n+8(C2 — C3)n(2L - 5)}

=1(C2— C3)(3L* = 104 — 1 +28) —n(C2 — C3)(— 142+ 160)

=n(C2— C3)(3L* =26 — 1 +170)

=[] n(c,-C3)-0

=0.

Ditto.
74Ditto.
Ditto.
76See (15).
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e4!sinnt part

LHS = 3855 (=4 =53 + (% = 5¢ =11 +28)).

n20-3)
RHS = 3><XG'(°> ((+62)— 9><sz<°> (114—15)+8xn§gg(_°5))~(42—5§—n2+28).
LHS - RHS = ,;ggg“’g) (=2 =5 + L2 =50 =2 +28))

—{=3x 2D (£ +62)-9x D (117 -15)

+8x 2B (257 P +28)}

=7 (C2 = C=(2L = S)m* + L& = 5¢ = +28))
—{=3(C2— C3)({ +62) = N(Cr — C3)(11£ - 15)
+8(C2— C3)({* =5 —n* +28))
= (C2— C3)(> =502 =37, + 5% +280) — (C2 — C3)(8L — 142 — 8% + 173)
= (Cr— C3)(> =132 +170¢ = 30°¢ + 132 = 173)

=[] (Cc2-C3)-0
=0.

So we have

the LHS of the third row — the RHS of the third row = 0-e%’cosnt+0-e¢sinnt =0

which means that the third row holds. (41) has thus been shown to satisfy (1).
Since we wish to make computational verification as usual, we prepare the following for later
use:
Table 2. Some notational substitutions , m
x61(0) | Aa || x62(0) | Dd
C—C3 | Bb || xg3(0) | Ee
n_|Cc { | Ff

According to this table, we rewrite (40) and (41) as

Aa =BbCc,

Dd =11BbCec,

Ee = BbCc(2Ff -5) 42)
and

cl(t)——“ ef{CccosCct+(Ff+62)sinCct},
cz(t)—llc eFf’{llCccocht+(11Ff—15)scht}

c3(t) = m efT{(Cc(2Ff =5)cosCet+ (Ff> —5Ff —Cc? +28)sinCct}, (43)

respectively. Eliminating Aa, Dd, and Ee between (42) and (43), one gets

7TWe have eliminated x¢;(0), i = 1, 2, 3, between (40) and the above.

8See (12).

7 As in footnote 55, we avoid using the notations that have already been employed.

80For example, the pair (xg1(0), Aa) reads ‘xg1(0) corresponds to Aa and can thus be replaced by it’. Cf. footnote
56.
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di(t) = Bbef' ' {CccosCet+ (Ff +62)sinCet},
d>(t) = Bbe™/'{11Cccos Cct+ (11Ff — 15)sinCct},
ds(f) = Bbef "' {Cc(QFf —5)cosCct+ (Ff? = 5Ff — Cc? +28)sinCct}. (44)

(44) seeming a bit simpler than (43), we verify that (44) satisfies (1) as follows:

% open-axiom

(1) -> Jread bp349_part2_1_3_2_1.input
el:=matrix[[D(Bb*exp(Ff*t)*(Cc*cos(Cc*t)+(Ff+62)*sin(Cc*t)),t)],
[D(Bb*exp(Ff*t)*(11*Cc*cos(Cc*t)+(11*Ff-15)*sin(Cc*t)),t)],
[D(Bb*exp(Ff*t)*(Cc*(2*Ff-5)*cos(Cc*t)
+(F£A2-5*Ff-Cc*2+28)*sin(Cc*t)),t)]1]
--(44) is plugged into the LHS of (1) and subjected to differentiation.

(1)
I

[
2 2 Fft

(Bb Ff + 62Bb Ff - Bb Cc )%e sin(Cc t)

Ff t
(2Bb Cc Ff + 62Bb Cc)cos(Cc t)%e
]

2 2 Ff t
(11Bb Ff - 15Bb Ff - 11Bb Cc )%e sin(Cc t)

Ff t
(22Bb Cc Ff - 15Bb Cc)cos(Cc t)%e
]

3 2 2 2 Ff t
(Bb Ff - 5Bb Ff + (- 3Bb Cc + 28Bb)Ff + 5Bb Cc )%e sin(Cc t)
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2 3 Ff t
(3Bb Cc Ff - 10Bb Cc Ff - Bb Cc + 28Bb Cc)cos(Cc t)%e

Type: Matrix Expression Integer

al:=matrix[[1,6,1],[-4,4,11],[-3,-9,8]]
--This corresponds to matrix A.

