ken-satou@aist.go. jp sato@kurt.scitec.kobe-u.ac.jp
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, Grothendieck-

) 3

(stalker theory)
(mathematics of consistency)
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56
58
09 01-03 TBS

11 10
12 04
12 05

12 11




(mathematics of consistency) 2

(axiom of choice) (continuum
hypothesis) (consistency) (independency)
(consistency strength)
ZFC 3 (CH)
ZFC+CH 1 ZFC+CHI/ L Con(ZFC+CH)
ZFC t/ -CH
CH
ZFC / CH ZFC i/ ~CH
ZFC+-CH Y/ L ZFC+CHIK L CH
Con(ZFC 4+ —CH) Con(ZFC + CH)
P.Cohen 1963
2.1
P.Cohen
(large
cardinal) (cardinal) *
— ZFC + 48| > X (S, B(9), 1) 7

ZFC + “Tk > Ng(k — (k)3)"*

ZF + “VA C R(A : Lebesgue- )"

ZF,7ZFC ——  7ZF + —=AC, ZFC+ CH, ZFC + -CH

(axiomatic set theory) (set theory)

(potency)



k— (k)3 :|[Al=k AxA=P 1P, BCA |Bl=«&
BxBCP BxBCP

P.Cohen (Con(ZFCQ))
Con(ZFC) F Con(ZFC+CH)
5 Con(ZFC) F Con(ZFC + —CH) Con(ZFC + CH) F Con(ZFC)

Con(ZFC + CH) F Con(ZFC)
Con(ZFC) « Con(ZFC + CH) Con(ZFC) + Con(ZFC + —CH)

(equiconsistent)
ZFC, ZFC+ CH, ZFC + —-CH
(ZFC < ZFC+CH ©
ZFC + —-CH) Con(-)
R Lebesgue-
R Lebesgue-
(inaccessible cardinal) R
Lebesgue- (R, B(R), u) i Lebesgue- o-
0'_
(measurable cardinal)
5-
2.2
Con(ZFC + —CH) ZFC i/ CH
Con(ZFC) F Con(ZFC + —CH)
(P.Cohen, 1963)
Lebesgue- R
JA C R s.t. =LM(4) (
) Con(ZF+“VA C R(LM(A))”)
ZF+“YA C R(LM(A))”
Con(ZF + “YA C R(LM(A))”) + Con(ZFC) Con(ZFC) tf Con(ZF + “VA C R(LM(A4))”)
Lebesgue- R
Lebesgue- R

(S.Shelah [6], 1984)

5 K.Gé6del



2.3

generic- (generic extension)
(ultrapower) ©
(extender) 7
generic-
(sheaf) (stalk)
combinatorics)
generic-
1.
2.
(presheaf)
3.
(exntensionality)
(well-foundedness)
generic-
2
mathematical logic 3
( g

[0]

(non-standard analysis)

(infinitary

generic-

(set-hood)

Godel



2.4

2.1 CH

Np < |4] < 2% = |R|

(universe)
2.2

No < |A| < 2% = |R|

2.3

A
A

(meta-mathematics)

8

9
Lebesgue-

ZFC I/ CH

8

ZFC I/ ~CH

No < |4] < 2% = |R]|

No < |A4] < 2% = |R|

(universe)

A

No < |A] < 2% = |R|
No < |4] < 2% = |R|



NO 10

2.4 1

B(N) f:N=B(N)
A={neN|n ¢ f(n)} A e BN A = f(no)
no € N

no €A <= no¢ f(no) <= noe{neN|n¢ f(n)} <= n¢A

2.5
f:N =B[N
f
A={neN|n € f(n)} A
F a F
f
A A = f(no)
o
o
| gees |
| o)t d
Skolem- (Skolem paradox)
generic-
10 Godel
(reflection principle) ZFC
(class) (standard)
11 “We may assume that the universe is of size Np” “It suffices to consider only countable
universes”



14

12

13

G/H ={gH|g € G}

¢:G—> K H Cker(y)
p:G/H - K

12

13
14

[2]VI.10

(intuitionistic logic)

(comprehension) {a € A|p(a)}

gH ={g-h|h e H}

sl



| L )|
?
x ?
? X
16
(elementary
topos) (geometric morphism) (geometric point)
Grothendieck (site)
Grothendieck (morphism of sites)
(stalker)
“ ”
“ ”
[43 ”
3 [43 ” [43 ” “ ”
“ ”
[1]
15 w Ny
(absoluteness)
16



3.1

3.1 (P,<) FcP (filter) 0AFCP
peF, p<yq geF p,geF r <p,q reF
(ultrafilter)
1 (B(I), ©) 1
1€l (@)={AcCI|ie A}
(principal ultrafilter) I I 17
U INAeU A¢U
3.2
3.2 7 A € Ob(C) Ayg:T->C Aju(l)=A
F:T->¢C F (limit) lim F A € Ob(C) s:Ay > F
—
(4,s) (final) F (colimit) 11‘I’>IIF B € Ob(()
t:F— Ap (B,t) (initial)
1<i£1F € Ob(C) (ur: 1<£IIF — F(I)| I € Ob(Z)) I(EIF ur F(I)
f:I=>J ur =Uy o F(f) A€ Ob(C) A - .
ur = Uy o F(f) (s;: A— F(I)|I € Ob(T)) I
s:A— limF Ur o8 =S8y A
— SJ
(direct limit)
(inductive limit) (inverse limit)
Ob(Z), Arr(7) =90
(terminal object) T = {*,%} (product)
(initial object) (coproduct)
3.3 F:C—>D U:D->C (F,U) D C (adjunction pair)
n:ldc - UF fec(cUu(D)) U(f*)en(C) = f
f* e DF(C),U) 18 FAU
¢ ———— U(D) D
n(C’)l % . e
UF(C) F(O)
[ e U) en(C)
D(F(C),D) =C(C,U(D)) o
F U
FreeGrp : Sets — Grps (forgetful functor)

U : Grps — Sets

7r U {4;|iel}CU Il < K Nicr Ai €U K- (k-complete)
18 F n {nc)ceob(ce)
19 (Ue)o(nU) = 1y, (eF)o(Fn) =1F n:1d¢ = UF, e : FU — Idp

10



2002

Joyal

(vi)
(vii)

mantics)

(viii)
(ix)
(x)

plete)

(xi)

P.T.Johnstone (Cambridge Univ.)

