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NEC lahoralor_ies
Mixture Distributions

= One of the most basic models in machine learning
— Density estimation, clustering, anomaly detection, feature learning, ...

vvvvvv

Gaussian Mixture Model Heterogeneous Mixture Model

0.07
0.06
0.05
0.04
0.03
0.02
0.01

Gaussian

Gaussian

negative dependency
1 1 1 1 1 O 1 1 1
T8RS 88RE =0 5 10 15 0 _ %

30 3B 40 45

lognormal Gaussian

= | earning Problem —
o : : Fujimaki et al. [KDD2011]
— How many distributions are mixed?
— What are their parameters?
— (What types of distributions are mixed?)
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Mixture Experts
= Basic ensemble learners
— Multimodality in classification, regression, etc.
Mixture of Polynomial Curves (Regressors),, Mixture of Classifiers
« . mmpc'ner}tj
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= | earning Problem
— How many experts are mixed?
— What are their parameters?

— What are appropriate levels of their regularizations? (or how many
features does each expert use?)
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Hidden Markov Models

= One of the most important models for sequential data.
— time series analysis, speech recognition, text indexing, etc.

+t—1 p(zn|zfl_1, 5)

p(xy,|dy)

servation

= | earning Problem
— How many hidden states are necessary?
— What are the transition and observation parameters?
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Mixing Ratio

————— v—————————————————————————'—————————"'———————————

What compo'nent type and parameters”?/

= |dentifiability issue of the maximum likelihood (ML) estimators
— Ex. Mixture of two identical standard normal distributions
0.1 *N(0,1) + 0.9 * N(0,1)

_ Mapping is NOT 1-to-1
equivalent | 0.5*N(0,1) + 0.5*N(0,1) _ in likelihood space
class : B N@O.1)

Lo : (non-identifiable)
(same likelihood) | 4+ N0 1) + b N(O,l)\/

— Generalization performance of a non-identifiable estimator is much
worse than those of identifiable estimators (S.Watanabe 2000)
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Bayesian Model Selection
= Bayesian Approximation Inference

M™ = arg max log p(™ | M)

argmﬁxlog/p(wN\H)p(mM)dH
0

computationally/analytically intractable

— Bayesian marginalization automatically takes model complexity
Into account.

= Non-parametric Bayesian Modeling

— Plug-in ““infinite prior” (Dirichlet process, hierarchical Diriclet
process, Pitman-Yaw process, etc.)

— Prior controls model complexity.

10
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Bayes Information Criterion (BIC) o DTG

[Shwarz 1978]

= Bayes Information Criterion parameter dimensionality

/-

D
BIC(M|x™) = log p(x™ |01 - 2MlogN

model complexity

= Non-regularity Issue and Non-ldentifiability issues

Fisher information matrix is singular around ML estimator
-> BIC’s complexity looses theoretical justification
(In fact, BIC over-estimates the complexity*)

ML estimator is not unique and non-identifiable
-> GGeneralization performance becomes significantly worse**

*S. Watanabe (Neural Computation 2001)
**K. Yamazaki and S. Watanabe (Neural Networks 2003) 11
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[MacKay 1997, Beal 2003]
= Maximize lower bound instead of marginal log-likelihood.

q(2"")qe(0)

q(z",0) = q(2")qe(0)
Assume independency between
hidden states and parameters

.’.BN ZN
og (@ ]S [[aG a0 0)tos M= Ee T g

equality does NOT hold
In general

= VB EM algorithm

— VB Estep (VB forward-backward algorithm): maximization of the
lower bound in terms of ¢(z")

— VB Mstep: maximization of the lower bound in terms of ge(0)

12
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Non-parametric Bayesian Method s SIS 1€

(infinite HMMS) [Beal 2002, van Gael 2008]
® Hierarchical Dirichlet Process Prior

5 ~ Stick(fy) <«— Infinite transition mode
(destination node is infinite)

