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THb,

PEBCAENT) ONEIE, BT AICBIN BRI OV T, R & BERN M 2 RS %
EWVIBLDTHD (KDFELWI EFT I NRAZGATI IV,

FHORHWIIKRE IO, (1) WEHEOREDHE DD & (2) BIEL Tw 3404
HOMPER LT 27:0TH 5,

RO NIHFHE TR L Qb 7, NEZH2BEAXy 79 2 PHICKR 2 DI 23 78\
M, ZOBRC THELWI LIE#R —MCELTHIDTSHEICLTLEI L) 5 (Bw
RTz)ZticlTws,

WHWBITRIEH F DT 2K HICLTH O (FH0Twd), HEOT XA M, 7
FAFZEIC TRIWITHEDIE, 2362 EEZT0505, ZORHZBEL Tw 55412,
FRPRIZDWTHID TikdL 5 A%\ Z & #2E[E L T, fTHDIEIZ/N I VLo dsEy & HET L 721,

EFe)

AR THIEY 75> — ) 0B EMv 3 (HEFO#E, — b0 PDF I3 http://
nalab.mind.meiji.ac.jp/ "mk/literacy/ IZd %),

LKA D TR DTk DBELHHRE §2, BB, ISP DREVEVDEDH S
b Lnewnd, BZHLTCIENS LDbNS (b ULIMFO 2RI Uz CER LT
TEWw),

MIEDES
REICOWLTOSERE LTk, HF 1] ZHESET 2,

o TZoiXy M THEMY T I — Tl = T, "BFEDIHE Tl - EB-oTw3,

MECEEEZATRLALbo% (HEHO) HIEY) 77> — Tl Ty LWgAR
D, T <lid TEREE, LIEA TV,

=D s LT
TRTOD ) onT

Vo P(z) &, r{ } P(z) (DD LD, TH5).1 Lwide,

Ir Po) &, "B 5 ¢ HSFELT Plr) (B9RDI10). ) £ R,

(Vz) P(z) = Q(z) 2 (Vz: P(z)) Q(z) £ bFHEL, TP(z) Wi/ T &) BEED » ITH
LT Qx) DY LD, D) ICHL, r hBETEIEbN S,

THD TR O TWE T ERZEAL T, ZN2ANTHD 2 2 L THBHIZO EWHIEZ VS, H
STHBEDEERMRZIRD K-> T, 100% Bz T2 E, —AHT, TROO FZHSTHRRAT S 2 Lidhk
DEEL <, (D DEERICHICT 2 2 L THIOTERMREE L 72 L I RBROE L Bd oz, KIZEEHD (T
FZAUCEERG L), 20D 0D (FAZASBRRHEECOu R W L2HEZTWE I ENE L, ZDM
FEH2S Litkw), Eboiiiiz3nTuined | WEADIEL CHBHSREWZ Ltk s, Lw)biFT, 1T
DK ELENTRLE T XA NI, REODADBETZEAFENEZOREE L TREFEFLIRVEEZI TS,
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— Plx) B rzeALvIFHTHIE5G, Vre A Q) LbFEL, TA DERDHE
R IINLT Q) ¢Htl, v e R DEGHIE MERDOFEL « TN LT Qx)) &

2
WL o

— P@) D2 >0 LWIFRMHETHE5H. (Vo >0) Qz) LHEL, TEEDIEDE «
WXL T Q(x)) et

e (3z) P(x) AQ(z) Z (Jz : P(z)) Q(z) &EL, "P(x) ZWi7ed L)% o DFEL T
Q(z) DIRY LDy DX HITED, ik LEMKILEIE DN S,

— Pla) P2z e ALwI)IFETHIE A, (Fre d) Q) LOFHS, TADDHHUEE
r DMFELT Qo)) L#ilr, 2 e R DGEIR TH2FE « BHEL T Qx)) &

i
LU o

— Plx)D3z>0 LWIHIFEFETHIEA, Br>0) Q(r) £bHEL, "H21ED% = 8
FEL T Q(x)) Eaids,

3 DT s.t. (such that) Z 257 FAFBL WD, DRV EICT 5 (HAFEDH
£/ —br%2DOT), HlZIE "IneNst. ne>1) T%E "AneN)ne>1; £#EL,

o AR (1 L ED¥E) ks % N LR,
o (VreR)(VyeR) DEHITY Wl 5 & i, (Va,y eR) DK ) ITHEL THL,

o HEEIC Bz eR)(Ty eR) DEHIc Il 2L Z1E, QryeR) DX LT
=<,

EEDES

) =o =2EH,

AUB=At BOGiE ={z|zc Avae e B},

ANB=A ¢t B Oy ={z|rc ANz € B},

A\B=AD6 BzijlvulkZES ={z |z € ANz € B},

A= ADHIEA = X\ A (KLREL X 2285 L7 2),

AxB=At BoEEEG={2|(Fz € A)FyeB) z=(z,y)} ={(z,y) |r € ANy € B},
2 = ADRIEL = {C | C C A},

AP ={f|f: B— A}.

N = BABRRDOES, 7 = BHEERDOES, Q = AHEEEARDOES R = EREEROEL,
C = EEREMHDESL.
DUFa & bI3FET, a<b ZiizdET 5,

la,b] :={x eR|a <z <b},
(a,b) :=={zr€eR|a<x<b},
(a,b] :={z €R|a<xz<b},

[a,b) :={r eR|a <z <b}.



(—o0,b):={zeR |z <b},
(—o0,b] :={z eR |z <b},
(a,00):={reR|a<zx},
)i={rxeR|a<z},
,00) :=R.

la,

(—
COWMBBTEHAT LT ELT

o
o0

R™ .= {(z1,...,20) | 21,..., 2, € R}.

x= (11, - ,1,) € R"ITHL T,

acR,r>0%c35%LE,
B(a;r) ={x e R" | |z —a| <71}
EBE, a 2D ET R r OBBREMES,

ER 0.1 R? OxplE, il (a,b) (a,b € R) EFPNLD, ZHUIHIXE {z e R | a <z < b}
LRAZINZBNGH 2, (a,b) BR2 DEEZELTVEDh, R DXEZFELTW2EH1E

Hite 23D X705 13T TEH 5D, 2L Z2IHEAICZD L) RAHZHNS 2 LIXREAD
BERH Y ZH)ThHD, FIZ7 7V ATIE, RKEZROFSTRT I ETIOMEERERL T
W5

b:={reR|a<z<b},
a,bl :={r eR|a<az<b},

bj={z€R|a<x<b},
Wi={reR |z <b},
b= {r eR |z <0},
={reR|a<z},
={reR|a<z}.

HEXHME D F
a€RITHRLT,
) a (a20)
laf := { —a (a<0)
EBZE, Tz a DFfHiE (the absolute value of a) EMESDTH -7z,

DT EBEMERIZPERDIEM > T3 EB I D, RN Tl E DO ARG A3 H X
N, ZOMOERICIFIZEAEDADBEFEENTOLLRLRS LItk ,

(i) Va€R)|a| >0, %FFEa=0DLE, ZDEZIRHRIT S,

(ii) (Ya,b € R) |ab] = |a b].



(iii) (VYa,b € R) |a+b| < |a| + [b].
(iv) (Va,b € R) |a—b| > {|a| - |b|’
(v) (Va,b€R) |a| <be& —b<a<b

((iil), (iv) D a+b,a —b IFARBFZELSLTHRVDOEF L)

(iv) DFEEHH: |a] = Ja—b+b] < |a—b+1b] £D l[a—0b] > ]a] —b. a & b ZATVEZT
ja—b] = [b—a| > [b] —|a]. @RI |a—b] > [|a] - [b]|. m

INEDRY FUVRBEIR D LOH, ZHUIE TR T 5,

ZDfth
IRAME%Z max, Fi/MEZ min & W9 Fl5THRT,

_Ja (a>2bDLF)
maX{a,b} _{ b (a<b 0)&-%?)

IFAE
max{1,2} =2, max{2,2} =2.

2 DA E oS LT h FERICH 5,
max{1,2,3} = 3.

R OTHEA AITHLTH, maxA V) ilaz v 2,

max {z? | -1 <z <2} =4,
MBS EM I L, ACR M eRIZHNLT

M=maxA & (VzeAz<M)AMecA

EEOELS A, B IIL T,

ANB=0 <& AcCB"
(ONHE) FEREDES A, BITNLT

ANB#0 & Ag¢ B

B
IMEZ

F2. MIRIAD TRV BICEHAE B, L FNE., BE-EEDANI I 5 5DT,
GARTEETHE Ta— Z)RAK KHVIZRITH->TFI W,
—H/RFLI LI

ANDiE"E B 2 A EH <
XEZ2bL e A LHl
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0.1 MBRIFEEZFIEFES

Z D TEUEANT ) 3R EAND AT —<Th 5,

fetrat Lk, TR 2 %09 B0yt . TR Ok z w28 Th s EE5b T 5 (Y

FZOMTHEHE CERBP—HL TWwEbITTIERVI?, $HEHZITANLGNTVE LI T
H5)

BT L BBROBFTH S

CDOHHETIIEREOMABAICHENSIBRICOVWTEDIRS,
HAD KA TOMOTET - TOMPBOT A, 1FEAERDDICKIS NS,

(a) MRPROMEE % GEHHK & CREC B (FEA?) L CT 8 2 (KD AR DR, BUAR
WD DI EZRDYF},

(b) MifR%Z EBbA LEEL, ZOWEZEEOWICHRTIAHT 2 (BUAR D AR OREEHE),

(BRI 72 293, B DEAE () DL TH S, )

BRBPLARITIZ, D00 EL S LY RL W02 72, MRIRICEH T 2 HFEDFF
LWl (RE2ICE->T THEH) ) 3E D S 2 THIBILICL T, MO RERHER %8
D¥EATLED) TFERD S L, "SI, — T TEHRIETES) £Hicks,
BE2HERD TEURE T PV BETICEENLEZL L), 20 oMmIRIC
BT2REHZFLOTER, LVIDHDTH 5,

ERBHO T80Tk, T BOIDWMROFEARN 2T DFEL CBRXSN TR0, 20
AT D 9D LB E D O () i Z2177% 9,

0.2 RBEREFAE?

BT e Dy —FTHHT 2 &, BEOHRITIE, WRZHw5 2 & TERBITE
5, L2605 (HHIZFIELC T, MR2Z2EOTICELZAE 2 LT O2NLW) LDV
LEAHB, EVHTLETH S,

OTRBODERR: [ D a T BHOREE1F

fla+h)—f(a)
- :

f'(a) = lim

h—0

MEEDER: f A% a THFETH S L 1F
lim f(z) = f(a).

T—a

BoOER: (2 TIFRHHIZE Q)

20 IIRNT DM TH 2 0REFTR L -2 3% T, Buiio THARATAL S, g B ARITIZIFEEL 72
TEPFOTH- TV, L)oo REeEDVE L (R),
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HEEDER: f: [a,b] — R 25E#HET, f(a) <0, f(b) >0 7% 51X, Je € (a,b) s.t. f(c) =0.
(RERNC I3 % 22716030 2 03, B Z XXM/ INEZ V2 L Z, ¢ 3H 2 B5DMR & LT
Bonsd, )

Weierstrass D AKMEERS: f: [a,b] — R 2% 7% 51X, f 1F [a,0] TRAMEZILS, T4
©HbH Je € [a,b], Vo € [a,b] f(c) > f(x).

(2D clddb 2B DOMRE L THONS, )

PEEDERE: f: [a,b] — R 2T, (a,b) T f DMTAIEEZR 51F, Je € (a,b) s.t.

f’(C) _ f(b) B f(a)
—

—a

(EED T DT ¥ A Tl Rolle DEMZ HW-TEEI E 41, Rolle DEREIE Weierstrass

DERANMEEBZ > CHEHI NS, BT 212, 2D c bH2BUIOMREL L fHons, )
WM. PHEOEHO ML TH % Taylor DEFSRD, L) Lk b,

Taylor FEGA (FERRE — W Ic BN 225 THEZERIEL CHLIY A EE#):
f(x) = [™(a) (x —a)". (FEDOMNZ Z = lim

n' n—o0
n=0 n=0

Y LEHRINDZOTHIRTS 2)
k=0

T - 1 n

e = ZO El’ .
e BB L WEN 2 b D D—FT, HREIOPIAGHE 721 TIERB TR R W23, iR Z
vz 2 ETRBEEKRTY 2013 TH 2 (EMOFHEICIZVIHIBER T TH %), thofi &

LTl
o= (=t 11
D e e C Ik
3% %, m \MEE (RSB EMIEN S D D) TH DY, FEESOMRE L TRE S,

Fourier fRZUER ( T#U2E X 74 70, "W L 7 — ) 241, TH¥E): f: R — C 2°
JA 2 ORBIBIE T, H5HREDES I 2F2% 613

1 [7 1 [7
ay = —/ f(z)cosnx dx, b, := —/ f(z)sinnz dx
TJ TJ

EBCLE,
Qo :
f(x):§—|—g (a, cosnx 4+ b, sinnx) (r € R).

n=1

BERIECERRIE, F(r,y) =0 LW HBRA» S, y=p(z) L% 28 p OFEFEELZTEERET 2
ERC, BT OB CHERICHD K SADH S, ZDIEHD EEFHIE RO MD
FAEEHT (D FED y IKOWTRL), () T TEFTHRIUE, o THoAZHRITE) 2
DFEIZMRR E LT N5,

REEADIEAREH TEBZRED n REERX ag2” + - + apn_12 + a, (FEFBOHPHI D 7
CEL—2DM2Fr> ) 13, ARl RS ED0TWw B3, Z DREHIZ T %2 - G
W19 2 D@ TH 5 (Welerstrass Dix KAEEFEZ G AUITEIZEE L < 2w,

BRI DS, F TR OWEMEO RO EEDREHIE, & 255 ZED ., Z Dhi
BRDSFAEL (2 2L V), ZRDMEOMIC R Z 2 E2RT (2 2IREEFH), Evw) R
=V —Tbh23%,

3HFEIZ, BEAEDT XA MT, ZOEHIZIFAHIRDVT VLAY, UL, ALOIT Y R=ZLFENLD

50 (AHIRHEZDOT B L. ZOBRDIENAL—RIHED L) 2 ENSV) DT, ZOH#FETIIL LlET
A2 DT B EICT B,
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0.3 fRIEDMEAFICDOWVWT

MRDSEE 2D TH 205, 22 EIRoTtBET 20 W) HEFEDOHZ T 5D TRL
T, 80 EHRICHBROFEDRILI N 50, £\ ) & ZAICEEDOEMDH 5, FlFHTEE
R EWVIHPH ATIEMImTE R\, AEHEZHA THRTE 2 L) 125 2 &, fEHEIT
HCHFHTE 2 X9 1Ick 5 2 LPEETH 5,

BEOEEZT 22 L, BARMIZIE, /= 25ATHBETE 20MR TS, HiL TR
HEBDERZHRZ S,

M BEE COMmBIZOWTIE, B2 2] EFDTIAMELTHEIdoND (LIFLIF
FEHNESDLNTV ), ZNL DA HAZEL T N3, HE 3| 25 L%
B2, FKBOELHD 22 OEEZHR 4] 280 TEL, WTNOEFDH 2 NETH %,

(2016 FF3E0M) Z DFEFED 3FEHICAD, TNFETHS B> RO HICT A2 R,
S [5] 1, HENEEMTER O ZMETOT X A FTH 20, RO IZONTH LD
DZEILT B RBH 5T, A [6] ITEFEBOMERIEICOWT, BRI E F A SiEamoiHE-> T
W5, ZOZEEHNZ BTG L7203, <26 H 5 EK (7], WK (8], [9] bEELR T
¥ALTH5,
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Rolle D EH
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. Cauchy D
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I° 7 5 1k . BTV DIER
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ZDEETIE, RPID Weierstrass O _FRAFIZFIHL 2w (ZNnb H->T A, LIESR),
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1

RVOMEEDEE, ERES, LRE TR

"Bt D i) 2ZEL T RS —LEAICE > TR, ZOfiIcEHNTH S LIEEH»D
Livkwens, s (Ficiid) CEN2ERH 20T, KL THATIE,

1.1

EHOHEDEHELRT LS

FEEBERDOESLS R OFROWHICOWTE, AR E L H>TwsTHA) L,
Berofd, CORY bz th s,

ik & FEPHRICHRT ((KTh %), ZNUBRDBEREmNL T2 (EFETH ) 72
FTh L EROMRE (RETHIT %) EMEN2ME L2, Thbb, XD 1~3 2

729,

1K = RIGBHEOME, T L b & (FHRE, feld) %743 (NI 0T IR, %58

ZEROCTHEEICOWTHHREZ 2 U, oBCER 2 72 9),

1) Va,b,ce K) (a+b)+c=a+ (b+c)

(1) (

(2) (ke K) Vae K) a+0x =0 +a

(3) VaeK)(Fd e K) a+d=d+a=0g

(4) Va,be K) a+b=b+a

(5) (Va,b,ce K) (ab)c = a(bc)

(6) (Alx e K) Va e K) alg=1ga=a

(7) (Vae K\{0k}) (30" € K) ad" =d"a= 1k

(8) (Va,b,c € K) (a+b)c=ac+bc, a(b+c)=ab+ ac
(9) (Va,be K) ab=ba

(R TIEMEDHALIT O 1FEFD 0 TH D, FEOHNIL 1 (JHFED 1 TH S, )

2. K =R IZEEDIERF < ICXVIEREZ 23 ((ATH O, REFEETH D, HFBR

3.

(Z

DMEDNNE « FE L WINLT %),

) Va,be K) (a<bVvb<a) (fEED2ILIZHKATHE)

2) Va,be K) (a<bAb<a=a=0D)

) (Va,b,ce K) (a<bAb<c=a<c)

) (Va,b,ce K) (a<b=a+c<b+c)

5) Va,be K) (0<aNn0<b=0<ab)

"REDERE) (XN IMEHZRO, JHRIIATHIT %,

ICEW L) BHHOE G IEN TR WAL W ERRT 5, BRETIIEY &2k

% THRICT 2BBE R, BIAE TREL 2Z#T 2 LEHIOLTEED, Z0LE, o
Do Y HIHILD 2 L2k S LI CE B, )
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1.2 SREDESH

(R EfME, v & TEIBoEM: ) R HETRS 2, TEEoMEGM:, 220t
R AMETH S, )

FEROEGiMEZ , BENICHH (7)) T5 L, FREROES R ICTE/AB LW L (05
Y 22 55 O N CBIIRCEABDIRIRDFEDRIE S L), %5759 D,

KR DBGNEDBEAN RO F I tax H 205, RENLRBDZ I OHIFTTEL,

77T ¥ v b

(a) Dedekind DRFL (NEDHPZEM — H\V 722 L DH 2 NDTDITHHTETHIT)

74TV ab TR

(b) Weierstrass @ _FFRAE (#£34)

7OV X AT A

(¢) Archimedes DAHE (B3h) & 5Eliilk (BCRIBT 225, SEMMEL 1 TEE® Cauchy 13
I’IX%?ZJJ Z k)

(Z DL DEIMD 22 DT, SEFHILE 2 2 LICT 5, HAR TEFTEER) [10] 23E 5L
BEBETHEATH 205, b 9P UBMUINLEZH TR 2] 25l Tk, 7F Ak
Ik o T, ZNDADFEZ SN (B2 (d) T RICE R 2 BBy R 2 F>, 7%
E) 27 AT, 2N DMEEZFEHL T2 D03H 505, HEMP L LTEI D3
DXL BVTRWTHS I, )

AR DOES Q bIHFARTSH 22, “HHEOHFME 1ZHZL v (ZUT2W» T
Bl %), Q TN AZIEIT 2 DIFATREISE Y,

et ik 2 JEH L T e, (o) ® (d) BPEERGR WX ) ITH KT 228 (T EE5 1
BONDMFE 72006, BOIOWIRIIETERTLDT, 22T (b) ZHAT S ((a) 1ZIER
I, RENCES L THAT (T7 X b 1)), HEREAEDL SO LI D8,

BEBEL Aok IRE, (b) 2BLTEI I,

775\4 LxIiFA

EE 1.1 (Weierstrass D LRAIR) LICHHD»OETEH L R DEROETEAIT LR
2R,

RicER), TER) EWIHFEOERZ > TR0 H 5, EFINLIZE 505, ZHUE

Efﬁﬁ?%

ZOfMEIE, REZELALERTIVUIGEHT 2 2 L3RS (TabL 2 @ﬁiiﬁf%
D, EHTH ), 2027 T 5DIEFFMEDBNY, FZnzP > THHFEHFITIE
DIZK VDT, ZOMETIE, COMEPIEL VI L3O TEimd 5 Z k‘?&(:mﬁ
COHRIB-o72ZLTHRVDOT, ZOMEIE TR EMEENDZEHH, )

1ZORIZ, WO AT 2ERD THE) 20T, ZORICBELATEL L, BAhoGH TERZ S
I, EVI)DOWEIDZEHD—DICH B, KRitm I EpDANL VLD, FHELOTETICITHEI 2w Lk
VW (O HIZIZEEEZ D OMR E VI AD WV 50T, [MEARAEORME»D Lhizwed), FEAEIEE
o2 DIFBFEDOHCHER., EVIBEEDPSDY v AINADL I EDVL L,

COHY ZELALEEDIE D ORI DD 2 DT, FHCEIRO WA, (5ZNE2ETTHIL
13) Bz,

SRA LR b Lz nds, ZOFHEETIE, FEETCEL TR, ERELTWAEWH DI 2%
AT 2 DIF (AU AHRETH 2, Bl k) Al Lid, BRIOWTYFA T, EEAROEEATIIMRZ
N 205, WRZERZRL TRy, Z2OOMBICEIT 2 E8I%, FHIZHR 223, FEHIEE SR T (R
C) ke v, Bo7EMz FRICL T, Z2I00%ETIEHT 5 2 LIFAETH 5,
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1.3 L5, EICER, EBR, sup
BAME & A E L L 727 IR & v ) a2 AT 5,

CxIhw

-~
EE 1.2 (ER) ACRUER T3, UD ADER (an upper bound of A) TH 5%
AEN
VxeA) z<U

B IZOZ EZWT,
N /

B3 HLN

a 5% N
EE 1.3 (LEIKBR) ACR 7%, ADLICER (bounded from above) TH % & 13,
ADERD (Bl b 120)FBETEIE, Thbb,

(U eR) (VzeA) xz<U

DIRDNIDOZ E &I,
N J

AR=VELTE, ADPEICEREEFE, A DXV N— (HR) TRCMWZ 5 Nk EEDS (k
D) H5, EVWHTETHD, ZOBEOI L% A DEREERD, ZUF—EWIEF
25DTIEHV, U ADERTHHLEEZ, U =U+1LEE. U DB ADERTHS
D5,

Ml 1. A=[1,2) £L92LE, ARLICAERTHS Z LERYE,

M2 ACRUER (TS, U ADERTROEVIZEME (BEDRE - 20T i
}Eﬁ‘ﬁ%ﬁo

Bl 3. ACR T2, ADBEICERTIZRAVE W) FEHZ (FEDHS - ##bT) T
xRYE,

Mld4. A=R £ T2LZE, AFLICERTROI LZRYE,
NS DRIDMEIZ, ok A i (p. 120) IZH 5,

(FAEEOPZETIE, BHICEEA IS ERZ W T, aF a—27 T A 2 B S
LT, HlotaFa—rTcRy 7 LT, b R, b ERL 9ok, ERDHIBT
BOERLINIVDDERT ZLICE®REH D Z )£ FoTEWT, DUFICHE <, EIER T
HIZACHFIH SN E, LETHDOEPSHMEIHZ ), LER-oTWTRSENET, )

AMPREELETHST, RICARTHE LS, A D EFRBIREFET 200 A D ER
BIRIIZRAMEDFAET 5, Zhe A D LREWSS, Thbt, EREIEIRD L) ICERS
ns,

THBTIHHT 2 k), b LENEPFEITNRZZI ERTH S, —H, RRESEEL W E 22y BB
DT D2 EH DT (BIAIE A=[1,2) BRKEZF 20, ERIZ 2), 29w) BT ikl &
EoTWw3,

8ZD7d, HoRITE, BRI E L TRINETR (the least upper bound) L HWTHZ DD 5,
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4 N
EE 1.4 (R OBMAEEGDOLR, LR=FROBIME) ACR, ScR T2, SHPAD

L BB (the supremum of A) TH 5 LiZ, LATD (i) & (ii) BIKD VDT &2V,
i) SIFADERTHZ, DL

(Ve e A) =<8

(i) S K /I A D ERTIERW, T4bb

(Ve>0)(Fze€A) z>85—¢.
\_ /

(ii) P LADD D5 0EAILOHIRE: S KDDL THAIVEIZD ) ERTRL, twv
T EF, SBERDILDORMETH S, ) 2 ETHD (PIAGE: ZDmzEGUTERE
ThDH, ZNL VRO TIEFAKBL RV E W) FUIEABRENRTH Z),

WIEDHIDZ ETHEIDZDIDOFNTEL: LRI EHRTH S,

5. LRI ERTHZ L ERY,

f 6. (R DM EAIHET 2) ROMHEOERE H,
(1) ER (2) kicER  (3) kR

M7 A=[1,2)={zeR|1<2x<2} £T5LZ, 213 ADERTHS I LE2RYE,
Rz KR LT, BRDOA XA = (72 SADH 5 ERORME) 2oLl L2E#O 5,

R 1.5 (ZEADHER) (M2 ViETEH 2D T, BRYIEFAL—LTHRV)A=0 LT25L
g, EREOFEIZ ADERTHS (HBETL &I 2RI L TELS DR, ). FIZ A D EHDE
HETHZE0, AZLICERTHS, A DLALEKROESRITIR THY, Zudm/MEE
el (JBRBIRKITTw3), 212 ADLERIFFEL RV, 2% ) MRESI RICERTH S
D3, ZBEL O ERIZEFEEL RV, -

M 8. (ERDFMIEEED LR TH S I L 2nd,

ACR AAD ETBEE, ADLERDBFET 55618, ZRURBHICH S 2 L% LCHR
L7y, ADLERIFEET 2H5061E, =2 Lk,

ieE 1.6 (ERO—EM) R OMIHEED LRIZ—HETH2 (b LAFETE4561E 1DOL
7R,

B 9. i 1.6 Zn¥,

COMEIZED, TADERIZ S THSy LWVIFOIHBHKS L)1tk 3,
(2FD) "W ADERTHS,) LFATH, TADEFRIT U TH B LIE, (HdElE) 52
RO, TSIFADERTHS ), TADERIZ S TH S, IZMHE D OK.)

BEDIRLICR 2D, RDTHDFVTEL,
Bi58: EI 1.1(Weierstrass D _ERAE)

ACR A#D, AZEICERETELEE, ADLERVBEET 5,
(RICER»OZETHRY R DIEROWEES I ERZR D, )
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ACR, A£QD 3%, EH 1.1 256, ADBEICERTHIET A O LIRBHEET BH,
2 ADERPEET 22 0IE (ERIZERTH 206, ERVPEET LI LICEST), Al
LIicERTH 5,

fild, R OFETRWITFTES A IZDO0T,

(1) ADERPEETSE < ABLEICHRTHS
N AIRVASR

FifRZ K9 72012 lim L W) ElEDBdH -7 X912, BRI LT sup EWVWIHEELH 5,
a4 N
E& 1.7 (R DETRHRWVWEBRESD sup) ACR, A£D LT2LE,

oA ] AOER ADECEROEE, OX) AD LRHET B & F)

P (ABEICHERTREOES, %D A O ERMBEEL RV E )

&#5(0
\ J

Bl 10 ACR,A#£) £ T2LE, supA DEFRZFHT,

A DERE supA EBIF B, supA lE A O EREERS AW EICHEELES. 20
TLOFRE lim ERIT V3 (B {a,) 25 0o ICHBT 2856, {an) ORRRUEFAE L 72\ 275,

lim a, = 00),
n—oo

@ 1.8 (BAEREBTHSZ) ACR ET5, ADRAEEZFCL. 273 A O R
<H5,

SEBR  RKfE & dfild, EREZEE TS (Vx0T 3EEH->T0RLDLD), SERPFAD
RAMETH S E1Z, RDO2EMEDD D E & HY,

(a) (Vxe A) x<8.
(b) S e A.

EROERD (1) 1 (a) ITX DI N5E, EROERD (i) IZ2WT: Ve > 0 ITHLT
S>8 —¢c (EOBERNFENS%2), £/ (b) &D S ATH2056, (i) PHZIT S
(z=5 EFTIIH), =

W22 A DIRKEDFET 256, ZUE ADERTHY, AZEICERTHS (ETH
fEiHL),

B11.9 A:={1,23} LT3, (YR ACRTHS, UTFIIHIIH) I L2ELDIIEMET 2
D, HDOHTIRF 2y 7 TRETH 2, ) A IZRAM 3 200, 2hiz ADERTH 2, W
ZICABRECAERTHS, =

n

EMJOB:{l

neN}&ﬁéoB@%ﬁ@1%%oo%%163?%b\it
VreB <1

Thsd (FEEre B %olE (IneN) x:%. n>1Tba06, v=
KiEIZ ERTH 2506, BDOLERIZ1L. WA BIZRICERATHS, =

ISTETHHTEE TS IZ, ADEDERINDHLRZIVLLELVLELIHEZES, A DEHETHZ,, 2D
7 TEDHEFE, ofic SHELEENEDT ML\, 2 ANINERDH B,

1
S I — ].)o —AEQC‘:EETXA

S|
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<

— T RKNEPFEL B WEGAED FRBGET 2208355, LRIZZ ) I GEIcHR
OMRTH S,

BRAEIFERTHZHD. FEEAITULHETEL
ZoHNE, KETHITBHZ LT 5,

AR 1.11 (BEZERISEH) "LicER). TER) L) HEZERTS I LTk T,
Weierstrass O _ERAHNFHBICEIT TWA I L2HEL k), ZN6D0SERZ{EHL I ICHM
AT TELEE )RS0, AL TAS LR,

(VACR:A#OA((AU eR)(Vz € A) 2 <U))3S€R)---

HLODHEEL WERTIE R w0ds, Gl <, BT 2 ICIERRID 05 THAH, 7rT T 3
YITEIE, REEoMIEBHNI L BB T B, L) DI, =

1.4 ZILFERAXAFADOLE

MRICBE 25z T 57201 DIC, PILFXTFADAEY (the axiom of Archimedes, the
Archimedean principle, the Archimedean property) & M4 % FEBDMEH.

(2) (Va > 0)(Vb>0)(In e N) na>1b

DBIEI T2 B (T8 Z a VNS KL b IRELSTH, P07 SAha 28Dl b LY KREL
b 50
b —HAHINTE B 2B U-oT TELEBIUIILERS) EEVELR),
TILXRATFTZADORNEBEIZHS DX HICEZ 200 Lt wds, R 235k, TEHFEE VL)
ZERISIFEEATE 72\, Weierstrass O _FRAHZRE L THIUIAHTE %,

TE 1.12 (PILFXTAORE)

(3) (Va > 0)(Vb > 0)(In € N) na > b.

SEEA HHYEZH VS, 3) D IlwE TR E D a>0,0> 0 DEEL T,
(#) (VneN) na<b

DD, Ai={na|neN} EESEL ACR, A#£DDIRDID, 72 (8) 26, Al
RICEHRTHS (0 ADEFICTRS>TWS), WAIZ Weierstrass D EIRAE D A @ EIR
S DMFET B,

ei=af2 tEBELE, e>0ThHE06, HROEERLD, 5% e ADPHEL T,

S—e<ax<8.