[3] “Sketches of an Elephant - A Topos Theory Compedium”
20

André
1981 Cambridge Summer Meeting
(site) (sheaf)
(power-object)
(intuitionistic) (higher-order)
(first-order) (geometric theory)
(cartesian category) -2-  (meta-2-category)
(totally cocomplete)
(intuitionistic) (formal system) (se-
20
(groupoid)
(power allegory)
(standard) (indexing) (com-

(well-powered)

Giraud- (-frame) (spatial manifestation)

20

11



(xii) (synthetic differential geometry) 2! (setting)

(xiii) (synthetic domain theory) 22

(Peter. T. Johnstone “Sketches of an Elephant - A Topos Theory Compedium”

)
P.T.Johnstone

(elementary topos)

()
(power-object) (ii)
(vi)
(iii)
generic-
z (iii)
(iii)
Zariski-
21( )
22( ) (domain)
D.Scott A- Scott-
D=~ (D - D) (D D D ) D=DxD (domain equation)

23 Bool- Bool- (5]

12



_)
43 7 ??
1:
( ) ( ) )
Grothendieck- ( ) ( ) C
( ) = =
C = =
Hausdorff-(sober-) = = =
2:
( ) (
Grothendieck- ( ) (
( ) =
C =
Hausdorff-(sober-) = =
3:
42 ¢ 7 4.3
4.4 4.5
43 ” [43 ” 4‘6

13




(sheaf)
(X,0)
(F(U))veo,(ruyv)vcv) (X,0) (presheaf)
1 (X,0) (sheaf) 1 2
1. ’I"U’V:F(V)—)F(U) vcvcw
ruv oTv,w = ruw, Tuyu = idu
2. ( ) U {Wili € I} (ai)ier € [l;cr F(Wi)
rwinw;,wi (@) = rwinw;,w; (a5) ijel rw;u(a) = a;
iel a€ F(U)
FU) ruyv
Wi a;
TW,'OW]‘,W,' (az) = TW.iﬁWj,Wj (Cl])
U a
C
4.1 (X,O) vcvVv C(U),’I‘U’V
C(U):{fU—>C|f } TU,V(f):f[U
(C)veo,{ruvivey)
1
c() UV
1 2
1. F (X,0) Sets
2. UeO {W;|iel} (equalizer)

<Hi61 TW;O\W;,W; >jEI\

F(U) (rw;,v)ier HF(W,) = > H F(Wiij)

iel iEI("'W,'ﬂWj,Wi)J'EI ijerl

Sets

14



4.2 D
(X,0) D- (X,0) D
(X,0) D- F U {(Wiliel}

<Hi€1 F(inclwinwj Wl))

(F(inclw, v))ier e,
F(U) —— 727" F(W; . POV AT
( ) g ( 1) [Lier (F(inclw; nw;,w;))ier z’}'_E[I ( ' ])
{(Wiliel} U x.0)
(X,0)

4.3 (Grothendieck) C

C € Ob(C) tc = {f € Arr(C) |cod(f) = C} SCte C (sieve)
fes g € tdom(y) fogesS F C tc F
{foglf € F,g€taomyp} (F) c S heic
h*S = {g € taomn) | ho g € S} h*S
Ob(C) C J={(J(C))ceonie)y C Grothendieck-
(Grothendieck topology)
(1) C € 0Ob(C) tc € J(C)
(2) SeJC) fete f*S € J(dom(f))
(3) TcCte SelJlO) f*T € J(dom(f)) fes
Te JC)
Grothendieck- J S e J(O) S Cc J- (J-cover)
C Grothendieck- J (,J) (site)
T(C) ={tc} Grothendieck- (trivial topology)
4.4 (X,0)
UeOb(X,0)=0 ty = {inclyy |V € O,V CU} Scty U
inclyy € S wWcv inclyy € S S {V]inclyy € S}
JU)={S: |U{Vl]inclyy € S} =U} (X,0) Grothendieck-
4.5 Grothendieck-
(X,0) UeO DU)={S: |(U{V]inclyy € S}H)* > U}
(dense topology)
P=(P,<)
peP D(p) ={S: |Vq < p3r <gqsuchthat (r,p) =<,,€ S}
P = (P,<) [p] ={q € Plq<p} (Alexandrov-
) O\{0} c

Grothendieck-

15



4.6 (Grothndieck) (C,J) D
C D- P:C® D
D¢ ¢ D-

C D- P () D- Ceob(lC) SeJJlC)
(sheaf condition) D
P ers{(P(Q))getdom(f)}\
P(C) —=5 [] P(dom(f)) 7 II  P(dom(g)
i (rodactaom 165 ses ot
(hs)res € D(D,[];es P(dom(f)) (equalize)
feS g€taom(p hyoy = P(g) o hy
f€tc hy = P(f) o hidao
(C,T) ¢
Grothendick-
4.7 C
Ob(C) to K = (K(C))ceob(c) ¢
Grothendieck- (base)
(1)) f € Arx(C) D {f} € K(cod(f))
(2°) F € K(C) hetc F' € K(dom(h)) geF
hog=fog fer ¢
o« dom(f)
vgeF' 3feF
dom(h) - C
(8) F e K(C) F 0 # 3§y C K(cod(f)) Sf)rer
F'C{foglfeF, geUSs} F' e K(C)
Grothendieck- K J  Grothendieck- K
SeJC)iff S: &3IF € K(C) such that F C S
J K;(C)={F Ctc|(F) € J(C)}
4.8 (3°)
FeK({C) F Fs € K(cod(f)) (Fp)rer
F'C{foglfeF, g€ Fy} F' e K(C)

16



9 (C7 J) Ce Ob(C), fag € mc COm(f7g)

Com(f,g) = {(h1,h2) € taom(s) X tdom(g) | f o h1 = goha, O ¢ J(dom(hy))}

Z C Com(f,g) (cofinal) (h1,h2) € Com(f,9) hi =hjok
ha =hhok (hi,hh) € Z ke C(dom(hy),dom(h}))
dom(f)
/ X
dom (9)

(ZC(f, 9)) f,9ete,CEOB(C) (cofinal family) CeOblC) f,gete
ZC(f,9) C Com(f,g)

4.10 (C,J) K J P C D-
<Zc(f, g))f,getc,CEOb(C) (A) (B)