Ty DP(Ofﬁ) <— |nfinite source node

= Efficient MCMC method : Beam Sampling

13
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= An alternative representation
N _N
p(x?,z" | M)
ot 1) = mps{ T4 (M 50
>N

parameter is marginalized out

= “"Factorized” Laplace Method _
complete |Ike|Ih‘OOd IS regular

l - \
p(a, =N |M) = / p(z" ) T] pe(@™ |2, 6,)p(6]M)d6

\_'_Iczll ' J

Laplace approximation Laplace approximation

Each Laplace approximation is done
around the ML estimator of complete likelihood

15
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Key Idea

= An alternative representation

log p(a™ | M) max{Zq log( p(x N’ZN|M))}

q(z?)

parameter is marginalized out

= "Factorized” Laplace Method

complete ML estimator

Dal/2
N _N N _N (27)
ple?, 2z | M) ~p(x, z @ = X
NDOL/EI|.FZ|1/2\
C E 5 Fisher information
(27 )= matrices

cl:[1 (27]7\,7:1 chj& A1 F.|1/2

parameter
dimensionalities

16
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Factorized Information Criterion (FIC) """

= FIC as an approximation of marginal log-likelihood

logp(a:N]M) ~ FIC(x™ M) = max{j(q, 0, a:N)}
q

D

Zq (1ogp N, N\H)—flogN

complete ML estimator is not available

x

N

22 108(3 zne)|~ loga(=")) }

n=1

complexity of the c-th

component IS computationally intractable

Theorem 1 FIC(z"
tent with log p(x™ |M).

M) is asymptotically consis-

17
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Inference (FAB)

" | ower bound of FIC
FIC(z",M) > G(q,q,0,z")

Dq
(logp N 2N G) — 71OgN

_Zq
) C D. N N
Z; Z Z q(zne)) logq(zN))

= FAB solves model selection problems by maximizing the
lower bound of FIC

M*vq*ve*aq _arg max g(CLCLH L )
M,q.,0,q

18



Brief Reminder of the EM algorithm m la,,nm'gﬂgg

for MMs

= Parameter estimation of latent variable models

Maximization step (M-step):
Estimating the component parameters

" \\ O Samples Q. X Zn:l e A~
I \ d)i‘ — al'g ma’Xﬁb anl qfw lOg p(.ﬂ[ﬁn ‘(fbic:_l)

-~: ‘ T A T * ’-, gy -.:' I 45 THIF £ B l“*,
Expectation step (E-step):
Estimating expected assignments
qf?,c X af:_ 1p($n ‘ Cbi_ ! )

= Convergence to the ML estimator (non-identifiable)
= Additional model selection (e.g., CV, BIC, ...)



Factorized Asymptotic Bayesian L erics

Inference for MMs -
= Simultaneous model selection and parameter estimation

r7A FAB M-step:
Iy Estimating component models with
Iy additive component—wise regularization
By ¢
" \\ O Samp|eS Oé X Zn 1 Qﬂnc
' \ N @1‘ _ arg ma’Xﬁf’ Zn 1 qncj\}ogp(a:n‘gbz_l)
e N Y 100 Z

FAB E-step:
Estimating variational posterior with
exoonentlated reqularization. 1)

. ox a7 (x|t exp(—D. /20 " N)

= |dentifiable estimation based on model-induced regularization
= No hand-determined model selection parameters.
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Inference (FAB)

= Gaussian Mixture Models

N C
. | .
C?ﬁnz{?; 0g ; aeN (2| fte, Xe)

= E step : update posterior of latent variables

—D
(t) (t—1) (t—1) ¢
q (ch) X &, p(wn|¢c )‘exp(Qa((:tl)N)

C
Zq(t)(zm) =1 = q(t—l) Smaller/more complex component
—1 Is more strongly regularized

" M step : update parameters

N

N
alt) — Z q(t)(znc)/]\f qbgt) = arg Irébaxz q(t)(ch) log p(®n|®.)