A DERNPS., x=noa 27T ng e NDBHIET S, TDEE, y:=(ng+1)a EBL &,
yeAThHD,
y=(no+1l)a=na+a=x+2>5+e>5.

WZIZyeA y>S THIZD, ZHUF S B ADERTHZ I ECFET S, wZIT (3) 28
KOO, =

WTIPLNEATFTAQFR, EPSNHELH 205, 29 F2L TTAXXATADRENDII, LiobH L DT,
COHETIE T7VIXTAORM,) THET, (Z1UILTH, ~ADADMaL B L2 TH5HDTTR)
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$l 1.13 C := {—1
n

n eN} ={-1,-1/2,-1/3,---} £9%, 013 C DERTHS, FpX,

(i) Ve e C 13 2 <0 ZH72,

(i) Ve >0 IZRLT, IneN)ne>1(a=¢,b=1, LT TILFATRAORNHZH3),
corEeslchans L0 I (FreC)a>0—c UKD UOC L

n n

FLTVS (r=— & TRERL),

EXD 01ZCOLERTHS, (05C DIRNDEFRTHS, L) DBRLoLK DEL SN
B2 H7?)
L2 L C EmAEZ R 2w (ROMSH), =

Ml 11. EOHIT C DERKIEIHFEL 2\ 2 & ZHEHY &,
1114 D:=N £33, DI EICERTR, FEE
VU eR)(FzeD) z>U

DIRDSD (a=1,b0=U ELTPNIRXATADORNHZMHE) L n-1>U 27T ne N
FET DI LT HDT, z:=n ETHUTL V), I U FRICTAERTERY, =

ezl ) #HE: Lo420HD%EA A, B, C, D IZDOWT
supA=maxB =3, supB=maxB =1, supC =0, supD = occ.

(C DEKRAE max C BFEL %\, D O ERIBEFEL 22\, )
12, Q ZAHEDDNEFFIRCTH 255, THEH O 3R 27k, 2D Q O
N2 T RIRZERT 5 & &1

FICERDPDZETR Y Q DIEROIMIHEEIE (Q O#iFT) RRZR >
(=95 AVA SRR T kY h

B 13. HIREWRT T7 L X X FRAOAMZET) LwI)MEZ LS, RD L) i
DERICBING, INomEDOERZHFHRE (HRSIFEHHL, Bk o l3blz 51 X),
(1) VaeR) (VbeR) (IneN)na>b (2) (VaeR) (VWeR) (In €R) na>0b
(MECZZZICT 20 EER» S La v, ZOTORECIZEIEE KL 72 »
DT, )

&ﬁluumﬁﬁﬁﬁﬁnwm)m%ﬁna>bc;n>>2aﬁ@f%ao%z@a::
0.0123456, b = 98765.4 £ 95 & &, b/a = 8000048.60031 - - - THHD6, n = 8000049
ETHUL na >0 DR VED, TDXHIT, bla D/INEFIRZ KD 5 2 L BHERNUE, na > b
Wiz n BEO 5,
:@%Zﬁ?ﬁ%ﬁ%ﬁ%&%ﬁ#%th&woWM®%ﬁ%ﬁ%mkﬁ%k\mgg<
mAlTHBEDE. ni=m+1 LFIUERG, ) Ll (FROEEDINIERTE S 2
EDFEHBNELHFET, ZNZ2 L L) ET2E, FRETLVIFATZAORBENRED Z &

HACQ, SecQtd2LE, S ADERTHZ LI, (i) (Ve € A) 2 < 8, (i) (Ve > 0) (Fz € A)
S—e<zBEDIEDIELLERTIE, LVLIBKRTHS, SeQ LLTWVARILIIHR,

19



2 MEBEL 2D TH 5 ((EROFERV/NEERTES L) EHITEELDT, 209
L, ZOfE — FORRCND G EBoTWw A, AC AR 2] 215 LRV,

TIX AT ADOAEIILZ DATO K HICBZ 200 Ltz wds, dEHIZSIET, Faims it
BEIC L CHEBAEERT 2 L) ilcid, 2 BB X 5 Ik SFEH L 72 b 3
% (Weierstrass O FRABIZBHLICL <, EH 112 DGEHI N L2 wWiliZ ),

Z Dl

(VU >0)(IneN)n>U

EFVTHREL (FAfE) T, 2HIFELSTRALDRPTLDOTIE? LwIHIXADLT S, =
R 1.16 (FE 1.12 DFHZHI > BE) 7L X X T 2AORNHO MR 22 A3 72 < 72
Vo A A B AR TORGIAEY T, 21U NEREL T LESRADRZ VLR WS
22D E (TAFRXTADRNEDWADIAT AR DH 5 L) BESHH T, FEF
LDEHDFERTHO ST RADH B0, TREZENTE ) TEHXZIDMETH 5, I T
2] FEBALEHL TH- T, 2016 FFEE TOHRTIZZ D D J7 (I {na}, y PEIR%Z
i) ZHEEL T Zds, BH B 2 RT, HEERDIZ & A EREZRWEEY] CEH 1.12
DIEW]) 3% 2 Z L ICKDIOVT, o

1.5 T5. TIKHSHR. TR, B5F

0 h e

VSIS ft;\:ch M by CTibR7223, [FHBkIC TFR (a lower bound) ., "FIEESR (bounded from
below)s. "FPBR (the infimum); W) FEL, inf V) HLFBERI NS,
BDIH: TeRVBACROTRTH S LIE, KD (i), (i) BEH TOE I,

i) I EADTRTH2, THbb (VreA)I<u.

(i) I KOREVEIZ ADTHTIER Y, ThbE (Ve>0) (Jre ) [+e>u.
FLACR A4D ETHLEE, infA L WIHidE%E

ceg. d AT (ABTIARTHS L F)
] —oo (ADBTFICHR TRV E X)
TEHT 5,
Bl 14. FO45DHIDES A B, C, D 122\ T, inf A, inf B, inf C, inf D #R® X,
B 15. LT O R OfmEAIE. (a) RICEREZTICERTIEZR W, (b) TICERZED RICH

FTIER, (o) BITHERDP O TFICHR (290w EEIHITHR EW)), (d) BITHERTHRLT
ICHERTRY, ODWTIUTREE T 20, HEE &,

E = {% nEN},F:: {n?*|neN},G:={(-1)"n|neN} H:={-n[l+(-1)"]|neN}

M 16. XICHIT 2 R OFDES A (j=1,2,...,10) I LT, sup 4, inf A; ZRK X,

1
Al = (O, 1], AQ = N, Ag = R, A4 = {E

nGN}, A5::{n2‘nEN},

nGN},

nEN}, A7::{x€@‘x2<2}, AgZ:{Sin%

,3), A= {tan_lx | x € R}.

S|

A6;={(—1W

s
e

|
—~
=

—_
P

(-
—~

[\
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(72721 tan! W EMHEET ET 2, )

Ml 17. ACR,A£QD LT, —A={z| (FyeA)arv=—y} LESLE, LITOMIZEZ X,
(1) SERMP A DERTH 2 Z & 2wkl TEYE,

(2) IER D —ADTIRTH 2 2 & 2wl THRYE,

3) SERVADERTH2%E561E, —S 13 —ADTFRTH 2 I LERE,

il 18. Weierstrass DAFZEL T, R DZETH W NCHERGEHTEA T PRZ2R>Z £ %
A, (T TE) ZOWTEIAHZKRET NI T A THL I L0 05, )

Hiz TER, Ly liad H 2 (ZXROuZEM R ICEFIZ B 0»o T, AREDEEICR ),

EER 1.17 (R DERGEAER) ACR LT%, ADPER (bounded) TH % & 13,
(FReR)(Vx € A) |z|<R

DR NIDOZ L&,

Fix, AAROBRIILRIUZEM (R CY) THHWS (T RICER, |, THICER, 13EF
BfRZ T DT, ZRICZEMANFIRRTE 20),

FIRTH 508, 20 IAERDEE %2 T 5,
(a) A, BeERIZOWT, |[A|[<B& -B<A<LB.
(b) z,y e RITDWVT, [z +y[ < |z] + [yl

M 19. LoD (a), (b) ZAEHAY X,

ACRPERTHE7:DIIE, ADPLICHERPOTICAERTH S Z EPRESTTH S,
FEEE. AR L ST
BReR)Vz € A) |z|<R

DY NDODT, L:=—R U:=R &L &
(VxeA) L<z<U
ThHH, AFLICERPOTICERTH S, Wi A D LRICERDP O TICERZSIF
(BU,LeR)(Vzx € A) L<z<U
DD DO DT, R:=max{|L|,|U]} £ &,
x<U<|U<R,
—JH. -L<|-L|=|L|<RTHIHS, —R<ZL

xr>L>—R.

WZIZ 2| <R DB EODT, AFERTH S,
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2 BHIDMER — - N Wik
BN DRI E E5 L. AR AR5, 218 Hih4 WHETH 3,

ZOfiDIZ EAEDNEIL, THFED L) THARIETTH L DT, BEEFEA L LT,
LEFFL B TR T S,

E o, MROMEZHEET 20HLVWESbRTVS, (BLY) YO TOEAIFRH

AoV OPFEEESTRY, oD LAGHPRL WA, B ZIXHE 3] 238
db%iﬂ%o

2.1 BIIDERH=

HABRERDOEA N={1,2,---} 25 R NDEH a: N > R DI L Z2¥F (sequence) F
7RI E V)12, n D a(n) DT EZBH L a, EFE, BIIEKEZ {anfneny EET. a,
DI EZBIN {antneny PEBnIBEEWS,

WL { ) BEAEERTEOILHLNIOT, MiEbh kI ICHEET 208D 5, B
Flix, LAY B (al,ag,”', a,) EMTVB ETHDHZDT, AR () 2wk
FISEREHE LT IS C W Lk ({1,2) = (2,1}, {1,1} = {1} TH 225 (1,2) # (2,1),
(1,1) # (1) &), BB, I (a,),0 VI RFTRLTOZT X R 255D 2 (B
ZATRCH (2, il [12]).

COHHEIE, TEOBIUC OV TRFIIT, {annen £V I HEHTHET,

=ity

RK 21 SHLALERL TR, £V HEE, 55 2foTb bRV, EWw)DIFIEL W
Dy, BRI Z L2 BRADRETIE, BE2RKELDABESTORER) HIHEIRE EH
ZTCW5, b2oLd T3 2REELDADMESTVD ) &) DK ZRIEHEICIZ 2 D 2 7
V, (B L SGRRFAE OBFRIERE ICE - BRI . L) HEEERDH BN
E. RO TV 5DREREETIE R, ) 7HICES, LLIBlRLH-> T, %Pﬂﬁf
FIHICHER ) Ev ) EDBRWIENE E A, 72XIC TZ2DRG (RPZDHATT) IFFETH
WS IED STy EREICE) T EbHLITNL, io_v”“%iﬁékﬁ%m@u
WME L, BOPRPICEH 72 DM EIFEZ R I LELE) (EV 7 MIEST
A5), B

2.2 IUR. MR, X

f R
T 2.2 (BOIOUR) {a,}, . 8, a €R EF 5, n— 0o DEE, {ap}, . 7' a

IR T B ({a,} converges to a) & I,
(Q) (Ve >0)3N eN)(VneN:n>N) la,—al<e

IR LD E R,
a, »a (n— o)

£,
N /

REEHTNE VWIS DHEZ, ZNEPHICETIEERZ L DH D, ZOH7HDHAEBEIZT LI EE 22 b
BV, 2OV T EDNDHLZDT, HUITXTFINE L THRERT 22 CHEDERZ L DIF, MEZ 2 Gktkss
H5,
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ESCVEEN
(M) (Ve >0)IN e N)(VneN) (n>N=|a, —a|] <e)

LLEIF L, IS (Vo) (P(z) = Q(z)) % (Va: P(z)) Qz) LB DTHo1,

i 2.3 (NRINDBPRD—EME) {a,}nen DIBIN. a,d/ e R TH D,
a, —a (n—>o0) AN a,—d (n— o)

DD STO% 61X, a=d.

SEER Ve > 0 ISH LT, §>o. 5ED 5
(AN eN)(VneN:n>N) |a,—a| <e/2,

AN eN)(VneN:n>N') |a, —d| <e/2
W 2T n:=max{N,N'} &TnF

9 15
0] = o=t + =] < Ja— o] + o — ] < S+ 5 =

ROMIZED a=d. =
[ 20. Ac R »

(M) (Ve >0) |Al<e

il TR0 A=0TH 2 (HHEPIMTEDIEE L D /NI WEIZ 0 TH D) 2 L ZIHYE
L (ev b HHYER),

E&E 2.4 (BOIDER) {a,}neny 28I, a € R T %, a ¥ {a,}neny DIBBR (the limit of
{a,}) THB L. n =00 DEE, {a,} D a lTHTE I EZVI . {an} neny DHEIR%
lim a, &\ 9HELFTET,

n—oo

—RMEDRE 72 DT, “the limit” &) BRI IE4 LI s L, T{a,} DHERIZ o TH 3
EVIBOIDVHRKS (WR2 oMU EH B L LS, ZOFW0HITED L W), MEO—EM
ZRIZWVIBIC lim a, =a EFH L DIFFEITIZIEDP L,

n—oo

BI {a,} D3 a ITINRTHZ L%

lim a, = a
n—oo
EHWTYH
a, —a (n— o00)
EFHVTHRY,

BHATIE, BEZEZFELTH 1IALEWVLI ZLITAZ>TWEDT, B3 A DMEFE . TA OicEE I B,
EVIHRBUIFUEIRIC A S (FldR), JAUH L TRAZ T ALERE 0T, TBIZADOKA v
FEUFHETYH, TADKAIR By 13 (KRAD T AT E 2 &9 ABEEBRDEMED L WIRD ) B2 L ARBITH 3,
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-
EFE 2.5 (WRH) {a,}nen 2EINET 2,

(Ja € R) li_r)n a, =a
DIRDIZDEE. Hay e BIRITH 2,10 {an}, oy BRI B, {an}, oy PHBIRD
FET D). {an}, o BBRZERD) L9, B {a,bnen BUORL 20 E & {an}nen
\u%ﬂ?%&wio

Y
B 21. B8 {0} 75 a IUURL 7\ & W 9 GefE 2 B o (4e0F (O) oBE %), %
= {a,) DUCKL 76\ © & % SR c Y,

Bl 2.6 (EBRBEIDMER) —>DIH ¢ 1ZR LT, an = ¢ (n € N) TEZF 3HF {anbnen 1
12 NE

lim a, = c.
n—oo

FERR, Ve >0 IR LT, N:=1 B &, n> N 27z FEED ne N IZX L T,
lan, —c|=lc—c|=10|=0<c¢

THH256, lima,=c. m

éfTﬁf&:%lﬁﬁﬁﬂbiFéﬁ%??%@“a ZH9THEWHIZHITES ETBLE, BREETLELR
CAD lim — =0 Z2HD BF7-L %%,

n—oo N

1
Bl 2.7 lim — = 0.

n—oo N,

GEH) 7V FATAOLRHE) AFBEDIEDE e 1T LT, 5% NeNWFHELT

Ne > 1.

NZZIDEIBEETDLEEZE, n> N Zi/cTHEED n e NITH LT

LN N RS

n TLoNCF
SRR Tm S =0 2FLTVS, m

n—oo N
BI 22, (1) lim — =0 2P &, (2) lm —— =0 AW L, (BEIE p. 124)
(4517, (ERROIER o ISH LT, lim %:omwoo )
P23 0<a<l :32E lima' =0 Z3FHE L, (Ev b b::% LECE. b1 Th
20256, h:i=b—1¢tEEh>0 ZHEHED 0" =(14h)" = (ZﬁﬁzLﬂm+~~
k=0

THHPH, n>1THiUuX v" > nh.)

B 24. B {a,}nen, a € RIS LT, lim a, = a 23D D% 61X, RO HRE k12
LT, {anirtneny d a IPORT 2 2 L 2RH,
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B 25. 25 {a,}nen, a € RIS LT, lim |a, —a|] =0 & lima, =a BWHIDOI L%
n—oo n—oo
W,

B 26. 251 {an}, e, (Ontpen &~ a € RIZTDWT, (i) (VR € N) |a, — a| < by, (i) lim b, =0
Wil 97 610E, lim a, =a DD ZDOT LR,

n—o0

2.3 BREROEXRNZEE

-
2.8 (WRFIDH - 2 - W+ 1) {a)ew & {bubnen BIRFITH 2 L 5. KD (1)
~ (4) DIR Y 3L,

(1) lim (a, +b,) = lim a, + lim b,.

n—oo n—oo n—o0

(2) lim (a, —b,) = lim a, — lim b,.
n—oo n—oo n—oo

(3) lim (a,b,) = lim a, lim b,.

—00
FHEED ce R ICH LT, lim (ca,) = ca.
n—o0
a lim a,
. 7 > . An _ n—oo
(4) (Vn €N) b, #0, nh—E)lobn #0 72513, nh_{{.lo b, Tm b,
n—o0
\_ J
COMEITMR DG EZ T 5 L ZICHANTH 2, HIZIXEKOEEINICENS
1 1
w4243 120 E305 149.043.0 1
A P I 1 "~ "332.0+0 3

D& EEEIZ ZomEEZ M FH L Tw 3,
n?+2n+ 3

1 .
Rl 27. frg2.8 £, #26, #1127 ZFHWT, lim ——— = = Zt,

R 2.9 (HBHDQ&A) w28 D (4) T, &M (Yn € N) b, £ 0 FAETIEHRNWTT
bﬁJkwig%ﬁ%otom#oébkwﬁ\%bﬁv&yzmﬁéﬁwkbfﬁéﬁ\
1mmm¢0f%m@\+ﬁﬁ%wﬁ%@ﬁ%ﬁnH%wan¢0ﬁmbjoo%:?\+%

KEEEDHRE 0 1ML T 0, BERINTOS (SVHZ 5 & HREOBISHE n 1 h L
Tanﬁﬁﬁéhfw&w)%ém%\hman%%%ﬁéiiﬁﬁﬁtfﬁﬁdlhmgﬁd

n—o0 n
a lim a,

Fre v ATRAED, Ha) & {b) HUERAIC, lim by £ 0 THAUL, lim L = 1=
n—00 n—oo b, lim b,

PR DD, LS MESEIC A D, ZOLIICEOTHEALS S, MEH28 229 Lk
Do l-Dix, HMICHHORBEOHN O TH 5, m

M 28. Bl {a,},cy PP a € RIZIKL, a # 0 THUL, T7KREW n e NITHL T,
an # 0 DD LD T L =R,

L OMEDIFHICELD 220 B HTICHEfH 2 LT <,
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4 N
EE 2.10 (LICHS. TICASR. 85 BOIDIBR)) {an}wen 2BIN1ET 2,

(1) {antneny BEICEFR EIZ. R ODWITEE {a, | n e N} D RICAR LI L SR
% &
(U e R)(VneN) a, <U

A RYAS R A

(i) {an}nen DFIRERE X, R OIBES {0, | ne N} BFICHREC &, Sz
3L
(AL eR)(VneN) a, > L

B DNEDZ LRV,
(iil) {antneny DEREIE. R OIBFES {0, | n e N} BDERLIE, S0z 2 &

(FReR)(VneN) Ja,| <R

A RYAS R A
J

ER 2.11 BICER. TIER, AREVHI DI, B, R OFmESICH L TERSI N
D3, BONCRH L THELET S, ~5TxeDdsrE, #Ul {a,} 258 a:No>n+—a, >R L
AL ED, K a(N) = {a, |n € N} 2 R OWHEETH 2D, 20d LIcHR, T
WHR, (BI)ARTHLEE, 2NN {a,} D EICER, TICER, BRTHZ L0,
EVWHZIETHD, BT, HEAKOBE f: Q - RISHLT, AREVI) SEZEERT S
D3, ZNHMEE f(Q) (CR) BWAREVIERTH S, =

R 2.12 (INERNBERTH ) {an}, . VUHIIA S 1Z, R OFIES {a, | n e N}
3ERTHZ, T4bb, GReR) (VneN) |a,| <R.

e 2.12 DFERA  {a,} DHR%Z o LB, RDEEDS (e =1 & L THWVT),
(AN eN)(VneN:n>N) |a, —a| <1.

DL E
R :=max {|ai]|, |as|, - ,|an_1|,|a| + 1}

EBLE. Y e NISHLT |a,| < RAMRD TS, FBE n< N DEX [0, < R THY,
n>NDEZE
lan| = lan, —a+a| < la, —al+]a] <14+ |af < Rm

mrE 2.8 DEEEA ¢ := lim a,, b:= lim b, £ B,

n—oQ n—o0

(1) Ve > 0 IR LT g > 0. RELD,

(3N, eN)(Yn e N:n > Ny) ]an—a|<g

VIS
(AN, eN)(VneN:n>Ny)  |by —b| < %
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N :=max{N;, N} L& &, n> N Z2i7TEED ne NITHL T,
5

226.

I(an+bn)—(a+b)|=I(an—a)+(bn—b)|Slan—a|+|bn—b|<g+

ZU3 lim (a, +b,) =a+bZmRLTWV5,

(2) Z4ud (1) EFABRICEEIITE 2 DTHIET 2,
(3) fEED ne N IZxL T
by — ab| = |anby — anb + anb — abl
< |an| by — b + |a, — a| 0] .
e RIEROIERET S, a, - a (n — 00) THEHE WRDERDEMED ¢ L LT

5
2(1+ [b]) ZW->7T), (3N, €N) (VneN:n> Ny)

19
() lan —af < A
{a,} FICRFITH 2H 6, i 212 kD,

(3R e R)(Vn e N) |a,| < R.

by — b (n — 00) TH B0 S HDERDOZMD = £ LT m #H(>C). (3N, € N)
(Vn e N:n> Ny)
9

N i=max{N, No} EBLE. n> N &5E (2), b) BIRD ZODT,

19 19
1R 201+

|anb, — ab| < |a,| b, — b + |an, —al || < R - 5 b < e.

(4) (BH%) m

(RD7=®: R>0,10] >0 TH2D, 0 DEHIETRHCT HICIE AL DT, 1 ZMAT
W3, —fIZ Tz >0 %61E T <1) DEOEDZ EZHWZ, ZDFEHIZ, 1+2 >0,
Xz
1
r<ltzTHEDE, — < +96:1.)
1+ 1+

M 29. Ml 2.8 D (4) ZFEHAY X (&L p. 125 1I2H D),

M 30. lim a, =a %5 lim |a,| =|a| THZ I LZ2FIE L, (B> b —fRIC [[a| - |b]] <

n—o0

la—b] LV RERDRD O, ZOFREREZHIL TV L, )

KGR & MEFF DBIR 2 TR TAHR L T,

a N
i 2.13 (BOIDIERR ENERE) {an}nen, {bn}nen (FIRFIT,
(%) (VneN) a, <b,
N AIBVASY NS EY
h_}m a, < li_}rn by,.
_ J
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EE 2.14 (») Db DI
(*) (VneN) a, <b,
ERELEE, ¥R (x) BEDZODT

lim a, < lim b,
n—oo n—oo

FREHIT & % 23,

lim a, < lim b,
n—oo n—oo

DR LD EFIRS v, FEER
1

1
a,=1—=, b,=14+— (neN)
n n

LE2 L E (W) 3D O,

lim a, =1 = lim b,,.m
n—oo n—oo

fFRA A := lim a,, B:= lim b, B L&, AL B %#ilH7 %, HEEZHV%, A>B

n—oo

EIRET S L. 6::A_TB EBECLEE, >0 lima,=A, limb, =B THHDNPG,

n—oo n—o0

(AN; eN)(VneN:n>Ny) |a, — A| <e,

(AN, e N)(VneN:n>Ny) |b, — B| <e.

(2 CHER T ERS 2 RT3 2 &, 2RI L33, 420 Tk iice = 2D

3
CHVBHBRWRZR, )
n:=max{Ny, No} LB & &,

—e<a,—A<e, —-e<b,—B<e

THDHIDPH,
B—e<b,<B+4+e A—c<a,<A+ec.
Sk
a, >A—¢e, —b,>—-B—c¢.
W Z Iz

4 —by,>A—B—2c=A—B—(A—B)=0.
TRhOSL a, > b, THFREEFIET S, WAIZ AL BDPKYILD, m
R 2.15 (B LE - BRI TODRERA) EEDIEE ¢ I LT, (AN, €N) (Yn € N: n > N)
la, — Al <e 2> (AN, € N) (Vn € N: n > Ny) |b, — B] < e. n:=max{Ny, No} £E &,
|A—a,| <e, |B—by]<e.
iz 4 L <
—e<A—a,<e, —-e<B-b,<ec.

N gAY >
A<a,+e b,—e<B.

a, <b, THHNH
A<a,+e<b,+e< B+ 2e.

CNUDEEDIER e IOV THD DD T AL B, (ROMZR X, )m
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Bl 31. Z8 A, B DMEEOILEE c IWNLTA<B+¢e 2ili-3%61E, AKBTHBZ L
Zt, (&3 p. 1206)

a N
F 2.16 {a,}neny DUWORSIT, U € R,
(VneN) a,<U
N AIBVASY NS EY
lim a, <U.
n—o0
\_ J

SEBH b, :=U (neN) £EL & (BB ), le b,=U,a,<b, (neN) THDIDP5,

lim a, < lim b, = U.mn

n—0o0 n—oo

M 32. (IFSHBEDRE, the squeeze theorem) 3 DDEI {a, }nen, {bnlnen, {Cnlnen I
D2WT, a,<b,<c, (MeN) VKDL, HEELH AIZOWT lima, = lime, = A TH
272513, lim b, = A 2SR D D, ZRE (ZHUIAE 213 DR EVI DT TR, &N
n—oo
sk HHWCEEHTE 2, BEM IR Z R XS TH 5, ),
1 1 e .
fd 33. a, = Esin— (n e N) TEX 289N {a, }neny DHRZ KD X,

n
M34. r D0<r<1%ii7adTET2, (1) limr" =0ThHsILrxrtd, ((2) FED
FeNIZHLT lim nfr" =0 TH 5 Z & ZR¥,

n—oo

(ME: & 2 HEE I ZRDL T TD Newton IEDICRZRFTEIZ L 72\, )

2.4 LICHBRGHEFIEMEBIIDOUER

MAPRSFAES 2 2 & 2fbmd AaEICEHEL L DODH 5, ZOHETIE T EICHE R 2 R
BONINRT %) £ W) RN EMZHNT 5,

-
EFE 2.17 (HFRIEM) B {a,}, o 23EFIEM (monotone increasing) TH % & 1&,
(VneN) a, <apq
DD IDOI L&), [CTETHERT, UMIE5OEE Cole%

a; < as <

'Sangan+1§"'

P, boLFIFsIC
ap <ag < -

Kk%‘ﬂ‘f‘?ﬁi’@%ki)%b)o

{n bnen DT 22 & 13
(Vn1 € N)(Vny € N) [y < np = a,, < ap,]
MDD Z EIFHSDTH A 9,
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e ™
THE 2.18 (LICERGEBBMBTIIIGRT 3) 1124 5T R 7 B3 12 ©
B3, ThOBLEI {0l ey D5

(1) (U €eR) (VneN) a,<U
(2) (VneN) a, <apq

(R AN b
(Ja € R) lim a, = a.

K%Gi al¥ {a, | neN} O ERTH 3,

A {a, |neN} B LRICERTH L6, LR S BHEET %,
(i) (VneN) a,<S.
(ii)) (Ve >0) (AN €N) S —e<ay.
CDEE n>N 2l IEED ne NITHL T,
S—e<any<a, <58
THHDH —e<a,—5<0. WAIC
|a, — S| <e.

g hm U, =S ZRL TS, WRIZa:=5 ETIUIRV, =

rﬁfﬁ%ﬂﬂj & Ak THEEEIRA ) (monotone decreasing) bEFRI 15,
E - IR I B & BB 2 BRI L 5 2 L b b B,

[?& 2.19 MITHFTHREA 2 BINZPCRIITH %, ]

SERA ERH 2,18 LEIRRICAEIHT 2 2 E D KA L, {—an}neny ZF X TEMH 218 ITHE I E
THRY, =

A vbay 7y ary Tl kI, BRRERZ ) BETh ., far b DRMmR &
LCEREL GEmZITI,

FREBATERLUAD Ja,e,m oD, MRE L TERET 2D TH 5,

Bl 2.20 (V3) IEOB a I LT, 2° =a 2T TIEOE 2 DFEHET D, 2D o % Ja LE
KITLM, FIETDHILEDFIIEE) T 207
a? =3 Zmi’cd a € Q IFFAEL R\,
1.77<3<18 TH5, a; :=1.7.
1.732 <3< 1742 TH %, ay:=1.73.
1.7322 <3< 1.7332 TH %, az:=1.732.
1.7320%2 < 3 < 1.73212 TH %, a4 := 1.7320.
UPIEHIZ S XTD ne NIZHNL T a, WERHEKS, 2D {a,} ZHFHEMEBSIT, LICHRH

ThHs, EH21812ED, {a,} BICET 2 L0005, ZOMIR 2 1% 22 =3, 2> 0 2
¥, 2N V3 THS, m
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TEDF {0} PURT 2 2 k) BRE,

n—o0

=1, - = 1
Ml 35. lim ZE DAET 52 & (ay,: o
k=0 k=0
(BB ¢ % e =Y - CHRET S EDBEM, L2 OMHLALEF v 2y
n=0

1
2n—1

X&@T\W%®ﬁﬁuﬁgﬁlkfﬁ%oty$:n22®k§>%§ AR o = &
n!