(A) P  (C,J) D-

(B) C € 0b(C) FeK(C) D

(yer P1))ny nyrezc s, g)>9€F

P(C) (P(A)ser H P(dom(f))

II ] P(dom(n))

jer Myer (D) ez )1 F9EF (ha h2) €29 (£.9)
() ()res : D = [[;cp P(dom(f)) f,gerF
(b1, 1) € Z°(f,9) P(h) o hy = P(ha) o h,
(A) (B (Z€(£,9)) r.9etc,ccob(c) C e Ob(C), F € K(C)
(h)ger : D = [[;ex P(dom(f)) fgeF
(h1,hs) € Z9(f,9) P(h1) o hy = P(hs) o hy k€ (F) hy,
well-defined fohl =goh} 0 € J(dom(hi)) P(dom(h})) =1p =
P(dom(hs3)) P(hy)ohy = P(hy)oh 0 ¢ J(dom(hi)) (h1,hy) € Com(f,g)
hy = hyol, hjy = hyol (hi,hs) € Z€(f,9) 1 P(hy)ohy = P(hy)oh,
P(hy)ohy = P(l) o P(h1) o hy = P(l) o P(hz) o hy = P(hy) o hy
k=foh€(F) g€ tiomm hiog = P(hog)ohy = P(g) o hj,
er(]:){uj(g))geidom(k)}\
P(dom(f A P(dom
kEHF) ((Wkog)getdom(f))ke(}-) ke(f')H ( (g))
9€Ldom(k)
<h;g>k€(]:) P P(k) o h = h;c
ke (F) h:D — P(C) feFc((F
P(f)Oh:h’f:hf feFc(F P(f)Oh’:h}:hf
h':D — P(C) P(foh)oh'=P(g)ohs=hl,, h h=n

17



(B)  (A) C eOb(C) SeJ(C) (hi)res : D = []es P(dom(k))

hion = P(h)ohy FcsS  FeK(C)
fg€F  (hi,hs) € Z€(f,9) P(h1)ohy = hjon, = hgons = P(ha) o hy
h:D - P(C) P(f)oh=hy
fer
kes koF, ={kol|l e F} C (F) F, € K(dom(k))
lerF, B = hyo il € Fl (ha,hy) €
Zdom(®) 1y 1,) ¢ Com(ly, o) P(h1) o B¥) = P(h1) © hioty = hiotsohy = hiolzohs =
P(hs) o h{® dom(k), ! (B Yier, leF,
foll=kol  feF I P(l)o P(k)oh = P(kol)oh = P(fol")oh =
P("Yohs = hjor = hior = hl(k) P(l) o hy, = hjor = hl(k)
hy = P(k)oh
keS hy = P(k)oh' ferF hy=P(f)oh'
h h="H m|
C D- (functor category) D™ «,J) D-
Shp(C,J) ,J) D- De” (full subcategory)
D = Sets Sh(C, J)
D (finite limit) D Shp(C,J)
I
c D r (CJ) D F,

(im P)(C) =lim (P(C))  (lim F;)(C) =lim (F;(C))

—iel —iel —iel —iel
4.11 (C,J) D c D P D-
ap : P — a(P) (sheafification) a(P) (C,J) D-
,J) D- Q D- T:P—>Q Foap =T
D- 7:a(P) —>Q
P — Q
a(P)
a t:Shp(C,D) = D™
a
D  Sets Grps, Rings
Grothendieck  +- (Grothendieck’s

plus-construction)
Sets [2]

18



4.3

Shp(C, J)
Shp(C, J)
Sets Sets-
Sh(C, J)
£  Grothendieck- (Grothendieck topos) (,J
& = Sh(C,J)
(elemetary topos)
4.12 (Lawvere) ¢ (@)(B)
(o) € B)E A e Ob(€)
A P(A) € Ob(€) (monomorphism) €4 : R—F%  +ea
€ea— A x P(A) B € Ob(€) R:R— AxB R e
R:B — P(4) (pull-back)
k R:B— P(A) Ax B~ A x P(A)
Sets
Sets P(A) =P(A) ea={(a,A")]ac A C A} C
Ax P(A A B RCAxB R:B — P(4)
R(b) = {a € A|aRb} R ={(a,b)|a € R(b)}
ye :C — Sets®” Qe Ob(Sets®™) [2]
ye(C)=C(=,C)  yef)=C(—.f) ( )
QC)={5:C |Vf € tc(f*S € J(dom(f)) fesr  Qf):Se=frs
P(F)(C) ={r:yc(C) x F = Q }o PE)S) T 7o (ye(f) x 1dr)
er(C) ={(a,7) € F(C) x P(F)(C) |7(C)(idc,a) = tc}
R:R— AxB R R:B — P(A)
(subobject) R : R — A x B (B ) 24
SubOb(A x B) = £(B, P(4)) f SubOb(f) f
& A=1¢
SubObject(B) = £(B, P(1)) Sets PQ1) {0,{x}}
P(1) B
P(1) ¢ B B B
{be Blo®)} o ¢
(internal
theory)
25
24p A,B

25

19



4.4

D (X,0) D-  F veX (stalk)
#*F = F, € Ob(D)
z*F = F, =lim FU)
—UeB(x)
B(x) x (system of open neighbours) D = Sets
x*
Shp(C,J) = D (skyscraper sheaf) (right
adjoint) z. D € Ob(D) zeX z«D = Sky_ (D)
(X,0) D f z.f
D (z€ . idp (xeVcCU
(@.D)(U) = Sky, (D)(U) = Sky, (D) incluy ) = )
Ip (z Osky, (pyvy (@ ¢V)
26
4.13 &
& (geometric point) Sets £ x = (p*,ps) p: &=
Sets, p,;Sets —» & p* - pa p*
Hausdorff- (X,0) 2T Grothendieck- Sh(X,0) X
D = Sets
D
Sets
& (linear order object) (ring object)

£ = Sh(X, 0)
Orders(€),Rings(£) 2  Rings Grps Sets

26 (point of topos)

27 Hausdorff sober (X,0) sober
I WiNnWe CU Wy CU We CU
U=X\{zv} ry € X
28
(classifying topos) (simplicial
sets) Sets®”” fp-ring SetsfP-1ing
Orders(€) = Hom(E, Sets®”") Rings(€) = Hom(¢E, Setsfp—ring) Hom(-, -)
5 2