+ 1 6 1 +
| |
@) |-4 4 11|
| |
+-3 -9 8 +

Type: Matrix Integer

hl:=matrix[[Bb*exp(Ff*t)*(Cc*cos(Cc*t)+(Ff+62)*sin(Cc*t))],
[Bb*exp(Ff*t)*(11*Cc*cos(Cc*t)+(11*F£-15)*sin(Cc*t))],
[Bb*exp(Ff*t)*(Cc*(2*F£f-5)*cos(Cc*t)
+(F£A2-5*Ff-Ccr2+28)*sin(Cc*t))]]

--This corresponds to (44).

€))
Ff t Ff t
[[(Bb Ff + 62Bb)%e sin(Cc t) + Bb Cc cos(Cc t)%e 1,

Ff t Ff t
[(11Bb Ff - 15Bb)%e sin(Cc t) + 11Bb Cc cos(Cc t)%e 1,

2 2 Ff t
(Bb Ff - 5Bb Ff - Bb Cc + 28Bb)%e sin(Cc t)

Ff t
(2Bb Cc Ff - 5Bb Cc)cos(Cc t)%e

Type: Matrix Expression Integer
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el-al*hl

(4)
CCe1, [0],

[
3 2 2 2

(Bb Ff - 13Bb Ff + (- 3Bb Cc + 170Bb)Ff + 13Bb Cc - 173Bb)

o
=

Ff t
sin(Cc t)%e

+
2 3 Ff t
(3Bb Cc Ff - 26Bb Cc Ff - Bb Cc + 170Bb Cc)cos(Cc t)%e

]

Type: Matrix Expression Integer

factor(expand (Bb*F£A3-13*Bb*FfA2+(-3*Bb*Cc*2+170*Bb) *Ff+13*Bb*Cc*2-173*Bb))
--The coefficient of sin(Cc t)%er(Ff t) in output (4) is expanded and
factored.

3 2 2 2
(5) Bb(Ff - 13Ff + (- 3Cc + 170)Ff + 13Cc - 173)

Type: Factored Polynomial Integer
factor(expand (3*Bb*Cc*FfA2-26*Bb*Cc*Ff-Bb*CcA3+170*Bb*Cc))
--The coefficient of cos(Cc t)%er(Ff t) in output (4) is expanded and

factored.

2 2
(6) Bb Cc(3Ff - 26Ff - Cc + 170)

Type: Factored Polynomial Integer.
It follows from Table 2, (12), and (15) that the last two outputs equal O, which means el-al*hl

equals (0, O, 0)T. (44) has thus been shown to satisfy (1). Since (41) (or (43)) has been simplified
to become (44), (41) has been shown to satisfy (1) twice. Next,
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% wxmaxima

h2:matrix([Bb-exp(Ff-t)-(Cc-cos(Cc-t)+(Ff+6.2)-sin(Cc-t))],
[Bb-exp(Ff-t)-(11-Cc-cos(Cct)+(11-FF=15)-sin{Cc-t))],
[Bb-exp(Ff-t)-(Cc(2-Ff-5)-cos(Cc-t)+(FfA2=5-Ff-CcA2+28)-sin(Cc-t))]);

/-This corresponds to (44).-/

e2:diff(h2,t);

/-(44) is plugged into the LHS of (1) and subjected to differentiation.-/

a2:matrix([1,6,11,[-4,4,111.[-3,79,8]);

/-This corresponds to matrix A.-/

ratsimp(expand(e2-a2.h2));

Bb%e™ ' ((Ff +62)sin(Cc t) + Cc cos(Cc 1))
(h2) Bb%e™'(11Ff —15)sin(Cc £) + 11Cc cos(Cc 1))
Bb%e™T ' ((Ff?* - 5Ff — Cc? +28)sin(Cc 1) + Ce (2Ff — 5) cos(Cc 1))
BbFf%e™ ' ((Ff +62)sin(Cc t) + Ce cos(Cc 1))
+Bb%e'T!(Cc (Ff +62)cos(Cc 1) — Cc?sin(Ce 1))

BbFf %™ (11 Ff - 15)sin(Cc 1) + 11Cc cos(Cc 1))