21



Factorized Asymptotic Bayesian e L arica

Inference (FAB)

= Mixture of regressors

N C =
omin {3010y ol (bl v, o)+ 3 Acr<wc>}7

n=1 c=1

= E step : update posterior of latent variables

_ — —D,
1 (zne) o Al p(ya Y, ) exp —— i)
20, "N

" M step : update parameters

o® = N 4O (2 ) /N
q

=2 ")/ |

qbgt) — arg max Z q(t)(znc) log I}(yﬂlqbc T )l— — IDU (Z q(t) )

n=1 n=1
Component regularization

IS automatically determined
22
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Automatic Component Shrinkage NEC Lahoratories

rattoss et o G
Mechanism | -
= FAB-unique exponentiated regularization in E-steps
¢k, ai_lp(mn\@g—l@c /za@
1.0 .
N=5000~""
By 1000 e
Gaussian Mixture Models 7 | [ & o
- N=500
D=10 (Dc = 65) =2 o6l
D: dimensionality of Q N=1Q0---
Dc : dimensionality of =1 1 ** o
2
“ 02

0, 0.4 0.6
Small Components are shrunk through the EM iterations.

Automatically controls the number of latent variables (complexity)
Page
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How FAB works?

@ O O
Initialization

O

© O © © O
OO0 e e

-
o
O
O

\ 4
FAB EM-iteration



BIC and Difficulties of Model Selection ..... America
for MMs

= Non-regularity Issue and Non-ldentifiability issues

p(Xla,b,c) = ap(X[b) + (1 — a)p(X]c)

7 likelinood
space
a ML estimator is
NOT unique
FAB estimator Is
unique (identifiable) | 7 AN
V4 ~\

1-a

26



Identifiability Analysis on FAB o ATerICS
. Convergence point
—D.
Zq ch —Oé*N Zacp wn|¢ )6Xp(2 *N)/Zn

—-D

> N= Zp Tnlde) xp(5 )/ Zn

= What happenifb=c p(X|a,b, C) = ap(X1b) + (1 — a)p(X]c)

N D, 5
* L — L)
;p(wnlqbl)exp(Q )/ = Zp Zal$3) exp(5 )/ Zn

—D .
E— exp(QOf{]lV)_ ) al=aj

— Components having the same parameter have the same size

— The maximum entropy distribution (in terms of gZ) is selected in
the equivalent class

27
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Non-Identifiability (EM case)

Convergence point (EM case)

Zq Zne) = LN = Zoch Tn|OD2) -/Zn
S R

Whathappenlfb—c pX\&bC = ap(X|b) + (1 — a)p

Zp(wnlcbl -/Z — Zp Tn|P3) -
n=1

No “identifiable” conclusion

28
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Comparison with BIC (HMM) "
= FAB lower bound
N, T, D
F[C’SB , M Z: Zlog CHO) 4 zt;l log A" — 7“ log N

NaTn_ D

B Z(ng log(zt g(zt,)) —1) + ;b"“ (log( ’Z: G(2np)) — 1)>

= BIC (no theoretical justification)
N,T),

BIC = Y log¢l(ML) - 21ogZT

n,t=1 =1

= Stochastic complexities of HMMs are theoretically shown
to be much smaller than the BIC's complexity term
(Yamazaki and Watanabe, 2005)

29
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Comparison with VB (HMM)
= FAB lower bound

| N T, N,T, 5
FICé%(wN, M) = Z log Cfl(i) + Z log A" — 7(1 log N
n=1t=1 n,t=1
N, T, —1 N, T
D 5 D -
— Z =E(log( »  d(zn))— 1) +(10gl( > qlzh))- 1))
n,t n,t
=" VB Iower bound
- ()
Fvp = Z log ¢! (VB) +/daq(a) log ]cj(a)
n,t=1

+/dﬁ€l(5) log zgg; +Z/d¢k (¢r) log EZ:;
=1

= Only FAB explicitly takes dependency between hidden
states and model parameter into account.