20



4.5

f 1 (X,0x) > (Y,0y) Sh(X,Ox), Sh(Y,0y)
fi : Sh(X,0x) = Sh(Y,0y)  f*:
Sh(Y,0y) = Sh(X, Ox)

(fF)V)=F(f7'V) (f+F)(incly,v,) = F(incly-1y; -1v,)

*G)U) =1 GW **G(incl : We{W|f'woU.
e =tim GOV fGndn) wif 2)

idgw)

GW)

- G(W)

G =a(f"a)

lim  G(W) U7Olnduo)lim  G(W)
W | f-1WDU2} W | f~1WoUL}

41 a-. A1
{WeOy|f'w>oU} I a
f*
29
4.14 £ F (geometric morphism) £
F F = (F*F.,) F*
sg = ({x},{0,{x}}) sg FF)=1
F({«}) Shp(sg) = D Sh(sg) = Sets
sg
(Y,Oy)  Hausdorff-
%0 Sh(X,Ox) Sh(Y,Oy) (X, 0x) (Y, Oy)
ShSets(Xa OX)a ShSets(Ya OY)
I I
D D-
Grothendieck
4.15 (Grothendieck) (C,J), (C',J")
C—-C (morphism of sites)
(a) (b) S € J(C) {F(H)|f €S} e J'(F(C))
f: X->Y f_l : (Y, Oy) — (X, Ox) f_l
31
29
(logical functor)
30 sober-
81 0 e J(C),J'(C") c,c

Sh(c,J),Sh(C’, J')

21



4.6

Grothendieck-
(locale)
4.16 32 L=(L,<) A Y; 33
(infinite distributive law) UV,eL
UA\Vi=\(UA)
iel iel
L ]-L OL
Ly L, i) b:L, > 1,

(1L,) =15, SUAV)=2U)ARV) a(\/ V) =\ W)

i€l el
(0,0) 1
UNUierVi=Uie,UNV;

f: X->Y f1:(0y,C) = (Ox,C)
L Grothendieck- Jr

JLU) ={S: | \/{V| <vu€ S} =U}

Ly L, (L2, JL,) (L1,JL,) Sh(Ly,Jz,)
Sh(Ls.J1,) (Y,Oy)  Hausdorfl-
(X7 OX) (Y7 OY) 34
4.17 L KCL

Ir¢K UAVeKifUeK VeK \/VieKiffVieI(V; € K)

iel
(X,0) x Ox \ B(x)
(B}, )
p:(B{*}, )~ L Sp~ {0} K

pr(U) ={}iff U¢ K pr s (P({x}, Q) = L

pt(L) (U) = {K € pt(L)|U ¢ K}

(X, 0x) Hausdorff- (X,0x) =2 pt(Ox, Q) 36

32 Heyting- (complete Heyting algebra)

33 (lattice)

34 (Y,0y) sober-

35 L — B({+})

36 (X,0x)  sober- pt(Ox,C) = (X, Ox)

22



5.1
generic- m
N MCN
1 m
N
2 m N
n m
m
Grtohendieck-
m Grothendieck- m
m
z* : Sh(C, J) < Sets : z*
Sh(C,J) — Sets®” Sets z* Sets M, N
M Sh(C, J) < Sets®”
Sets M Sh(C, J) m
z = (z*,24) N F z*F
m Femcn N
F,=x*F z* Sets n
T N m
Ty Sem
z.(S) e M
Xem S=z.(9)X)em
m X z4(S) “ K z.(S)(X) m
S Ncm

23



13 1

— O O
- o ? —
generic-
generic-
generic-
“©o7 generic-
N
m N
N
0.
1.
2.
3.
13 3
) ( ) ( )

Grothendieck- ) ( ) 77 C

) = 7? =

C = 7? =

Hausdorff-(sober-) = = ?? =

generic- ad hoc

24



5.2

5.1 ( ) (c,J (stalker) G C (full subcategory)
LG (filtering category)
e Ob(G) #0
o C1,C> € Ob(9) dom(f) = dom(g) cod(f) = C1,cod(g) = Cs
f9
Cl 02
o
. f,g € Arr(G) dom(f) = dom(f) € Ob(G) cod(f) = cod(g) €
Ob(g) foh=goh h € Arr(G)
/
PR - e #g .
II. f € Arr(C) dom(f) € Ob(G) cod(f) € Ob(G)
Ir. C € Ob(G) SeJ(C) Ob(G)N{dom(f)|fe ST #0
D C D- P g
(stalk) G*P = Pg PGP : G D Psc

G*P = Pg = lim PG
—

I CeO0bG) 0 ¢ J(O)
44 (X,0) J
. B(z) = {UeO|zeU}
(P,<)
D 37 Sets
D
37 Sh(C,J)
LocRings- Shsets(C, J)

25

Pg,c : P(C) — g*P

C

Grothendieck-
((X,0),J)

FcP I,1I

re X

Sets

(local ring object)

43 ”



5.2 C cod(f) = cod(f") LI fog=[fog

9,9
[ ]
/N
dom(f) dom(f'
. . . R4
g . . .gl
e
( ) dom(f), dom(f") dom(h) = dom(h)
foh,f ok h, b fohok=f'oh'ok k
g=hok, g':h'ok‘
dom(f")
<
ho- \<\
) .
[ > @ [ ]
I f
‘A
dom(f)
O
5.3 (X,0) x € X  generic- (generic point)
UeO vd=Xx reU
D
x :generic- <= B(z): ((X,0),D)
x B(x) I, 11
rze€X  generic- Ue®B(z) SeD) Vs = U{W |inclw,y € S}
Vs o U V =VsUint(X \ U) Vel =X VNno=90
O #0 0 oNVs =0 onUconvs® =0
OcCcX\U OcCcint(X\U)cCV x  generic-
z €V =VgUint(X \ U) zeU Tz € Vs inclwy € S
z € W = dom(incly ) w B(z)
%(Z‘) U {inclVX | V C U} S D(X) X € %(ZL')
V = dom(incly x) € B(x) VcU xeVclU
z X\ {z} {z} ¢ 0O
Hausdorft- B(x)
Hausdorft-
generic-
generic-
5.4 (P, <) G  generic- (generic filter)
D (P,<),D)
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5.5 (C,J) ¢ D D e
Ob(D) G (skyscraper sheaf) G.(D)
idp (dom(f) € Ob(G))
D (C € 0b(G))
G.(D)(C) = G.(D = m
(D)(C) {ID (C ¢ Ob(G)) (D)(f) =4 Op  (dom(f) ¢ Ob(G), cod(f) € Ob(G))

idip  (dom(f),cod(f) ¢ Ob(G))