"1 o
By Y S3ARE S, )
k=0

ﬁ3&1§10+%> BET 5 2 L 2R,

(tyb:ih%an::o+%> TED 72BN {a,} D EICHRPOHEFRME %2 %,
Fo & LIl BT HEARCHES 2 CIBL 2 2 L5 5, 20 & FOHLIE, 2 HEHT
%ZE:CDE%E&E%ka%@%ki&lﬁ”&%(k\%m:B@:Lk22®k%

k=0

B,i”):”(”—1)(”—22!'“(”—k+1)nn1_k:%(1_%) (1_%)..(1_’“;1)

ThHdHNO,

1
n n+1 n
B < Bt @Skﬁn%.%)gg.
DU, )

1

ﬁ31ap:z%ﬂzi<%+§-Quﬂwfﬁwk{%}MTKﬁﬁtﬁﬁﬁ&ﬁﬂ?%

BoramL, ZOmRERD X,
(MEOE = Ut f(z) = 22 — 2 1220V T, Newton EDXME (FTEA f(2) =0 D a,
TD 1ZGERL f'(an)(z — an) + fla,) =0 2V b D% a, £ LT)

f(an)

n

TES 7 BINITH 5, HIMZRAIEEL LD 6132210 LFHTHFHROLLEL EFH T
*%, )

Bl 38. a>b>0 Ziii7zd a, b ITHL T,

5 bpi1 = Vapb, (n=1,2---)

THIN {an}nen, {bntneny ZEDTEE, LTORICEZ K,

(1) {an}nen B PICHFABRBILIN, {bo}nen 3 EICHFLHERHMILINTHS 2 L%
AN

(2) {antnen, {bn}ner FILEOMRICICET 5 2 & 254,

WRLHSthaEA ) & 313, BRREE THFERBI S Tw T, MEMEZBr SN L (S IEEROB 1
DHEBIFEICH > T0E K97, HED EFLNELIEIFAHRVOT, ESMHHEIEFHED BV E/- ),
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(ZOIBDMRD Z &%, a & b DEMBAFY (the arithmetic-geometric mean, AGM)
EMES WHRIZIEF IS, PR E SRR D 0. MARZLHER T2 LI LIFLIE
MR N5, )

ﬁs&éwmmﬁﬁ$%ﬁ9ﬁﬂ?%m7wwmwkgommﬁﬁ5@6@\Z}qw*%

n=1

umﬁﬁé(ﬁﬁb%hmE:eU“mkﬁﬁﬁﬁ%ﬁ——ﬁﬁﬁﬁmﬁﬁalmmmz®WE
k=1

n—o0

i& (Leibniz criterion for alternating series).

f 40. [Te Z2BINDOMRE L TERTE S L) iliz L, MEE r 28IOMR & L
TEHRLTHL,

CZORBEICH T 7DIF, BB 218 DR KM S NGB TH 203, #THIT 2 XA
/AN (§5.1 DEFES.1) HVEH 2.18 D b MR D EHELIGHIHI 2 b Fld 7z o,

2.5 FHOIDEBRADFEE
PLERAFADAIESS lim — — 0 AEEND & ZBIRL Th DA (BI2.7), =51

. X n—oo M
BT TE R L AD
lim n = oo
n—oo
DAL SN D,
EZAT lim a, =00 3D, ZDEEL ZOWEETE I L TR oT,
n—oo

- N
E&E 2.21 (BOIDERANDHEE) {a.},oy ZBINLET S, n— 00 DEE, {a,}nen ¥
oo ICHET S &I,

(VU eR)(INeN)(VneN:n>N) a,>U
DO ER VI, TDI L%
lim a,, = c©
n—oo

k%j—o
{an}nen 2% —oc0 ICHENT B L 15,

(VLeR)(ANeN)VneN:n>N) a,<L
DR VDZ L"), DI L%

lim a, = —o0
n—oo

k %j—o

By e KIZTH-T v % H 4 %565 TH %, http://nalab.mind.meiji.ac.jp/ mk/syori2-2007/
jouhousyori2-2007-04/node22.html
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HOTITRAS%61E

lima, =00 & (VUER)ANeN)(VReN:n>N) a,>U.

n—oo

RO DITHERE: 00, —00 IFFEETIER DT, BIIDWEBIPHT 5 &0 ) EFE (EF2.2)
OHIFENDDITTH B,
B 41. lim n = co ZEFHYE X,

n—o0

B 42, THFBEMESNIINK T 25, oo IFHEWT 5, ZAIHE X,

BOIDOHRICOWTIE, SR EFBREREZ L0H 2038, BRI OWT, ThET
IR L LAMRIC L CIRAAHERH 2D T, LIcZE521THABIEICL LY, 22
THiz WD 5,

3 BHDER — -0 ik & EREHROERNR LR

3.1 BIMOEROER & HHELRET

RUEZEI (FARB O % B EBOBEE) OMIRERK-> 7255, 2 2 TIEELBOBEE f 12
%?%@@@Fﬂw%ﬁwkwo%$®k®\f@R@B%ITﬁ%%hk%ﬁfJ—%@

T.a€cl tT2%, 22T, XKEICZD MO Z2MA7bDTHS, 2%
o I =(a,8), (e, 0],[,8), [0, B] (22T a,BER, a< P T 2)DEFBAIXT = [, f]
o [ =(a,00),[a,00) (ZZTacR) DEEIF T = |a,0)
o [ =(-00,0),(~00,5] (22T B eR) DEEIZT = (—00, 5]
o [ =(-00,00) =R DEFAHIFT = (—00,00) =R (D IIFR D TED 5 7210)

ac€l Th{E, ael T 2HEIZ,

limzlogx =0
z—0

D& B H 72DTH D, v xloge DEEIRIF [ = (0,00) TH D, 0132 DEFMUC
B mnI EICEELLY,

WSO T XA NTIE, B f 2EET 5 L EIC, EEHZHRETIC, f(o) ORXZT 2
5ABEFTHEEZ I LDS 0, ZOHA, f(z) LI ADTERERHEO LI &, 25K
KE% (R D) HAECZERIR [ GRS, L0IRO TIPS 2 (200D 13, &2k
THDH LI,

Bl 3.1 (i) flo)=x DEHEFIX I =[0,00)
(ii) f(z) =logz DEEIZ I = (0,00)

sin x

(iii) f(x) = " DEFEHIZ T =R\ {0}

REIRD TAD X ) b DIZEL L HBRWER I D, FXEFOLE->THT, LIFS6LIEZEI0VIDIC
NEAIDERH B, KOV Eid, B3R XFEMLTL ) HETH 255
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(iv) f(2) = 5 PEBL [ =R\ {1,2}

(D WIER) BO O TIR I BERMIC RS> TuZaWn I EICERL X9 (BREOXEOAHE
2> TWVEDT, ZARICHZDITTIERV), AYIF1RILTH, LTOHE3SHICH L X
% (BEEREE XM LIRS 2v) ~BRNAEREZHAT25PEELDIITHS, »

M 43. f(z) = tanz DEEFZFH T,

R 3.2 (EERBIRREATTHR2?) METOLZ DT XA M TOHBELEERL T, DT, B
DEFTIZ R DX E T 2070, MIZITEHEEZ ETIZ. R 26 6BEOSZRV-E
BEZFRBICT 20PHRTH )., ZHUE R OXBTIE AW LICHEEBLETH B, 5
BEABDOGEIZZ)ITEEIIC, TIER DETHEOLETEAT, T3 1 OEETERED
bl FHEIC W TIRBLRT 2), =

e ™
EE 3.3 REBOMEER) 1 # ROXM, f: 1 R acl, AcRE TS, 2 2a DL

¥ f(o) W AIRIETS (COZ L% f(z) = A(x—a) EET) LI,
(Ve>0)(36>0)(Vrel:|r—a|<6) |flx)— A <e

DO IDT L2V ), (HRIINZiETEIIBARZIDOL2R0, )ADILEZ v —a
@&%@j@»@@mkﬁw\ggmwvﬁﬁo

Flr—aDEZE flo) PHRZED (HEIE Tf(z) BIOET 2, ) &3, % AR
kﬁi‘ﬁ?’fl/"(\ r—=aDEZE flo) WAWKIRETEI L2V,

J
fﬁwflﬁﬁx%&%ﬁ ~

lim f(z)=A € (Ve>0)(3B>0)(Vael:|r—al <d) |flx)—A|l<e.

r—a

N J
(}ﬁﬁ&4@@ueﬁfﬁéﬁﬁmmﬁﬁﬁé%égMmmrmﬁmzmuﬁuﬁﬁbﬁw%j

SR (BAIOBA L AKAROTEKT S, ) n
(UTFDHEEF—ERVICLEDETE)

ER 3.5 (BEBNY MVEREBOWBR) i QCc R, Q#0, f:Q—>R™ acQ, AcR”
DEE (DFED f BEEHERT7 VBB E VS 2 &) 12, 1FEA ERBRICHE lim f(z) 23
ERTED,

lim f(z) = A g

T—a

(Ve>0)(F)>0)(Ve e Q:|x—al <0) |[f(x)—A|<e.

722l QUERKTERINS Q OFE (the closure of Q) TH 517
Q:={zeR"| (Ve > 0) B(z;) N Q £ 0} .

ZZT B(zye) 13, zz2HhLe T2 OBIRTDH %:

B(z;e) ={yeR"| |y —z| <e}.

T3, A XA XZEHI 2L,
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BE, || @EXZIVORIZRT, 2FED r= (11, ,7,) ER"IIXH LT,

o] = \fat+ad et a2

—EICRN G ERE T5E, THb2 b2 LT TN IO EL 2 ABL W E-RbI
HDTEI LGV, ZDEIHIICTHEANRETZEAZ LIZH>TEVRTH LWL, BT
ZIWR> T AREIZ Vb Lk, =

Bl 3.6 (MHELR. THREIEERH — BRTES) (1) fWELBBDEE, 2D
(FeeR)Vzel) f(x)=c

DIRDALDE EE, FEED a € T ITHL T, glclgif(x) = c. GEABEIIOGE L FKT,
ZOEZE N=1¢tLUNE, 2HE568 5=1TRWV, )
(2) f WEEGRDOLEE, D% D
Veel) f(x)==
PR LOE FiE, AEED a € TISH LT, lim f(o) = a. FHE, (LR IR £ 1K LT,
§ = EBSELI>0T, D lr—a|<d BBEED z e T ITHLT

|[f(x) —al = [z —d| < e

W Z (T lim f(x) = a.
(BT, TNEFEHT 2 L ZFEIFEXNER VY, HiHT 2, GFHOESHLIZZ I,
KEIEZH, REMODTOLLT, RFBEIEDZAAVDOE=AN =] [) =

M 44. Foflo D X,

B 45. ModfEIZERE, T7405 f:R =R, f(z)=|z| (r €R) TERINLELK f IR T
HHEThH 5 Z &,

3.2 BIHOEHRUEDERLHEGHEE

B FR 22 il > CRIE D i FTREE DS ER TE %, 2D D HIFEKRTHEAR, T2
Tl DERZ FEE T 5,

/E% 3.7 CEEABDERMY) I # ROXM, f: 1R £33, b

(1) ael &3 %, f D% a TEH (continuous at a) TH 5 & 13,

lim f(z) = f(a)

z—a
DD IO EZ W,

(2) f 23 I Tilfpi (continuous on I) TH 5 &iF, Vae I ITHNL T, f2%a THFLTH 5
ZERWVY,

)
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def.

[ D% a T lim f(z) = f(a).

Tr—a

HOTITRAS%61E J

Bl 46. I # ROX, f: 1 R, acl LT5LE, f2 a THHETHS L) FEMZ, 0
i & L TR,

EE 3.8 (IBROERXRDZDODHRBE) + > a DEE f(o) W ARPKET L L%
Ve>0)(Fd>0)(Veel:0<|z—a|l<d) |f(x)—Al<e
DIROILD L EERTZT XA NBEL (FICHDR), 29§ 2HiIE, BoRBEDER
) — i L0 @) (ZMgw+M—f@)

h—0 h

r—ra r—a
ZRELTRS (TR 025 EWNE2DT, o#a &L, 0<|z—a] ETBHERWV) &
FERBEL B, 2o LD T g 1\ (o) TH 25, HERERT KT
EASTRN e
B Z OB TOERDP N HHMZTEL (WZITEH [2). 2HbO6DERICHS &
JU% f S a CHEETH S LV T LI, lim f(o) BEET S &, LT3, (MROSEET
55602, WFRDS f(a) TH BT c‘:&i@‘(yﬁ_{g“ﬁ)%@’@\ lim f(z) = f(a) LF{ETH B, D
FOMBOERL LTELSDWEELFHLTH, [ 23 o CHEETH B L1 lim f(z) = f(a)
PR TOZ L THD, ). m o

M 47. f R R % f(x) =2r TED D, (1) f 250 THFETHS I Lzmnt, (2) f PR
THETH 5 Z LR,

Ml 48. A RoR % f(x) =22 TEDLLE, f VPR THETHS I LZRE,

[ 48 ZRRDERICHEDWTE LA LRET 201F (BH AN TH 2102006 T) K
BERETH D, ROMEZIFHLTHEL L, 290 MESE IO T X CHEATH 3,
~

( _
fRE 3.9 (AWM - = - B - BOWER) / # R DX, f: 1 - R, g: I - R, a € I,
A,B€eR, li_r)nf(:z:):A, h_r)ng(:c):B ETBEE, RO,

(1) lim (/(@) +g(a)) = 4+ B.

(2) lim (f(x) — g(x)) = A— B.

r—a

(3) lim (f(x)g(x)) = AB.

r—a

(@B%o@em;am+ﬁﬁm6%@x61mﬂbfﬁm%o<xmn%QZE.

N J

EB COREBEANT, 40T %A NS TVL B 25, B THNIT S & i3
LAEZB LD, (4) FEMICHHLTHE S,
AT ANE S LR, REATEC b

Wa>®@5>®erlﬁx—d<5)‘ggl—%
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<hs. £F ‘%_g EHT 2, AEEES LT, TEChTHAD b ARUHLT
fl@) A _ f(z)B — Ag(x) _ f(z)B— AB+ AB — Ag(x)
g(z) B 9(z)B 9(z)B
U - AB | AB—gx) _ () —A  AB - gx)
g9(z)B 9(z)B g9(x) g(x)B
= R o T
‘m_é‘ - ‘f(l’) —A‘ +'A(B—9(I))‘ _ @) —A] 1A lg(x) - Bl
glxr) B|~| g(x) g9(z)B 9()] 1Bl |g(z)]
sh 5 F Clcy [f(x) — Al lg(x) — B DYNE < 75 & & 1RRHE 575, |g(1x>| AENY T
20T 2 (EHIAT 1AL 3k LRIz 2 5 ), U [g(a)] B TS BT 2

|B|
(Jg@)| > L £%2 L ZRWVHEE, LWwWIHIEK) L LALTH 2,
g(x) 13 B2 BEDC ) DT, B+ OBICERL72b DD, g(xr) = B+ (g(x) — B) TH
5, TNEMRITHED SEDAEK |a+ 0| > [b] — |a| ZHAGDES L,

l9(x)] = lg(x) = B+ B| > |B| - [g(x) — B

IIHTBET— BRI THS,
SEEA  Z 2T (4) DAAEHT %, ((1), (2) ZEFI DA L IZIFFRRICIEH T E 2 O THIE
T2, (3) DAEHIZ, AT D (4) DFEHZSEZICHI TR > TH LI, )

B#0 3%,

21 (% 1/9(x) DOFFH) 5::@ B E, e>0THb, IRE limg(z)=B kD

Tr—a

B
(30 >0)(Veel:|x—al<d) |g(x)—B|l< %

RS

1B _ 1Bl

l9(2) = |(9(x) = B) + B| 2 |B ~ |g(x) = B > |B| = =7 = =

> 0.
WZIZ, Ve el:|z—al<d)

2

(%) o(z) £0 o ‘L‘<E.

g9(z)

(%#m&%:iawﬁéﬁ@\F:ﬂxeﬂg@hﬂﬁfbéoP@Bﬁ&u@%&
WA, a DL T g(x) Z0 THELZEPDL, acl TH5S, )

B2 c 2 LEDOIEEE T 5, hinf(x) =A XD (30, >0) Ve el:|r—al<d)

€ 1
5 o
| B
B|A+ B| < |A| + |B| £ W) RNERZMHMFEALZD, —MIT |A £ B| > |A] — |B| KD 2>, FEEE A =
A+ B)FB|<|A+ B|+|B| Thsh» 5, |A+B| > |A|l —|B].

() |[f(x) = Al <
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limg(z) =B &V (363 >0) (Vz €1:|x—a| <)

r—a

€ 1
2 2/A|+1°
|B|”

(1) lg(x) — B| <

§ :=min{d1,02,03} B EL I>0THD, |z —a| <6 ZWi7cTHED v € T ITHL
T (8), (), (8) DRD LD DT,

flx) é‘ _ ‘f(x)B — Ag(z)| _|f(z)B— AB+ AB — Ag(x)
B g(

9(a) )B g(x)B
M@ - A 4] () - B
@l 1Bl Tg(@)
2 2|A
< Z1pw) - 41+ 2 o) - By
| B | Bl
L2 L2 e ]
Bl 2 2 |B? 2 2|A|+1
| B |B|?
e, 24l e e
2 2 2[A[+1 22 °F
W 212 lim _f(x) = é

hag(e) BT
M 49. @i 3.9 @ (3) ZiEHE X,  (p. 131)

i 3.9 2SI NUE, LT 2D R IEBSICES LS,

e M
F3.10 CEGEAHBOM-Z-B- &) I 2 ROXM., f: TR g: I >R acl, f &
glda THFEETEEEZ, RO IO,

(2) gla) £0 %25 1F / I: o THEFTD 5,
N ! y,

4 N
%311 (EGEEABOM -Z- BT B I 2 ROXM, [T R g:I =R, f &gl
THfEE T DL E, PO,

(1) f+g, f—g, f-gl& 1 THETH S,

(2) g X I':={xel|g(zx)#0} THETD 5,

N /

3.3 “ZIEREH’. FEEAMILERTHS

RN BB CH 5 LB, AR OEREZGHL X9,
[ SIEXEH Lk, H2ERF[EBZER P(2) = apr" + a2 1+ +a, v +a, (2T
TneNU{0},ap, - ,a, ER ET2) DL T, f(z)=P(z) (z€R) BB I LRV,
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(9 %12, $IER (polynomial) &5 I DIF, RELKOYADBRDI L THD, R¥ED
BroT ¥ A T3, BERTHoTHHEALE L), )
—7i. x TOfED, z ODBFER (rational expression) TR I N5 HEVEHEETH S, ¢

Bbb. fOEEERE . b5 ERMEER R(x) — ggg (22T P(a) & Q) WFEFHK

AT, P(z) 120 TERWY) BFEEL T, f(r)=R(x) (re{z eR| P(x)#0}) &% 3
iRV,

f50. (1) 5 +mz+er?, 14222 DI L, 2 DEFBBEHEATH LD EL 50,

(2) V2+edr sinz 1+a2v2

, , DIH x DIEFEEHATH 2D DITEND,
1+z2+29 =z 3
R 3.12 (a) B - AHA L V) BRI, BE-AHELEVITELIEIWHBELTVS (2
¥ 0 EE RO FHEDO T BEN) LEHFIZA I D, LHA - FHA L v ) opgd
DEWEBEVER STV,

(b) HWEARETIE, NEBBDOXAND £ D AME TR > 703, REFEDBEATIED 7 D Hif& I
Killz g 25603% v, 2995 &, ZHA, ARAEEETEZ Y, 22 THIA LXK
B CTHMEBEEE W) BEXH LD, £ bHHAUTHIET 2 TLHEBEK L) hFiE
2wk I)ITHE, Z2ITIOWMERTIE TLHABY LI BEZEREL THW D,
—IHLN TR FETIE RV, —HTHHEKE VI SEIESEL TS,

hiE 3.13 (ZIEXEE. FEEAMIGER) (1) LHABKI R THliiTH 5,

(2) HEBBIEERE (R 6D EFOLER P(r) 950 &% % o ZRoRES) TlEET
55,

slEEA

(1) BB f(2) = apz"+ara" '+ - Fag_iata, 3 EBEIBf;(v) = a; (7 =0,1,-- ,n)
EEEER g(x) = oM - 22 - M2 AREIS 2t TtRons, EOBITHI K IC
fi & g 3R CHEfETH S, RAICLEAREIT R CTHEliTH 5,

(2) HBEERYEL f 1E, Eﬁ%ﬁ@}%P#@%mmff— LFEESE, PEQIERTH
ﬁf%%#%\fiﬁ&ﬁ{xéRLﬂ)#O}f@ﬁf%%(ﬂﬂiR#%ﬁ@ﬂ@ﬂ
ZRVW7bDTHS), =

DUBIR (MOrTEEY) ComEOREHORIEIIR(INTR2OTELALHRET LI L%
P, Pz, (1) ZHEABEKIE R T O hThH 2, (2) AEPEEITERST C* #hTH 2,
DFEEAHIE U Gk CREACT & 5,
C DR TIE, BB RE. MOTTEEDERE FLFH TRV, ZIUIEE AR
DEFDBERFIE N TH 2D LR TH 5, EEFROBFIFITIE, WomlHes o (LT
bHrZ L, THITIE

(f(z) £ g(x)) = f(z) £ g'(2),
(f(2)g(@)) = f'(z)g(x) + f(z)g'(x),
<ﬂ@) g9(x)f'(x) = g'(x) f(2)

(

z) g(x)?

W IP@)id 0 TiERwy) EwIiIDik, Pa) Oz IfZ2RALTH 0 IEE 60 E W) EKRTIZARL, &
BAHEARD 0 LI L3R, LI EKTH
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DFFADENTH 203, ZIUTKREDEEANIT S [EE R W20,

flo) = 220 (2 e R\ {0}) &\ 9 BBl & 9 R 2 P(r) = 2, Q(x) = sina &
Bkt x| P RSTABTH 525, Q1329 Tlhv, Lol Q llETH 5 2 & 2l
SDDIETREIE, [ M TH S 2 LD D,

hz) = e V) BBOBHMEIZEIRTL? f(z) = —12, glz) = & LBV EE,
h=gof &> T\w3, g OEFMEZMS D FETRT & LT, ARBEBOERIHEIC
%5,

3.4 ABBEBOMBE &EGGE

KE% 3.14 (BRBEE) f: 1 >R, g: J =R, f(I)CJDBEDIIDOLE,

(go f)(x):=g(f(x)) (zel)

WKEDEED gof: I >R %Z, f & g DEEE (the composite function of f and g) &

5,
\ J

EE 3.15 (lDWER) Z I TIEfiHDD, f(I)CJ L) EFZR L7, f(I)cJ T
RV EICY,

I'={eel|flx)eJt (I'=fYI)NIEbHET2)

EEBE,

(go f)x) =g (f(x) (zel)
WWEDEED gof: I' vR%Z f & gDHMBEBEERTSAILLDH S (ZDUDHBIFHK
BAIEUCIR>7- 2 &£ Tl T, B - 2 - B - B2 EZX 256 bHAKTH %), ZDHGH,
acl THHOTH, ~MRICIF aecl THBEIRFBRLRVLDT, ZOEKHDF v 7 D3 BIZ 7
5, n

iRl 3.16 (AREAMOIER) 1 £ JIZF RO, f: T =R, g: J =R, fI)C J,a€l,
be J, ceR, lim f(z) =1, linlljg(y) =c % 56IE,
T—a y—r

lim(go f)(z) =c.

Tr—a

SEB R DIEE e XL T, lirrlljg(y) =c &b, (30, >0) VyeJ:|y—>bl <)
Yy—r

l9(y) — | <e.

—Jfilim f(z) =0 &V, (36>0) (Ve €I:|x—al <))

Tr—a

|f(x) —b| < 4.
CDEI Rz I T f(z) e J, |f(z)—b < THENPL,

l9(f()) —¢f <e.

082 TEEE LT L &, MIRICET 2 MENSBREIC 22 2 E03H BH5, ZOHERTIIIR LI L DT,
TRTIEYSLE NG,
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Thabb
Veel:|lx—al<d) |(gof)lz)—c <e.

W Z (T liin(gof)(x) =c

[%3&7@%%&@%&%#@@%%#?%60 ]

f 51. R 3.17 ZHEAY X, (L IZhVD, FHRICHOTAZ EHEICRL LES, )

cosz, sinx, e*, logz (7272 L z > 0), \/r (z > 0), arctanx, arcsinz (z € [—1,1]), arccos z
(z € [-1,1]) OHEHEMELH BN (72720 2 1 2 > 0 TDOHA, arccosr & arcsinz &
—l<z<1TOAR, WMOAHE) ZAHTIUE (ZDDITIF, ZNOMBEEELALERT
BDNIEDH HDS, ZIUITDFEETIIL BV LT 22, 262/ - £ -8 - 7 - Bk
EDR N ST A G DR B O ML rTREE b e 5,

R 3.18 (ZARBDERZEZATHLID) HlA X, =ABAE sin X, PEEATIE=M
o BAT R0, ZN2EX LA L LAERICT BT, MEEICLA2AEDS, 20 EHED
BOHRHRDOERZDBNINI R 5TH A9, MROIRIE (EHEIL) BodrZh & A% Likmz
flioTERTHDED, 2ET5L sin DEREZ T SO, (ZOHIIC) Eaimz BT %
WEDH 2D ? BODIRT LIk >TLE- T, K E L, Li2h <, 29 L Tsin
@@ﬁ%@ﬁ%ﬁ&%kktf\ﬁ%%?%mﬁ\Hf%gzlﬁﬁ%tﬁb%ﬁﬁﬁ\%
DFFHIZ E) THIFR VS, BT XA MCHlo T3, HEDKNE - iz 3%
D2 TEEHBELERL TBADERH L5907 29 LT, FRECARDEA % E
I LT T 312X, 220 DFRDBIDNDE 03005, 9 T5DIEH F ) FEENTIE A
CL FMNCGE R L TR o 28 (B 21X =AB%*? % 61X, Taylor BH) 226 E&£Z2 T 5D
DETH B,

Taylor JEHT sin ZE@E L 725412, EEE D TUTR VI, #IZ1E Ahlfors [13] ITHF W
<H2 (HROEHRLENTHS),

4 RINDIEREZEHNYT M IVERIEDIER & Ef

(BT L3> 7 2 LT 2R ZIBR S < 5w, SEAKBABOMRO#EE X
THMEDD 5D, )

R CKBIT 2 2 ERBEL LBON DT, HRIIME 2D TRIEZ 9 L T0Zawndi,
COfITIE, RZPAZRFTERITILILT S, IR a EEHESCNDDIC a (TEDORET
X, BICKH T 20T a Lok,

4.1 A4>hbkA

BN DMRFR I BT DORRFRICIERR S 4, 1 Z BB AEBI B DRRIR (3% 8~ 7 b VB i
PRUICHARICIR S NS (202 W TEEBAN 7 POVIERIS OGS EF I D), 2L,

S QU EERT B NEIE, FHEY b5, 100 (BEICH D Yo f) ik LT, BHMIER -
TEELET, L09 b0nsh 5, WHEHRHOBD WREIEPEIEC 50O, BEHERERCl: TN
T EF N,

”%ﬁ'ﬁﬁ%ﬁEMil%xz/f?%kg@i%ﬁKLT\%@ﬁ%ﬁ&LfeI%ﬁﬁﬁéwﬁ%k%
WTh %, b B AN e % Taylor EHITERL T, ZOMMEE LT loga 258 T 22 & bIES,
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B 0 DI |o] DRD VIS, ZOARBIERETH 27 L LORE (LIbLE b I)

a

a2
a=|"|er wexL< ]d::%ﬁ+agkn+a%
an
ZHw 5
451
%Emgwﬁﬁ,{f@@f:db\ uTTci\ a2 O):&%‘:‘ (a17a2>"'7an)T k-?%‘a‘ (ELC:/J\§< T

Qp
A7 - X7 PVOERE (transpose) Z R TELSTH %),
M 52. |a+b| <|a|+ b, |[a+b|] >|la]—|b|]| ZRE, (E¥F: BRHIDOAFERIHEHEDT,
D UBREIET CICEEAD RS2 2137, ZOHOANERIRMDOANEFEAD S |a £ b > |a|—|b)|
Ela£b > bl —|a] ZEIFIZR, )

B 53. a= (a1, - ,a,)T eR* LT BHLE

max la;] < la] <n max. |a;]

----------

DIRD VD Z EZfERT L, (Ev b ROBERD G DI TN, n=2DE Z a=(z,y)"
ELTEVWTASL, max{|$] Jylt < Va4 y? < 2max{|x|, |y|})

Z S OMHEBHRIC—BILS NS, PLMIACHHATZ L (WERD INLDHERELZHAT
bt wElbng, @Y FAARRBRIIR>TETHIET S ERVWES)),

o X7 MILOMIZ, AA T —fEF, W, BRILDBED) X7 P L 3D 52, &
D bEREEICIE THEOMRIFHRR O THEL, X7 FLVORIE, Ah 7 — Dk
ZPIF 5L 60 L2RVA, L TROMBIZHBEOR ) 13K T 5,

o SIIDMIRIZ, T TH 5 BOIDHIRZ W72~ 7 |k }l/ CHELLL MED (BTl
Cauchy FIDIH S Bolzano-Weierstrass DEB E TE O T), BIIDOMIR & 13 & A LE
WS\,

o X7 MVEBIEDMRIRIZ, BT dH % EBMEPBABDIRIRZ W77 FicFEL <, 2
DMEE b FBAEBI B DR & 13 & A EE D375\,

o BEMEBMPOENT b NVICH bl I EBBEERICES 2 L) L T, HEETAN
ERDIH D (ZHUTOVTEIBITTHlZ H T CHHT ),

1ohOIEO—Y THTZIZ, SR ESTH I RINEHEVEDLS R VDT TT
R?, '2)TIh, FHMRIRITTIRELE) DI TTIFE
4.2 #Hfm: R™ OFMHESOEHE
R D8R E Q Ix LT,
Q= {x e R"| (Ve > 0)B(z;e) N Q # 0}
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EBE, Q% Q@%% (the closure of Q) EWES, (22T B(x;e) &, = Z2hibhEd 5%,
& e DFRTH %: B(=x; 5) ={yeR"||ly—=| <c})

LEEEI’J ZQIZQD F@J ENIRLEZLDTHS, QB R OXM T Th 254, Q DH
QBRI RTH 2 T ic—5T 2 (W _moa\%m%ﬁﬁtffamomﬁ%mmt%
(éé DM, BH AOHEAERTRE L LT (BKHD) A Zffibrvwoix, EffE
N—ztzR I TITHTWr5TH S, )
Bl 54. (1) QCR* £92LE QCQETRE, Q)N CWHCR"ETHLEE, QD &
R,

Bl 55. a,eR, a<B,Q=(a,f)={reR|a<z<f} LT2LE, QDOHEZI [o,[] =
{reR|a<ax<p} THAHILZRY,

4.3 R EZDIER

(FE)BINEIZ. NDS RANDERDZ L THo708, ND»6 R ~NDEMR a: N - R™ D
2R D)RIEFN, a kb ndDBRaln) DIEZ2 a, LEEZ, a DI L% {a,}nen
ki%‘a‘O

WicF Wc k)12, 2D &9 %ridl {a,} DHEROERIZ, BRANICEEIIDIEEEIFE LA
EZXDLSIBW (Mikfiiz X7 MLV ORIICESHZ 5 721)),
{antnen DX R™ DRFIT, AcR" LFT2EZ . n—>00DEE {a,} 2 AIWIRET S
&,
(Ve >0)(IN e N)(VneN:n> N)la, — Al <¢

PRDDC LR GG, CAARDUOL F, A R—ENICEE S, A% {a,) ORI
U{\\ lim a, &%‘a‘o

n—o0

M 56. {a,}nen 13 R™ DRI, {b,}nen 3ED A € R™, (Vn € N) |a, — A| < by, lim b, =0
n—o0
%5l lima,=AThHsILznt, (W26 EFALTHS, )

n—o0

Ab (nz2H52A7LED)a, bR DEZETHIPH,

Ay Qp,1
Ag Ay .2
A= . a, = "
Am An.m
VWK DTERTESL, ZDLEE
(#) lma,=A < (Vi:1<i<m) lima,; =4,
n—o0 n—oo
DIRD LD, FOHLZ 5 L
lim a
an,l n— o0 1
' ' .o lim a9
lim @, = lim ) = | "7
n—oo n—oo . .
Qn,m lim ay,

n—oo
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(EBEEARD TRHHELV— LV ZEZ L)) Lvw) 2 UYTE) L, lim FFEROFIC AN TR,
EWVH) ZEIZRDBIINE, EI) VI GEIHBBSELET 20, EbALEZOND LH k-
THLVLDT, (1) ZHAEL TH S5 W0, )

1
ﬁu4.1 a, = nl ET%&%\
n sin —
n
1
lim — 0
lim a, = n—oon 1= a
n—oo . . 1
lim nsin —
n—oo n
B35

mRICD BB 1D 3 EIDIE, BIIDEmHrOLERERL &
Thh
RHDIBRFRIE. D THEDEIIDIBREZA TR NILICZEUL LY,

RANDGRDOFHEEE 3T % (BOIDOWIREFIRTE 5% 613, 20T OK DI3¥7%
D5),
B 57. (1) ZitHE &, (v b B 53 OARERXD 5

‘max |a,; — A <la, — Al <m max |a,; — A
i=1,....m i=1,...,m

DL D SED, 13 e-N wiEZ V5, )
INH§ % KA DA G,

lim (a, +b,) = lim a, + lim b,, lim (a,—b,)= lim a, — lim b,

B ERBINOEE L Fol (HBRICLTHEHTE 2 (H 2 WIBIIOGEOERICRE S 5
LKD), BRI OWTIIRIAT %,

4.4 BEBHNRY MVEREE ZDER
BRONCHERD LThlZ BT 5, f(r,y) =+ 2y 132 BROFEBMERBTH 2, f(x,y) =
. 24?2 I 2EHD 2 RTER Y FEBITH B, n LRI L X, B 0 KBRS b
NVTHZBHDI L, tEALND,

QCR", QR DEE, f % n BTEDmRTANY NIVEREE LT,
zeQid (R DEHETHZ05)

X1

Tn
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DX %0 KIGRZ FATHZDOT, BEIE f(z) & flo,....0,) DEIICbEINS, B
il flz) 13 (R™ OBEETHE00) m KLY FLTH L5

fl(fL') fl(flfl,...,l'n)
f@)=| + [= :
fm () Jm(z1, ... T)

DEHITHEINS,

BEicHE W L) Ic, 2o k) 2B f oRoERIZ. BERXMWICIK 1 TEEBERHDIS
BEEFEAEZTDLSRL,

acQ AcR" ET2LE 2 2aDEE f(x) DV a ITINHT S LI

(Ve>0)(F0>0) (Ve e Q: |z —al <d)|f(x)— Al <e

DR VIDOZ RV,
@@@—%ﬁ\@@%ggf@)b%<:k\%ﬁ@@-%@@@ﬁ%ﬁ@@@@ﬂ-%k
bl BRBEEORELZ I NETLEETH B,

e 4.2 (AHEBOER) QO CcR" £ Y CR™, f: Q= R™ g: Y = R f(Q) C
acQ bec ccR lim f(x)=0b, lin})g(y):ct&?fobi\
T—a y—

lim(go f)(x) =c.

r—a

SEFR 1 AECGEBUERIE O L EOFEHABEZET T TR T, AT 5, »
N7 FERBOM LIS O W TR E T OEEPSHETH 2D T, BRlT 2,
HAIDEA (p. 43 D (1)) EFBRIC, A= (A4,...,A,)T LB LE

(4) lim flx)=A < (VieN:1<i<m) lim fi(x)=A4;

r—a r—a

MY LD, BZ S &

(=) lim /(=)

lim f(x) = lim : = :

T—a T—a fm(w) :ELI}L fm(m)

COZ Do, BBMENFEBNPO N7 b5 EIERT 2L IRBIFLEAER Y, &5
25, —Ji. BEBFEEPSR7 PILICED I EICOVTHERTRENEH 20 THIBT 2
(4.7 ),

4.5 (IFADDULETEE) R" ICRITIT/ERS (KESX), &
4.5.1 THERZE

R™ DR7 FUIZOWTIE, FEBE ERT ML uw O (A D 7 —1%) ku e R™, DD
FVu, v OWNE (u,v) =u-v=vueR, (m=3ICRENZD) X7 LEuxveR?
BED B BHb, TNLDFEICOWT, TEOMRIIMROR, 23D 2D,
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BANZOWTE, MR lim k,, lim a,, lim b, D’/FET 5 & &,

lim (k,a,) = lim k, lim a,,
n—o0o n—oo n—oo

hnl(an,bn)::(lhn,an,lhn bn),
n—oo n—oo n—oo

lim (a, x b,) = lim a, x lim b,.
n—oo n—oo n—oo

BIBuc 2T, MR lim k(z), lim f(2), lim g(2) 2HAHET 5 & &,

r—a r—a

lim (k(x)f(x)) = lim k(z) lim f(x),

r—a r—a Tr—a

lim (£(),g(x)) = (lm f(@), lim g(@))
lim (f() x g(=)) = lim f(z) x lim g(a).