30
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MM: Illustrative Polynomial Curve America

Mixture
= Artificially generate 4 curves

40

1 Y = X?+5+¢

20

+ €

10F
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7 Y = —05X34+2X +¢
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MM: Illustrative Polynomial Curve o ATIETICE

Mixture | | | ,-

_ ( \ T T T ]

| FIciY),

—1 000

—1 200

—1400 |

iteration t
—_—

O 35 40 45

—1600 |-

—1800 |-

1.Sc=0 Sc =
, - | Parameter values and _
randomly initialize 10 curves | degrees are changing Converge to the true model

. -4 -
5 -4 -3 -2 -1 0 1 2 3 4 5 5 4 3 2 1 o 1 2 3 4 5 5 -4 -3 -2 -1 o] 1 2 3 4 5

C polynomial curve with Gaussian noise

p[Y X, 9, S) — Z a(p(Y‘X. ¢C, IS'C) degree of curve

target variable c=1 weight vector and noise level 33
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MM: Artificial GMM

= Comparison with VB and Non-parametric Bayes

— VBEM (Bishop 2005): VBEM algorithm with Dirichlet prior (model
selection via variational free energy)

— VBDP (Blei and Jordan 2006): VB Dirichlet process mixture
model (model selection via Dirichlet process prior)

KL~
=f=FABtWO
20 - =f=FABshrink
+w=\VBEM
15 i \/BDP

0 1000 2000 3000 N 34
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MM: Artificial GMM

= Comparison with VB and Non-parametric Bayes

— VBEM (Bishop 2005): VBEM algorithm with Dirichlet prior (model
selection via variational free energy)

— VBDP (Blei and Jordan 2006): VB Dirichlet process mixture
model (model selection via Dirichlet process prior)

14 —
W FABtwo

12 W FABshrink -

w VBEM
10 —

—
O H VBDP

" —

50 100 250 500 1000 2000 3000 N 35



MM: Artificial GMM

= Comparison with VB and Non-parametric Bayes

— VBEM (Bishop 2005): VBEM algorithm with Dirichlet prior (model
selection via variational free energy)

— VBDP (Blei and Jordan 2006): VB Dirichlet process mixture
model (model selection via Dirichlet process prior)

CPU time

300

30

0.3

0.03
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HMMs: E-Book Dataset
= Six books in different topics ( )

— Alice’s Adventures in Wonderland

— The Art of War

— The Metamorphosis

— The Republic

— The United States Declaration of Independence

— The Adventures of Sherlock Holmes

" The first 5000 characters for training and the following
5000 characters for testing.

= Comparison methods
— VB: variational Bayesian HMMs (Mackay 1997, Beal 2003)
— IHMM: infinite HMMs with beam sampler (van Gael et al. 2008)

37


http://www.gutenberg.org

E-book Dataset

= Predictive Log-likelihood and Elapsed Time

NEC Lahoratories
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Table 2. Estimated number of hidden states K, training
time (sec), and PLLs on the ebook data sets.

DATA

FABHMM
K TiME PLL

IHMM
K TimMme PLL

VBHMM
K TiME PLL

ALICE
KAFKA
PLATO
SHERL
SUNZI
DOI

9
10
10
11
10
10

64.2 -2.57
47.0 -2.36
66.6 -2.38
72.3 -2.58
63.2 -2.56
73.8 -2.98

13
11
14
12
14
12

234
218
228
227
228
232

-2.54
-2.40
-2.41
-2.52
-2.92
-2.75

15 122.3 -2.73
12 104.2 -2.62
8 144.9 -2.63
19 98.0 -2.75
14 110.8 -2.72
11 94.6 -2.76

38



E-book Dataset

= Predictive Log-likelihood and Elapsed Time

NEC Lahoratories
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5 Training Elapsed Time (10sec) PLL / N_tgﬁat
Number of hidden states ‘
-2.4
20/ PLL/ Ntest .m----- P
(dashed}” __.-"~ 1-2.5
e’ - - B..
15t W .- -
v 2.6
) #pfhldden states
S T e m (chained) 27
1DI'l ; BUPTETTY EEXERRTRRRIE
; . P
, e | ~-2.8
5 ; Training Time [su::olit:i}1/v/1_2 9
r ® ® FABHMM "
B @ iHMM
£00 1000 3000 3000 4000 5000°°

Length of training sequences
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