(€2) Fft 2
+Bb%e" ' (Cc (11Ff —15)cos(Cct)—11Cc”sin(Cc t))
BbFf %™ ((Ff? - 5Ff — Cc? +28) sin(Cc 1) + Cc(2Ff — 5)cos(Ce 1))
+Bb%e™!(Cc (Ff? - 5Ff — Cc? +28) cos(Cc 1) — Cc? (2Ff — 5)sin(Ce 1))
1 6 1
(a2) -4 4 11
-3 -9 8
0
0

(BbFf3 — 13BbFf? + (170Bb — 3BbCc?)Ff + 13BbCc* — 173Bb) %et ' sin(Ce 1)
+(3BbCcFf* —26BbCcFf — BbCc? + 170BbCc)%e’ ' cos(Cet) )

Likewise, factoring the coefficients of %el sin(Cc f) and %e’ ' ' cos (Cet) yields Bb{F f 3_13F f2 +
(=3Cc?+170)Ff +13Cc? — 173} and BbCc(3Ff? —26Ff — Cc? + 170), respectively, both of which
amount to 0 @ . (44) has thus been shown to satisfy (1) twice. Since (41) (or (43)) has been sim-
plified to become (44), (41) has been shown to satisfy (1) repeatedly. This leads us to hold that
(41) 1s another real-valued solution of (1) with IV and repeatedly pay attention to TF’s, which (41)
contains. What about the SM of (41)? It follows from (41) that we have

ob1(t) = OXGT‘(O)eGV’{ncosnt+ ( +62)sinnt},
oby(t) = Oxffzigo)e“{llncosnt+ (11£—15)sinnt},

0b3(t) = 22 el !n(2L - 5)cosnt+({* 5L —n* +28)sinnt), 45)

81See Table 2, (12), and (15).

59



o being a scalar . Rewriting (45) yields

i(1) = xG7T(0)e«“{ncosnt+(§+62)sinnt},
in(r) = 28 eC!{1 1y cosne + (114 - 15)sinnt),

i3(1) = T;%@g)eé "n(2L = 5)cosnt+ (£% =57 —n* +28)sinn1). (46)

(46) being essentially the same as (41), sm’s of (41) also satisfy (1). In other words, (41) satisfies
(1) up to an sm.

Taken together, taking > 1 eigenvalue/eigenvector into consideration has led us to deal with
TF’s like cosnt and sinnt, which we didn’t encounter in [1] @ . With regard to AC’s such as Cy,
C,, and so on, we can dispense with them only when we introduce IV into 3’s extracted from GS,
which is seen in (41) compared with (16), (26), and (32). Behavior of |||x(#)|| will be discussed
elsewhere.

Acknowledgment. We wish to thank the developers of OpenAxiom , wxMaxima , etc.
for their indirect help, which played some role in our computations.
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2 Appendix

2.1 Some detailed computations
We roughly factor (2) into — (41— 1.1)(A%2 = 122+ 157). Then, it follows from QF that the roots of

82Cf. footnote 40.
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the equation A(1) = 0 approximate (1.1, 6+ 117, 6 —11i) ﬁ . Using Polynomial Roots Calculator

and wxMaxima , we try to get more precise values as follows:

Result
The roots of the polynomial z? + 1are:

Iy

il
=

L2

|
I

Recult

The roots of the polynomial —z* + 13z? — 170z + 173 are:

1.10275

€L
xy; = 5.94862 | 11.02244 2

T3 = 5.94862 — 11.02244 i,

Next,

% wxmaxima
eql:=xA3+13-xr2-170-x+173=0;
fpprec:9;
bfloat{roots:allroots(eq1));

(eql) -x"+13 x*-170 x+173=0
(fpprec) 9
[x=1.10275166b0, x=1.10224389b1 %i +5.94862417b0, x=5.94862417b0 -1.10224389b1 %i] .

83In what follows, the variable A is replaced by x, which won’t affect our computations.
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Now using Giac and SageMath , we solve the equation x> — 13x? + 170x— 173 = 0, which we an-
ticipate to give almost identical results [**] .

% giac -v

// Using locale /usr/share/locale/

// ja_JP.utf8

// /usr/share/locale/

// giac

// UTF-8

// Maximum number of parallel threads 4
// (c) 2001, 2018 B. Parisse & others
1.5.0

% giac

Homepage http://www-fourier.ujf-grenoble. fr/~parisse/giac.html
Released under the GPL license 3.0 or above

See http://www.gnu.org for license details

May contain BSD licensed software parts (lapack, atlas, tinymt)
Press CTRL and D simultaneously to finish session

Type ?7commandname for help

0>> iA2
-1
// Time ©

1>> eq2:=x*3-13*x42+170%x-173

xA3-13*xA2+170%x-173

// Time 0

2>> proot(eq2)
[1.1027516612,5.9486241694-11.0224389371%1,5.9486241694+11.0224389371%*1]
// Time 0.01.