B 58. (GSI72 ) —D oI L TH L 5,

R™ DX L v a DEE |a| E. WEZHVT |a| = /(a,a) £HF 20T, EoNRIZHE

TH2EHDFRE LT TREIDMBRIIMEDR X

-l |f(@)] = |1im f(@)]

lim |a,| = |lim a,
n—oo n—oo

BESND (Ml LR/ Ol b Vw2,

4.5.2 &

m>1@a§\Rm@&7Lwa%f%%Jﬁ%u\OT&m%ﬁk@ﬁﬁ%ﬁwf%a
ETBHL60LLY2RV(RZ FPATIEENZODT, m>1DLE R ICFHIDEIZ W, &

ZoTHlbAVE D BEHT D),

FICBIL TR, SEALECEUTOLIICHMIT L2 T2 LAKUICR 205, KHENIC

72 VTl R\,

B {k,} D3k, £ 0, lim k, =k, k £ 0 Zii7- 3T 61E, $TICHALIIC

1
lim — =

n—oo

n

THHDH
SN S N S
oo \ T ) T Tim Ky, nosee
B k: Q =R, ac Q2 limk(lz) =k k#0 27 d2oE, §TICRALXIIC
Tr—a
(F30>0)(Ve e Q:|lx—a| <6) k(x) #0, L1
’ ' evak(z) K

THEH05,

i (@) = ey I )

r—a

4.6 ZEHDEFRREL

TTREZETIE, 2% DIEL xo T ( THER OET) B £ L%,
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4.6.1 ZEHOEHRREL
SR T OVIER B O MR DEFR X, 1 BEFEEAEBEE DL A L EETH 5,
EE 4.3 (ZEBNRY MVERBOERYE) QCR®, f: Q>R™ 75,

(1) a € QT f 2%k L 1E, lim f(x)=f(a) BIRYIDODI EZ),

(2) QT fFEfEL X, ETED acQ T fVEHTHLIEEZVI,

f=0 ) ETBEE,

o fO a THIETHLDIZIEf; (i=1,...,m) D a THHTH 5 2 & 2T,

o FOIQ THIHETH LIS (i=1,...,m) 2 Q THEETH 2 Z & BRBE|7,
HATBIE DR, 2, B (A A7 —f%, W, X7 PVEE). # (FEEMEBI R O R D) o3
WTdh 2 &, HHERE D GRBEEDHEGIC % 2 Z R EDLFRTH 5,

LIHABIE. GRBIBSHFETH 5 2 E LR TH 505, I IBHHAL TE I 9,
—MRIZ n ZEDOLIN, n ZEOEHAL VI bDE, Z0HED 5L IHABIE. HHEEK
ZEATE LD, LT TRAZMRICE S 2O, n=2 DEEICR> THYIT 5,

4.6.2 ZEHOZIEN

Plz,y) = 2%+ 22y + 32 + 40+ 5y +6 DX H 2, Bz, y L EROER» SEHITE, &
LEZIFTESN SR, oF ) —fkic

N N

ZZaija:iyj (::TNGN, CLl‘jGR)

i=0 j=0
DIVICE T 2R 22 v &y O (FHRE) AR LTS, Tnd 6 HARICEE f: R? - R,
f(z,y) = P(z,y) ((v,y) € R?) WEFKTEZ 5D, f DI L2%HNX P(x,y) DWED 5 ZIANE
WEMS, UTNEEORVERD, f & PRELLDLDDXFETRT (fDOZt%E P EH#HL
&),

2 MEHDER v, y DFEFRBLHA LK% Rlr,y] E£T:

Rlz,y] := {Z Z Clijﬂfiyj

i=0 j=0

NEN,GUER(OSZSN,OSJSN)}

Rlz,y] [TIZHRICEROMESA D, Rz, y] BZZEANR LTINS,

4.6.3 SEHOEEN
22 + 2zy + 3y* + 4z + 5y + 6

R(z,y) = 18y 10 DI, TRETTD2EE ¢ & y D (EFRE)
LHATH D L) k2, 20—
Rla.y) = B2 (o), Qle.) € Rlaa)

DIGICHE T 2AZ 28K « & y O (FRE) BER LT85,

2 BH v,y DIFEEIRASIE R(z,y) L 5T
R(o) = { B | Plo,y) € Rle,al, Qi) € Rin i) Plowy) £ 0}
R(z,y) 11X ARICEDOREEDAD . R(z,y) 1ZEBBISA L RIZN 3,
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4.6.4 SZIEANEBEBERH

f23n ZHD R L) SIERBEECTH2 Lk, 2 P(ry,--- ,2,) €Rlay, -+, x,] DT
:(:ELT\

f:R" =R, f(zy,...,20) =P(x1,...,2,) (= (21,...,2,)" €R")

THrZEzwv) (DFEDLHEARFKL IZ., LHADOED 2B TH 5),
fD3n ZBROBEBEABTHS LIE., 2 Qzy,...,xn), P(x1,.. ., 2,) € Rz, ..., 2,] DIF
fEL T,
Q:={(z1,...,2,) €R"| P(z1,...,2,) # 0}

EtBWiE E,

Q(xy,...,xy,)
P(xy,...,x,)

ThHsrIl ez (DFH)AHELKE I, FHAOED 2B TH 5, 772 LERII TR
LEAMN 0 %5 VNEROEARA LT, ),

%R BIECD BB D ERIR AR THGETH 5, FrICLEAEKOE &R I R 28T,
R" A CTHGETH B, ZDI LU TOMEPSTD 5,

Q=R f(z,...,2,) = (z1,...,2,)" € Q)

/ﬁ%44neNa?%o A
(1) R* EOEHBIEIE R THlfiTH 5,
(2)ieN,1<i<n £TBEE,
oi(x1, ... ) =2 ((z1,...,2,)" € RY)
TERINDE i BB o R* - R X, R* THFETH 5, )

(CE 1Mk 515, (2) IKhIST 2013, HEGE o(z) = 2 OMGEHETH 57, )
SERR

(1) f2EHBIBET S, THaDL (AceR) (Vo € R?) f(xz) =c EIRET %, EED a € R,
ERED e >0 LT, 0:=1&BE §>0THY, |x—a| <d ZHLIEED
xR ITHL T,

[f(x) = fla)| =|c—c|=|0[=0<e

WZIC 1 a CHEFECTH 2, a MEETHo705 f I3 R THIETH 3,

(2) acR" £ 925, EEDOER  ITHLT, d:=c EBCEL 0>0T, |z—a|l <zl
TEED z c R" ICHL T

lpi(x) —pi(a)] = |v; —a| < |z —a] <d=c¢.
D2 ¢ 1k a THHETH 2. a IMEETHo7D5 ¢ E R THFITHZ, =

BT, ko (2) 2. n=20B8IC 2 = (2,y)", a=(a,0)T L LTHHES > L0,

pr(x) =2, pa(x) =y, @¢i(a)=a, @s(a)=0>
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THEHN5,
[o1(x) — i) = |z —a| < |z —al,
|02(2) = pa(a)| = |y — b < |& — a

ERD,. x> aDEE p(x), po(x) BENZ I 91 (a), pa(a) ITHERT 2 EHEED,
I L 7,

MBI T % < OBISUE ERRAG OB TS 3, 20 T & RRINCIENT 3 k%
T,
EGRREEAIL T DITERTH S

RIS 2 “HHAN T b D7 1L eI S (21385 T RE 72 BB 2 #L AL Tz b D I3 Al
REZBIE. o k9 icfico TIGH) 2% 55 27)
e 1O =R, g: Q- RBEDICHIELSIX, f+g, f—g, fgldTNd Q5 RAD
HHEAEL, g #£0 (on Q) B61E f/g b Q226 R ~DHEKEEIEL,

o SEBIBHOR, . PEL VA FHACEGBIG, FHAERBIEIC & 21 [+ g
F=3. (F.9), |7 kL L F e L k2 0) biifecs 5.

fi
o f= J% IZDOWT, f Dl <= TXRTDie{l,...,m} ITDOWT f; HVHEE,
Jm

o JHHEBIED A IR g o f 1ML,

o n ZRFERELENIT R® Loz ED 5: f(r1,...,2,) € Rlay, ..., 1) B S,
R" 3 (z1,...,2,) = f(z1,...,7,) € R IZHHTH %,
RO, LA f(zy,- 1, DEDIEEE f LFELILZ2EL, ZHADOE
0585 THHARMEL WS EICT 5,

o FIRAEDKA > T (VI Twuiwnry 7 7 BBWIFEPREN %) FEEBIE e* = expa,
a® (72720 a>0,a#1), NBEIE logz (z > 0). AR cosx, sinz, z (v >0), %
TR v 2% (7L a e R, EEHIZ 2> 0),n T /2 (reR £71E 2 € [0,00))
MaRHiE |o| (&, 206 OERE ECEfETH 5,

o RFICASTH 6 Hb oIt = AEE tan~! v = arctan x, sin™' 2 = arcsinz (v € [~1,1]),
cos tz =arccosx (z € [-1,1]) bZNODERE L THHTH 5,

INSDOREBDE L O MTHD I LN Y, EHBFAMKTH S (7L o 5 0
WTHrDIFE, >0 OHIPAT, 2 =0 2802 LRV ks, KEDFERIZNIET
bH5),

B 4.5 f(x,y) = 2%+ 2zy + 3y> + 42 + 5y + 6 12 EBDOLHEHABETH 256, R? LD
e L THETH 5,

o(x,y) = sin(x? + 2y + 3y*> + 4o + 5y +6) 13, g(z) =sinz £T5E, p=gof. fdyg
bR TH 5026 GHBIE ¢ 3 TH %, m
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B 59. KA R? THGETH 2 2 & 2R (BB k),
(1) f(z,y) = 2%+ V2zy + (log3)y* + Tz + e’y + 6 (2) g(z,y) = exp (3 + 2y + 1)

(3) hlz,y) = Ces (4) ¢(z,y) = log (1 + \/W) (5) F(x,y) = (ff?’ - 3l’y2>

2 +y?+1 3xy — o

Bl 4.6
T+ 2y

3r +4
ba? + 6y 47
log (8¢” +9)
TR SR ZEDSE, fFIFR CHETHS Z LZ2RYE,
(RIEEA)

(i) filz,y) =2+2y THLRZ R ZEDS L, fi 1T R THFETH S (.- LA
5),

f(x,y) =

(ii) P(z,y) :=bx*+6y*+7, Q(z,y) := 3x+4, f3(z,y) := gg’y) EECE, Plr,y),Q(x,y) €

R[z,y], f3(z,y) € R(z,y). fTEED (z,y) € R? Kﬁtf\’ P(x,y) >5-0+6-0+7>7
THD05 Plr,y) #0. WZAIT fo: R2 - R WVERTE T, HfiTh 5 (- ARBEIEZ
n5),

(iii) p: R2 >R, ¢: R— R, r: (0,00) > R, s: (0,00) > R %

z

p(r,y) =z, q(z)=¢€" r(u)=8w+9, s(v)=Ilogv

TEDDE, WTNLHEHEHTDH % (p TLIHABE. ¢ 13HEHEIE. r 135
s EEEIE) . p(R?) =R, q(R) = (0,00), 7((0,00)) = (9,00) C (0,00) THEDH, &
BBIEL fs:=soroqop: RZ 5 R BERTE T, HiTH 5,

fi
f17f27 f3R2—>R0ii¥ﬁ‘(“%Z)i))%\ f: f2 ¢ R2 ?ﬁﬁ?%%o |
g

4.7 BEHEABOERICET 3iEE
D72 D FIT 2 ZBEELMEREB DL IR Y . FEHl 2> CHHT 5,
fiO-R QCR? (a,)eQ, AcR LT3,

(#) lim  f(z,y) = A

(z,y)—=(a,b)

Th5 L, EEITLUL

(Ve > 0)(30 > 0)(V(z,y) €Q: V(@ —a) + (y—b2<d) |f(z,y)—Al<e
L) IETHB, ZNETDILTHBH,

lim lim f(x,y) = A,

T—a y—b

lim lim f(z,y) = A

y—br—a

20



DEILbDEMDERZ D NBDD 7,
RO ZBT-0Ic, —DUWEiiz§ %,

4 N
i 4.7 (BABDMBRZFOLESIE. HIRUBHHRUBRZRFD) 0 £ Q' c Q Cc R,
Q=R ETHEE, fDOY DR f|Q/Z Q — R™ 23 f‘Q/(CL') = f((l,’) (:IZ‘ € Q/> <
%%ﬁhébiaeﬁﬂAeRﬂu@f@ﬁa4&ﬁ%k%\

lim flo (z) = A.
Tr—a

(lim flo/(z) DT &%, lirgrz} f(z) TRT AL, )

Tr—a

z—0

N J
(ZOMEREHRTE200, IZEAEDTXAMIHSTOROLY, AloTEL L, Ak
BIHTT X0 T2 LMbNd, BATHD L, FHITo>0TIE TIRT 285105511
URRBRICHOR T 2 L W) andEIZIZEA ETRTDOT XA MZH->TWw A DI, ZOfmdEZH
HETLRVDIENT VARG EEZTVS, )
SRR WRROEED S

(Ve>0)(F0>0)Ve € Q: |z —al <) |f(x)— Al <e
L%RBDT (X CQTHEIEDD)

(Ve > 0)(30 > 0)(Va € Q' : |z —a| < 0)|f(z) — A| <e.

U lim flg(z) = A ZRLTWVW5, =
Tr—a

[;ﬁ 4.8 MR DO HIRITERHTD 5, J
7tz hmhmf(a; y)—hmhmf(a: y) TH-TH, %ﬂi))( 1)1H% ) flz,y) I—ET 5L
z—a y—b z,y)—(a,
ZR S 2\,

Bl 4.9 (BROFELLEWS (ETHER)) f: R\ {(0,0)} =R %
fla,y) = 52— ((,y) € R\ {(0,0)})

24y
TEDH L E
hH(l] hm flz,y) = hm hm flz,y) =0
z—0 y—
TdHh 503,
lim x
wm  f(@,y)

AL 72\, EER, BBk ZFEEL T, EHR y = ko ICHh-oLMRZ2E2 2 & (%D
Q. = {(z,y) € Q| y=ka}, fla,: % — R, flo,.(z,y) := f(z,y) ((z,y) € Q) EEEL T,
lim  flo,(z,y) &A% &)

(z,y)—(0,0)
(x’yl)liléo’o) f|Qk (13, y) = 1}1:1120 f(l‘ y) = hIn f(x ]{Zl‘) - }EIL% 22 + (]CCL‘)Q = glcll}% 14+ k2 - 1+ k2’

(z,y)—(0,0)

BIHLFOFRELTOI), £Fy 2 b IOAMIT T, Z0d 6 o & o ITEMT T ELT (z,9) = (a,b)
DEZOMRAFHRETEZ 2% 561F, HODBvINE, ZOPYHHE>TWE, Ew») I ETT,

26 >0,a#1 k@‘%&%?ﬂ?ﬁlﬁgﬁx»—)a EWVWIHIBDEZEZ, ZUE R 2RTHET, 2 =0DEE 1
EWI)EZILS, R hn})a =a’=1. —H, a>0 WL CTae—a® L0IBEBEEZZ L, Zhd [0,00)

Tr—r
T@%T\x20@&§0kW5@%W%oﬁKIWJF:W:0
xr—r
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Uk IRET 526, lim f(r,y) FFAELER Y, FEE L lim f(x,y) D
(z,y)—(0,0) (z,y)—(0,0)

FEd U, e 4.7 12K D, ( l)in%o)ﬂgk(x?y) b CHRZRF2IXTTH 225, 203 kI
z,y)— U,

WIELTOEDT (kK ZEZ5LRELEZIADT), 2902 LIEHD AV, =

X 2: f(z,y) = f@ DI 5T LR

x2 2

CoBITIE, 777 XDIZEEBROTRTD LT »

Plot3D[x y/(x"2+y~2),{x,0,1},{y,0,1}]; ContourPlot[x y/(x"2+y~2),{x,0,1},{y,0,1}]

ZIIDIIT, y=kr DEY)ITEDESHZIMEL TH ST LT, MRVWHFETSEI LD
AL HIR 22003, MRERDSHAAE L 8\ C E DREIIZHIKR S 2 &3 5, EMRIFAET 5
Baic, MRORML 2O EbHKS, 2FD  lim )f(x,y) ZEMEL T, HIC (kI

(z,y)—(a,b
y=kzx

E6%0w) A twIHfiziio7edsEE, ZNRTFT  lim  flr,y) = A L3H@wTE

(z,y)—(a,b)

ndS, b LIIESEET 2201, ZUT ADMNICHY 20w iy s, 22 THI
|flz,y) — Al D30 ICUURT 20 £ 9 RS, L) FIHTEZZDIIENTH 5,

52



- (r,y) = (0,0) DEZD f(r,y) DMRZFARNS y=Fke fFROF L O ~
1 AEEDFEE kIR LT, lim flx,y) = lig(l]f(x, kx) 252 5,

(2,5)—(0,0)

o ZOMRIBHIEL 74U, lim f(x y) IBFEL v,

(z,y)—(0,0)

o ZDWMRNVHIET 25560, Tz A, £EL,
2. Ay MFEERIC kL IKET 24 61X,  lim f(x y) IFFELE L 220,

(x,y)—(0,0)
3. Ay BEBRICIE B ICKFEL 2\, DF D (BAER) (VE) Ay = A DD D% 5 1F,
RDONTNDDIEL Y VD,

a lim x,y) = A.
@) lm Sy

(b)  lim f($ y) DIFEL 5\,

(2,9)—(0,0)

(), (b) DVFNTH 2hEHET 21213

DOICRT 2089 2 HETZIUIR Y,

RO LML X9,
o lim f(z,y) ITHXRT, lim f(z,y) 1T (1 ZHEEBDOMIR % D T) #EICEHE

(z,y)—(0,0) (m;):—;c(IO,O)
2T,
« BHO i flry) EBASDECI RIS T, RIS L A IR LT
z,y)—
( 1)111%00)|f(x y) A0 THDIDE I PIRRS, LwIHDiE, b oREMEICKE- 7
w7y*> k)
M TH 5.,

Bl 4.10 f: R?\ {(0,0)} = R %

2

fey)= gy a (@9 e2=R\{0.0}
TEDD & ZE
e fay) =0,
B, , , 2
e =01 = |5 = o < S =1l = -

EREDIEE e ITHLT, d:=¢ £BL L, §>0 7T, |(z,y) —(0,0)| < 27§ (z,y) € Q

WX LT,
|f(z,y) — 0] < |y| < Va2 + 2 < =ce.
hix  lim f(zr,y)=0%Z2Zn-LTVw5%, =

(2,y)—(0,0)

R 4.11 (FHEOIX) LoZ>DflE, MEEEZ v = rcos, y = rsing 27 & ffHET
FOA LR %%, WObZ ) REbITTIERVLD, ML TEL, £7 (z,y) — (0,0) &9

23




r—=0 X232 LICHEEL LY,

xfi/yz _ rcos@r;rsmﬁ — cosOsind — %sinZH
THHD, THdr -0 DEE, MREZFRAHVWI EIZHSLTH S (HAICXDiEIE%E
HR%;&%)E< \753 ) 4)5‘

2y (rcos®)® - rsinf

= = rcosfsinf
22 o2 r2

Br—0DEE, 0 IINKHT 2, FERE,

{Bz’y

$2+y2

—O‘ =r|cosfsinf| <r —0

THHD5H, =
BB RICHI T2 Z LD ERLTEB I I,

e ™
EE 4.12 (BAROERANDREE) QCR*, f: Q>R acQ &T5, 2 5aDEE
f(z) 28 co ICHERRT D L3

(VU eR)(F>0)(VxeQ:|z—a| <) f(x)>U

DO NDT ER V), 2D L%

lim () = oc
EET,

\ J
AEOTIIHAL %61 ~
m f(z) =00 & (WUER)EB§>0)(VaeQ:|r—al <) flz)>U
- J

—00 “NDFEWMD FIRRICERT 5,
(R 51 M52 DRIDIZBNT WS X9 REDT 3, )
B 60. —co "FEHMT 2 LDEREZEHOTAL,
3 2 3 2 2 : : _
Mol (1) lim O Y o) g I (3 i sin(z + y) sinfw = y)
(.y)—(0,0) z? + 1 @) o00) 22+ 1 (@w)>(0.0) z? — y?

BOHEIUE, RO K I @l (1 EBOGAE, FHFEE LT, EREDHAT>TLT,
@ofw %) ZAHT 2 DIEHEL < 22w,

4 _ N
Rl 413 QCR”, f: Q=R aeQ LT3,
(1) ilgr(llf() oo&%ialslgéf(l) 0.
@)ermj@ﬂ>0#0h?f@%:0&%@\m?ﬁ%:mn

\ J

slEEA

o4




(1) Ve > 0 ITxFL T, U::§&£<EU>O. fﬁ%liinf(x):oo 0. 3 >0(VzeQ)

- 1 L -1 ——

]:c—al<6:>f(x)>U. u@k?\0<m<ﬁ—€. W Z o) 0 <e. WZIT
)

(Z)VUEIR&:ﬁL“C,s::Wl% EBCE e >0 {ﬁﬁlgnf(x):()if)\ (36 > 0)

0&69Hx—d<6:¢U@N<aﬂﬁﬁﬂ@>0ib\:@k%\f@y—ﬁmﬂ>§—

1
Ul4+1>U. ®ZIZ lim
’ | :v—>af([L’)

G BAB ORI ICBI T % frd 4.2 & FMOMEDY, oo ICHMT 2LBICHRF SN,
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DLIFTIE WD, 2 2 TlE Bolzano-Weierstrass D € #

ZOouD X INEE VI Db R wb
D%RITIR, Cauchy 7l & R D5EMiMED % RKITRIZ DWW TIAR 2
G il L TE <,

ij‘ﬁﬁﬁﬁﬁﬁj Cauchy ?Jé’.@’)*ﬂzm%ﬁ?]@
\

(Eﬁ 5.15 {ap}tnen % RY O RFIET B,
(i) {@ntnen DERTH 2 L 1F
(AR e R)(Vn eN) |a,| <R
DD IO LRV,
(ii) {@n}nen #% Cauchy KAITH 5 &
(Ve >0)3AN e N)(VneN:n>N)(VmeN:n>N) |a, —an| <e

BROTDZ EZR VI,
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DU Ot Z Iz & ED B 70, 2RILDGETHHT 525, MRXILTOHHELETHS Z &
BB 5 EES,

{an}nEN % R2 @,‘fiﬂlkj‘%o a, = (

Qn

; ) LB, S008I {a), {b) BEOND,

&ﬂran:@>momf®$%ﬁ

max{al, [b[} < |a| < 2max{|al, [b[}
X0, ROZEWIBED a5,
o {a,}neny WERLEINTH 5720121, {an}nen & {bn}neny DEDITHERLEBINTH 5
CEDBRELTTH B,
o {a,}nen B3 Cauchy KAITH 57 DITIE, {antnen & {bn}neny 23 E B I Cauchy () 41
THdIEDBRETTTH S,
I, R? @ Cauchy FNIPCRANITH 5 2 EBEHITREI NS, ({a,} »° Cauchy FIT

HUL, {a,} & {b,} ¥ Cauchy F72 DT, ZNEINMIR a, b DFFET %, a = <Z> &E
lim a, a
CEE, lima,=|"7> = =a. WZIT {a,}ney FNHIITH 5, )
n—+00 lim b, b
[ﬁ'ﬁﬁﬁ 5.16 R? IZ5E0HTH %, ]

Bl 71. i 5.16 ZEEHE X,
Bolzano-Weierstrass DEFD R2 DS D VD, T%bbH

ﬁ%5l7@ﬁ%NuR?®ﬁﬁEﬁﬂ&6@\%@%ﬁﬂ?ﬂ%?%%@ﬁﬁﬁ?%oj

an

SEBR & e NICH LT, = a, B EL {an), {ba) FEREEIITH %, Bolzano-

Weierstrass DEBL L D, {a, neny PEBDI {an, tren (P F D {ngbreny FFEVBHARKTH 5
PFRHTPEMES) & a € R DFFEL T

lim a,, = a.
k—o0

CDEE, {by ken DARLEINTH 555, Bolzano-Weierstrass DEEL X D, {by, treny D
il {bn, Jeen (P F D {keboen (FEHEDIHRETH A PLEHFBINES) & b e R DFELE
LT

i, =

{an,, been 13 a WCDORT 2HIN {an, Jren DFDINTH 2525,

lim a,, = a.
f—00 kg

. _ . ankz _ a
le)r?o ankf - KILI?O (bnke> - <b> ‘

P@Z)_c: {anké}geN S {an} @%MJ\WVCHY%T%O |

66



il g1

a, = (—1) —1—5, b,, = sin 3 +n2

TEDDEZ, {aptneny B R?2 DFRLFINTH 5 Z L1370 508, PORERD I 2 B
WCHCD L TR K,

BRE {0 )nen EIUHR L 780003,

ag, a4, ag, ...,09k, . . .
EEGEHOIHZRLS & | )
:1 —_—
A2k + %

W2, ZE LIKPORT %, 2FD np =2k & LEblT, RIT{b, ren ZFEZX B EL b, =
sin 7 4 Loz CHBIBRL 20, 3HE SIS L, 0 ICIRT 3 2 L0905, 2
ED k=30, Thbbn, =60 ET5L,

1

1+ —
a’nkz = Qg = 1 6
3602
‘@%6ﬁ%x{ﬁwﬁ%Nu:(é>¢UR%?%o .

6 Weierstrass ODRXIEEE (1 RIThR)

INFETOMDNTH»STEE, 6,7,8, 9ffiz—oDfilcE Lt DT, "RT OFHRHAELES
DAV MEEZDIGH) DL BRBLZDOT208RV2L LAk wd, HEHICHE
(o TLEIDE, WEHEICFTEDBHRZI K BT LEIBZNLH DT, ML
HLT, FHORZZRABLEZDF5 2 LI2T 5,

37 Welerstrass DI AKMEEI S . 1 RITOGAICRUL, 3 CIEEHICED #2241 5,

[a,0] L7 1RTLOMHKHO Z L2 RT LT 2, 2FD, a,beR a<bTHY,
[a,0) = {z €R | a <z < b}.

EIE 6.1 (Weierstrass DRAEFEE) K = [a,0] 1T R OPAXHE., f: K — R (3#H &
T2LE, fDOKIIBY2RAME, RAMEVBHFET 5,
( "R DX TER S Lo BB, AW, &AMEZ RO, )

REBR  IRAMEDTAHEZ AT (IRAMEDFAAE S ARRICEEHTE %),
(Hzntnen : K V\]@?K@U)T}g& f(x,) = sup f(K).

(f(K) & f O3 {f(z) |z € K} 27T, )
FEEE, S:=sup f(K) B EZE,

(i) fK) D RIcEROBEE. S 13 f(K) O ERTH 25 550 ne NS LT,

@meK)S—%<f@Q§S
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(i) f(K) B EICERTAEVEAIE, S=o00 THH, EED neNITHLT,

(Fz, € K)  f(z,) > n.

ZDEH Az} BIESL L, (1), (i) WTNOEAED

lim f(z,) =95

n—0o0

AEARVACH
Bolzano-Weierstrass DEHA 5 {x,} DKL {x,,, }, oy PHAET 2, ThbDDS

(Jc € R) ]}1_%10 Ty, = C.