II dom(f) € Ob(G),cod(f) ¢ Ob(G)
D f:Dy = D, Gu(f) : Gu(D1) = Gu(D2)  Gu(f)(C) = fF(GfC €
Ob(G)), =idy, (if C ¢ Ob(G))

C € Ob(C)
S e J(O) C ¢ Ob(9)
1p Ce Ob(g)

DI

: (hf)ses
h:

A\

6.0)C) — . [ 6-D@om(f)) __—y  [[  Gu(D)(dom(g))

(G+(DY(f))res  fes fES g€taom(ys)
D (hf)res : D' = ;s Gx(D)(dom(f)) G«(D)(g) o
hf = hfog fes g€ tdom(f) C e Ob(g) S e J(C)

dom(f) € Ob(G) fes f h=hy: D" — G.(D)(dom(f)) =

D = G.(D)(0) f.f'es dom(f), dom(f") € Ob(G) LG
5.2 fog=flog g 9,9 G«(D)(g) = G«(D)(g) = idp
ht = Gu(D)(g) o hy = hjog = hypreg = Gu(D)(g') 0 hypr = hy h f

(Gu(D)(f))es o h = {hg)ses fes

G«(D)(f) o h = hy : D" = G.(D)(dom(f)) dom(f) € Ob(G) G«(D)(f) = idp

h = hy dom(f) € Ob(9) G«(D)(dom(f)) = 1p

(G« (D)(f))res o h = (hf)ses h
5.6 (C,J) g G*-4G. D DeF
« ) 7 P np : P — G.(G*P) P ———— G.(D) D
t: P — G.(D) .
G.(t)onp =1t t:G*P =D npl G (D) L
G.(G*P) G'P
np f:C—>C'ing Pg.coP(f)=Pgc
pc) =9 g6 P)(c"
Pgc: P(C) = G*P =G.(G*P)(C) (C € Ob(G))
np(C) = P(f)l G.(G*P)(f)
{Op(c> : P(C) - 1=0.(G"P)(C) (C ¢ 0b(9))
P(C) G.(G*P)(C)

np(C)
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t: P — Sky,(D) f:C—=>Cing

P, C € 0b(G) t
Py 2 b =g.(D)(C") P(C)
P(f) idp=0.(D)(f) Po.c l m
P(C) o D = G.(D)(C) G*p - D
G(t)onp =t Gu(£)(C) o np(C) = t(C) C € Ob(G)
toPg.c =t(0) C ¢ Ob(G) cod(t(C)) = G.(D)(C) =1
Gu(t)omp =t C € 0b(G) foPyo=
G.(#)(C) onp(C) = t(0) g P t o
m N g
m m G* 46, D
DM DY m D-
n D (DEPym
(D)™ G* 4 G. Nn
5.7 D P ©,J) D- ap
P — a(P) ,J) G G*(ap) : G*P = G*a(P)
( ) np: P — G.(G*P) G.(G*P)
npoap =1p np : a(P) = G.(G*P) 18 n
Na(P) ©ap = G«(G*(ap)) onp = G.(G*(ap)) onp oap G.(G*(a(P)))
Na(p) = Gx(G*(ap)) o np
p np G. (g*P) GP G*(ne) - G*P
np G«(G"(ar)) G*(np) G*(ap)
X V \ g*(ap)\« / \
a(P) e G.(G" a(P)) G (a(P) —5—— G @a(P)
PC np(C) - (G*(P))(C) = G*P Gg* G*G.G* = §g*
(C) — G.(G*(P))(C)=¢G C € Ob(G)
Pg,c{ {idg*ﬁ’ Gg* g*(nP) =
N N idg+p, G*(Na(p)) = idg~(a(p))
P ~9F G*(7F) = G*(ap)™! u
G*4G,, ad. G*oa 100,
Log*:g* g*oa%g* g*_|g*
n DN (D7) a
38 m a™
G*a™(P) = G*P
D  Sets,Rings 4.11
a m
G«(G*(P)) n m a(P) np
38 m D- N D-
a™(p) a%(p)
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5.3

13 1
<_
4 (2)
13 2
5.3.2 24 0
24 1 3
1 2 5.3.1 3 5.3.3
3
( ) ( ) ( )
Grothendieck- ( ) ( ) C
( ) ( ) =
( ) = =
C = =
HausdorfI-(sober-) = = =
5 (2)
5.3.3
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5.3.1

5.8 L=(L,<) Jr (L, J1)

pt(L) 3 K (L\ K, <) e{G|G: }
( )Keptl) I

e l\K UAVeIL\K @ UeL\K&VeIL\K 3JielVieK\L) & \/_GIVi e L\K

(L\K,<)
UeL\K, ULV UANV =Uc€eL\K VeL\K
I
(L\K, <) Ob(G) #0 I 1p e L\K
I = UVeL\K
L\K>W<UYV W<UAV UANV eL\K
<= T O
Hausdorff-
(X,0)
g G =B(x) zeX 39
r € X Bx)\G # 0 {W e O|W ¢ G} X
{incly,x |U C IW ¢ G} € J(X) T GoUCW¢EgG UWeO
I zeX B(z) CG
T#y B(x),B(y) CG Hausdorff- zelU,yeV UnNV=>0
UeBx)cG, VeBy Cg GoWwWcCUV w
W=20 Deg 0
G D B(zg) Tg
W e g\ B(zg) zg g W yew zgeU,yeV' UNV =0
u,veoO {V'InW|3U' € B(zg)(U'NV' =0} Weg
VinWeg unv =90 VieO U e®B(x)cCcg
VinwnU' =0eg G\ B(zg) =10 G =B(xg)
Hausdorff-
59 X O0={UcCcX|X\U: } (X,0)
(O\{0}, ) J ((X,0),J)
zeX B(z) 0\ {0}
I I 1|
zeX X\ {z} € 0O,¢B(x)
39 [2](Prop.IX.3.2)
27 sober-
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5.3.2

5.10 F:C—>D DeOb(D) (comma category) (D | F)
Up:(DLF)=C

Ob(D | F) ={(C,f)|f: D — F(C) in D} Up((C,f))=C

h:(C,f)=»(C,fY)inD|F & h:C—-C"inC&f' =F(h)o f Up(h) =h

_ F(C")

