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We found universality in energy difference ∆E and latent heat T∆S on the gas-liquid phase coexistence curve, ex-
pressed as power laws which are valid down to triple points, with exponents which are independent of fluids.

A well-known feature of the gas-liquid phase coexistence
curve, a.k.a. the saturation curve (SC), is that

∆ρ ∝ tβ, (1)

where the exponent β is a constant independent of fluids.
Our definition of symbols is given in Table I. In this formula
subleading terms, known as “correction-to-scaling”,1) are ig-
nored. But what is striking is that Eq. (1) is correct not only
in the asymptotic region, namely the t → 0 limit, but also on
the entire saturation curve, down to the triple point, as shown
in Fig. 1.

We recently reported2) that for noble gases and H2 it almost
exactly holds that E is always > 0 for the gas phase, and < 0
for liquid, with a natural definition of the zero of E. This mo-
tivates us to seek the possibility that E is an order parameter.
If ∆E ∝ ta for some a on SC, similar relation(s) have to be
satisfied for T∆S and/or p∆V (= −∆F) in order to cancel the
∆E’s singularity as t → 0, because on SC,

∆G = 0 = ∆E − T∆S + p∆V, (2)

In fact in 1984 Torquato et al. reported3) that T∆S , the
latent heat, shows a remarkable property that the curves
T∆S/(T∆S )tp of 20 fluids plotted against τ := (Tc − T )/(Tc −
Ttp) are well approximated by a single curve on the entire SC.
(See Fig. 1 for T∆S/(T∆S )tp of 74 fluids given in Ref. 4.)
Their result is known to some extent from engineering inter-
est, but seems to be virtually unknown in the communities of
liquid and field theories.

We noticed that they missed a crucial point; the normal-
ization is done with τ, not with the reduced temperature
t = 1 − T/Tc, but their result applied well for example to
water, n-nonane, and argon, of which solid structures are not
the same, meaning that the triple point is not universal. So

Table I. Definition of symbols.

p,T Pressure and temperature.
V, E, S , F,G Volume, energy, entropy, Helmholtz energy and

Gibbs energy per particle.
ρ Particle density.
t (Tc − T )/Tc, the reduced temperature.
τ (Tc − T )/(Tc − Ttp).

Xliquid, Xgas Quantity X of the liquid and gas phases on the satura-
tion curve.

Xc, Xtp Quantity X at the critical point and the triple point.
∆X(t) Xgas(t) − Xliquid(t). The symbol t is often suppressed.
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Fig. 1. (Color online) Plots of ∆ρ,∆E,T∆S and p∆V of 74 fluids,4) nor-
malized to 1 at the triple point. The solid lines mean ∆ρ ∝ t0.31,∆E ∝ t0.44,

and T∆S ∝ t0.38. Except the plot of p∆V , the data of He, H2, and D2 are rep-
resented by specially thick dots, and those of water by a dashed line; all other
fluids are by dots. In the ∆ρ curves all substances except these 4 are almost
indistinguishable. We omit the plot of parahydrogen, which is similar to that
of hydrogen. Notice these exponents are not critical exponents. See the text
for the details.

T∆S should be ∝ tb for a universal constant b, that is, it
can be expressed by a single power of t, in order for vari-
ous T∆S/(T∆S )tp curves to collapse into one. This argument
is indeed correct, as shown in Fig. 1.

We now comment on the nature of the “experimental” data
of fluids cited in this letter. We rely on NIST Chemistry Web-
Book data on fluids.4) Actually they are not true experimental
data, but the output of the program “REFPROP” which com-
putes model equations, of which parameters are fit to the re-
sult of experiments done in various conditions, ranging from
low to high temperature and pressure, near and far from the
critical point. In addition, models differ from substance to
substance. As a result, accurate error estimate is not avail-
able,5) so we don’t try to draw quantitative conclusions. How-
ever, we are sure of our qualitative results. The lower bound of
the temperature at that REFPROP provides data is Ttp, and for
He, the λ-point temperature. They provide data of 75 fluids.
In Fig. 2, points of 8 fluids for t down to 1 × 10−3 are shown,
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Fig. 2. (Color online) Log-log plots of ∆E,T∆S and p∆V of several fluids.

but that precision is not available for every fluid.6) It can be
seen the behavior of some fluids appear heretic for t ≪ 1.
They are probably not experimental facts, but a reflection of
REFPROP’s limitation.