Hiice K Thd, EE 1, €cK &Y a<m, <bTHIN6, k—oo £T2L, il
21312k >Ta<e<b WZIT c€[a,b] =K.
flZe THEETHED6, MBS ICLST

f(c) = lim f(x,,)=>5.

k—o0

WZIZ S 1F (oo TIE%RL) FEHTHY, f(K) DERTHZ Z 0005, S= f(c) € f(K))
THBENH, 21T f DRAMETH S, =

ER 6.2 LG ORT T, f(K) BRICERTREROWEEZEZ T30, EERIZIEZ )
WY ZEIFREIDZARVDIITH S, (?b L3 5L, i f(K) OB HZEEHL T, 20
25 f(K) O ERICINRT 28002165, LilizED 203000 0T w07k ?) s

DI, EOEHDIRED D 3273, EH DI TH 2 I AKMEDIAAEDR D 3772 72\ %\
KO HIT 5,

3 » N == = S M= S
Mas(ﬁ&bﬁh?mu%ﬁ)K:ﬁymf@y:{g 8_3<” D E, f AT
2\, sup f(z) =1 THHD, ZARUIRKETIE R\, mealjé(f(m) BFAELEZ Y, =

zeK T

Bl 6.4 (EREHDHXRBETHIER 1) K= (0,1), f(z) =2z (z € K) DL E, fIFHEKETH
503, K DHXMETZ G, sup f(z) =1 TH S0, ZIUIHRKETIT R\, maXf( ) I3AAHE

zeK
L7V, m

Bl 6.5 (EREHBHRMTHENMER 2) K = (0,1), f(r) = - (r € K) DL F, [ IHMHETS
5703, K DHXETZ W, sup f(x) =00 TH 5, HIA, meafg(f(x) EFELR Y, =

€K £
Bl 6.6 (ERFDHAEETHIDERTHEWES 1) K =[0,00), f(z) :=tan"'z (z € K) D
LE, fIBERETH 2, K SHKETAY (KETH D, BIEATIEH ), sup f(z) = g
zeK
TH DD, ZHUIRAMETIEZ 0, me%gif(x) EFEEL RV, =
Bl 6.7 (EREDHAKESTHIDERTLHEWES 2) K =[0,0), f(z) =z (r € K) DL &,
fREFTH 2205, K DEHXFITR W, sup f(z) =00 TH Y., flF LITHERTIZRV, (LR

rzeK

LRVDENS) mea%f(x) BFELZY, m
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Bl65 2R L AINTHE T f(K) = (Loo) TH D, f(K) 18 HICHA TR, o, = &
E45E, f(x,) =n THD, JEEOf(fEn) = oo. {z,} 3ETINZS % < THIHKT %,

lim 2z, =0. 2FDIHAFDESTc=0. L2L0<2, <1 THDD, 0<c< 1 IR I7

n—oo

iz, Tbb cgd K. 2 2Tt D 272 k> T3, =

Bl | K AZEREAXE 2 | f 1335 ? | sup f(K) | max f(K)
i O X 1 L W0
ii X O 1 FLEL 22\
iii X O 00 FEEL 72\
iv X O g TAEL o
v X O 00 FEL 22\

K DERPAXR &0 ) DAL L 2w &, i RIEDTFEDEPN L WEGED, 7 A
H5, m

B 72. EofhoflicownT, FEHPOEHRIEE 2 TR VL% o Tw i h, B &k,

Weierstrass DR NEER 2 % RILDGEIC—RILT 272D I2iF, 2, € K (n €N), n — o0
DEZE 2, 2cTHDLIEDPS, cc KDEIFLIEDPEBETHL I EVPEBRTEZETHA
9, SEITZDLODEM BT 5,

7 1 ZHEAMICHT BSEIEDEE. Taylor DFEE

HifiC/8 L 72 Weierstrass O RMEEMIC X D 1 ZBEEEAERIEN BT 5 D & B,
Taylor DEHDFEEHTE 3,

BB, ZEHBBIBICO VTR, BRI 1 BRI OGE G S, hTE e LOHiIcil
BT RE L ZAIFRV (BIESWICIEZ N2 D ICFl 2005 — FEflE, Fl2IL5EE —
[14], [15] ZAANLTEL), T THeriry OfRETIZ, £ H 2T VFHEEOERH £ Tl
T2 EL 5V HEECL T, 1% Taylor DEM, SZBIRICOWTOEGFEZT 2 50 (il
EDOHAEB DM 2 8§ 2 & D),

7.1 FHEDEE
EROBEEDOMAET, A A=Y TWEL TR LI A TE{MonzHE, 2250 L3MHL X
IET B L, PHEOEBO BRI 5 Z L%\,

BB (@) = tim TN IO py g e nn ol damban b L

Py = L =S

TH B, RS = BEENATE () TR . BERRIICHL AL,
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4 N
& 7.1 (IBRKXE, B/IVE, BiE) I # RO, cel, f: IR T3, flc) D, o
D3 c \ZTECHIPITO f ORKEICZ>TWE EE, Thbb

(Fe>0)(Vzel:|x—cl<e) flc) > f(x).
PIRD Vo TVB EE, f(0) 1§ f OBKETH S, [ 14 c THBATHD, £v9, bk
I B ME, BANHIERS NS, B, BMEZ &b TIEEE WS, [ ¢ CHiffiz
W5 EE, c #iRER LTS5,

N )
e N
Wl 7.2 (NRTEREZINIEE. MOMFRE =0) T2 ROXH., f: I >R, cld I DN,

S 15 ORI ] 15 e THOIHE — 1) =0

J

(EHY 7277 7 ZWET 2, mMOKTHRICE>TwS LX) LG eHivi), )
SEEA f 2% ¢ THRICR 25625 2 5 (N4 2856 bRMK), MRDEEDS .

(Fe>0)(Veel:|jz—c<e) flc) > f(x).

h| < e 72512,
fle+h)—f(c) <0.
EFTh>0DGH2EAL5 L.
fle+h) —f(c)
h
CZThi0ELTH fllo)<0BFESND, =TT h<0DHAEZEZD L,

fle+h) = fle)
h

SIThTOELT f() 20 DB NE, BZIC () =0. m

<0.

> 0.

8 7.3 (Rolle DFEE) f: [a,b] — R 1FHHET, (a,b) THWITAEE, f(a) = f(b) DIRD
SOk 6IE, Je € (a,b) st f(e) = 0.

(INHWY T T 7 %2WET 5, WETIEMORTRIMIL>TWS LI BgGEzHiv, )
GEEE 1= [0, b] X R OEHRAEGTH 206, [ LOHEGRETH 2 f IZHRKIE & vIME%
%Oo%k@&%$@ﬁ%tw%é\f@%ﬁ%ﬁfﬁéﬁé\a:a;baﬁwwfwgza
a<c<hb.

RARME & /AMEDEE L ey, 2 Eb—T51F fla) = f(b) IKFELSRWY, T3¢,
HHNR ¢ T, fIRRKEPE 7 3RAMEZINS Z L1225, EH7212Xk>T f/(c)=0.m

inRE 7.4 (FIHEDE®R (the mean value theorem)) f: [a,b] — R IZHH T, (a,b) T
Worrlge L 9% & &, dce (a,b) s.t.

)2 T po)
SEB z € a,b] ITHL T
o(a) = 1) - POy

3h ZIEDHTDS 0IEMITZ 22 |0 EEHL, h=+0 ERICZE, AMRICA = -0% 10 &EBFEL,
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I S
g: [a,b] — R L,
o 1 (a,b) TG THE,

g(a) = g(b)
&7 0, g \Z Rolle DEHDIREZTi7z$, £>7T, Jee(a,b)st. ¢(c)=0. £ETHT,
g(0) = /e - U=
THEHNH,
f(bz : £(&) _ f/(C)..

ER 75 (1) COEMIE, WALARLRERLGTVH D, AL,

f(b) = f(a)

36 1) s.t.
6(07 )S b_a

= f'(a+6(b—a))
DEIIT cDhPHYIT O TRELLD,
de € (a,b) s.t. f(b) = fla) = f'(c)(b—a)
DEYTE RIS TBIC L7 T 5, Fleb—a=h ELT,
30 € (0,1) s.t. f(a+h)= f(a)+ f'(a+6h)h

ELZBIE, h<0 DHEAELRY L, ETHZDT, Fickifibins,

2) FHEEDOEIZT VWD S TFEEE) TH-o> T, c DFEIRFFEERT 2D, ¢ DfEilcDOVT
X, a & b DENCH B &) DAHIMDORERD 52 T isw,

(3) WA HIUL, oI, 4% EYNVOTEHZ IS 5 72 I fiif] %, Cauchy
D FEEEE (MEF.L p. 163) 2R TEL ERVLR L Lz, 213D Rolle DE
HE2HOTHEHER S, =

Rl 7.6 (MADWeD &I EIELGSIFHEBEFBEM) f: (o, 0] — R VT, f1E (a,b)
THOTAIBE. f'>0in (a,b) £ T2 EE, [ 3 [0, 0] THREROHFIEMTH 2, T4hbD

a<x <z <b= f(1) < f(2).

sEBA CPEEOEE L D, f(22) — f(21) = f(c)(z2 — 21) ZH7CT ¢ € (v1,22) DIFET B,
WELD f'(c)>0,29—2, >0 THEDH, f(rg) > fay).

W 7.7 (MADWed & ZBFHFARSIFEFBEM) /> 0 DGE AR FEEM & 7%
2, ThbHE fila,b] > R WEEET, f X (a,b) THOTEE. £ >0 (a,b) £T 2L

a<m <x9 <b= f(x1) < f(22).

At b & [FRR D THEIET B,
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ROWITEZ E ST N SHETH R T B (LA LEIGE 2 1> T 5 Ndd7as)
b PIEDOEIL TR TE %,

iRl 7.8 (MAHWcHEISB 0 BSETEH) f: [0, b —» R 258K T, f 13 (a,b) THIT
Alfg. f'=0in (a,b) €T B L E [ 13 [a,0] TEBE RS,

CNHFEIE | E Ak D THIKT 5,
f 73. i 7.6, 7.7, T8 DV TN DEE 2 E T, ( TEEFME EF)DIBE->7KIEL W
Il L EHSILIIEIDOT, HHH ELH-TRoTAHL), )

ﬁ%zg$ﬁ@®%@ﬁ&7bw@%ﬁTquL&mﬁ%Mfﬂw:(Zif)@emﬂﬂ)
LT3 L, f(0) = f(2n), f(t) = _iit ] 8)?%%#6\ﬂ%%f@:jﬂﬂﬁ—

0) Zii7e T ¢ WHEAEL 2\ (51X 0 7228, £iI 0 1252\, L L, ROEMIELK
TETHLRIT 20T, HEHVHZ I LIEAY, =

il 7.10 (AREADOAKX) f: [a,b] — R 25K T, f 1% (a,b) THITRE. [ 1F (a,b)
THRALTZ L, sup |f'(2))|=M B EE, |f(D)— fla)]| < M(b—a)

z€(a,b)

CRBEINE (1 KTEOBAEER) PHEOER) S - E b Iclrh s, BB, f 20 HTH
m@\ﬁﬁﬁwﬁﬁ%ﬁb&<f§\ﬂ@:f@%ﬁ/fﬁﬁﬁ@emﬁpwe

b b b
0= sl =| [ syl < [rwna<a [Ca=so-q
ERGIES T EDHR S, 722, HEBAROM T OEELZGEIHT2DIch, 2Nk DT
32070 % DT, WEMIUDEAHK S DI TEAEC L, sup,euy |f/(2)] ERTHS 2 &
ZRT DI, KIRDOGEIE [ Otz {E LT, Weierstrass DI KNEEM Z HV 5 D)3
R TH 5, — DF D Weierstrass D NMETCH ZHET CTHES Z EIFH LW, EWwH I ET
b5,

ROEHIE, BETLRWT XA H 20, LELIEHHINGHEELLDTH S,

-
R 7.11 [ = [a,b], c€ (a,b), f: T — R IFHEfE, f 13 T\ {c} THOAHE. A €R,

lwlfclf(x) =A

r—c

DD D75 512, [ 1 ¢ THBNTHET f/(c) = A DIK Y 32,

J

B 74. fvE 7.11 Z3EHE X,

RK 7.12 (PPRACKWVWEEBIZDOWTEWRRD L SBHD) FHEHEOER (find 7.4) DR

FEDHFT, Tf 1% [a,b] THFET, (a,b) THWITHEE, VI EEZ, > TN Tf X [a,b)

T TRE) CESHEIZ T XA M 2RERP TS X)o7,
ZZoUBEZAZMOBRIMO R NEZABDETE, FAMIRDLIICEZ TS,

BLERITGDBE D L LRVBBETH 5
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o VVTINIZT B ETIHFHEMESERIC R > T, XD DADPHBIEIC R 2D% 5
W, BEWRMDO Sy TV D2 T 5 LIFEZ NS, (—RDYGHDREAD
DT T REREHE VW) DL O0H>T, ZIH\0H) L FIHEHZ 2L AKT S
L0, YL L 2 @R OAH%Z B 2 021 H 2, ) L2 LSDEEIZY v 7L
WL CHIHBRIZE - b5\,

o VUTINThWwE, ZHLZ2HREZBIET oKLV LG, BZoNB\VWED
WBHZONTEHBRODT, PV NN —2 a vy 282 AfifErdH 2, E\WwHEZT
WIE—bH 5,

o WETIX THA) THDHELT, AR NEICHERIND, NREFIZL > THZITHINE
ITEWEHD I L, FEREBEEE LTI RIS EnITFRWwAIZIE, firytEnl e
2EZT, ZNBDICTy Yy =TI A 72ETRETH S,

—fEw e LTid, £9 W) @IR2 § 252 fNE L, 2RIE, il 7.6 23T 51
k. SN e N=T a VOB TIEAT T HDT, Y —TN—Y a v (fm#E 7.4) ZEH
LERBETHS, m

7.2 Taylor DFEE
(CFHEOEIIZHFATWEDT, 23 Ay T2 AREDE N, )

Taylor DERIZ, BT OED—D>TH 203, ‘FHEOEMDO—MILTH > T, GEHDH
PMEDEPEOFEI L IZIEFE U T (7272 LEEHZ B THRA L THEL OIFEE L 33, Rolle DE
HE2HW5,

[Eﬁ7i3ﬂm%rwiﬂ)keNJﬁiR@Bﬁ“ﬁI+WRﬁk@ﬁ%ﬂ%&%ﬁ>

acl,zel £35LE,

"(a "(a k=1)(q
6 @) =@+ 10—+ L ap s s LD g py

IZkoT R, ZERTIUR

()
k!

(6) 1ty (2 —a)f

itz eDda & x DENCHFAET 5,

DFDa<zBHiEce(a,x),r<aBblEce(ra),a=2 %513 c=a.

N J
SEBl a=2 RS IEHODED G, afx LT 5,

k-1

9(t) = =)+ |3

=

EBL, EL, BB wlidgla)=0 L5 K912, T4hbb

— Yy = 0F
i fO) + = w

(x

o
—_

(x —a)’ ; (x —a)k
1) = 2 5w +

Il
=)

BUTOFEHD g(t) ® w ZHZTHOT2DIFHL W,
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DD EIICED D, g(x) =0 TH S0 5. gla) =g(x) THH. g 12T Rolle DE
HMzEHT 5L, ¢(c)=0(clda t v D) 27T c DFEDTD 5D, &I HT (RET)
AT 2L ( -

p r—1)"

g(t)= NCE [FP(t) — ]

LB ENDbD, t=c ZRALT, fO()=w 2132, =

FE 714 (1) (C1) ofAIE, fO=f0=1ThHsILITEETSL,

o

0)(a)
4

S~

(x —a)! + Ry,

<
I
=)

EHTD, 7L P =1THsE LI

(2) Ry Z k 3ﬂ§ﬁ§fﬁjk“¥$7§§\ iz (6) DI TEI N D D% Lagrange DRIRIE L 9,
SRMICITERTEIZ NS ZHTH B, ;i¢§m % DBEW |1 — a] PYNS DT
(2 — o) B ETHASVDS (KRMIE, |z —a| WIS RV EFITH ZOEHEZ2
L. [f®(0) B3 DT K REL A S ZrbHh I BbUT. Ry DEY NS B E )
IET—2 - AL =R TH D),

(3) k=1%o VEDOERICHY T2, 4B Taylor DEMHIZV-IED EH DO —HAL
Thb,

(4) z—a=h EEE (5),(6) FUTDXI IR S:

(k—1)
flat ) = 5@) + S+ 5@+ B

(k)
R — f (a—l—Qh)hk.
k!
ZITHIXO<h<1 ZWid., HEETH 5,
(5) MH LHE%E % 15 wﬁ%@xKﬁLTJMJQ:OﬁWDjO(:

@&%\fia@ﬁ%?%%ﬁ%?%%kwﬂoﬁtb%

E:

DIRALT 5, Tz f D a ZHils & T % Taylor B (771 7—EM, Taylor expansion)
EMEER, FRIC a=0 DA, Thbb

> fm) (o
-3

n=0

I‘—CL

A ) A
% Maclaurin B (v 7 12—V VER) LIERH, TN FHRBOWEICBEIL Tid, #HE
BIBGR CREL CES T LR %, =
SEETR G B 1T LT A IF—RICITER SN, FIZIF 00 RELRINRVDIEALLRETH P,

CTlE1ThaEEZS,
35Taylor EBHDHLAS 0 TH 2% b D% Maclaurin B EMER, W0IHI DT oD ERLTWIHETH S

D3, BELIICIZIELS R0 DEZ ) THS (ZOZEBRCASNTVED, SI5EZ6NR0E L),
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7.3 MBI E 2 BEERIEK

(T, COMIEBMT BRI LEbN G, TS5 6 BEHEL THS
FOEHTHS I, )

EE 705 () I # ROXM, f: TR ETHLEE,

N . det. | Wael)(VbelI)(Vte (0,1))
f DEAEX (convex function) & { F(tat (1— 1)b) < tF(a) + (1 — 1) f ().

EEZIE, 7770 MIihTh 5 &9 BB Z 2B E I DI TH S,

e ™
EE 7.16 CREEBOFTSEOMNE) R OXME I T " 2FELT, f/>0onl TH?
LEMUTFDOZEDNRLT B,

(1) fEED a,x € I IZXNLT, f(z) > f(a)+ (z — a)f'(a).
(2) f1E 1 T,

\BLNMzO&ﬁ%aGIﬁﬁ@Th@\a@f@%@ﬁ?%%o )

FlERA
(1) Taylor DEEZ n=2 ELTHWwE L, f">0256

1) = fa) + @) =)+ T @ -0 > fla) + ) - o)

(2 z=ta+(1—t)b T 2E, HIHEHLD
fla) =z f(z) + (a—2)f'(x), f(b) 2 f(z)+(b—x)f ()
E 5, MRICZENZEN L 11—t (>0) ZFLT, ULAMAS L,
tfla) + (A =1)f(b) 2 [t + (1 = )lf(x) + [t(a —z) + (1 = £)(b — )| f(x).

T 2 £96
tfla) + (1 =) f(b) = f(x) = f(ta+ (1 —)b).

(3) Taylor DEFZ n=2 ELTE) &, a & o DREIT ¢ LT,

f"(c)

5 (z — ).

f(@) = fla) + f(e)(z —a) +

f(@)=0, f(c) >0, (r—a)? >0 THEN5,

f(z) = f(a).

WZIT flx) Fo=a TRNERD, m

tla—2)+(1—=t)b—a)=ta+(1-t)b—[t+ (1 —-t)]r=ta+ (1 —t)b —x =0.
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8 HESR, HES

ETREBELLTFOTAL TS, BEATEZWELT, 20/ — F2HAL TR
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{reR"[a< f(x) <P} ={zeR"[f(z) >a}n{z eR" | f(x) <},
{zreR"[ f(z) #7} ={z e R"| f(z) <7} U{z eR" | f(z) > 7}

THH1E, MEIHICL-ST, TNHDELEL R OHESTHS, =

R 8.7 (f DEREED R* TRWESR) MHZEMO—imzFs e, THZER X 226 Y
NDEH [ X - Y BHEFTH B0, Y DIEEOBEA V ITHLT, (V) B X
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O AR £ (o) = VIE BRI £ (~ g~ ) = V1A m

A RBR DML & b Z L DD,
P92, [ R SR % f(n,y,50) = 2220 (@9, 2,0) € RY) TED,
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7971k Q OERO L2 A THEBEC AR 2, A2 B ORI D b 31i23% 2
S Z ORI IZEIRN 2 { S DI R IRE DD B,
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4 N

EI 10.6 (Lebesgue (19024F)) [ I R" DX, f: 1 >R IZERETEEE, f 5]
T AlhE (/f(x) dx DSFEE) 57 DITiE, f@X@;’fﬁ’ﬁO)éﬁi

I

{xE[‘f&ix"C“Z:@ﬁ}

DEELTH D EPREITH B,
N J
FEALHL VI DI, EENICIER (ZHEn=20848T. n=3 DHEAEKRE, n=1D
BARREI)VBOTHLES, LI ETHS, EMHITIEIRDE I ITERI NS,

-

E%Hﬂ%%iA)NCR”E?%1V#$$A®mM%UT%%Ei EEDIEDE
IZXF LT, ROEMziife TEAR {B)}jen BHETH I L2V,

(i) & B; IXM I3 EATH D,

(i) Nc U, B

(i) Y (By) < <

N

Bl 10.8 (BESR) oD, 2RILOEAETEZ D,
(1) 1 ,ﬁﬁ’%&%%é {a} Bl Cig‘iﬂ_ﬁs‘ 20 O)IEjffﬂ% [a1 — 57 a; + 5] X [ag — 5, as + 5], B
(j>2) BEEALTZE. (1), () FilEIND. > p(B) = pa(B) = 46> TH 5%

=1
5. 0=¥ ¥R Zun :—<5“C5)Z>75> L (i) b g
(2) ARMED 5 7% 284 {a;}_,. IEOB e T LT, B; (j =1,...,0) % {a;} C Bj,
fin(Bj) < £ DBIED DX I ICWMNE DT, B;=0(j >(+1) & FTIUTR,

(3) NJRAERE D 1 5 72 DS {aj}jeN. EDE e TR LT, Bj (j =1,.. ) e {Cl,]} C Bj,
in(B)) < £ BIRD V15 & 3 IHUUE,

oo

om(B) <35 =

J=1 Jj=1

(5) HREAEA LMD 7 5 7, G, —Hesgtk e V2, (T -
(Trf--)

10.6 ZODEDEE
(Lgi)
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10.6.1 ZERZTHBOLRN
10.6.2 [LEESD

Riemann B4 4. FBEAIC 14, ARABIED. HRAEE EORY LA L, B f 28
%ﬁﬁ\@5mm%@9ﬁﬁﬁﬁt%ﬁ@%ﬁ/}@ymumﬁﬁﬁawwmao
ERBICH LT, 2N ARAMSOERAES FOBSORRE L TRALD T 50
Dk HHNDTFETH S,

L dx U dx

= lim

0 ﬁ e—>+0 € ﬁ B
00 R
/ e ™ dr = lim / e do = ﬁ
0 0 2

2.

R—o0
SZRIGDEGE. INFEEDRIEDERIZERDH D, ZDIH) LDV O HWIZFRETIE 4
WkIHTh 3,

10.6.3 Lebesgue &%
(M )

11 EEEER
2016 FEED S, ZOMONBIZMBI L sk Hickh o708, #HE/, — M3EL T
Z LIz 5,

11.1 HESDEH

QzRDOHEA, [t QR™ LT 5,

X f1

T2 f2 -
reR"ETHEZ=| |, f=]". EERTIEILT B,

Ty Jm

fl(l‘) fl(ZEl,...,ZL'n)
fa(z) folz1, ... @)
@) \ter,. )

TRTD fi (1<i<m) B, FEB x; (1< <n) KOOTRMITTHETH S L&, f 13
LERBATTRE L 9. 2O L&, f O 1 BREBECE WX THE - 7751

%(x) %(u@)
f(z) = : " :
ORI 0D

Z f OY Al e s, 2075l det f/ % f DY AL T v EIES,
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0fi

?&Twé PR TH B L E, fIRCTTHB LN, TDLE

L
i L@+ h) = fla) = fla)h _
h—0 |h|
HIK D VLD, (2L 1 BRI DEE f/(a) = limyo L 2RI L TEIL X
BRI, b f PR PV THOERZFROLIICTE>TWS, )
KIS &

0

fla+n)= fla) + f'(a)h.
(GIZ f(a)h 1ZTINERT PLOREICZZ>T W5, )
[ DFEBEREBTHDEE, 2FY) m=1ThHsLE,

iy = (2F .. 9F
En RIGER7 PV THS, THUZEREL Tn RIUHENT VI L7 b D2 V() % grad f(x)
THY,

V/(z) = grad f(z) = f'(2)" =

11.2 A b0 — FEKEE ERBEMERBIIEAMOEFEEETH S

ﬁ?%ﬁ@?xk-ﬂ—bfu\ﬁ%®%%gﬁéFﬁ%ﬁiﬁjkr@%ﬁiﬁj%w
FRTHHT 2, 2O >0EMIZtL 2D 8 L3288, IEFICEETHS, £
5%

"THE SN < T (JRFTNIC) BIE (2 2 dutiBIgL. BEREEL) DSTPET %

LI BEICOVLTOFEERTH 2, iEHICEVTL, y 526N EEZIC fz) =y
Z IOV TRELS, 2 526N EEIC Flr,y) =0 %2 y IZO2WTHES, RO M2
ko2 &AM TH B,

11.3 HFEKRICOWTDER
WBRIZ O \WT I,
MEAR f DGR f RO DI, f BEYHTH B T EBBESTH B

EWV) DPFERPDIEKRTH - 7=,

BZoN7BE f 2D DR TR TH, ZDEEIR &% P P 128 X4 12 il
PR U CHIR BB 2R D, 2 DG E (WL BERITH Z, L) DR H S
GETCH D,

Bl 11.1 (BREELSDAE) f Rz — 22 c R IZEHTHHETH 2023, Z DOl
f:10,00) 3 2+ 2% € [0, 00)

FRWETH D, ZOWER 1, wbWwaL—L /) Th2,
) =vy (yelo,00)).

Iz X 9% T Lid, exp & log, HMM =M TH-7, =
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1 BB N 2 B O EBRIZfHH TH 2 DT, B2 R TAH L),

Bl 11.2 1 EHOERBDOTERE) [ 2R OFKHE, f: I > RIE CH k. a€ I, f'(a) #0 %
5,
(AU C I:a z&THKXHE) AV :0:= f(a) ZETHIIXE)
F=fluo:Usa— flz) eV IZ2MECHBID O

DD LD, FEBE f(a) #0 TH D6, f(a) > 0or f'(a) <0. f'(a) >0 DFGH, [ DM
etk 5, Je>0st. f/>00n[a—c,a+e]l. TDEE f X [a—-e a+c] THREHRFHMT
%%oZ@k%\U:Q%fﬂ+@ﬂﬁzﬁm—@jw+@)k%(knfﬁﬁiﬁgf\
Htch 2, FPEOEEEZHCTEFNTHL I LB 5, WZIZ f ZEHHEHTH S
S WBBDEET 5, D LIRS & [~ OMEFLE & MO TSI TE 2 REL < 13HH
[15] Dok H2 "1 ZBOYEBDOEMH, ), =

WA OERIZ, ZOFIDRELLEIIETH S, L LznzHiild 2unc, #EAR%D
HHEzZLTE,
Bl 11.3 (RBEEGHIHESHH ELGDEM) AR ZEROROMM GG 2EZ 5, —HI¥
3. n,meN Ae M(m,n;R) &L T,
fTR"S2+— Ax e R™
Thb, 2D fPEHEHITEBIC
m=mnAdetA#0
DLETITTHYD, ZDEZF,
fTlly) =AY (yeR™)
(RIEW) B4z RouE s
rank f = n — dimker f
DD LD, THUIPPRENRZEHTH 528, ZN2R0IUIBOREmIIEHTH 5, FT,
o [ DM < rank f =m
o f HS <« dimker f =0
THHDH
[ DS — (rank f =m and dimker f = 0)
- m = n.
AR TH L 7-012ix, EHRDOKITICHET 25 m = n BDBETHZ, 2 ZTUT
m=n ZHiIRFMHFET S, TDLE
f D25 < rank f = m(=n)
<= dimker f =0
= f IZHG
= f 1T EHE
— 7 ELE
— A DFELE
< det A#0O.m
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11.4 FEEAHTEEEZ DA

EIE 11.4 (SEEEEE, the inverse function theorem) Q 1 R* DHEA. f: Q —
R™ X C' . a € Q, det f'(a) # 0 % 51F, (FU: a ZELHESR) 3V: b= f(a) 28
CHES) f=flo: U=V % f(2) = f(z) (x € U) TEDZE f IZRHE T, WK
LV S U b C #ch 3,

BRC [ U —» V IR, & L IERETH S, 0k ) k5L ZEHEES (homeo-
morphism) & RS,

AEHDTREITIZ L 29 H D | T EOHETERTH 2 "EBRELLE) 2119 GEIZIER I
MESIRI 7203, HEfRIC T2 5 DT, Z 2 TlE Weierstrass D KMEEIICF BIATL 7k %
R 5,

BEEELLGHDOFH: 2 2% a IZT3EVEE (0 Z/NSBIEBELT |z —a] < THE
20 f(@) = flla)(z—a)+ fla) THEHH16., f I3 1IXEBTHITRCEMI NG, K
fla) =1 DEEZAATIUIR W ED0 5D T, f(r)=xz+c &>Tw5, GAoh
By KR LTy = fo) WS 2 2k B0, 2 |y — f(2) DRMEEEZ 3.
FlEBA

1° A= f'(a), gly) =AYy, fi=gof EBL &, (f) (a) = g'(f(a)f'(a) = A"A=1(I
FHAATA)) &7 B, fICOWTEHEZIHTIUL, f=g lof ITOVTRELI LILA
5, ZZTUT flla)=1 EREE L GEHTUI T3 TH 5,

2° (30 >0) K := B(a;0) LB EE, KC QD

(a) (V2 € K) |(2) - f'a)| < 5.
(b) (Vx € K) det f'(x) # 0.
(©) (Vo € K\ {a}) (2) # (@)

FEIR (a), (b), (c) DFEEA f DEHMEICE D, o — |f'(x) — f'(a)] IZHHET, 2 =a D
EE0THEDNS,

(35, > 0)(vr € Bla;01)) | (&) — fa)] < 5.

[FIRRIC 2 — det f/(z) 1ZEHET, det f'(a) =140 TH I 5,
(30, > 0)(Vz € B(a; &) det f'(x) # 0.

(c) IZ2WTIE, £F f 2V a THITRETHSL Z L5
iy @) = fla) = f(a)(z — a)|

2 iz —a

=0.

(8) (V20 < [z —a| < &) U@%aﬂﬁ:éFMx—®|<%

N6 0< v —al <63 2561F f(x) # fla) DR VED, EEE, LD f(z) = fla) &
5L
f(z) = fla) = fla)@—a)] _[0-I(z—a)| _|z—af _,

|z — al |z — al _\:U—a\_

LD (1) IKHET D, 6:=min{d, 0,03} EBTIE >0 T, (a), (b), (c) DI LD,
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3° (d) (Va1 € K) (Voo € K) |21 — 22| < 2|f(21) — f(22)]-
IS f K ICHIBLAZbLOPHEHTH L I EIET DB L (11,10 € K, flay) =

fze) %51 21 = 9 DIKD D), BIBDOWGG)HFETH 5 Z & DALHDHEE 725,
ER (d) OFEA g(z) = f(z) —x (zr e K) £BL &

g(x)=f(2) = 1= f(z) - f(a)
ThH295, (a) ZHWNT

N | —

/
<
max |g' ()] <

g DEAZ ¢ ZHTHHIET 5,

d
—g(zg + t(xy — xa))dt

g(w1) = g(wz) = [glaa + t{zr — 22))}; 5 = / dt

/0 g (xe + t(x1 — 22)) (21 — xo)dt

ThHHNH
1
ga) — glan)] < / 16/ + t(an — )| [21 — o] dt
0
< T&%\g'(fﬂ |1 — 2o
< 1
> 5 |$1 - $2| .
Thbb

1
[(f(z1) = f(22)) — (21 — 22)| < > |71 — 2.
7N (R |o] — |b] < |a— b #HBT)
1
|21 — w2 = [f(21) — f(22)] < 5 |21 — 2.
B LCHlibl% 2 g, (d) 285, m

4° S =R K O = {z e R" | |z —a| =6} ZF R DERALETH D, 2 — |f(2) — f(a)]
ST H B 25, d=min|f(y) ~ fla)] BEET 5. () £ |f(2) - fa)] >0 (z € 5)
THBEDE. d>0.V = B(fa);d/2) LB &,

(e) yeVAazeS=ly—flal <ly— fla)
(Kzfi< LIZFHS 2 TH S, V IF fla) ZHD & T 585 d/2 DRIERTH 2, f(z) X
F(S) iz Bh5, ZHUE f(a) 2HDE T 2045 d OBBROMESICEENS, )

FiR (e) DFERA FEFE. X3V OERDPS
v ra)l < 5.
—HreSTHHILLE, d DEERNPS

[f(z) = f(a)] = min [f(y) — f(a)| = d

yeSs
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THZIHNH

ly = f(@)] =y = fla) + fa) = f(2)] = [f(2) = fa)] = |y = f(a)l

d d
>d—§—§>\y—f(a)!-

() (e V) (T e K\S=Bad) [ =y.