F(C
¢t (©)
C x%j
D D

511 ( ) F:(,J)— (D,J) (morphism of sites)
a’. D € Ob(D) 0 ¢ J(D) D|F
b. C e Ob(lC) SeJO) (F“S) = {F(g)oh|g € S;h € taom(r(g))} € J'(F(C))
Grothendieck- ( 4.15) (3]
[3] a. 0¢J (D)
[3]
5.12 F:C—-D DeObD) D|F
e f:D— F(C) D f Ce0b0)
ef:D—> F(IC) g¢g:D— F(C C fg D k dom(f') =
dom(g’), cod(f’) = C,cod(g) = " F(fyok=/f, F(g')ok=gyg
F(C) F(C")
F(g')
C Vol \F(f’/
fl..'-.-'.:g’ f :k 9
D
o C frg  F(f)oh = F(g)oh dom(h) = D D h
fohl=goh' C M D k h=FMR)ok
ng F(g)‘ F(f)
T ray St
L hl
('Y ('Y <k D
( ) ( 5.1) O
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f:(X,0x) = (Y, 0y) t:

((Y,Oy),J')—)((X,Ox),J) Jajl
U €Oy Uc f'Xx vc fv,f v VinVa C Vi, Vs
UcC f~Y(VinW) UieI W, =U Uiel 7w, = U
5.13 Grothendieck ( 4.15) ( 5.11)
( YF:C->D Grothendieck
" (b) (a") 5.12 C=1c
fIZﬂ—C,CU gI:ﬂJC,C’J k:<f,g) I f7g
O
Grothendieck
Sets- Sets
5.14 F:(,J)— (D,J) C h,h'  cod(h) = cod(h')
F“Com(h,h') Com(F'(h), F(h"))
() (f,9) € Com(F(h), F(h')) F(h)of = F(h')og 0 ¢ J'(dom(f))

512 C 9 Dk dom(f) =dom(g")  F(f')ok=F, F(g')ok =g

hof!, Wog C F(hof')ok = F(h)of = F(i)og =

F(hogok 0 ¢ J'(dom(f)) = J'(dom(k)) 5.12 hofloe=hogoe
C e D K k=F(e)ok

[ ]
m

dom(h) dom(h') F(do F(dom(h
v. v
oy g f F(g)
-- . -. .
R
F(e) ‘
[ ] : Y [ ]
(f'oe,g'oe) € Com(h,h') f=F(f'oe)ok!, g=F(g'ce) F“Com(h,h')
Com(F'(h), F(h')) m
4.10

Z°(f,9) F<Z(f,9)
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5.15 F:(CJ) = (D,J') FP=PoF
(F*,F,) : Sh(D, J') — Sh(C, J)
( ) @7 P PoF (C,J) J J
(Com(f, 9))f,getc, ceon(c) 4.10 C € 0b(C)
S € J(C)

(ITes(P(F(h1)))(hq,ha)eCom(s, g))ges

p(r(c)) LEDDses, TT P(F(dom(f))) (dom(h1))

P(F
[ge s {UP(F(h2))) (ny,hs)eCom(.9) fES} H H

fes f,9€S (h1,h2)€Com(f,9)
(FS) € J'(F(C)) F“S e Ky (F(C)) F“Com(f,g)
Ky J P 4.10
P(F(C)) P)serts, P( (ITsers{P(h1)) (1 ho)er Com(s,g))aeF=s -
( ( ) felgs dom ngF s {{{P(h2))(hy,ho)eF Com(s,g)) FEF« s} fgg‘ “S (ha, geF i?):ll(fh;)
F, : Sh(D,J') — Sh(C,J) F* F° :Sh(C,J) - Sets?”
F*=aoF° ng : Q — Fu(F°(Q)) Q (CJ)
limQoU 0é¢ J(D i !
FQD) = 43 QoUp (0¢J' (D)) 10(C) = dooy (0 ¢ J'(F(C)))
Lsets (0 € J'(D)) Oqy e J'(F(C))
0 ¢ J(FQC)) (Fo(Q))(F(C)) = (Q o Up(c))(C,idp(c)) = Q(C)
0 e J(F(C) (Fe(P))(F(C)) =1 nQ
(D, J") P t:Q— F.P f:FoQ > P 0 ¢ J'(D)
(C,f) € Ob(D | F) (G, f) P(f)ot(C) : Q(C) —
P(F(C)) - P(D) (D) : F°(Q)(D) = 1lim(Q oUp) — P(D)
0 € J'(D) #D) =idy : F°(Q)(D) =1 — P(D) =
Q(C) Q(0)
W) . l W)ot(c):t(())
idg(e)
F° D)=1lm(QoUp) 0 _

(@)(D) =1im (Q o Up) o PO) FYQ)(F(C)) = Q(C) s PIF(C))
Fi(t)ong =t 0e J(F(C)) C € 0b(C) F.(P)(C) = P(F(C)) = 1sets,
t(C) = Oq(o) F.(#)(C) ong(C) = +(C) 0¢ J(FQO)

D =F(C) and f =idp(c) HF(C)) =t(C) F.($)(C) = t(C)
F.(f)ong=t t lim (Q o Up)
o BE BO=" g __m | pe) 9 FeEee)
F.(f) 0 agpeo) i:a(F°Q) = F*Q @
- i tl FV -
F()oa(p 0Q) °NQ = F()onQ—t F.(P) F,(f)
F*4F, F* a
([2] Th IIL5.1) Fo
F lim : Sets” — Sets ([1] Th IX.2.1) m
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( ) C( ) €4 )
( ) =( ) 4([2] Prop I1X.5.2)

13 2
sg
f !
5.16 ( ) ¢, J (,J) sg (,J)
F F71({x})
« ) F:(C,J)—sg G Ob(G) ={C € Ob(C) | F(C) = {x}}
{x}cF(C) F(O)={x} Uy : ({1 F) = F1({+})
g I f:C1— Cy C) e Ob(g)
{*} = F(Cl) C F(C2) Cy € Ob(g) I S e J(C)
C € Ob(9) (F“S) € Jsg({*}) U{dom(F(f))| f € S} = {x}
{x} = F(dom(f))  fes dom(f) € Ob(G)
g Fg:C > sg