In Fig. 1 ∆E and p∆V are also plotted. We can see the fol-
lowing points: (i) Matches of curves of various fluids to a sin-
gle curve is very good for ∆E and T∆S , and extremely good
for ∆ρ, (ii) but not at all possible for p∆V. (iii) Then this non-
universality of p∆V has to be canceled by ∆E and T∆S , re-
ducing their substance independence to some extent. (iv) ∆E
and T∆S curves are well approximated in the form tx on the
“entire SC” (see below) down to the triple point, where x is
independent of substances. (v) The ∆E and T∆S curves of
He, H2, and D2 (deuterium) differ very much from the rest.7)

We use the term “the entire SC” to mean the entire SC ex-
cept the critical region for convenience. The exponents of the
curves tx in Fig. 1 are chosen to fit on the entire SC, but as we
will see soon, their values differ from the critical exponents.

The above mentioned non-universal characters (ii) and (v)
are nonetheless partial. As can be seen in Fig. 2, the log-
log plots of these quantities are almost parallel in the range
10−2 ≲ t ≲ 10−1, including He etc. Thus we attempted fit of
power law tx to ∆ρ,∆E,T∆S , and p∆V in log-log form by
least square method, in two ranges of t, for 0.01 ≤ t < 0.1 and
0.1 ≤ t ≤ ttp.8) We excluded the latter range from p∆V, and
for He, H2, D2, also from ∆E and T∆S , because of the lack
of universality. The result is shown in Table II. We also fitted
pc − p to a power law, which we will use later.

As we have said, we should be careful about the quantita-
tive reliability of these values. Even so, we draw these con-
clusions: (i) The value β = 0.36(3) for 0.01 ≤ t < 0.1 agrees
with the widely accepted critical exponent. Its standard de-
viation is comparable to those of a and b. For 0.1 ≤ t, the
standard deviations are smaller. There does exist universality
for ∆E and T∆S , too. (ii) As we said a should be = b as t → 0,
and the result of the range t < 0.1 does not contradict, being
a, b ≈ 0.4. (iii) Exponents differ considerably between the two
t regions. It may be due to crossover, but we do not exclude
other technical reasons like experimental difficulty or model
artifact of REFPROP. (iv) So the exponents for t < 0.1 can

Table II. (Critical) exponents, definitions, means and standard deviations
of 74 fluids, fitted in two ranges of t.

Exp. of ... 0.01 ≤ t < 0.1 0.1 ≤ t ≤ ttp
mean st. dev. mean st. dev

β ∆ρ 0.355 0.028 0.312 0.013
a ∆E 0.400 0.028 0.436 0.023
b T∆S 0.398 0.029 0.381 0.022
c p∆V 0.384 0.034 -
d pc − p 0.897 0.033 -

be said as critical exponents, and there’re also other universal
exponents for the entire SC. (v) We are not sure of p∆V. As
t → 0, c = β should be satisfied since −p∆V = pVliquidVgas∆ρ
and 0 < pVliquidVgas < ∞, but c looks closer to a and b than to
β.We do not pursue this issue in this letter.

Discussion—If our result T∆S ∝ tb as t → 0 is correct, it
predicts one point, but first we give a brief survey of promi-
nent theories. (i) Within field theory, ϵ-expansion to the or-
der ϵ3 has been done9) to work out the corrections to scal-
ing1) that is specific to fluids and is lacking in Ising model.
But their validity is unclear, because of its poor convergence
and of experimental difficulty.10) In addition, the relation of
the model to real fluids cannot be explained within pure field
theory. (ii) Hierarchical reference theory11) (HRT) is a suc-
cessful theory, by unifying liquid theory and non-perturbative
renormalization group. It enables various numerical calcula-
tions, near and far from the critical point. (iii) Scaling the-
ory on gas-liquid criticality is, although hypothetical, practi-
cal phenomenology, which can supplement other theories, and
is still advancing. “Complete scaling”,12, 13) an improved the-
ory over conventional “revised scaling”,14) has been studied
since around 2000.