FIR (f) DI EED yeV Z2EEL T, B h: K >R %

h(z) = |y — f(2)]" = (y — f(2),y — f(x))
TEET S, (IR0 I IRDIFEZRNTOITED, ZN3m/MEZ 5251 TH D Z
EWCHEHL LD, ) 2D h i R OFRA%ES K Lo TH 256, m/MEZHLS
MTeK BHETS, £2AT (e) &P
r €S = h(a) <h(x)
THHD6, S EORB h OR/MEZ S Z 25 Z 137\, WZIZTZS. WAIZ h IZNA
T CR/MEZES 2 LIS D, Vi(T) = 0.
BT TF: Q — R M ATHE 2 13, h(z) = |F(2)]* £BL &, Vh(z) = 2F (2)TF(z),
L30T, VA(ET) = /(@) (f(@)—y). b) X0 f (—) FIEHITHICH 205 f(T)—y = 0.
Thbb f(@)=y 7 O—RBMZ ) »om0%
CZETTHPoRIt2El®5, §>0,d>0D3H->T,
K =B(a;9), S={zecR"|[z—al=0}, V=B(f(a);d/2)
Wxf LT

148 (d) (Vo € K) (Vo € K) |21 — 22| < 2[f(21) — f(2)].
g (f) (vweV)Aaxe K\S) y=f(z).
DL E
B:=K\S=B(a;d), U:=Bnf V)
LB, acU PO U IBR DBEATH B, FHE

e ac B(a;d) = B, £72 f(a) € B(f(a);d/2) =V TH 295 ac f~1V). ®ZIC
acU.

o BIIFIRTH 20 5HELTH S,

o BIF fUV) DBHEATH 2 2 EERTIE, U IZ200BEADIE LY & L CHE
HTH D, ZDIWHIE, AENICHE 8.6 (p. 77) DIEHEFRLUTH S, be fHV)
E92E, fb) eV THY, VIEHEATHED S, (Fe > 0) B(f(b);e) C V. f
DS THLH I EDS, (30 >0) (Vo € Q: |z —0b <) |f(x) - f(b)] < e WZIC
flxyeV.ze fFH(V). Ztud fFY(V) DR DBEATHL I LEZRL TV,

CDOLEV Cf(B)IKHEETSL
fU)=fBAfHV) CfB)NFHV) C BNV =V.

flo: U=V % fo)=f(z) (xeU) TEDD I EHHURT, [ IFAHH L%
f LV U DBHET S,
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70

80

90

SRR TH B, HEE (d) kD ypeV ETBHLEE

(t) F7Hw) = F M w2)| < 20y1 — ol
ThHHENL,

Ve e U IKNLT, fLiky:=f(z) THOWHET

FEDIA 10 c U ISHLT, A= fllzg) £BL, (b) £D det A£0THZHE, AD
WITHIDEET 5, W RO EED S

(12) f(x) = f2o) = Alz — 20) + ()
ko Te(z) 2EDDLE

(@)
() :}Lrilo |z — 0| =0
XTWyeVIiclCo=F2y) B zelU THY, flz)=y. ZNT (12) DI
IZ AL 20T, gy, y THEETE

ANy = o) = F (W) = T (wo) + A7 (F(w)).
Wz Iz

FHy) =) = A7y — o) — A e(f ().
ZITRDOI L ZREIF K0,

[Ate(F )]

lim = 0.
Y=o [y — Yol
g RN N = N
)
lim — =0
y=w0 [y — Yol
ZAREIE X,
)| W) [P e - )
ly—wl ‘f—l(y)_f—l(yo)‘ y—vl

FL OEEIEE D, gy oy DEE [ y) = [ (yo) = 0. WA (0) IV ELDE 1
WY =0 —HHE 2T, (1) £h 2 TEZons,

LB Cich2 I, L oY aeFil (F)(y) & f(z) OWFFHITH D, R
Cramer DAY 5. RS det f'(2), 5 T14 %@;) DHER L LCRBTE D, i
_ j

y DEEBE L TR GHlETH S, WAIZT fLIFCTHS, m
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12 ER#ERE

12.1 Arb0O 2ZTHEHER)

BB & v 9 BEEIRAI O TORRENED S EN DT BEBIBCERIC O WTid, 24 BAAG 2 3
N3 EIADPLIRD X,

EHMICE, HREX F(r,y) =0 &, (BIAYZRZ BRI SFriER 2 & &, 36204 1 #EpH
ZIRETDE, BB o OBy = p(z) ZEDDLZEDVH D (ZDEE, ZOBK y = o(z)
Z F(r,y) =0 DED 5 R LTS,

WL OPFEFIZINTH L S,

(1) Flz,y) =y —¢(z) DEZ, y=¢(z). Flz,y) =0 DED IR, B p D77 7T
b5,

(2) F(z,y) =ar+by +c (a,b,c € R,

b) #(0,0)) DEE, F(z,y) =0 DIED 5 HikIXIE
BTHD, bA0 THIUL, y=— —g

ga, ,0

7% EfRlY 5,

(3) Flr,y) =22+  —1 DEE, y=+V1—-22. Fz,y) =0 DED I, %z
DETZHELOMEATH S, (RIS, Flo,y) Pz & y D 2REHENTH 7% 512,
F(z,y) =0 DED 5 HifkIZ, VbW 3 2 XiFk <, BAMWICIE, 2EA, 158, 2 EfE,
. Rk, Bhficd 5 — BIBRBD 7 X X + 2 H X)),

(4) F(z,y) =vy*—2*(r —a) (a B3HEHER) DLE, Flr,y)=01F, y=0(z=0D L Z), £
Zdy=dzyz—a(x>a DEZ) LIRITZY, Flr,y) =0 DED 2 HFRIE,
(a) a <0 D& EIFFERTHLKRAT 2R (5HR 2 /EH R & RS
(b) a=0 D& Z TR T2l (2 R &S
() a>0 DEZWIEKME, x> a OHIPHIZH 2 R (A2 IR & P8

g0=ListPlot [{{0,0}}]
myg[a_] :=ContourPlot [y~ 2-(x-a)x"2==0,{x,-2,2},{y,-2,2},ContourStyle->Red]
g=Show [myg[1],g0]

/ / /-
// ,// / ]
/, / / ]
/ /
e < <’
— \\ \ \\
N \ _
\ \\ \
\
\\ \ \
X 6: a=—1 X 7: a =0 X8 a=1

T2 =22(x—a) E LI EE, FROFHTHIT S < 2%(r—a) >0 [z=0 £iZ 2>a) THSD I LITHE
BEL, 2=00,E3y=0,2>a DEEIF, y==+/2%(z—a) =%[z|[Vr—a=tzy2r—a.
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(5) (Pa7 - RVX—=ADLL=ZRAT— b, 1694 %) F(z,y) = (22 +92)? — 222 —¢y?) D&
E, Flr,y) =01k, WbWwaYa7 - VX —ADL A=A — | (HHE, K 9) LT
EN 5, Flr,y) =013 y IZ20WTD 4 XGHATH 205, 2 X5z Lz 210
fFoT, y IZOWTHET 3,

JFm— T T =

051

0.0

B SR
-2 -1 0 1 2

9 X AT RUX—ADLLZAT—F (22 +y2)? = 2(a? —y?) =0

(6) (7 H)v b DIERE, folium cartesii, 1638 4F) F(x,y) = 23+ 3> — 3oy DL E, F(z,y) =0
DED BRI, VDWW T AN FDIERT, FRICBWTHITHE E3GET 2R TH
%5 (B 10), F(z,y) =013 y IZ2WTD 3 XGEATH %, T y IZDWTHICHE
Tl ?2H R v E 57 5, Mathematica 132 %R L TRz, H, 9, THH
WIZ< 29, #l 12.6 (p. 109) Z S X,

3L

2+

3L

10: Decartes DEERR 23 + ¢* — 32y = 0

Rk 12.1 (Decartes DEMRDIGHEBRIEE ) MPEEZME ) &

~ 3cos fsin 6
cos3 @ + sin® 0

LI BARRST CIefE o N s, H20iE y—tr & LT,

3t 3t2
xrT = —— e —
1+ YT 1 p

EVIH)FHNRI A= —FIRBFEOND, x+y=—1 DMHARICK>TV%, =
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RDZEDBTD 5,

o FIZkoTid, F(z,y) =0 2 HEMAREH T y 1LV TR 2 LIERTHETH %,
— MR RS, PEARL TV RS,

¢ 1DOD T 22O ED y BHIGELZAD, W2 129 y Dok h T35,
= RPN Fla,b) =0 27298 (a,b) D72 LT, ZORD TafF, TE2 52
EWXT B, Lo DIFERTEIEICT D, (a,0) ICE>TH) XL T2 DTk
=095,

o 1 DD x IZEED y BNIET 2560, HHL Tz E Lz a3 Wi ic
RALUE, 12D 212120 y BT 2L 1852 LLH D,
= a0 ZBUHES U, b Z2EOHEAEV 2ED, UxV (A A=Y L LTUIER, 74
YED)ICEEEZRET 5, L) TEHDBRIZ ),

bold, FARINIVHEHIFIZLIF-S T AR I ELDH S (20T HD

RELTWED, 2 1220 THHNC L2MIET % y 23%w), 9 ELTL 7DD 1005
tEiE 72\ ?
S U det g—j(a, D) £ 0 £ >3 LD S AL OK, EHMTHD 5.

o BERIBOEBIEIZ (2D ZOHFET 20T CICB TP BV ETHEM, FIET 5
% 61%). BREBOMIETIHAET 2D fHETH 5,
Bl 22 +y*=1 KD, 2m+2y~@207”575>6\ @:—f.
dx dx Y

—HRIIEZ, Fx,0(z)) =0 £ D,

OF OF Lo ooy OF L OF

55 @ () + 8—y(x,w(x>)so ()=0 &b ()= 9 (@, p(2)) ™ 5 (2, ().

12.2 FEEZDIEHA

U R™ x R* %859 %, ZHUIHBAHA

T hn
R™"xR"= (¢ (z,y) |z = : eER™ y= : e R"
T Yn
ThHHNG,
21
Zm .
z= (zj eR,j=1,2,--- ,m+n)
Zm+1
Zm+n

BERDEATH 2 R LFA—HTES, Z2THZIEQ C R xR BHESG LS 5HE
FZZOE—FUIL>TQ R OREATH LI L2ERT 5, HIC (z,y) R xR" D
WETHD ESoGE1E. RO 22T Uuz e R, yc R THBH LT 5,

Brroy—~L LT, TREOERZEVHIE 2,
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ST F:Q-R"BHBHEE,

Fy
F = :
F,
LEFIE
893'1 8177” 8y1 ayn
F'(z,y) = : : : :
OF, OF, OF, oF,
> NS 8F aF
Lh2bFEN, mAl ndlETuy 7blF LT, %m%m 8ya%<o¢&b%
or | 9 O or | M Oy
Oz oF, OF, 0y oF, oF,
81’1 8(13m ayl ayn

DTLIES K Zoidszflis),

-
EIE 12.2 (FREAEEE, the implicit function theorem) Q & R™ x R* DFIESA.

F: Q53 (z,y) = F(z,y) € R" X C* . (a,b) € Q, F(a,b) = 0, detaa (a,b) # 0 B3

&Dﬁok?%oZ@k%\a%éURm®ﬁ%éMb%%URﬁ®%% vV, CH kD
BIS o: U =V T, LT D (i), (ii), (i), (iv) 2§72 T OBFET 5,

(i) UxV cCQ.
(i) V(z,y) €U x VIZ2WT, F(a,y) =0 =y = p(a).

(iii) ¢(a) =b.

(iv) Ve € U IZ2W T, ¢'(x) = — (86—1;(37,90(3:)))_ g—];(x,gp(az))

- J

ER 123 (RAADEV ) LOEHIZ, RELRILEZ20EEEDITL DD, RIER
MR L L, 2N OEPNG T LI EARREZPT Vb AN, FEi (i), (iv)
3o 2 L SEIT B,

9 F(a,b) =0 & (ii) 226 ¢(a) =bDEPNSL, £72 (il) 225 F(z,p(x)) =0 BfF5 N5
D, F & o CHTH B0 6. Foz, p(z))+F,(z, o(x))¢' (z) = 0. det F(a,b) # 0 TH %0
5. (a,b) ZEEH/NS HBIEAT Fy(x,y) " DEET 20T, ¢'(2) = — (Fy(z,0(x)) " Fu(z, o(z)).
u

IR 124 (EEEAHBEEOKME (i) OEWMAX "EREENT 571K 5, ) &L 12.2 D (ii)
E. THBRADMET 21 L) OB A RBITH 223, BAENLEBTH 2RXD (i)
EEEZ 52 EbHKD,

(i) UxVIZBWT, FOERESL ¢ DT 7 7I1C—8T%: Np.N (U x V) = graphe.
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Z 2T Np, graphp lFZNFETHEY L 72505 T,

Np:={(z,y) € Q| F(z,y) =0}, graph = {(z,¢(z)) [z € U} =

fEEH f:R™™ D Q — R™™ &2 flz,y) = (

fla,b) = (F(a,b)) - (0)’

fa,b)= | OF OF .
%(av b) a_y(a’ b)

TEETRE, 2T CH T,
F(z,y)

nnrs oF op
det f'(a,b) = det I - det 8_y(a’ b) = det a—y(a, b) # 0.

W Z A EBIBCEFLASHEIN T E T, 45 (a,b) ZETPHES QCcQ &, 8 fla,b) = (a,0) ZED
BREES W BSEEL T, flg: Q= W iF O o WBI%k g 25,

V(z,y) € QITHL T g(z,y) = (z,¥(x,y)) EET 5. (FBE (n(z,y),¢(2,y)) = g(z,y) &
B8 EL (my) = fn(2,y), ¥(2,y) = (n(z, y), F(n(z,y), v (2,y)). PRI z=n(z,y) TH
"o, g(z,y) = (z,7%(z,9)).)

P R"XR* - R" 2 n(z,y) =y CTEDD L, y=mog LEBITES, Zhhb oy
X CHITH B Z EDT D,

—Jimof=F WX, Y(z,y) € W ITH LT

F(x,(x,y)) = Fg(z,y)) = (mo f)og(x,y) =mo(fog)(r,y) =r(z,y) =y.
XTa Z2GUHESG U, b 2EG0HES V 2 10/ H->T
UxVcQ, Ux{0}cWw

MR EDEHICT B, Z2LT@:U—R™ % @) =(x,0) TEDS (x € U DK (2,0) €
Ux {0} CW =yDERK TH 2 LICHER), v 2 C YR ¢ b O fkThs, 2L T
o(a) =b. FEE ¢(a) = ¥(a,0) = o g(a,0) = 7(a,b) = .

U=Ung (V) BLEUIZa2EG0HEAT oU) CV.

ZLTCazelU 3L px)epU)CV. EoT(z,0@)eUxV cUxV CQ ®AIT
F(z,¢(x)) = F(z,¢(z,0)) = 0.

W F(z,y) =0 &> T 5L,

flxy) = (@, F(z,1)) = (2,0) = (2, F(z, ¢(x))) = f(z,(2)).
fla F1IR1IWR, y1 =¢(z). =

R 12.5 (ERAMEEZRO LTOHEBEERDIA) #HEOOMND 6 IZHELR VD
T, PATAT7RET, Flr,y) = flx)—y 2k F2E£T 3L, g—i(x,y) = f'(x) TH5
oW oF

det %(a,b) =det f'(a) # 0.

2 F e CEBIBGERASEM T E T, (a,b) DUEFHT F(z,y) = 0 25 2 IcD VTR
LIENIDD, m
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12.3 Bl

BEIOB Rz K9 1o, BERBrEBIIAHE RIS 2 /203, & 2Tl 2 X< Bifliefl 2 54
ERCE
Bl 12.6 [7 A F DIEFR (folium of Descartes, folium cartesii, 1694)] a > 0 £ 9% & &,
F(x,y) == 2% + y* — 3azy, P = 3—;,3; EEL, KPP DT/ RBiafFIcEsw»T,
F(z,y) =0 DRI y = p(z) DEET LI LER L, ZORITBT 2O HREZERD X,

3

11: Mathematica 12 & % F(x,y) := 2® + y> — 3axy DERES (a = 2/3 DEH)

[ig = ContourPlot[x"3 + y°3 - 3 x y==0, {x, -3, 3}, {y, -3, 3}, j]

ContourStyle->Thick, Axes->True, Frame->None]

RE F: RS RIZOCHLT,
3a 3a 3¢\°  [/3a\® 3a\° 27 27 27
F —_— ., = _— —_— —_— —_— == e _—— — 3:
(5:5)=(3) < (3) 5 (3) =(F+5 7)o
) 3a 3a 3a\” 3a  9a?
Fy(x,y) =3y"—3az, F,|—=,—=|=3|—=] —3a—=—#0

THEBS. o D AN IR U &V AEELT, UxV T Flay) =013y = pla) &
fRTC. o U=V IO #kER D, F(z,o(x) =0 XD, Fu(z,p(x)+ F,(x,0(x))¢ (z) =

Fy(z,o(x)) 3a 3a 9a

7 2 / — — 2 _ - =
EBDT, ¢(x) Fy (o (@) Fo(z,y) = 32* — 3ay, F, 55

¥ <3_a> _ F.(3a/2,3a/2) 9a%/4 im

[\

2 )~ " F,(3a/2,3a/2) ~  9a%/4

ER 12.7 (BEBOBFELVLBVR) Fy(vo,90) # 0 THIUX, (v0,90) DLEH T, y = p(2)
DICDRERIBDAET 5 2 EDBMRAEI N DT, Z DIBDREBIR D L e\ A[REED H %
R, HNGRER F(z,y) =0, Fy(z,y) = 0 DL LTRoNS, FEERICHES &, (2v,y) =
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(0,0), (2%3a,2'3a). TOBFIE, M 22 +y? = a® DHAD (+a,0) DL I BHTH 25, Ji
15(0,0) DA, P UBETINES T, EARITNS BBIEHEZI->TH, 120 ¢ ITRLT
Flz,y) =0 ZWi7d y B33 DFELD §5, wTtuce X, (0,0), (¥3a,2%) b, Z
DD LEHETH, y= o) DD (F(z,y) =0 O) EREKIIFELZV, =

B 97. Flay) = (22 +17)? - 2(* — %) LB,

K \/73 D3NS BFEFFIZ BT, F(r,y) = 0 DB y = p(z) 2FET 5

1

2
T LR RERECERE IO ORE, (M, R A MDA LT . 2 KRR A AT Rl
BHSAIICRE 2, 2909 M AHAT, EHAMIMEEZLEL L), L)L
<H3,)

(2) F(a,b) =0 Ziii7z 95 (a,b) D) BT, BEEABEHDOIEDRILL k¥ 2K X,
(3) #ifR F(z,y) =0 LOET, ZORICB I 2EBOMEEN 0 L5 5M%KD X,

(1)

)

JOFm— T T =

051

0.0

B SR
-2 -1 0 1 2

X 12: Y27 - RV Z—ADLL=RAT—b, (22 +y*)? - 222 - ?) =0

Bl 12.8 HVHER v +y+2+w=0,¢e"+e¥+e* +e¥ =41, 0D/ RFEEFT
x,y ICDWTHET 5 2 &Y &,

(o) =)

F(X)Y)=2+y+tztw, FRX,Y)=¢ +e%+e" +ev—4,

zmxyy:<§§§§;>

EBLE, FIR2xR2S (X,Y) — F(X,Y) € R? i3 CL#fC.

BE

OF, OF
OF e e | (11
oy Y= oR or, ‘<ex z)
or 0Oy
N
oF 11
dag?wﬂy_®t<l2)_4.2—L1_1¢0

W21, BEBEBE LT y=p@) DIEDLDEHZZ S (v =(y) DIEDDDIFHEZ L),
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WZIZ F(X,Y)=01Z0 DEFHETY IZOWTRET S, WO Z5E (v,y) IKOWTHRIT S,
DWTIZ
) OF\ " OF 1 202 —1 1 1
¢<X)_(8_Y) 0X — 2e —ev ( —e” 1 ) (ez ew>
DROoNS, -

12.4 [ERE. EEROEREEERL
KRB, B O E I OV TIE . RO AEHIR D 70,

niE 12.9 (FERA¥L. WRABODMAAIREM) (1) BERIBGEHT F 23 CH il (k > 2) Thi
X b CER,

(2) WBABCERT f DS CF il (k> 2) THHUE f~1 b CFil,

SEEA  REBIECERE, WBHEEHEICK T (1R0) SR AKXz D 5 LS TH S (B
ToflzR L), =

RS R R SRR T 2121k, ARBIEOMEE FuiuIR Y, BREBOSAIC k=2
ISR L THRTAHAL ), EFTEBBEMA S, BB o 13 CHilkT

. OF L oF
(13 o) = (G te)) Gt
> > N ¥ > 8F 8F P P
ZITFWBC*REVIREDS % By X C'RTH D, T p X CHIETH DD 5. (13)

DA CHBIBOARBIB E LT CHiliThH b, WA ¢ BCHikE %205 ¢ 13 C*ilk
Thod, ~HROBEDINEFHL I ETH 5,

Z DRI iUE, BRBABOBERICBE T 2 2 VT EERIC (13) oAl Z2#or LT,
o O 2 BEERB e £ nllz BRNITRO NS, m=n=1DEHICFEITLTAHRL I,

R el@) g e ela)) - 2 Fy (e ela)) e, ()
Fl=s By o)

B ‘{Fy<x, (@) [Fro(@, 0(2)) + Fuy 2, 0(2))¢ ()]

 [Funoo(a) + Fol o) ()] (o) | % o

_Fnyx+Fnyy(_Fx/Fy) _Fnyx_Fyy(_Fx/Fy)Fx
Fy
F?Fyy — 2F, Fy Fy + Fy F?
— Fg’ )

B0 e X 9 720, BIZIHMEDHIEZ T2 & EE ¢ (2) =0, ThbDE F(x,p(z) =0
LR DM ICBTAED AR H 5017 T, Z9 ) KT

2
F2F.  Fu

(14) O

Ep NI B,
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Bl 12.1 Ak
vy — 2Py —2=0

ICE>TED SN BB y DMifEZ KD &, (FVEEEZES & ZOTOREHH- T
WD LEJ, LDTDOXIICLTHRATYS, ZRETTIRE ) W) BREERDPERTH» 6 7
VW, W) DOPERIECNL LTS EET, )

B x9L5A2MoLT
(15) y* + 2wyy’ — 2oy — %y’ = 0.
s
Y =0&y(ly—2x)=0

sSy=2r (y=0IFmOX2iI kW)

Sr=1 y=2
&ET AT (15) 256

2uy’ + 2yy’ + 22(y')? + 2xyy” — 2y — 22y’ — 2y — 2%y = 0.
£oT
Y (4y + 2y — 4x) + 20y — 2%)y” — 2y = 0.
CCTa=1,y=2y =0%RATZE 3 —4=0 L%ELDT,
y'=4/3>0.

Lo THVIMETH %, =

12.5 [EEHEEDMAICDOWT

@%ﬁ%@u\@wfiskmaof§\%%A&ﬁ&aﬁw?%kﬁﬁﬁﬁ?%%o%@
£ <

AREIZ, WO BIHFHEEHRTH> T, THRIED DTN O WnEIANH 5, L L EREEH
3% OEBELRICHZ RS, 22 TIlE. ZRRE, SN S mEfE, SRR EEN T 5,

SHEE ST OEMA 7 BT 25C5H 5 B (manifold) 13 (00 R % ¥
) iR oM &z —BIL L 72 b DTH 203, BURDEFAIC & > TH
AN TiETh b, ZOHROIEEEE D %2 2 & T ICEBIEGE BN 2
5, (BIZIX, B F=0 L) HEROMESE L TERI NI DD
&, graphp ELTERINLGODOVFEETH S I E2RAET 5701 flib
N5, ZOMOIGHD L R A%2, XIE TBEoL X)Ly -y b T
T 5, )

FEOZTIREMRIE XD C HiciEL L #HHT %,

DIFEESE ST X —F — \ e AR

F(z,\) =0

D v = x(X) D37 A =7 — K (RO —EM21 % % 2 56) 20t
SAhEDH LA

789 5 O35IEESE (bifurcation theory) Th %, FERILUEBSEM T

256 ThUL, MO—RMEDILT %2 DT, JIHHS Foicix, BERE%

EMDLEMEDIRIL L e\ T E BB E 3D 5,

IR DEE T — < TH B,
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12.6 BE¥OLARIL Y
Wil a 2 f OWER = o 13 f DEE A e Vf(a) =
V) EHOMIBIN R Z, BEC 7?7 THEZTEBWLEY, 22T, fOLL-ky b

PO DEWAMANTZHEL TE L,
DD, Q2 RZOBEAEL, Q>R Z2C'HOBEEKETS, ceRICHLT

L= {(x,y) € Q| f(x,y) = c}

Z f ORI c DLANIL - Y b (level set) H %\ IZFESIR (contour) &9, KFIZ ¢ =0
DG, Lo [ OBREFLEOLPL, Ny L IHGlTTELALI LD o7,

% (a,b) € Q ZERICH-> T, ¢:= f(a,b) B ((a,b) € L, DT L, # 0 DI 32D),
WEiz

(a,b) 226 Vf(a,b) DHFEHEET 5 LIEEIEL B D, =V f(a,b) DI
BE)§ 5 RS & 5

EW) LRI TS,

VfHoTRENIE LRIL-EYyh L, BB#R1  F(r,y) = f(z,y) —c EBE, FITD

WCREBIBE 2T 5 2 LIk o T, Vf(a,b) # (8) % 61E, (a,b) D157/ 7

MR U XV T, flo,y) =cld, UPRTELIIC, 1 DDEHITOVTHEL 2 EITE 5,

(1) fyla,b) # 0 DHZG, y OV THIT S, bbb R OHES U, V & C kDBI%K
0: U=V PFELT, b= pla),

Np N (U x V) =graphg = {(z,p(z)) | x € U}.

(2) fola,b) # 0 DEH, v IKOVTHEIT S, T4abL R OFAEA U, V & O DB
V:V = U DHAEL T, a=(b)

NpN (U x V) =graphy = {(¢(y),y) |y € V}.

Np=L. THBILICHEETZE, L)Ly b L &, (a,b) DT/ S BEHT 1A
BEE D757, fe->THRRICKRD 2 D005, =

Vf=0 DFEIF-1 LEOMMER (ILPR) DFEFHICEITELL -y b Lo TR
Ths, bhEAICHESDEFEICBITZL)L - 2y ME, BETED2 2 hifiTh 25, =
FERIC LT, f 23 R® OBHES Q TERSI N O BT, VF #£0 2 T84,
fOLL -2y b L&, BTIIC 2 ZHEI# D 77 7 L LRI, Frclhmthd s 2 &
DB,

13 Lagrange DREFEHE
Lagrange D ARERBIEIC DOV TIE THFEALED & ZITEALITTTH 503, T TIEZ DN
(FEEBIBER 2 F\V %) Z2#inT 5%,

SLZ oH Ik, Morse DA &\ ) D o B HUCEEHTE %, Morse DFEIZ D WTIE, il Z IZHREB &R,
M2\ 2 703 11, AR (1993) O 3.1 PR —EE, TRk & & — 2B, . BURESA AL (1991) %
2T 2L L,
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13.1 FUSHIC: Lagrange DRERZEEDEWVSDES
& T

22y 2
Trr !
bTo, B f(r,y,2) =2 +y + 2 DIKfE & RAMEZ KD X
ZOXH I T HAME T HILRDE  O¥ERID2EE, BRSO D24t
DEBT S, o I1FRD X BEREEEL,
ffﬁfm?m%\iu%ﬁ@ﬁm“%%” ~

g(x,y,2) =21+ y?/4+ 22/9— 1, F(z,y,2,)) = f(z,y,2) — Mg(z,y,2) £BL, “Hfl
DEM 1%

F,=F,=F,=F,=0.

%0
20 2y 2z x?2 y? 2
1= -0, 1-23¥ -0, 122 =0, T4 Y412 19
Izl L,
1 4 9 14
(x7 y’ Z? A) = j: ) ) ) N
V14 V14 V14 2

1 2 9 1 2 9
= V14 S = V14
f(ﬂ?ﬁ?ﬁﬁ Vﬁ’f(vﬁ’Jﬂ ﬁﬂ Vi
W Z IR AN V14, /MR —V14 TH B, (KIBICIE, ERNOVH 2 +y+ 2=k
DEMA E R D 2RO D D5 IE V14 < k< V14 T, k= +V14 2T 270D

| BEEITHD. ).

J
BRYUID3D F, = F, = F, = 01, Vf(z,y,2) = \Vg(z,y,2) £bHIF5, F, =0 &
g(z,y,2) =0 LWVWH) 2 ETH S, DF D “MEDFM 1F

BAeR) Vf(z,y,2) = AVg(r,y,2) =0 2D g(r,y,2) =0

EHRE S,
FOEGOWIME 22 DIE, RDOEHTH 5,
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4 N
EE 13.1 (KO ERERMRBEICH T D Lagrange DREFEEE, Lagrange (1788 £F))
O% R OBHEA., f Lg%k Q TERINR IEERFFD O D% E L T,

Ny :={z € Q] g(z) =0}
EBWlLEE
Vg#0 on N,

DD NDET B, & gla) =0 DFT, f 13 ae N, THKRMEF 7 38Vl 2 IS 7%
YR
(X eR) Vf(a) =AVg(a).

(Zthg(x) =0 DTT f 2% a THWRMEZILS &1,

(Je>0) f(a)= max f(z)

z€NgNB(a;e)

\z’ﬁ)ﬂibﬁ“): LEERT D, FM/MES FAMKICERT 2, ) )

COEME EIROTHSDEA) 2?2 EERICEZTCAL L D AL, 3EIIYya
SEZAHMETH 5,

(a) BNAE & RAMEDSFAET 5 D3,
(b) EBHEZAE ) D2V E MEIZHFET 5 &\ ) RGEIRT 72 S5 DD,

(c) BHDIRE Vg #0 1ZF =y 7 L TROLDD,
(d) FHETRE > 7 DIFARYITHRAEZ D>, Z NDSERAME & B/ MEICE L WD IE 8D,

N, F R OAFREEGTHY (22 +9y°+2%)/9 < 2?/1+y*/4+22/9=1 XD 22 +y*+22 <0.
Thbb |(v,y,2)] <3). (¢ DWHEHTHAZE056)R? DHELATHH 5, [ IFHHETH 520
5. Weierstrass D KIEEEIZ L D, N, TD f DK & /MEPHES %, (a) &7 7,

Ny 2B 2R (RAME) 12, & g(z) =0 O N TOMKAE (HMil) Td 2 DIZH] S %>
TH2B162, (b) b7V 7,

() DVg#013F 2y 7 T20EBHD, Po>THL),
2Tx = %Ty = % =0 < (z,9,2)=1(0,0,0).
9(0,0,0)= —1#£0 THZD 5. (0,0,0)& N, WZIZ N, LTI Vg#£0. 20T (c) 2V 7.