{x} (CeO0bG) idy  (dom(f) € Ob(Q))
Fg(C) = { Fg(f) = {inclp (.} (dom(f) ¢ Ob(G),cod(f) € Ob(G))

0 (C ¢ Ob(G)) idg (cod(f) ¢ Ob(G))

{x} Fg Upy 1 {x}HFg =G SeJO)
C ¢ Ob(g) Fg(C)=0 tp (F“S) € Jog(Fg(C))
C € Ob(9) fo€S dom( fo) € Ob(G) {x} = F(dom(fo)) =
dom(F(fo)) C U{dom(F(f))| f € S} (F“S) € Jsg({x}) = Jsg(Fg(C))
FF1({x}) Gw Fg O
D € Ob(D) D({x}) =D, D) =1p D sg (Fg)«(D) = G.D
sg Q@ Q@O =1 g
(Fg)* = (Fg)° (Fg)°(P)({*})
(Fg)"(P)({*}) = (Fg)*(P)({*}) = lim P o Uy, = lim PG = G*P
Id¢: (C,T) = (C,J) T (Id¢)* = a
C € 0b(C) (Ide)°(P)(C) = (Idc)°(P)(Idc(C)) = P(C)
(Idc)°(P) = P (Ide)*(P) = a((1de)°(P)) = a(P)
5.7 Ide
F*OG*Z(GOF)* F*OG*:(FoG)* (C7T) (CaJ)
(€, J) (C,T)
(Fg)*P = (Fg 0 1dc)*P = (Fg)*(Ide)*P = l\g%
(Fg)*(a(P)) {*} G*P = G*aP
4(0)) € J(C),J'(D) Ce O‘t()(c),D)e Ob(D) F:C—>D

Sh(C,J),Sh(D, J')
41
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5.3.3

G* - G. g
(G*,0.)
Ob(G) = {C € Ob(C) | G.(0)(C) = 0} g
5.17 A:C — Sets Grothendieck- (Gorthendieck construction) [, A

Ob(/CA) = {(C,a)|C €0b(C), a€ A(C)}y  f:(C,a) = (C",b) iff f:C — C" in C&A(f)(a) = b

A:C — Sets (fat) *2 J.A
<, J A:C— Sets J- (J-continuous) Se J(O) [A(f)]fes :
[Ies A(dom(f)) — A(C)
5.18 ([2] Cor VIL5.4) Sh(C, .J) C  Sets- J-

yec:C— Sets®”
® : (p*,p.)(: Sets — Sh(C, J)) — p*oaoye(:C — Sets® — Sh(C,J) — Sets)
5.19 () ¢:sg <= Sets

{(6%,6.)16 - P={0"p.): | ®((p*,p«)) t:sg <> Sets }
g toFg =G oaoy (p*, p+)
toF =p*oaocy F g (p*,p«) = (G*,Gx)

( ) g C € 0Ob(G) C',C"e0b(G) feye(C)C), g€
ye(C)(C") [:C"=Cg:C"=C 5.2 foh=goh' ye(C)(h)(f) =
ye(C)(h')(g) g ye(C)g,c' (f) =ye(C)g,cr(g) G*(yc(0)) =
{*} Fg(C) C ¢ Ob(9) C' € Ob(G) ye(C)(C) =0 =

Fg(0) G*(yc(C) =10 G*oaoyc=G*oyc=10Fg
(p*,p«) toF' = p*oaoyc F (C,a) € Ob( [, p*oacyc)
a € F(O) a=x, F(C) = {x} F71({x}) = [, p*ocaoyc
p*oaoyc S e J(C) [F(f)lres :
[[cs F(dom(f)) = F(C) F(C) = {x} F(dom(f)) = {x} dom(f) €
“1({*}) f€eSs G=F({}) Fg=F ®((g",64)) =
G*oaoyc=10Fg=10F =p*oaoyc = o((p*,ps)) (G*,G.) = (p", ps) =
(X,0) “«
43 f:X—
Y,9: X =Y y € Im(f) \Im(g) A
X g X “ 7 0, {*}
C sg Sets
2 R R- c

43 “generalised element”
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5.20 (P, <) Grothendieck- J (P,<),J)
Sh((P,<),J)

() ¢ : sg — Sets
A: (P,<) — Sets a,b € A(p) (p,a), (p,d) € Ob(f(P,S) A)
f:(gce) = (pa) g9 : (g0) = (p,b) f9
f,9:qa—pin (P, <) f=y9 a=A(f)(c) = A(g)(c) =D
peP Alp) #0 A(p) = {+} A 1:sg < Sets O
C @, T) Sh(C,T)
[,9:C=C'inC  f#g y¢(C)
yeOC) ={f: |f:C=C"y ¥O)h):frhof
(C", f) € Ob([, ¥¢(C)) (C",h), (C", ') € Ob(f, y°) y¢(C)(h)(idc) =
h; yC(C)(hI)(ldC’) =n h: (Ca ldC') - (Cuah‘)a h' - (Ca ldC) - (Cmahl)
hi,he : (C",h) = (C™,K') hioh =y¢(C)(h1)(h) = ' =y°(C)(h2)(h) = haoh
h:(C,idg) — (C",h) Je¥¢(C) T-
y¢(C):C — Sets T- y(C)(C') 2 0, {*} L : sg <> Sets
29 )
L:sg <> Sets = Sh(sg) aoy 5.20
(€, ), (D,J") 4.6
(€, 7) =25 sh(c, )
G :Sh(D,J'") — Sh(C, J) G*oa . noye o
=G*oyc=apgyoypoF F G = (F*,F,) o ) oym
F:(C,J) - (D,J') (D, J') —"— Sh(D,J')
521 P={x}, Q={0<1l<2<:---} (P, T) A
QT) G*A  G*(4)(n) = A(x) G
Ge  Gu(P)(¥) = lim P(n) “ (G*,G.) Sh(QT) Sh(P,T)
F:P—>Q yoF(x) =G"(ye(%)
F(x)=n yo(F(*)(n+1)=0 G*(yp(x))(n + 1) = yp(x)(x) = {x}
(D, 1) yooF=G"oyp F
(D, J')
F(C)VFE(C") < F(C") c" (,J)
5.20 sg
5.18 ([2] Cor VIL10.2)
44 lim A A : Sets < Sets" : lim

“n “n
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[43 ”