Next,

% sage

SageMath version 8.7, Release Date: 2019-03-23
Using Python 2.7.16. Type "help()" for help.

sage: IA2
-1
sage: eq3=x73-13%*x22+170%x-173==0

84 According to footnote 3, results we obtain should be identical. Why almost, then? Because precision differs
among software we employ.
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sage: eq3.roots(x,ring=CC,multiplicities=False)
[1.10275166120159,
5.94862416939920 - 11.0224389370911*TI,
5.94862416939920 + 11.0224389370911*1I].

Sure enough, solving —x* + 13x? = 170x+ 173 = 0 and x° — 13x? + 170x — 173 = 0 gave almost the
same results 5] .

2.2 Computing det(A) and . +é + %

We compute detA| .

4 11 -4 11 4 4
-9 8 -3 8 -3 -9

=1x{4-8=11-(-9)}-6x{-4-8=11-(=3)}+ 1 x{-4-(-9)—4-(=3)}
=1-131-6-1+1-48=131-6+48 =173,
which we verify using GNU Octave and Maxima :

detA = 1X

-

+—1x|

% octave -W

GNU Octave, version 5.1.0

Copyright (C) 2019 John W. Eaton and others.

This is free software; see the source code for copying conditions.
There is ABSOLUTELY NO WARRANTY; not even for MERCHANTABILITY or
FITNESS FOR A PARTICULAR PURPOSE. For details, type ’warranty’.

Octave was configured for "x86_64-pc-linux-gnu".
Additional information about Octave is available at https://www.octave.org.

octave:1> det([1,6,1;-4,4,11;-3,-9,8])

ans = 173.
Next,
% maxima

;;; Loading #P"/usr/lib/ecl-16.1.3/sb-bsd-sockets. fas"

;;; Loading #P"/usr/lib/ecl-16.1.3/sockets. fas"

;;; Loading #P"/usr/lib/ecl-16.1.3/defsystem. fas"

;;; Loading #P"/usr/lib/ecl-16.1.3/cmp.fas"

Maxima 5.42.2 http://maxima.sourceforge.net

using Lisp ECL 16.1.3

Distributed under the GNU Public License. See the file COPYING.

85See footnote 84.
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(%il) determinant(matrix[[1,6,1],[-4,4,11],[-3,-9,8]11);
(%01) 173.

We have thus checked that detA = 173. By the way, since afy = 173 @ [6], and af + By +ya =

87( L, 1. 1 _ eftBytya _ 170 ; 88
170 ', 3+ 5+ =""45 " = 173, & rational number .

2.3 Answering questions raised in footnotes 31, 36, 62, and 68
2.3.1 The case where { =n=0

In a sense, this is a ‘funny’ case, since substituting { =7 =0 into (12) and (15) yields —173 =0 and
170 = 0, respectively! @ Of course, both are unequivocally wrong. Then, considering this case is
entirely nonsensical? Not always, unfortunately. For example, substituting =7 =0 into (16), one
gets

F1() = Ci(a+62)e* +62(Cr + C3), 47)
Fr() = Ci(1la—15)e*" = 15(C3 + C3), (48)
F3(f) = C1(a?® - 5a +28)e?" +28(Cy + C3). (49)

1 X (47)+6x(48)+1x(49) gives F(2)+6F2(t)+ F3(t) = Cra(a+62)e®’, the RHS of which reminds

us of 2.2 and 2.3 in [1], if we replace the coeflicient of ¢’ by, e.g., | /A% +A% +A§ and B(a + 62),
respectively. Moreover, substituting { = i = 0 into (26), one gets

J1(8) = {xF1(0) - 62(C2 + C3)}e*" + 62(C2 + C3), (50)
J2(8) = {xF2(0) + 15(C2 + C3)}e*" = 15(C2 + C3), (51)
J3(l‘) = {XF3(0)—28(C2+C3)}6C”+ 28(C2+C3). (52)

Setting ¢ = 0 in (50) — (52) yields (J1(0), J2(0), J3(0)) = (xr1(0), x£2(0), x£3(0)), which makes us
aware of the very existence (and importance) of IV. And 1 X (50)+6x(51)+ 1 x(52) gives J1(¢) +
6J2(1) + J3(1) = {xF1(0) + 6x2(0) + x3(0)}e??, the RHS of which becomes related to (47) — (49) as
soon as we replace the coeflicient of e*’ by Cia(a +62).