LoEMP» S, mAfE, RAMEZ 525 a 12 (ET5 N EG5DET) EVfi(r,y,2) =0
2 g(r,y,2) =0 27T, ZOHERDOBEE2 DL ol b, REWEDIRAMME,
NS WEDRAMET S %,

PLET, LOMEMERICHEIT 72 L2k b,

7L 23 BHABMAFHOPAERREZ O, FTENDIABICRATHNTH S Z & 2 HER
T2 (HEPHRTEL oD TIER ), 29 Thwe, ZHZ AR L2 Lk
W (EHEDOANZEATLEIDD), PADD LIET 2% 61X, 4T H 2 AMBESM 27 L
TOVBZERTPo> TS, AFEEFELZMIZ LTINS HETINRLEY 2Ty T

Vg=20

52f(a) M3 Ny IZBIT 2 f ORAETH 2 LI, f(a) = néz}\;(f(x) DD DENIZE, ZDOLEE e=1¢
FHUE. WIS2I fla) = max  f(z) BIKDIO,

rENGNB(ase)
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k2, HBICZ2N2FEIT L2054 E 2 AR FFEL -, Bl GETZ20 9 65— A3
ANTHWZ g ot6, ol ADPANTDH 5,

FEOMNDERZDR) FHiZ, bL2T5EEEOAZELD S Ltk WS RS E ST
b5,

238 LT3 T, BiftizizEizeic,

ZDEHIIDE) THAAS RS HEIC 2 2, FEBLSERERTH 720, 1
BOLEDL ) LBEHMEDEZI 0D E, LI T EbHRS, BREZETHR LK.
V=)L T, REFERITL., BIETELLEERHR-Z ik 3,
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% 5l

arcwise connected, 162
arithmetic-geometric mean, 32

bifurcation theory, 112
bounded, 21
bounded from above, 15

closed set, 79

closed subset, 79

closure, 43

compact, 83

composite function, 40
connected, 162

continuous (at a point), 35
contour, 113

convex function, 75

field, 13
folium of Descartes, 109

homeomorphism, 100

the implicit function theorem, 107
infimum, 20

intermediate value theorem (the), 61
the inverse function theorem, 100

level set, 113
lower bound, 20

manifold, 112
mean value theorem (the), 70

open set, 76
open subset, 76

squeeze theorem (the), 29
subsequence, 62

upper bound, 15
TIVFX AT ADRH, 18

— i, 87
PR ECERE, 107

FIZHER, 15
RICHR (EID), 26

BHER, 34
Eﬁﬂt [

Eﬂilgﬁj\ﬁ%l/:l\

T, 20
AR, 13
TR, 20

WEEABCEPE, 100, 150
WBHB D53, 150
MR (S2R8% D), 34

MR D —3= M (BB D), 23
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{0} F EICHR (ay BES) TH 2,

ZOZEl (1) DR S, {a,} & {b,} FICET 5: (Ja,b € R) lim a, = a, lim b, =b.
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L 45. o ZEEOFEBLE TS, EBEDIEDE c ITHL T, d:=c £EBLE,. 6>0THDYH,
|z —a| <0 Zi7 TEREDFER « [T LT,

[f(z) = f(a)| = ||z = |al| < |z —a| <6 =e.

22 |f(z) — fa)| <e. WAIZ f 13 o CHBETH S, o RIEETHEHE, 13 R Tl
THbH, m

MR 46. (Ve > 0) (60> 0) (Vo € I: |[x —a| <) |f(x) — fla)| <c. m
BRE 47.

(1) e ZERBDOIERET S, 6 =¢/2 EELE, §>0THY, |2 -0 <6 ZiTHEED
reRIZXL T,

|f(z) = fO)|=22—2-0| =2z —0] <20 =e¢.
Thbb |f(z)— f0)] <e WAIZ f1F 0 THHTH %,
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THHNP6,
5

20al+1 =
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EBCE.0<ILS1THD, |r—a| <0 ZiiITEED e RICHLT
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ThHDHP5,

— — 2_ 2 — — . . < =
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WZIZ fFa THETHS, PAIC fIER THKETHS, =
GfE) o 2 R DIEROEFE LT 2, ¢ ZIEROIERLETELEE, §:=—|a|+Va2 +e B
CE&L o> —|a|+vVa?+0=—la|+]a] =0 &V §>0. |z —a| < 2T ITHEED z e R I
R LT

f(z) = fla)] = |2* —a®| = |z +al |z —a| < (6 +2]a]) - 6 = 6% + 2|a| § = &.
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Lo Rl L 7 555 > % 0 F %, M7 Gl Cd 5 % 3.10 OFF X D, BKINZ f(2) = 22
DHHAEDFEHAD 72359 > i, &) T kv, (RRICKR 03, REFETFIIL%
HEET, 20X B RN BEBOMIEZ e FikCHEH S ¢ 2 D7 S A>T
LZARZEHICLZED (A AGE??), Bio b AL Tw3 o7, f(z) =22 fiT, "LAE
gy LELCTH6-oT, MDD DD/ AZIHBELTHLIDVRVEEZ S, |

BRE 49. lim f(2) = A THH056, 5 6 >0 BHEAEL T, v —a| < § 27 TEED

T—ra

relITHLT
|f(z) — Al < 1.
DL E
(@) = f(z) = A+ Al < [f(z) — Al +|A| <1+ |A].
e REBDOIEDHE TS, limf(r) =ATHEL6., 5 6 >0 BHELT, |z —a| <
EWE TRz TIHLT

|f(x) — Al < (B - 1)

¥72limg(z) =B THE206, 5 53 >0VBEELT, |z —a| < b 27 TEEDr €1

T—a

WX LT
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lg(z) — B| < (AT D)
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0= min{él, (52, 53

PEBLCE, 66>0THD, |z —a|<d ZWLTHEED 2 € T IZXWL T,

|f(x)g(x) — AB| = |f(x)g(x) — f(x)B + f(z)B — AB|
< |f(@)|lg(x) — B| + |f(x) — Al |B]|
=D s T 2ae s 1P
19 g
:§+§:€.
W Z lim f(z)g(z) = AB. m
ﬁ%&m.u)%+wx+an @)fé%g%%
2 (o)
BE 52.

(1) (W&fiE) £ Schwarz DAER |(a,b)| < |a| |b| ZAEHT 5, N (a,b)

TERT S &, EREOFH T LT
0 < (ta+ b,ta +b) =t*(a,a) + 2t(a,b) + (b, b).
HHIXZE Z T, (a,b)? < (a a)(b,b) 5N 5 (a=0 DHHLE a#0 DEETHS
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n n
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n 2
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1=
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() ani = Ail < =

N :=max{Ny,Ng,...,N,,} EELEE, NeNT, n>N Ziii7z THEED n e N ITH LT
(1) SR LDO DT,

la, — Al <m max |a,; — A <m-Z=e
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n—oo

133



BEE 58.

(1) 1, V2, log3, 7/4, €%, 6 ER THDZDT f(x,9) € Rlz,y] THS, WAIT f: R? — R 13

(2) F(z,y) =3z+2y+1, G(z) =expz B, F(z,y) € Rlz,y] THH1H, F: R* >
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(5) Fi(z,y) =2°—32y? €R, Fa(z,y) =32"y—y’ € R EBL &, Fi(z,y), Fa(z,y) € Rz, y]
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(@.9)—=(0,0) /22 + 12

135



(1) Zh bR % TH B, il y WLy = ke (b RER) 127 5> TOMRE. FT 0
THBH LIS, SR
22 ae(kr)? L KRR

m —— = lim = lim
@n=00 p2 +y? 22022 + (kx)? 20 14 k2
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FI A HDFEMD S
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(8) TNHATEI O ThHb, flr,y) =y, g(z) = . ,a=1(0,0),b=0,c=1&EL L,

lim f(x,y)=05b, limg(z)=c
z—b

(z,y)—a
THHDH
sin(zy) _
im = lim =limg(z) =c=1.
(z,y)—(0,0) TY (z, y)ﬁag(f( v)) z—>bg( )

bIPLEBALHESCE: A={(r,y) eR}ay#0}, ZL T
f: A3 (z,y) — ay € R, g:R\{O}BzH%ER

EBL, floyy)ldz & yDEHATH D5, Wb EIHHEFHTHS, WZIZ  lim f(z,y) =

(2,y)—(0,0)

£(0,0) = 0. i (BECCTHAL LI IC) limg(z) =1 TH 2. f(A) CR\{0} THZ
5,9 & fIFAKRTET,

. sin(zy) .
lim = lim z, -1

-0 ME TR B E, UMD L) Icks,
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ﬁ

sin 6

0] <o

—1'§5

§: =28 £BLE, §>0T, |(,y) = (0,0)] <6 DEE,
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—_

<_ 2 2 _:51.
ol < L @20 <
WZIZZDEE, ‘
sin(zy) _1‘ <e.
y
NN sin(zy)
WZIZ  lim =1. =
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R 61.
(1) k ZEBETDEE, y=ke o MifR2Z L 5 X5,

lim 5 = lim = lim
@)= % 4 y? 20 x? + k222 20 (14 k2)z2
14+ k3 1+ k2 1+ k2
:hm( + )x—i_( + ): + =1.
z—0 1+ k2 1+ k2
N SIURT 2% 6 13RI 1 905,
x2+y2 o x2—|—y2 _$2+y2 x2+y o 2+y ny—i—y'

P2 <22+ 2 <22+ P THDLIDG,

2P+ a? 22 4 ¢ 22 + 2
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=1.

3 3 2 2 3 cos3 0 36in3 0 2
lim .21: +y2+$2+y :limr cos +7"251n tr zlim(T00839+Tsin39+1).
(z,y)—(0,0) 4 +y r—0 r 50

ZOmRIE 1 TH D, FHEKE
|(rcos® @+ rsin®f 4+ 1) — 1| = |r| |cos® 6 + sin® 6] < |r| (|cos® 6| + [sin®6]) < 2r -0 (r — 0).

(2) IR ko = y? [ iR 2 ZE A TH B LRI 2,

i xy? i x - kx k
im —>—— = lim = .
@n-00 12 +yt  2=0 22 4 (kx)? 1+ k2

k:zy

CHUE EICHEEFELTW A6, MIBIZFEELZ WV, »

(B) u=z+y,v=a—y L) REEMHRIEHHTH Y., (z,y) = (0,0) DEZF (u,v) — (0,0)
Th 5,

. sin(z + y) sin(z — y) . sin u sin v lm
1m = 1m _ = 1.
(@,y)—(0,0) r? — y? (w0)=(00) U
BRE 62.
(1) ¢ ZERET 2, (2,y) #(0,0) T2 & X,
2 2 2 2
Ty y =ty
) = 1001 =| 22 = o) = ol 2 < b 5

< Va2 +y? =|(z,y) - (0,0)].
§i=c EBLE. 6>0THY, |(1,y)— (0,0 <6 LT L,
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(2) (1) &EFRICLT
|f(z,y) — f(0,0)] < 2*.
o oy OFHRTHEDE, lim o’ = 0° = 0. RAREOFFD S

(z,y)—(0,0)

L fy) = £(0,0).

AT f 1 (0,0) THEETH B,
(3) (W&fiR) k ZAERDOFEE LT, y=kx K> 7BRZFHR S & |

1—k?
14 k2

lim  f(z,y) =

(z,9)—(0,0)

ThHOH, TNUT kK> TEHLZEZES DT, ( l)inzoo)f(:c,y) WEHEEL RV, W2
2,y)—(0,
[ 13 (0,0) THELFETIE 2\,

(4) TEEDY —oco IZHEHLT 5 2 LICKAMITIE, MRFRIZ 0 = £(0,0) THH I L3I 05
@iﬁii_ﬁ‘fa'?)%o (BIPLFELLEI &L |(my) < 2 &EF2L&, 22+ 42 < 6_2
THDEH56, log(a? +¢?) < loge™® = =2, WRIT -1 < m < 0. Zhns

f(z,y) — £(0,0)] < B 238z, )
(5) y =k 1> 7MBRIE, A% 012525, lim  flz,y) =0 ZFWL LI ELTH I

(z,y)—(0,0)

FLADEG, o =rcosh, r=sinf & LTHHES D, y=—z+2° ICi> COMME
EITHD.,

. . ) 1
y=—z+z131,gl,y>¢(o,o> (F(@y) = £(0,0)) = 13;101 a3 B Ix%l (x B 5)

(z,9)—(0,0) @—0 z=0

IR0 ICIRL W L3 Ca05 (240 £T5 L —c0 ICHEWMTS), =

BBE 63. (EHOA) (1) #HfiTch s (2)#FiiThs (3) #HFEL TR (4) #HFEETH 5
(5) it T 72>
(D (5) 1d y= ke > 7MBRIZ, k12K 5T 0 TH 2D, hm f(x y) I3HFEL
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B, EVIBIBLHITH B, TH 2 RFAR, 4rRE 1 RIFAX T, Gﬁ@ B33 REDREL
EDBREFVDS, 0IKEHLZ ), LIHIHCEBICOXLTWS, ).
RE 64.

(1) k ZHBLETHLE, y=kr ITih> MRz L 535,

lim = lim = lim
(2.9)(0,0) x2 412 -0 2 + k222 0 (1 + k2)x?
y=kzx
3 2 2
_ lim (1+E)z+ (14 £°) _ 14k 1
z—0 1+ k2 1+ k2

ISR T 5% 6 3MRIZ 1 &7 5,

2
Y
+ 1yl

Yy $2+y2'
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x? + y?

|| ]
+ = ||
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Tt +yr %+ P

2 + y?

x2—|—y
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<24+t <2+ THHEDPS,

2? -y’ +a? +y? 2 4y 2?4y
-1 <z = |z —0 z,y) — (0,0)).
e <ol s T e m = el il = 0 (@y) = 0,0))
W 212 ,
oty a4y
lim =1.

(@,9)—(0,0) x? 4 y?

(MRS ERN) 2 = rcosh, y =rsing EBL &, (z,y) = (0,0) DEZF, r -0 THD,

3.3 2 2 3 a3 3 a3 2
4yt + . r°cos®O+r°sin”O+r _ .
y2 Y — lim = lim (rcos3(9—i—7"sm39—|— 1) )
(z,y)—(0,0) 2 4 32 r—0 r2 0

COMRIE 1 TH B, HEE

|(rcos® 6+ rsin®f + 1) — 1| = |r| |cos® 6 + sin® 6] < |r| (|cos® 6| + [sin®6]) < 2r -0 (r — 0).

(2) B ke = 1> 72 HRIR BB 2 TR B ERRT 2,

xy? , T - kx k

x, 0,0
@9)=(00) T2 4y

=1 = .
v 50 22 1 (kx)2  1+k?
z=y

CHE EIHEEFELTW A6, MIBIZFEEL RV, »

B 65. I, (0%) (neN) EF 3. {1}, KRVT B XIIICH 2, (L, =0 T
neN

H5, m

BRE 66. C EFEO TV I L% 57T, HlZI122 2 1e-158 EANTZ L, 2 DIED 2 Fl V2
D 15 M\ FEEE DO RUEDSR ¥ 5,

#include <stdio.h>
#include <math.h>

double power(double x, int m)
{
int i;
double p;
// xm ZFEMTEE (o L LRTESITNLE)
p=1;
for (i=0; i < m; i++)
p *= X;
return p;

}

int main(void)
{
int m;
double p, a, b, c, eps;
printf("m, p, eps: "); scanf ("%d%Llf)%1lf", &m, &p, &eps);
printf ("m=%d, p=%g, eps=kg\n", m, p, eps);
a = 0;
if (p > 1)
b = p;
else
b=1;
while ((b-a) >= eps) {
c=(a+b)/ 2
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if (power(c,m)<p)
a=c;
else
b =c;
printf ("%20.15f %20.15f %e\n", a, b, b-a);
}

return 0O;

}
BBE 7. HEUEZMV2, [ ) a THEITII RV ERET S L.

(Fe>0)(Vd>0)(Fx € Q:|x—a| <) |f(z)— fla)] > e.
FARBn=1,2,.. WAL T, 0:=2 tBLE 6>0THID5, (Fa, €Q) |a, —a| <+

22 | f(an) — fla)] >e. 29 LTHES 7 {a,nen 13 Q AD ST, lim a, =a %(ﬁtj‘ﬂ
@?f@gzﬂ@@mbﬁt&wo:muﬁﬁ&%@ﬁéo@zcfiaf@%fﬁé .

FRE 68. LH2HBHRIEDOFHIZ, EDOB a ITNLT2HEL Call? kI hiE o DR
Ewvwn ZDOH)BEIETHE2bD% Ja LET, HDRIN 1 DIEHEONAMOR I3 2
T2L2CK2DT, V2 ThHD, ZARBELThot, EDE o DFHRE Ja DEFIZL
THBD, FHRBEIET S ElE, a=2 DEEL»HERTT, 2D TWE, BT E
X nkiic

BRE 69.
(1) f DFEFRHFRMCTH 205, Z ORI [ bHFRHFRMTH 5, I P R I
BISIEHHTH 25, [ IZHHTH B,

€[AB] £tT%, y=ATHL x = q, y—BTf)ﬂix:b 55 L, fz) =
)=y UTFT A<y<BOBHEEEZS, Fla) = f(z) —y (z € [a,b]) EHBL &,
a,b] - RIBEFETH Y, Fla)=fa)—y=fla)—y=A—y <0, F(b) = f(b)—y =
b)—y=B-—y>0 MHEHEDOEHDIS, 5 z € (a,b) BHFIELT, Flz)=0. 2D L&
f(m) —y=0. TZ%bbH f(x) =y WAIC fIZEHTH 2,

ZZETT fIIANE LHPITE 0T, MBI F (A B] = [a,b] BHEET 3,

(3) fEED y € (A,B) ITNLT, z:=f(y) £BE a<z<bDRHID, 0<e <
min{z — a,b — z} ZWi7z TEED ¢ ITRL T,

6 = min{ f(z+e) = J(2), [2) - Fla—2)}
EBCELI>0THY., |y—y]<d H6IE,

7

(2)

- <

g =

) — ') <e
7b§ﬁ‘z b SZ/)560

y=A B DEZHIIIARTH S, PIZAIX, y=ADEZIFZ, v=0a. 0<e<b—a %
72 THEED e LT, §:=fla+e)— fla) EBTIE, e>0THY, |y—y| <6 %
zwjﬁww—f4@ﬂ<eﬁ&bﬁoo-

"6777%}’”b>f%xh IIFTHMHETH %05, —IEHECTECE Y~y <d kD y—-d <y <~y+5.
y=flz) ICERET 5 &, 5@ﬁﬁaib §<fla+e)—fa)=fla+e)—y, 0 < fla) - flw—e) =y — f(x) T
2o, fr—e)<y—egy+0< flz+e). WA f@—a%q/<fm+d Fo1 S HHTERIN T H B b
S.z—e<fly)<z+e z=fy) IKEETS L, ‘f f’(y)‘<6
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ﬁg:s: 70 = EL7EZE a = 1 (n i ) EL7EZE
= - (1 n - < D njfn n +— s JEH 3 < D
( ) ¢ " { } &N (2) ¢ —i (n 2)31,[%*5&)

{an}neN- u

BRE 71. {a,}neN & R?* ODfEED Cauchy & ¥ 5, (Zn> =a, £BLEE, FED

n,m € N IZX L T,
|an _am| S |an _a'm|7 |bn - bm| S |a'n - a'm|

LD SO DT, {an}, {bn} 1F R D Cauchy 51 TH %, R DFEMHEL S, H 5 a,b e R D7
ELT\

lim a, =a, lim b, =0.
n— 00 n—oo

C@&?a::@>&£<&

lim a,
lim a,, = lim S - n—00 — (%) =z a.
n—00 n—oo \ b, lim b, b

n—oo

AT {a,} BIKRAITH 2, M LEDS, R B5EHTHS, =

RE 72.

Bl6.3 f(K)=1[0,1) THYH, supf(K)=1TdhH53, lim z, = sup f(z,) €% % KND
wHELT, 2, =1 —% DHING, FE.0< 2, <1 TH»5, x, € K (n € N),
flay) =z, =1—2=1(n— o0). {z,} FEDTINZIS % THINHT 5: lim 2, = 1. 2
¥, EHOIHT DT Te=1. L2L f 1 c TEFETH VDT,

fle) = Tm f(zy) (=1=sup f(K))

n—oo

DIEDPILIE A,

FHICEIE, Tf D=1 THETHRVDT, f(c) = nh—%of(x”) DSE IR, |
Ble.6 f(K)=][0,7/2) THY. supf(K)= g lim 2, = sup f(z,) &% % K HOBIE L
T, z,=n (neN) BHN%, EE 0<z, THE»56, 2, €K, f(z,) =tan'n=35=1
(n = o0). £ZAHD {x,} IFEHRTHELDT, EALRTIINOICRL 2\ ({2, een & {T0 nen
DEIINET B EE, 2y, =1 >k THED S, 1, — 0 (k— 00).

DFD, 'K AR THRUDT, {x,} BWHE I 27200 (BVWIZ % & RO
B {2, bren (CRTL T, kll_}rilofbnk DHFELRV), ) =

BE 73. o<z <1,<btd2s, VHEDOEHIZID Jece (v,2)

fwz) = fz1) = f(e)(xg — 11).

HBLD f/>0in (a,b) THIL f'(c) >0, 29 — 21 >0 THEDH, f(x) > f(xy). 0 f
DIRFEHGEINTH 5 2 L 2T,
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HLY f/>0in (a,b) Thiug f'(c)>0, 29 —21 >0 THHIDH. f(z2) > flzy). ZHUZ
f PHFARMTH L Z LERT,

bLY f=0in (a,b) THIUL f'(c) =0 THED 5. flzg) = f(x1). THUE [ HEHEH
BIZHELWILEZRT, n

BRE 74. ‘PHEDOEMELD, (Vh: 0 < |h| <min{b—c,c—a}) (30 € (0,1))

fle+h) = [l
h

h—=0DEE, c+0h—cTHb, EEE.

= f'(c+0h).

(¢ +6h) —¢| = |0h] = |6] |h| = 0 |h] < [n] =0

ThHDHP5, liglf’(x):A’C“Jf)%iP%\ ]llin(ljf'(c—i—@h):A. W Z I

r—rc

i Lt = flo) _

h—0 h

UL f DY c THATIBET, fllc)=ATHDILEZRLTVS, m

BBE 75. zp€ Viaje) ETBL, |vg—a|l<e 20€ AZANHTE720, HHEZHWS, b
Lbage At T2L, e=inf{lz—a|l|ze A} <|xg—a| THHDH, e <|rg—al. TN
oo —al <e EFET S, DRI 20€ A FE>T V(a;e) CA =

R 76. (MEfH)
mE 7.
(1) 01X 12 HERZR R DT,
(Vz €0)(Fe > 0)B(x;e) @ (Z3UT Vo z2€0=((Fe >0)B(z;e) C ) EtwH i)

ETHS (€ ) 3B BDTred = IFH), WAIZ D IF R DFHEATDH 5,
xR LT BHEE, e=1EBLE, e>0THDH,

B(x;e) = B(z;1) C R"
DD LD, WZIZ R IZR” DFEETH %,

(2) {Ur}rer KBTI RERDO U, 2R OEATHL LTS, 2 € U Uy ET5EE, (TN €
AEA
Az € Uy Uy ¥R DFEATH S5, (e > 0) B(r;e) C Uy,. TDEE,

Bxacﬂjw @712 | UL E R OBEATH 5,
AEA
(3) U, Uy Z R DBHEATH L LTS, 0cUiNUy £92L, ol 2D xecl, Uy IR
DEEATH 2005, (Fe; > 0) B(asey) C Uy Uy 1 R DFELGTH 5025, (e > 0)
B(x;e9) C Us. € :=min{ey,ea} B E, e >0 TH Y., B(x;e) C Blasey) C Uy DD
B(z;e) C B(x;e9) C Uy, WZIT B(x;e) CU NUy. WZIZ U Ny 13 R® DFEHTH
%5, m
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BE 8. A =N U, = (-1/m1/m) (m e N) £95L, U, | R DBHELGTSH 225,
() Un = {0} & R' OBEATIERG, =

meN

BRE 79.

1) ffR—-RZ f(z) =20 TEDDEL [fIFHEHKETDHS (f(x) =2 13 v DELHEXTH 20

5). WAL (0,8) = {r €R | a < f(x) < ), (~00.8) = {x € B | f(x) < B}, (a,00) =
{zreR]| f(z) >a}, TR DHEELETH S, (4E (—00,00)=R={zeR|2?> -1} T
HHD5, (—o0,00) b R DEATH S, )

(2) R" OFEREIE, D a e R, r>0ICN LT B={zeR"||r—a|] <r} ERINHE
BEOZEEVI, frR-R%Z f(z)=|r—a)’ = (x1—a1)’+--- —i—(mn an)?, B:=1r* &
DD E, fIREFETHD, B={r cR"| f(z) < B} WZIZ BlX R" DBEATH 5,

(3) flz,y) =2, glz,y) =y B E, WMGED 2,y DEZHEATHL2056, [ RZ 5 R &
g: R? = R IZHERISTH 5,

{(m,y) €R?* |z >0, y>0} = {(:E,y) e R?*| f(xz,y) >0}ﬂ{($,y) c R?*| g(x,y) >O}

THIDPS, FHIRBEZODOEGOILGETITTH D, MHDORED (3) 226 AT
HbH, m

BRE 80. TAFHAN, KM DIFBMILTH L VET (ZNd TikZ & 2> THiWT
{Nmwuhid),

(1) 013 R* OBEATH 5, ZHIIMRE 8.5 THATWV S
(2) R? I R? DA TH S5, ZHIIRE 8.5 THA TS

(3) {(0,0)} 1x R? O)F"ﬁ AT,

DL EERICHEISHERLTE . A= (0,0}, a:=(0,0) EBL L. ac A Ll
EREDIER < JCTL“C\ b:=(g/2,0) £BLE Ja—bl=¢/2<eTHAHDT, be Bla;e)
THBH, bg A WZIZ Blase) ¢ A L EXD (Va € A) (e > 0) B(a;e) C A 13D 3
DT, ARREETIER,

(4) {(0,0), (1, 1)} 1& R* DFIEETIE AR,
i & AR I HEIC X B,

(5) HEHTH %,
A=(1,2)x(3,4)=U1NU, Uy :={(z,y) eR* | 1 <z <2}, Uy :={(z,y) e R* | 3 <
y <4} @ES.6 (1) 2213, U, £ U, 2’ R2 OBEATH L L300, ®MEES.5
(3) ZfHZIX, AV R ORELATH S LBTD 5,

(6) [1,2] x (3,4) I R? OBHEATIE R\,

IO LERERICHEDEMERLTEL, A:=[1,2] x (3,4),a:=(1,7/2) £EL, ac A
THH0, EEDIEE ¢ ITHL T, B(a,e) ¢ A FEEE b= (1-¢/2,7/2) LB &,
la—bl=¢/2<e THED6, be Bla;e) THHM, 1—-¢/2<1THZI056, bg A DA
Lk D (Vae A) 3e>0) Bla:e) C AIBKD 770D T, A ZBIEATIEA,
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(7) [1,2] x [3,4] ¥ R? OBHEATIE R\,
Bl & FARRICAEIITE %,

(8) {(z,y) eR? |5 < a?+y?> <6} 13 R? DRHEATD 5,

A={(z,y) eR* |5 <a?+y* <6}, [: R2 =R, f(z,y) =22 +y* (z,y) € R?), a =5,
b:=6 B E, A={(2,y) eR? |a < f(a,y) <b}. fz,y) (28 v,y DEFRELIH
ATH 056, f: R - RITHEGEAKTHS, WAICHES.6 LD, A X R? DREAST
H 5,

(9) (0,00) x (0,00) I& R? DBHEATH 3,
A = (0,00) x (0,00), fi: R? = R, fi(z,y) = 2, fo: R? = R, folz,y) =y, U} =
{(z.y) € R? | fiz,y) > O}, Uz := {(2,y) € R* | folz,y) > 0} £ B &L (filz,y) b
foz,y) 2K v,y DERESHEATH L2506, fi: R R b fo: R2 = R by
HTHHDT)U, & Uy 13 RE8.6 (1) & RZDBEATH S, ZLTA=U,NU, T
HH00n, MESS5 (3) XD AXR2OMESTH S,

(10) {(z,y) € R? | 2% <y < 22} 13 R? OREETIZ A\,
(M&GE) A= {(z,y) e R? | 2* <y < 2%}, a:=(0,0) £ B, a€ A THDH, EREDIEE
elICANLT, Blase) ¢ A THHZ EDIRE D,

(11) R?\ {(0,0)} 1¥ R? OpiEATH %,

A=TR*\{(0,0)}, [: R2 =R, f(z,y) =22 +y*> £BL &, flo,y) T 2L8 z, y DFER
BEEATH206, [ R? - RITHBEEKTHD., A= {(z,y) e R?*| f(z,y) >0} T
H516, wEE8.6 (1) L. AXR? DHEATHS, m

BRE 81. (MEfwrh, feEIc L“C@q:uﬁ%%wt@“c\ 2D AL, DTIERS DWW L, )
ERICRS>TERADL I LIZT 5, QVHEAGTRL LI,

(Ja € Q)(Ve > 0)B(a;e) ¢ Q
IR LD EEH, T
(Ja € Q)(Ve > 0)B(a;e) N Q° #

EEMETH S, a & LTI, Q DEFUCET 2 M2 ENIER, BERMITH 200 135H L 722
(TCHROVWOTHETH S I,

EELEE, TQUER"DEAEATHLDT, FEATIER V) LiL 2 A0 505, R 2 ()
DL, HEEDP OHEATH2EAVEAET 2D T, ZNLETTIEHAENTH S, 27
LEFEEIc W TERE, TR IZEFTH 206, R” DM EATHEA» SHEATH S
DX, BEMRY EEEL) IR, WA TEEMHTHRELTHLRVLETES Q R
@F%ﬂ:é\f%h i\ Z iﬁﬂﬂ:l/:l\fﬁlﬂoJ igf%%o |

RE 82. 7 = [t A - w_ ]
v Hropgal| = H 5 ] A = ) e
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RE 83.

(1) °=R"THH, R" ZR" DHEATDH 255, 0 13 R" DEHEETDH %,
R =THDH, 0 IF R DHEATH 2056, R" IZR" ODFEATH %,

(2) Uy BTRT R OPHESGTH S LT 5,

(ﬂ UA>C= U @.

AEA AEA
(U 1 R DBEETH 2026, Uy, (US) BR" OBIEATH S, WA [ Uy ZR"
AEA
DHEAETH 5,
B) i £ i, W R DPAEATH L LIRET S &, Ff L FS I3 R OHELGTH 205,
(FINF) =FUFIZ R OREAETHS, WAIZ BNE R OEATHS, =
RE 84.