[43 R

5.22 ( ) <,J) (has enough stalkers)
S Ctc S¢JC) C € 0Ob(G) {dom(f)|f € S}NOb(C) =0
g

5.23 ,J Sh(C,J)
5,t: P—Q G*(s) £ G*(¥) g
« ) €, J) s#t s(C)(a) # t(C)(a) C € Ob(C)
a € P(C) S =A{f € tc|Q(f)(s(C)(a)) = QUf(C)(a))}
SinJ(C) Q 5(C)(a) = t(C)(a) S ¢ J(O)
,J) C € 0Ob(9) {dom(f)|f € S} N Ob(C)

g G*(s) = G*(t) Qg,c(s(C)(a)) = G*(s

G*(t)(Pg,c(a)) = Qg,c(t(C)(a)) f:C"=>CinG Q(f)(5(C)a)) =Q(f

G*(s) # G*(t)

C S J- (J-closed) f €te f*S € J(dom(Jf))
fes 0y 4.3 45

K.A

(

0
Pg.c(a)) =
(t(C

)(a))

\—/v

;) ={Sctc|S:C  J- Y Q()S) = 1S

C S (closure) S ={f€tc]|f*S e J(dom(f))} fes f*S =
taom(s) € J(dom(f)) sScsS (2) S g*S € J(dom(g))
{h € taom(g) | h*(g*S) € J(dom(h))} = {h € taom(g) | (9oh)*S € J(dom(h))} = ¢*S € J(dom(g))
(3) g*S € J(dom(g)) geS S e (0)

o S S ¢ JC) s,t:yc(C) = Q;  s(dom(f))(f) =
Qs(£)(S), t(dom(f))(f) = taom(s) (ide)*S = S ¢ J(O) ido ¢ S
s(C)(idg) = S # tc = t(C)(ide) s #t ag, o s = a(s) o ay.(c)
ag;ot=a(t)ocay. (o) aq,: N =Za(y) a(s) # a(t) :a(yc) — a(f2y)

45 Grothendieck-
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G Gra(s) # Gra(t)

C ¢ Ob(G)
G*(s),G*(t)
fes
dom(h) = dom(h') € Ob(G)
(f o h)*S = h*(f*S) = h*(tgo m(f)) =
G*(8)(yc(C)g,dom(g)(9)) =
G*(t)(yc(C)g,dom(q)(9))

ye(CO)(C") # 0
C € Ob(G)
g € yc(C)(dom(g))
Qs (h")(s(dom(g))(g
taom(n) = Qr(h')(t(dom(g))(9))
(£27)G,dom(g) (s(dom(g))(g)) =
G (s) =G*(t)

Cl

)

G=(s) # G7(1)
C' ¢ Ob(G)

dom(f) € Ob(G)

5.2 fo

= Qs (1) (g*5)

(€27)g,dom(g) (t(dom(g))(9))

h=goh
:(goh')*gz

Il

s(dom(f)) R
yc(C)(dom(f)) e R Q2 (dom(f))
ye(C)(h)
s(dom(g))
yc(C)(dom(g)) e Q2 (dom(g)) Qy(h)
ye(C)(h") om(9))
\ W
ye(C)(o) o 2 Qo)
¥c(C)g,dom(g) t(e)
(C)Q (QJ)g,dom(g) (QJ)Q,-
# G"(s) *
G*(ye(C)) RO G ()
C € 0b(Q) {dom(f)| f € SYNOb(G) =0 G O
5.24 & (has enough points) & s.t:
E—SF s#t (P*,p+) p*(s) #p*(t)
5.25 L Sh(L, Jr)
K UeK &&VekK uv=V
«( )
(L,JL) U#AV UANV LU UANV LV
UANV U {W,U)|W <UAV} ¢ J(U) {wiw <
UAVING =10 Ueg G Veg
w<UV Weg W<UAV
58 K=L\g VeEK U¢K
S U S ¢ JL(U) VS = \V{W|(W,U) e S} SU
VS¢K, UeK \SeK U¢K K G=L\K
VSeg, U¢g VS¢g Ueg Ueg VS¢g
{W|I(W,U)e S}nG =10 (L, JL) 0
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6.1
pt(L)
Stalker(C,J) = {G : (C,J) } (C)y={G|C € Ob(G)}:
6.1 ¢, J (stalker-elimination)
<,J) m n
€, J) m 40
(€, J)
(€, J)
5.4
)
) )
H Lefschetz
Mm
47
46 m (relativised)
m
47 (elementary
extension)
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6.2 (C,J) <, J “ »8X(C,J)
f:N= X(C,J)
Levy- (Levy-collapse)
[0]
6.3 P D (P, D)
P 1p D(1lp) = {ACP|VpePig e
A s.t. g < p} D(1p) ={A,|n e N}
peEP p Scll] S¢Dp S ¢ D(p) p<p r<po
res Do P (pn|neP)y p,€A,
Pn Apt1 € D(1p) q < pn, q€ Anpa
q Pnt1 (pn|n e N)
G={qeP|3IneNp, <q)}
g€G A€ D(g A ={reP|lreAor[r]n[g =0} A" € D(1p)
pEP [pINfa] =0 A's3p<p [pIN[q] > s
A€ D(q) ADA>t<s<p t A'=A,>p,
n q€G Pm <4 m Pmaxn,m < Pn,q [pn]Ng] # 0
pn €A pn€ANG ANG#£D G
po<p peG seGNS Pn <58 n
S Pn €S Pn<Po Do GNS=90
5.8
Hausdorft- (X,0) generic-
D(1p)
X {X\{z}|z € X}
X(,J) {zn|n € N}
Ty <Tym &n<m X(C,J)
X(,J)
Zariski- 6.2
8 (C,J) Af-
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6.2

generic-

6.2.1 Zariski-
Zariski- R Spec(R)
Spec(R)
I VI ={p € Spec(R) | I C p}
S INS=90 I
Zorn
D(a) ={pla ¢ p} D(a) C D(b) &
vaR C VbR Uicr D(ai;) = D(b) & b€ /) ;c;aiRR
p R\p
6.1
6.2.2 (generic- )
generic-
(P, D) VP G G*(VP)
ZF I/ CH G*(VP)
VP G
6.3 ZF - CH
G*(V%)
ZF - CH

6.3

generic-
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(Grothendieck )

Grothendieck Weil-
(SGA )

[8]

Grothendieck
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