2.3.2 The case where  #0,7=0

In this case, we are able to ‘forget’ (C and focuson R ,sincea € R,andf=y={|e R @ .
However, substituting 7 = 0 into (12) yields ¢ — 13¢% + 170 — 173 = 0, which is essentially the
same as (3) @ . We thus immediately recall @ € |R and 8,y € [C @ , though we have set 8 =y
=/{|€ R. In this sense, C| is ‘recapitulated’.

86 Cf. footnote 12.
87¢f. footnote 7.
88 é and % themselves are complex numbers|, however.

On the other hand, doing so into (13) and (14) just makes us confirm that +0 X something= 0, which is not so
hilarious. Cf. footnote 32.

NSee, e. g., footnote 12.

1Substituting 7 = 0 into (13) and (14) again yields +0 x something= 0, the trivial. Doing so into (15) gives the

equation 3¢2 —26£ + 170 = 0. Using QF, we get the roots 13 W13°=3170 '1332_3‘170 =43...+6.1...i € C.
92
See, e.g., 2.1.
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2.3.3 The case where / =0,7#0

As in footnote 68, setting £ = 0 in (41) ‘obliterates’ e*’s of it to yield

by () = me@(nCOS,]H& sinn?), (53)
by(t) = 22 (1 1ycosnt—15sinni), (54)
ba(t) = 222 Spcos it + (* — 28) sinnt). (55)

Viewing TF’s in (53) — (55) as derived from et ﬁ , we can ‘live’ in (C . However, substituting
¢ =0into (12) and (15) gives the equations| 1357?> =173 =0 and —;* + 170 = 0, respectively@.
At any rate, we get real roots as soon as we solve them. Moreover, we can remember a € R E] ,

if we wish. In this sense, R is ‘recapitulated’.

2.4 SM of eigenvector yields eigenvector again [7]

We touch on a (typical) example:

Example 2.4.1. [ (1) g ] [ (1) ] =2 [ (1) ] So an eigenvector and its corresponding eigenvalue

of the matrix are [ (1) ] and 2, respectively. We then consider ( 2 ] =4. ( (1) ] , an sm of { (1) ] It

1 0)(0 0 0 0). . .
follows from [0 ’ ][ 4] = {8] =2 [ 4] that [ 4} is another eigenvector whose eigenvalue

is 2

25 AreC;,i=1,2,3,really arbitrary?

Using matrix notation, we express (25) as

xpl(O) a+62 §+62 §+62 Cq Cq
xm(0) (=] 1la-15 11£-15 11£-15 C | =10 |.
xr3(0)) \@?=5a+28 2-50-n*+28 2-50-n*+28])|C3 C3

Due to rule of Sarrus|, we have |det II = ajjaxaz3 +ajrarzaz; +ajzaziasy —az araiz —azansaig

—aszzan1ain @ . The second column of IT being the same as the third one, we consider its special
case where alp = a3z, ayp = azs, and a3y = asz. Now (det| IT becomes aijazzasz + apzansaszg
+ai13a21a33 —azaz3a|3 —aszzazzdl] —azzdazidiz = ajjaziass +agszazzas) +ajzdz1as3 —aj3a3asg
—ayjaxaszz —azaziasz = 0. Since detIl = 0, the matrix I is singular and thus II ~1 doesn’t exist.
So we cannot determine (Cy, C, C3) uniquely by computing

9SRemember EF. Cf. footnote 35.
%Doing so into (13) and (14) gives n(—n*+170) = 0 and —5(—5* + 170) = 0, respectively. Since 57 # 0, upon dividing
both sides of them by 7, we get +(—n> +170) = 0.

95
See, e.g., footnote 12.
96See pl1 for what a;;, where 1 <i, j <3, stands for.
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Ci xr1(0)
Cy =117 xp2(0) |,
C3 xr3(0)

even if the IV (xr1(0),xr2(0), xr3(0)) is explicitly given. Hence, C;,i =1, 2, 3, are really arbitrary,
at least until we reach (25).
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