1) f RR%Z fla)y=0 TEDZL fIFHFETHS (f(z)=2F 2 DEZHATHE05),
W2 [, Bl={zeR|a< flz)<B} IZ R DIHEATH %,

(2) R" OPHEREZ, D a e R, r> 0N LT B={zeR"||r—a| <r} ERINDE
BOZEEVI, frR-R%Z f(z)=|v—a)’ = (1 —a)’ 4+ + (z,—0a,)? B =12 &
EDDHE, fIREFETHD, B={zcR"| f(z)<B}. ®ZIC BIER" DEHELTH %,

3) f%& (2) LU EXHICED, B:=0 B L&,
{a} ={z eR"| f(z) < B}
TH205, {a} ZIR" DEHEATH S, =

R 85. (ZDOMFEIIM, )
(1) 01X R" DA TH S, ZHUTEHFEATH %,
(2) R" IZ R" OPHEATDH 5, ZHUFIEHFEATDH %,

(3) {(0,0)} T R" DEAEATH 5, 1 MO IELGV R OPHEATH S Z LiX, 84 T
AEHEATH 5,

(4) {(0,0),(1,1)} =4{(0,0)} U{(1,1)} T, 1 H2LLEIZELHDV R OPHEGTHL I L L, 2
DD R DFHEGOMEAII R OEATH L Z L 6EIN S,

(5) (1,2) x (3,4) 1 R* OFAEATIE R,
(6) [1,2] x (3,4) i R” OFEATIZR W,
(7) [1,2] x [3,4] iZ R” OFEATH 5,
[1,2] x [3,4] = {(z,y) e R* |1 <0 <2A3<y <4} = FNE,
Fi={(z,y) eR*|1 <z <2}, F:={(zy cR[3<y<4}

ERED, f(r,y) =z, 9(x,y) =y l3EdbITz &y DEZHEATHE2056, f & gld R
FoEGEEKTcHLIDT, | L F X R OEATH L, W2ICZOIEHRDTH S
[1,2] x [3,4] b R? OFIfEATH B,
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(8) R* DPHEATIZZR
(9) R? DFAEATIE R,
(10) F:={(z,y) e R? |2 <y < 2?} ¥ R? DHELTH 3,
F=FRNF, F:={y)cR|z*-y<0}, F:={(ry cR®|y—2*><0}

EREDLD, flo,y) =23 -y, glz,y) =y—2? 1FEBI z & y DEZHEATHE2056, f
a g 1Z R LOMHEBTHEDT, F, & F, 13 R2OBEATH 2, W 2127 D@
TTHDF bR OEATH 5,

(11) R* DPHEATIE 2, =

BRE 86.

(1) Fi={zcR"||z| <1} T 2L, ZHUIR" DEHELATIE RV, 1 F2R % f(r)=1
(r€F) TEDDE, THEEBEBTH 208G TH LD, {xcF| f(x) >0} =F.
2 R OFES TR\,

(2) (HEfiH)

MRE 87. kL ()75>R”0)F'EJ ATHEIEETRT, Q={zcR"| (Ve > 0)B(z;e)NA#0}
ThHhHDL, ZOMHMESIF (G2 0EL )

() ={z eR"| (Ie > 0)B(x;e) N Q2 = 0}
={z € R"| (Je > 0)B(z;¢) C Q°}.

WRICze (Q) T2, (Fe>0)Blrje) C Q. ZDLEE, FIE B(1;5) C () TH3,
FEBEyeB(z;5) T2 LE,

B (y; g) C B(x;e) C Q°

THH06, ye (. wAIC () 3R OBIEATH 5,

Ml 54 226, F %2 Q280TEOMEAETZLE. QCQCF. F=F Tbhi05,
QCF. Thbbt Qlk, QZ2E8OTEOMES FIcgEns, oMotz wsE, Q
X Q ZEUHESTH L6, Q12 Q 2EaURDNDOEHELETH D, =

BRE 88. {by}, oy 13 [(K) DEEN O ZEINTHEET S, HneNIIHLT, f(a,) =0,
Zii72 9 a, € K WHIL 5, {an}neny 13 RY OFRLES K HOEITH 205, find 9.7)
M=)k, B2 ae K & HIWII {an, hren PHEEL T, lim a,, =a. ZOLE

k—o0

lim b, = hm flany = fla). T%DE {b,} DEBDI {by, tren 1Z. f(K) DEZFE f(a) ITIL

k—o0 k—o0

KI5, i 597)( ) )k, f(K) IZRY OBRAEATH S, =
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RE 89.
SEEA  (EPE 9.7 & H 7GR
$T f O f(K) = {y| Gr € K)y = f(2)} BLEARTHE, Thbb

(U eR)Vz e K) f(x)<U
DD VIDZ EZRT, TR VTl EARET S &
(VWU e R)(Fz € K) f(x) > U.

KEneNIINLTre KD f(z)>n &b DEET S, 2z 1 DEAT a,
SRR
a, € K, f(a,) >n.

I LT K WO {a,} 215 L. K 3RV 7 FTHED 6. {a,} DI {an, }ren
& ae K DBHFIEL T, hrn 0y, = G [ Dt S hm f(ank) = f(a). FFIZ {f(an,)}pen 1&
ARTH B0, EED k:EN XL T fla,) >nk2kff)%z’?>6 FIEBEL %, WA
f(K) I RIicEHRTH S,

Weierstrass @ _ERAB (EBL1.1) 2206, f(K) 3 EBR S 2K>2, 20 (i) (Vz € K)
flz)<S (i) (Ve>0) (FzreK)S—e< f(zx) <S.

n=12--NLTe= % ELT (i) 2ZHw3E, a, € K, S— % < flap) < S ZHWize
T oa, PEET S, 2TIHLT K NORF {a,} 22 L, K 3RV RT 2 THLDB,
{a,} DI {an, tken & a € K DHFEL T Jim a,, =a. 5 i < flap,) <SS THZD

T\hﬁmkbfsgﬂwgS@%Kf@: (@) kD Ve K IXLT f(a) > Flo).
WA S = fa) BRAETHS, m

SERADERE  F TRAMEIIFET 2008 ) DS TRGH, RR S ICowTid, hichR
ThHIZTIUEBTHFEETLZ2DT, il LT, EWwH T e2bs, K HORS {a,}
T, fla,) = S (n—o00) 27T DIF IR LI I (LRDOEZEZ BRI I
ns, K DOHMEDS . {a,} DINKEITI {a,, }ren DIFET D, a = kll_{ﬁlo a,, & LT,

S = lim f(z,,) = f(a).

k—o0

EHrEOERIT f Ok s, K BHEATHE06, ac K THS, WZIT fla) € f(K)
ThHhH, SiF f(K) DERTH>%0 6. fla) lF f(K) DRAETH S, =

(Hifz W 72GEH) f(K) 13 R OFRPAEAETH S, GRTH L2056, f(K) D LR S 23
ET %, f(K ) %mnf%%#é SE f(K) IC&END (2 2% LB~ £1c
LTEL), St f(K) DKETH 5, =

SERADERSR T E UM OFENL LI RBELBTEI 0 Lz, ERLTI ZiKkED
HOEDT, RLTEVETTAZDLIITIER Y, FRaY—22R LEilo—#{tik Ta v
N7 - ORI X 2 BIEa v %7 by Ewv) DiF, FikIck 30T, T (HifE w7
AEPR) DSHDOHICEE T 5, BUARFESIEE D ODEIC A TR LG, =
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BRE 90. [0,0] 13 R OFRMEATH 205, HIfICE > T, ¢([a,b]) 1 R™ OAEREAEA

ThHs,

fRE 91.

G)K:Rhﬂ)_mm*xwe R) L95LE, K ROMEAT, f: K — R A
BTH DD, = (-%,7) Z R OBEATII AW,

(2) K =(0,1), ():%( €eR) £92LE, KIZRDODAEFREST, f: K — R (3dfHiY
Bchr0, f(K)=(1,00) & R DEHREATIEZ Y, =

BBE 92. g(v,y,z,w) =22 + 92+ 22+ w? (z,y,2,w) eRY) LB EL f b g DLIHABIK
THsHr6, R THETH 5,

S={(z,y,2,w) € R* | g(z,y,z,w) =1} DLV LL, g B’ R* THFHTH S I &6, S 3
R* DPAEATH 2,

R:=1%t8L, (n,y,z,w) €S ETBHLE,

|(m,y,z,w)| - \/I2+y2+z2+w2: 1=R

TH5756. |(v,y,z,w)| <R AT S IFHEHRTH 2,
PELXD, SER*OEHRALEETHD., f: S - RIFHEHTH 52755, Weierstrass DK
EHEHICE>T, f D S IKBITEZRANEPFET S, »

BRE 93.

(1) f(x,y), g(z,y) T 228 z, y DEFBELHATH 2056, f: R? 5 R, g: R? - R I3HEHE
‘f“%%o

(2) K I3ERTHD, FE. R=1 8L, (z,y) € K 2513,

= Va2 +y? < glry) <VI=1=R

£ g: R - R BEFETH L2206, K = {(z,y) e R?* | g(z,y) <1} 13 R* DFHEAT
bHb,

2r —

@)iff@@@%*@%oVﬂ@w:<ﬁ):< N

i 1) ThHsH056, Vf(r,y) =0<
Y

(z,y) = (1/2,0). Hesse 1751li%

ste = (£ 22) < (24)

T, ZHUE (1/2,0) TIEETH 2006, f 1% (1/2,0) THEOM/ME £(1/2,0) = 1/4 —
1/2+0=—1/4 2%,

K O¥FR OK TD f DiRMNHE, fvMEZ KD K 9, OK LD (z,y) 1& (2,y) = (cos b, sin 0)
EHIT DT,

f(z,y) = f(cos®,sinf) = cos®f — cos ) + 2sin®§ = 2 — cos* § — cos ) = 2 — (cos O + 1/2)%.

cosf = —1/2 D& E/KAE 9/4, cos =1 D & Zix/MH 0.
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K IZ R OFFRMHEGTH D, f 13 K THFTD %05 Weierstrass DI KEEIRIC K -
T, f O K EoRKE, SMEDSEET %,

2K ONRTHRAMEZINS 261X, 240U f O R2ICBJ MK TH 25, Zid
FELZVOT, fi3 K ONRTIHRAEZING T, B 0K L TRAEZINSG, 20
1 OK LORKIEICEZDT, 9/4 THD, v=-1/2,y=+V1—22=

23K O (x,y) TRAMEZELS 2 51X, 20U f O R? 12 T%fﬁd\fﬁf%%@“c
(z,y) = (1/2,0), f(1/2,0) = —1/4. —J7. [ DR 0K ETRAMEZINS %2 61X, 20
X OK LORAMEIZRZ2DT, 0 THS, 0> —1/4 TH5H 6, 0 IFHR/MEICRD 27
Vo WA (z,y) = (1/2,0) D& E, f I3m/IME —1/4 205, =

BE 94. (MR K ={(z,y) eR? |2 >0Ay>0A Az +y <1} TH5%,

() EBD (r,y) e K I LT, 0<y<1—a THE»o, > +¢y* <2+ (1—-1) =
202 =20 +1 <1 (FEL S IEEH), ®ZIC R=1EBL &, EED (2,9) € K ITRL T,
((z,y)] < R DR IED, WZAIT K 3ARTH 5,

(2) Ky = {(x,y) €R?|2>0}, Ky = {(z,9) €R? |y > 0}, K3 := {(z,9) € R? |x+y < 1}
BTN LLEAABDOE T O EARERTERINTVEDT, R2DHEATH S, K =
KiNKyNKy THDI6, K IZR?2DEHESGTH 5,

(3) f BZHABBTH 205, R? THHETH %5, Weierstrass DIRAEEHIC LD, f D K
IZHB VT 2 RNl & RAMEDSEFES 2 2 L0390 5,

K ONRTHfEZ 2% 61X, 22 TVf=0%,%%, Vf(r,y)=0 &% 5% (xv,y) Z¥

T L. (R2 AW CHIfEATEL T bifE—o) (; ?) <. f(é g) 2 (Hesse TR

ZHNDE, TNDMIMETH B 2 EDTN D, )

K OHIR 0K 1. By = {(2,0) | x € [0,1]}, B, = {(0,9) | y € [0,1]}, By = {(w, 1 —2) |

re[0,1]} 6%b, TNoDESETIE, 1 2EBIRIFESIND DT, B TR

sk s, ZDfEH, By, By, By TORKEIXZNZ, 2,1, 2 T, I%?(Xf =2 %7
21 2 1

By, By, By TOR/IMEIXZZ N Z 1, 353 T, nnnf—
PEDS KB 2R 2, /Mt g
BRE 95. (HEfEH)
BRE 96. (i)
B HSEAHOWIIE
1 ZH B DY H D
1
dy dy
dx

A 2 EH DD B,
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4 N
EE B.1 (FEBOMME) U £ V IZ R OBEAT, p: U — V IZE2HS, o € U,
b=(a), p | a T, np™! 1T b TRWIARETH %7513,

(e (0) = (¢'(@) "
\(Eiﬂ@ TSR R L, Ao TRl E £ T, ) J
FR: LOEHTIIMI IR R BIBDHFEZIE L T 553, HiZ det¢/(a) #0 EV )5
TSR D SR, RTINS WTRE 2 BB O TEDE 2 L v ) | EREEERYH 5 (IF

WICHZE ), 2N COMERIHORRICHNH T 2 PETH 5,
SEER BB OERIC LD,

p (p(x) =2 (zel).
olEaT, ol iZ b= fla) CRESTETH 206, AREBROBMIELD,

(¢ B)'(a) =1 (I & n ROMLFTI)
DR S0, WA (p7!) (0) = ¢(a)". m

B oz)=z(xeR") ET2LZ, ¢(z)=
(fik 1) —Mic Tf(x) = Az +b %o 1E f(x
() = 1.

I THAI EEZIHE,
)=A1 THHD6, pla)=x=1I1x+0 XD,

Y1
(k2 o=+ | £BLE, i) =2 (i=1,...,n).

¥n

0p; 0 1 (i=1))
8xj(x)__ '_{

THLDS, Ja)=(0;) =1 m

ROBIC, W DML E M-S T (7! ZEHEL TV 2308, M REMEZ AT 21213
ARG HBIBDEH D BMEEIC R 2 03D 5725 9,

#l B.2 (IREERZEROFEERLOY IETTH (ETHEE)) ¢: (0,00) x (0,27) > < g ) —

T = [T e R (20050 € [0,00)} BHIS M CF BTHZ S (S5 O

Y rsin 6

WTH D), BITAETDH 5,

, Ty Ty cos@ —rsind
@'(r,0) = =\ . :
Yr Yo sinf  rcos6
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ﬁ%ﬁ@ﬁﬁ%ﬁiof\(g>:

i 7)

6, 6,

(o) (@,y) = (r,0)" = (

o Nz, y) DEMITHREUL,

Ty

Yr

Zo
Yo

;

-1
_ [cos® —rsind
~ \sinf rcosf
B 1 rcosf +rsiné
~ cosf-rcosf — (—rsinf)sing \ —sinf  cosf
cos@ sinf
= sinf cos6
r r
W Z 127
iné 0
ry =cost, 1, =sinb, Gr:—sm, Hy:COS
r r

(UTIRPORRR — EHLTLALY) ZOfMREZMBEEOMIELZHbDTICRkOTAHA L
Vo r=\224+1y2 THIDE, r, & r, FHRNHHRIEONS,

_ﬁ 2 21/2_1 2 2*1/2_£ 2 2N _ T
rx_&r (Z’ +y) —2(.T +y) ax@j +y)_ /—w2+y27
0 o a2 1 2—1/2.2 2, 2y Y
ryfay(:r; +97) —2(37 +v°) 8y<x +y)—\/m.

INHDVBZNZI cosl, sinh IZHFEL W EIIESITTD» 2%, 0 OEBHBD 1A LEHL W,
HELLDTFHFAMIC
Y

x

EHEDPNTL B, ZHUE (mod m) TLPIELL WX TH S, AHiL, tan_lg D3FAH
(—7/2,7/2) WOfH) Z2FKT 5 L LT,

f = tan

( tan—lg (z,y) D55 1 RBA S %\ 1% 2 O EOEWs Lo k)
tan™! % +7 (x<0, BOMZ B L (2,y) DE23RBNDH 5 VI 2 DB DET LD )
6={ tan'? 121 ((z,y) DB ARBAD )
g (z =05 y>0)
\%ﬁ (x =05y <0)

STZHVIEHHEEZTE L E, YaORTOMRGEMEEZ 2 L, LATHORORERICZ->TLE)Z L
WHERL X9,
X

B 21 =
Va2 +y?  \/(rcos)? + (rsing)? T
WAMIIN -7 2 THD, CEHEDT VT T LT, 770 b EEZHREEICE I, r=sqrt (xxx+y*y) ;

theta=atan2(y,x); DX H 29T %, theta=atan(y/x); TIETRAA — LW DIIFRNZ I ERDED,
EHDOFTDHEKARD 2D T 2\,

7 cosf

rcosf

= cosd.
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BB TTH B,

St b () b ()
Ox r 14 (y/z)? 0z \x 1+ (y/x)? 72 z? +y?’
dy x 14 (y/x)?0y \x 1+ (y/x)?2 x 22+ y?
ThHHI ENSG,
_ Y -
em x2+y2’ Y I2+y2
i)i\’;ﬁfﬁ%ﬁf‘\ YRMEITCH D (BIZIE y i ETEI) TIUXTR DD £9020), sz
m%n-ﬁiﬁafem%tm:k@%ﬁ%nﬁw@néo-

5l B.3 (Laplacian DBEHERR (BW)) C? kDB f: (z,y) = flz,y) BdH 5 & &,
x=rcosf, y=rsinb, g(r,0):= f(z,y)

Tog%REDD, Tihbb,
g(r,0) := f(rcosf,rsinb).

ZDEE , , ) )

Of O _99 199 109

0x? * oy2  Or2 * ror * r?2 0602
DIRD LD, BT, AlEEBL Qo> TEMICE S 2 ETRLT,

JEH B A f = fout+ [y D3RICH-T, Tz g & ZDREBKTEL 2D T, T

DEICEAEEH L T THEUIZARLZZEEZRTHPEE LY, £3 2,y IOV TD1
P& i 2L BE

Je = grrz + goble = grcos O — 9981297
. cos
fy = grTy +990y = grsmé + 9o ”
N5,
g—cosg—smeg g_sin9£+00893
or or r 00" Oy or r 00
DUM I (Tl d 5208, BEWIVETRC)
0 0 sinf 0 sin 6
Joe = %fx = (COSQE - %> <9r0089—99 . )
B 98 9_ sin 0 _sin@@ o_ sin 6
= Cos or gy COS Jo . 90 gr COS 9o ,
R <gw(3089 _geTsm9 _g@—szn@) _ sind (g'rG cos0 + f.(— sin6) _g(%)smﬁ _906089)
T r r r "

20,9 cos 0 sin 6 sin? 6 »sin?@  2ggcosfsin b
9ro T Goo 4 g 4 9o .

= Gpr cos? § — 5 5
r r r r

“%iﬁ\x:&y>0®ﬁﬂf@\ﬁ%ﬁ@ﬁ%#%Gyzozgﬁjg&&5:&@§%Kﬁﬁéﬁ\
0, = ——2L L3I iE, EBIOAHD S O E . DS OIS E b1 —— L ThBI LR
2 + 72 22 + 2

. Tf: (a,b) — R DSEFT, ¢ € (a,b) IFTIIBIIAIRET, lim f'(x) = D THIUL, f & ¢ THITTIHE
T, f(e) =D v EREHGS, o

Tz—c
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2gr9cosfsinf  gggcos’d  g.cos’@  2gpcosfsind
+ + = .

)
fuy = Grrsin” 0 +
4 r r? r r

1 1
fx:p + fyy = Grr + ;gr + 5999-.

C FMHFTZMEERRE (Lagrange DERERIE)

C.1 2 ZEHDIFE

9 2 ZREBABDGEITHIT 5,
TN F TR ZMAERTE TR, ERIEDBEANICIIHEETH o, T5L

of

—=(a)

KA a 23 f ORIES — a 13 f O, e V/(a) = g; — 0.
a—y(a)

L) AHEDSR D SIh . M T 2 LI IR T H o 22, UT TR, s £ ot
% 5t
(16) g(z,y) =0
DITRDLILZREZD, Thhbb g DFERES

Ng = {(xay) | g(‘ray) - O}
I f ZHIRLTEZ %, JdFdE, ESICIE RS RV, XoT, f DEEMA (f(a) =0
DR a DI L) 2L THERDIL W,
Bl C.1 & gla,y) =22 +12 —1=0DFT

f(z,y) = a® + 3zy + ¢
DI KAE, /MEZ KD K,
BEOFH Stk gr,y)=0% y=+V1—-22 & y IKOLTHROTRAL T, v DARDEIEL
2OV T DRAR/NTEICE IR 2, 2 2 TEREBSBHTETH S Z LIZAn2LE 59
D ? (k. 22 XA DT, 2 XEROID T IgEE L IFiuE, #ilEn 2 —diffib 2w

TS ZEDBABETH S, £/, g=0 BHMMIAT, ARz TRI A= —fJ1FT
56, T eflio TIRBHBORRE/NTEICT 22 L HKS, )m

Bl C.2 ¥ R? Nohft y =22 EOriE R (0,1) & DHEEOMEZ KD X, Z1Uk

fx,y) = /22 + (y — 1)?
g(z,y) = 2> —y

&9 5 &M EMmERTETH 5,
oG, glo,y) =013 y=2a? LRI S, Thze fITARALTHEES

h(z) == f(zx,2%) = /22 + (22 — 1)2
IZOWTOHFEDOMEHEICIHETE S, =
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BEBIECE RO TR 7z X )12, TXRTOHEKX g(z,y) = 0 25 y = p(x) IEM
IR E 2 LIRS 2D T, LD 220D k) ZEEJ71Z, ERRE L ZVIE) kR wb
FTHb, 22T, XROEHOHEEFLE RS,

4 N
EE C.3 (R ZBEMBICKT S Lagrange DEREFEEE, Lagrange (1788 £F))
Q% R2ZOFAEA, f Lg% Q TERBINRICEEZRES CDBEEE LT,

Ny :={(z,y) € Q[ g(z,y) =0}
R ARy A=
Vg#0 on N,
ﬁ@bjO&?%oit%@ﬂm@=0@??\f@a:<g>EA@T@@%W%&?

% (97205, Je > 0s.t. f(a) =max{f(z) |z € Bla;e) NN} £721F f(a) = min{f(z) |
r € B(a;e) N Ny})o 2DEZ INERsL

Vf(a) = AVyg(a)

1.e.

of . 099
%(a) = A%(a),
of dg
—(a) = A==(a).
0 0
N ! ’ D

EE C.4 (1) A DT L % Lagrange DEREFEE (Lagrange multiplier) &9,
(2) MfERDEEEE o, B, REFEE N 13, #HAZ TR

¢

g(a,8) =0

of N
%(Oé?B) - )\%(O&,ﬁ)
of N
\ a_y(a7ﬁ> - )‘a_y(a7ﬂ)

DFETH Y, TN 6 BENTKE 28560% v (KA 3 H, /X 3 ), ZoEaE
A S MAERED R T 2 01T TH 5, ZDfik% Lagrange DRERBLE LTS, Z
OF ST

F(Jf,y, )\> = f(x7y) - )\g(I,y)
EBLL
F\=F,=F,=0 ie VF=0

EFETS, TTTVIE (2,9, 0) BT 240 (gradient) 2K T, ZOFTEBZIBRT
WEARLZ D, =

1L I e

i)
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() Gola) 20 DBy, BHEOENS S, 10 OB

g(r,y) =0+=y = ¢(v)

E oy IZOWTHETT )
X6
o(w) = -9 ——
(2, o))
oy’

L%, 22T
h(w) == f(z,¢(7))
LB

af

= St + 5w oty | -—

hid o THYEE %5026 W(a)=0. (a,p(a)) = (a,8) =a ITHEELT

(a)
of Oy dg, |
5;@ Q&@ %W)O
Jdy
IITA®E y
5, (a) of dg
A= o Y
%M)le ay() af) 0
LBl o )
g
3x( a) — Aﬁx( a) = 0.
FLHzk

Vf(a) = AVy(a).
(ii) g—g(a) £0 DA, SR glo,y) =0 % z TOVWTRITITLV, BIZFAKTH2, =
B C.5 EomEid 2 ZHBEHICEIT 2 b D708, n BB ML L <. FEHE X,

IBRMEDFEDORTKBEIR ¢ = f(o) LT, fOLL-ty L, = {(z,y) € Q|
flr,y)=ct 2H 25, &

dAeR st. Vf(a) =AVg(a)

X, N,

s ={(z,y) | g(z,y) =0} & L. BEET 52 L 2EKT 5 (Vf(a) 13 L, DIERERT B,
Vg(a) 1 Ny DIERR 7 PVEDS), TI)%25 T EIEFRDEIICEZTHMETE 5.
R o(z,y) 28 Ny [>T, a=(o,0) 268 EE, gla,y) =g(o, ) =0 THB05

0=g(z,y) —g(a, f) = (Vg(a% (“; B g)) :



fli3a=(a,p) THIEEIZ DT, (1,y) € N, D5 (o, B) ICEWEE, fx,y) ¥ fla, B) ITIE
WIOEWEEZONS, WA

0= f(z,y) — fla, B) = (V/(a), ( - “) ).

k5T Vi, f) & Voo, ) . EbIC (”“"‘O‘) ICEZT 5, Shhs

Vy(a, 8) | Vf(e, ).

WZIZ f OEEM L. & N, 3L Tw5, n

C.2 n XY, d BOHKNREDZS
D n ZHBIET, TR LR OBAIIRIR L g GEWIHE ) BT 29,

4 N
EHE C.6 (Lagrange OXREFRLE, n EHTHHIEG « BDIBE) Q 2 R" D%EA.
Q=R %ZCROBIS. d% 1<d<n 2 HERE

g1
g= : Q) — R?
9d
%z C' R DBI%T
rankg'(z) =d (Vz € Q)
Zhi7zdHD, a€ QTgla)=0, fIEFEHF g=0DFTa THEZINE, ET5L
A1
dA = : € R% s.t.
Ad

(17) Vﬂ@zE:&V%ML F(bBAA) gla)=0.
N i )

EE C7T RiRY
d
F(z,X) = f(x) = > Ngi()
j=1

EB L, HERE (17) EREFEICE S
OF

8_1‘1<G’A):O (Z:]_,"',TL)
OF

_— = ':1~~~ .
oL@ =0 (=10 d)

(ZHUE, F DTRTOERIZOGTOD gradient 30 EFHIF 5 Z LITHER, ) m
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C.3 flzE

Lagrange DAREREILEDHIZ —D1ZEHIT 5, WTNSERIHL 2% (BREEATHE
23 %) METH 5,

BIRE C.1 X ax +by +c =0 ((a,b) € R?\ {0}, c € R) TEINZFHNOHFRE L &
%, K (z,y) DVER L E2E EZ2D, B f(r,y) = 2%+ y* DR/MEZRD X,

BRE (Cko2b013EMREER L LOBBDOV G125 2 ik (EBNICT ) 202567259
6, Wk EHGRTH Hglr %) BETH 55, Lagrange DAREFBIETRKD TH S, )

1. RIMEDFET DI EDIER (ZOMEDEAIE, KIBWNARERI D5 DT TH G D
THHD, ZITHOEAELHZDT, EHLALHESLEI R 20, N T 2EKTIUTITR
T, FIERCITHRLIETH S, ) L LDR (20,90) Z—2HD (FAEET A Z LIZHMN), IE
BWRZ RR=22+y2 TED, D:={(v,y) eR* |22 +¢y* < R*} LB, L%

L=LNR*=LN(DUD® = (LND)U(LnND°

EGETHE, LNDIF R DETLEVWERAEATH S5, BB f 13 LND ITB VTR
ME m = fla,8) KD, EZAT (a,8) €D THB»H, m= f(a,8) = a® + 2 < R
—Ji. LNDCIZBOWTIE, f(r,y) =22+ y? > R2THHD6, md f O LAHICET 55
IMETHZ Z LD 5,

2. E—DIRMEIXRIMETH S  HIER TRAMEDAET 5 2 &350 73, R/ IMEIZAGE T
HH05, b LLMED—D L2 I L2350 iul, ZNDRAMETH %,

3. f DFRHHZBEZKRDD B g: RZ >R % g(v,y) :=ar +by+c TEET S &,

Vg(z,y) = <b> £0.

L7935 T, &t g(a,y) =0 D TD f OfiEiRE (b LIFET %% 5 13) Lagrange DARE
L TRE D, REFKZ N LB &, HEAE,

0= fm(xay) - )xgx(x,y),
0= fy(x,y) - /\gy<x>y)7

0=g(z,y).
iz
0 =2z — Aa,
0 =2y — \b,
0=azx+by+c
LB s, iRl
N 2¢ . ac . be
o a2+b2’ T = a2+bQ’ Y= a2 + b2

1elE—2 I TH %,
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Z DX 9T Lagrange DREFHIETRD & N7z SPMER TH 520> £ 9 iE, — M
CITE T 60D, ZOEEIFHIIROEwRY 6. JIUIMBERTH D, I S ITidm/hail JHJ
RO EBTD B, Thbb

(2,y) = —ac —be
Y) = a2—|—b2’a2+b2

f —ac —be B c?
a2+ a2+b2) a2+ 01?

DEE, fIx/AME

Zi%, =
. B . lazo + byo + | __
B C.8 1EM ax +by +c=0 ((a,b) # (0,0)) &R (wg,y0) & DIHFEEIZ, N 2

5 Z L&Y,
‘CLJ?O + byo “+ czp + d‘

B C.9 “VHi ax+by+cz+d = 0((a,b,c) # (0,0,0)) &5 (z0, yo, 20) & DEEHEEIL,
ThHdIEERYE,

Va2 + b2+ c?

2

BIgE C.2 Fifit Z*Z_ — 1 (a, b FIEOER) BXN 2 ViEINOEMNE E 55, 5 (2,y)
WE E F2EIC L XD, B f(r,y) = +y DKM, F/MEZE RO X,

BE ZNOLXBMICE Z % EERIIHE T, Lagrange D AETEIEZ#E L Lo EE
W ZOMED 3 Xt Z AREEBIC L7 2 &03h 2 (B Pz EbA LRDT, vk
20 E\0) DN, HED RS W),

9 F BERAEATH 26, HEEREE f 13 B L TRAME,. AMEZ RS Z & 230
5, £7c

2 y2

i
g(z,y) =t

2z /a?
Vy(r,y) = < 201 )
ThHY., g(z,y) =0 2 TEED (z,y) ITHLT

Vy(z,y) # 0

THDHIEVTD S, QIIEM g(o,y) =0 DT TORIE f OMRfEIX. Lagrange OAIEFE
#BikckE 5, RN

EBL L,

0= fz(ilf,y) - )‘gm(xay)7
0= fy(x,y) - )\gy(%@/),

0=g(z,y).
Zid
0= 1—Ai—f,
b=1a,
NS

LD I E L. COMEDTIC2 . (b LEFET 2% 612) BAREMETH S, T ofEOH
B AT OB, A 612, C ORI B -OBIEITATH B,
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Thh,

o’ ¥ VTR -
(may7)\) - :i: (\/&2 ‘I’ b2’ \/CL2 + 627 2 > (?‘E"’?I_J“LE)
d <i\/a2+b27i\/a2+b2) =+Va? + 12 (E5FHIR).

f K, B/MEZ RO 2 LIS T0d 06, TN603Z ORKE, f/IME I il
o, Tabb, (r,y) = (a?/Va® +02,0%/Va? +b%) O & ERKME Va2 + 02, (z,y) =
(—a?/Va> + 12, -0 /\/a? + %) D & ShvME —Va? + 12 m

2

B C.10 f(z,y) =z +vy, g(z,y) := % —y* =1, N, :={(z,y) e R? | g(z,y) =0} £F %,

(1) N, DB Z i,
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