We now compare what is said about the asymptotic pres-
sure on SC, of which common understanding is lacking. (i)
From our result T∆S ∝ tb, with b ≈ 0.40 > β, it follows
that ∆S ∝ tb as t → 0. By the Clausius-Clapeyron formula,
pc − p ∝ t1+b−β. (ii) NIST WebBook4) cites Refs. 15 and 16
for model equations of R125 and N2 respectively, and therein
the leading term of pc − p is taken to be ∝ t without stat-
ing the reason. (iii) However NIST WebBook does not clar-
ify which equations in cited literature they really utilize, and
probably the model equations we have just mentioned are not
used. We found pc − p ∝ td where d = 0.90(3) for REF-
PROP’s fluids. (iv) In complete scaling papers17) it is asserted
that pc − p ∝ t2−α, where the critical exponent α ≈ 0.11 is
defined as Cv ∝ t−α, Cv being the constant volume specific
heat. However, this conclusion can be wrong. Their deriva-
tion is as follows: From the Yang-Yang relation,18) ρCv/T =(
d2 p/dT 2

)
SC
− ρ
(
d2µ/dT 2

)
SC
. Complete scaling predicts the

singularities of p and µ have to be common. Then they as-
sumed that their leading singularity is ∝ t2−α. But it is pos-
sible that p and µ have stronger singularities, like t1+b−β we
saw, if they are canceled in the Yang-Yang relation. The last
condition requires yet another special relation, and the singu-
larities of p and µ are one of their main results, so this point
deserves attention.

We note that the universality of ∆E and T∆S is surpris-
ing and uncanny because molecules have the energy of inter-
nal states, i.e. ro-vibrational energy, and there are a variety of
them. Compare for example dodecane, water and noble gases.
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At the same time, internal states mix with intermolecular in-
teractions. This complicates, but it clearly must be taken into
account.

Not only the universality of the exponents, but also the
applicability of power law form tx to the entire SC is also
puzzling, including the well known case of ∆ρ. Scaling rela-
tions normally appear, as first envisioned by Widom,19) near
the critical point. The point we saw is of different nature. It
is also interesting to compare it with scaling theories. Con-
ventional “revised scaling” of gas-liquid criticality assigns a
special role to the pressure p over T and µ (more precisely
pc − p etc); complete scaling on the other hand treats these
three variables on equal footing. (But we found t is a good
parameter, or better than previously thought, on SC.) In both,
and in renormalization group in general, scaling variables and
their conjugate scaling operators are distinguished. But if ∆E
and T∆S scales as tx—both asymptotically and on the whole
SC—such distinction may not be valid.

Simultaneous power law behavior of these variables to-
gether with ∆ρ seems to suggest that something like symme-
try or other ruling structure is hidden. This should be con-
trasted to ordinary first order phase transitions which are a
mere coincidence of the free energy; both phases are “un-
aware” of each other, so to say.

Our starting point was that E may be an order parameter.2)

First we naturally investigated the spatial energy density, but
we could not discover anything conclusive.

Gas-liquid transition was the first class of phase transi-
tions where the universality was experimentally suggested.
Guggenheim showed in 1945 that the curves of T/Tc vs ρ/ρc

of 8 fluids along SC almost overlap each other.20) (In hind-
sight, it was fortuitous. The true universality exhibits itself as
∆ρ ∝ tβ.) Despite the deepness of theoretical achievements in
gas-liquid transition, the wideness of the range that the rela-
tion (1) holds remains to be a mystery. Even HRT cannot give
a qualitative, simple explanation. Under such circumstances,
more qualitative input should be welcome. We hope that our
results encourage more advances in this field.

In summary, we found that ∆E and T∆S on the saturation
curve show universal behavior, in the sense that both are ex-
pressed by power laws tx and the same exponents are shared
by many fluids, which applies to a wide range of t down to
the triple point. These exponents differ from the critical expo-
nents, which are also independent of fluids for ∆E and T∆S .
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